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The energy spectrum and the angular distribution of the neutrons 
from the N'(d,7)O! reaction were investigated by the photographic 
plate method. The energy of the bombarding deuterons was 1.85 MeV, 
and the Q-value corresponding to the ground state of O15 nucleus was 
obtained to be (5.21+0.07) MeV. The low energy neutron group corres- 
ponding to the first excited state of Ol5 nucleus was also observed, but 
it overlapped with the contaminated C12(d,7)N1% neutrons and the accurate 
Q-value could not be determined. 
—0.1 MeV. 

The angular distribution of the high energy neutron group has a 
maximum at about 20 degrees (c.m.s.) and decreases considerably beyond 
this maximum, indicating the stripping process corresponding to 1,=1. 

This reaction may be a good source of neutrons of about 7 MeV at the 


The estimated rough value was about 


bombarding energies of deuterons below 2 MeV. 


§1. 

The neutrons from the N'(d, 2)O” reaction 
were investigated quantitatively first by 
Stephens et al... They bombarded a NaNO, 
thick target by an unanalysed deuteron beam 
of 0.93 MeV and found two groups of neu- 
trons corresponding to the Q-value of Qo=(5.1 
+0.2) and Qi=(1.1 +0.2) MeV respectively. 
Afterwards, Gibson and Livesey” also investi- 
gated this reaction at the same bombarding 
energy and found that there existed only one 
group of neutrons of which Q-value was Qo 
=(5.15-+0.10) MeV, and the angular distribu- 
tion of this group was almost isotropic in the 
centre-of-mass system. 

Hudspeth and Swann® observed initially 
two groups of neutrons at the bombarding 
energy of 1.2 MeV of deuterons, but it was 
reported afterwards® that the observed low 
energy group was that from the alminium 
contained in the target material. Rose et al.” 
observed two groups of neutrons at the bom- 
barding energy of 1.7 MeV of deuterons, and 
their Q-values were Q)=5.1 and Q:=0.2 MeV 
respectively. 

At the bombarding energy of 7.69 MeV of 
deuterons, Evans et al. observed seven 
groups of neutrons, and they measured the 
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Introduction 


angular distributions of each group and 
estimated the /,-values according to Butler’s 
stripping theory. 

Considering the above mentioned results 
obtained hitherto, the neutrons from this 
reaction are thought to consist of single group 
at the bombarding energies of deuterons 
below 1 MeV, and the low energy group cor- 
responding to the first excited state of O* 
nucleus may begin to appear at a bombarding 
energy between 1 and 2 MeV, but the intensity 
of this group is expected to be not so strong. 
At these bombarding energies the energy of 
this group is estimated to have a value bet- 
ween 1 and 1.5 MeV from the Q-value of @Q1 
=(—0.14+0.11) MeV obtained by Evans et 
al.” and is far below than that of the high 
energy group (about 7 MeV). So this reaction 
may be a good source of neutrons of about 7 
MeV.” 

On the other hand, the stripping process of 
deuterons of energy between 1 and 2 MeV 
contains many problems, i.e., competition 
with the compound process, the effect of 
Coulomb barrier, and the interaction between 
the emitted particle (neutron) and the residual 
nucleus. 

* Now at Rigakudenki Ltd., Kichijoji, Tokyo. 
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On the above standpoint we investigated 
the energy spectrum and the angular distribu- 
tion of the neutrons emitted by this reaction 
at the bombarding energy of 1.85 MeV of 
deuterons. 


§2. Experimental Arrangements and 
Procedures 


The deuteron bombardment was performed 
with the Van de Graaff accelerator at the 
Kyushu University and its voltage used in 
this experiment was 2.20 MV. The accelera- 
ting voltage was simply stabilized by controll- 
ing the spray voltage automatically with the 
corona current from the high voltage electrode 
to a corona point, and the voltage fluctuation 
of the electrode was less than one per cent.. 

Nitrogen gas was used as the target mate- 
rial. The target chamber, as shown in Fig. 
1, consists of two coaxial cylinders, their 
bottoms being placed 4cm apart, of which 
the outer one is of brass 3.5cm in inside 
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Fig. 1. Arrangements of the target chamber and 
photographic plates. 


diameter and 0.15cm in thickness, and the 
inner one is of steel 3.3cm in outside diameter 
and 0.1cm in thickness. The entrance to the 
target chamber is an aperture of 1.0cm in 
diameter drilled in the bottom of the inner 
cylinder and sealed with a silver foil of 2.4 
mg/cm? thick, prepared by the vacuum evapo- 
ration method. Any portion of the target 
assembly exposed to the deuteron beam is 
covered with silver plates as perfectly as 


possible in order to reduce the neutron back- 
ground. The nitrogen gas used is commercial 
one and gas pressure of the chamber is 20 
cm Hg. 

Nuclear photo-emulsion were used to detect 
the neutrons. Each nuclear plate was 
wraped completely in a thin black paper, 
after being covered with an alminium foil of 
about 0.1cm in thickness to absorb protons 
produced in the black paper. These plates 
were placed on an alminium frame, surround- 
ing the centre of the target chamber circular- 
ly at eight angles of 0.8, 14.2, 29.2, 44.2, 
59.2, 74.2, 89.2 and 104.2 degrees* respectively 
with respect to the incident deuteron beam. 
The glancing angle of each plate was chosen 
to be 5 degrees. 

The effective energy of the bombarding 
deuteron was taken as 1.85 MeV, considering 
the thickness of the silver foil window of the 
target chamber, 210 keV, and that of the nitro- 
gen gas, 280 keV, respectively. 

Since the target assembly itself was insu- 
lated from the ground, it was able to be used 
conveniently as a collector cup for the deute- 
ron beam and was connected to both a current 
integrator” and micro-ammeter in series. The 
analysed ion beam employed was 0.3 vA in 
average during the bombardment time. The ion 
beam which entered into the target assembly 
was found to be utilized almost completely, 
but the available quantity of the deuterons 
was somewhat uncertain, since some molecular 
hydrogen ions were contained in the ion beam 
and their content was not known accurately. 

The bombardment was performed in the 
two cases; one was the case in which the 
nitrogen gas was present in the target chamber 
and the other no gas present. Both runs 
were carried out similarly for about two hours 
in such a way that the total integrated ion 
currents used in both runs were equal. 

The plates used were 150 micron Sakura 
NR-MI nuclear plates. After the exposure the 
plates were processed by the two-bath develop- 
ment method according to the procedure 
recommended by the manufacturer. The 
original plate size was 8.2 10.7cm?, and each 
plate was divided into six parts for the ex- 
posure. To measure the emulsion thickness, 
a small piece was again cut off from the each 


* The values of these angles are referred to the 
centres of the scanned area of each plate. 
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divided plate, and the thickness of the glass 
backing plus emulsion and that of the glass 
backing alone were measured with a screw 
micrometer. The emulsion thickness was 
obtained as the difference of these two values. 
The thickness of the processed emulsion was 
measured with the fine-focus screw of a 
microscope, and the ratio of the thickness of 
the unprocessed emulsion to that of the pro- 
cessed one gave the shrinkage factor, the 
mean value of which was 2.2+0.1. 

The scanning was performed throughout 
with Tiyoda L.C.M. binocular microscopes 
with x7 eye pieces and x135 oil immersion 
objectives. In each plate the region was 
scanned which had rectangular shape, 2cm 
long and 0.6cm wide, centred about the line 
connecting the centres of the target and the 
plate. The centre of the scanning region was 
about 3cm distant from the inner edge of 
the plate, and 9.5cm from the centre of the 
target chamber. Those recoil proton tracks 
were recorded which had horizontal angles of 
less than or equal to 15 degrees with the 
central line and dip angles of less than or 
equal to 15 degrees in the unprocessed emul- 
sion, and originated and ended in the emulsion. 

In the present experiment, for the sake of 
simplicity, we merely measured the projected 
length to the emulsion surface of the available 
tracks selected with the above criteria. From 
this measured quantity alone, the correspond- 
ing energy of the neutron is obtained with 
the following procedures. 

The projected length R, of a recoil proton 
track is related to the absolute range ZL» of 
the proton in the unprocessed emulsion by 
the formula®, 

Ly=R,/cosd ’ ( 1 ) 
where cos? is the average value of the cosine 
of the angle ¢ between R,» and Zy, as shown 
in Fig. 2. With the slightly approximate 
calculations, it is easily found that cos¢ is the 
function of the angles incl — Cmax 
which are the maximum values of the half 
angles 0 and ¢ respectively of the rectangular 
pyramid formed by the recoil proton track. 
In the present case both Omax and max are 15 
degrees. 

The energy of the recoil proton, the abso- 
lute range of which is calculated by the above 
formula, is obtained directly from the range- 
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energy relation. But the range-energy relation 
in the emulsion used was not known, so the 
relation calculated by Webb’s method” taking 
into account the air humidity was used. It 
has been reported®!©!) that the relations cal- 
culated by this method of the several emul- 
sions generally used were in good agreement 
with the experimental results. For the proton 


Fig. 2. Relation between the incident neutron 
and the recoil proton. Ly is the absolute range 
of the proton in the unprocessed emulsion and 
Fy is the projected length to the emulsion sur- 
face of the recoil proton track. 
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Fig. 3. Proton range-energy curve for Sakura 
NR-M1 emulsion, calculated by Webb’s method. 
The circles are the experimental points by 
Richards et al. for NTA emulsion. 


energies higher than 1 MeV, our calculated 
curve agreed well with the experimental 
proton range-energy curve for NTA emulsion 
in the air!, as shown in Fig. 3. It was also 
found that the mean range of the alpha-par- 
ticles in our emulsion obtained by contacting 
the Po-alpha source to the emulsion surface 
in the air was (21.5-+0.5) microns, which fell 
within the error on the experimental curves 
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Fig. 4. Energy spectra of neutrons from (d,) reactions on Ni‘ 
The histogram (A) was 
obtained with the target chamber filled with nitrogen gas and 
(B), obtained with the evacuated target chamber, shows the 


at a laboratory angle of 29.2 degrees. 


background. 


for Ilford Bl! and C2! emulsions whose 
range-energy relations are supposed to differ 
not appreciably from NTA emulsion. 

Next, the neutron energy En, corresponding 
to the recoil proton energy E>», is given by 
the following relation®, 


En =E,/cos*o (2) 


where cos’o is the average value of the cosine 
squared of the angle p between the incident 
neutron and the recoil proton directions and 
is also given as the function of Omax, @max and 
Ymax iS the maximum value of the 
angle 7 that the incident neutron makes with 
the axis along which the projected lengths of 
tracks are measured. 

The above described approximations lead to 
errors of less than one per cent. in the 
neutron energy E, for Omax, Omax and ymax<15 
degrees®, which is just the present case. 

Finally, in order to transform the proton 
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energy distribution obtained by 
the above procedures into the 
neutron energy distribution, it 
must be still taken into account 
the variation of the neutron- 
proton scattering cross section 
and the escape probabilities of 
recoil protons from the emulsion 
surface. For the neutron-proton 
scattering cross sections, we 
have used the recent experimental 
results of several authors4-?. 
As for the escape correction of 
recoil protons, it is sufficient to 
divide the results obtained above 
by the following factor P, so 
long as the tracks are rectilinear, 
P=1—(Zy SinGmax/20) Can) 
where ¢z is the thickness of the 
unprocessed emulsion®. 

Following the above mentioned 
procedures, the neutron energy 
distributions per 0.1 MeV energy 
interval were obtained for each 
angle respectively, after being 
normalized with the scanned 
volumes. 

In our experimental arrange- 
ment, the nitrogen gas target is 
4cm in length and so is consider- 
ably long. Hence, some part of 
neutrons emerging from the 
target into directions of more than 30 degrees 
will enter the emulsion from the backside of the 
photographic plates. These neutrons naturally 
penetrate the glasses of the plates and some of 
them, therefore, are taken off from the neutron 
beam by scattering. The correction for the 
presence of such neutrons was carried out rather 
simply for the angular distribution of the high 
energy group. It was found graphically that the 
average distances which were passed by the 
above described neutrons in the glass varied 
from 2 to 3cm for each plate respectively. 
The proportions of these lost neutrons were 
calculated easily considering the total cross 
section of neutrons for the elements constitut- 
ing the glass. The correction to be added to 
the results was found to have a maximum 
value of 6.2 per cent. for the plate placed at 
104.2 degrees. The above mentioned correc- 
tion, however, is supposed to be over-correc- 
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tion, because all the scattered 
neutrons are assumed to be lost 
entirely, but this is not the case 
as the forward scattering is predo- 
minant in general. But, as the 
correction itself is a small one 
compared with the _ statistical 
error, it is thought to have scarce- 
ly any meaning to consider the 
correction more accurately. 


NO 
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§3. Results and Discussions 
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The typical histograms of the 
energy spectra of neutrons are 
shown in Fig. 4, which were 
observed at an angle of 29.2 
degrees in the laboratory system. 
The histogram (A) in Fig. 4 was 
obtained with the target chamber 
filled with nitrogen gas, while 2 
the histogram (B) of the back- 
ground neutrons was obtained 
with the evacuated target cham- 
ber. 

From these energy spectra, 
one can easily find the high 
energy group of neutrons from nitrogen with 
the peak at about 7 MeV. 

The interpretation of the lower energy re- 
gion, below 2 MeV, of these spectra is much 
more complex. It is expected that the back- 
ground neutrons in this region will be due to 
the carbon contaminant deposited on the 
silver foil and plate of the target chamber, 
because the Ag(d,) reaction has not been 
observed. The Q-value of (— 0.281 0.003) 
MeV has been reported for the C(d, 72) reac- 
tion by Bonner et al.! We have three carbon 
layers deposited on i) the forward surface of 
the silver foil of the target chamber, ii) the 
backward surface of this foil, and iii) the 
bottom surface of the target chamber. When 
the energy of the deuteron beam from the 
accelerating tube is 2.20 MeV, these three 
carbon layers are bombarded with the deute- 
rons of 2.20, 1.99 and 1.71 MeV, respectively. 
Accordingly, the energy of neutrons observed 
at an angle of 29.2 degrees in the laboratory 
system must be 1.81, 1.61 and 1.34 Me\, res- 
pectively. The last one of these three groups 
will coincide in energy with the second one 
in case of the evacuated target chamber. And 
the relative intensities of these three neutron 
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Fig. 5. Energy spectrum of neutrons of greater than 2 MeV 
from (d,) reactions on N™ at a laboratory angle of 29.2 
degrees, obtained by eliminating the background and smoothing 
up the histogram shown in Fig. 4 (A). 


groups will depend on the thickness of the 
carbon layers, which are quite unknown and, 
moreover, may change with the bombarding 
time. Owing to these ambiguities, it was 
abandoned to treat this low energy region 
accurately, but some evidence of the existence 
of the low energy group was seen in the 
histograms at angles greater than 44.2 degrees. 
The Q-value was estimated roughly to be 
about —0.1 MeV which is consistent with the 
value obtained by Evans et al.. 

In order to determine the energy of neu- 
trons of high energy group, the histograms, 
after the background being subtracted, were 
smoothed up by plotting the sum of the neu- 
tron intensity in each energy interval and the 
halves of the neutron intensities in the both 
neighbouring intervals. In this way, we ob- 
tained the curve shown in Fig. 5 as an 
example. From these curves corresponding to 
each angles, we obtained the energies of 
neutrons at the peaks and calculated the Q- 
value for this reaction as shown in Table ], 
and obtained the mean value of (5.21-+0.04) 
MeV. But the absolute value of the energy of 
the bombarding deuterons may have an error of 
about 3 per cent., so the absolute value of Q- 
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Table I. Q-value of the high energy neutron 
group 
6 in lab. Neutron 
Plate Q 
system energy : 
number in degree in MeV in MeV 
ir” 8 7.00 5.19 
1-2 14.2 6.88 5.08 
1-3 29.2 a05 bnoe 
1-4 44.2 6.80 BaalkG 
1-5 59.2 6.85 5.36 
1-6 74.2 6.50 5.16 
1-7 89.2 6.50 538 
1-8 104. 2 6.10 5.06 
mean value (5.21+0.04) MeV 
Table II. Comparison of the Q-values by several 
investigators. 
Qin MeV, | Method) Tnvestisator 
a +0.2 ; cloud chamber Stephens et al. 
(1937) 1) 
5.15+0.10 nuclear plate Gibson and Livesey 
(1948) 2 
5.11-+0.04 nuclear plate Mandeville et al. 
(1952) 19) 
Syl nuclear plate Rose et al. (1952) 
5.15+0.16 nuclear plate Evans et al. 
(1953) 5) 
5.21+0.07 nuclear plate Present authors 


—_— 
ro) 
Soy 


[ee 


(op) 
(eS) 


> 
So 


ie) 
= 


Differential Cross Section (Arb. Units) 


ONT 95207 SAO T60muaco 
Ocm. in Degrees 


Fig. 6. Angular distribution of neutrons associat- 
ed with the ground state of O15 in the reaction 
N14(d, 2)O15 for a deuteron energy of 1.85 MeV. 
Solid and broken curves were calculated from 
Butler’s theory with R= Fy =4.6x10-B em for 
curves (A), (B) and (C) and R=R,=5.5x 10-13 
cm for curve (B’), respectively. The curves (A) 
and (C) correspond to J,=0 and 2 and the 
curves (B) and (B’) to l»=1, respectively. 


value is estimated to be (5.21+0.07) MeV, 
which is compared in Table II with the results 
previously obtained by other investigators. 
The agreement between the present result 
and the others is quite satisfactory. 

In order to estimate the intensity of the 
high energy group of neutrons, we extrapolat- 
ed the slope of lower energy side of the peak, 
as shown in Fig. 5 for example, and obtained 
the energy value of the intercept with the 
abscissa as 5.65 MeV, which was twenty per 
cent. lower than the value at the peak. As 
it was found that the value of twenty per 
cent. was almost common for all the other 
energy spectra obtained at other angles, we 
considered the neutrons of energy higher than 
this intercept as the ones associated with the 
reaction leading to the ground state of O and 
thus we obtained the angular distribution in 
the centre-of-mass system, which is shown in 
Fig. 6. The errors indicated are statistical 
ones based on the number of tracks observed. 
The curves shown in Fig. 6 are theoretical 
angular distributions calculated from Butler’s 
theory with R=4.6x10-1* cm for curves (A), 
(B) and (C) and R=5.5x10-l%cm for curve 
(B’), respectively. The curves (A) and (C) 
correspond to J»=0 and 2 and the curves (B) 
and (B’) correspond to /,=1, respectively. 
The experimental points agree with the 
theoretical curves for J»=1 in reaching the 
maximum at about 20 degrees and decreasing 
considerably beyond this maximum, and this 
result agrees with that of Evans et al.» at 
7.69 MeV of deuteron energy. As the ground 
state of N'* has been measured to have the 
spin of unity and even parity, the result 
shows that the ground state of O has the 
spin of 5/2, 3/2 or 1/2 and odd parity. Ac- 
cording to the shell model of nuclei, the 
ground state of O° must be Pi. and is con- 
sistent with our present result. The experi- 
mental points lie considerably above the 
theoretical curves at angles greater than 60 
degrees. These deviations would possibly be 
caused by i) the compound nucleus process, 
ii) the effect of the Coulomb barrier, and _ iii) 
the interaction between the emitted neutron 
and the residual nucleus. But it is impossible 
to analyse these discrepancies in the present 
state. 

As a conclusion, we would like to make 
some mention on the availability of the N™ 
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(d,m)O™ reaction as a neutron source. Although 
the low energy group of neutrons, not greater 
than 2 MeV, can be seen with some intensity, 
it is considerably apart from the high energy 
group. So it will not be impossible to use 
the high energy group as a neutron source of 
about 7 MeV, with some improvement on the 
meastring devices, but large yield will not be 
expected. In our present experiment, only 
a trace of neuterons from d-d reaction by 
deuterium contamination could be found. 


The authors wish to express their cordial 
thanks to Mr. Y. Wakabayashi of the Chemi- 
cal Research Laboratory of Konishi-Roku Photo- 
graphic Industry for his kind preparation of 
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by the Scientific Research Expenditure of the 
Ministry of Education. 
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A Lattice Theory of Quantum Fluids 


By Shoichiro KOIDE 


Institute of Physics, College of General Education, 
University of Tokyo *% 
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Using the procedure of ‘lattice space quantization’, the cell method 
for liquids is developed quantum mechanically so as to include the inter- 


cellular motion of the molecules. 


It is shown that the statistics plays 


its essential roles in this inter-cellular motion just as in the case of 
ideal gases. The ground state of the Bose liquid and the lambda-transi- 
tion of liquid helium are discussed on this stand point. 


§1. Introduction 

The cell method or free volume theory is 
one of the most promising methods for the 
description of the liquid states. The relation 
of this intuitive method to the rigorous one 
is discussed by Kirkwook®, and, so far as 


the classical liquids are concerned, its appro- 
ximation is now of established character. 
However, the cell method is rather like the 
theory of solids than of liquids, if we take 
the number of cells equal to that of the 
molecules and neglect the probability of mul- 
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tiple occupations. In this respect improvements 
are made by the hole theory”, and, more 
recently, by the cell-cluster models proposed 
by de Boer®. 

In most of these theories, starting point is 
the classical partition function Z, and the 
kinetic energy is included only in the factor 
(2x mkT/h)**/? multiplied to the ‘ configuratio- 
nal integral’ Qyv: Z.=(2xmkT /[h)*/?Qy. In the 
case of quantum liquids, however, the partition 
function cannot be factorized in this way. 
Since the zero point motion of a light particle 
increases when confined in a small cage be- 
cause of the uncertainty principle, the kinetic 
energy is not a small correction to the lattice 
potential energy even at extremely low temp- 
eratures. The above mentioned Z cannot 
describe this situation. 

In the calculation of the zero-point energy 
of helium, Pekeris® estimated this kinetic 
energy by solving the Schrédinger equation 
of a molecule confined in a cage of the 
potential by its neighbor molecules. It is, 
however, impossible for this kind of calcula- 
tion to consider another important quantum 
effect, i.e. the effect of statistics. Prigogine 
and Philippot considered the multiply occupied 
cells and tried to take account of the effect of 
statistics». They treated the molecules as 
rigid spheres moving freely in each cell, 
because the detailed shape of the cage poten- 
tial is not so important. According to their 
theory, all molecules in a multiply occupied 
cell can occupy the lowest energy level if 
they obey the Bose statistics, but it is not the 
case for Fermi paticles. Their treatment 
still seems to be insufficient if we think about 
the essential role of the statistics in the case 
of ideal gases. e 

In gases, the molecules move about the 
whole vessels, and, if we imaginarily divide 
the entire volume of the vessel into cells, 
they migrate from cell to cell and exchange 
their positions with each other all the time. 
The statistics displays its feature in this 
‘inter-cellular’ motion. 

As is well known, liquid helium has a small 
density and in some respects behaves like 
gases. Many of its properties can be explained 
by the gas models, and Bose statistics is es- 
. sential for the interpretation of its peculiarity. 
It is, therefore, highly desirable to construct 
a cell model, in which the inter-cellular 
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migration of the molecules are considered 
quantum mechanically. This model must also 
be able to be connected with the usual quan- 
tum mechanical treatment of the gases, i.e. 
it must tend to the ideal gas in the limit of 
vanishing interaction and of infinitely small 
cell size. 

According to the above considerations, most 
of the contribution to the inter-cellular motion 
should be attributed to the kinetic part of the 
Hamiltonian, though the potential part may 
affect to some extent. This inter-cellular 
motion is represented by the non-diagonal 
elements of the Hamiltonian in the cofigura- 
tion representation. Any configuration ob- 
tained by arranging the molecules among 
cells cannot be by itself an eigenstate of the 
Hamiltonian. It has an undeservedly high 
energy, because every molecule is locked in 
a small cell in an artificial way. This increase 
of the kinetic energy is relieved by taking 
linear combination of the configurations. In 
other words, the molecules wander about in 
order to relax the excessive kinetic energy. 
Therefore, it is essential to take account of 
the non-diagonal elements of the Hamiltonian, 
especially of its kinetic part, which are com- 
pletely disregarded in previous works on the 
lattice theory of fluids. 

If we think about the analogy between the 
lambda-transition of liquid helium and the 
Bose-Einstein condensation of the ideal gas, 
it may be probable that the lambda-transition 
arises from the inter-cellular motion of the 
helium atoms rather than from their intra- 
cellular motion, which plays an essential role 
in Prigogine and Philippot’s theory®. 


§2. Lattice Hamiltonian 


In this section, applying a procedure ‘ lat- 
tice space quantization ’ introduced by Wentzel 
and Schiff, we will translate the Hamiltonian 
of the fluid into an approximate one which 
is convenient to be connected with the cell 
method. 

Using the formalism of the second quanti- 
zation, the Hamiltonian of an assembly of N 
interacting particles can be expressed as 


B= \ dv Forge, rs) 


vp { [aody’ ok ngprr yur, r Pr \4(n), 
(1) 


1956) 


where m represents the mass of a particle and 
U(r, r’) the potential of the interaction. P(r) 
is the so-called quantized wave function and 
satisfies the following commutation relations. 

PNP MAPK f(r) =d(r—r) 

PN) PM+L(r b(n) =0 

PNPM Pr) =0 . 
Here and in the following, the upper and the 
lower sign correspond to the case of Fermi- 
_and Bose statistics respectively. 

Let us now subdivide the geometrical 
volume of the fluid V=Z? into N; cubic cells 
of volume J’, and suppose that ¢(r) is defined 
only at the centers of these cells where it is 
characterized by a quantum mechanical opera- 
tor $s. (For the sake of simplicity, these 
lattice points are taken to be of simple cubic 
form.) 


(2) 


Using the averaging function introduced by 
Schiff, 


JF (r—rs)=L*Sexp [7k(r—rs)] , (3') 
we can define the operator #; associated with 
the lattice point rs as 


Ps =Pn\ ¢— rs) P(r) dv 


m=pal (Eanes de (4) 


The summation variable k in Eq. (8) is rest- 
ricted to the reciprocal lattice points; each com- 
ponent of k ranges from —7z// to z// in steps of 
2x/L. Since f is such a function that has 
unit integral over Z* and has its sharp 
maximum (height 1//*, linear dimensions of 
order 7) at the s-th lattice point, #s; is an 
average of the continuous ¢#(r) over a distance 
of order 7 about rs, multiplied by 7%”. 
Using the relation 


2 exp [¢ck(rs—ri)|=Nost 


x exp [z(k—K’)rsJ=Noxx’ , (ee) 


the commutation relations (2) can be trans- 
cribed into the following ones: 
spit arhr*ps=Ost 

PsP tbibs= bsp rdi*ps*=0 : (6) 

There are several ways in which the 

Hamiltonian can be represented in the lattice 

space. Following Wentzel and Schiff, we may 

replace the kinetic energy term (h?/2m) 
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lire, 7d) do by 
> Ksibs* hi, 


where 
Ksi=(h"/2mNi)> k? exp [tk(rs—rr) |. (7) 


Properly speaking, the interaction term of 
Eq. (1) should be replaced by the term such 
as Urs, cub *bs*bud:. In the following, how- 
ever, we may tentatively use the approximate 
expression 


3d Usihs*bi*dids ’ ( 8 ) 
because this has the proper limit as 7-0 and 
we may be unable to expect any important 
role of the neglected small term for our pur- 
poses. 

Thus the lattice Hamiltonian can now be 
written: 


Ee SDKs hse FAD hs pe Pips : 
Go) 


§3. Cell Model and Lattice Hamiltonian 


The commutation relations (6) show that 
the eigenvalues of the operator qs*?s are 
restricted to 0 and 1 for the Fermion as- 
sembly and to 0,1,2,---for the Boson assembly. 
We may assert that this operator ¢s*)s=ms 
expresses the number of molecules localized 
in the s-th cell. It may then be reasonable 
to put approximately 


Os: U (rs, r1)=U rer) « (for s=<Z) 


(10) 
This approximation cannot be allowed for Uss. 
In the following, however, we may tentatively 
put Uss=-++co and exclude the possibility of 
multiple occupations. Namely, we consider 
that each lattice point is either vacant or oc- 
cupied by a molecule. This assumption is 
resonable if we take 7 to be equal order of 
magnitude to the diamerter of the hard core, 
and, by this procedure, we can account for 
the effect of the repulsion between molecules. 
For spinless Fermions, this condition is auto- 
matically fulfilled by the exclusion principle. 
Let us now consider the kinetic part of the 
lattice Hamiltonian. The coefficient of the 
diagonal term 


Wie. 30? OV 
QS Ses ie ee ap if 
A 2m? sa V 3 7) ; Wp 
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being equal to the zero point energy of a mass 
point confined in a cube of edge length V 3 /, 
can be interpreted as the zero-point kinetic 
energy of a molecule localized about the s-th 
lattice point. This becomes large if we take 
small value for 7. However, as is emphasized 
in $1, this zero point energy is relieved by 
the inter-cellular motion caused by the non- 
diagonal terms. The non-vanishing element 
of Ks: is restricted to the case in which rs—nr; 
is parallel to one of the edges of the cube ZL’, 
and is given by 


hi (—1)% 
Ss — i eS ae We 
mp? pe? on 
where 
j= |rs—re|/l . (12a) 


Due to the existence of these non-diagonal 
terms, any fixed configuration of the N mole- 
cules among WN; lattice points cannot by itself 
be an eigenstate of our lattice Hamiltonian. 
The eigenstates are given by the proper 
linear combination of these configurations, and 
the coefficients of these combinations corres- 
pond to the usual configurational eigenfunc- 
tion of the continuum Hamiltonian Ci 


§4. Ideal Gases 


To clarify the relation between the usual 
theory of gases and our model, we treat here 
the ideal gas by using our lattice gas model. 
The lattice Hamiltonian of an ideal gas 

FV= SOK sihs* hr (13) 
s 
can be easily diagonalized by the transforma- 
tion 


Di; =F exp [ckrslds , 


btm ee > exp [—dkrs]p* (14) 
as 
}? 5 *& 
FO 0= 5 Lh de : (15) 


The commutation relation for the operators 
dx and $x* is just like Eq. (6) if we replace 
the indices by the wave numbers. The 
Hamiltonian (15) is nothing but the usual one 
of the plane wave representation except that 
each component of the wave number k is 
restricted between —z/Z and /l. 

Let us now consider the ideal Fermi gas. 
Supposing the number of cells is large enough 
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so that the Fermi sphere does not swell out 
from the cube of edge length 2z/7. Then, in 
the ground state, all the molecules fill up the 
Fermi sphere of radius k)=(6z?N/V)*/3, and 
the total kinetic energy is given by 
NH 3 
Kyo = 2m F Ro . 
Since the exclusion principle prevents the 
multiple occupations in the case of spinless 
Fermions, repulsion between molecules is ef- 
fectively included in the calculation of ideal 
gas. The ground state of ideal Fermi gas, 
therefore, may be used as a good approxi- 
mation of real Fermi gas when the attraction 
between molecules is small enough. In this 
State the expectation value of ms is easily 
calculated as 


(16) 


<Ns> r9>=N/Ni ’ (17) 
indicating the uniform distribution of the 
molecules. Using the approximation of re- 
placing the summation with respect to k by 
the integration over the Fermi sphere, we 
obtain the expectation value of the potential 
energy in this approximation as 


ieee. N? 
ah == Ss 
AaB 3ENe 


of (sin Ro¥si—RorstCosko7 st)”, iE) 
An*(r,/1)° 7 


Nearest neighbor interaction 


(18) 


Us=—E€& (if s and ¢are nearest neighbors) 
=0 (19) 
may be a good approximation for (18), giving 


(otherwise) 


(U) r= —4N2E oat 


U 
9(sin Rol —kol cos kol)? 

in (Rol)® ’ 
where z denotes the number of nearest 
neighbors of a lattice point and is equal to 6 
in our case. The second term in the curly 
brackets of (18) or (20) represents the effects 
of exchange repulsion due to the exclusion 
Principle, and is familiar in the electron 
theory of metals. 


(20) 


$5. Ground State of Bose Liquids 


In usual terms (i.e. expressed as a function 
of the coodinates of the constituent molecules), 
the ground state eigenfunction of a Boson as- 
sembly has no node, and drops to zero if two 
atoms overlap in any part of the fluid. In 
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our language, this situation may be stated as 
follows: the ground state is expressed as a 
linear combination of such configurations in 
which each lattice point is either vacant or 
occupied by only one molecule, and all the 
coefficients of the combination have the same 
sign. 

Of course it is quite difficult to obtain tiiese 
coefficients exactly. So let us first consider 
the combination in which all the coefficients 
are equal. The number of configurations 
mentioned above is N:!/N!(N:—N)!. Let us 
denote them by ¢;. Then our trial ground 
State function is expressed as 

O=(NiLINN—N)!? Shs. (21) 
If we adopt the approximation of nearest 
neighbor interaction (19), then the expectation 
value of the lattice Hamiltonian with respect 
to ® can be easily calculated in the approxi- 
mation of neglecting 1/N; and 1/N to 1 as 


N (fn? 2.) 
ae oe 
= a rie Ose | 
N { h?x? z 
esate |e EEN C73 De 
v | 2m y 2 ; ae 


where v=V/N is the specific volume per 
molecule. Here we can see the relaxation of 
the kinetic energy into (N/N,) times of the 
original value NK;s=Nh?x?/2ml’. 

The second term of the Eq. (22), being the 
mean value of the potential energy, shows 
that each lattice point is occupied by N/N: 
molecules on an average. 

In the case of very small density, Lenz® 
calculated the lowest energy value of the gas 
of hard molecules (€=0) as 
_ N Wen? 4d 
yp Wm x 
where d is the diameter of the molecule. 
This agrees with the first term of our expres- 
sion (22) if we let the size of our cell 7 be 
equal to 4d/z. In the limit of d—0 (/-0), 
this zero-point kinetic energy tends to zero: 
the ground state eigenvalue of ideal Bose gas. 
So ® may be considered to correspond to the 
ground state of Bose gas in the case of small 
density. 

For high density, London” considered that 
each molecule is roughly like a mass point 
locked in the interior of a hollow sphere of 
radius y—d, where ¢ is the distance between 
the centers of nearest neighbors; and he 


Ko (23) 


3: 
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gives the lowest energy value as 
ONG nt 
Pct es ae 
2m (r—d)* 
Based on an analogy to the one-dimensional 
case, Prigogine!™ puts the lowest energy as 
_ _ 3Nh?x? 
a Wee 
2myr (r—d)?’ 
and determined the parameter 7 so as to get 
a good agreement with experiments. In the 
case of liquid *He, he takes y=4.5 and gets 
reasonable results. Our expression correspond- 
ing to these is 


(24) 


(25) 


VinenN ez ane 
2G PP 2a Re 


(26) 


where 
TRAINS 

Since v=1.122R for a close packed struc- 
ture, and d</<2d, our expression (26) gives 
much smaller value than those of (24) and (25) 
for high density (y—d<d). This underestima- 
tion of the lowest energy arises from the im- 
perfect consideration for the repulsive 
potential. So the validity of (26) may be 
doubtful for extremely dense liquid. 

Considering € as a function of J, we can 
determine the value of / so that it minimizes 
the energy Exo of (22). The value of / deter- 
mined in this way is independent of the 
volume V. The lowest energy Exo, therefore, 
depends on the volume V only through the 
factor N/v. So we cannot determine the 
stable volume of the liquid at 0° by our 
crude model. 


§6. Possibility of Lambda Transition 


The effects of statistics is most clearly ex- 
hibited if we consider the thermodynamic 
properties of our lattice fluid. For the sake 
of brevity, here we adopt the Bragg-Williams 
approximation for the effect of the intermole- 


cular attraction, i.e. we replace it by its 
mean value 
& zZ N?2 
U=—+—é, 27 
2 N; GY 


and take account of the repulsion only through 
the exclusion of the configurations with multi- 
ply occupied cells. 

Let us divide the kinetic energy as 


SD Ksbs*hr= ko thi ’ (28) 
$ t 


where 
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ko= DAK sets =NKss (28a) 
and 
ki= DD Ksids* dz = (28b) 


Sze 
Then we can write the partition function of 
our system as 
Z=Tr exp—A(+h+U) 
=exp[— (ko + U)|Tr’(1—Bkit+iBR2—---), 

(29) 
The 
prime on the Tr sign means that the trace 
should be taken only with respect to the con- 
figurations without multiply occupied cell. 
Since the number of such configurations is 
2 MOA 
N'NMi—-N)! ’ 
we can immediately obtain 

Tr’l=W(N,, N) . (30) 
The first order term vanishes because of its 
non-diagonality: 

Tr’(—Bki)=0. (31) 
The second order term is calculated as fol- 
lows: 

Tr’(3B?k1?)= (87/2) Tr’ Ksr2hs*didhitds 


sxt 


= (82/2) KePTr’n(1em) 
st 


because ki commutes with N=. 


WM, N)= 


=(B/2)Nu > Ku){ WN.-1, N-1) 
= W(Ni—2, N—2)} 
=(1/30)(BeY NWN: N\IFr+O(/N)), (32) 
where 
t=NIN, and «c=h?x?/mil? . 
Similarly, 
Tr’(—(1/3!) 62,3) 
= —(1/945)(Bx)3N WN, N\(137-+272) . 
(34) 


The contribution to the fourth order term 
comes from the terms of types 


E37 Ky, rDs* dy Di Dshu* drip by 


(33) 


Ks? Kur bs*diduX hr br bey (35) 
Kise" Kurrhs*bidu* birdy dub ds ’ 
which give 
1 (Br)! : 
= EWM, NINAAET)+00/N)). 
(36) 


The main term of Eq. (36) comes from the 
terms of (35) in which s, ¢, and Y are dif- 
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Similarly we obtain 


(37) 


ferent from each other. 


1 Be)" WN, N)N“(1E 7)" 
n! 30” 
as the most predominant contribution from 
the 27-th order terms. It is, however, quite 
dificult to get a simple expression for the 
remaining terms, which may give overwhelm- 
ing contribution at low temperatures. So the 
validity of our expansion is restricted to the 
case of small p. 
Let us now put 
Z= W(N:, N)exp{—BU 
—N(aBe+bB'x?+cB x? +---)}. (38) 
Comparing with Eqs. (30), (81), (32), (34) and 
(36), we get 
a=1/2'; b=(—1/30)1+7) , 
c= (1/945) 37427) ,--- . (39) 

As is well known, when the Bose-Einstein 
condensation takes place, an appreciable 
fraction of molecules occupies the state of 
zero momentum or of a macroscopic de Brog- 
lie wave length. Such a situation cannot be 
expressed by the expansion like Eq. (38). 
However, it may not be so unreasonable to 
guess that the transition corresponding to the 
Bose-Einstein condensation, if it exists, occurs 
for our system at the temperature where the 
series (38) diverges, because the contribution 
from the motions associated with long wave 
lengths are considered to come from the terms 
of the high order powers of the operator bs* pt. 
Then the transition temperature T, may be 
given by 8, which satisfies 

| @Bak|~|BB2x?|~ | cBrxkx3|~--- 

or 
ee a 31 

ltr 1437+2r7 
If we put m=m’M, and /=/' x 10-8 cm, where 
M, is the proton mass, then the transition 
temperature T) is given by 

Dx O0/ aT . (40) 

For the liquid helium (m’=4, l’=2~2.5), we 
obtain T,=2~83°K, a correct order of magni- 
tude. 

Since we do not know the exact form of 
the partition function, we cannot explain why 
such transition does not occur in the case of 
Fermi statistics. As is seen in (39), the 
magnitudes of the coefficients b, c,-+-are much 
smaller in this case than in the case of Bose 
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fluid. The convergence of the series (38), 
therefore, would be much better and be kept 
even at 0°K in the case of Fermi fluid. 

The Helmholtz free energy F is derived 
from Z by the formula F= —kT log Z. Using 
the relation V=N/'/y, the pressure p is cal- 
culated as 


b= —(OF/OV)r=(r!V)OF/O7)r . 
This gives the eqution of state as 


L(_ 26Ve V 
arate CET lone 
Dp Pl ov +kT log V_Yv, 
ee a Ste V/V) Ve, 
Gary 6 soBpreysee ap 
(41) 
where 
VINE (42) 


If we put «=0, Eq. (41) becomes the equa- 
tion of state for the simplest classical lattice 
gas. It is known that the isothermal p-V 
curve of this classical lattice gas has a maxi- 
mum and a minimum for the temperatures 
lower than T.=€z/4k. So T. is considered to 
express the critical point. For helium, if we 
use the minimum value of the intermolecular 
potential -10-!° ergs for -€, we obtain T,=11°K 
(experimentally 5.2°K) which is higher than 
T,. For other substances, the attraction is 
much stronger and the mass is heavier than 
helium in general. So we can always expect 
that T, is lower than the critical point T,. 

The terms of (41) containing « express the 
quantum correction to this classical lattice 
fluid. It may, however, be unpractical to dis- 
cuss such a correction in detail on the basis 
of our rough model. Anyway, our Bose fluid 
seems to have two types of transitions; one 
is the ordinary transition between gas and 
liquid and the other the quantum mechanical 
one which presumably corresponds to the 
lambda-transition of liquid helium. 


§7. Concluding Remarks 


The main purpose of the present paper 
is to emphasize the important roles of the 
inter-cellular motion in the explanation of the 
quantum effects by the cell model. So we 
have attached importance to the kinetic energy 
part at the sacrifice of the rigorous treatment 
of the interaction potentials. 

Our procedure adopted in § 2 is equivalent to 
the number representation of the Hamiltonian 
with the use of basic function ¢s=(NiL*)"'” 
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x Sexp [¢k(r—r,)]. Apart from the imcomplete- 


ness of this function system, it may be 
somewhat unreasonable to assume that ¢; des- 
cribes the state of molecule confined in the 
s-th cell, because it has fairly large amplitude 
in the neighboring cells. It may, therefore, 
be worthwhile considering another choices of 
the basic functions more appropriate for the 
description of localized molecules. 

In spite of the simplifications for the 
potential part, the lattice Hamiltonian (9) is 
still unmanageable. As to the eigensolution 
of the lattice Hamiltonian, therefore, we have 
had to restrict our discussion to the ground 
state of the Bose fluid ($5). It is much more 
difficult to investigate the Fermi fluid in the 
same way because of its antisymmetric pro- 
perty. Concerning the lower excited states 
of the Bose fluid, our crude theory has no- 
thing to add to the Feynman’s excellent work 
about the liquid helium™, though the similar 
treatment is possible by our model. 

The statistical mechanical treatment has 
been also limited to the case of high tempera- 
tures, and yet quite unsatisfactory (§6). It 
is, however, natural if we think about the 
difficulty which lies even in solving much 
more simplified problems such as the Ising 
model for the ferromagnetics which is proved 
to be equivalent to the classical lattice gas 
with nearest neighbor interactions’. 

In conclusion, the author wishes to express 
his sincere thanks to Professors S. Ono and 
T. Usui for their valuable suggestions and 
discussions. 
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Quantum Effects in the Theory of Surface Energy 
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Applying Prigogine’s method of calculating the cohesive energy and 
the volume of liquid helium at 0°K and also Prigogine’s method of cal- 
culating the surface tension, we have discussed the quantum effects in 
the theory of surface energies of several substances at 0°K. Assuming 
that the intermolecular potential is of the form 


ph) =48{(a/R)? —(a/R)} , 
we can express the reduced surface energy at 0°K, Up*=Upe2/e, asa 
function of the quantum mechanical parameter 


h 


A= GV me 


, m: mass of a molecule 


It is shown that Up* decreases with increasing A* in agreement with 


observed tendency. 


Introduction 


§1. 


The surface tension is the free energy as- 
sociated with a unit area of the surface of a 
liquid. We consider a system composed of 
liquid and vapour phases with an interface 
whose area is A. The Helmholtz free energy 
of a system of N monatomic molecules 
occupying a volume V is given, in classical 
theory, by 


P= ET loge ( eH jis 


NIV pp 
«K | o- | exp (—> ¢i3/RT )dridrz- o -drn : 
(oe) 


To obtain the expression of the surface ten- 
sion in terms of molecular quantities, we 
deform the system so as to give the inter- 
face a change in area and calculate the in- 
crease in the free energy. Beside the liquid- 
vapour interface we must, generally, take 
into consideration the interfaces between the 
liquid and the wall of the vessel and those 
between the vapour and the walls of the 


™ 


container. But we can give a deformation 
by which only the area of the liquid-vapour 
interface is changed, areas of other interfaces 
remaining unchanged.» Namely, we assume 
the vessel to be a cube with edge length a and 
the system to be composed of the liquid 
phase in the form of a macroscopically thin 
but microscopically thick membrane which is 
parallel to a pair of walls and the vapour 
phase in equilibrium with the liquid. Then 
we displace one of the walls which are 
perpendicular to the membrane an_ infinitesi- 
mal amount ya outward while at the same 
time displace a wall which is parallel to the 
membrane the same amount inward. By such 
displacements only the area of the vapour- 
liquid interface is increased, other interfaces 
remaining unchanged as far as small quanti- 
ties of higher orders are neglected. By these 
procedures one can obtain the expression of 
surface tension y in terms of the inter- 
molecular force and the molecular distribution 
function: 
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ul abr, X12" — 21” 
eee i) GR | ~ 0% (a1, Riz)dzidRr , (2) 


where z-axis is perpendicular to the vapour-liquid interface and op is the pair distribution 
function. 

To consider the surface tension from the standpoint of corresponding states, it is not 
necessary to follow details of the derivation of the formula (2). We can derive the principle 
directly from the expression (1) of the free energy. If the area of the interface between 
the liquid and the vapour is A, we have 


Negi s 0 
7 ve Sia lox | *: | exp (—> ¢:5/kT)dridr,:--drw . (O33) 


We assume, further, that the form of the intermolecular potential is of the Lennard-Jones 


type, that is, 
wemel(5)"-(A)} " 


If we use the reduced values 


T*= kT Ax. 4 E Re *® r*= 
ae o? ” Of ia 
and (5) 
eps ae 
7f is 6? 
we have 
210 4 1 \8 
pants te | feso[—2 fl(ate)"Cabs) yer are 
so thatrwe have and predicted the temperature dependence of 
: rk= f(T*), (6) surface tension of liquid *He. The theoreti- 


cal predictions which they made can be com- 
pared with the observations by Lovejoy». The 
agreement is seen to be exceptionally good. 


that is, treated by classical theory, the reduced 
surface tension can be written as a universal 
function of the reduced temperature so long 
as the form of the intermolecular potential 
is given by the formula (4). 

The surface energy is given, as is well 
known, by 


Gag Ty (7) 


in terms of the reduced variables, it can be 
written as 


OCT Se ; (8) 
where 
(eae (9) 
fia 


De Boer and Lunbeck®?) showed that the 
reduced surface tension can be expressed as 
a function of the reduced temperature and 
the quantum mechanical parameter —— Observed vaiues 
h “——— Quantum theory 
AY (10) 


ie oV mE i Fig. WE 
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Table I. 

Temperature hes | U* * 

Substance U | Range (°K) €(10-16 ergs) | o(A.U.) A 
Me iis) ieee i408 |) aise hae 3.05 
*He 0.36 1.6- 4.3 14.03 2.56 0.168 2.64 
Hy 5.4 15.1-20.1 50.75 25 Sp 0.904 LenS 
D, (io 18.7-21.1 50.75 | 2.92 1.38 eae, 
Ne ILS 24.8-28.3 48 .82 A Te’ | Deesl 0.591 
Ne 26 e290 132.4 BglZ Di WP 0.225 

1 3 


85.1-90. 

In this paper we shall show that surface 
energies also obey a similar law and further 
that we can derive a parametrical dependence 
of U* on A*, at least qualitatively, if we 
resort to some approximate considerations. 

Experimental data of surface energies 
as well as the force constants of several 
substances with which we are going to deal 
in this paper are shown in Table I. 

Experimental values of U* are plotted as 
a function of A* in Fig.1. The values of U* 
except for those of ‘He and *He are not 
those at 0°K, but those in the liquid region 
shown in Table]. Since ‘He and *He can be in 
the liquid state at 0°K, we have extrapolated 
the values at 0°K from the measurements by 
Allen and Misener for ‘He? and by Lovejoy 
for "He. They are shown in the figure. 
The broken curve in the figure shows the 
results of computations by the theory shown 
in §4. 


§2. Prigogine’s Method for Computing 
the Cohesive Energy 


Before discussing the problem of surface 
energy, we shall first consider quantum effects 
on the volume of the condensed phase in 
bulk. We shall use the same method as 
adopted by Prigogine® in calculating the 
energies of liquid ‘He and *He at 0°K. 

De Boer and Blaisse® showed that by 
quantum mechanical cell theory one can 
derive a relation between the reduced volume 
V* and the reduced energy E* which are 
given by 


(11) 


Their derivation consisted in expanding the 
pressure in a power series of the parameter 
A* and was valid only for small values of 4*. 


165.0 


| 


41 | 


2.47 0.187 


The procedure which we shall adopt in this 
paper is not so refined as de Boer and 
Blaisse’s theory, but it will not be required 
that A* is small. Though Prigogine applied 
his method to liquid ‘He and #He, we shall 
extend the method to substances other than 
liquid helium. These substances are, of course, 
solid at 0°K except for helium. But we shall 
assume that we can apply the same method 
to these substances in the following treat- 
ment, considering the comparative crudeness 
of our theory which does not discriminate 
between liquid and solid states. 

In Prigogine’s theory which was applied to 
liquid helium, the structure of the liquid is 
considered to be of a lattice-like form and the 
energy at 0°K is assumed to be the sum of 
the potential energy ® corresponding to the 
configuration that all the molecules are at the 
lattice points of a face-centred cubic lattice 
and the zero-point energy #, for the motion 
of molecules. 

It is very easy to show that @ is given by” 


0=24.26Né| (© an ean _ a3 


where a is the distance between two neigh- 
bouring cell centres and it is given by 


Na 
Vas 
vo 
Using the reduced values 
i) V 
js i ee 
Nei. = 
we have, from (12), 
1 2.382 
o*= 6.065( a ee (14) 


It is very difficult to calculate the zero-point 
energy. Since the substances we are treating 
are solid at 0°K except for ‘He and SHEes at 
may seem most adequate to treat the problem 
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on the line of Debye’s theory of solid bodies. 
On the other hand, Hobbs® calculated the 
energies of solid H:, HD and D, by a similar 
procedure as that adopted in this paper. 
Though it would be best to treat argon and 
neon by Debye’s method, we shall treat them 
by the same method as for helium and 
hydrogen, since the errors would not be great 
considering that the quantum effect itself is 
rather small for these substances. In the 
quantum mechanical cell theory, we solve 
Schrédinger’s equation for a molecule which 
is under the resulting potential field from 
other molecules surrounding the molecule 
under consideration. It is often assumed that 
each molecule is a hard sphere moving inside 
the cell in which it is locked when the density 
of the phase is high. 
Then the zero-point energy is given by 

Be PN? 
~ 8m(a—o)? ’ 


r 


(15) 


- where a is the distance between two neigh- 
_ bouring cell centres and o is the diameter of 
a molecule. 

If the density is small, the molecules will 
not be locked in cells but roam from cell to 
cell and the zero-point energy of a molecule 
will be given by the formula due to Heitler 
and Lenz”: 


Nh?o V 
EE, =————_., R=—_., 

2am? N 
A simple interpolation formula between 
these two is given by the expression: 

jee Nh’o 
*~ 2rm(R—0.8910)2(R+0.7130) ’ 
which can be used for densities ranging from 
very small to very large values. We shall 
here use similar but somewhat different 
formula which was used by Prigogine in his 
theory of liquid helium, and which is written 
as 


(16) 


(17) 


pe 3Nh? ot 
80m(a—o)” 
If we put d=1 in (18), EH, becomes equal to 
the zero-point energy of a molecule in a cubic 
cell. We assume that by using the parameter 
6 we can take into consideration the type of 
the lattice and other modes of motion than 
the one in which a molecule moves in the 
cell it is locked, e.g. the mode in which the 
molecules roam from cell to cell. This idea 


(18) 


Quantum Effects in the Theory of Surface Energy 17 


was proposed by Prigogine and we follow 
him by putting 
O45) (19) 

for any substance we treat in this paper, 
though Prigogine limited his treatment to the 
cases of liquid ‘He and #He. 

The zero-point energy expressed in reduced 
variable is 
Ey 


ees ces Sit eee Bho 
NE 8&€md(\a—oy? 


BIS 6(2'/6y*1/3 12 p 
(20) 
and adding this energy to that given by (14), 
we have the expression for the total energy 
in terms of reduced variables: 
1 2.382 1 At 
B*=6.07( yee yr ) 12 (Bes 1) : 
_ (21) 
Fig. 2 shows @*, FY* and E* as functions 


IBS 


OEnergy —= w 


Bigs 2: 


of V* for A*=1. The values of the volume 
V,* and the energy /&,* for the equilibrium 
state are determined by the condition of 
minimum energy: 


a nA 
OvV«* ro" 3 


for each value of A*. This is given by Fig. 
3 together with experimental value. In Fig. 4 
the values of the energy &,* at O°K are 
shown as a function of A*. By these figures 
we may conclude that Prigogine’s treatment 
applied to substances not limited to liquid 
‘He and *He gives quantum effects in fairly 


(22) 
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good agreement with experimental values. 

The relation between V,* and A* which we 

have obtained will b2 used in our theory of 

surface energy in § 4. 


Theoretical 
® Observed 
Hig to 
ax 
) 1 2 3 


Theor etical 


© Observed 


Fig. 4. 


§3. Calculation of Surface Energy 
(Classical theory) 


Surface energy is defined as the increase 
in energy per unit surface area in an 
isothermal change. According to the classical 
theory the mean value of the kinetic energy 
of a molecule is constant whether it is in the 
interior or on the surface of the liquid, so 
we have only to calculate the increase in the 
total potential energy of the system which 
results from an increase of the area of the 
surface. 

The structure of the liquid near the surface 
is obviously different from that of the liquid 
in bulk. But we shall neglect this difference 
and assume that the molecular arrangement 
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is kept unchanged up to the surface of the 
liquid. 

We now divide the potential energy of the 
liquid into two parts, that is, the potential 
energy when the molecules are at the cell 
centres and the mean potential energy for the 
molecular motion around the cell centres. If 
the motion of a molecule is simple harmonic, 
the average potential energy of the molecule 
corresponding to motion in any direction is 
given by 1/2 kT irrespective of the frequencies, 
so it is constant whether the molecule is in 
the interior or on the surface of the liquid. 
Any difference in the frequency of vibration 
of molecules will give rise to surface entropy, 
so that the difference in the frequency cannot 
be neglected in calculating the surface free 
energy, that is, the surface tension. In 
calculating the surface free energy one can 
thus neglect the difference in potential energy 
due to deviations of molecules from cell 
centres, so long as the motion of each 
molecule is simple harmonic. The force 
acting on a molecule when it deviates from 
the cell centre is more complicated than in the 
case of a harmonic oscillator and the mean 
potential energy due to the molecular motion 
when the molecule is on the surface is 
different from that when it is in the interior 
of the liquid, but it may be said that a large 
part of the mean potential energy will be 
cancelled by taking differences and the part 
which remains will be small compared with 
that which arises from the lattice energy. 

By making such simplifying assumptions, 
we can obtain classical surface energy in the 
form of the increase in potential energy per 
unit surface area when we divide an infinite 
face-centred cubic lattice into two  semi- 
infinite parts. The result depends to some 
extent upon the crystal plane which is to be 
exposed and according to the calculations by 
one of the writers (A.H.), the following 
results were obtained, 

Exposed face: (100)-plane 


U= os e| 14(2) (2) (23) 
Exposed face: (110)-plane 
ya28 e{1.36(-7)—( ‘ yt : eee 


Exposed face: (111)-plane 
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S72 6 12 

= 7, &{1.35(<) -(<) L. (25) 

We can obtain a similar result by a some- 
what different procedure due to Fowler. He 
obtained an expression for surface energy by 
assuming the molecular density to change 
discontinuously from the density of the bulk 
liquid to that of the saturated vapour. The 
surface energy is expressed in terms of the 
radial distribution function as follows: 


U=—- 00 |" ROR) pg(R)-4nR'aR (26) 
6 


where p™ is the molecular number density 
and g(R) is the radial distribution function. 
In this formula p™-9(R)-4zR?dR is the 
average number of molecules which are in 
the distance between R and R+dR from 
any specified molecule. Denoting this number 
by 2(R)dR, we have 


"epee -; 00 | "Rn(R)#R)AR 
0 
This formula can be rewritten as 


U= =< > MuRid(Ri) , (27) 


where 2; is the number of molecules at the 
distance 7 from a specified molecule. As- 
suming face-centred cubic structure, we have 


S, $e £5 Cle 1.08 hig (28) 
a a Py ji | 


Since the formulas (23), (24), (25) and (28) are 
derived by approximate treatment it would 
be insignificant to discuss which one is the 
most accurate, but we shall use the formula 
(25) as it gives the smallest value for the 
surface energy. By writing it in the reduced 
form, we have 


= 


(29) 


U*= 1.43 eer, 1 iE 
Vrs Vf V *4 
We see by this formula that U* can be ex- 
pressed as a function of V* which is a func- 
tion of the reduced temperature 7T* if the 
pressure is zero. Hence in classical theory 
the reduced values of the surface energy is 
the same for all substances if the inter- 
molecular potential is given by the expres- 


sion (4). 


§4. Calculation of Surface Energy 
(Quantum theory) 
We shall now consider the surface energy 
at 0°K taking into consideration the zero- 
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point energy. Among substances we are to 
deal with, ‘He and *He are only subustances 
whose experimental values of surface energy 
can be obtained by extrapolation. But since 
the model which we adopt does not, strictly 
speaking, discriminate between solid and 
liquid states, we shall call them generally as 
condensed phases and deal with the surface 
tension at 0°K. In comparing theoretical 
values with experimental ones, we shall use 
the values of the latter at temperatures in the 
liquid region, so the comparison will be 
merely qualitative. 

Let a molecule in the condensed phase 
execute simple harmonic motion under mole- 
cular forces resulting from surrounding mole- 
cules with the frequency » when the molecule 
is in the interior of the phase and with the 
frequency vs when it is in the surface layer. 
The difference in the zero-point energies is 


She) 


per one degree of freedom. The difference 
in frequencies means difference in the free 
volume in the cell theory of liquid. But the 
concept of small vibrations is not valid in 
some cases, so we shall not restrict ourselves 
to the case where molecules execute simple 
harmonic motion, and treat the problem in a 
more general though somewhat simplified 
way. 

Prigogine™ treated the problem of surface 
tension in the following way. His treatment 
was limited to classical theory and it was 
assumed that in the surface layer the motion 
of any molecule parallel to the surface of the 
liquid is the same as it is in the interior of 
the liquid, while in the direction perpendicular 
to the surface the motion of the molecule in 
the surface layer is such that we obtain the 
expression for free volume by replacing a—o 
in the expression for a molecule in the 
interior of the liquid by a—a/2. Here a is 
the distance between nearest neighbours and 
c is the diameter of a molecule. Though this 
idea was proposed by Prigogine in the clas- 
sical theory of surface tension, we _ shall 
adopt the same idea in discussing the zero- 
point energy concerning the surface energy 
of a liquid. Then the decrease in the zero- 
point energy of a molecule when it emerges 
from the interior to the surface of a liquid is 
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ae od (ito i: Sat 
inte (a—o/2) )° 
If we assume that the surface is the (111)- 
plane of the lattice the area per molecule is 
(V 3 /2)a? and the decrease in the zero-point 
energy per unit area is 
Eales (at Lene vl reel 
AY eee (a—o/2)? J’ 


which can be written in the reduced values 


4EY 


ABA" _AR. 
€ 
Cn ( il 
~ AV 3.21/39. V*2/3 l(eys—1) 
1 


~ (Qu/6 V*1/3—1/2)2 J : (30) 
Subtracting this value from that given by 
(29), we obtain the surface energy of the 
condensed phase at 0°K, and putting V*=V)*, 
we have 


1.43 /2.70 1 
Oy" = Ga 


Ae 1 
~ 39.3V,%2/8 toes V,*/3 —1) 
ge ES SN Tar 
(QUEV,*1/3 1 /2)2f * 
Since the values of V,* as a function of A* 
are given by the equation (22) expressing 
equilibrium at 0°K, we can calculate the 


surface energy U,* as a function of A*, that 
is 


(31) 


UU (32) 
The dotted curve in Fig. 1 shows the 
calculated relation between U* and A*. Since 
the experimental values are those obtained 
from experimental data of surface tension in 
the liquid region, the comparison between 
the theory and experiments is rather qualita- 
tive than quantitative. But we see from the 
figure, quantum effects concerning surface 
energy can be deduced from free volume 
theory at least ina qualitative way, considering 
that we cannot expect on the basis of such 
a crude simplified theory as ours to obtain 
satisfactory numerical values. 


$5. More Precise Calculation for Liquid 
“He 


Keesom and Taconis®) made an x-ray 
analysis of liquid helium. It is not easy to 
draw a definite conclusion from their analysis, 


(Wolalir 


but they showed that the structure of liquid 
helium is such as we will obtain if we remove 
from a face-centred cubic lattice half of the 
atoms so that each atom is surrounded by 
six atoms and six empty sites. F. London’? 
estimated the cohesion energy of liquid helium 
assuming the structure to be as proposed by 
Keesom and Taconis. 

We now show the estimation of surface 
energy calculated by the same method as 
shown in §3. We adopt two types of inter- 
atomic potential, the one is the Lennard- 
Jones type potential given by (4) with the 
constants €=14.03x10-" ergs, o=2.56 A and 
the other that given by Yntema and Schneider 


o(R)=[1200 exp (—R/0.212) 
—1,24/R® —1.89/R®]-10-" erg. 
The results are: 


(33) 


Exposed face: (100)-plane 
Using L.-J. potential 0.69 ergs/cm? 
Using Y. and S. potential 1.06 ergs/cm? 
Exposed face: (110)-plane 
Using L.-J. potential 0.72 ergs/cm? 
Using Y. and S. potential 1.10 ergs/cm? 
Exposed face: (111)-plane 
Using L.-J. potential 0.55 ergs/cm? 
Using Y. and S. potential 0.74 ergs/cm? 


If we resort to the method which we used 
in deriving the formula (28) which is valid 
in the case of face-centred cubic structure, 
we can calculate the increase in the potential 
energy when the liquid is divided into two 
semi-infinite halves. The result is: 

Using L.-J. potential 0.41 ergs/cm? 
Using Y. and S. potential 0.71 ergs/cm? 
These values are near those for the case 

where the exposed face is the (111)-plane. 

As shown above there are some differences 
in the values according to the face to be ex- 
posed. The smallest values are those for the 
exposed face (111). So it would be reasonable 
to assume the values 0.5~0.7 ergs/cm? to be 
the increase in the potential energy due to 
the formation of the surface. This cor- 
responds to the reduced value of about 0.3 
ergs/cm?. The term due to the zero-point 
energy has, from the second term of (31), 
the value 0.27 ergs/cm?, so that if we subtract 
this from 0.3 ergs/cm? the result will be very 
close to zero. The experimental value is 
U,*=0.17 (see Table 1). Though this might 
seem to show the discrepancy between theory 
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and experiment we may be satisfied with the 
result that our calculations show that the 
surface energy of liquid helium is very small, 
considering that we have calculated the 
surface energy by taking the difference be- 
tween two comparatively large quantities of 
the same order each of which was estimated 
independently. 
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Magnetic Properties of Nickel Telluride 
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Experimental results are reported of the magnetic properties of NiTez, 
where w is the molal content of tellurium. When 0.1<xv<0.65, this 
substance is found to be ferromagnetic; the variations with composition 
of the saturation magnetization and of the Curie temperature show 
evidences of a transition at #=0.33 (27 atomic percent Te) from a 
heterogeneous phase begining at pure metallic nickel to a certain ferro- 
magnetic homogeneous phase. A paramagnetic phase appears above ~=0.7 
(41 atomic percent Te), although its paramagnetic behaviour is not 
truely paramagnetic in the Curie-Weiss sense, especially at high tem- 
peratures, namely, a considerable temperature dependence of the sus- 
ceptibility is observed at low temperatures and a temperature-independent 
susceptibility of a small value less than 0.5 emu/g at high temperatures. 
These behaviours of the susceptibility are apparently similar to those of 
Cu-rich Cu-Ni alloys studied by Kaufmann and Starr, though a marked 
dissimilarity is also found between their characters. Namely, an antiferro- 
magnetic character is present in NiTe, at the paramagnetic compositions. 


§ J. Introduction 

The magnetic properties of NiAs-type 
compounds in which one component is a 
transition metal and the other is a metalloid 


element, e.g. FeS®, MnAs”, etc., are, as far 
as they have been studied, very peculiar and 
particular in each case. The antiferromagne- 
tic properties of some of these NiAs type 
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compounds seem to be determined on the one 
hand by the degree of the metallic character 
which is generally present in such compounds 
and, on the other hand, by the superexchange 
effect via the intermediary of the metalloid 
ions in the lattice. The present work has 
been done as one of the series of experimental 
investigations on tellurides in order to clarify 
these points. Investigations on other tellurides, 
FeTe®, CoTe?, MnTe® and CrTe™, have been 
already reported. 

There exist no through measurements of 
the magnetic properties of NiTe,. The only 
data, which are due to Gal’perin and Per- 
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Atomic per cent of tellurium in NiTe, 
Fig. 1. The magnetic phase diagram of NiTe,. 
Region [: ferromagnetic composition region. 
Region II: paramagnetic composition region. 
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kallina”, are concerned with the stoichiomet- 
ric composition and the temperature range 
from liquid air temperature to room tem- 
perature. The present work extends the 
temperature range to 1150°C and the compo- 
sition range to 0.10<a2<2.00. 


§2. Experimental 


The procedure of the preparation of the 
specimens is as follows: mixed powder of 
nickel and tellurium, both 99.9 percent pure, 
with a desired proportion was sealed in 
an evacuated silica tube (10-°°mmHg), and 
this was heated in a furnace at 1200°C for 
10 hours. The product was a solid material 
with a silvery appearance. The X-ray Debye- 
Scherrer diffraction pattern was compatible 
with the NiAs structure with lattice spacings 
a=3.96 A and c)=5.35 A, which are in good 
agreement with the published data. 

The same technique and the same magnetic 
balance as those described in previous 
papers*®)*) were used for the magnetization 
measurements. In the present experiment, 
we had sometimes to observe very small 
values of the magnetization at paramagnetic 
compositions, and in such cases a relatively 
large quantity of the mass of the specimen, 
i.e. a few grams, was required for the 
measurements, in order to obtain sufficient 
deflections of the magnetic balance. However, 
increase in mass and thus increase in volume 
of the specimen introduced errors in keeping 
a constant field gradient over the working 
volume of the specimen. In such cases, the 

accuracy of determinig the ab- 
solute value of the magnetization 
was estimated to be three times 


G "9 less than that of the usual cases, 
S nimeges a but the errors remained within 
> ~ 10 percent. The accuracy of the 
520/-  fYelative values was as good as 
Sars a usual, since great cares were 
2 ®& taken regarding the position of 
5 -io 8 the specimen and also the blank 
E 1O;- : condition of the apparatus. 
5 NiTeos M 
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Fig. 2. Temperature dependences of the Magnetization and the 


reciprocal susceptibility of NiTe,, 


s 


of ferromagnetic composition. 


summarized in Fig. 1. It is found 
that NiTe, is definitely ferro- 
magnetic in the range 0<#<0.65, 
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but paramagnetic, though not in the Curie- 
Weiss sense, in the range 0.7<2<2.00. The 
ferromagnetic region, denoted as region I in 
Fig. 1, is divided into two sub-regions I4 and 
In, and the paramagnetic composition region, 
denoted as region II, into sub-regions II, and 
IIs. These divisions have the following mean- 
ings. 
a) Ferromagnetic composition range (region I) 
Curves in Fig. 2 represent the magnetiza- 
tion and reciprocal susceptibility of NiTe, in 
range I as functions of temperature. Fig. 3 
shows the magnetization as a function of 
applied field intensity at room temperature. 

As seen in these figures, every curve shows 
essentially the ferromagnetic behaviour. The 
molal saturation magnetization is a linear func- 
tion of the atomic percentage of tellurium in 
region I, and another linear function in region 
Iz, as shown in Fig. 4. On the other hand, 
we see, in the same figure, that the Curie 
temperture shows little variation with com- 
position in region Iy, while it rises strikingly 
in region Iz. Such a rapid rise of the 
Curie point with increasing composition is 
known in few other cases. According to 
Marian”, the Curie point of Ni-Mn alloy rises 
rapidly and the saturation moment drops 
linearly with increasing Mn content in the 
range of composition over 17 atomic percent 
of Mn. In NiTe:z, we have found this strange 
type of dependence of Curie point on com- 
position, and for this dependence no convinc- 
ing explanation can be given at present. 

The values of the reciprocal susceptibility 
above the Curie temperature are plotted 
against temperature in Fig. 2. They lie on a 
straight line for specimens in region Iu. For 
sprcimens in region I, they lie on a straight 
line only below 700°C and an anomalous 
behaviour is observed above 700°C. From 
these straight lines, the effective Bohr mag- 
neton numbers for a Ni atom are estimated 
for several compositions and given, together 
with the corresponding values of the Curie 
temperature, in Table I. 

The Debye-Scherrer patterns obtained for 
specimens of compositions in region lu, show 
lines due to metallic nickel beside several 
lines which are difficult to analyse, while the 
patterns for region I, are different both from 
those of region I, and the NiAs type pattern 
of NiTe in region IJ]. Thus a heterogeneous 
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Fig. 3. Dependence on applied field of the 
magnetization of NiTe, of ferromagnetic com- 
position. 
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Fig. 4. Variation with composition of the molal 
saturation magnetization and the Curie point of 
NiTe, of ferromagnetic composition. 


phase whose one componet is metallic nickel 
is probably realized in region Iu. In fact, 
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Table I. Curie temperatures and the effective 
Bohr magneton numbers for a Ni atom in NiTe 
as a function of the molal content of tellurium. 


x Oferro( Ke ) Opara( K ss) Pterro( HB) Ppara( uz) 


0.10 645 660 0.47 2.28 
0.30 650 673 0.32 1.49 
0.50 685 705 0.14 129) 
0.60 730 740 0.04 0.71 
0.65 785 

ferro: ferromagnetic Curie point. 


Opava: Paramagnetic Curie point. 

Pterro: effective Bohr magneton numbers in ferro- 
magnetic region. 

effective Bohr magneton numbers in para- 
magnetic region. 
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Fig. 5. Dependence on applied field of the 


magnetization NiTe. of paramagnetic composi- 
tion. 


the Curie temperature in region I, remains, 
as shown in Fig. 4, almost constant, and is 
close to the Curie point of the pure nickel, 
i.e., 640°K. The discontinuous change of 
slope of the saturation magnetization curve 
and the change in the Curie temperature 
curve in Fig. 4 for 2>0.33 indicate a phase 
change at 2=0.33. That an anomalous be- 
haviour of 1/z—T curve in Fig, 271s not 
observed in sub-region I, but is observed in I, 
is also suggestive of the phase transition. 

b) Paramagnetic composition range 

(region IT) 
It is shown in Fig. 5 that the magnetization 
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in the region 0.7<2z<2.00 varies linearly with 
field up to about 9000 oe. This composition 
range is thus paramagnetic. The values of 
the susceptibility which are determined by 
taking the slopes of these straight lines are 
plotted against temperature in F ig. 8 and also 
against tellurium content in Fig. 6. In the 
latter curves, we see that the points fall on 
a smooth curve for each temperature and 
that the curves rise as the ferromagnetic 
compositions are approached. 

The reciprocals of the susceptibility at 
various compositions in region II are plotted 
against absolute temperature in F 1D ees 
can be seen in this figure, plots of the 
reciprocal susceptibility for stoichiometric 
composition lie, below 300°C, on a straight 
line, the extrapolation of this straight line 
crossing the temperature axis at —1110°K. 
The absolute value of the temperature of 
this cross point appears to decrease as Te 
content decreases. The fact that the para- 
magnetic Curie point of NiTe is found in the 
negative region of temperature indicates an 
antiferromagnetic character of this compound. 
But this is not conclusive because the ob- 
served values of the susceptibility are too 
small compared with those of ordinary anti- 
ferromagnetic substances and also no Néel 
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and others shows no evidence of the Néel 
point and yet shows an antiferromagnetic 
character in its 1/y—T relation. The data in 
the case of FeTe obtained by the present 
authors are another similar example in this 
respect. The molal susceptibility %x cor- 
responding to the linear part in Fig. 7 can 
be represented by the formula %,=C/(T+ 98), 
with values of the Curie constant C, the 
characteristic temperature @ and the effective 
Bohr magneton numbers p per nikel atom 


given by 
Ole 1110°Ke, p= 0.99 
and for «=1.00, 
C=01155 4, GSCxvr - pHl1.12 up 
for z=0.70. 


The reciprocal susceptibility in the tempera- 
ture region above 300°C for stoichiometric 
compound is independent of temperature up 
to 1000°K and then drops. This behaviour 
will be discussed later. The dissimilarity in 
behaviour in two temperature regions sepa- 
rated by 300°C might indicate a magnetic 
transition or a change in crystal structure at 
300°C. It is to be noted that the similar 
break of the reciprocal susceptibility curve 
in FeTe was correlated with a specific heat 
anomaly. The same circumstance can be ex- 
pected for NiTe. 

We now mention the temperature depen- 
dence of the magnetic susceptibility shown in 


bility of NiTez of paramagnetic composition. 


after Kaufmann and Starr 


0 200 400 600 800 1000 1200 
Temp, K° 
Fig. 9. Temperature dependence of the suscepti- 


bility of nickel-copper alloys of various com- 
position (after Kaufmann and Starr). 


Fig. 8. This temperature dependence of the 
paramagnetic susceptibility has a close simi- 
larity in its appearance to that found by 
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Kaufmann and Starr™ for Cu-rich Cu-Ni 
alloys. Their measurements are reproduced 
in Fig. 9 for the purpose of comparison. 
Discussions concerning this resemblance will 
be given later. 

With regard to Fig. 8 we can point out the 
following characteristics of the curves. A 
large temperature dependence of the suscep- 
tibility exists at lower temperatures, which 
disappears gradually as the tellurium content 
is increased. At higher temperatures the 
Susceptibility is almost temperature-indepen- 
dent and takes small values. Similar be- 
haviours were found in FeTe and CoTe and 
were discussed previously». This almost 
temperature-independent susceptibility ex- 
hibits, however, a slight increase with in- 
creasing temperature for Te-rich compounds. 
A further feature of the curves is a sudden 
rise of the susceptibility in the region be- 
tween 800°C and 900°C, which is followed by 
a gradual increase with increasing tempera- 
ture. This anomaly must be due to the 
melting of the specimens, because the speci- 
mens show different appearences at tempera- 
tures higher and lower than this temperature 
region. A similar anomalous behaviour due 
to melting has been found in FeTe and in 
pure Te. 

We note finally that all the data obtained 
in the present experiment are generally repro- 
ducible and also reversible with temperature. 


$4. Discussions of the Results 


Comparing the results for the paramagnetic 
nickel telluride obtained in the present ex- 
periment with those of the paramagnetic Cu— 
Ni alloys studied by Karfmann and Starr, we 
find similar features between them. But 
there are also distinctly different features. 

Those found in common in both cases are 
the followings: a characteristic variation of 
the susceptibility with composition (see Fig. 
6), the temperature-independent susceptibility 
of small values, and a tendncy to increase 
with increasing temperature of this susceptibi- 
lity (see Fig. 8 and Fig. 9). It may be rea- 
sonable to consider that in nickel telluride 
these magnetic properties arise from an 
alloyic character present in this compound, 
since the similar magnetic properties pertain 
to paramagnetic Cu-—Ni alloys. In fact, it 
has been shown by Schénberg™) that. tel- 
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lurides of transition metals are more metallic 
than sulphides or selenides of the same 
metals. 

On the other head, the low temperature 
susceptibility behaviours of nickel telluride 
(Fig. 8) are distinctly different from the 
corresponding behaviours of paramagnetic 
Cu-Ni, in spite of their apparent similarity 
(Fig. 8 and Fig. 9). An antiferromagnetic 
character of the reciprocal susceptibility 
pertains to the low temperature behavi- 
ours of nickel telluride, whereas the low tem- 
perature susceptibility of paramagnetic Cu- 
Ni shows nothing like that. It is natural to 
expect such a difference to exist between 
them since a superexchange effect via the in- 
termediary of each negative ion must exist in 
the case of telluride. This consideration is 
supported by the fact that MnTe and FeTe 
are antiferromagnetic substances possessing 
NiAs lattice just like NiTe. 


Conclusion 


It is found that NiTe is a substance of an 
antiferromagnetic character, although the pre- 
sent measurements down to liquid nitrogen 
temperature show no evidence of the Néel 
point, which might be at a lower temperature. 
The detection of the Néel point would deserve 
a further investigation. 

It is also to be noted that a temperature- 
independent paramagnetism is commonly 
found in tellurides of Fe, Co and Ni, espe- 
cially for Te-rich compositions in each case. 


The authors wish to thank Professor T. 
Nagamiya of Osaka University for kind dis- 
cussions, Professor Y. Mashiyama of Naniwa 
University for his warm encouragement and 
Professor Y. Shimomura for kind permission 
to work with his X-ray equipments. The 
authors would also like to thank Mr. Fukuoka 
for his helpful assistance in measurements. 
This work has been supported in part by the 
research expenditure of the group ’Research 
of Ferromagnetic Oxides’ organized by Pro- 
fessor Kaya. 


References 
1) H. Haraldsen: Z,. Anorg. u. Allge. Chern. 
231 (1937) 27, 246 (1941) 169. 
L. Néel: Rev. Mod. Phys. 25 (1953) 59. 
2) C. Guillaud: Colloque de Ferromagnetisme 
et Dantiferromagnetisme, Grenoble (1951) 77, 


1956) 


3) E. Uchida and H. Kondoh: 
Japan 10 (1955) 357. 

4) e Uchida: Jour. Phys. Soc. Japan 10 (1955) 

Hs 

5) E. Uchida and H. Kondoh: to be published. 

6) H. Kondoh and E. Uchida: The annual meet- 
ing of Phys. Soc. of Japan at Nagoya Univer- 
sity (April 1955). 

7) F.M. Gal’perin and T. M. Perkalina: Doklady 
Akad. Nauk. S.S.S.R. 69 (1949) 19. (Chem. 
Abst. 41 (1950) 1251.) 


Jour. Phys. Soc. 


Magnetic Properties 


of Nickel Telluride 27 


8) S. Tengner: Z. Anorg. u. Allge. Chem. 239 


(1938) 126. 
R. W. G. Wycoff: Crystal Structure (1948) 
Chap. III. 

9) V. Marian: Phys. Rev. 51 (1937) 136. 


10) Y. L. Yousef, R. K. Girgis and H. Mikhail: 
Jour. Chem. Phys. 23 (1955) 959. 

11) A. R. Kaufmann and C. Starr: 
63 (1943) 445. 

12) N. Schonberg: 


Phys. Rev. 


Acta Metal. 2 (1954) 427. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 1, JANUARY, 1956 


Magnetic and Electrical Properties of Manganese Telluride 


By Enji UcHIDA, Hisamoto KONDOH and Nobuo FUKUOKA 
Department of Physics, Naniwa University, Osaka 
(Received September 7, 1955) 


The temperature dependence of the susceptibility of the antiferro- 
magnetic compound MnTe was measured over a range of temperature 
between liquid nitrogen temperature and 720°C. An abrupt change in 
slope and a maximum of the susceptibility curve were found at 37°C and 
at 55°C respectively. These results are compared with the observed 
Néel temperatures previously reported by Squire and by Serre. A thermal 
hysteresis was also found above the Néel temperature, relating to the 
heat history of the specimen. It is shown that the susceptibility of 
MnTe,42 (O<#<1), where x is the excess content of tellurium, is ex- 
plicable in terms of two phases, MnTe and MnTe. which possess dif- 
ferent susceptibilities. The electrical properties, i.e., the resistivity, 
the thermo-emf and the Hall emf, were measured as functions of temper- 
ature. Evidence was found of anomalous behaviours at the Néel 
temperature for them. A large thermal hysteresis of the resistivity is 
also found above the Néel temperature, which suggests a change of the 


crystal structure at about 130°C. 


§1. Introduction 


According to the previously published data”, 
the crystal structure of the compound MnTe 
is the NiAs type with lattice spacings @=4.12 
A and c)=6.70A. The magnetic susceptibility 
has been investigated by Squire?» and by 
Serre). They found that the susceptibility 
showed the behaviour of an antiferromagnetic 
compound, the Néel temperature being re- 
ported as 37°C by Squire or 55.6°C by Serre. 
The heat capacity measurements of Kelley” 
have shown that MnTe exhibits a hump of the 
heat capacity with its maximum at 34°C (307° 
K). Antiferromagnetic resonance absorption 
measurements for MnTe have been made by 


Maxwell and McGuire», who reported the g 
values to be 2.00. Squire® has also studied 
the electrical resistivity of this compound and 
found that it shows an anomalous behaviour 
with a maximum at about the Néel tempera- 
ture (30°C). 

As mentioned above, the Néel temperature 
reported by Squire differs so much from that 
by Serre that the difference seems to be too 
large as an error of measurements. The 
present experiment is concerned with the 
confirmation of the Néel temperature. From 
the fact that the resistivity dependence on 
temperature shows a maximum at about the 
Néel temperature, it is expected that the 
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Fig. 1. Schematic representation of sample holder 
for electrical measurements. 


A: micalex case; S: sample; E: current elec- 
trodes; P: probes for measuring potential; H: 
probes for measuring Hail emf; T: thermo- 
couple (Cu-constantan); T,: differential thermo- 
couple; C,: heating coil; C,: heating coil for 
measurements of thermo-emf; B: brass case. 


other electrical properties, i.e., the thermo-emf 
and the Hall emf, behave anomalously at the 
Same temperature. The present experiment 
is also concerned with the investigations of 
the electrical properties in order to seek for 
possible evidence of the correlation of the 
electrical properties with the magnetic pro- 
perties of this compound. 


§2. Experimental 


The procedure of the preparation of the 
compound MnTe.,, is as follows: Mixed 
powder of manganese (99.4 percent Pure) and 
tellurium (99.9 percent pure) with a desired 
proportion was sealed in an evacuated silica 
tube (10°? mm Hg), and this was heated in a 


Wolriy 


furnace at 725°C for 20 hours and slowly 
cooled after that. The product was a solid 
material with a grayish appearance. The X- 
ray Debye-Scherrer diffraction pattern of a 
sample of stoichiometric composition was 
compatible with the NiAs structure. 

The susceptibility was measured with the 
same technique and the same magnetic balance 
as those described in previous papers”:®). 

The electrical properties i.e., the resistivity, 
the thermo-emf and the Hall emf were 
measured by the usual methods. The speci- 
mens used for the present electrical measure- 
ments were prepared by moulding the powder 
sample to a shape of 7mm in length, 4mm 
in diameter (for the resistivity and the thermo- 
emf measurements) or a shape of 5mmx7mm 
x 2mm (for the Hall effect measurements) in 
a press tool, and by subsequent heat treat- 
ment of the material at 725°C to convert it 
to the crystalline modification. The sample 
holder is shown in Fig. 1. After it had been 
held in a brass case which was serviceable 
to homogenize the temperature of the sample, 
the measurements were carried out in vacuum ~ 
(10-7 mm Hg). 


§3. Results 
a) Magnetic measurements 


Fig. 2 shows the molal susceptibility of 
MnTei,, as a function of temperature. All 
curves in this figure are obtained in heating 
runs for various compositions except the one 
which represents the cooling curve for the 
stoichiometric composition. In all cases the 
heating curve is found reversible up to about 
100°C but it ceases to. be so beyond that 
temperature. The cooling curve, from a 
higher temperature than 100°C, appears to be 
influenced in some way by the previous tempe- 
rature history of the sample. The side 
curves in Fig. 2 represent a typical set 
of the details of the heating and cool- 
ing curves in the vicinity of the Néel point. 
Similar curves are obtained with different 
specimens, when measurements are made 
with special regard to the question of the 
Néel temperature. The heating curve indicates 
an abrupt change in slope at 37°C (310°K) 
and a maximum value of the Susceptibility is 
obtained at 55°C (328°K), while a little lower 
values of the Susceptibility occur with a 
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broadening of the maximum in 
the cooling run. Wecan see, in 
the data of reciprocal suscepti- 
bility against temperature obtain- 
ed by Serre for MnTe, a point 
which might possibly correspond 
to the abrupt change in slope in 
question; an observed point at 
about 37°C in Serre’s case, in 
fact, deviates slightly from the 
curve, although the deviation is 
found so small that it cannot be 
noticed without special attention 
to this point. 

It is to be noted here that all 
the susceptibility curves of La 
MnTei;,. in Fig. 2 can be un- 
derstood as representing the sum 
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of the molal susceptibilities of 3000 
MnTe and MnTez, with the ratio 
of (l—zxz): wz, at corresponding 
temperature. Accordingly, the 
molal susceptibility of MnTei4- 
is found to bea linear function of « as shown 
in Fig. 3. This certainly indicates that MnTei,< 
is constituted of two phases, MnTe and MnTe:. 
The reciprocals of the susceptibility for 
MnTe and MnTe; are plotted against absolute 
temperature in Fig. 4. As can be seen in 
this figure, plots for MnTe lie along a smooth 
curve, showing an upward concavity, which 
is in agreement to that previously observed 
by Serre. However, in the present case, the 
plots lie, above about 200°C, almost on a 
straight line, the extrapolation of this straight 
line crossing the temperature axis at —650°K. 
The molal susceptibility in the temperature 
range of this straight line can be written 


Xu =C/(T +80) 
with values of the Curie constant C, the 
characteristic temperature @ and the effective 
Bohr magneton numbers p for a manganese 
atom given by 
C=3.24, @=650°K, p=5.10u2 


These values of C,@ and # are found to be 
a little smaller than those obtained by Serre. 

From the linear relation of the reciprocal 
susceptibility against temperature of MnTez 
(Fig. 4), the values of C, @ and p for MnTe, 
are also estimated as follows: 


C=4.00, @6=430°K, p=5.68 uz 


Mn Te SS 
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Fig. 2. Graph of molal susceptibility vs temperature for 
MnTej42. 
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Fig. 3. Graph of molal susceptibility vs excess 
content of tellurium for MnTej;+-2. 
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Fig. 4. Graph of reciprocal susceptibility vs 
temperature for MnTe and MnTe,. 
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Fig. 5. Graph of electrical resistance vs tem- 

perature for MnTe. 

Curve A: after 725°C heat treatment and sub- 
sequent slow cooling. 

Curve B: after 725°C heat treatment and sub- 
sequent rapid cooling. 

Curve C: after the runs for Curve A and for 
Curve B. 


The fact that the paramagnetic Curie point 
of MnTe; is found in the negative region of 
temperature indicates an antiferromagnetic 
character of this compound, although no Néel 
point was yet found in the temperature range 
of the present experiment. It is to be noted 


(Vola, 


that similar phenomena can be found in other 
intermetallic compounds, such as Mn;N2, FeTe 
or NiTe; each of them shows no evidence of 
the Néel point in the temperature range down 
to about 80°K and yet shows an antiferro- 
magnetic character in its 1/¢—T relation. 

b) Electrical properties 

The electrical properties of MnTe i.e., the 
resistivity, the thermo-emf and the Hall con- 
stant, are determined from liquid nitrogen 
temperature up to 400°C in order to see the 
correlation between the electrical and the 
magnetic properties of this compound. 

The graph in Fig. 5 represents a set of 
typical runs in the measurements of resistivi- 
ty. The data plotted on Curve A in this 
figure were obtained with the sample which 
has previously been subjected to a heat treat- 
ment at 725°C and to a subsequent slow 
cooling, by first cooling it to the liquid nitro- 
gen temperature and then allowing it to 
warm up to the highest temperature of the 
measurements, usually at a rate of 2°/min. 
Up to the point ‘a’ on the curve at some ten 
degrees above the Néel point, Curve A shows 
a noticeable resemblance to the magnetic sus- 
ceptibility behaviour, with a maximum at 
about 50°C (323°K). But, beyond this temp- 
perature, the observation generally shows a 
long relaxation time for the resistivity to 
approach its final value which is shown by 
the broken curve in this figure. However, 
after it has once reached the broken curve 
at the point ‘b,’ in the case of Curve A, this 
relaxation is experienced no more in the suc- 
cessive heating run. Curve C represents the 
subsequent cooling run to Curve A with a 
cooling rate of 2°/min. In all cases the cool- 
ing curve is a function of the interval of time 
during which the sample is held at the highest 
temperature of the run, the highest tempera- 
ture itself and also the cooling rate. The 
hatched area in Fig. 5 represents the region 
in which all the cooling curves subject to 
different cooling conditions fall. 


For the data plotted on Curve B, the heat- 
ing run was started with the sample used for 
Curve A, which this time has previously 
been subjected to a heat treatment at 725°C 
for 20 hours and then to a rapid cooling from 
that temperature. The heating rate in this 
run is 2°/min, same as in the case of Curve 
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A. Compared with the case of Curve A, the 
lower values of the resistivity occurred up to 
about 100°C (373°K) and the relaxation time 
for the resistivity to approach to the broken 
line appeared to be shorter; consequently the 
point ‘b’’ on this curve, which corresponds 
to ‘b’ on Curve A, was found at a lower 
temperature than the latter. It is to be noted 
that in either cases of the run for Curve A 
and that for Curve B, the curve is found to 
be reversible up to about 100°C and it ceases 
to be reversible beyond, a similar phenomenon 
being also found in the magnetic susceptibility 
measurements. The hysteresis effect of the 
temperature dependence of resistivity above 
the Néel point is a good evidence of a certain 
change of the crystal structure at about 130°C. 

The specific resistivity value of MnTe at 
room temperature is usually found to be of 
the order of 1 ohmcm. This is a very high 
conductivity compared with those of other 
antiferromagnetic manganese compounds such 
as MnSe, MnS or MnO. 

Fig. 6 gives a typical result of the temp- 
erature dependence of the thermo-emf deve- 
loped by the present specimens. For this 
data, a constant temperature difference of 40° 
is held across the specimen at every temper- 
ature of the measurements. It is found 
that the thermo-electric power lies between the 
values 0.3~0.6 mV/deg and shows a tendency to 
increase slowly with increasing temperature. 
The thermo-electric potential is always positive 
at the lower temperature side of the specimen, 
which indicates a predominanting hole con- 
duction in MnTe. 

Every plot in Fig. 7 represents the mean 
value of the data of ten repeated observations 
of the Hall voltage with a carrying current 
of 30mA. The values of the Hall constant 
obtained by taking the slopes of the curves in 
this figure are plotted against temperature in 
Fig. 8. The sign of the Hall emf is found to 
be positive at all temperatures, which is 
consistent to the results of the thermo-emf 
measurements. 

It is to be noted that both the thermo-emf 
and the Hall voltage behave anomalously at 
a temperature close to the Néel point (50°C), 
as in the resistivity; a maximum for the 
thermo-emf curve (Fig. 6) and a point of 
inflection for the Hall constant curve (Fig. 8) 
are found. 
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Fig. 6. Graph of thermo-electric power vs tem- 
perature for MnTe. 
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Fig. 8. Graph of Hall constants vs temperature 
for MnTe. 


§4. Discussions 


The results of the magnetic measurements 
showed the details of the behaviour of the 
susceptibility of MnTe in the vicinity of the 
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Néel point, i.e., we found a characteristic 
deviation from a simple 4-shape antiferromagne- 
tic transition. Although this deviation is 
very small, we believe that the abrupt change 
in slope of the susceptibility curve at 37°C 
(310°K) correspond to the Néel temperature 
reported by Squire, and the maximum point 
at 55°C (328°K) to that reported by Serre. 
As mentioned in the preceeding section, the 
maximum at 55°C in fact broadens according 
to a heat history of the specimen. This 
broadening might have happened in the case 
of Squire. The anomalies in the resistivity 
and other electrical properties found at about 
50°C (323°K) may be correlated with the 
maximum of the susceptibility curve at 55°C 
rather than to the abrupt change at 37°C. 
However, further experimental evidences (in 
particular of the specific heat or of the crys- 
talline structure around the Néel point) may 
be necessary for the decision of the Néel 
point. 

It should be mentioned that the tempera- 
ture dependence of the electrical resistivity 
is very similar to that of the magnetic suscep- 
tibility, especially in the lower temperature 
region below 100°C. This is similar to the 
results reported by Squire. As shown in Fig. 
5, conduction in MnTe changes its character 
in passing the Néel point from high to lower 
temperature, from a semi-conductor like con- 
duction to a metallic one. We consider that 
this is an evidence of the influence of the 
magnetic properties of this compound on the 
conduction process at the Néel temperature. 
The decrease in conductivity with increasing 
temperature below the Néel point and the 
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corresponding increases in thermo-emf and in 
Hall constant are qualitatively interpretable 
by supposing that the conduction in MnTe iS 
contributed predominantly by holes above 
Néel temperature, while below the Néel temper- 
ature the part played by electrons increases 
with decreasing temperature. 


§5. Conclusion 


Results which are partly consistent to 
those of the previous works of Squire» and 
Serre®) were obtained for MnTe in this ex- 
periment. It was also established that 
MnTei,.< is constituted of two phases involving 
MnTe and MnTe, in the range 0<cv<l. 


The authors wish to thank Professor T. 
Nagamiya of Osaka University for kind dis- 
cussions, Professor T. Hirone of Tohoku 
University and Professor Y. Mashiyama of 
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Eftects of covalency on the nuclear magnetic resonance in ionic crystals 


are discussed on the basis of perturbation calcuiations. 


Formulas for 


the chemical shift, the ZJ-Z coupling and the quadrupolar relaxation time 
are derived. Using the degree of covalency deduced from the experi- 
mental values of the chemical shift, the coefficient of the Z-Z coupling 
and the quadrupolar relaxation time are estimated for some ionic crystals. 
It is shown that, when the degree of covalency is several percent, the 
quadrupolar relaxation time becomes much shorter than in pure ionic 
case. For instance, the relaxation time of Br in KBr, assuming the degree 
of covalency of 1 percent, is estimated to be 1 sec, which is only several 
times larger than the experimental value. 


§1. Introduction 
According to experimental studies of the 
nuclear magnetic resonance absorption in ionic 


crystals, there exist the following three 
important problems associated with the 
covalency participating in the interionic 


binding: one is the problem of the chemical 
shift of the resonance field, the second is the 
anomalous width ,of the resonance line and 
the third is the problem concerned with the 
relaxation time. 

Gutowsky and MacGarvey” measured the 
chemical shift of Rb and Cs in their halides 
‘and remarked that it might arise from 
covalency. Kanda?” measured the chemical 
shift of halogen ions in several metal halides 
and deduced numerically the degree of 
covalency in each halide. Since the halogen 
ion has a closed shell structure in its pure 
ionic state, there is no second order para- 
magnetic effect, but in its excited state, 
‘where one electron of halogen ion is trans- 
ferred to one of the neighbouring metal ions, 
the second order paramagnetic effect appears 
on account of the p-character of the halogen 
electronic wave function. Therefore, if the 
ionic state of a halide is not pure but is 
mixed to a certain extent with the state of 
covalent bonding, we can expect a paramagne- 
tic chemical shift which is proportional to 
the degree of covalency. 

Watkins and Pound® and Watkins*? have 
performed precise experiments of the halogen 
nuclear magnetic resonance absorption in ionic 
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crystals. Especiaily, Watkins found relax- 
ation times of the order of 10-!~10-2sec in 
the single crystals of KBr and KI. Although 
in these samples the dominant mechanism of 
the relaxation can be considered to be 
quadrupolar, the theoretical value of the 
relaxation time calculated under the assump- 
tion that the electric field gradient acting on 
each nucleus arises mainly from the sur- 
rounding ionic charges is larger than the 
experimental value by a factor of 10°. Watkins 
discussed possible sources of this discrepancy 
and pointed out as the most dominant effect 
the deformation of the electron shell sur- 
ronding the nucleus by the thermal vibrations 
of the ions. It can be considered that there 
are two types of deformation sufferred by the 
ions, one is the deformation due to the mixing 
of higher electronic states of the ion and the 
other is that due to the transfer of an 
electron of that ion to a nearest neighbour 
ion, that is, the covalent bonding. Watkins 
considered the first type in some detail and 
showed that this is considerably effective to 
shorten the theoretical relaxation time. On 
the other hand Townes and Dailey pointed 
out that in covalent bonding state there exists 
a large electric field gradient at the position 
of the nucleus. Kanda found that the 
reciprocal of the relaxation time is propor- 
tional to the degree of covalency in LiBr, 
AgBr and dlBr., Uhus,. also..in,.nuclear 
quadrupole relaxation, the role of covalency 
cannot be overlooked. In fact, the p-character 


x 


of the electronic wave function of the halogen 
ion in its covalent state can produce a con- 
siderably large field gradient. 

Another effect the covalency is the 
formation of an indirect coupling between 
nuclear spins. Ruderman and Kittel developed 
the theory of the /-J coupling between nuclear 
spins in metals, and a little later Bloembergen 
and Rowland” showed that this FJ coupling 
is the main source of the anomalously broad 
line width in metallic thallium and_thallic 
oxides, and they extended Ruderman-Kittel’s 
theory to the case of semiconductors or ionic 
crystals on the basis of Wilson’s semiconductor 
model. Very recently, also Kanda» found 
very broad resonance lines in Tl-halides which 
can not be interpreted in terms of the ordinary 
dipole-dipole interactions between nuclear 
moments and concluded that this width arises 
from the FJ coupling. This FJ coupling in 
ionic crystals can be understood only when the 
covalent states are taken into account as 
excited states. 

The purpose of this paper is to develop the 
theory of the chemical shift, the FJ coupling 
and the quadrupolar relaxation time arising 
from the excited covalent states with the use 
of a simple perturbational treatment and of 
the Heitler-London model. For the chemical 
shift and the /-J coupling, formulas presented 
here are not essentially different from those 


of 


obtained already by Ramsey™, Saika and 
Slichter®™, Ramsey and Purcell and 
Gutowsky, McCall and Slichter™, but they 


are extensions to the case of ionic crystals, 
and these will be given in §2and3. In §4and 
5, the contributions from the covalency to 
the quadrupole relaxation time is calculated 
along the same line as in $2 and 3. 


$2. 


Chemical Shift 


Gutowsky and McGarvey and Kanda found 
considerably large paramagnetic chemical 
shifts in nuclear resonance lines for halides 
of heavy metals such as Rb, Cs and Tl. It 
may be considered that this shift originates 
in the covalent bonding state which mixes to 
some extent with the pure ionic state. In 
this section, we shall calculate the coefficient 
of the chemical shift « on the basis of the 
perturbational treatment, taking as the zero-th 
approximation the purely ionic state. 

First let us consider the shift of a halogen 
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nucleus whose nuclear moment # is assumed, 


for convenience, to point in the direction of 


the external magnetic field. Then the neces- 
sary perturbing Hamiltonian for the chemical 
shift is expressed as 

a pBk; . 


VaVit E( 4 

Here V; means the Hamiltonian which makes 
an electron of the halogen ion jump into a 
neighbouring metal ion and is of an electric 
nature, and the second term expresssed by a 
summation over electrons belonging to the 
halogen ion represents the interaction energy 
of the electrons with the external field Hand 
with the field arising from the nuclear magne- 
tic moment. 7; and J; mean respectively the 
radial distance of the 7-th electron from the 
halogen nucleus and 
momentum in units of #, and z=» is the Bohr 
magneton. 


2u (2.1) 
rie 


According to the perturbation scheme, the — 


its orbital angular 


fourth order perturbed energy can be written — 


in the following form: 

y CAG posi etn Yn’ | V\n"") (2 | V9) 

Ey) Enr—Eq) En’ —Eg) ‘ 
(2.2) 

where E, and £E, denote the unperturbed 


AP. = a 


7%, 72/ aed ¢ (Ey 


energies of the ground and excited states. 


The most important terms in the summation 
of Eq. (2.2) are those in which the first and 
the third excited states, i.e. 2 and m”’, are the 
same covalent state in which one electron of 
the halogen ion, with such a f-wave function 
that extends towards a neighbouring metal 
ion, has been transferred to that metal ion. 


Such a transition of one electron is produced — 


by the electric part of Eq. (2.1) V:. 
Eq. (2.2) can be simplified as 


\(g| Vel2e)|? wae 
(En—Eg)? Ene—£. 


Then, 


AR.= > 


ye | 
% ne 


(2.3) 
Here the first summation is taken over all the 
nearest neighbouring metal ions of the halogen 


ion and Vg denoted the magnetic part of the - 


Hamiltonian (2.1). 


we must take out the field-dependent term 
from (2.3). Each excited state 2’, which is 
connected by the field-dependent term of (2.1) 


with the state 2 in which one #p-electron is 
is the state 


missing from the halogen ion, 


In order to obtain the 
chemical shift from the perturbed energy 4E,, 


;| 
| 
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produced by the transition of one electron on 
another p-orbital to the hole of the state ». 
Since four electrons are participating in this 
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transition and the transition from the ground 
state to the m-state, g,m, and n’-states are 
represented by the following wave functions 


either 
Qe =e Dip SpPG (1) (2) 41(3) 0 41(4){1 243-4} , (2.4) 
bn = Fa gp Div Po u(1)o0(2)ax(8)¥ ox(4Y(1-2(3-4},, (2.5) 
dine =e de 8B PP u(L)G0(2)0(3)? 41(4{1 42-3) , (2.6) 
or 
bp = Faz Sin OyP OU P2)9-18)? (4123-4) , (2.7) 
Bn = Fa gy Sn OoPPu(l)Po2)9-1(3)9-a(4)(1-2H{3-4} (2.8) 
nr = erg Sip bpPPu(1)Po(2)o(8)?-1(4){1-4}{2-3) (2.9) 


Here ¢ y means the wave function of the 
electron transferred to the metal ion and is 
in general a hybridized orbital of s- and p- 
functions of the metal ion, %, +; denote 
the wave functions of the -state in the 
halogen ion, suffixes 0, +1 representing the 
z-component of the angular momentum J. The 
Z-axis is taken in the direction joining the 
halogen ion to the metal ion. In this case, 
”, is the wave function which extends towards 
the z-axis. {12} represents the antisym- 
metrized spin function, that is, the abbrevia- 
tion of 


Fo {all)p2)—al2)6(0)} , 


where a and § respectively mean the spin 
functions of plus and minus spins. Further, it 
must be noted that the singlet states should 
be taken as the excited states gn and qn-, as 
well as the ground state, since the perturbing 
Hamiltonian (2.1) does not contain any spin 
variable. n- represented by (2.6) is the state 
in which one electron with the wave function 
of %41 has been transferred to % state, while dn’ 
represented by (2.9) is that in which one 
electron with v_1 has been transferred to 9% 
state. Therefore, in calculating the matrix 
- element of (n|V|z’), ¢n given by (2.5) must 
be used in combination with ¢,, given by 
(2.6), and ¢» given by (2.8) with ¢n- given by 
(2.9). The summation with respect to n in 


(2.3) is taken over these two states of n’. 

Now we denote the direction cosines of the 
external field HW by azn, Bn and 7n, referring 
to the coordinate system in which the z-axis 
is the direction joining the halogen ion to 


the metal ion under consideration. After 
simple calculations we obtain 
(n|Vu|n') 
1 1 ney 
=— Jt E20 <>, en Fibe) , 
(Za) 
5, Lal Vint Mon |Vinein) 
n Bee By 
Tg yee ) 2 
= Z H 2 eet oat ne ) 
(Zale) 


where Vy represents the second term of (2.1), 
j Ya 1 
E,,—E, is denoted by 4E’ and Cy 


means the average value with respect to the 
radial part of the p-wave functions of the 
halogen ions. Summing up (@n’+ Bn”) over 
all the neighbouring metal ions we obtain 
S n(n? + Bn?) =4 > for NaCl type 
a6 
=e 
Thus if we denote E,—E, by 4E and |(g| Vil7)|? 
by b?, 4E, becomes 


for CsCl type. 
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AE,= 2 2 b Ey) oe (H+ 2K =» 2 
HZ, 


~ 3 4B AE’ 
(2.12) 


where 2 means the coordination number. The 
coefficient of the chemical shift o is given by 
the coefficient of the linear term with respect 
to Hy in (2.12), as Ramsey pointed out. 
Therefore we obtain for o of the halogen 
nucleus, 


Here it should be noted that 4 is the energy 
of the state with covalent bonding, whereas 
4E’ is that of the state without bonding. 
Therefore the former value is generally 
smaller than the latter. Moreover, zb?/(4E)? 
represents the degree of covalency and if we 
write this quantity as 2, although in this 
paper we shall use 2 for 0?/(4E)*, Eq. (2.13) 
becomes identical with the expression derived 
by Saika and Slichter in the case of molecules 
and that derived by Kanda in the case of 
ionic crystals. 

Next we shall turn to the consideration of 
the chemical shift of the metal nucleus. In 
this case we must pay our attention to the 
electron transferred to the metal ion from 
the halogen ion, and take as the excited states 
dns the states in which the transferred elect- 
ron has changed its wave function from the 
s-p hybridized orbital, favourable to the 
covalent bonding, to another p-orbital, namely 

Yn 5 Pu =As0 5% + Ap Po™ > 
Pn’: Gide ) 
Where 95, Pov mean the s-function and 
the three p-functions of the metal ions, 0, +1 
denoting the component of the angular 
momentum referred to the z-axis which is 


chosen in the direction connecting the metal ion 
with one halogen ion. If Ym is one of the usual 


(2.14) 


tetrahedral orbitals, a= Andean 


The perturbing Hamiltonian is of the type of 
(2.1), where 7; is now to be interpreted as 
the distance from the metal nucleus. The 
calculation in this case becomes very simple 
because we need treat only one electron. 
Using similar notation to the case of halogen 
nucleus, we obtain the following result: 


EP 


4E4=— din AE? ie Ap Ls? 
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x (2420 ee Dy 


means the average of 1/7* over 


ul 
where ares 
the radial part of the p-wave functions of the 
metal ion and the summation runs over the 
neighbouring halogen ions. From (2.15) the 
coefficient of the chemical shift for the metal 
nucleus, ow, is given by 
8 bail 1 
3 0? aR AB’ wt» ee 
where 5, 4E are exactly the same as those 
appearing in (2.13) and 4E’ would be nearly 
equal to that of (2.13). 

Up to now we have picked up only the 
fourth order perturbation. The second order 
perturbation must include such matrix ele- 
ments as (”|Vm|g), which can be explicity 
written down, as seen from (2.1), as 


a). 


Here the first term including the external 
field appearently vanishes because the ground 
state g has a closed shell structure. Therefore, 
the second order perturbation contributes 
nothing to the chemical shift. Most of the 
third order terms vanish on account of the 
Same reason, and the remaining parts would 
give only negligibly small contributions com- 
pared to the fourth order term. Thus we can 
regard the results of Eqs. (2.13) and (2.16) as 
the lowest order contributions in the perturba- 
tion approximation. In calculating oy of the 
metal nucleus we confined our considerations 
to the case that the hybridized orbital consists 
of only and s-orbitals. For Rb and Cs. 
however, also d-orbitals may contribute to 
their chemical shifts. Therefore (2.16) should 
be modified to some extent in these cases. 

The chemical shifts of the halogen nucleus 
in metal halides have been measured by 
Kanda. We shall estimate here the factor 
A=6?/(4E)? in (2.13), a measure of the degree 
of covalency in these halides, assuming 
appropriate values for 4E’ and «1/735, as 
Kanda did in his paper. From the ionic 
picture on which we are standing, however, 
the value of 4E” could be well appoximated 
by the following equation: 


(2.16) 


r= 


(n|\Hps Si; l\g) +(n Se oe ppl; 
a 


AE’ = Ga—De +E-1, Sry 


) (etn? + Bo) ’ (2.15) | 
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where a represents the interionic distance, a 
the Madelung constant, J the ionization 
potential of the metal atom and E the affinity 
of the halogen atom. For a more precise 
estimation, it might be necessary to take into 
account the effect of polarization, but since it 
is neither easy to estimate nor very serious, 
we omit it in our rather rough evaluation. 

Actually, the excited states are such that 
the electron transferred from a halogen ion 
moves over all the surrounding metal ions, 
and thus they are split into several levels with 
different symmetries, while the excited states 
used in our perturbation calculations have 
been assumed to be degenerate. The real 
states, however, can be expressed as linear 
combinations of our degenerate functions, so 
that our 4E’ represents approximately the 
centre of gravity of the split levels. The 
value of 4E’ given by Eq. (2.17) corresponds 
to this centre of gavity of the levels. 

Making use of the average values of <1/7*> 
estimated semi-empirically for several ions by 
Barnes and Smith!) we obtain the values of 4 
shown in Table I. These values multiplied by 
coordination number z are nearly equal to the 
values of the degree of covalency obtained by 
Kanda. 


§3. Indirect Interaction Between Nuclear 
Spins 

In this section we shall turn our attention 
to the problem concerning the indirect spin 
coupling between nuclei. This problem can be 
treated with the use of the same method as 
that used in the preceding section. Namely, 
we shall start from the purely ionic state 
where all the interactions of the electrons 
with nuclear spins would disappear in the 
average because of the closed shell structures 
of the ions. The existence of the indirect 
couplings between nuclear shins becomes 
possible only when excited configurations are 


9.00 18.0 


1.48 0.013 
taken into account. 

The perturbing Hamiltonian in this case 
consists of the interactions between electrons 
and nuclear spins. Namely, 


V=VitVitVo4+Vyr, (3.1) 
Vim 2psh | rae ra SO (3:2) 
l Tai Yui? 

Vo=2peh| 1a > itz ?{ —(Si-In) 
+377; (Si-7ut)(Ln -7ui)} 
+ ru Duitgt —(si- Dr) 
+3733 (Se- Ve) Ln us) }) ; (3.3) 
1 - 
Veo poh rn S00 —10)(S4- Tn) 
+ Yu Di0(%—ru)(Si-Ln)} , (3.4) 
where Vz represents, as in the preceding 


section, the electrostatic perturbation, which 
makes an electron transfer from a halogen 
ion to one of its nearest neighbouring metal 
ions, Vz the interactions between the orbital 
moment 2; of electron z and the nuclear spins 
In and In, Vp those between electron spins 
S; and the nuclear spins and Vy the Fermi 
interactions. 7a and yw mean the gyro- 
magnetic ratio of the nuclei and suffixes H 
and M represent the halogen and metal ions, 
respectively. Now we shall consider the 
indirect couplings between nuclear spins of 
nearest pairs of metal and halogen ions. Also 
in this case, the most important effective 
Hamiltonian giving rise to the interaction 
between nuclear spins would be given by 
Eq. (2.2), where the excited states m and mn” 
are the covalent states in which one metal ion 
has an excess electron transferred from the 
neighbouring halogen ion. The wave function 
of the extra electron in the metal ion is, as 
before, expressed by (2.14) and that of the 
hole left in the halogen by the same ¢zp as in 
the previous section, both of which extending 
in the direction connecting the metal ion with 
the halogen ion and having zero z-component 
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of the angular momentum 7. Then, we have 
a similar expression to Eq. (2.3), except that 
Va is replaced by Vz, Vn and Vr. In this 
expression, however, we must take different 
excited states from those taken in § 2. 

Since the perturbation Vz does not contain 
any electron spin variable, Vz; has non- 
vanishing matrix element (2|Vz!2’) only for 
singlet states 7’ because the ground state is 
singlet and so the covalent state is singlet, 
whereas the other Vp and Vy have vanishing 
elements for singlet 2’ because they are linear 
with respect to the electron spin. Therefore 
we can divide the matrix elements of Vz;+V>p 
+ Ve into parts and consider them separately. 
Since Vz is linear with respect to the orbital 
moment of an electron, its matrix elements 
do not vanish only for such d»- for which the 
vacant 2 state of the halogen ion has become 
occupied by another f-electron or for which 
a p-orbital of the metal ion has become 
occupied instead of the gy orbital. For such 


(72| Vo|n")=—peah ose (1) ra [eulrait— 


_ ra\ Puddra Cs Tn) +3rqi(si-7ai) Ia-rai)} Cao(t) de, | , 
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nr, however, either of the matrix elements 
of Vra and Vrs vanishes, so that any coupling 
between Jz and Jy, does not occur from Vz. 

As for Vp and Vy, they are linear with 
respect to spin variables as mentioned above 
so that they have non-vanishing matrix ele- 
ments only for triplet states n»’. We shall 
now take two electrons out of six, one of 
which occupies the ¢y-orbital and the other 
the ¢zo-orbital. Then the orbital part of dn 
and %,- can be written as 


n= Fel Oulu) + eu DeuoL)} (3.5) 


bur Fo {Ou(1)Png(2)—Pu(2)Pn0(1)} (3.6) 


The other electrons may be put out of con- 
siderations for the present calculation. Let 
us first calculate the transition matrix element 
of Vp between the states (3.5) and (3.6) 
reserving the spin variables as_ operators. 
Using (3.5), (3.6) and (3.3), we obtain the 
following expression: 


(Si- Lar) + 37ui(Si- rari) Lae -0i)} Pu (2) des 


(3.7) 


where insignificant contributions arising from the non-diagonal elements between ¢y and %i, 
are omitted. The integrals included in the above expression can easily be calculated 


as 
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Using these results, (3.7) becomes 
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For Vr a similar calculation yields 


ee kG 2 a 
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(3.8) 


(3.9) 


1956) The Effects of Covalency on the Nuclear Magnetic Resonance in Ionic Crystals 39 

a “Seated from ,) does not appear because we are assuming ¢) aS a pure 

* a ee aes, es (3.9) into (2.3) and nothing that the summation over » is 

ae ee , rat the summation over n’ can be replaced by the average of 

ee ncluded in (3.8) and (3.9) with respect to the singlet state, we obtain 
gs between the two nuclear spins: 


LG jess 1 oll 
aad yo ees a | Lae 1 
og CHT aT AIPA pa PC ee Waris) (3.10a) 
8 il 1 
—_ Ay? A eal ant Yak: 32 2. 2 1 2 wa 
c plutmunsA AE’ LAB Waa: Vas aa Yutunh A AE’ ules OPK > | 
x (Loge Dare t+ Digy Tay — Tore Tz ; (3.10b) 


This result shows that exchange and pseudodipolar couplings are acting between Jy and Jy. 
Expressions analogous to (3.10a) and (3.10b) have already been obtained by Gutowsky, 
MacCall and Slichter for the case of molecules and, independently of the present writers, by 
Kanda and Saito for the case of ionic crystals. 

The ratios of the coefficients of the indirect couplings derived above to that of the oridinary 
dipole-dipole interaction #?ru7a/a* are given by 


Ml ual aN 
Sa ee Ge VEEL oe eae 
Ee Bye Rye ces ae eye , 
a0 — 17 oe gt tas 8 Ga gg Ngee OHO SS 


Kanda found a broad halogen resonance line 
in thallium halides, especially for TICl, 
TIBr and TI. If it could be assumed that 
such a broadening occurs due to indirect 
couplings between nuclear spins of neighbour- 
ing metal and halogen ions, such indirect 
couplings should be about three times for 
TIC] and about seven times for TIBr as 
effective as the ordinary dipole-dipole interac- 
tions. The estimated values from Eqs. (3.11a) 
and (3.11b) with the use of values of 4 in 
Table I, which have been deduced from 
experimental data of the chemical shift, are 
less than those due to dipole-dipole interactions 
by a factor of about ten for the bromide and 
20 for the chloride if we put @p=1 and a;=0. 
The value of |¢ms(0)|? for the 7s-orbital of Tl 
estimated from experimental hyperfine separa- 
tion is about 3x10?cm~* which is one half 
LN, 
ag = T16p 
@y=0 and as=1 and use this value of |as(0)|?, 
they are multiplied by a factor of 5 on 
account of the large coefficient of the Fermi 
interaction but still too small by a factor of 
20~10 in order to explain the experimental 
width for both chloride and bromide. To 
take into consideration a mixing of the 6s- 
orbital of Tl in ¢ will not improve the 


Accordingly, even if we put 


present situation. The second and_ third 
order contributions are of course very 
small compared to those of the fourth order. 

It could not also be expected that the effect 
of the inner s-orbital of the halogen ion might 
improve this situation. The calculated value of 
|%3s(0)|2 for Cl- by Hartree and Hartree™ is 
§.8x 1075 cm-3 for the 3s-orbital which is 1.5 
times as large as <1/7*)o3p. Even though we 
take account of the large numerical factor for 
the Fermi interaction and assume a mixing of 
50 percent 3s-orbital in 0, we can only geta 
too small value by a factor of 5~10 to account 
for the experimental results. 

Furthermore, according to the analysis of 
the experimental data by Kanda for TICI and 
TIBr, there exist exchange and pseudo-dipolar 
couplings between thallium nuclear spins 
which are of magnitude about three to ten 
times as large as the dipolar interactions. 
The existence of such large indirect couplings 
between thallium nuclear spins seems to 
suggest a considerably large overlapping of 
the wave function of the excited electron in 
a thallium ion with the neighbouring thallium 
ion. However, we shall leave this problem 
for a future discussion and turn to the pro- 
blem of the relaxation time. 
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$4. Quadrupolar Relaxation I: Transition 
Probability 

The importance of the quadrupole interac- 
tion in the spin-lattice relaxation of ionic 
crystals was first pointed out by Pound. 
Subsequently Watkins gave a more detailed 
discussion on this subject, especially for metal 
halides, and concluded that in KBr and KI 
the quadrupole interaction is the dominating 
relaxation mechanism. Recently Kanda?) has 
also confirmed the same fact in LiBr, AgBr 
and T1IBr. Theoretical studies of this mecha- 
nism have been done by Bloembergen"®, 
Watkins and recently by Kranendonk'. They 
showed that the simple point charge model 
of ionic crystals gives too long a relaxation 
time to explain the experimental results, that 
is, the experimental values are 10-2 sec or so 
while Kranendonk’s precise calculation gives 
3x10%~1x10%sec at room temperature. As 
the origin of this discrepancy Watkins con- 
sidered the effect of the deformation of the 
ions and Kranendonk discussed the importance 
of the shielding, anti-shielding and covalent 
effects. In this section we shall consider the 
effect of the covalency on the quadrupolar 
relaxation of the halogen nuclear spin, basing 
our calculation on the perturbation scheme 
developed in the preceding two sections. 

In the covalent state one p-electron is 
missing from the closed shell of a halogen 
ion. The asymmetry of the electron distri- 
bution produced by this hole generates a 


\ wae 
at the position of the halogen nucleus. On 
the other hand, the field gradient due to a 
,point charge at a neighbouring lattice position 
is proportional to 1/a*, a@ being interionic 
distance. If we assume the degree of 
covalency to be 3 percent, the relaxation 
time due to covalency would be shorter than 
in the pure ionic case by a factor of 


strong field gradient proportional to 


(sx 10-2 x Gy a’) “~(3X 10-25 x 1025 
x 3x 10-23)-2.~10-3 | 
Moreover, in Raman processes, a factor pro- 
portional to a linear combination of the first 
and second derivatives of the field gradient 
with respect to the interionic distance appears 
in the expression for the transition probabi- 
lities. In the case of the covalent state, these 
quantities correspond to the derivatives of the 
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degree of covalency with respect to the 
interionic distance, which would be large 
compared to the derivatives of 1/7? with 
respect to 7 at v=a i.e. the correspondings in 
the pure ionic case. As this may give rise 
to a factor of about 10-', the relaxation time 
due to the covalency will be shorter by a 
factor of 10-4 than in pure ionic case. 

From the above considerations we neglect 
the quadrupole interaction of the halogen 
nucleus with the surrounding ionic charges 
and take into account only the interaction 
with the electrons belonging to this nucleus. 
Then the interaction Hamiltonian of a halogen 
nucleus can be expressed as folllows: 


Vo= = QuW su 
Qo =3l7—IT+1) 


(4.1) 


Qu= 5 [UdTectily) + Letily i] (4.2) 
Qs2=U,221,)7 
We = ES lelrP\82t—r9) 


Wii=—3A © (e/r#)zAajFty;) (4.3) 


Wis =— AS (lr NlarFiyy? 


A=eQ/2I(2I—1) 


where rj(zj, Yj, 2) is the position vector of 
the j-th electron belonging to that nucleus. In 
the present case of the halogen nucleus it 
may be sufficient to take 3-electrons into 
consideration. Although the above expres- 
sion contains only electron coordinates, 
the lattice vibrations provide time-dependent 
deformations of the electron distribution, and 
accordingly the lattice coordinates can be 
considered as implicitly included in (4.1). In 
other words, the expectation value of W. with 
respect to the electronic state, which itself 
depends on lattice coordinates, must be re- 
garded as a function of the lattice coordinates. 
This situation can be called the adiabatic 
approximation, because the motion of the 
lattice is assumed to be sufficiently slow 
compared to the electron motion. We shall 
now, as before, proceed with pertubational 


treatment. When we take the pure ionic 
state as the grounds state, W, vanishes 
identically. But the actual state includes 


partially the excited covalent states so that 
W, takes non-zero value when the lattice 
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deforms from cubic symmetry as it vibrates. 4E3= > An(n| Volz) 
This can be shown by the third order per- = 
turbation calculation. Namely, we have m= ~ Qn = dole) Wales) SP) 


(glVeln)2 _ (Bn 
(En—Ey)? Aka 
of a degree of covalency, which may be 
as the third order energy expression. Here gy regarded as a function of the distance only 
means the ground state and m, ”’ mean the between the halogen nucleus and the 2-th metal 
excited covalent states in which one p-electron nucleus. We shall denote the coordinates of 
of the halogen ion is transferred to the the m-th metal nucleus by Rn(Xn, Yn, Zn), 
neighbouring » or m’-th metal ion. The vacant taking the halogen nucleus as the origin. 
p-orbital is naturally the one which has the The direction cosines of Rn will be denoted 
maximum stretching in the direction to the by Zn, 7m, ma. Further we introduce new 
metal ‘atom’ which has been generated by coordinate system &, y and € whose direction 
the transfer. In (4.4) (#|Vo|lm’) should be cosines are (Jz, 7, 2), (Jn, 2, Mn), and (In, 
very small unless m=m’. Therefore, we can mn, Mn), respectively, and express W, in terms 
omit such terms and get of €, y and €. For instance we have 


te = SS (g|Vi|20)(22| Vola’ )(n’|Vi lg) (4.4) where 2,= 


2 
) is a measure 
nn? (En—Ey)(En:—Ey) 


il 9 1 2&2 2.2 2 
Fae) = 5 189°" +1? 9? + nC? + WINN En + Wn emnEE + 2yy7Innl)—7"] . 


The electronic distribution in the excited state m is axially symmetric with respect to Rn or 
€ so that the expectation values of the cross products &y, 7€ and €& vanish and those of & 


and 7” are equal to each other and can be put equal to that of (PO). Therefore we get 


1/4 3h2—73 
JAG las 


Summing up this expression over the five p-electrons, the following relation is obtained: 
1 ee 
it net] —77) 
1%; 


(x a n= — 5 ee) Gh). 
(» J 


1 : 
DS , @Awskty;)|2 
V5 
(» 
j 


1 meee 
Du (eshtys) 
Vy 


(| 2, @at—r?) 
Vj 


n\(3im?—1) 


Similarly 


\=- : Cor» Nn Un=tmMn) , 


uch li 7c eS le Mek oe eae 4.6 
n) =— D) Se i Le nktntn) 2 ( ) 


Here < >», means the expectation value with respect to the p-state corresponding to Is=0. 
By means of Eq. (4.6) the second summation in (4.5), which will henceforth be abbreviated 
as W,, can be expressed in the following simple form: 


Wy =A’ = an(ma2— sf) 
Wag=2A0 x AnNn( In tmn) (4.7) 
Was= 5 Al AnllnFirin) 
where 
A= cA Cray = : “AC =>. ; (4.8) 


< >a means the expectation value with respect to the valence p-electron of the halogen ion. 
Now we shall expand these expressions in powers of the small deviations from equilibrium 
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positions. Let Rn y and an, Bn, yn be the distance and the direction cosines of the equilibrium 
position of the m-th metal ion measured from the halogen nucleus and ORn(OXn, 0Yn, 0Zn) 
the displacement vector. Then we have the following expressions: 


2 2 2 
A(R) =2-+ax'(n- oa 4 1 aa’ {(2%) -(n- aKa.) bea” (2 2B (4.9) 
a 2 a Z a 


a 


2 2 
po ain? —2aay'(m 7 ORn ) } 2Qn LE = An” (ayaa af 4 Qn? (x ¢ a) 
a a a a 


2 
—dan(n : ORn ee +( Seb) ’ 
a a a 


i 2 2 
Mn? = Bu? —26n*(n C OFn ) t 2Bn dn — Bn? (A + 407(m ° mos 
a a a a 


ORn 
a 


2 2 
Nn? = a? —2rnt( Sa )+ Cae DE. = tn eo +470%(n : a) 
a a a 


4 ( om | (ee 2 
ntrn (nti) Bag (B 
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(4.10) 
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—2Bn - a(n: oe 27n ae (n-=8 )+ O¥ndLn 
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Nnln = TnOn—27n an(n _ORn )+ Tn one + An = —TnAn ( sao 4rnan (x : mal 
a a a a a 
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mn < Bes oe oa, 220 (n- BRn presen 


a Ge 


where a@=|#no|, the nearest neighbour distance in the equilibrium, and n is the unit vector 
whose components are an, Bn, Yn. 

We shall neglect the small effect of direct processes on the relaxation and confine our 
calculation to the contribution from Raman processes which can be considered to be the 
main part of the relaxation mechanism at least at room temperature. Thus picking up in 
Eq. (4.6) the second order terms with respect to displacements, we have 


2A’ ba 
Wa a = lu{n*7n(ORn)? +2(n-ORn)(7ndORn=¥+nFOZp)} 


—b UnN*7T n(n u ORn)? + 2OZn OR» *| p 


A’ +)\s 
Wan 5 © lel(n*)*(O Rn)? +4n* OR, *(n-8Rn)} 


+U(nF)?(n- ORn)? + 2(n*)(OR,*)? ; (4.11) 
— 1 (ae. —s 5 7 1 27/7 
u 9 ax —}, p= hha eas Ta @aA ; (4.11’) 


where 0Xn+70Y, and a@n+78, have been replaced by OR,* and n+ respectively. 
Next we shall express the displacements in terms of the normal coordinates of the lattice 
vibrations. We shall adopt a simplifying assumption employed by Kranendonk that all the 
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ions in the crystal are equivalent as far as the lattice vibrations are concerned. Further- 
more, the frequency distribution will be approximated by the Debye model. Then the 
displacement s, of the m-th metal ion from its equilibrium position Rn. can be expressed in 
terms of the lattice normal modes as 


Sn= >) Arp€xy CXP(Zk- Ryo) , (4.12) 
k,p 


where k represents a wave vector, p signifies one of the three directions of polarization, 
which are here assumed to be orthogonal to each other. Then the displacement relative to 
the halogen ion dR, becomes, using the same notation as that of Kranendonk, 


ORn= >i dcBn(a)ee ; (4.13) 

where the prime means the summation over half the k-space and 
G06, 1)(@up+@_xp)+20(s, 2)(Aip —G_-kp) ’ (4.14) 
B,(o)=6(s, 1)(cos ak-n—1)+-6(s, 2) sin ak-n , (4.15) 


and o stands for a set of k, p and s,s taking values 1 and 2. The normal coordinate q, has 
the following non-vanishing matrix elements: 


(Me+1| dol%e)=(Ne| Aol #o+1)=(h/Mox)? (ng +1)? , (4.16) 


where M is the mass of the crystal and w, the angular frequency which is assumed to be 
independent of p and of the direction of k. We assume further that the phonon system is 
in equilibrium, that is, the average number of the phonons is given by 


hor e ' 
= cD eT, (4.17) 
‘Ki | exr( «T ) | : 
« being the Boltzmann constant. 


The transition probability P(s2, m--/4) for Raman processes, in which a nuclear spin changes 
its direction from J,=2 tom-+y and simultaneously absorption of one phonon and emission 
of one phonon, with adequate energies, occur, is given by 


P(m, m+n="F (a5) || S |Voloo)ul*ohor—hor PRER’, (4.18) 
7 ps 
0” ,S’ 
where V,(co’)4 means the matrix element of Vg between the initial and final states of a 
Raman process. The Zeeman energy of the nucleus can be neglected as compared with the 
phonon energy. If we take the directional average in the k-space, and use the relation kv 
=r, v being the sound velocity, (4.18) becomes 


2 Om, P . 

Pm, m+ 1)=<_\""t & {| Voloo’)u| *}dor , (4.19) 
822v7h? 0 pss 

where { } means the directional average and wm is the cut off frequency in the usual Debye 


model. 
On the other hand, from (4.1) and (4.7), making use of (4.11) and (4.13), we obtain the 


following expression for Va: 
Vo= ae Ss Qu > Fodor 1 BrcBnoWun(5o") , (4.20) 
QA” p=-2 oo’ n 
where B 
Wiyn(O0’)=2 [UNF rng Ca") H(t Ca (Tra? + C52) 
+ (t+ €g)(1n€g/ +N* Caz) } + UNF Yn(M- Cg) Co’) 
+4 (Cg2€g!* tbsls*)I (4.21) 
W2,n(00') = Rul (20*)(€r Ca’) F2N* Ca? (1 Ca’) + 2N* Cor * (Ma) f 
+-v(n* (n+ €o (x) +A(N* lo ear * | , (4.22) 


44 K. YOSIDA and T. Mortya (Volatile 


éo* standing for @s2-+-é@oy. 
Accordingly, from (4.20) and (4.16), the transition matrix element becomes 


Veloa! y= Tet (na + Vn}? & BroBneWun(o0’) , (4.23) 
where 
Qum= (m+ w| Qu m) . (4.24) 
Using (4.17) the transition probability (4.19) becomes 
Pim, mt i= aaa ( a z M..(ka)do , (4.25) 
where d is the density M/V, z=hw/«kT and 
M.(ka) ae {| = BroBnoWun(oo’)|?} . (4.26) 
In this summation terms with Sis’ baa so that 
M..(ka)= 2K BnoBnoBureBnior} 21 Wun “(G0 Wunr(oo") : (2.26) 


Here we made use of the fact that Bnz does not depend on p but depends on k and s, while 
Wyn(oo") depends on p and pb but neither on s,s’ nor on ake 


In the case of NaCl or CsC] structure, there are only four independent expressions of 
{BnoBroBnroBura}. Adopting the same notation as Kranendonk, they are: 


For n=’ 


nen (sep=| 5 = > ¥ Oka) 7 both for NaCl- and CsCl-types, 


Lalha)=(C#)*=| 2 ae f(ka) ++ f (2ka)| both for NaCl- and CsCl-types. 


For 22-7’ 


for NaCl-type, 


Ztha=(S.5)=| 1( 7p te)- : wie 2 ka )\ for CsCl-type, (4.27) 


{1-27 (ka)+f(V 2 kay}? for NaCl-type, 


ka ee 
eran! ie. 1 .f2Vv2 2 
b-2F (hat 3 #( Fe ha) 4 ; r( 73 ka) for CsCl-type, 
where 

oe S,=sin aK-n, Cr=cos(aK-n)—1 . 
Next we define, for convenience, the quantities 


Nus=Nue= Dy > Wun™(G0')Wun(o’) ; 
pl 


nn 


(m=+n/) 
Nius=Na= o = Wun*(G0" uno) : (4.28) 
(22+n7) 
Then Eq. (4.26) can be abbreviated as 
4 
M,..ka)= 2 NuvLy(Ra) . (4.29) 


This simplifies the expression for the transition probability (4.25), A further simplification 
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is made by using the relation between the maximum Debye frequency or wave number and 
the Debye temperature: 
hom=hvkm=r@ , (4.30) 
and introducing the reduced temperature T* defined by 
T= 7 /@.. 
Then we get the final expression for the transition probability: 


APC? | Qum|? 


4 
Pim, m+ pw)= onal dy? f Bes 21 Ney DT") ) (4.31) 
yee eve een eee, 
by es | (e*_D? v(cl*x) dx , (4.32) 


where c=kna is equal to (6z?)/? for NaCl-type and (9V 3 72/2)? for CsCl-type. At high 
temperatures, including room temperature, D(7*) can be expanded in descending powers of 
T*, as Kranendonk did. Numerical expressions for D,’s are then as follows: 


for NaCl or simple cubic crystals (after Kranendonk) 


Dy T*)=0.20—0.0071/T*-+ - - - D;(T*)=0.50—0.031/T* + - - - 
D,(T*)=0.92—0.055 /T*#+--- D,(T*) =0.28-—0.017/T*? +)... (4.33) 
for CsCl-type crystals 
D,(T*)=0.20—0.0067/T*? + - - - D;(T*)=0.013—0.00036/T*2-+ - - - 
D,(T*)=1.17—0.066 /T#+--- D,T*)=0.55—0.026/T*2+ --- (4.34) 


Now it is left to calculate Nu,’s. The quantity 3) wyn*(oo’)wyen-(oo’) can be calculated 
yp’ 


straight-forwardly from Eq. (4.21) and (4.22). After somewhat lengthy calculations we obtain 
the following results: 


SS Win™*(60' )Win(o0/)= A[u?{1 5(ananr+BuBn inne +2( Anan’ + Brbu\(n-n) 
Dp’ 


+4 (An? + Bn®)rn +4 7ntn(n-n )}+V7{(Anan’ + BrBn)inin(n-n’)} 

+2 + Uv{2(Gnatn’ + BrBr' int nt + 4( Anant + BrBa)in*(n-n') 

+4(an? + Bn)rntn(n-n’)}+ Auf 2(atn? + Bn?) +47n?} 

+220( An? + Br? )rn7| , (4.35) 


py Won™(601)Won(G0") = wel Jp (etn + Bu2V(etn? + Bu?) + 2(neen+ BnBn’)?} 
pe l 
+ (arntine + BnBr’) (rn) + Wan? + Bn?) (an? + Bn *)| 
4p 0 = (en? + Bu2) (ain? + Bur?) + 2(amarn+ BoBue Harn) 
+1400 ; (Gh, = 1Ba)*aini AER)? 12 atin BrBn’) (an-+Bu?\in-n’)} 
++ 4j0d(ann?+ Br?) + hv( Qn? + Bn?) . (4.36) 


In the case of NaCl-type crystals, (n-n’)=0 for mtn’ and (n-n’)=+1 for m=’. All 
the other terms are expressible in terms of yn and Yn’, for example, 
(AnOnt + BrBr)intn'=— Tn? Tn” for nen A 
=(1—7n)rn? for n==n’. 


If we denote the direction cosines of the z-axis, i.e. the direction of the external field with 
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respect to the crystal axes, by az, Ba and ra, Yn is equal to +a@g or ete Sr Ol =t= fap 
according as the direction cosines of m referred to the crystal axes are equal to (1, 0, 0) or 
(0, +1, 0) or (0,0, +1). Therefore we can express N,,’s as functions of an, Bu, and yx, which 
appear only in a combined form (@z°8u?+8y°7ru?+ru’aq’) because of the cubic symmetry 
of the crystal. Thus we get the following results for NaCl- -type crystals: 


Nu=N1i2.=16(8u? +32? + 82d) + a-16(382? +2? + 20uv-+4va) , 
Nu = 8(16u? +1227+32u2)—a-8(61u? + 8uv—16v2) , 


Nu=No=(10u? +20? +122? + 20uv+32ud+4v2) 
—a(38u? + 2v?+20uv+4v2) , 


No=(—62? +247?—4uv + 642+ 8v2) 
+a(38u?+4uv—8v2) . 


Using (4.11’) we can express these quantities as functions of Agdv> GG 
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Also for the CsCl-type the calculation can be carried out in quite a similar way. The results 
are 
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§5. Quadrupolar Relaxation II: Relaxa- 
tion Time and Comparison with Ex- 
perimental Data 


In the previous section we have calculated 
the thermal transition probabilities between 
Zeeman levels by quadrupoler interaction. We 
shall now give theoretical expression for 7) 
and compare it with experimental values 
determined by saturation method!®"“), When 
the quadrupole interaction exists, the relaxation 
process cannot in general be described in 
terms of a unique characteristic time. How- 
ever, when we observe an absorption line due 
to transition between specified two levels, a 
usual saturation curve will give a measure 
for the relaxation rate between these two 
levels. Watkins and Pound »* found that, in 
resonance experiments for halogen nuclei in 
KBr and KI, only the central line correspond- 
ing to the transition between m=-+3 levels 
was observable while the satellite lines were 
almost smeared out by the qnadrupole inter- 
action with field gradients distributed at 
random in the crystals owing to irregular 
internal strains. This situation seems to 
be realized in any available alkali halide 
samples except when the nuclei have a very 
small or no quardrupole moment. Therefore 
we may safely assume that, also in Kanda’s 
measurements of the Br resonance in metal 
bromides, only the central line was observed 

As is well known, the saturation intensity 
of the resonance absorption obeys a simple 
1/(1+2?) law. In the case of spin 2, 2? is con- 
nected with the spin-lattice relaxation time 
T;, the spin-spin relaxation time J», and the 
intensity of the r.f. field Ai by 

gay ty lily, (95.1) 
where Ay is the amplitude of circularly 
polarized r.f. field, so that the amplitude of 
linearly polarized r.f. field must be taken as 
2H;. In our case of J>3, we may still define 
T,, for convenience, by Eq. (5.1). Of course 
T, thus defined has no usual significance, but 
anyhow it can be regarded as a sort of 
characteristic time of the relaxation process. 

Theoretically the saturation factor can be 
calculated by considering surplus stationary 
population in —4 state over 3 state ina given 
resonating r.f. field. The transition probabili- 
ty due to a r.f. field is 


L H9(v)\I+m)1--m-+1) , (5.2) 


Pm2m-1= 
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where g(v) is the normalized line shape func- 
tion. The transition probabilities by the 
quadrupole interaction are 


_ (2m+1P2T—m)I+m+1) 
P(m, m+1) 212T—1) We 
P(m, m+2) 
— d=m—1)I+m+2)\I—m)\I+m+1) Ww 
ii 21(2I—1) s: 


(5.3) 
P(m+1, m)=P(m, m+1)\1+4) , 


P(m+ 2, m)=P(m, m+2)1+24) , 


where 4=fhw,/kT,w) being the Larmor fre- 
quency, and Wi; and W, are, as we saw in the 
previous section, functions of the orientation 
of the external magnetic field and are in- 
dependent of m. By using these formulas we 
can write down the differential equations of 
the time variation of populations in Zeeman 
levels. From the stationary solution of these 
equations the surplus population, and consequ- 
ently Zi, can be obtained. It is interesting to 
note that there is no quadrupolar transition 
between +43 and —3 states so that the relaxa- 
tion between these two states takes place 
indirectly via the other states. The surplus 
population, which will be denoted by n=7_1/2 
—M1/2, and the relaxation time 7; thus calculat- 
ed are as follows: 


ere Sy. 
n= Ny > gl ay 
Ae Waeeee leat als 
feral i 1 1 
eer PDR 0 
(5.4) 

Wore Shay 2, 
hed a jks : 


6 1+7?HY? BO ae tee 


Foe 


Here the value of 3g(v) at the resonance fre- 
quency was replaced by I. 
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Table Il. Numerical values of Nyy calculated on the assumption: 
Roc e-R/0-345. 
+ Nu x 10-3 Nis < LOes No x 10-3 No x 10-3 
s cee 2.6 +29 « 2.0+ 9.7 2.45-1.8a 1.1 —0.61 «@ 
Ager” | 2.8 435.5 2221 1e 2.9 29, Diy 125070 
TIBr | 88 4-660 ~ 9.9434 « we ee 204322 2 lsis 
KBr 3.6 +620 2.9+16 a 4.8 -3.9a egy Ore 
KI | 4.05+82 a 3.3+20 @ 6.1 —5.la Zk =e 2a 
Table III. The experimental and calculated values of Ty. 
experimental | calculated 
(sec. ) (sec.) 
: Br? in LiBr | 0.028 0.089 (10-663) /7*2 0.20(0 =180) 
Br? in AgBr | 0.016 0.13 
Br? in T1Br 0.0060 0.057 (10-§63) / T*2 0.025 (@ =130) 
Br? in KBr 0.26 1.3(1022)-2 0.77 (A=0.013) 
127 in KI 0.039 On bd 


In the case of powder samples the apparent 
saturation factor should be the average over 
all orientations of the above expressions. The 
apparent relaxation time 7”, in this case, 
may be defined by 
Meet T esd sya Ss 
1+7°HY?Ty T, fi NS 1+ CHET EY ay. over directions 

(5.6) 
with the assumption that T, is isotropic. 

Now we shall turn to the comparison with 
experiments. Watkins measured 7, for the 
single crystals of KBr and KI with external 
field applied in the [100] direction, and Kanda 
measured Ti for the powder specimens of 
LiBr, AgBr and TIBr. All these substances, 
except TIBr, have NaCl-type structure while 
TIBr has CsCl-type structure. Numerical 
values of the parameters in expression (4.31), 
which gives the thermal transition probability, 
can be obtained, are available for the majority 
of the substances under consideration, with 
the exception of 2, 2’ and 2’, which can be 
estimated as follows. 

For the degree of covalency 2 we can take 
its values deduced from chemical shift data. 
To estimate 2’ and 4’, we must know the 
dependence of 2 on interionic distance. Since 
4 is proportional to the Square of the overlap 
integral, it is approximately proportional to 
the repulsive potential between ions, which 
itself is proportional to exp—(R/0.345) according 
to Born and Mayer’s wellknown theory of 
ionic crystals, R being the interionic distance 


in A unit.* So we may assume 
Joc e-R/0°345 (5.7) 


From this we have 2’/A=—1/0.345, and 24’’/2 
=(1/0.345)*, respectively. There is another 
approximate method of the estimation. Honig, 
Mandel, Stitch and Townes!) measured the 
microwave spectra of alkali halide molecules 
and deduced the degree of convalency for 
some of them, for example for LiBr and KI, 
which have been studied by Kanda for the 
case of solid. If we assume the functional 
form of the degree of covalency to be c.exp 
(—R/o) and utilize experimental values for 
two values of R, one for molecule and the 
other for solid, we can determine o. The values 
of o so determined are 0.33 for LiBr and 0.42 
for KI. These results support the assumption 
6.7 

The values of N,,’s calculated under the 
assumption (5.7) are given in Table II. 

We summarize the calculated and experimen- 
tal values of the relaxation time T, at room 
temperature in Table III. For powder 
samples we did not actually use Eq. (5.6), but 
approximated it, for simplicity, by (5.4), W, 
and W, being substituted by their directional 
averages. For the numerical values of the 
Debye temperature we employed those deter- 
mined from specific heat data for AgBr and 

Strictly, the overlap integral questioned now 
is that between the wave function of the state of 


Cl- and that of the excited state of a metal ion. 
Therefore, the value of 0.345 may not be so reliable. 


1956) 


LiBr, and that determined from elastic data 
for KI. For LiBr and TIBr there are no 
available data, as far as we know, so that 
we left @ and 7* undetermined in this Table. 

The calculated values of the relaxation time 
are, on the whole, about 3~10 times as long 
as the experimental values, whereas their 
ratios are resonable. As the possible origin 
of this discrepancy we can point out first that 
our treatment of the lattice vibrations is too 
much simplified. We took the simple Debye 
model and neglected the particular character 
of the optical modes which will be effective 
in the relaxation mechanism, though the 
number of normal modes was taken correctly 
so that the optical modes have been effectively 
taken into account as the high frequency part 
of the frequency spectrum. Nevertheless the 
treatment of the lattice vibrations is at any 
rate far from being satisfactory, and its 
crudeness might be an origin of the factor 
3~10. 

Ambiguities in determining the Debye 
temperature @ or the sound velocity v must 
also be pointed out. Further refinements of 
the treatment appear, however, to be very 
difficult and laborious at the present stage of 
the theory. 

We remark here also that we have neglected 
the shielding and anti-shielding effects. It 
may be expected that when covalent electrons 
penetrate into the ion core, their interaction 
with the quadrupole moment will not be 
markedly affected by the shielding and anti- 
shielding effects. By any means, this point 
is left for further discussions. 

In conclusion, the authors would like to ex- 
press their cordial thanks to Dr. Kanda for 
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informing us of his experimental results prior 
to publication. They are also much indebted 
to Professor T. Nagamiya and Professor J. 
Itoh for their illuminating discussions and 
valuable comments. 
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Dipolar Broadening of the Central Line of a Magnetic 


Resonance for Half-integral Spin 


By Kenjiro KAMBE 
College of Electro-Communications, Tokyo 
and John F. OLLOM 


West Virginia University, Morgantown, West Virginia 
(Received September 26, 1955) 


The second moment of the central line of a magnetic resonance for 
half-integral spins, for which quadrupole coupling (nuclear spin case) or 
crystalline field effect (electronic spin case) is present, is calculated by 


the Van Vleck procedure. 


The interactions between like spins, unlike 
spins and semi-like spins are considered separately. 


The results are 


compared with the Van Vleck results for which no quadrupole coupling 


or crystalline effect is assumed. 


The broadening of the magnetic resonance 
line due to the magnetic interaction between 
atoms has been discussed theoretically in 
several cases!-. However, the line width in 
the following case has not been calculated, as 
far as we know. Namely, that is, the width 
of the central line of nuclear magnetic re- 
sonance in the system of half-integral spins, 
where the electric quadrupole coupling is 
present. The equivalent case in the para- 
magnetic resonance phenomena arises when 
the half-integral electronic spins are placed 
under the influence of the crystalline electric 
field. The electric quadrupole coupling or the 
crystalline field effect should be so large that 
the central line is well resolved from the 
satellite lines. For instance, for spin 3/2 case, 
the central line corresponds to the transition 
m=1/2<->m=-—1/2, and it should be resolved 
from the satellite line which arises from the 
transition m=(3/2)—~m=(1/2) or m=— (3/2) 
—~m=—(1/2), where m is the magnetic 
quantum number for individual spin. 

In this paper, we will calculate the second 
moment of the central line by means of the 
well-known formula given by Van Vleck?: 

(Av) av= Cv) ay— ve? 


= —h?T,| A S2-S2K 1P|T,S2 


i) 
where vy is the frequency of the center of 
the central line, 4,1 the Hamiltonian of the 
interaction, S, the component of the total 
spin vector operator along the direction of the 
high frequency field. 

The interaction Hamiltonian SF, takes 
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different forms depending upon the type of 
the interaction. In the present paper, three 
types of interaction will be considered: (a) 
Interaction between resonant spins, (b) inter- 
action between unlike spins, (c) interaction 
between semi-like spins. Here, resonant spins 
are the same species of spins with the same 
quadrupole coupling (nuclear spin case) or 
with the same crystalline field splittings (elect- 
ronic spin case). Semi-like spins are the 
identical spins located at the different lattice 
sites, where the values of the quadrupole 
coupling constant or those of crystalline field 
are different. For semi-like spins the central 
line of the resonance coincides, since the 
central line is not affected by the crystal- 
line field. Satellite lines do not coincide how- 
ever. We will discuss the three cases 
separately in the following. 


(a) Interaction Between Resonant Spins 


The interaction Hamiltonian in the usual 
notation is 


FO = Si € jux= SZ ysr{ AjSj- Sk 
TPB 5% [S35 Se—3r3n7(Syrj4)(Se- rie) |} 

(2) 
We should not use, however, the whole matrix 
elements given by (2). Those matrix elements 
which contribute only to the satellite lines 
have to be omitted in applying (1). The same 
precaution should be taken with HESPECCHtONSes 
Since 1 is a sum of the two-body type 
operators, it is sufficient to consider the Sys- 


tem of two spins j and k. The unperturbed 
energies are 
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W(m;, Mx) = 9 BH; + mx) + 0(m;?--mx?) 
—(2/3)6S(S+1) C3) 


Here, the eigenstates are specified by the 
eigenvalues 7; and mx of Sj, and Sz. 

The matrix elements of $5, connect the 
unperturbed states, which satisfy the selection 
rule 


Am;,; 4i7i—— 1. oF 0. (4) 
Those matrix elements which connect the un- 
perturbed states with different energies should 
be discarded, because these elements contribute 
only to the satellite lines. Besides the di- 
agonal elements of jx, the matrix elements 
connecting the states (mm, 7’) with the state 
(m’,m) should be retained, since W(m, m’) 
= W(m’, m) by (3). Decomposing the expression 
of Hx given by (2) into the form given by 
Equation (2) of Abragam and Kambe”, and 
inspecting the matrix elements term by term, 
we find that the matrix elements which 


should be retained in the present problem are 


(mn, m’| A jx|m, m’) 


=[Ant 9871 —37 1?) |! (5) 
(m, m—-1| FH x.|m—1, m) 
=(m—1, m| FH jx.\|\m, m—1) 
=|-;An FP Pr —3r0°)| 
x (S+m)(S—m-+1) . (6) 


It is easily shown that the non-vanishing 
matrix elements of S, after discarding the 
irrelevant elements are 
=) 
Z 
@2S+I1y. 


ee 
(7) 


The calculation of the traces involved in 
(1) is elementary and the result is 


ly eae Sex| 


M|Szjt+Szex | 


(8) 


2 Av ay 
ler ccta 2S°(S+1"— SSSt +08) Is Pore 
a 3 2(2S+1) itd 
4 ' 45°(S-+1)+(7/4) Pe Bh Soe 
+] - 3 S(S4 USE 2(2S-+1) |= Ajx rie ‘ Tok 9 ) 
4 2S*(S+1+3S(S-+1)+(13/8) 
+5 S(S+1)+ seas fs 


If there is no exchange, as in the nuclear 


resonance, Ajxr=0. The resulting expression 
of the second moment is to be compared with 
the expression 


h?<Ay» ay 
vA — 3 1 2 
=3S(S+1)3%'9' B75 cy oy , 


which holds when there is no electric quadru- 
pole coupling (nuclear spin case) or crystal- 
line field splitting (electronic spin case). The 
expression (9) has been derived by Van Vleck. 
The comparison has been done in Table I. 


(b) Interaction Between Unlike Spins 


Now, we shall consider the contributions 
from the unlike neighbors to the broadening 
of the central line. Here we shall assume 
that the unlike neighbors have arbitrary spin 
S’.. Then the effective interaction hamiltonian 
is 


eS a Cre. Sy Sy (10) 


oe 18) 
k ri 2 jk 2 . 


Table I. The ratio of the second moment <Av?>ay 
for cases (a) and (c) to that of the straight 
resonance line given by (9). The exchange 
interactions are assumed to vanish. 


Spin Case (a) Case (c) 
1/2 1 1 

3/2 9/10 4/5 

52 107/105 257 /315 
GI 881/756 164/189 


with 

Cyl = Ape! +137’ Pog Bric. (11) 
All other matrix elements of the interaction 
should be discarded because they contribute 
only to the satellite lines. 

The x component of moment S, to be used 
in (1) involves only the summation Di sru OWSe 
the unprimed spins, and the matrix elements 
of S,; to be used are 


a Se 


Gs 


1 1 
ee S15. 
=) fis +1) 
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After some elementary calculation, we get 


HAD = 2S (S41) De Cn? (42) 
as the contribution from unlike neighbors to 
the second moment of the central line. This 
is exactly the same expression which Van 
Vleck has given as the contribution from the 
unlike neighbors with spin S’ to the broaden- 
ing of the resonance line from spin S without 
taking into account the effect of the crystal- 
line field. 


(c) Interaction Between Semi-Like Spins 


Although they are located at the different 
lattice sites, semi-like spins are the same 
species of spins. Therefore, the interaction 
hamiltonian is given by (2) as in the case of 
(a). However, the matrix elements of SE 1 


h?<Ay?> Ay 


1 1 
=| = S(S+1)—=— (28+1)4+ 4 
E tae it gale 1D itaiee 


(28-1) 


(Vola; 


to be retained in calculating (1) are different 
from those used in the case (a). 

The unperturbed energies of two semi-like 
spins are given by 

Wm, m’)=98Hm-+m’')+ dm? +0’ m (13) 

Here one should note that the quadrupole 
coupling constants are different for semi-like 
spins. The energy of state (m,m’) is not 
equal to that of the state (7, m) except when 
m=+%4 and m’=+4. The diagonal elements 
of “1 should be retained as in the case (a), 
but only the elements given by (6) with m=4 
should be retained among the off-diagonal 
elements. The matrix elements of S, to be 
retained are same as in the Case (a). 

The second moment of the central line 
arising from the interaction with the semi- 
like neighbors is 


[Sa Ax? 


3 oo 2 (Q2 
+|-3 S(S+I) +7 S41) + C541 | dee ee rid 


3 404 2 
+15 S(S+1)+ ; (2S+1)+ oop jew a si ray. 


The second moment without exchange is com- 
pared with the Van Vleck formula (9) in Table 
Ih, 


We wish to thank Professor Van Vleck and 
Professor Bloembergen for discussion. One of 
us (K.K.) would like to thank Prof. Bloember- 
gen for suggesting this problem. He also 
indebted to the Office of Naval Research for 
the financial support which enabled him to do 
this work during his stay at Harvard Univer- 
sity from 1953 to 1954, 
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On the Plastic Deformation of a-brass Single Crystals 


by Compression 


By Hiroshi Kimura 
Institute of Industrial Science, University of Tokyo, Chiba City 
(Received April 25, 1955) 


The relationship between the crystallographic orientation of specimens 
and the easy glide was examined with a-brass single crystals deformed 
by compression. Micrographic observations were performed and discussed 


together. 


Besides these main studies, it was found that the hardening in copper 
alloys due to low temperature annealing after cold working, which was 
observed in polycrystalline specimen, was not observed in single crystals. 


§1. Introduction 


There are many studies with aluminum 
single crystals in the field of plastic deforma- 
tion, and it has been found that the shape of 
shear stress-strain curve depends on the 
crystallographic orientation of specimen, and 
that the appearance of slip bands also depends 
on the orientation of the specimen. 

As for the other metals except aluminum, 
few studies have been reported. It is dan- 
gerous to think that the plastic properties of 
aluminum are typical for the face-centered 
cubic crystals. To avoid this danger it is 
necessary that more siudies are carried on 
with many face-centered cubic metals and 
alloys other than aluminum. 

Mathewson and his co-workers», in their 
studies of the plasticity of a-brass, reported 
that the slip bands were clustered, that there 
were no deformation bands (kink bands) and 
that the asterism of Lauespots was not observ- 
ed. It was also found that the shear stress- 
strain curves had a long range of easy glide. 
But the relationship between these phenomena 
and the crystallographic orientations of 
specimens cannot be discussed, because the 
number of specimens used is not enough. 

Hardening of copper alloys due to low tem- 
perature annealing after cold working is one 
of the current problems», but there are few 
studies with single crystals. 

The author, therefore, studied the following 
two problems using a-brass single crystals: 
1. How the shear stress-strain curves and the 

appearance of slip bands depend on the 

crystallographic orientations of specimens. 
2. The change of yield point due to low tem- 
perature annealing after cold working. 


§2. Experimental Method 


Single crystals were made by melting and 
solidifying the alloy which was casted in our 
laboratory from electrolytic copper and pure 
zinc. They were 11mm in diameter and 120- 
130mm in length. 

Their crystallographic orientations were 
determined by optical method. After the 
determination of orientation, two flat faces 
were made on the side surfaces of these single 
crystal rods and they were polished mecha- 
nically. One of the faces was parallel and 
the other normal to the plane containing the 
axis of rod and the slip direction. These two 
faces were named A-plane and JB-plane 
respectively. And then, these rods were cut 
into pieces of 10mm in length, which were 
used as specimens. 

The end surfaces of the specimens were 
made parallel, and the specimens were anneal- 
ed for 2 hours at 200°C in an oil-bath and 
electropolished. The two flat faces were ex- 
amined by means of X-ray and found to: be 
free from the stress due to mechanical polish- 
ing. The specimens were compressed a little 
over the yield point and observed by light 
microscope. Then, they were deformed about 
30% in shear strain and the shear stress- 
strain curves were obtained. 

Some of the specimens were used for the 
low temperature annealing experiment. They 
were deformed about 30% in shear strain and 
annealed for 2 hours at 175°C and their yield 
points were measured by deforming them 
again. The second deformation was about 40% 
in shear, then they were annealed again for 
2 hours at 125°C and the yield points were 
measured again. 
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The samples for chemical analysis were 
taken from the bottom and the middle part of 
each rod. The chemical compositions and the 
crystallographic orientations of single crystal 
rods were shown in Table I and Fig. 1. 


Table I. The Chemical Composition of Single 
Crystal Rods. 

No. of Crystals MAC: Cu aa Zn Fe 
1 80.5% 18.3% 1.2% 

LY 79.6 20.0 0.4 

i) 78.7 Pil 0) 0.3 

4 82.2 ae, 0.6 

5 86.4 13.1 0.5 

6 27.1 0.5 


72.4 
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Fig. 2. Shear stress-strain curves of a-brass 
single crystals deformed by compression. 
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§3. Experimental Results and Discussions 


(1) The Relationship between the Shape of 
Shear Stress-Strain Curves and the Crystal- 
lographic Orientation of Specimens. 


Fig. 2 shows the shear stress-strain curves 


(Volante 


for the crystals, of which axial orientations 

are shown in Fig. 1. According to the classical 

calculation of Taylor and Elam, crystals No. 

1 and 5 are deformed by single slip system 

until the strains pointed by the arrows are 

reached, and after these points double slips 
occur; the other crystals are deformed by 
single slip system through the whole range 

shown in Fig. 2. 

It is found from these figures that the 
crystals, of which axial orientations are near 
the middle of [100]-[111] side, show a long 
range of easy glide. It may be concluded 
that such crystals that satisfy the following 
two conditions have a long range of easy 
glide: 

1) The axial orientation of the crystal is far 
from the three apexes of stereographic 
triangle. 

2) The crystal has a long distance of slip 
process in which only one slip system is 
active. 

This can be interpreted as follows: The 
classical geometrical plane and direction of 
the maximum shear stress may not have very 
important meaning, when the axial orienta- 
tion of the crystal is near to one of the apexes 
of stereographic triangle. The axis may 
change slightly its direction favourablly for 
other slip systems, and then those new slip 
systems will easily become active. If more 
than two slip systems are active, the rate of 
hardening becomes larger because of the 
interaction hardening. In the case of ordinary 
double slip, the interaction hardening does, of 
course, operate. 

Microscopic observation seems to support 
the above discussion. Generally speaking, the 
longer range of easy glide a crystal has, the 
simpler is the appearance of slip bands. And 
in the crystals, which harden rapidly, two or 
three slip systems are active and the appear- 
ance of slip bands is complicated. In Photo. 
1, which shows a part of A-plane of specimens 
No. 2, we can see that three slip systems are 
active. 


(2) Some Microscopic Observations 

(a) Primary Slip 

Slip bands were clustered in all specimens 
and never uniformly distributed. Deformation 


bands (kink bands) were not observed. We 
can also see the interactions between slip bands 


ae 
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and etch pits produced by electropolishing. 
These are shown in Photo. 2 and 3, which 


Poe oo 
Photo. 1. Slip bands in A-plane of crystal No. 2. 
(Shear Strain 4%). Three systems are active. 


% 


The interaction between slip bands 
Cry stale Nowe 2: 


Photo. 2. 
and etch pit in A-plane of 
(Shear strain 12%). 


Photo. 3. ‘Lhe interaction between slip bands 
and etch pit in B-plane of crystal No. 2. (Shear 


strain 12%). 


On the Plastic Deformation of «-brass Single Crystals by Compression 55 


show the A-plane and B-plane of specimen 
No. 2 respectively. In A-plane slip bands are 
hardly disturbed by etch pits (black figures), 
but they are almost straight and pass through 
the pits. However, in B-plane slip bands are 
markedly disturbed by etch pits. Near the 
compression ends of B-plane the slip bands 


of second- 
(Shear 


Photo. 4. Special appearance of bands 
ary slip in A-plane of crystal No. 2. 
strain 12%). 


Photo. 5. Cross-slip in A-plane of crystal No. 3. 
(Shear strain 20%). 


i ty 


Photo. 6. Cross-slip in B-plane of crystal No. 2. 
(Shear strain 4%), 
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are not clustered so markedly as in the middle 
part of the specimen. 


(b) Bands of Secondary Slip and Cross-Slip 


A-plane: The appearance of slip bands in 
the middle part of the specimen differs from 
that in the part near both ends, and at the 
boundary between the middle part and the end 
parts slip bands sometimes show special ap- 
pearances (Photo. 4). They show bands of 
secondary slip. Sometimes cross-slip appears 
instead of the bands of secondary slip (Photo. 
9). The slip systems that are active are (111) 


-[101] system, which is predicted system, and 
(111)-[011] system. These slip patterns 
described above would be interpreted in terms 
of grip effect. 


2nd 
Experiment 


Ist 
Experiment 


—— > Stress (nag) 
iy 


10 12 14 16 18 
(%) 


20 
——_ Strain 


Fig. 4. The effect of annealing on the yield 
point of a-brass. (Crystal No. 6). 


B-plane: B-planes are not so complicated 
as A-planes. Usually the predicted system is 
predominant. Sometimes typical cross-slip is 
observed, as shown in Photo. 6. 


(3) The Change of the Yield Point by Low 
Temperature Annealing after Cold Working 
It is well known that cold worked specimen 

of copper alloys, especially the a-phase alloy, 

becomes harder when they are subjected to 
suitable low temperature annealing?) But 
there are few studies with single crystals. 

In this work the annealing conditions were 
decided by Mishima’s studies), He studied 
the tensile strength of polycrystalline a-brass 
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and found that the tensile strength of speci- 
mens which were subjected to more than 8% 
elongation was increased by 175°Cx2 hours 
annealing. The specimens used in the present 
experiment were subjected to compression of 
more than 9% and less than 17%, most of 
them 10%. By 175°C x2 hours annealing their 
yield points recovered for several per cent and 
no hardening was observed. Then, they were 
compressed again and annealed. The degree 
of second compression were between 17% and 
28%, most of them were 23%. The anneal- 
ing was performed for 2 hours at 125°C. 
Again, no hardening was observed and _ this 
time no recovery was observed, either. One 
of the results is shown in Fig. 4. 

It should be noticed that hardening pheno- 
menon is observed in polycrystalline specimen, 
but not in single crystal. 


§ 4. 


From above experimental results and dis- 
cussions, the following conclusions are drawn 
for a-brass single crystals deformed by com- 
pression. 

(1) Such crystals that satisfy the following 
two conditions have a long range of easy glide: 
1. The axial orientation of the crystal is far 
from the three apexes of stereographic triangle. 
2. The crystal has a long distance of slip 
process in which only one slip system is 
active, 

(2) Slip systems other than the predicted 
one become active even in single slip range, 
and they are the main causes that makes the 
rate hardening large. 

(3) Kink bands are not observed, but cross- 
slip and bands of secondary slip are usually 
seen. They may be the results of grip effect. 

(4) The low temperature annealing harden- 
ing in copper alloys, which is observed in 
polycrystalline specimen, are not observed in 
single crystals. 


Conclusions 
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Several problems connected with the floating probe method are dis- 
cussed and solved. Analysing the variation of ion current due to sheath 
expansion, the authors obtain the criterion for applicability of the usual 
double probe method and also the general expression available for the 


estimation of electron temperature. 


From the relation between probe characteristic and electron energy 
distribution, a floating triple method is newly proposed. This method 
is useful for the measuring of energy distribution in electrodeless or h.f. 


discharges. 


By special use of the floating double or triple probe, the measurement 
of potential distribution in such a quasi-plasma as ion sheath and the 
transition region between plasma and ion sheath can be attained. As 
one example, the floating potential becomes measurable. 

The floating, or insulating, potential is discussed in detail and ex- 
pression is given showing good agreement with measured values. 


§1. Introduction 


To the experimental method proposed by 
Reifman and Dow” for double probe measure- 
ments in gaseous discharges, using two probe 
electrodes having no connections with elect- 
rodes of discharges, fundamental treatments 
were simultaneousely advanced by Johnson and 
Malter” and by Kojima and Takayama® based 
upon their own interpretations. The method of 
this floating double probe has the following 
two merits in a comparison with the single 
probe method developed by Langmuir and 
Mott-Smith®. (1) The probe electrodes are in 
a floating state having no relation to the 
electrodes of discharge; (2) The amount of 
current flowing into the probe is so small 


that the probe measurement does not have 
any effect on the plasma because it does not 
exceed the saturation value of the positive 
ion current. 

Under conditions where it can be used, the 
practical value of the double probe method 
should be recognized especially in its applica- 
tion to changing plasma, viz. after-glow, 
electrodeless and high frequency discharges, 
in none of which the standard potential can 
be given under any circumstances, suggesting 
an application of the double probe method as 
the only one enabling us to measure such 
plasma. 

In this paper we give the correct applica- 
tion of the double probe theory and discuss 
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(2) 


Fig. 1. Basic circuit and potential diagram for 
the double probe method. 


0 5 10 iS 20 
Va (votTs) 


Fig. 2. Typical voltage-current characteristic of 
the dooble probe method. 

Curve a, experimentally obtained characteristic, 
with a slope, low voltage arc of argon, 
pressure 2mm Hg, voltage 60.5 voltage cur- 
rent 15 mA. 


Curve b, idealized characteristic, with no slope. 


some problems in connection with this method, 
extending it into a new method—the triple 
floating method. 


§2. Correct Application of Double Probe 
Theory 


When the voltage applied to probes is in- 
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creased, an increase of positive ion current 
caused by expansion of the sheath area can 
be observed even in the saturated part of the 
flowing current in double probe circuit. When 
plasma density is of the ordinary value, we 
do not usually expect the existence of a slope 
in the saturated part of a probe characteristic 
curve because the expansion is small, but in 
many cases a slight or even a remarkable 
slope may appear, which leads to an error in 
the estimation of plasma quantities. Here, 
we make some corrections in the process of 
estimation. 

Making use of the analysis of ideal case 
by Johnson and Malter® in which the probe 
characteristic has a symmetrical form with 
no slope in its saturated part, the following 
expressions of probe current in terms of as- 
sociated voltage are naturally derived. 

Notation of these terms are shown in Fig. 1. 


bpittys = Dp = ter + her GL) 
tei=F ijn exp (— Vi) : C2») 
te2=F'2 Jor exp (— bV2) 

Vi=V.+Va C3) 
ta=2p1—Ler=te2—L po (4) 


where Zp, ¢)2=positive ion current to probe 
2e1, %2=electron currrent to probe 
Za=probe current 
JIy=sum of both ion current 
F\, F:=surface area of probe 
Vi, V2=voltage applied across the space 
charge sheath serrounding 
probe 
Va=voltage applied between two 
probes, No. 1 and No. 2 
T.=electron temperature 
$=e/kT.=11,600/T. °K 
The subscripts 1 and 2 refer to Probes No. 1 
and No. 2, respectively. For simplicity if 


Pye hie iy ai edi 
tpi =tp2=tp=(1/2)Ip 
then the theoretical expressions of double 


probe characteristic with no slope in the 
saturated part can be expressed as follows: 


(5) 


and 


In [Zy/te2)—1]= —6Vq 
In [(Lp/te1)—1] = Va (9? 
ia=(I,/2) tanh (6Vo/2) (7) 


These are the results derived by Johnson and 
Malter”. 
Now in cases where the saturated part of 


| 


4 
| 


dpi, tp. and za as functions of Va. 
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probe characteristic has a slope (see Hig. 2); 
e.g. where J» is a function of Vz rather than 
a constant, in order to obtain the exact values 
of electron temperature, electron concentration 
and electron energy distribution, we should 
separate the electron current from the positive 
ion current of this function. 

(1) Variation of Positive Ion Current and 
Probe Current with Probe Voltage when 
the Saturated Part has a Slope 

First we have the following derivative of 
equation (1) with respect to Va: 

dl, _— Ay dV, Ang dV 

Wat GV dV aVe dV; 
For simplicity we may here assume the sym- 
metry of probe characteristic. Inserting z1 
and z. of equations (2) into equations (6), we 
immediately have 

Vi = —(1/¢) ln Ip 

+(1/¢) In Fojo{exp (Va) +1} 
V,=—(1/¢) In Lp 
+(1/¢) In Fojolexp (—@Va)+1} 
or their derivatives: 
aV,(dVa=—(1/bIp)(dI,/dV a) 
+exp (¢Va)/{exp (¢ Va) +1} | (10) 
dV2/dVa= —(1/6Ln)(dIy/dVa) } 
—{exp(¢Va)+1}", Va>0 
Here we define S as the ratio between the 
increase of positive ion current and that of 
potential across sheath due to sheath expan- 
sion, i.e. 


(8) 


(9) 


dip: /dVi1=dip2/dV2=S (11) 
In a rough approximation, we can assume 
that S is constant throughout the whole range 
of voltage in this problem. Then, combining 
equations (8), (10) and (11) we have the 
following general relation between J, and Va, 
dIp/dVa=[S¢Ip|(2S+ 6Iy)] tanh (¢Va/2) (12) 
The solution of this equation is 
Tp exp (I p/2S)=2A exp (¢A/S)- cosh (¢Va/2) 
(13) 
where 
2A=[Iplva-o Or [¢m]ra-0=[Zr2]va-0=A (14) 
Typical plots of equation (13) are shown in 
Big. 3: 


Next step is to obtain the expressions for 
Using the 


relation dips,2/dVa= (diy ,2/dV1,2)(dVi,2/dVa) 
with (10), (11) and (14) at once we can get 
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) 


2 3 
> Va 
Fig. 3. Variation of total ion current (Ip=tm 
+tp:) with Vq, taking S and ¢ as parameters, 
A—=30: 


4 


Fig. 4. Plot of Vq vs. dVa—d. 


Zp1 =(S/¢) In [A{1+exp (¢Va)}/In}+A 
Zy2=(S/¢) In [A{1+exp (—$Va)}/In} +A 
From equation (15) and the relation 
In [(¢p1 —ta)/(Zn2 +20) |= —$Va 


(15) 


(16) 
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Za can be expressed by 
ta= A+(S/¢) In (A/T,)} tanh (¢Va/2) 
+VaS—(S/¢)d (17) 
where 
6Va—0={1+exp(—$Va)} [In(exp $Va+1) 
—exp (—¢Va) In {1+exp(—#Va)}] (18) 
The probe characteristic with slope in the 
saturated part is not expressed by equation 
(7) but by equations (17) and (18), in which 6 


Big 5s 


Analytical 
and each ion current for two cases, assuming 


double probe characteristic 


S=10, ¢=1.5, A=30 and S=1.5, 6=1.5, A=30. 
Cunveian Ss —10G= 1-5. 
CUAE WO, SSD MOesilsy. 


becomes smaller when ¢Vqa is either consider- 
ably greater or much smaller than unity, as 
shown in Fig. 4. 
(ii) Expressions for Positive Ion Current 
Instead of equation (15) we can have the 
following expressions for ¢p: and Zp. which 
we get by inserting equation (13) into (15) 


Er az Lp/2 air (S/2)Va } 
bya=Ip/2—(S/2)Va, Va>0$ 
showing that both zp: and zp. in the region 


of Va>0 near to Va=zero have the same 
slope: 


(din/dVa)ya-o= (diy2/dVa)ya-o= S/2 


(19) 


(20) 
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or, one-half of the degree of slope of the 
saturated part. When Va increases, the slope 
of zp. increases up to S, while that of Zp. 
decreases down to zero at large |Va|. 

We show below how the ultimate values at 
Va=0 of zp1 and Zp, can be derived. As in 
Fig. 5, if we denote B for the value at which 
a straight line extending from the large value 
of Va along probe characteristic cuts the axis 
of Va=0, then for large values of Va the 
characteristic curve can be expressed by 


and tpi=DB+ESVa } (22) 
tm =B , Va>0 


instead of (19). ; 
Under the above considerations we shall 
present a criterion for the applicability of the 
double proble method. From equation (17), 
we have 
(dia/dVa)pa-0={A—(S/¢) In 2}6/2+S (23) 
If the slope (dza/dVa)ya-o iS much greater 
than S (the slope at large Va)*, then the 
probe characteristic has in effect a saturated 


part. Therefore, the conditions of 
(dia/dVa)ya=-0->>S (24) 
or A>0.693(S/¢) (25) 


are necessary for the application of the usual 
double probe method. In most cases S is so 
small that equation (25) is satisfied. 


(iii) Determination of Electron Temperature 
The use of the log-plot method for deter- 
mining electron temperature, one of the 
methods proposed by Johnson and Malter?), 
is not appropriate unless the exact form of 


* In the double probe characteristic i, near 
Va=0 has a complicated form while at large Vq, it 
is clear from equations (17) and (19) that 

(ia/dVa)ya>m=S 

(dim/dVa)=S/2+(1/26)(dIp/dgVa) 

(dim /dVa)= —S/2+(1/2P)dIp/dgVa) . 
Inasmuch as the second terms of these last two 
equations become S/2 when Vq tends to an infinite 
(see Fig. 3), we have at large Vg 

din /dVag=S, din /AdVg=0 
proving that the slope at large Vz in the double 
Probe method is equal to that in the single probe 
method. For example, in our experiment 

single probe method: S=1.2 BA/V , 

(tp)r7=67 pA 
double probe method: S=1.2 LAV, 
(tp) a0 = 69 pA 

(Vy means the floating potential) 
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positive ion current can be obtained. Fortu- 
nately when S is small, electron currrent can 
be obtained with almost no error by sub- 
tracting an approximately evaluated ion cur- 
rent from probe current, so that the electron 
temperature can be determined. However if 
S is large, this approximation can not be 
permitted because z, becomes a complicated 
function of Vz. 

Here we shall find the formula of electron 

temperature, including the effect of S, by 
- making a correction in the equivalent resist- 
ance method® in which the electron tem- 
perature is calculated by both dia/dVa and Zp 
at Va=0. From equation (6) 


te2=Ip/{1+exp(—¢ Va)} (26) 
Differentiating this equation with respect to 
Va and setting Va=0, we can write 


(dte2/dVa)va-o=AG/2 (27) 
Since dibe2/dVa=dialdVatdip2/dVa , 
equation (27) leads to 
(dteo/dVa)va-0= (1/Ro)—(S/2) (28) 


where Ry is termed “equivalent resistance ”. 

Combining equations (27) and (28) we have 
the following expression for the electron tem- 
perature T,; 


AgP=1)/Rs=S/2 
or To = (e/2k) A(1/Ro—S/2) 
=5,800A(1/Ro—S/2) °K. (29) 


This formula holds generally in all cases 
either with or without a slope in the saturated 
part, including Johnson-Malter’s expression as 
a special case of S=0. 

The value of A, i.e. the value of zp» at 
Va=0 can be estimated by the same procedure 
as used by Johnson-Malter. When Vu vs. Za 
characteristic has a sufficient symmetry, it is 
reasonable for practical purposes to choose as 
the value of A the value of za at Va=0.15Vs 
on the extraporated line of z» along the 
saturated curve, where V; is a certain value 
of Vz at which the saturation begins. Ac- 
cording to the calculations aided by equations 
(13) and (19), we have also recognized that 
the estimated A becomes the value of za at 
Va=(0.14~0.18)Vs . 

From equation (29) it can be clearly seen 
that with a large Ro, by neglecting S there 
is a considerable error which results in the 
under-estimation of the electron temperature. 
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(iv) Electron energy Distribution 

Previous considerations based upon the 
Maxwell-Boltzmann distribution of electron 
velocities are not justifiable with such special 
plasmas as in the negative glow. 

In the double probe method, the probes 
automatically settle near the so-called floating 
potential, forming positive ion sheaths around 
themselves, and permitting electrons of such 
high energy to flow into the probes as to 
Overcome the retarding fields of the sheaths. 
The floating potential is always much greater 
than the potential corresponding to the most 
probable velocity, so that the electrons 
collected by probes come from portion of 
higher velocities in the distribution. For 
example, in T.=1000°K in argon” the ratio 
of collected electrons to total electrons 
amounts to merely 0.21%, where Vy is 0.5 
volt, while the potential corresponding to the 
most probable velocity is 0.08 volt. 

It has been extensively reported that some 
deviations from the Maxwell-Boltzmann distri- 
bution often arise in the portion of higher 
velocities, depending upon the kind of gas 
and E/p, where E is electric field and — 
pressure. In such cases in the double probe 
method, considerable errors may be introduced 
in the estimation of plasma quantities. 


V2 Vi Mi 
RETARDING POTENTIAL 
Fig. 6. Electron current as a function of retard- 
ing potential, illustrating correspondency with 
double probe characteristic. 


Now we shall illustrate the way in which 
the higher portion in the velocity distribution 
curve contributes to the probe characteristic. 
If the analysis could succeed, we would 
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10 
Va (voLTs) 
Fig. 7. Relation between electron current as a Fig. 9. A distorted probe characteristic. 
function of retarding potential and probe current Curve a, negative glow of d.c. glow discharge 
as a function of probe voltage, without slope. of air, pressure 0.17mmHg, voltage 520V, 


current 12mA. 
Curve 6, non-distorted characteristic, positive 
column of the same discharge as curve a. 


400 
300 
la 
(A) 
200 ji 
100 
Fig. 8. Relation between electron current as a 
function of retarding potential and probe current 
as a function of probe voltage, with slope. 05 5 40 15 20 25 
acquire quantitative knowledge on the col- es 
lected current in non-Maxwellian cases. Fig. 10. A distorted probe characteristic. The 
Pa Micndere séWemnditically-as iionicradttats glow surrounding hot cathode in low voltage 


arc of argon, pressure 2mm Hg, voltage 40 Ve 


of the potential distributed to the two probes current 80mA. 
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between which a voltage Vy is applied. If 
Va=0, both probes have the equal floating 
potential V;. If Va>0, the potential of No. 
1 probe is decreased by 4V, and that of No. 2 
increased by 4V,. We can divide Va into 
AV, and 4V, along the curve of collected 
electron current vs. negative potential shown 
in Fig. 6, the relation being always AVi>4V3. 

First, considering such an ideal case as 
S=0, the operation of double probes can be 
schematically illustrated as in Fig. 7. By 
lapping inversely the curves of No. 2 at the 
point of V=V,, the figure shows the relations 
between the probe potential, the saturated 
positive ion current and the electron current 
collected by the two probes. The solid lines 
refer to the operation for Va>0 and the 
dotted lined the operation for Va<0. 

From Fig. 7, it is evident that 

Va=4Vi+4V.= Vi—V, (30) 
Taking the voltage difference Vz between 
the two branches of solid lines vs. za, we can 
obtain the simple relation za=zp tanh (¢V42/2) 
if we assume Maxwell-Boltzmann distribution. 

Next, taking slope into consideration, the 
only thing to do is to rotate the abscissa 
around the point V=V; by an angle @ 
=tan 4S (see Fig. 8). 

These illustrations are useful for the analysis 
of non-Maxwellian distribution in which Z1 
and z. can not be expressed by such a sim- 
ple exponential form with respect to V as 
equation (7). 

Figs. 9 and 10 show typical non-Maxwellian 
examples obtained in the negative glow of 
d.c. glow discharge in air and in the glow 
surrounding hot cathode in low voltage argon 
arc, respectively. 


§3. Triple Probe Method 


Hitherto the only method capable of deter- 
mining the electron energy distribution was 
the single probe method developed by Lang- 
muir and Mott-Smith. However, this is not 
applicable to electrodeless or high frequency 
discharge because it gives no fixed potential 
for the base of probe. 

Here we propose a “triple probe method ”, 
adding to the double probe method the third 
probe, which is always held at the floating 
potential in order to make the floating probe 
able to measure the electron energy distribu- 


tion. 
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Fig. 11 shows a connection diagram of the 
triple probe method. If we adjust a potential 
divider so that the current Za; flowing into 
No. 3 probe is zero, then the potential of 
No. 3 probe becomes equal to the floating 
potential V; and No. 1 and 2 remain the 


Va 
aa 
Veni emme 


Fig. 11. Basic circuit for the triple probe method. 

Table I. A measurement by triple probe method. 
H. f. discharge of air, pressure 1 x10-?mm Hg, 
voltage 215 V. 


ValV) | AVi(V) | ter GA) | AV (V) | Gen (HA) 
1 Posh 108 ae 92 
2. -5\> OS 107 1.2 88 
3 1:2 110 | | 4g 83 
4 1.6 116 2.4 79 
5 2.0 120 3.0 76 
7 2.8 128 4.2 68 
9 3.4 135 5.6 62 
ul 3.9 142 7.1 | 55 
12.5 4.3 151 ge 48 
15 5.0 160 10.0 40 
20 6.4 180 | 13.6 25 
25 7.4 194 17.6 14 
30 7.9 207 22.1 6 
35 8.5 lawns | Yaga 4 
40 9.0 223 31.0 1 
45 9.3. | 230, | 38.7 0 


usual double probe for the measurement. 
The potential difference between No. 1 and 
No. 3 then becomes equal to 4V; and that 
between No. 2 and No. 3 to 4V;. At the 
same time we can get the relations between 
both 4V; and #1, and 4V2 and #2 from the double 
probe characteristic. Thus the curve of 
electron current vs. voltage near V; can be 
drawn, from which the electron energy dis- 
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100 


P=1x10 mmHg 
215V, 335mA 


MAXWELLIAN 
le 
(MA) 
10 
1 
Vj +10 +20 
V (VOLTS) 


Fig. 12. Plot of electron current vs. retarding 
potential obtained in high frequency (77 Mc) 
discharge. 

Curve a, pressure 1x10-2mm Hg, setting h.f. 
electrodes outside the discharge tube. 

Curve 6, pressure 1.7mmHg, setting h. f. 
electrodes in the discharge tube. 


Sa PLAST IA QUASI- PLASMA— 


No.3 


NO.4 N02 
Fig. 13. Potential diagram for the triple probe 
method applied to quasi-plasma. 
AV,=potential difference between No. 1 and No. 
1 and No. 3, placing No. 3 in a plasma. 
AV,'=potential difference between No. 1 and 
No. 3, placing No. 3 ina quasi-plasma. 
Vy=floating potential in a plasma. 
V;'=floating potential in a quasi-plasma. 


tribution can be decided by Druyvesteyn’s 
method». For the separation of z from Za, 
the procedure given in paragragh II, @) must 
be applied. 

We describe here the experimental results 
obtained by using this method for high fre- 
quency electrodeless discharge. Three probes 
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equally separated are placed on an equipoten- 
tial plane in a discharge tube with aire of 
1.7~10-3 mm Hg, frequency of 77 M.c. Table I 
shows a result of the experiment, pressure 
1x10-2 mm Hg, applied high frequency voltage 
Zia Ve 

From many measurements of energy dis- 
tribution in the h.f. discharge the following 
conclusions are deduced; 

(1) Mean energy decreases with increasing 
pressure. 

(2) Electron energy distribution tends 
toward the Maxwellian when the pressure 
rises. 

(3) Generally, there appears a deficiency 
in the higher energy portion, as shown in 
ioe 
These experimental results are consistent with 
Margenau’s theoretical analysis®. 

Although the triple probe method is not 
available for determining the whole range of 
energy distribution, it is useful in cases where 
the single probe method cannot be applied. 


§4. Applications of Floating Triple and 
Double Probe Methods for the Ion 
Sheath and the Transition Region 


between Plasma and Sheath 


In this section we describe another applica- 
tion of triple probe method as well as special 
use of double probe method for determining 
potential distribution in positive ion sheath 
and in the transition region between plasma 
and ion sheath. 

When two of three probes or one of a 
double probe are inserted into a plasma and 
the remaining one probe into “ quasi-plasma ” 
such as the ion sheath or the transition region 
between plasma and _ sheath, the probe 
characteristic must be changed. 


(1) Triple Probe Method 

As shown in Fig. 13, when No. 1 and No. 
2 probes are set at the points of equal poten- 
tial in a plasma for the purpose of usual 
double probe measurement and movable No. 
3 probe, adjusted to be no current, is settled 
at a point in a quasi-plasma under measure- 
ment, then the deviation V of the potential 
at the point in the quasi-plasma from the 
plasma potential can be obtained by com- 
paring the potential of No. 3 of this state 
with that in the plasma. By transfering No. 
3 probe from the plasma into the transition 
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region along the equipotential plane, we can 
observe the potential change throughout the 
whole region of transition. 

This statement is based upon the following 
experimental fact. When a plane electrode 
floats in a plasma producing a positive ion 
sheath around itself, and when No. 3 probe 
approaches infinitely near the plane electrode, 
then 4Vi—4V)’ becomes experimentally equal 
to the floating potential V;, where AV, is the 
potential difference between No. 1 and No. 3, 
placing the latter in a plasma and 4Vj’ is the 
potential difference between No.1 and No. 3, 
placing No. 3 in the transition region or in 
the ion sheath, and where Vy» is the floating 
potential of the plane electrode. 

As an example, in the glow discharge 
of a discharge current 30mA in air of 2.5 
mmHg, using an insulating plane electrode of 
0.5cemx0.5cm and a thin wire probe of 
0.0035cm diameter, we obtained 24.5 V for 
the value of 4Vi—4V;’, while the floating 
potential of the plane electrode V;» was 25.2 V 
measured by the single probe method. 
Therefore we may assume that the following 
relation is held at any point in the transition 
region or the ion sheath. 

AV{/ —4V,=V (31) 

This fact shows that by trasfering No. 3 
probe from the plasma to a point where the 
potential is lower by V than the potential of 
the plasma, the potential of No. 3 probe rises 
by V. Fig. 14 indicates a potential curve 
near an insulating plane electrode, obtained 
by this method. 

Now we shall give consideration to the 
above measurment. When two probes of geo- 
metrically equal dimensions are placed in equal 
plasma states, the double probe characteristic 
shows symmetrical curve. No. 3 probe does 
not influence the double probe characteristic 
because No. 3 probe is always used in floating 
state or without current. 

The electron density m. at a point where 
the potential is lower by 4 with respect to 
the plasma, is expressed by Boltzmann’s re- 
lation 

Ne =Ny exp (—eV/RTc) (32) 


where 2 is the electron density of the plasma. 

Asssuming the quasi-neutrality, we have 

m~np, where 2» is the positive ion density. 
For simplicity, assuming that £/p of plasma 
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is small enough so that the positive ion 
current flowing into No. 3 is 


Ung = (MCVp/4)(2x7') exp (—eV/kT-) 
=1.87 x 10-8(mpe/4)( Tp/M)!/2(277-’) 
x exp (—eV/kT.) (33) 


where v» is mean thermal velocity of positive 
ion, M is mass of ion, Tp is positive ion temp- 
erature and 7’ is radius of positive ion sheath 
in the quasi-plasma. 

The electron currrent of No. 3 probe is 


tos = Jeo EXP (—eV/kT-.) -exp (—eV,'/kT-)- (2770) 
=1.87 x 10-8(mpe/4)\(Te/m)/?(222 7a) 
x exp {—e(V+ V;)/RT.} (34) 
where jeo is random electron current density 


in plasma, V;’ is floating potential in the 
quasi-plasma, 7 is radius of the probe and 
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Fig. 14. Measured potential distribution near the 
floating plane electrode, air of pressure 2.5 
mm Hg, current 40 mA, probe voltage Vg=40 V. 
Potential V is measured with respect to plasma 
potential. Distances d is measured from the 
floating plane electrode. 


m is electron mass. From the condition of no 
current, we have 
Ept = Ley (35) 
or Vy =(RT-/e) In [(va/7e)(LeM/Tpm)'?] . (36) 
On the other hand, when No. 3 probe is 
placed in the plasma, its floating potential 
V; is given by 
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Fig. 15. Potential diagram for the double probe 
method applied to quasi-plasma. 


Fig. 16. 
plasma. 


Vs=(RT-/e) In [(7a/re(TeM/Tpm)/?] (37) 
where 7- is the radius of ion sheath produced 
around No. 3 probe when No. 3 probe is 
placed in the plasma. 

From (36) and (37) we get at once 


Double probe characteristic for quasi- 


Vy —V3' =(RT-/e) In (7%'/7e) (38) 
and from (31) and (38) we get 
(RT-/e) In (70/72) =2V . (39) 


This indicates the relation between the 
expansion of ion sheath and the potential 
deviation from plasma. 

From (38) and (39) we get 

Vi =Ve—2V (40) 
viz., at the point where the potential is lower 
by V than the potential of a plasma, the 
floating potential is lower by 2V than the 
floating potential of the plasma. 

According to the above consideration, we 
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can find the potential distribution in the 
transition region and eventually can know 
floating potential of a floating probe by means 
of extrapolation of potential distribution to 
the floating probe. 

(ii) Double Probe Method 

In the double probe measurement, omitting 
No. 2 probe in the triple probe method (Fig. 
15), the probe characteristic is not symmetrical 
but rather asymmetrical as indicated in Fig. 16. 
In cases where each probe is not of equal 
potential, we can describe the relations 
following Johnson and Malter. 

Denoting electron current densities Jo1, Jos, 
positive ion currents Zp1, #»3 for each probe, 
in place of (3), we have 


Wi-—Va=V3+V 

From equation (1), (2) and (41) 
(Ip/te3)—1 =e1/%03=(Jor/Jos) €XD {—(Vi—V3)} 
=(Jo1/Jos) exp {— o(V+ Va)} 

(42) 

at a point on the probe characteristic curve 

where the probe currrent becomes zero we 

have 


(41) 


(43) 
Denoting Va) for the value of Va which satis- 
fies the above condition, from (42) and (43) 
we have 


2n1/2y3=Jo1/Jos EXP {—$(V+ Vao)} 


tet —Ont and tea —tp3 


(44) 
or 
V=—Vao—(1/9) In nrJos/t3F01) - (45) 
This relation is useful for a simple measure- 
ment of potential gradient in a positive 
column in which, as the second term can be 
omitted, we have 
V=|Vaol . (46) 
When one probe No. 3 is placed’ in the 
transition region, relation are as follows: 


jos=Jorexp(—@V) . (47) 
From (44) and (47), 

Zni/%p3=eXP (| Val) . (48) 
Inserting (47) into (42), 

te1/te3 =EXP (—Va) . (49) 


By using equation (4) or te1/te3= (fp1—Za)/(2p3 

+72), we have 

jw PPL (Ber/tes ops 
1+ (Ze1/Ze3) 

Inserting (48) and (49) into (50), 


(50) 
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ie 4 exp (= dV, lta exP(-8Va—-Va)}] 
(51) 

and 

[2a]ya~o={1—exp (@Vao) }Hem/2) 
Assuming the positive 
constant, we have 

Jvs= Ji exp (— OV) 

or Poll 2es (ie 1/Tes) exp (dV) (53) 
where j» is the positive ion current density. 
From (39) and (48), we get 


V=]V aol . (54) 
Thus by means of double probe we can also 
obtain the potential distribution. Table II 


(52) 
ion energy to be 


Table II. Observed potential deviations from 
plasma potential at several points near the float- 
ing plane electrode. D. c. glow discharge of 
air, pressure 2.5mm Hg, current 30mA, plane 
electrode of 0.5cmx0.5cm, wire probe of 
diameter 0.0035 cm. 


V (Vv) 


d (mm) ip3 (uA) 
triple double 
6 | 0.2 0.3 27 
4 Redo Wha Sate 22.4 
3 | 29 22.2 
2 3.5 4.1 21.4 
1 | 5.3 8.4 16.6 
0.5 | 10.0 16.5 9.7 
0.2 | 18.0 27.0 5.2 


d: distance from the floating plane electrode (mm). 
V: potential deviation from plasma potential (V). 
ip3: saturated probe current of No. 3 probe (vA). 


indicates some results giving the measured 
values of V by the triple probe method 
(column 2) which agree fairly well with those 
measuréd by double probe method (column 3), 
outside the boundary (d=2mm). In _ the 
sheath (d<2 mm) the potentials measured by 
triple probe method do not coincide with 
that by double probe method. The error 
seems to arise from the disturbance caused 
by the inserting of probe in the sheath, 
absorbing the current. 


§5. On the Floating Potential 
The only defect of the double probe method 
lies in that it gives no information on the 
space and floating, or insulating, potentials. 
Particularly, it is necessary to know the 
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floating potential because that is the standard 
of potential or energy in the measurement of 
energy distribution. 

As has already been pointed out by Tonks 
and Langmuir™, the ratio between saturation 
values of electron and positive ion current is 
not given by (7T.M/T,m)'/2. Consequently, 
the expression (37) for Vy is not justifiably 
held. It is confirmed by the experiment that 
the calculation using equation (37) could agree 
with the observation only when the ion 
temperature would be as high as, or some- 
times higher than, the electron temperature. 
We cannot explain the measured value of 
V;, even when permitting the use of the high 
ion temperatures lately reported by several 
investigators, for instance T,(1/3~1/10)T- 
by Boyd® 

In ordinary plasma, the collection of positive 
ion by probe must be caused by some 
mechanism other than thermal motion of 
positive ion. 

Bohm” stated that the boundary between 
sheath and plasma in low pressure should be 
found where the following relation is satisfied. 

eVo=kT-/2 (55) 
where eV, is the mean energy of positive 
ion at the boundary, i.e. 

eVo=eV+RT,/3 (56) 
The mean velocity of positive ion at the 
boundary is 


ey Say 
=i 2 en 
We may here assume 
Np Ne= Ny EXP (—eV/RT-) . (58) 


Therefore the positive ion current density jp 
which flows into the boundary is 


Acsvadh Dae EDs 
is= ym E+ mg exp (—eV/RT.) (59) 


or, neglecting 7», 


F oe ere. RT, ** 
jr=noy/ By) *5*¢ 1/2 = ().42887 fe 
 @ 


** Equation (60) resembles Langmuir’s equations 
of wall current dependent on electron temperature. 
Notations P, C and S signify plane, cylindrical 
and spherical forms of plasma, respectively; L the 
long mean free path; A ions produced proportionally 
to electron density; J constant ion production. 
jyp=Kn(2kT, |M)/2 


pi emir cis | crs 


| Ki 0.3444 | 0.2703 | 0.3443 | 0.2914 | 0.2569 
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Table III. Floating potential of a plane probe. Low voltage arc of argon, plane probe 
of 2.0mm diameter. 
Pies: — Heh. Vz (V) 
pressure current electron ion ; 4 
| temperature | temperature calculated 
observed 7 
(mm Hg) (mA) (°K) (°K) by (56) by (37-II) * 
_ sae 20 34, 800 1,400 10.0 2 PaMl obs 
0.45 40 31,300 1,100 8.8 WP LORS 
100 27,800 850 8.0 929 17.6 
a | 
30 43,000 8,200 1535 15%5 24.9 
0.02 50 40,000 7,100 14.0 14.5 Dome 
60 39.000 6,500 14.0 14.2 PAL fe) 
ch Ion temperature in the Table of i are calculated by the following equation: 
Tp=Ty/2+1/2{T92+1.66(e Ho y/kp)?}3/2 
where T4=gas temperature (°K). k&=Boltzmanns constant. 
e=electronic charge. Aop=ionic mean free path at 1mmHg (cm). 
p=pressure (mmHg). H=electric field (V/cm). 
** For plane probe, we must use following equation instead of (37). 
Vy=(kTe/e)In(TeM/Tym)/? . (37-I1) 


From Bohm’s equation and the relation 
Vote exp (—eV;/kT-) ; 
we get an expression for V; of plane probe 


Vex mol (m0/4)(8kT o/r2m)}/? 
é 0.4288(2hTe/M)!/2 


a ATs in( 0.6578)/ © ) (61) 
and numerically 
for Nz. Vy=5,004 T./11,600 °K 
Ar V;=5,599 T./11,600 °K 
Hg V;=6,405 T./11,600 °K 


If we use the expression (61) for V; of plane 
probe, the calculated values agree fairly well 


with the observed values, as shown in Table 
Ill. 


We can note in Table III that the observed 
value is always smaller than the calculated 
value, a difference which increases with 
increased pressure, and which seems to be 
caused by a disturbance resulting from inser- 
tion of probe in a plasma of small density. 


Conclusion 


The authors herein discuss all the problems 
which arise in practical uses of floating 
probe method, and shows ways to overcome 


the difficulties encountered in measurement. 

There remain no serious problems connected 
with idealized plasma. There are various 
kinds of plasma which have not yet been 
exactly measured owing to the limitations of 
probe method. The triple probe method and 
some corrections in the double probe method 
may be conveniently used to make such 
measurements. 
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Experiments of sheen gloss of metals and theoretical explanation of 
them are given. Sheen gloss is related with the specularly reflected 
light which appears by a incident angle above a critical angle @¢. 6, is 
connected with the r.m.s. roughness h as: 


2h cos @6¢=A/k 


k=2~3 


This formula is explained by a theory similar to the Kirchhoff’s diffrac- 
tion theory, treating the roughness as a stationary random function given 


by Ornstein-Uhlenbeck process. 


Scattered light is separated to R- and 


D-comp. the former corresponds to sheen and its brightness is given as 


a function of incident angle ¢ by 


ae (ee 


s*) , 


D- comp. is the part that represents scattered light. 


$1. Introduction 


The light incident upon a rough surface is 
scattered to every direction. The intensity 
of light reflected at the specular angle is a 
measure of gloss of the surface and is called 
specular gloss. When the angle of incidence 
is glazing, intensity at the specular angle is 
distinctly increased. This is a different kind 
of gloss and is called sheen gloss. 

Barkas» had given a theory of diffuse 
reflection of papers based on geometrical 
optics and separated each scattered light beam 
to specular and diffuse component. The 
specular component is the one which is 
reflected by mirror facets distributed on the 
surface of the paper and follows the Fresnel’s 
formula. The diffuse component is the one 
which is scattered by particls in the interior 
of the paper and obeys the Lambert’s low. 
Kurita, Yano and the authers® have pointed 
out that although the Barkas’ theory is 
formally applicable to matt papers», it can 
not be applied to glossy papers because the 
diffuse component calculated by his theory 
takes even a negative value. The analysis 
indicates that at least for grazing incidence, 
so called specular components do not follow 
the Fresnel’s formula. We also pointed out 
in the case of coated papers that the intensity 
at the specular angle considerably increases 
as the angle of incidence increased, the rate 
of increase being larger than that expected 


69 


from the Fresnel’s formula. These results 
are related with sheen. Accordingly sheen 
should be explained by wave optics. 

Jentzsch® pointed out that some rough 
surfaces behave like smooth surfaces when the 
angle of incidence is larger than the critical 
angle and derived the following relation from 
the viewpoint of the Rayleigh’s limit: 

2h’ cos 6¢-=A/4 . 
Here @, is the critical angle, h’ the roughness 
height of the surface and 4 the wave length 
of light. There are a few papers in which 
the discussion concerning sheen gloss and the 
critical angle are given. 

We have investigated experimentally, for 
metals, relations between the critical angles 
and the roughness of surfaces and _ the 
intensity of scattered light near the critical 
angle, then explained them by the wave opti- 
cal theory similar to that given by Davies”. 


§2. The Measurement of Critical Angles” 


The method is the same as that of Jentzsch. 
Fig. 1 is the essentials of the apparatus used. 
The test pattern is a set of narrow slit drawn 
on a silvered glass plate by the intervals of 
0.1mm. The test pieces are situated between 
microscope objective and eye-piece. The 
angle of incidence can be freely changed, 
keeping the angle of view the same as the 
angle of incidence. When the angle of the 
centre line of the eye-piece coincide with the 
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critical angle, images of slits in the left half 
of the field of view are sharp because the 
angle of reflection exceeds the critical angle, 


Fig. 1. Apparatus for the measurement of the 
critical angle. 
L: Light source. F: Filter (Corning glass 2550 
my). C: Condenser lens. Q: Test pattern. 
T: Sample. Ob: Microscope Objective (10 x). 
Oc: Ocular (5x). 


r.m.s.fheight 


GO2I70287 5S OS 822 
Fig. 2. Relation between r.m.s. height and 
critical angle. 


Fig. 3. Goniophotometer, 
P: Photomultiplier 931. S.: Slit 1.5mm width. 
T: Sample. Ls: Lens with aperture stop 610 


mm f, 14.5cm. L,: Lens @ 60mm f 18cm, 


I Si: 
Slit 1.5mm width. L: Light source, : 
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and images in the right half are diffuse in 
contrast with them. By such a way the 
critical angle can be determined. 

Test pieces used are steel plates lapped by 
Al,O3; powder of different grain size. The 
r.m.s. roughness h# of plates are measured by 
an Abott’s profilometer. 

The relation between 0, and h obtained is 
given in Fig. 2, the abscissa being written 
in scale of 1/cos@. From the inclination of 
the line, the following formula is obtained: 

2h cos Oc= alk CL) 
Here k is a constant and for steel k=3. 

The similar experiment by the other test 
pieces show that the constant & is not always 
the same but changes from metal to metal 
and also by the lapping process of the 
samples, for example for steel polished with 
sand paper k=2.2 and for chrome _ plated 
brass kR=2. 

It should be noted here that the effective 
light beam for observation is not absolutely 
parallel one but has the angle subtended by 
the pupil to the point in the range of clear 
vision, i.e., about 30’/~1°. 


§3. The Measurement by a Goniophoto- 
meter) 

Fig. 3 gives the goniophotometer used. The 
light source is a small lamp having a linearly 
wounded filament and the receiver is a 931 
photomultiplier tube fed by a stabilized source. 
The out put current is read by microammeter 
directly. The flux reaching the receiver is 
limited to an angle of 40’ by a slit of 1.5mm 
width at S, and the incident flux has an angle 
of 30’ depending on the size of the slit S;. 
The dimention of the optical system is 
carefully selected so that the brightness is 
directly read. 

By this apparatus, the intensity of the light 
at the specular direction vs. the incident 
angle (named the curve of sheen) and the 
intensity of scattered light near the critical 
angle vs. the angle of incidence (named the 
goniophtometer curve) is measured. The test 
pieces are the same as that used in the 
preceding measurement. 

Fig. 4 shows the curves of sheen taken 
with lapped steel surfaces, the intensity being 
written by log-scale with arbitrary unit. Each 
curve consists of two straight lines, crossed 
just at the critical angle of each test pieces. 
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The same charactor of curves are seen by the 
other test pieces, such as ones made of chrome 
_ plated brass or of ground glass. 

The goniophotometer curves are taken 
fixing the receiver angle at 0, 0.+5° and 
6.—5°, and changing the angle of incidence 
from the specular direction toward a smaller 
angle. Some examples of the curves taken 
are given in Fig. 5, abscissa ¢ indicating 
the differences between the angle of the receiver 
and the angle of incidence. The intensities 
are also given by log-scale. When the angle 
of specular reflection exceeds the critical 
angle, the curves (@,+5°) consist of two part. 
The one, named R-comp., appearing only in 
the vicinity of the specular reflection, has a 
strong intensity. The half width of them 
may be very small, but the accurate value 
can not be known due to the insufficient 
resolving power of our apparatus. The other 
component, named D-comp., extends over a 
wider angular range. The log. intensity of 
it decreases linearly with ¢. The intensity 
of the R-comp. decreases as the angle of 
receiver approaches to the critical angle and 
nearly vanish as the former reaches the later. 
The curves 0.—5° consists of D-comp. only. 
In general the inclination of D-comp. differs 
by h as well as by the methods by which 
they are prepared. 


§4. Theoritical Consideration 


If we limit the problem to the case of metals 
and approximate them as perfect conductors, 
the approximation of the Kirchhoff’s diffrac- 
tion theory is applicable. This means that 
the polarization of reflected light and the 
variation of intensity with incident angle is 
neglected. Davies had given a theory for the 
reflection of wave by this approximation. We 
have used his theory making a little modifi- 
cation on the statistical property of the 
surface, and limiting to the case that the 
receiver is in the plane of incidence. 

Metal surfaces prepared by the methods 
such as lapping, grinding and paper polish 
have irregular profile and the height z of any 
point (#,y) should be given statistically. A 
necessary and most simple model of such a 
surface is to take z as a random variable 
obeying the stationary linear Markov process. 
That is, a surface is considered to be given 
by the probability density P(z) and the cor-, 
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relation coefficient <zz’>=h?o(r), r being the 
distance of two point (z, y) and (ae). 

It will further be assumed that the distri- 
bution of height z is Gaussian: 


1 2 

Bie) rs Fee exp (-#) 
h is the r.m.s. value of the roughness of the 
surface. There is no experimental data for 
the correlation function p(7). In the following 
calculation it is assumed for the sake of 
simplicity that the correlation exists only in 
the direction of x. It is also assumed that the 
process is that of the stationary Markov’s. 
Then the distribution is that of the Ornstein- 
Uhlenbeck process* and the correlation coeffi- 


(2) 
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Fig. 4. Curves of sheen. 


cient is given by: 

o(7)= exp {—Bla’—a]} . (3) 
Then the conditional probability density P(z,. 
z’,7), the probability of finding 2’ at (#’, y’) 
when z at (z,y) is given, can be written by 
the general theory of probability as follows: 


; be a 
CAC OL bara ee TaREST IT 
Gas 2 
xexp | — iad) 7). (4) 


2n2(1—p) J 

Thus the surface is represented by two con- 
stants k and ~. The former is the r.m.s. 
height and is easily measureable, but the 
later is completely unknown. The further 
consideration shows that 8 indicates the 
mean inclination of the profile of the surface. 
It is known from the roughness curves that 
the order of magnitude of the inclination of 
metal surface is generally 0.1 radian or less. 
In general the length 1/8 is much shorter 
than the aperture diameter of the optical 


* This assumption is different from that of 
Davies’. 


We 


system. 

Consider a plane wave obliquely incident 
on a rough rectangular reflector of dimensions 
2Z and 2M, the plane of incidence being 
parallel to the side 2Z. If we take #as the 
angle of incidence, @ as the angle of scat- 
tering, C as the amplitude of incident wave 
and z,y as the rectangular coordinate taken 
on the mean surface, 2 being parallel to the 
side 2Z. Then as in the usual diffraction 
problem, the field # at a distance R is: 
putting 


= = (sin 8—sin ¢) 
(5) 
=-7(c03 8+cos ) 


q 4, +b )-exp 1(qu+pz) (6) 


(9) 


M 
a af da fla, Y, 2) . 
M -L 


The intensity of the light is given by 
= HIF /87 

We are interested to the statistical mean 
valus <> and <D, as zis the random func- 
tion. The average is taken over an ensemble 
of such reflectors, all having the same statisti- 
cal properties. It will be assumed that this 
ensemble average is the same as the time 
average: 


(> =<|fr (yy, 2)dedy > 


=\\re, y, 2)>dady (8) 


[Pe 2’, 7) exp (—7pz’)dz’ =exp{_2 


one 


(|E— 
(|E—<E) |) = 4R? | 
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It is evident that 
(|E)> =(2>*+ EE) (9) 


The statistical mean of dz/dx is zero. If 
the correlation of dz/dx be assumed zero, the 
calculation can be furnished by a_ similar 
method to that of Davies’: 


(k)=— erate exp (qx) dx 
x ie P(2) exp (tpz)dz (10) 
~ Ey exp ( —?) (11) 


The exponential factor is the Fourier’s trans- 
form of P(z). Ey is given by putting z=0 in 
the above equation (10) and is the amplitude 
of diffraction pattern by the slit of the width 
Des 

tCMp_ singLl 


jee 
i me qd 


(12) 


As 2Z is sufficiently large, the fringe has a 
very narrow width in the vicinity of specular 
direction, i.e, g=0. »<Z> has the pattern of 
EF) modified by the factor exp(—p?h?/2) which 
practically does not influence the width of 
the pattern. Thus the component of the 
intensity corresponding to <E)>. appears, 
speaking in a sense of geometrical optics, 
only in the direction of specular reflection 
and may be called the R-comp. as it corres- 
ponds to that of the experiment. 
Furthermore, taking into account: 


2) —ippz (13) 


el 


V6 
Saar | dzdx’ exp {—q(a’ —x)} 
- -L 


s |\aeae Pare, 2’, rexp (ez) — exp (—p*h*/2)}{exp (—épz’)— exp (—p*h?/2)} 


_ & Mp’ 
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Ki if dxdx’ exp {—q(x' —x)} exp (—p?h*){exp(p?h?0)—1} . 


(14) 


We can expand the exponential term as follows: 


exp (ph? 0)= = eer exp {—7B|«’ —a|} 


Hence 


(|E—¢E) |?= Soe exp (— _ ppp) S (Bh 


(15) 


AnBL __2(n*8?—q?) 


47? =a n! 


ae 
Peas 
+2exp (2nBL) (°° —q@) cos 2gL—2nfq sin 2qL 


(1B? -+4@?)? 


i (16) 
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We can neglect the 2nd and 3rd terms as L>1/8. 


aie ey GEL 


7?R? 8 


exp (—p*7 ys Cae Kl 


(17) 


n=1 n-m! 


1+@/n2B? 


The intensity corresponding to <|E— <E>|) has a maximum at g=0 and distribute to a wide 


range of qg, and may be called the D- comp.. 


The total intensity distribution of the light 


scattered from a fixed area are given by taking a proper constant Io: 


(ID =Dit<D.= ao ee exp (— =p it es (p>n?)” iT ] 


The intensity given by (18) is that of the 
total flux of scattered light from a given 
area, and consequently the brightness B is 
given dividing it by cos @. 

=<(I>/cos 6 . (19) 

If the eye or the photocell receives a 

reflected light beam covering an angular range 


from 6; to 02, the intensity measured is given 
by 


ae (20) 
ca 
or 

= 2 oe 

ik ie cos ae 21) 


§5. Comparison with Experiment 


For the comparison of the experiment with 
the theory, we have to estimate the angular 
aperture of the light beam received. If the 
slit at the focal plane of the receiver lens has 
a width d, the light beam received has angular 
aperture 2é: 


2e=d/f (22) 


f is the focal length of the lens. 
Then the intensity measured at the specular 
direction is: 


ie 2\" (Dit Ds) (23) 
€ being considered small. 
Since the width of the R-comp. is much 


smaller than &, the lst term of (23) can be 
approximated as follows: 


dq= 


fe a p exp(—pe( sin gl aN db 


a cos / do 


A? Alp 


2p”) 
162? 2Z.cos oe irs 


GL "LB a) mn 14ene (18) 
® 
® 
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Fig. 5. Goniophotometer curves. 
| (Sn 4e) dad 
0 qL 
4 0 cost exp(—pith?) (2A) 
eors cos 
here pPo=4z cos o/2 . (25) 


The 2nd term of <, although has a 
maximum at g=0, is not so sharp as the Ist 
term and may be put constant in the range 
€ as lst approximation. We obtain the 
intensity corresponding to the D-comp., sub- 
stituting the 2nd term of integral (23) by the 
value of (<D)a-0 multipled by 2€ as Ist 
os oe 


‘ = (Doh) 
eee. a= hi? 
i.e. = ~26Topo? exp (—Do7h*) z a cies 
(26) 
The total brightness B is: 
a = N83 = op 27 
B,=exp (—pyh’) (28) 
B,=cos exp (— pen) > Ee ee ere (29) 


B, can be expressed by the pee, 


integral £,(&): 
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Bie)= 5% +e. (30) 


n-n! 

For small values of the argument, £,(&) is 

given by tables* and for large values of the 

argument, it is given by an assymptotic 
series: 

ee ON DS) (pele Cleon eee 

Ei(é) = “8 {1+ gt pa a f 

C is the Euler’s constant and is 0.577. 

If we take 2€=40’, i.e., 1/170 radian, and 

assume that 1/8=5u=104 as a allowable 

value, we get the factor 

2e7 OL 

4p ° 4 


(31) 


(32) 


Curves B+ (Bs are plotted for h=4/2 and 


4/3.14 in Fig. 6. It is seen that the curve is 
represented by bent straight lines, similar to 
that given by the experiment. The upper 
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Fig. 6. Calculated curves of sheen. 
full lines h=2/2, dotted lines h=2/3.14 


line corresponding to B, decreases rapidly 
with # and the lower line corresponding to 
B, changes slowly in the region 1~0.1. 
Roughly speaking, it can be said that the 
bending point of these straight lines are the 
points where B, takes a negligible value or 
exp (—Dp,"h?) takes value of the order 0.01, 
i.e., 


(Volreiiy 


2h 


or =o g=1/3 . (33) 


The relation (33) coinside with (1), which 
we have gotten experimentally for lapped 
steel samples. Such a perfect coinsidence may 
be accidental because we have made many 
assumption in the course of calculation. 

The goniophotometer curves are given by 
plotting (18) as a function of @ of ~ fixing 
or 6. The R-comp. given by the lst term 
exists in a very narrow region at the direc- 
tion of 6=¢ only. When @# is smaller than 
the critical angle, the magnitude of the lst 
term is smaller than the 2nd term as dis- 
cussed by the preceding calculation. This is 
the case of our experiment. 

The D-comp. of the experiment (Fig. 5) are 
given by the 2nd term of (18). The slope of 
lines takes any values as desired by the proper 
choice of the unknown constant 8, so it will 
be meaningless to calculate the slope of each 
individual curve. If we assume a_ value 
5~10y for 1/8, the 2nd term reprents a curve 
close to that of the experiment. Thus 
qualitatively it may be said that the above 
theory agrees with the experiment. 


§.6. Discussion 


The R-comp. concern only with P(z) and 
not with o(v). The amplitude of the reflected 
light may be obtained as the Fourier transform 
of the probability density. If we assume 
some distribution P’(z), differing a little to 
that of the Gaussian, and suppose the Fourier 
transform of it as Q( ph”), then we have to 
put Q@(p*h*) instead of the exponential term 
in the equation (11) for the R-comp.. While 
the charactor that the R-comp. decreases 
rapidly by the increase of ph is reserved. 
This is the case of the most of the metal 
surfaces. 

D-comp. are obtained taking into account 
the correlation of the distribution of the 
height of each point on the surface. The 1/B 
in (3) is a measure of the range where the 
correlation extend. The coefficient of D-comp. 
is smaller than that of R-comp. by the ratio 
1/8:Z as indicated by the result (18). If we 
assume the other correlation than (3), the 
expression of B, may change and it will be 
characterized by a constant other than Saelt 

De Se Jahnke and Emde, Tab. of Functions, p. 
82 (1933). 
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we indicate the range of the correlation in 
this case as 1/8’, which is of the order of 
1/8 the coefficient of B, may be the order of 
1/8Z as expected from the physical meaning 
of the term. 

Thus the appearence of sheen gloss (or R- 
comp) and the sharp bend of goniophotometer 
curve may be similar to that we have calcu- 
lated. The critical angle is defined by the 
bending point. The numerical value in the 
equation (33) corresponding to the constant k 
in the equation (1) may differ by the nature 
of the roughness or the nature of the 
surface. 

Our calculation includes other basic assump- 
tion. We have assumed that no shadow effect 
is present, e.g. that the incident ray reach to 
every point of the surface being undisturbed 
by the neighbouring peaks and that the 
reflected ray does not strike the neighbouring 
surface. This may be the most common case 
of the scattering by metal surface as the rough- 
ness slopes of them are generally small. But 
for the case of grazing angle some error are 
expected from this factor. We have assumed 
also one directional correlation (3) for the 
surface. This may influence the numerical 
values given in the §5. 


§7. Conclusions 


Experiments related with sheen gloss anda 
theoretical interpretation of them are given 
by the following results: 

1) The reflected light from a rough metal 
surface consists of two parts, that is, the one 
named R-comp. which obeys the law of 
regular reflection and the other named D-comp. 
which constitutes the scattered light. 

2) The intensity of the R-comp. is given 
by the probability density of the roughness 
only. If we assume that the distribution is 
Gaussian, the brightness of the #-comp. is 
given by 
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a 

wae cos? v ; 

The variation of intensity by the angle of 
incidence ~ is much larger than that of 
Fresnel’s coefficient. 

3) The R-comp. appears only when the 
incident angle is larger than the critical 
angle @,, and it is too weak to be observed 
when the incident angle is smaller than @.. 
The relation between 6, and the r.m.s. value 
of roughness h is given by 

2h cos 0,.=A/k 
where k=2~3 differing by the difference of 
material and by the method of machining of 
surfaces. 

4) The appearence of the R-comp. is the 
cause of sheen gloss. 

5) The D-comp. is due to the existance of 
the correlation of the height of two points 
on the surface. The intensity of D-comp. is 
given by the 2nd term of (18), assuming the 
statistics of the surface as given by the 
Ornstein-Uhlenbeck process. 


ex ‘i 
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Cosmic ray hard showers produced in iron and in lead have been studied 
by using the multiplate cloud chamber at 2740m above sea level. 

Primary energies of the meson producing showers were estimated from 
the angular and the momentum distributions of the secondaries by various 


methods and the results were compared with each other. 


The observed 


hard showers were classified according to their median angles. 
About half of the showers which belong to the smaller median angle 
group may be interpreted as that they have been produced at the periphery 


of the Pb nuclei. 


They amount to about 20% of total hard showers. 


The mean free path for the production of hard showers was obtained 
as 250+50 gr/cm? in lead, and the mean free path of the charge exchange 
scattering of pions was 1.0+0.3Kg/cm? in lead for energies greater 


than 1 Bev. 


$1. Introduction 


The hard showers which are produced by 
nucleon-nucleus collision have been analysed 
assuming that the hard showers produced by 
nucleon-nucleus collision may not be much 
different from those produced by nucleon- 
nucleon collision». This treatment, however, 
may not be appropriate for the energy of the 
interaction by which only a few mesons are 
produced, and it is expected that the difference 
of the character of the hard shower produced 
by the nucleon-nucleon collision and the 
nucleon-nucleus collision becomes bigger for 
the heavier nucleus. 

In this paper, some evidences, which show 
that the above treatment is too simple to 
understand the hard shower, will be reported. 
Some of the experimental results will be dis- 
cussed mentioning that some of the hard 
showers are plausibly interpreted as to be 
produced by elementary nucleon-nucleon colli- 
sions though they are produced in complex 
nuclei. 

This experiment was performed in the 
cosmic ray observatory of the Osaka City 
University at Mt. Norikura (2740 meter eleva- 
tion) from July to October in 1953. 


$2. Experimental Arrangement 


As shown in Fig. 1, a multiplate cloud 
chamber arranged beneath a high pressure 
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cloud chamber®? was used to observe the hard 
showers. 

The hard shower, originated in the iron 
wall (8cm thick) of the latter chamber or the 
iron ceiling (lcm thick) of the former 
chamber, was named ‘‘ Fe shower’’, and the 
one originated in five lead plates (lcm thick) 
within the former chamber was named ‘‘ Pb 
shower ’’. 

The cloud chamber was filled with 1.5 atm. 
argon, the illuminated region of the chamber 
was 30cm x50 cm x 20 cm, and the photographs 
were taken stereoscopically at an angle of 
23° by two cameras. 

The cloud chamber was triggered by a 


coincidence of G. M. counters which are 
described in the following; 
tray diameter length numbers 
A 4 cm 50 cm 10 
B 2cm 25cm i 
C 4cm 30cm 15 
D 4cm 50 cm 15 


The coincidence of at least two G. M. 
counters in B, Cand D and the anticoincidence 
of A was required for the triggering of the 
cloud chamber. The anticoincidence was to 
exclude air showers. The coincidence rate of 
this counter system was about 15/hr. 

Each counter tray B, C and D was con- 
nected to hodoscope circuits and the hodoscope 
figures were used in order to check whether 
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the tracks in the chamber were coincident 
tracks or not. 


§3. Fe Shower 


The Fe showers was defined as those 
showers which shows more than three tracks 
of penetrating particles. If a cascade shower 
originated from same point was seen clearly, 
it was counted as a penetrating particle. 

380 of Fe showers were obtained and ex- 
amined for the production of Pb showers by 
the shower particles of Fe shower. 97 of 
them were analysed in detail to present the 
following information on Fe showers. 


(A) Multiplicity and angular distribution 


Fig. 2 shows the integral multiplicity dis- 
tribution and the zenith angle distribution of 
charged secondary particles. The average 
multiplicity was 2.1+0.2 and the mean angle 
is 20 degrees. These values have to be 
corrected for the geometrical condition, as 
described in §3 (D). 

(B) Properties of the secondary particles 


The shower particles of 97 Fe showers which 
produce 44 nuclear interactions in lead plates 
are listed. 


charged 30 
neutral 1 
questionable 3 


This gives some information on the meson 
components of the secondaries. If the number of 
protons is equal to that of neutrons and events 
with neutral primaries are due to neutrons, 
and the nuclear interaction mean free path of 
nucleon and mesons are equal*), the fraction 
of the charged meson component in the 
charged secondaries is given as follows, 

m+ 30—11 

‘charged secondaries  —30 

It is possible to estimate that the number 
of neutral pions was 57 from the number of 
cascade showers. By combining this with the 
number of charged mesons estimated as 126 
from the above fraction, we obtained; 


n°/x*=0.45+0.15 . 


These results show that about 60% of 
charged secondaries were pions and the rest 
were protons”, and that number of neutral 
pions was about half of charged ones. 

The mean free path of these charged shower 
particles for nuclear interaction was estimat- 


=0.630.20. 
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(@) 50cm 


Fig. 1. Experimental arrangement for investiga- 
tion of hard showers observed in normal 
pressure cloud chamber. 
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Fig. 2. Angular distribution of secondaries and 
integral multiplicity distribution of Fe showers. 


ed as 250--50 g/cm? in lead, by using the 
length of traversing lead plates and the 
number of the events. This value does not 
include nuclear scattering or small energy 
events which are not observed, and it will be 
seen that the cross section of the total nuclear 
interaction of the shower particle is not so 
different from the geometrical one. 
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Fig. 3. Zenith angle distribution of the primary 
particles of Pb showers. 
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Fig. 4. Angular distribution of secondaries and 
integral multiplicity distribution of Pb showers. 


(C) Energy distribution of the shower particles 
Energy distribution was obtained by measur- 


ing the scattering in lead plates». The result 
is shown in the following table. The shower 


particles were divided into two groups accord- 
ing to the mean zenith angle of the shower. 


group momentum range 
below 500 to above 
500 Mev/c 1000 Mev/c 1 Bev/c 
I 0° to 20° 20% 30% 50% 
Ik 20°"to" 30 38%, 44% 23% 


(D) Estimation of the primary energy of Fe 
shower from the angular distribution 


By the well known relation of nucleon 

nucleon collision” 

tan (41/2)=1/r 
the primary energy was estimated by the 
median angle of the secondaries. 

For group I, including showers with a 
median angle of below 20°, 7- was estimated 
as 5. But, it must be corrected for the 
particles which were missed. Assuming that 
the angular distribution of the shower second- 
aries is proportional to cos”@, the correction 
has been done and the corrected value of 7- 
was 4.3. Thus, it was estimated that the 
apparent average energy was 35 Bev for the 
primary energies of Fe showers. 


§4. Pb Shower 


167 of Pb showers were produced by shower 
particles of 380 Fe showers. Definition of Pb 
shower is similar to one of Fe shower. 


(A) Properties of the Pb shower primaries 


The primaries of the Pb showers are con- 
sist of 120 charged and 47 neutral particles. 
The fraction of the meson component of the 
charged primaries was estimated as 0.60-+0.07 
from similar consideration described in §3 B. 

The zenith angle distribution of these prim- 
aries was shown in Fig. 3. These angles were 
real zenith angles using the stereoscopical 
measurement. In the case of neutral primary 
of Pb shower, the direction which connects 
the both origins of the Fe and Pb shower was 
used as the trace of the neutral shower particle 
if it was consistent with the axis of the 
secondary flux of Pb showers. 

The events, in which the direction of the 
primaries was ambiguous, and the one which 
occurred in the border of the illuminated region 
or in the last Pb plate, were excluded and 
107 events were used for the discussion which 
will be mentioned in later sections. 
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Table I. 
Group < ‘. 
a _ Paes , : 
> os See I | II Ill IV 
Median angle 0°~20° 20° ~30° 30°-~40° J 40° = 7 
No. of events 17 37 33 20 
Average multipicit 2.4 2.8 2.8 2.7 (total) 
eran aa8 3.8 3.9 4.0 (mg=23) 
No. of 72 
No. of p.p 0.20 0.16 | 0.15 0.14 
Y; estimated by F-plot | 5 2.3 | 1.5 | = 
cos”@ Sno el | 13 | = 
$4. (D). (1) De Ta il (ie 
84. (D). (2) 2.8 2.0 1.5 oe 
(B) Multiplicity and angular distribution 
The integral multiplicity distribution and 
the distribution of the angles between the 
incident particles and the charged secondaries E 
are shown in Fig. 4. The angle was derived mu 
from each zenith and azimuthal angles by the 
formula of the spherical trigonometry. / Ww 
The average multiplicity and the mean angle i 
of the charged secondaries were 2.70.3 and f 
30.5°+1.5° respectively. The average project- 
ed angle between the incident and the se- Care 
condaries was 20.5°+1.0°. From the com- i 
parison of the mean angle and the mean d 
projected angle it is concluded that the observ- 
ed charged secondaries were emitted uniformly 
in azimuthal angle. 10 2030 tane 


The events, which have at least 3 secondaries, 
were classified in four groups by the median 
angle, namely, 0° to 20°, 20° to 30°, 30° to 
40° and more than 40° respectively. The 
average primary energy of each group has 
been estimated in the following. 


(C) Energy estimation of the showers from 
the angular distribution” 


Assuming the shower particles are emitted 
isotropically in c.m.s. and §,/Bz=1, (where Be 
=velocity of c.m.s. and Bz=velocity of the 
secondary particle in c.m.s.) the following 
equation was obtained, 


Oye 
re(1—F@)) 
In this equation, F(@) is the fraction of the 
particles emitted within the angle ¢ in c.m.s. 
and is given by F=sin2(¢/2) andve=1/(1 — Bo”) /?. 
0 is the angle of emission in Ls. related to 
the angle ¢ by the following formula 


(1) 


tan?6 = 


Fig. 5. F-plots for showers originating in Pb for 
each group. 


tan 0=tan (¢/2)/7- . (4) 
F(0) for each group are plotted in Fig. 5. 
When the shower is not isotropic but is 
symmetry for the forward and the backward 
direction in the c.m.s., 7- is determined from 
F=1/2. The average apparent energies of the 
showers for each of these groups are estimat- 
ed and listed in Table I. Geometrical correc- 
tion has been done on the basis of assumption 
that the angular distribution is cos”@. 


(D) Energy estimation of the shower by 


scattering measurement 


Momenta of the secondary particles were 
measured using the multiple scattering by 
lead plates (11.3 g/cm? per one sheet) in the 
chamber, and those of each group were 
classified into several subgroups by their real 
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Table II]. The p@ distribution of the shower particles from scattering measurement. 
(in Mev/c) 
Emitted anole LF 6 
Becoun 0°. 10° 10°~20° | 20°~30° | igs ice | f ou ; : 
i 807 | 403 | : tae 278 7 Re sl | Tides 

r II : 550 | ‘ | 530 “a =a saan Sepiu an se 
Rr Ges | 581 515 490. |, .492 aa 
Group I Group II nucleon-nucleon collision, but this is not ap- 


Fig. 6. Differential angular distribution of the 
secondary particles in the center of mass system 
for lead showers. 


angles to the primary. In order to obtain the 
average p8 of each subgroup, the mean 
scattering angles of all tracks which belong 
to each subgroup were used, except the cases 
of wider scattering angles than 3 times of the 
mean value. 

Assuming that the all secondaries are pions, 
the relation between momenta and angles 
gives the estimates of shower energies by two 
methods”, 1) the shower particles are emitted 
with the uniform energy in c.m.s. and 2) the 
summation of the momenta of the charged 
secondary particles on the incident direction 
is equal to zero in c.m.s. 

The results of the energy estimation in both 
cases are summarized in Table I, and the pe 
distributions of the shower secondaries for 
each subgroups are given in Table II. 

This analysis was carried out assuming 


propriate because there are some indications 

of nucleon-nucleous collision accordingly the 

following inconsistencies arose. 5 

a) a group of larger median angle has rather 
higher multiplicity, in spite of the estimated 
energy being lower, 

b) as seen from the observed momenta of 
the secondaries, a group of larger median 
angle has not necessarily lower average 
energy, 

c) when the energy is estimated from the 

median angle, the group I has much higher 

energy than that obtained by other estima- 
tions. (though one of the reason may be 
statistical fluctuation for grouping) 

in F plot, the slope of the curve for larger 
median angle group is not consistent with 
Eq. (1) which shows that the slope must be 2. 
(EZ) Properties of Pb showers 

1) Angular distribution of the secondaries 

ICaTIAeSe 

Since the angular distribution of the second- 
aries in c.m.s. is not clear from F-plot, 4N/40 
and 4N/4Q, computed by equation (2), are 
plotted in Fig. 6. 

From these figures, the following features 
are seen, 

a) the distribution of the secondaries is not 
isotropic, but shows somewhat large value 
in perpendicular direction in c.m.s. to the 
incident. This tendency is clearly seen in 
the larger angle group. 

b) in the smaller median angle group, the 
distribution seems to have two maxima. 

As these features may be due to the succes- 
sive collisions in the nucleus, the ratio of the 
frequency of the showers with slow particles 
to that without them has been figured out. 
The slow particles are observed as black 
tracks probably in same bias for each group. 
According to this result, the smaller median 
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angle group has the larger ratio of the showers 
containing no slow particle, namely, 50% for 
group I, 25% for group II, 30% for group 
III and nearly zero for group IV. 

2) Number of neutral pions 


Measuring the ratio of high energy y rays 
to penetrating particles the relative number of 
m° and charged secondaries was estimated), 
The results are given in Table I, but these 
ratio may be somewhat smaller by missing 
low energy y ray and one emitted in wide 
angle. 

It can be seen that the proportion of z° 
decreases as the median angle increases. This 
would be also explained by considering that 
the protons due to successive collisions in lead 
nucleus may be contained”. 


$5. The Charge Exchange Scattering of 
Pions in Lead 
Recently, several results of the experi- 


ments**-™ for the charge exchange scatter- 
ing at various energies were reported. High 
energy photons arising from the interaction 
of energetic pion with nuclei are mostly 
attributed to the charge exchange scattering 
of charged pions namely, z*+N—-7°+P and 
mz +Porn+N. 

Fermi et al.2® have shown that cross 
sections for the above processes are nearly 
equal at energy range 100-200 Mev, and the 
cross section for the only possible competing 
processes z~+P>N+7, z*+N—-P-+y7, has a 
magnitude of only 2% of the charge exchange. 
Therefore, the possibility that the photon 
arises from other mechanism was neglected 
in this case. 

The charge exchange scattering events were 
picked up by the following conditions, 

1) The shower particle of Fe shower has to 
penetrate at least two lead plates without 
multiplication and, then, start cascade 
showers. 

2) the events must contain neither heavy 
track nor penetrating particle. 

Some of the event, z*-+-N-P+z7° may be 
missed by the condition 2), but this condition 
is necessary to exclude the hard shower which 
may have this appearance. 

The events selected by this procedure are 
also ascertained by studying the other 230 
electron showers originated from lead plates 
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Fig. 7. An example of low energy Pb shower 
produced by neutron. 


2 : oe ‘ 
Fig. 8. Two examples of charge exchange 
scattering. 


in the chamber. The frequency of the elec- 
tron showers of 7 ray or electron primary 
decreases strongly after passing through one 
sheet of the lead plate to about 15%, and 
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most of them are not accompanied by Fe 
shower of the same origin. Then it is possible 
to estimate the frequency of the charge ex- 
change scattering of pions without contribution 
of electron initiated showers. 

As the results, 10 probable events were 
observed. The energies of these events were 
estimated from the size of the cascade sho- 
wers!®) and the angle of the two cores of the 
cascade showers, and all events have energies 
greater than 1 Bev. 

As described in § 3, (B) and (C), pion 
component in charged secondaries is about 60 
%, and about 50% of them have momentum 
greater than 1 Bev/c. It is concluded that 
the mean free path of pions of this energy 
range for the event is 1.0-+0.3 Kg/cm?. 

Lock and Yekutiele! have given a large 
charge exchange cross section (30% geometric) 
for 160 Mev mesons in nuclear emulsion, and 
G. Salvini has estimated the cross section for 
complex nucleus as follows 


0.16 6tota isn. (OB =O) oraen 


for energies 200-1000 Mev. The ratio 0.25 of 
this event to nuclear interaction, obtained in 
this experiment, is somewhat lower as com- 
pared with these results, although it is con- 
tained in this region. It may be explained by 
considering that the contribution of the hard 
shower is not so small in this energy region 


(SlaBey): 


$6. Discussion 


Since the hard showers, observed in this 
experiment, were treated as meson producing 
interaction by the single collision, it is un- 
avoidable that some inconsistencies have 
resulted. As described in §4 (D), it is not 
plausible that the high energy hard showers 
have low multiplicity, even if the energy 
dependency of the multiplicity is not so 
strong!, 

It may be plausible to suppose that about 
half of the events which belong to the groups 
of smaller median angle were produced by 
collisions at the periphery of the nucleus. 
This supposition can be ascertained by the 
angular distribution of the secondaries and the 
ratio of the neutral pions to the charged one, 
described in $4, (E), Most of the showers 
which belong to the larger angle group are 
supposed to be nearly head-on collision be- 
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tween the incident particle and the target 
nucleus. By the successive collisions in the 
nucleus, it would be expected that the several 
angular distributions are superposed and the 
resultant distribution has somewhat large value 
in perpendicular direction to the incident and 
the contribution of the recoil protons is also 
large. 

This interpretation shows that the classifica- 
tion of the hard showers in heavy nucleus by 
apparent median angle is not good enough to 
classify the energies of the showers in this 
energy region, but rather proves the aspects 
of the collisions, without the problem of the 
fluctuations of the secondary particles. 

On the mean free path of the charge ex- 
change scattering, it should be considered that 
the high energy pion collides with the almost 
free nucleon at the periphery of lead nucleus, 
because if such high energy pion collides near- 
ly head-on to the lead nucleus, it will be 
observed as hard shower. 

Under these consideration, it may be con- 
cluded that the cross section of the charge 
exchange scattering in the case of z-nucleon 
interaction at this energy region is nearly 
comparable to that of hard showers, and the 
probability for single collision is about 20% 
of the total events in lead. 
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On the Impurity Conduction in Germanium 


By Yasuo KANAI and Riro Nit 


The Electrical Communication Laboratory, 
Nippon Telegraph and Telephone Public 
Corporation, Tokyo, Japan 
(Received September 26, 1955) 


Recently Hung and Gliessmann!) observed an 
anomalous behaviour of the Hall coefficient in the 
course of the investigation of the electrical proper- 
ties of germanium at very low temperatures. They 
found that, when the temperature was lowered, 
the Hall coefficient did not increase infinitely but 
once reached a maximum value and then began to 
decrease. Further investigations by them® and 
Fritzsche and Lark-Horovitz?) showed that the 
anomaly of the Hall coefficient was well explained 
by assuming the existence of the impurity conduc- 
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Fig. 1. The resistivity (0), Hall coefficient (/2), 
and Hall mobility (~»=/o) as a function of the 
inverse absolute temperature. The sample is a 
nickel-doped p-type germanium. 


tion at very low temperatures. In their experi- 
ments the impurity is the ordinary donor or ac- 
ceptor, and the energy difference of the donor or 
acceptor level from the conduction or valence band 
is sO small that the impurity conduction is observed 
only at very low (i.e. liquid helium) temperatures. 
If the other impurity, the level of which lies apart 
from the bottom of the conduction band or the top 
of the valence band, is added to germanium, it 
may be expected that the impurity conduction will 
occur at higher temperatures. 

Germanium samples in which nickel*) was added 
as such impurity have been prepared, and their 
electrical properties were measured from room 
temperature to liquid air temperature. The uni- 
formity5) of the samples was checked and the 
effects of carrier multiplication by the photon or 
avalanche breakdown were carefully avoided. A 
typical example of the experimental results on p- 
type sample is shown in Fig. 1, and it shows that 
the decrease of the Hall coefficient at low temper- 
ature occurs. Although the mechanism of the so- 
called impurity conduction is not clear at present, 
we shall analyse our data by the conventional 
method. If we assume that the carrier in the im- 
purity band is hole in this sample, then the con- 
ductivity « and the Hall coefficient # are given by 
the next fourmula; 


F=C(Nyfy +Nipi) 
R=C(TyNy py? +Tinipe?)/(Myuy +Nipi)” 
where 
e; the absolute value of the electronic 
charge. 
the density and mobility of the hole in 
the impurity band. 
the density and mobility of the hole in 
the valence band. 
7; numerical factor which depends upon the 
statistics and the scattering mechanism 
of the carrier. 


Ni, fis 


Ny, ey; 


In our experiment, holes in the valence band are 
scattered mainly by the impurity ions, so ry is 
approximately 1.9. But information about 7; is 
quite insufficient, hence we assume, for simplicity, 
that 7)»=7:=1. Furthermore, if we consider the 
fact that my-+7,=N (N; the hole density in the 
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impurity band at 0°K.), then, after simple calcula- 
tions, the maximum. value of R occurs at the 
condition y~="yu», and at this temperature the 
following simple relations are hold; 
2Rin6m= ut + hoy 
Rink som? = piby 
3.1 108+ 6m /pi=ri 
M4 pi] py =Ny 
where 
Om; the value of the conductivity at which 
the Hall coefficient has the maximum 
value Rm. 
Rs; the saturation value of the Hall 
coefficient at high temperature. 
and the units of o, R, » and mare mho/cm., 
cm3/coulomb, cm?/volt.sec. and  no./c.c. 
respectively. 
For example, if we analyse our experimental data 
by the above formula, the following results are 
obtained. 
P»y==3 x 103cm2/volt.sec. 
piz=1 cm?/volt.sec. 
m==1 x 1015/c.c. 
ay NOLS: 


Further systematic 


at —140°C. 


investigations are now in 


progress. 
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Pure Quadrupole Spectra of Phosphonitrile 
Chloride Polymers 


By Kazuo TORIZUKA 
Tokyo Gakugei University, Koganei, Tokyo, Japan 
(Received September 30, 1955) 


Nuclear quadrupole resonances of two phosphoni- 
trile chloride polymers, (PNCl,)3 and (PNClz)4, have 
been measured by the method of frequency modu- 
lated super-regenerative detector at room temper- 
ature. Crystals of about 2 gram were used as 
samples. The measured resonance frequencies of 
C135 are listed in table I. Among them the reson- 
ances of (PNCl2)3 are doublets. The seperations 
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are about 80 kc/sec for the resonance of 27.87 mc/sec 
and about 75kc/sec for the resonance of 27.58 
mc/sec. The resonance absorptions of Cl3’ were 
also observed at the frequencies expected from the 
known ratio of the quadrupole moments.) 


Table I. Resonance frequencies of Cl at 294°K. 
Compound Frequency 
Clase 
SV mc/sec 
Pe 
YOU 
CG 27.80 
| 
Cl—P P—Cl 
LENT PS 27.58 
N 
Cl 
Cle || 
SP N Cl mc/sec 
ip alg 
N P —Cl 
I i 28.14 
Cl—P N 
a: Ja 
Cl NP 28.02 
| 
Cl Cl 


The crystal structure of (PNCl.)4 has been in- 
vestigated by Ketelaar and de Vries.2) Their 
results show that this compound has octagonal type 
ring structure and for P-Cl distances the two dif- 
ferent values of 1.975 A and 2.015 A are given. The 
above obtained two quadrupole resonance fre- 
quencies of this compound will correspond to the 
two P-Cl distances. 

The molecular structure of (PNCl,)3 has been 
studied by Brockway and Bright.3) Their results 
show that this compound has planer benzene-like 
ring structure and all P-Cl distances have equal 
value of 1.97 A. However, the quadrupole resonance 
of this compound has two frequencies and their 
seperations is larger than in (PNCl,)4. This sug- 
gests that there are two different P—Cl distances in 
this crystal. 

The average value of the two resonance fre- 
quencies of (PNCl,)4 is near the average frequency 
of OPCl; quadrupole resonances‘) considering the 
temperature dependence of resonance frequency 
and P-Cl distances of 1.99A in OPCl, is almost 
equal to the average of the two P-—Cl distances in 
(PNCly)4. Also the bond angle Cl-P-Cl is 103.6° 
in OPC1;5) and 105°30’ in (PNClz)4. 

Comparing the two average values of the reson- 
ance frequencies of (PNCl,); and (PNCI:),, the 
lower value of former compound corresponds the 
shorter P—-Cl distances in the former, and the dif- 
ference between them is perhaps due to the dif- 
ference of their ring structures. 

The auther expresses his sincere thanks for 
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preparing the sample crystals to Mr. S. Fujii at 
Tokyo Institute of Technology and to Mr. H. 
Hamano for his helpfull discussions. 
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Sub-microwave Absorptions in Potassium 
Bromate 


By Yasaburo YOKOZAWA and Itaru TATSUZAKI 


Research Institute of Applied Electricity, 
Hokkaido University, Sapporo 


(Received October 18, 1955) 


We have found many absorption lines in potas- 
sium bromate powder by the use of a _ super- 
regenerative detector with a transmission line tuned 
circuit in the frequency range of 120 Mc/s to 270 
Mc/s. 

The absorption appears weakly at the dry ice 
temperature and very strongly at the liquid nitrogen 


lines of 


the absorption 
potassium bromate powder using the autodyne 

detector. The frequency was swept from the 
left to the right between 180.21 Mc/s and 179.78 
Mc/s. 


Pio leeebatvernum tos 


temperature. At room temperature such absorp- 
tions do not appear. For precise frequency measure- 
ment, the autodyne detector is used to exclude the 
beat frequencies acompanied inherently with the 
super-regenerative detector. The spectra consist 
of a great number of lines, the intervals of voice 
vary from about 20 Kc/s to 40 Kc/s at the liquid 
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nitrogen temperature, and the widths of these lines 
are very sharp as seen in Fig. 1. By lowering 
temperature these lines shift toward the higher 
frequency side, 

The potassium bromate is a piezoelectric sub- 
Stance. The similar results were obtained for 
silver iodine, rochelle salt, zinc sulphide and quartz 
by S. Kojima and co-researchers!) and for levo- 
chloramphenical by J. Duchesne and A. Monfils?). 

The origin of these spectra was considered due 
to the lattice imperfection by S. Kojima. On the 
other hand J. Duchesnse and A. Monfils attributed 
its origin to the lattice vibration in the crystal. 
However, as pointed above, we could not detect 
any absorption at room temperature. Furthermore, 
in spite of quenching at the room temperature 
after the sample had been heated to 170°C, it 
showed no absorption at room temperature. 

Although there are some new features in potas- 
sium bromate different from that of the substances 
studied by other researchers, the absorption lines 
seem to be caused by the lattice 
well as the lattice vibration. 

In order to clarify the origin of the absorption, 
further experiments are now planned in broader 
frequency range. 


imperfection as 
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An Analysis of Two t-Meson Decays 


By Kuni IMAEDA and Mitsuko KAZUNO 
Department of Physics, Faculty of Liberal Arts 
and Education, Yamanashi University 


(Received August 15, 1955. Revised October 12, 1955) 


In the course of the general scanning of Ilford 
G5 emulsion 600 microns thick exposed at the 
altitude of 70,000 ft about four hours in England 
1954, we have observed two t-mesons decaying in 
the emulsion. 

t-1 had the track length of 33.7mm in 32 
emulsion sheets and decayed into three particles. 
One of the three secondaries showed a typical n-p- 
e decay after a total track length of 8.6mm in 5 
The track was produced by a 
positive m-meson. Another left the 
emulsion stack, after the track length of 9.0mm 


emulsion sheets. 
secondary 
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Table I. For 7-1, the energies of the «2 and the x3 are obtained by the calculation 
using the observed values of the energy of the «1 meson, the angles between 
m1, m2 and x3 and the momentum balance assuming that x-2 and 7-3 tracks are 
produced by zm-mesons. 

Fy): Observed range in the emulsion. 
Ry: Range corresponding to the path length in paper. 
NV: Number of the emulsion sheets. 

6, @ is the spherical polar coordinates of the direction of emission of the 7c-meson 
from the parent star or the incident direction of the t-meson onto the emulsion stack, 
where in the polar coordinate system w and y axis are taken the direction of emission 
of the negative x-meson and the direction of the normal to the 3n-decay plane, respec- 
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tively. 
Rot+Rp Energy (Mev) nee 
Sign | 70 x1.04, N MearsEpetey 
(mm) (mm) E-2 E-3 (Mev) 
Pile 2205 21.99 
m1 si 8.60 9.00 5 | (21.44)* | (22.35)* (21.90) * 
27.90 
mae cele z ve a a (27.78)* 
24.61 
es alias = 2 = = (24.51) 
Angle Q (Mev) () 7) Note 
(eee A 26P At Lo! 74.441.0 95° if the 3 is negative 
(n-3, m-1)=113°11! +15! 28° a Pere ele: re 
( + ek a ro negativ 
(x-1, m-2)=120°47! +157 ae) TEED steer ece 
Table II. Results obtained for r—2. 
- 7 : Fto+R Energy (Mev) 
Sizn Fo Baltes N ; aes _ _ Mean Energy 
(mm) (mm) El E-2 E-3 (Mev) 
rl 3 3.51 3.65 1 12.79 13.20 13.00 
. ; 37 18.13 177 
0 S| ne=26 5 | (17/29) | | (18.08)* | (17.67) * 
- ; - 43.74 | 44.11 439355 
: w3 STA) ; 28.34 I 20 | @3.61)* | 43189)" | (43.75)* 
Angle p/sin(n, x) (Mev/c) Q (Mev) | 68 | 
(m2, m-3)= 59°20! +15! p-1/sin (r-2, n-3)=135.8 770 
(n-3, m1) =153°00! +25/ p-2/sin (x-3, m-1)=134.5 83° | 106° 
(74.4-+0.5)* 


(m1, m-2)=147°40’+25/ 
in 9 emulsion sheets. The length was enough to 
decide from the grain density and the scattering 
that the track was produced by a L-meson. 

The third secondary could be followed 3.3 mm 
in 5 emulsion sheets, but the track was missed at 
the entrance of the adjoint emulsion sheet. 

t-2Z was in a better geometrical configuration 
than t-1. (See Fig. I.) It came from the star of 
type 5+1” and had the track length of 40.0mm in 
8 emulsion sheets. All the decay products were 
stopped in the emulsion stack and it was assured 
that t-2 was a positive t-meson. One of the three 
secondaries showed a typical my~e decay after a 


p~3/sin (x1, m-2)=138.5 


total track length of 3.51 mm in the same emulsion 
sheet in which the c-decay occurred. Another 
secondary produced a two pronged o-star after a 
total track length of 5.97 mm in 5 emulsion sheets. 
It was decided that the secondary was a negative 
m-meson. One of the two prongs of the star was 
produced by an «a-particle of the energy of 17 Mev, 
and the other of the prongs was produced by a 
slow electron. It is concluded that the star was the 
disintegration produced by the absorption of a 
negative x-meson by a nucleus in the emulsion. 
The third secondary showed a typical mp-e decay 
after a total track Jength of 27.0mm in 20 emul- 
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sion sheets. All track length measurements in the 
emulsion plane were made using the Olympus’ 
Ramsden ocular micrometer which was able to 
measure a length of 1/100mm in the field of the 
microscope. 

The shrinkage factor was checked by the 
measurement of the length of the tracks of the p- 
mesons of m-p-e decay which were nearly vertical 
to the emulsion plane. The stopping power of the 
emulsion at the time of the exposure was obtained 
from the mean track length Ry of nine flat ~-meson 
tracks of mp-e decays. The calibration of the 
range-energy relation was made as follows: we 


Fig. 1. Microphotograph of the 7c-2. 


calculated the range of the u-meson of the energy 
of 4.12 Mev, by the following range-energy relation, 
4.12 Mev=0. 276(My/ Mn)’ 4322) 56 , 
where M,/M,,=207/1837 is the ratio of the mass 
of »-meson to that of nucleon, and then we have 
decide the numerical factor f from the mean length 
Ru=590+10 microns of the nine flat p-meson 
tracks by the following relation: 
R=fRy . 

The energy of the x-mesons were calculated using 
the following range-energy relations according to 
their length of the x-meson tracks: 

(1) for fR=0~6(M,/M,,) mm, 

E-1=0.276(M,,/Mn)°42( fR) 8, 

(2) for fR=50~250(M,/M,,) mm, 

E-2 = 0. 1605(M;, |My)? 2*( FR)? 38, 

(3) for fR=6~250(M,/M,) mm, : 

E-3=0.2303(M 7. / Mn) (fk), 


where R is the observed length of the ~meson 
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track, and took the mean of H-\ and E-3 or E-2 
and #-3, 


The results obtained are shown in the following 
tables: 


In the Tables I and II, ( )* are the values obtained 
from without taking into consideration of the 
stopping power of the thin sheets of tissue paper 
between the emulsion sheets2), 

The Q-values obtained for c-1 and 7-2 show 
rather a good agreement with the values obtained 
in the other laboratories). The values of p/sin(t,7) 
in the Table II are not in good agreement, but 
agree within the experimental errors of the energies 
and the angles. 

The authors are grateful to Professor C. F. 
Powell, Dr. Y. Fujimoto and Professor S. Nakagawa 
for the supply of the emulsion plates. They are 
also thanks to the emulsion group of Rikkyd 
University, who gave us the facility for the 
measurements, and Mr. T. Ogata, the assistance 
for the microphotograph and Assistant Professor H. 
Mori the constant interest in this work. 

This experiment was supported by the Scientific 
Research Expenditure of Ministry of Education. 
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On the Image of Phase Microscope in 
Metastable Region 


By Shigenori NAWATA 
Research Institute for Scientific Measurements, 
Tohoku University, Sendar 
(Received November 18, 1955) 


Intensity distribution of the image of the phase 
microscope was calculated. Let y=fexp(—7g) for 
—a<a<0 and y=aexp(ty) for 0<a<a@ as the 
object and fh exp(i0) for the coated function of 
phase strip, complex amplitude in the neighbour- 
hood ay=0 (metastable region) is given by 


hsin 6 sin g 


a («—8) 
poeth) a 


h cos 6 cos gy —~ 9 


2 


(a— 8)cos g—h {a cos(g+0) 


Si (62) 
= = [ 
_ gcos(y-0)} ]£““5 


+i |“ a h cos 6 sin g + are hsin 0 cos ¢ 
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af 270822 1 : 
where St (62) =| sin p/pdp . 
In this calculation, the geometrical image of the 
point of the light source under consideration 
(hereafter, refered as pinpoint) is formed on the 
line of center of the phase strip and the diffraction 
patten about this point crosses the edges of the 
phase strip at +6. (the direction cosines of the 
diffracted wave normal at the edges of the phase 
strip). Intensity distribution is given by FF*, 
When «=8=1 the results are the same as that of 
the phase annulus). 
The author is especially interested in the con- 
tinuity of the intensity at x)=0, which were con- 
cluded from above equation as follows: 
i) when h=0, the curve is continuous indepen- 
dent of the absorption of the object a, 8 and 
also g, 

ii) when g=+nx/2, the curve is continuous in- 
dependent of «,@ and also independent of 
the h, 6 of the phase strip, 


ili) when h&0, g=+2r/2, and moreover 
(1) if «=, the curve is continuous only in 
the case of d=+7, 
(2) if a8, the curve is usually discon- 
tinuous. 

Now if, point corresponds to the pinpoint in the 
phase strip is not coated, that is h=1, it causes 
the change of the brightness of back ground of the 
image. In this case, the first and second terms of 
real and imaginary parts of the equation change 
their form, which give the conclusion as follows: 

i) when a=8, the curve is usually continuous 

at x)=0 independent of g,h and 6 of phase 
strip except pinpoint, 

ii) when «->§, the curve is always discontinuous 

independent of 9g, h, 6. 

Some examples calculated are shown in Fig. 1, 
and 2 together with the results of experiments 
shown in Photo. 1 and 2. In Photo. 2, the dis- 
continuities which were not observed in Photo. 1 
can be seen as are indicated by arrows. Details 
will be given in the paper which will be published 


soon in Sci. Rep. Res. Insts. Tohoku Univ. A. Vol. 
8, No. 1, 1956. 
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The Measurement of the Galvanomagnetic 
Tensors of Bismuth 


By Toshihiro OKADA 


Department of Physics, Faculty of Science, 
Kyushu University, Fukuoka 


(Received October 10, 1955) 


According to the phenomenological theory, the 
galvanomagnetic effect of a single crystal could be 
expressed by the following tensor-equation): 


y= Oigsls + 0tj,mnljHmHy, aie 
+ €4j x1 j(Fex,mAm+RrymnoHmHnH > eae -) 5 

where H;, (t=1,2,3) are the components of the 
electric field which is applied to the crystal, T; 
(g=1,2,3) the components of the electric current 
flowing through the crystal, Hn, Hn, H, (m,n,0 
=1,2,3) the components of the applied magnetic 
field, and &3, is a tensor of the third rank which 
is equal to zero when i=J7 or k, or =k, but equal 
to 1 when 2774=123, 231 or 312, and equal to —1 
when 77k=213, 321 or 132. 

For bismuth crystal, which has the symmetry 
D3q5=R3m, the non-zero components of the resis- 
tivity tensor are 

P11 and 33 , 
if the binary axis is taken as the first axis and the 
principal axis as the third axis, and also the non- 


zero components of the magneto-resistance tensor 
are?)3)14) 


Short Notes Foxe) 


011511 = 022,22, 011,22= 022,11, 011,33= 022533, 
03311 = 033,22, 033533, 
11523 = 012,13= — 022,23, 023,11= 013,12 = — (23522, 
23,23= 014,13, ANd 039,12 =3(011,11— P11,22) , 
and those of the Hall teosor are2)-3) 


Fy, and Rz,3 , 


and those. of the higher order Hall tensor (the 
third order galvanomagnetic effect) are) 


Fy ,111= Re,222 = 31,122 = 3Re, 119, 
R=1,193= R2,113= — Re,203, 

Foy,133= Rea,o33, R3,112= — R,222, R3,113= R3,223, 
and F3,333. 


As for a single crystal of pure bismuth, the writer 
carried out the measurement of the above given 
tensor components for the temperature range 
—160°~+45°C by the method described in the 
previous paper‘), Results are shown in the follow- 
ing table. 

The detail of this research will be published in 
near future. 
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Table I. 
Tensor +45°C Ore Fs —70°C : -- 160 o 
x10 | -0554-0,01 *19 *' |" 0.76 40.02°%20 |) ors colon 
1.26 +0.01 1.055+0.01 0.76 +0. 
i 1.595+0.01 | 1.35 +0.01 | 0.995+0.02 0.52 +£0.02 
as i = ie 10-8 
10-® x 1058 Wepe7a 0.04.1) So ee ee 
2IE0.02 | 1.69 £0.02 : 
Rm a Geietoc01 0.06 +£0.02 ~0.09 £0.02 ~0.17 £0.02 
= =a ie =120) x10-22 | x 10-22 
Pusu Ges ont oa hh tect £0.10 “19°” | “"5.652:0,3 | 2.0 42.5 
pun, 0.448+0.03 | 0.95 £0.06 3.5 +0.2 4 £15 
pd 1.79 £0.04 3.81 +£0.06 15.25+0.2 78.2 42.5 
Pate 40.24 20,04 0.53 £0.06 2.35+0.2 |W? 42.5 
Oe 1.02 +£0.03 2.28 +£0.06 8.7440.2 90.2 £18 
fae 0.175-£0.03 0.425 40.07 1470.3 13:2 £3: 
055 £0.03: | 0.12 £0 “6. 
oe 0, 193.£0.02 ~0.25 £0.05 — 0,800.2 — Soltis a 
E z 10s 7 aie _98 x 10-26 ~105 7 x 10-16 
Fi, —2.8 i Boat ene 
19123 Bis ate ma At 
19133 tis Daye Saya 
Fes,112 a ae Si TE 
3Fs,113 —0.63 | aces stents: 
£23,333 = 0) 25°5 E : 


The unit: ,j in ohm.cm, Fi,ym in ohm.cm/gauss; tj,mn 


ohm.cm/gauss?. 
* at +27.5°C ** at —167°C 


in ohm.cm/gauss?, Ri,mno in 


less accurate values 


90 Short Notes 


J. Puys. Soc. JAPAN II (1956) 90~91 


Change of Photocurrent of CdS Single 
Crystal in a Magnetic Field 


By Shoji TANAKA, Taizo MASUMI 
and Sigeru IIJIMA 


Department of Applied Physics, 
University of Tokyo, Tokyo, Japan 
(Received November 19, 1955) 


The photoelectromagnetic effects in semicon- 
ductors have been investigated recently.D-5),. These 
effects are closely related to the surface properties 
of semiconductors. 

The experiments reported here concern the 
changes of photocurrents of CdS. single crystals in 
magnetic fields, and the obtained results seem to 
be different from the other effects which may be 
expected in the ordinary galvanomagnetic effects. 


i 
i} rm 
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Inrkee D7. 


With application of magnetic field, the photo- 
currents of CdS single crystals increase or decrease 
according to the directions of the field. The experi- 
mental arrangement is shown in Fig. 1 schematically. 

The specimens are thin flakes of CdS single 
erystals which were prepared by the Frerichs’ 
method.®) The samples are illuminated on one 
face by the light. The applied electric and 
magnetic fields are parallel to this face and per- 
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pendicular to each other. The low potential end 
of the sample is connected to ground through a 
low impedance resistor, the voltage across which 
was measured with the differential amplifier. The 
distance of the metal electrodes is 0.2 mm and the 
applied voltage between them is 200 volts at most. 
For illumination, the monochromatic blue light 
(436 mp in wavelength) and green light (548my in 
wavelength) are used, the former lies in the strong 
absorption region and the latter in the long wave- 
length tail of the absorption edge. 

The changes of the photocurrents induced by the 


(aly 


|x10-2 


H= 7100 Gauss 


Electric 
Field 

at 

104 valts/i., 


=S 


(aDu/p 


| (arbitrary 
units 


= £0, _ 50 Freq (cps3 


25. 50 100 200 500 IKe 


E= 25X 10° volts/om 


under the illumination of the blue laght 
Kigt 4) 


illumination of the blue light with magnetic fields 
imcrease or decrease proportional to the strength 
of the magnetic field H as shown in Fig. 2, 

In this figure, J is the photocurrent in the absence 
of the magnetic field, while (AT), is its change due 
to the application of the magnetic field, and the 
positive direction of the magnetic field H is such 
that the flowing current carriers in the crystal are 
deflected towards the illuminated surface. 


1956) 


Under a constant magnetic field, the absolute 
value of the ratio (AZ),,/I increases linearly with 
the applied electric field H in both directions of 
the magnetic field (Fig. 3), and when the direction 
of the electric field is reversed, the reversal sign 
of (AI);/I is also observed. That is, for our 
observations the following expression may be 
probable, 


(Al\_/T=+C-EH (1) 


where C is a constant, independent of the intensity 
of illumination in the range of the present experi- 
ments in which the photocurrent is at most 70 »A 
with the electric field of about 8000 volts/cm. 

These effects, however, have considerable fluctua- 
tions from sample to sample, and these fluctuations 
might be caused by some sensitive properties which 
are included in the constant C in the Eq. (1). 

When the sample is illuminated by the green 
light, general features of the results are similiar 
to the case of the blue light, while the value 
(AD) /Z is smaller by a factor of ten although the 
photocurrent is the same order in both cases. 

The experiments above mentioned are the static 
case. The further experiments in which the 
alternating electric field and the static magnetic 
field are used indicate that the rélaxation effects 
are observed under relatively low frequencies. In 
the present experiments the alternating electric 
fields are sinusoidal and their amplitudes are kept 
at a constant value over the frequency range from 
25 cps to 5kc/s. 

The measurements of the changes of the alternat- 
ing photocurrents are made by reading the change 
of the positive peak voltage across the connecting 
resistor. 

A typical example of the experimental results 
illustrated in Fig. 4 indicates that the relaxation 
effects appear even below 300 cps and in the 
frequency range above 2kc/s the effects of the 
tatic magnetic fields are not observed, while the 

Fotocurrent is nearly independent of the frequency 

of he electric fields. 

Itnight be considered that the behaviour of the 
exciti current carriers near the illuminated surface 
of Cd\single crystals contributes to these pheno- 

ena athe internal behaviours of the carriers, i.e. 

2 surf. recombination of excited carriers dis- 

Sed byR. H. Bube” in CdS or the decrease 
One effetye carrier mobility in the space charge 


lays discieq py J. R. Schrieffer8) in Germa- 
nium 
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On the Transition Temperatures of 
Superlatties Au;Cu and AuCu, 


By M. SHIMOJI 


Dept. of Chemistry, Faculty of Science, Hokkaido 
University, Sapporo, Japan 


(Received October 7, 1955) 


It is interesting that solid alloys AusCu and 
AuCuz have different transition temperatures of 
order-disorder), while the usual theory predicts 
the same transition temperatures for them. This 
discrepancy is evidently related to the simplicity 
of the theoretical model for the system, just as 
described in Guggenheim’s text book. In the usual 
statistical theory of order-disorder the atomic 
structure of the system is quite ignored in the 
view of taking into account only combinatory factor 
and the concentration-independent interaction energy 
between a pair of the binary components, i.e., 
(W,=const.) Accordingly, theory must be improved 
by the reexamination of the model. Of course, 
the difference of electronic structure of the alloys 
should give the asymmetric behaviour. 

However, another improvement is presented here. 
This is based upon the fact that the atoms of Au 
and Cu have different atomic sizes respectively. 
The molar volume of the gold-copper alloys is 
given by 

Vn=Culcu+@Auvau , (iL) 


where 2 y and wau are the mole fractions of Cu 
and Au, Ycu and vau are the molar volumes of pure 
components respectively. On the other hand, the 
energies between each pair are functions of the 
volume of the assembly. The “interchange energy” 
W, is determined by the “volume”. The general 
relation between Ws; and volume is complicated. 
However, we take a simple assignment, putting 


Ws=WelVm, (2) 


where W, is a constant independent of the con- 
centration. This choice coincides with the Hilde- 
brand-Scatchard relation~) in regular solution. The 
statistical thermodynamics of the mixtures of atoms 
with slightly different sizes*) shows that the equa- 
tion (1) is approximately the reasonable expression 
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in the lattice model of liquid alloy. The evalua- 
tion of the partition function for the order-disorder 
of the whole assembly is unaffected by any absolute 
magnitude of the interchange energy. 
As Ws is given by (2), we have the relations 
Ws; (Au3Cu) =0.10 W, , (539) 
and Ws; (AuCus) =0.12 W, . (4) 
The theoretical transition temperature of these 
alloys is 


Ws 
1 340603 >) 
in the first approximation of quadruplets. Thus 


we see that 


T,(AuzCu) 0.10 

T,(AuCug) 0. igs 
from equation (3), (4) and (5). The present 
theoretical ratio agrees with the experimental 


results, i.e., 


(6) 


(calc.) 
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T, (AugCu) _ 516° 
T,(AuCus) 664° 
Taking into account the degree of the approxima- 
tion, the similar tendancy between (6) and (7) is 
quite to be surprised. The transition temperature 
of AuCu is outside of the present theoretical ap- 
plication, because the change in spacing which 
accompanies the disorder-order transition is ignored 
in the usual statistical theory. 
The author is grateful to Prof. E. A. Guggenheim 
for making communications about this problem. 


0.78 (obs.). C75) 
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Theory of the Ortho-Para Conversion in Solid Hydrogen 


By Kazuko Motizuxi and Takeo NAGAMIYA 
Department of Physics, Osaka University 


(Received September 14, 1955) 


The rate of ortho-para conversion in solid hydrogen (H») is calculated 
taking two kinds of interactions between ortho-molecules into considera- 
tion: interaction between the nuclear spins of one molecule and those of 
the other molecule and interaction between the rotational magnetic 
moment of one molecule and the nuclear spins of the other molecule. 
When an ortho-molecule converts into a para molecule, the rotational 
energy of the former is emitted as lattice phonons; we take the Debye 
model for the lattice vibrations and find that the dominant process is 
the emission of two phonons. The result for the rate of conversion 
(including a small effect arising from the emission of three phonons) is 
1.94 percent per hour, which is comparable with the observed value of 
1.75 percent per hour due to Cremer and of 0.9 percent per hour obtained 
recently by Hill. Further, the effect of a small amount of oxygen dis- 
solved in solid hydrogen is treated and curves for the increase in average 
concentration as functions of time are plotted for various values of the 
oxygen concentration and of the initial ortho concentration. They are 
compared with preliminary measurements made in Téhoku University. 


Introduction 


Sil 

The problem of ortho-para conversion of 
hydrogen molecule dates from old days: the 
conversion rate in gaseous hydrogen was 
calculated by Bonhoeffer and Harteck (1929)? 
for the case where the gas is pure and by 
Wigner (1933) for the case where gas con- 
tains a catalytic substance. The rate of con- 
version is enhanced by introducing para- 
magnetic ions or molecules, since the in- 
homogeneous magnetic field produced at an 
ortho-hydrogen molecule by these paramagne- 
tic ions or molecules decouples the parallel spins 
of the two protons of that molecule. Kalckar 
and Teller (1935)®) calculated the ratio of the 
conversion rates in H, and D. when oxygen 
molecules were used as catalysers and pointed 
out that the interaction between the inhomo- 
genous electric field and the quadrupole 
moment of the nuclei is important in the case 
of D,. Farkas and Sandler (1939)? confirmed 
this point experimentally. Further, Casimir 
(1940) discussed in detail the interaction 
between such inhomogeneous electric field and 
the quadrupole moment of heavy hydrogen 
and explained successfully the experimental 
results. An ingeneous point in Casimir’s 
treatment is that he avoided the complicacy 
of the motion of hydrogen molecules by taking 
the ratio between the effect of the magnetic 


field and that of the electric field. 

The rate of conversion from ortho to para 
in solid hydrogen presents another interesting 
problem. No theoretical treatment of it 
appears to have been made so far. It is 
known that hydrogen molecules in _ solid 
hydrogen are rotating freely (to a good ap- 
proximation) as in gaseous hydrogen, so long 
as the temperature is not lower than about 
2°K, which a lambda transition is observed 
for the crystal of high enough ortho concentra- 
tion. When an ortho-molecule converts into 
a para-molecule, the rotational state of this 
molecule changes from J=1 to J=0, and the 
difference of the energies of these states 
must be taken up by the lattice vibrations. 
Measurements of the natural ortho-para con- 
version in solid H, (also liquid H:) have been 
made by Cremer and Polanyi (1932, 1933)? 
and by Cremer (1935, 1938) who found that 
the rate is proportional to the square of ortho- 
concentration, independent of temperature 
from 4°K to 14°K, and has a value of about 
2% per hour for virtually 100% ortho hydrogen. 
More recently, Hill and Ricketson (1954), in 
their precise measurements of the thermal 
properties of solid hydrogen of various ortho- 
concentrations down to 1.15°K, resumed the 
measurements of the conversion rate, and 
they used the heat liberated by conversion to 
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warm up the specimens; they confirmed that 
the rate is independent of temperature bet- 
ween 1.8°K and 4.5°K and assumed this con- 
stant value for lower temperatures. The 
value was, however, about one half of that 
given by Cremer. Kanda, Sugawara and 
Kobayashi” at Tohoku University are doing 
similar experiments and are obtaining similar 
results. They are also investigating the effect 
of a trace of oxygen molecules mixed in 
hydrogen. 

We report in this paper our calculation of 
the rate of conversion in solid hydrogen (H») 
with the use of the Debye approximation for the 
lattice vibrations. We treat the natural ortho- 
para conversion as well as the effect of dis- 
solved small amount of oxygen molecules. It 
can be expected that the Debye approximation 
is poor since large zero-point motion of the 
molecules must exist in solid hydrogen. 
However, it can be conceived that, for long 
waves, phonons are superimposed on this 
zero-point motion and that, by taking the 
average of the matrix elements of the transi- 
tion over this zero-point motion, one would 
obtain a reasonable result for the conversion 
rate. In our actual calculation, we did 
not carry out this averaging procedure. More 
serious errors might arise from the circum- 
stance that for short waves, which are actually 
important for our calculation, the assumption 
of the separability of phonons from the zero- 
point motion would be a poor approximation, 
and, even if an appropriate approximate 
separation could be made in a reasonable way, 
the phonon spectrum would be much different 
from that given by Debye’s continuum model. 
At present, however, we have no rigorous 
treatment of the lattice vibrations in solid 
hydrogen, so that we have no other ways 
than to resort to the Debye approximation. 
That the result obtained (2% per hour) is in 
reasonable agreement with experiment seems, 
however, to support the validity of this 
approximation. 


The programme of our calculation ismas 
follows. We first write down the interaction 
between two ortho-hydrogen molecules which 
gives rise to the conversion; this consists of 
magnetic interactions between the nuclear 
spins of one molecule and those of the other 
molecule and the magnetic interactions be- 
tween the magnetic moment of one molecule 
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produced by its rotation and the nuclear spins 
of the other molecule. Taking these interac- 
tions as perturbations, we calculate the 
matrix elements which connect the ortho-state 
to para-state of one of the two molecules. 
The matrix elements are given as functions 
of the mutual distance between the two 
molecules. They are expanded in powers of 
the mutual displacement measured from the 
mean distance of the neighbouring molecules 
in the actual crystal. This displacement is 
expressed in terms of the normal modes of 
vibrations of the lattice. Finally, the pro- 
bability of the ortho-para transition with the 
simultaneous emission of phonons to balance 
the energy change due to change in the 
rotational state is calculated. Emission of 
only one phonon is impossible because of the 
conservation of energy. Emission of two 
phonons turns out to be most effective for 
the conversion. The probability of the emis- 
sion of three phonons is also calculated, but 
this probability is small. In the final section, 
the effect of oxygen molecules dissolved in 
solid hydrogen is discussed for the case where 
no diffusion of hydrogen molecules is taking 
place. 


§2. Wave Functions and Interactions 


The ortho-hydrogen molecule has a resultant - 
nuclear spin of magnitude one and its rota- 
tional state has an odd quantum number; the 
para-hydrogen molecule has zero resultant 
nuclear spin and its rotational quantum num- 
ber is even. Since the difference of the 
rotational energies of J=1 and J=0 amounts 
to 172°K in temperature scale, the ortho and 
para molecules in solid hydrogen, whose 
melting point is 14°K, are practically in the 
rotational state of J=1 and that of J=0, 
respectively. Thus the spin and rotational 


wave functions of the ortho-molecule are 
given by 


$ii=a(l)a(2) , } 
%1,0=(1/V 2 la) R(2)+ a(2)8(1)] , (2.1) 
%1,-1= BO)B(2); } 
d11= —(1/2)(3/22))? sin 6 e'? , ) 
dr ,o=(3/472)!/? cos 6 , \ (2-2) 


$1, -1=(1/2)(3/2z)¥? sin Be-H 


and those of the para-molecule by 


1956) 
Po=(1/V 2 \lad)B(2)—a(2)B(1)] , (2k) 
Po=l/2v' xz), (2.4) 


where a, B are Pauli’s spin functions, 1, 2 
represent two protons in the molecule, and 
6, ¢ denote the polar and azimuthal angles of 
the molecular axis. The polar axis can be 
taken arbitrarily in the space. 

The interaction between two molecules 
which causes the ortho-para conversion consists 
of two parts: 1. interaction between the pro- 
ton spin moments of one molecule and those 
' of the other molecule, 2. interaction between 
the proton spin moments of one molecule and 
the magnetic moment due to rotation of the 
other molecule. We shall denote these two 
interactions by H;; and Hs, respectively. We 
shall further denote by a and 6b the two 
molecules and by al, a2, etc. the first and second 
_ protons of the molecule a, etc. of one of the 
two molecules is para, the matrix elements 
of Hs; and Hs; connecting the ortho and para 
states of the other molecule vanish when 
averaged over the rotational motion of the 
para molecule, so that we have only to con- 
sider pairs of ortho-molecules. The 7s-interac- 
tion between two ortho-molecules @ and 8, 
which converts the molecule ) into para, can 
be written 


Hye; Aa, 61)+4H,;(a, b2) (5) 
where 
H,s(a, 01) =(pr/tn/ Ran|¢| (A+B+C 
+D+E+F), 


A = Jaztoi Rav 77h) ) 
Be —t Tee Ge Rete) 


ar (Jax =F tJ av )(to1 x—2201 | 
x (Rani —3Zan1) 5 


C=— ; [JaxttJav)in1,2t+Jax(in,xttnry)] 
* Zaspi(Xa,r1—2Ya01) » 

D= — 31 0 se aeceall| 
x Zasv1(Xa,vittVayn) 

ie : (JaxtiJur\éo,x-+tin,y) 
x (Xa,01—-2Ya,01)" 


F= —! (Jax—tJ] av)(Gv1,x—t01,r) 


x (Xa501 +2Ya,01) . 
(2.6) 


Theory of the Ortho-Para Conversion in Solid Hydrogen OS 


Here “4, and ty» are the rotational and proton 
magnetic moments, J andi the rotational and 
proton angular momenta in units of (|¢|=1/2) 
(2 appearing in brackets being V1), Rz,o1 the 
magnitude of the vector joining the centre of 
gravity of molecule @ to the first proton of 
molecule b and Xq,01, Ya,v1, Zaso1 its compo- 
nents. The ss-interaction which converts the 
molecule 6 into para can be written 
A;;=H3s(a1, 61)+H;;(a1, 62) 

+ H;;(a2, b61)+F33(a2, 62) (Zara) 
where for instance H;(a1, b1) represents the 
interaction between proton al and proton 61 
and can be written in a similar form as (2.6), 
the first factor in the right-hand side of (2.6) 
being replaced by (/p?/Rai,»1|¢|”) and Jaz, Rayos, 
Dao etc. in A, B, BAO F by Teale Rai,01, Zai,v1, 
eles 

We look for the matrix elements of Hs 
+H,; between the state a=ortho and b=ortho 
and the state @=ortho but b=para. These 
matrix elements can be grouped into two: 
one is of such a property that the initial and 
final states of molecule a are the same, both 
with respect to its rotational state and spin 
state, and the other is such that either the 
rotational state or the spin state, or both, of 
molecule @ change. When only the latter 
group is concerned, we are allowed to calculate 
the transition probability due to the interac- 
tion H;;+H;s between a and 6 and then sum 
up this probability over the molecules @ which 
surround the molecule 4. However, when 
the former group is concerned, we must, in 
principle, first sum H;s+H;s over the mole- 
cules a surrounding the molecule 6 and then 
calculate the transition probability; this intro- 
duces a great complicacy of calculation 
since the state of each ortho-molecule is nine- 
fold degenerate. We therefore treat the first 
group in the same way as the second group, 
hoping that the interference effect among the 
interactions coming from different @ molecules 
is negligible. Thus we calculate the transi- 
tion probability from the interaction Hamil- 
tonian between neighbouring two ortho-mole- 
cules and then multiply it by the average 
number of ortho-molecules surrounding each 
ortho-molecule. This simplification introduces 
a further simplification of the calculation 
when we adopt the Debye approximation of 
lattice vibration: namely, we can take the 
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axis of quantization (z-axis) to be the line 
joining the equilibrium positions of the mole- 
cules @ and JB, since in the Debye approxima- 
tion the lattice is treated as isotropic, though 
actually the lattice of molecular hydrogen is 
hexagonal close-packed. 

All the mathematical details of the calcula- 
tion of the transition probability will be given 
in Appendices A and B, and we shall proceed 
directly to the result. 


§3. Numerical Result and Comparison 
with Experiment 


The crystal of hydrogen molecules is hex- 
agonal close-packed with R)»=3.75 A™ for the 
intermolecular distance of any of the neigh- 
bouring pair. The corresponding density is 
o0=0.0897 gr/cm*. Other necessary data for 
our calculation are as follows: 

Difference in rotational energy between J=1 
and J=0 (in temperature scale): #,=172°K 


Debye temperature: @n=91°K 
: 4n \327 V R@p 
d velocity: = (| —— a 
Sound velocity: wv (acm) NR 
=1.021 x 10° cm/sec 
Internuclear distance™: 27=0.74A 


Proton magnetic moment: 
Ltp= 1.403 x 10-8 erg/gauss 
Rotational magnetic moment: 
[i <OVBMO SK jigs 
The integrations of (B. 11) and (B. 12), which 
give the probability of ortho-para transition 
with the emission of two and three phonons, 
respectively, were carried out graphically. 
The results are: 


12W(2)=1.74x10-? per hour,) - 
12W(3)=0.20 x 10-? per eee 
total: 1.94 10-? per hour. 
Thus, the three-phonon process yields a pro- 
babiltiy about one tenth as large as the two- 
phonon process and the total calculated pro- 
bability is 1.94% or roughly 2% per hour. 


Polanyi and Cremer”-®) found that the 
ortho-concentration c 


changes with time 
according to the equation 
Ee ea cal 
ah es ep) 
with 
k=1.75 x 10-? per hour, (2) 


which they found to be independent of tem- 


perature between 4°K and 14°K. This value 
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of k should be compared with our result given | 
above. The agreement is apparently perfect, 
but it must be somewhat fortuitous for the 
following reasons. 

From the theoretical point of view, we 
cannot expect more than the correct order of 
magnitude of k, since we assumed small 
vibrations of the lattice, which should be 
inadequate for such a light molecule as 
hydrogen, and moreover the Debye approxi- 
mation for the high frequency part of the 
vibration spectrum, which is efficient for the 
two-phonon process, is most poor (possibly it 
gives too large level densities there). Further 
we assumed that each interacting pairs of 
ortho-molecules contributes independently to 
the conversion rate; actually, as each ortho- 
molecule is surrounded by a number of ortho- 
molecules, we must in principle first take the 
sum of all the interactions between the former — 
and the latter, calculate the matrix elements 
of the sum and then square it, whereas we 
first calculated the square of the matrix 
elements or each interaction and then took 
their sum (actually multiplied by 12c). One 
may hope, however, that the errors caused 
by such a procedure are cancelled out after 
taking the average of the total conversion 
rate over all the possible initial states of the 
surrounding molecules and, when the ortho-con- 
centration is not 100%, over all the possible 
distributions of the surrounding ortho-mole- 
cules. Should this conjecture be incorrect, we 
have no more the bi-molecular law (3.1). 

One more point overlooked by the present 
calculation, which, however, seems to be 
unimportant when the time of measurements 
is not too long and the ortho-concentration is 
not too low, is this: when an ortho-molecule 
becomes isolated because all the surrounding 
ortho-molecules happened to change to para, 
it can no more change to para. This effect — 
was investigated theoretically and experl- 
mentally by Cremer®, who found that the 
effect is noticeable only after 60 hours, 
starting with the normal concentration of 
ortho. If diffusion of hydrogen molecules is 
taking place rapidly enough, we should have 
no effect of this isolation, but actually the 
diffusion seems to be practically negligible 
according to Cremer, though his estimation 
of the effect of isolation is crude and con- 
sequently his value of the diffusion constant 
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deduced by comparing his theory with his 
experiment cannot be claimed to be accurate*. 

Also from the experimental point of view, 
it seems that Polanyi-Cremer’s value of k is 
not the ultimate one. Recent measurements 
by Hill (also by Kanda, Sugawara and Ko- 
bayashi») give a value of & of 0.9% per hour. 
Further, oxygen molecules contaminated in 
solid hydrogen will greatly enhance the con- 
version rate, as we shall see in the next 
section. 


§ 4. Effect of Oxygen Molecules Contained 
in Solid Hydrogen 


Oxygen molecule in its ground state has a 
spin of magnitude one, the corresponding 
magnetic moment being two Bohr magnetons, 
so that even a small amount of oxygen con- 
tained in the crystal of hydrogen can influence 
the rate of conversion to a great extent. 
Ortho-molecules in the neighbourhood of an 
oxygen molecule will change to para in a 
short time, so that the initial increase of 
para-concentration will be great. Since the 
rate of conversion due to an oxygen molecule 
is proportional to the inverse twelvth power 
of the distance between the oxygen molecule 
and the hydrogen molecule, as we shall see 
below, a small sphere of complete para- 
molecules is formed instantaneously around 
the oxygen molecule and this sphere sub- 
sequently expands slowly. 

We shall assume that the effect of diffusion 
of hydrogen molecules is entirely negligible, 
as suggested by Cremer’s® experiment. If 
diffusion takes place, ortho-hydrogen molecules 
at distances from the oxygen molecules will 
migrate into the action spheres of the oxygen 
molecules, change to para, and then leave the 
spheres. Therefore, the rate of conversion 
is increased. (Measurements of this increase 
might provide a mean of determining the 
self-diffusion constant if the latter depends 
significantly on temperature.) 

The spin of each oxygen molecule changes 
its orientation with time. The relaxation 
time associated with this change of orientation 
may depend on the oxygen concentration as 
well as the thermal agitation of the surround- 
ing hydrogen atoms; the former governs the 
spin-spin relaxation and the latter the spin- 
lattice relaxation. At high concentrations of 
oxygen, say 0.1 atomic percent, thes pin-spin 
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relaxation might predominate but the relaxa- 
tion time might still be as long as 10-° or 
10-7 sec, which is very long compared with 
h/E,~10-13 sec, where E, is, as before, the 
difference in rotational energy of the ortho 
and para molecules. We can therefore safely 
assume that oxygen spins are at rest when 
considering the ortho-para conversion. 

We first calculate the rate of conversion 
into para of an ortho-molecule at a distance 
R from an oxygen molecule which has 
substituted a hydrogen molecule in the lattice 
of solid hydrogen (R measures the distance 
between the centres of these molecules). The 
possible distortion of the lattice and the change 
of the lattice vibrations due to this substitu- 
tion will be neglected. The oxygen molecule 
is assumed to be at rest (so that certain 
medes of lattice vibrations are eliminated and 
a smaller conversion rate should result). The 
oxygen molecule produces an inhomogeneous 
static magnetic field around itself and the 
nuclear spins of the hydrogen molecule couple 
with it. The interaction Hamiltonian is the 
same as (2.6) except that the rotational 
magnetic moment of molecule a is now re- 
placed by the magnetic moment of the oxygen 
molecule. The calculation of the transition 
probability proceeds in quite a similar manner 
as before, so that we shall motion only its 
essential points: 

First, the matrix elements connecting the 
ortho state to para stste are calculated, taking 
account of only the spin and rotational states 
of the hydrogen molecule. Then, they are 
expanded in powers of the displacement of 
the hydrogen molecule, measured from its 
equilibrium position, as in §4. The displace- 
ment of the oxygen molecule is taken to be 
zero. Terms corresponding to the emission of 
two phonons are considered, others neglected. 
All the final matrix elements are squared 
and summed up, then divided by 9, the 
number of the initial states. The result is 
the same as (B. 6) with W.(2) given by (B. 
11(, except that we now have different values 
to the coefficients C; and that the factor 81 


* Recent measurements by Rollin and Watson 
(B. V. Rollin and E. Watson, Conference de Physique 
des Basses Températures, Paris, Sept. 1955) by the 
method of proton magnetic resonance show also 
that the diffusion rate is very small below about 
8°K. 
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of (B. 11) is replaced by 
are as follows: 


in the denominator 

9; the present C;,’s 
C 
Cit Cy= 24 uy" Hor” 
C3+C.=15 pep? Hos” 
Cs 


— 2 pp??? 
(4.1) 
= 36/p? Hor” 


Further, we average the result with respect 
to isotropic orientation of the oxygen spin. 

In this way we finally obtain the rate of 
conversion of the hydrogen molecule at 
distance R as: 


Roxy. = Wowy.(2) =250(Ro/R) per hour (4.2) 


where Ro=3.75A is the interatomic distance 
in hydrogen crystal. Comparing this result 
with k given by (3.2), we find that the dis- 
tance at which Rozy. equals k is R=2.7R,. 

Fig. 1 respresents the number of para 
molecules produced around an oxygen mole- 
cule as a function of time; curve A is obtained 
by calculating the same 


Npara(b) => > [1 —exp(—Rozy.)Ri)to (4.3) 


over all the surrounding hydrogen atoms 2, 
and curve B by replacing this sum by an 
integral. assuminig that the hydrogen atoms 
are distributed continuously and uniformly 
around the oxygen molecule with the density 
of the actual solid hydrogen, and subracting 
1 from it because the oxygen molecule has 
replaced one hydrogen molecule. That is, 
(4.3) is replaced by 


Nyaralt) = nl 1 —eXP(—Rory.(nb]4ardr—1 , 
0 
(4.4) 


where 2» is the number of hydrogen molecule 
per unit volume. Both correspond to the case 
of 100% ortho. We see that the difference 
between these two curves is smell, particularly 
after a long time. So we proceed below with 
this continuum model. (Curves C will be ex- 
plained later.) 

We seek the number of para-molecules pro- 
duced in time ¢ by the action of the oxygen 
molecules and simultaneously by the action 
of ortho-ortho interactions. Let the con- 
centration of ortho-molecules at distance Yr 
from an oxygen molecule at time # be c(y, 2). 
The time rate of change of this quantity can 
be obtained from the equation 
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en —Rozy. (rer, L)—Nnyor CY, Ler, t) iy 
(4.5) 


where Rnyar, is the previous & and c(7, t) means 
the average of the concentration over the 
sphere of radius Ry which encircles the point 
under consideration; to a good approxima- 
tion, this average concentration may be put 
equal to c(r,z), because ¢ differ significantly 
from c only near the boundary of the small 
region within which all the ortho-molecules 
have converted to para molecules by the 
action of the oxygen molecule and which ex- 
pands with time mainly due to this action, 
while the dominant effect of the last term in 


(6.6) if found in the larger outer region. So, 
putting c=c, and integrating, we have 
CoRoey (1) 
e(r, t) =—— se Oo — 
ie [Roxw.(%) +CoRnvar. lexp[Rozn.(7)t] —CoRnvar. 
(4.6) 
which reduces to the solution of (3.1) 
c(t)= fy (4.7) 


l+epRavar.t 
when Roxy, is neglected. Here cp is the initial 
concentration. 

The excess number of para-molecules, 47», 
produced in time ¢ when one oxygen mole- 
cule is present is calculated by integrating 
the difference between (4.6) and (4,7) over 
the whole volume, multiplying the result by 
My,, the number of Hy, molecules per unit 
volume, and subtracting cy) (the probability 
that the oxygen molecule replaces an ortho- 
molecule): 


4 Aparalt) 


=nu\ lene oo =c(7, t) |bnr*dr—ey ; 
(4.8) 
Th(s is not the number of para-molecules 
produced by the action of the oxygen mole- 
cule when there is simultaneously the action 
of the interactions among ortho-molecules; it 
is given by 


-) t 
us| Roxy (7) | c(r, t)dt4nrdr , (4.9) 
0 0 


which, when calculated, comes close to the 
curve iB of SRigA1lo4) Tomevnid confusion, 
however, we have given only curves of (4.8) 
in Fig. 1 (denoted as C). The increase of the 
average concentration of para-molecules at 
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an arbitrary molar concentration of oxygen a, 
is 


2R t 
Ac — 0 Rnvar, 
aii 1 os CoRnyar. t 


Full curves in Fig. 2 have been calculated 
with the use of (4.10) and broken curves with 
the use of the approximate formula ° 


+ AANparat) . (4.1) 


Co’Rnyar,t 
De ging 


1 +CoRnyar. t 


Nparalt) being given by (4.4). The value of 
Rnyar, used in these curves is the calculated 
one. 

In the above derivation, we have tacitly 
assumed that each oxygen molecule contributes 
to the conversion independently of one 
another. If oxygen concentration is so high 
that action spheres of the oxygen molecules 
come close together, this assumption is no 
longer valid. In such a case, we may take 
the following approximation. Oxygen mole- 
cules are first supposed to form, for con- 
venience, a simple cubic lattice with a unit 
cell volume equal to the total volume divided 
by the number of the oxygen molecules. 
Then, forming a sphere around each oxygen 
molecule whose radius is equal to the lattice 
constant, and distributing six oxygen mole- 
cules on each such spherical surface, with a 
uniform probability, and putting an oxygen 
molecule at its centre, we calculate the 
central-symmetric field of conversion with the 
use of (4.2). Finally, a smaller sphere with 
the same centre and with a volume equal to 
the volume per oxygen molecule is described 
and equation (4.5) is applied within this 
sphere. Possibly, € cannot be approximated 
by c in this case, but then we encounter 
a great mathematical difficulty, so we put 
¢=c. The solution obtained in this way for 
the case of 75% initial ortho and 0.5 molar 
percent of oxygen is shown by a dotted 
curve in Fig. 2. It does not differ much 
from the corresponding curve obtained with 
the use of (4.10). Comparison with pre- 
liminary measurements made in Tohoku 
University reveals that the specimen used 
might have contained about 0.2 molar percent 
of oxygen. Measurements with intentively 
mixed oxygen are desirable for a further 
verification of the present theory. 


Se ANpara(t) (4.11) 


We are indebted to Professor E. Kanda, Dr. 
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Fig. 1. Number of para-molecules produced around 
an oxygen molecule, as a function of time; 
Curve A is obtained with the use of Eq. (4.4), 
Curve C Eq. (4.9). 


% 
70r 


—— > para concentration 


5 
hour 


Fig. 2. Increase of the average concentration of 
para-molecules as a function of time for various 
values of the molar oxygen concentration and 
of the initial ortho-concentration. Full curves 
ware calculated with the use of Eq. (4.10) and 
broken curves with the use of Eq. (5.11). A 
dotted curve for 0.5molar percent of oxygen 
and 75% initial ortho-concentration was cal- 
culated taking account of the simultaneous effect 
of neighbouring oxygen molecules. 

@® and x represent experimental values obtained 
at Tohoku University. 


C. Sugawara and Miss H. Kobayashi of To- 
hoku University for kind communications of 
their results and to Dr. Yoshida and other 
members of our laboratory for helpful dis- 
cussions. 


Appendix A. The matrix elements of Hs 
and Hs; with respect to the spin and rota- 
tional states. 


This and the next appendices fill the gap 
between §2 and §3. 3 

(a) The matrix elements of Hs. H;s does 
not contain the spin operators of molecule a, 
so that we have only diagonal elements of it 
with respect to the spin states of a. The 
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non-vanishing matrix elements of the spin operators of molecule 6 with respect to the spin 
states of molecule 6 are as follows: 


: 1 
$1, 0(8)|201,4|Po(b)> = ; <91,0(B)|tv2,2| Go(b)> = — 9 
€G1,1(0)|¢01,x+2001,r|G0(b)> = <5 (G1,1(0)|202, x +-2202,x|9(b)> 5 (A. 1) 
<G1,-1(0)|@01, x —241,r|0(b)> = = D) (9 1,1(0) |to2, x —2o2,¥ |go(b)> = 5 


The non-vanishing matrix elements of the angular momentum operator of molecule q are: 


<¢1,1(@)|Jaz|1,1(a)> =1 
<f1,-1(@)|Jaa|f1,-1(a@)> =—1 

: é x (A. 2) 
<$1,0(@)|Jax +2] av|$1,-1(@)> =<11(@)|JaxttJar|pio(a> =V 2 | 
<P1,0@)|Jax—2 av|P1,1(@)> =(1,-1(@)|Jax—tJ ar|$1,o(ay>=V 2 : 


In taking the matix elements of H,, with respect to the rotational states of molecule b, we 
have to calculate those of (Ria 3 Zaps. etc. We expand the latter quantities in 
powers of 7/R, where + is half the internuclear distance of each molecule and R the distance 
between the centres of the two molecules; 7/R=1/10<1 if we take for R the mean distance 
in the actual crystal. Since H,s is the sum of H,s(a,b1) and H,s(a, 62), and is invariant 
against the inversion of molecule } with respect to its centre, and since the matrix elements 
of 71 have opposite sign to those of Zo2, aS seen from (A. 1), we have only to retain those 
terms of the expansion which change sign under the inversion of molecule b. The first 
terms of the expansion are discarded by this reason, the second terms adopted, and the 
higher order terms neglected. Then we have the following results: 


A and B terms: eee Rost —3Zan1 od) d= y/ 3 
aX H,d1 2 
Rai —3Za,01| 4 / ee 
C toto) Ren 22 0) mV 8 Fe 
yd 


er Beal) | Reanim 3Za,01 by (b) 


Grd1 


~ BP 
pai ats 


Wo) = Pats 
; Zayvi(Xayv1—tY a1) / nabichy = 
< din] R:,, ini) >= V3 sie 


C$ina(b) a Wd) D=Ss 
Myd1 
D term: (Hind Seni Regt Yona Wd) =—Ss 
LZa,o1(Xayv1ttYa,v1) \ i) 
Ctr] dal) ah (A. 3) 
(op (b) 


Za; Xasv1 +t ¥ a501) 
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5 
Ra,o1 


F term: é 
Ra,v1 


<<) ,0(0) | (Xayo1 +¢Vayo1)? 


5 
Rav 


UR (eek 
€ | 
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where fp. fi,---, fo are functions of the relative 
coordinates X, Y,Z(X?+Y°+Z?=R?*) of the 
centres of molecules @ and b and are given 
as follows: 


Tie AC Cee So ag! = 
fi=(R?—5Z?)(X—1Y) = 
fr=(R°-BZYX HY) F 
fr=AX-1Y 

fr=AX+1¥) 

Fe oR 5x yyy 
Lom V/ 6 U \ if R’ 


fo={XG—3XY?)—18X2Y— Y3)} = 


fr=(—-3XY) +18KY-Y)} 


2 5(X2-- V2UX—iV) 

Hsin 

ey oe DA eX Per Ypi 
(A. 4) 


The same formulas apply when 01 is replaced 
by 62. Combining all the above formulas, 
we can calculate the required matrix elements 
of Ays. 

(b) The matrix elements of Ass. 
culating the matrix elements of erg. the 
product of ¢u1,2 and z1,z, we can apply the 
formulas (A. 1) separately for molecules @ and 
b; the results may not need be reproduced 
here. In calculating the matrix elements with 
respect to the rotational states of geand. 0, 
we again expand Hs; in powers of 7/R. A 
little consideration will show that we have 
only to calculate those terms of Hss(al, 51) 
which are invariant againt the inversion of 


in cal- 
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molecule @ and change sign against the inver- 
sion of molecule 6, and then to multiply the 
result by 4 in order to take account of 
Ass(al, 62), Hss(a2, 61) and Hys(a2, 62). The 
leading terms of the expansion of H;;(al, 61) 
which satisfy these conditions are the same 
as those which we considered above in (a) in 
the expansion of A,s(a,bl), so that we can 
utilize the results (A.3) and (A. 4) for each 
of the three rotational states of molecule a. 

Now we can proceed further. We have 
initially an ortho-molecule @ and an ortho- 
molecule 6 and finally an ortho-molecule a 
and a para-molecule 6. Each ortho-state is 
nine-fold degenerate, so that the initial state 
is 8l-fold degenerate. The final state is 
9-fold degenerate. As we are interested 
in the probability of transition from one of 
the 81 initial states to any one of the 9 final 
states, we sum up the probabilities of all the 
possible transitions between these sets of 
states and then divide the sum by 81. 

The change in energy of the rotational state 
of molecule 0, which has converted into para, 
must be balanced by an emission of phonons. 
We shall denote by ¢7 and #7, the wave 
functions of the initial and final vibrational 
states of the lattice. Then the ortho-para 
transition probability is proportional to 


1 / a a ) ) 
Q1 Dy (Ping Pir Pim, Pin, Pr |Z; 


+ Hes | Qing! Ping! hy’ eo’ Pr » (A. 5) 


where mm, m2 and mn,» with suffixes a@ or 
b are magnetic quantum numbers of rota- 
tional and spin angular momenta of molecules 
a or b, and suffixes 1 and 0 refer, as before, 
to ortho and para states. The summation in 
(A.5) runs over the initial 81 and final 9 
states. The matrix elements of the Hamil- 
tonian with respect to rotational and spin 


states have been calculated as sketched 
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above, and the result was expressed in terms Appendix B. Emission of phonons 


of fi (¢=0, 1,2, +--9), (A. 4), which are func- We shall adopt the Debye approximation 
tions of the relative coordinates of molecules fo, the Jattice vibrations, as mentioned in § 1. 


aand b. So, (A.5) can be expressed as The Debye temperature @p is 91°K™, while 

ea. ty ; the difference of the rotational energy of 

81 2, Oil Pr fil da | an) ortho-molecule and that of para-molecule is 

where C; are 172°K™, so that at least two phonons must 
be emitted. 

= OB eT) | We now denote the two molecules @ and 0 

Cit C= 252My'[4+ (He/U»)?] by & and /, these numbers running over the 


lattice points, and write small displacements 
(A.7) of the centres of these molecules from their 
respective equilibrium positions aS x, Yk. 2% 
and 4%, yz, 2. We expand the functions f; in 


C3+C.=2700u9'[4+(4R/ Lp)” 
Cs = 432M5'[4+ (4r/Hy)"] 
Cot Cr= 4504']4+ (He/“p)?] 


a) 


Cet Co= 432u5'[4+ (4R/Hp)?] powers of the relative displacement 
In Appendix B, we express f; in terms of G=te—@, YHYe—Yr, 2=2Ze—z2 (B. 1) 
the lattice vibrations. as 
Of. Of Oef 
Rte oh B.2 
f=fot B (eg aE a lees ae ee aaa wey \ ) 


where the sufix 0 means the equilibrium position. In calculating the process of emission of 
two phonons, the second order terms of the above expansion are to be considered, for the 
emission of three phonons the third order terms, and so on. The displacement of molecule 
k and that of molecule 7 can be written in the Debye approximation as 


Cae ss (aoj5coSo-k+bojsing-k)xc;, etc., (B. 3) 
oe j=l 
=> . (doi cos o-l+be;sino-Dxzej, ete. (B. 4) 
o j=l 


where @ is @ wave vector, k and Z vectors representing the lattice points k and J/, j the three 
components of polarization, and 2z;, Yoj, Zc; the Cartesian components of the unit vector 
which represents polarization 7 of wave o. The amplitude operators Go; and 0b,; are in- 
dependent of each other and have matrix elements between those states in which the 
number of phonons differs by one: 
(Moj|@oj|Moj5t+1> =(h/2M)2()g 5 +1) PW9573/2 , 
<Nes |Ao5|Noj +1) =(h/2M)'(nej+1) Pag? . J 
M is the total mass of the crystal. We assume, for the sake of simplicity, that wo; does 
not depend on j, and denote it simply as w.. Further we assume the relation |o|=n/v, 
where v is the sound velocity. 
For the process of emission of two phonons, we are interested in the transition probability: 


(B..5) 


W2)= 3: HUE) - (B, 6) 
Lame C | it Of; 2 
W; Dy = D Toj ao’ 7 a ; S4t 
( 81 hh al 2 | <m jy Mor j 9 mye ) ay Y|Moj +l, Mor; +1] 
; 4 
ae (mes, Noe tj7 = Sy i oe ay Moj+\, Nie? jt 
ane \ Oxdy 
07Ff; 2 
=ite a Mo j' 2 a (eae ‘ Noi t1, Morjr +1 » 
il Of; 2 


x ites oe (B. 7) 
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oO 
where the integration is carried out with respect to the states of the phonons and ZE, is the 


difference in rotational energy for states J=1 and J=9. The numbers of phonons appearing 
in the above expression are replaced by their thermal average values; 


1 1 


He I Va pa - 
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(B. 8) 


The number of states of phonons within frequency range (ws, w-+dw.e) and within solid 
angle dQ, is 


Vivo 


Leh gs : 
(2z)% v° 


Ony 


dagdQ, , (B. 9) 


where V is the volume of the crystal; V and M appear in a combined form p=M/V, which 
is the density. So W:; can be written 


OTe. 
CG ) 


xX o( L/h—o) sinr(* 


W(2) 


2 io/kL ACB /k-w)/kT 
que R167. Cee 
| | \aodnan gho/k? _] gh(B;/h—oykT _] 


al! -«) sin? co 0) ‘ (B. 10) 


We may put the first two factors of the integrand equal to one, since, we are interested 
in the temperature region much lower than the Debye temperature and since the frequencies 
of phonons under consideration cannot be much lower than the maximum Debye character- 
istic frequency by virtue of the energy conservation. This approximation leads to a temp- 
erature independent conversion rate. Integrations with respect to solid angles can be 
carried out easily and the result is 


i Of; 
Ae aC a 
Mee 81(272)? v8 0” pass Ox0y ) 
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where w,=E£,/h, wn=ROp/h and R, is the equilibrium distance between neighbouring mole- 
cules. The above integration can be carried out numerically or graphically. 

Since there are twelve neighbours for each molecule, we must multiply W(2) by 12 for 
100% ortho hydrogen and 12c? for hydrogen with ortho concentration c. 

Similar calculation can be performed for the probability of emission of three phonons. In 
order to avoid unnecessary complicacies of the calculation, we assume for hw,/k a value higher 
by 10 degrees than its actual value, thus making ,=2wp; the result for the probability 
should be somewhat greater than the actual one. The probability is given by 
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We must again multiply this by 12c? in order in thermal equilibrium is zero; actually, 
to obtain the ortho-para conversion probability phonons in the neighbourhood of zero fre- 
per molecule quency play some role in the three-phonon 

It is shown that the three-phonon process is process, and for these phonons the assump- 


much less important than the two-phonon tion is not valid. But the correction due to 
process. In the above calculation of the this circumstance will not appreciably change 


three-phonon process we made the same the magnitude of W(3) and, since Wi3) is 
assumption as that in the two-phonon process, much less W(2), this correction is not 1m- 
i.e. we assumed that the number of phonons _ portant. 
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There are many other processes: absorp- 
tion of one phonon and emission of two 
phonons, emission of four phonons, absorp- 
tion of one or two phonons and emission of 
three or two phonons, etc. All these pro- 
cesses are expected to give much less con- 
tributions to the ortho-para conversion rate 
than the two-phonon emission process. 
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On Ferroelectric Barkhausen Pulses of Rochelle Salt 
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Ferroelectric Barkhausen pulses were observed when an electric field 
was applied on a rochelle salt crystal. The volume corresponding to a 
pulse and the dependence of the number of the pulse on temperature, 
humidity and strength of applied electric field were studied. It is found 
in the present experiment that the volume is the order of 10-9 cm? which 
is in accordance with Kojima and Kato’s result. It is also found that 
the critical field at which pulses begin to take place is proportional to 
the 2’th power of spontaneous polarization. The value of 2 determined 
from the experiment is 2.7+0.5. This result can be explained satis- 
factorily assuming that walls are stabilized at hollows in a crystal before 


a field is applied on the crystal. 


$1. Introduction 


Recently the domain structure and the 
movement of domain walls of rochelle salt 
were observed through the crossed nicols), 
The direction of the spontaneous polarization 
is normal to a-plane and two neighboring 
domains have polarization of opposite sense, 
resulting in 180° boundary walls parallel to 
b- or c-planes. When an electric field is 
applied normal to a-plane, the walls parallel 


to c- and b-plane move in the directions of b- 
and c-axis, respectively. The movement of 
wall may cause a phenomenon similar to 
Barkhausen effect in ferromagnetic substances. 

In 1933 M. Kluge and von H. Schonfeld» 
reported that they observed pulses similar to 
the ferromagnetic Barkhausen pulse when an 
electric field was applied on rochelle salt 
crystal. In 1935, however, Schénfeld assured? 
that these pulses were not Barkhausen pulse 
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but they were caused by electric discharges 
through the gap between the crystal surface 
and the electrode. According to him the dis- 
charge began to take place at a certain vol- 
tage independent of the thickness of the 
crystal. The voltage estimated from his 
figure’ is about 100 volts for rochelle salt. 
The true ferroelectric Barkhausen effect 
was reported by Newton, Ahearn and Mckey” 
for barium titanate, and by Takahashi, Hara 
and Nakamura» and Kojima and Kato®% for 
rochelle salt. They observed pulses quite 
different from Schonfeld noise. According to 
- Kojima and Kato the volume corresponding to 
a pulse, i. e. the volume in which the polari- 
zation is reversed to produce a Barkhausen 
pulse, is the order of 10-?cm*. This volume 
is much smaller than the volume of a domain 
observed through the crossed nicols. 

The present investigation was undertaken to 
clarify the cause of the ferroelectric Bark- 
hausen pulse. The volume corresponding to 
a pulse and the dependence of the number of 
the pulse on temperature, humidity and 
strength of applied electric field were studied. 
From the analysis of the experimental results 
it is concluded that a pulse is not produced 
by an uniform motion of a boundary wall but 
it is produced by a jerky motion which occurs 
when a wall passes across a hoilow in a 
crystal. 


§2. Experimental 


Specimen Crystals used in the present ex- 
periment are thin slabs normal to a-axis. 
Their thickness is 1mm and their area is 1.2 
*x1.2cm?. Silver electrodes were made by 
evaporation in vacuum on both sides of the 
slab. The thickness of the electrodes was 
about 500 A and the area was about 1x1 cm’. 
Since there is no gap between the electrodes 
and the slab, the evaporated electrodes are 
advantageous to avoid Schonfeld noise. 

Specimen chamber To keep the tempera- 
ture and the humidity constant during an 
experiment a crystal was set in a closed 
chamber in a thermostat (Fig. 1(b)). The 
constancy of temperature was about +0.1°C. 
The humidity in the chamber was controlled 
by changing concentration of sulfuric acid. 
Although humidity was not measured, fluctua- 
tion was inferred from the experimental re- 
sults to be about 2%. To obtain more constant 
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temperatures the other specimen chamber 
(Fig. 1(a)) was used although it could be used 
only at room temperatures. 

Circuit Since the pulse is very small, 120 
db voltage amplifier was used. To remove 
the noises of external origins all instruments 
were shielded perfectly. The block diagram 
of the circuit is shown in Fig. 2(a). The 
pulses produced in the crystal were introduced 
into the amplifier through the resistance FR 
and the amplified pulses were applied to the 
longitudinal axis of C, R. O.. The horizontal 
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axis was scanned by 1000 c. p.s. sawed pulses. 
To eliminate the fluctuation of line voltage 
the power was supplied into C. R. O. and the 
amplifier through a voltage stabilizer. 

Observation of pulses The electric field ap- 
plied to the crystal was raised step by step, 
for example 5 volts/em for each step. The 
pulses begin to take place when the field is 
raised to about 30 volts/em. The pulses take 
place also when the electrodes are shortcircuit- 
ed after the application of a field. These 
pulses are smooth and generally separated 
one by one (Fig. 3), although sometimes a 
little more complicated pulses were observed 
(Fig. 3(d)). The figures 3(a) and 3(c) show 
the pulses observed when an electric field is 
applied, and 3(b) shows the pulses when the 
electrodes are shortcircuited. A pulse in 3(c) 
has a tail below the holizontal line. This tail 
was frequently observed when the pulse was 
high. 

The pulses were not observed in paraelect- 
ric regions even when a considerably high 
field (about 100 volts/em) was applied. 
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Counting method The number of pulses 
was counted by the naked eye. In the present 
experiment the number of pulses observed 
during 2 minutes was used as an indication 
of the total number of pulses under a certain 
field, since the frequency of the pulses de- 
creases so rapidly after the application of the 
field that only a few pulses are observed 
after 2 or 3 minutes. To avoid irreversible 
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results the alternative field as shown in Fig. 
2(b) was applied. The mean value of the 
total number of pulses for both directions of 
a field was used as the final value, since the 
numbers of pulses appearing in these direc- 
tions were not exactly equal. 


Field strength: 70 volt 
7com 20% (9°c) 


50% 


GiSc) 


(b) 
Fig. 4. 


§3. Behaviors of Pulses 


Total number of pulses The total number 
of the pulses saturates exponentially with the 
lapse of time under a constant field (Fig. 4 
(a)). This relation may be explained as fol- 
lows: 

Let us assume sources that produce pulses 
in a crystal and let the total number of the 
sources under a certain field E be ie, — Nb 
we assume that a source disappears when a 
pulse is produced, then we get the relation 


dn=nPdt 
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where m is the number of the sources at the 
time ¢ and P is the probability that a pulse 
appears in unit time under the field. If P is 
independent of , we get 


N=Ny" exp(—FPt) . 


Then the total number of pulses appearing 
during a period of time ¢ is 

No? =m"(1—exp (—P2d)) . 
This relation indicates that the total number 
saturates exponentially with time. 

The experimental results in Fig. 4(a) are 
replotted in Fig. 4(b), the ordinate being log 
.(%9"—N")/2." and the abscissa ¢#. From the 
inclination of the lines the value of P is 
determined. This value is about 3 sec for 
20% relative humidity and about 1 sec for 
00% relative humidity. Thus almost all the 
pulses appear within 2 minutes after the ap- 
plication of the field. 

Volume corresponding to a puise From the 
area of a pulse observed in C. R. O., the 
volume in which the polarization is revesed 
can be calculated as follows: * 

The order of magnitude of the charge q cor- 
responding to a pulse is given as 

q~(V/RA)r 
where V is the maximum voltage of a pulse 
in the C. R. O., rt the duration of the pulse, 
A the amplification factor and R the grid re- 
sistance of the first stage. If the thickness 
of the crystal is denoted by Z and the surface 
area by S, then the volume corresponding to 
a pulse is given by 

V=4/d XLXS 
where q’=SX2P) and Py is the spontaneous 
polarization. Using the experimental values, 
V=10 volts, A=10°, R=2.5x10°O, ¢=1/1000 
x 1/10sec, £—0.1 cm and, Py=2.5 x 10-7 coulomb 
/cm?, the volume turns out 

8x 107! cm?~1 x 107° cm? . 

This is much smaller than the volume of a 
domain which is the order of 10~° cm’. 

Relation between total number and applied 
field Pulses are not observed at very low 
fields. They begin to take place at a certain 
field, e. g. about 30volts/em. The total 
number of pulses 7” increases with the in- 
crease of the field and it begins to saturate 
at about 70 volts/em (Fig. 5). Since the rela- 
tion between 2” and the field is almost linear 
at lower fields, the intersection of the line 


On Ferroelectric Barkhausen Pulses of Rochelle Salt 


107 


300, Specimen. Ix 1x op cm3 


6.4°c 


S Total number 


ine) 


100 


Bigs 5: 


3 
me Coulomb ene Specimen: 1x 1x0.22ems 

oe, Humidity : (a) 20% 
(Bh (b)(b), 


20} 


c) i Curves atter 
heat treatment 


) 10 20 30 


Fig. 6. 


a 40 
voltse,, 


with the holizontal axis is called in this paper 
the critical field for the pulse. 

Influence of humidity on the critical field 
The dielectric constant and the piezo-electric 
modulus of rochelle salt change with humidity 
as reported by Kawai. The critical field for 
the pulse also changes with humidity. It be- 
comes lower with the increase of humidity 
under a constant temperature (Fig. 6). 

Influence of temperature on total number 
It is recognized in Fig. 5 that the total numb- 
er of pulses at higher fields decreases with 
the rise of temperature. This relation is 
reversed at temperatures lower than 0°C (Fig. 
7). This behavior suggests that the total 


* In the present experiment the time constant 
of the circuit containing the crystal is about 
4x10-5~8x10-5sec, if the dielectric constant of 
the crystal is assumed as 200~400. This is the 
same order as the period of time in which the 
pulse rises and falls (Fig. 3). This indicates that 
the time constant is really the same order as the 
duration in which the polarization is reversed 
abruptly. 
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Experimental arrangement Humidity x 
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number of pulses under a certain field is 
dependent upon the spontaneous polarization. 

Influence of temperature on the critical 
field The critical field of the pulse Ey is 
dependent upon temperature under a constant 
humidity (Fig. 6). If log EB) is plotted against 
log Py, a linear relation is found between 
them provided the humidity is higher than 
60% (Fig. 8). This mean that there holds a 
relation &)=constant xP)”. The value of 
can be determined from the inclination of 
the line. A few examples of the value are 
given in Table I. The mean value of Table 
l js. =2.6, 
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It was observed that the critical field be- 
comes lower soon after the crystal is heat- 
treated (see curve (b)’ and (cy) in Fig. 6). 


§4. Explanation of the Experimental 
Results 


I) It is well known that there are many 
hollows in a rochelle salt crystal®. The 
hollow is generally cylindrical, having the 
radius of 10-*~10-5cm and the iength of 1 
mm~10~‘cm and it is mostly extending to the 
direction of c-axis. If a boundary wall paral- 
lel to c-plane moves across a_ hollow by the 
application of a field, a pulse is caused with 
its movement because the potential energy of 
the wall is changed abruptly by the hollow. 
The volume corresponding to such a pulse 
can be roughly estimated by both the radius 
of a hollow and the surface area of a wall 
which moves cooperatively. If the value for 
the surface area obtained by the calculation 
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in the next section is used, the volume turns 
out 10-°~10-°cm?, which is the same order 
with the volume obtained from the experi- 
mental result. Thus the experimental result 
for the volume corresponding to a pulse can 
be explained favourably on the assumption 
that a pulse is caused when a wall passes 
across a hollow by the application of a field. 

I) As known by the observation through 
the crossed nicols, there are many boundary 
walls in a crystal before the application of a 
field. These walls are generally arranged 
parallel to c-plane or b-plane with a little dif- 
ferent intervals. If one of the walls passes 
through a hollow, it is stabilized at this hollow 
(Fig. 9) because the hollow cuts off a certain 
volume of the wall and therefore it decreases 
the potential energy of the wall (Fig. 10(a)). 
When a field is applied on the crystal, the 
potential energy changes and the wall moves 
as shown in Fig. 10(b). If the field becomes 
a certain strength, the wall can just leave the 
hollow and moves freely getting over other 
hollows. This motion of the wall results in 
pulses as explained before. Therefore the 
critical field for the pulse is identified with 
such a field that a wall can just leave a hol- 
low first of all if it is assumed that all the 
walls are stabilized at hollows before the ap- 
plication of the field. Taking this assumption 
into consideration the relation between the 
critical field and the spontaneous polarization 
can be explained as given in the next section. 

Ill) If a wall stays at a hollow before the 
application of a field, there are two causes 
which prevent the wall from its movement to 
leave the hollow by the application of the 
field. One of the causes is the increase of 
the wall energy and the other is the increase 
of the depolarizing field due to the charge 
produced on the hollow surface. The former 
is not influenced by humidity, but the latter 
is influenced severely because the higher 
humidity is, the faster the surface charge is 
neutralized by floating charges. Thus the 
increase of humidity facilitates the move- 
ment of a wall to leave a hollow by the 
application of a field. This tendency is in 
accordance with the one obtained from the 
experimental result. Therefore the experi- 
mental result can be explained qualitatively 
on a further assumption that the conductivity 
of the hollow surface is increased with the 
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increase of humidity as well as the one of the 
crystal surface. In the calculation of the next 
section it is assumed that the critical field is 
not influenced by the surface charge. This 
assumption seems to be satisfied from the 
experimental result if humidity is higher than 
60%. 

Now let us summarize the assumptions 
necessary to explain all the experimental 
results. 

1) All the walls in a crystal are stabilized 
at hollows before the application of a field. 

2) A pulse is caused by the jerky motion 
of a wall passing across a hollow. 

3) The critical field for the pulse is such 
a field that a wall can just leave a hollow 
first of all. 

4) The conductivity of a hollow surface is 
increased with the increase of humidity as well 
as one of the crystal surface. 


§5. Theoretical Treatment of the Relation 
between the Critical Field and the 
Spontaneous Polarization 


For convenience of calculation let us assume 
only one wall and only one hollow in a crys- 
tal. The wall passes through the center of 
the hollow (Fig. 9) before the application of a 
field. Then the change of the free energy 
for a movement of the wall by a distance xz 
under a field # is given by 


A/2 
F206] |W Vr —(«e—r? dx 


x 2 - 
ass Cas ar | 


x-A/2 — 
LE Aaa 
Bip VP—(x—r)? 6 :) 
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where vy and UD’ are the radius and the length 
of the hollow respectively; 5, 7 and 4 are the 
length, the thickness and the breadth of the 
wall respectively; o is the wall energy per 
volume. The value X is x+4/2 for 27—4/2>x 
>r and 7 for 27+4/2>2>2r—4/2. The first 
bracketed term gives the increase of the 
wall energy and the second bracketed term 
the derease of the interaction energy between 
the polarization and the field. Since the rela- 
tion />7(~10-°cm) is generally satisfied, the 
last term of the equation can be neglected. 
This equation has a minimum at a for 


= 2EP,( bl = 26'| 
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27—(4/2)>e>r and has a maximum at z for 
2r-+(4/2)>a>2r—A/2 provided £& is constant. 
Thus the difference between the free ener- 
gies at 21 and x, 4F, is the potential barrier 
for the wall. The value of 21° and 2° can 
be obtained by the following equations: 


V Pe —r—4)2) 
V r—(a—r+4/2)2 =(EyPpbl)(cb’) (2) 
V r*— (x9 —1r—A/2)? = (EpPbl)/(ob’) (3) 
where 21° and a," is the values of 2 and 2p 
when £ is equal to the critical field E). If 
4F becomes the same order of RT, the wall 
can get over the barrier in a few minutes. 
By putting 4F=kT, we can get the critical 
field /): 
kT= — 2 Pobl(ay® — 21°) 
v9 +4-A/2 , 
=P 2a0'| |" sty r—(e—r) de 


x9 — A/2 


r j ; 
ae (pyr Ase 
(ceva 7 (Cz 75) | 


It may be inferred that the 2° and 2° have 
the values nearly equal to 7 because kT is 
much smaller than the other terms in eq. (4). 
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Putting 2,°=27r—€, v°=2y—y and assuming 
r>E, y and 4, from eqs. (2), (3) and (4) we 
get 


E=A/2+kT|(EyPybl) (5) 
7 =[(EoPobl)/(cb’)—rA\/2r (6) 
and 
[(ZoPobl)?/((ob’?/2r)— AP 
—(2kTEoPybl)/(7(ab’)2)=0 . (7) 
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Since s2( oe 2r from eq. (6), the se- 
a 


cond term in eq. (7) is smaller than 3x10-* 
/bl using the values 4=2x10-' cm, r=10-°cm, 
V=1/10\.e. ssu.; Po=760cers.. uabout «ati 4°¢€ 
and kT~10-" e. s. u.. This value is much 
smaller than the value 4? because b/ is much 
larger than 10-*cm? as proved later. Thus 
from eq. (7) we get approximate relation 


Wie ( eal / oye 
ob 
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Substituting the relation r= 


Se obtained by Mitui and Furuichi® 
IPOS Fal 


into (8), the wall energy per volume comes 
out 

C= 7/4=43 OPS 
where c and d are certain constants. 
this « and 4, eq. (8) becomes 


Using 


Bors : dP 3b V 2rd = Vv 7 BACIMb’ Pes | 


Assuming that c,d and b’ are independent of 
temperature, /) changes proportional to pp?"°. 
This agrees with the experimental result 
within the error. Using d=6x10-7 and the 
previous values, we get 


bI=6 x 10-30’ . 


If we assume that 6’=0.lcm and J=0.5 cm, 
then J=10-*cm which satisfies the condition 
Z>r. The area bl may be considered as the 
area which moves cooperatively under a con- 
stant field. 


§6. Discussion 


1) As calculated in §3, a volume correspon- 
ding to a pulse is the order of 10-2cm3. This 
is much smaller than the volume of a domain 
which is the order of 10-°cm*. Kojima and 
Kato reported that a volume corresponding to 
a largest pulse is the order of 10-®cm’. This 
value is in good accordance with the value 
obtained in this experiment. 

2) According to the assumption described in 
$4, a close relation is expected between the 
polarization charge and the number of pulses 
because both the charge and the pulses are 
caused by the movement of walls. Although 
the polarization charge is not studied in the pre- 
sent experiment, its variation with time was al- 
ready studied by Takahashi and Hara! (Fig. 
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11). This curve agrees qualitatively with the 
curve of the total number of pulses which is 
shown in Fig. 4(a). This indicates that our 
assumption is correct. 


§7. Summary 


1) When a field is applied on a crystal of 
rochelle salt, the pulses different from Schén- 
feld noise are observed. 

2) The volume corresponding to such a 
pulse is the order of 10-° cm?. 

3) With the increase of the applied field the 

total number of pulses increases but begins 
to saturate at about 70volts/cem. This indi- 
cates that the source of the pulse is finite. 
The maximum number observed on C. R. O. 
is about 400 for the crystal the volume of 
which is about 1x1x0.1 cm’. 

4) The critical field for the pulse decreases 
with the increase of humidity. This effect 
can be explained taking account of the influ- 
ence of humidity on the conductivity of the 
hollow surface. 

5) The relation between the critical field 
Fy) and the spontaneous polarization Py is given 
by £)=aP,” where a@ is a constant and x 
=2.7+0.5. This result can be explained on 
the assumption that all the walls are stabilized 
at the hollows before the application of a 
field. 

6) A pulse observed in the present experi- 
ment may take place by the jerky motion of 
a wall when it passes across a hollow. 

7) The Critical field changes a little by the 
heat-treatment for the same crystal, for 
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example a few volts/cm at 4°C. 

Finally the author wishes to express his 
appreciation to Professor Ryozi Uyeda for his 
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Experimental Evidence for the Collective Nature of the 


Characteristic Energy Loss of Electrons in Solids 


—Studies on the Dispersion Relation of Plasma Frequency — 


By Hiroshi WATANABE 
Hitachi Central Research Laboratory, Kokubunji, Tokyo, Japan 
(Received September 17, 1955) 


The energy loss of 25 kv electrons was studied by a modified velocity 
analyzer of Mdllenstedt type. By means of the analyzer we obtained 
the diagram which shows the variation of energy loss with the scattering 
angle. The specimens studied were Be, Mg, Al, Ge and C (graphite). 

In the diagram we classified six types of patterns in which two are 
of the fundamental importance: (1) The first type is the sharp energy 
loss lines such as first discovered for Al and Be by Ruthemann. In the 
present experiment it was found that the value of energy loss of these 
lines increases with the scattering angle. To represent this relation an 
emprical formula was established. On the other hand, a theoretical 
formula was derived from the dispersion relation in Bohm-Pines’ plasma 
oscillation theory. These two formulas are in good agreement for the 
lines of Be (19 ev), Mg (10.3ev) and Al (14.8ev). This agreement proves 
most decisively that the sharp lines are caused by the excitation of the 
collective plasma oscillation. For Ge (16.4 ev) and C (7.3 ev) the agree- 
ment is less perfect. (2) The lines of second type are observed at 23 
ev for Al and 25ev for C. They are rather diffuse and their energy 
losses do not vary with the scattering angle. The author attributes them 
to the excitation of individual electrons in energy bands. The value 23 

ev for Al is in agreement with the energy difference between the large 


peaks in the fine structure of L-absorption edge. 
According to the theory the curving and the position of the patterns 
in the first type are insensitive to the temperature of the specimen, being 


in agreement with the experiment. 


§1. Introduction 


Experiments on the energy analysis of 
electrons which have passed through thin 
foils were originally carried out by Ruthe- 
mann” and Lang”. They observed several 
equally spaced sharp lines in the energy 
spectrum from Be and Al, which lines indicate 
that incident electrons lose their energy in 
integral multiples of a sharply defined basic 
unit. Comparing the observed energy losses 
with the fine structures of K-absorption edge, 
Cauchois*) suggested that such losses might 
be caused by the excitation of metal electrons 
from the occupied band to unoccupied ones. 
Although her suggestion seemed to be reason- 
able at first, the sharpness of the lines can 
hardly be explained because the unoccupied 
bands in metals are much broader than the 
observed breadth (3 or 4 ev) of lines. On the 
other hand Bohm and Pines») proposed that 
such an energy loss is caused by the excitation 


of a collective plasma oscillation of electron 
gas in metals, the angular frequency of which 
iS @». They noted that the calculated values 
of the fundamental quantum of energy loss 
(Amp) are in remarkably good agreement with 
the observed values. Following this interpre- 
tation we can easily understand the sharpness 
of the lines which is difficult to be explained 
by Cauchois’ suggestion. 

Utilizing the high chromatic aberration of 
an electrostatic lens Modllenstedt® devised a 
new velocity analyzer of extremely high 
resolution. Using the analyzer of his type 
energy losses in numerous substances have 
been studied in detail by several authors?2), 
Based upon these studies the substances can 
be classified into two groups. In the first 
group loss values are in good agreement with 
ho,» which is given by Bohm-Pines’ theory, 
and in the second they are in no agreement. 
Elements Be, Mg, Al, Ta and Mo belong to 
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slit 


analyser lens 


camera chamber 


Fig. la. A photograph of the velocity analyzer 
used in this experiment. 


specimen 


objective lens 


diffraction spots 


intermediate lens 


projected pattern 


fine slit 


analyser lens 


' 


screen 


a 


Fig. 1b. A schematic diagram of the electron 
optical system. 


the first, and noble metals and _ transition 
metals to the second. In this classification 
hw, is calculated under the assumption that 
the valence electrons are all free. Since this 
assmption is not always adequate, it cannot 
be decided whether the plasma oscillation is 
actually the caused of the energy loss or not. 

In the experiments mentioned above, the 
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Fig. le. A diffraction pattern on 
plane. 

Fig. 1d. The energy loss spectrum. Rings drawn 
by dotted lines are due to the inelastically 
scattered electrons losing a certain discrete 
energy. 


the fine slit 


energy loss was measured for electrons which 
are scattered in a small angle of ca. 10-? rad. 
Recently Leonhard! and the present author! 
studied the angular dependence of the energy 
loss up to 1071 rad., using a modified velocity 
analyzer of Mbodllenstedt type. The author 
found that the energy loss increases with the 
scattering angle for the sharp lines which 
were originally found by Ruthemann and Lang. 
Kanazawa! has pointed out to the author 
that such dependence can be interpreted by 
the dispersion relation in Bohm-Pines’ theory 
(see eq. (67) in reference (5),). 

In this paper the author describes in detail 
the angular dependence of energy loss of the 
sharp lines, and comparing the experimental 
results with Bohm-Pines’ theory he concludes 
that the sharp lines are caused by the excita- 
tion of plasma oscillation. 


§2. Experimental Procedure 


Figure la shows a photograph of the velo- 
city analyzer used in this experiment and 
Fig. lb a schematic diagram of its electron 
optical system. A diffraction pattern on the 
back focal plane of the objective lens is 
imaged by an intermediate lens on a plane 
with a fine slit. The electrons forming the 
pattern have various energy values owing to 
the inelastic collisons in the specimen. The 
velocity of the electrons which have passed 
through the slit is analyzed by an analyzer 
lens. The analyzer lens is a cylidrical uni- 
potential electrostatic lens with rectangular 
electrode apertures, the same as that original- 
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Rigs 2a. An energy loss spectrum from Al 
corresponding to Fig. 1d. 
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Fig. 2b. The loss-angle diagram constructed from 
[Dike Wey 


ly devised by Mollenstedt. 
Figure 2a shows an example of energy 


spectra obtained in the energy analysis. 
From this photograph we make a dia 
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the abscissa of which is x=4E/2E and the 
ordinate the scattering angle 0, where JE is 
energy loss and £& the accelerating voltage. 
In this paper we call this diagram a “ loss- 
angle diagram’’. The energy loss is calibrated 
by a known accelerating voltage difference. 
The scattering angle is obtained from the 
radii of diffraction rings. The accelerating 
voltage used in this experiment was 25 ky, 
and the least detectable energy difference 
was Ca. lev. 


Specimen examined were prepared by evapo- 
ration in vacuum higher than 10-4 mm Hg, as 
determined by an_ ionization gauge. The 
evaporated metal was condensed on a slide 
glass coated with collodion. To eliminate the 
effects of the collodion the slide was then 
immersed in 50% ether-alcohol to free the 
evaporated film from its backing. The un- 
backed metal foils were mounted on sheet 
meshes of copper. Thicknesses of the foils 
ranged from 150A to 250A. In the case of 
Mg we used very thick foils (ca. 500A) to 
avoid the influence of oxides covering the 
film. We examined each foil by the electron 
diffraction method and used only those foils 
which give few rings of the oxides. 

Sometimes the electron optical system was 
changed as shown in Fig. 3 so that the speci- 
mens can be heated. In this system the 
diffraction pattern was reduced by the 
intermediate lens so that the electron beam 


gram enters into the analyzer with an angular 
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Table I. 


values of 2%, « and 1/829. 
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a, b with the theoretical 


7 B_ Type 7 ; B’ Weiss ne ; 

Gy * ay a I 7 
am Roy (theo) (exp.) ies oan Ges Can (icon | (eee Gren 

=y =] es “| Sis SE S an 
Be Ausay Scag ; 0.42 +0.04 0.45 | eer 3.3 al ee 7 ne . = : 0 5t 
Mg | Pret as) 0.62 +0.04 0.44 | 44-1 oad | 4.2 44 0.40+0.05 0.22 
A | 3.0 D2 05505-0205 10n45)) 332 B59) 6.0 6.4 0.32+0.04 0.22 
Ge Bes ae ORS 3 ger Ol 5a OA Onl 4.0 fo 6.2 = 0.22 

C 
(graphite)| 1.5 4.9 sO. seOs3) O50 2.6 — 9.8 _ 0.25 
* To obtain the energy loss values in electron volts multiply Xo by 5x 104, 

Table IL. Experimental values of @ and ap where 2 represents wx-coordinate of the 
for Alat various temperatures. vertex of the pattern. To determine the 
Temperate a oe coefficients @ and b, @-values are plotted 
ie against (w—2 )-values. An example is shown 
300 0.52+0.08 | 2.940.1 in Fig. 2c which corresponds to the pat- 
690 0.5240.08 2940.1 tern B in Fig. 2b. A linear relation between 
630 0.52+0.08 2.9401 6? and (w—z») holds in the range of (#—a%) 
B00 | 0.50-40.1 3040.1 <1.0x107* (line (I) in Fig. 2c), the tangent 
“ i : of this line giving the value of a. The coef- 
divergence as small as possible. The tempe- MOIST Note Ue iiiSetuesmiings ivy as 


rature of the specimen is measured by a 
Cu-Pt thermocouple attached to the copper 
mesh. The thermocouple was calibrated by 
the melting points of Sn and Pb which were 
placed at the position of the specimen. 


§3. Experimental Results 


Figure 2a is an example of photographs 
obtained from Al foil. Figure 2b is the loss- 
angle diagram obtained from Fig. 2a. In 
this diagram there are contained all of the 
typical patterns as denoted by A,B, B’, C, C’ 
eyevel 1D): 

The patterns B and B’ are of the funda- 
mental importance in the following interpre- 
tation of the patterns. They indicate that 
the energy loss increases with the scattering 
angle. The discrete energy loss obtained in 
all the previous experiments is the energy 
loss of electrons averaged over the scattering 
Angle Otmca. 10s" rads. Che pattern B’ is a 
discrete energy loss which is about twice of 
loss of B, and the curvature at its vertex is 
smaller than that of B. 

In order to treat quantitatively the relation 
between the energy loss and the scattering 
angle, we assume the empirical formula 


(a—ay)=a°P+D0*+.. «++. Gh) 


magnitude of the deviation of the experimental 
points from the line (I). The curve (II) in 
Fig. 2c represents 
(a—3.0 x 10-4)=0.5-6?+3 x 107-6. ei) 
The experimental points lie on curve (II) in 
the range of (w—ay)<(2.0x10°*. The pattern 
B fades out into the background at about 0 
—1,5~1.8x10-2 rad. Table I gives the value 
of a and } as well as 2 for the patterns B 
and B’ of Be, Mg, Al, Ge and C (graphite). 
Table II gives the values of @ and x for Al 
under various temperatures. It is easily con- 
cluded from this table that @ and x do not 
depend on the temperature of the specimen. 
The pattern D is an energy loss line which 
is distinguished from B or B’ by its straight- 
ness and diffusedness. This straightness 
indicates the energy loss concerned is indepen- 
dent upon the scattering angle. For Al the 
energy loss of this type is 23ev. Patterns of 
this type are observed also for collodion (21.2 
ev), MgO (11.4ev), MoS, (8.7, 22.8ev), Ag(25 
ev) and Au(25 ev). 


§4. Interpretation of the Patterns 
4-1 Pattern B 
4-1-1 Theory 
Let us assume that an incident electron of 
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Fig. 3. A schematic diagram of the electron 


optical system:in the arrangement for specimen 
heating. An electron diffraction specimen holder 
with a heater is inserted between the condenser 
and intermediate lenses. 


P-AR 


Ahk 


Fig. 4. Illustration of the momentum relation of 
the electron before and after the collision, 


energy E excites a plasma oscillation of fre- 
quency » in the electron gas, thus it loses 
energy quantum of #w and is scattered into 
a direction @ from the incident direction. We 
will derive a relation between the scattering 
angle @ and the energy loss Aw from the law 
of momentum conservation. When the momen- 
tum of the incident electron p is large 
compared with hk we have the relation 
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po=hk (2) 
where & is the wave number of the excited 
plasma wave. The dispersion relation of the 
plasma frequency is given by Bohm and Pines 
(see eq. (67) in reference (5)) as follows, 

2 Re) 2 pt 
k i ih s P; h?k 


Mop ni 2m 8nP wy 


(3) 


O=Wp+ 


where 
Op =V 4rne/m 
m: density of free electrons 
Pi: momentum of 7-th electron 


e,m: charge and mass of the free 
electron. 


Substituting k from eq. (2) into (3) we have 


4 
ho= ho p- +a tg >t ae (4) 
8n7hw » 
where 
ame ein | hon. (5) 
n~T 2m 
Introducing a dimensionless variable 
mho 2 
" mo _ hw (z= p ) (6) 
p 2E 2m 
and a dimensionless constant 
Mh y _ hoy 
‘ 7 
SF Sipe (7) 
we have 
64 
e—ay=al?+ (8) 
82r9 


Adopting the free electron model of metal, 
we can easily calculate the numerator of the 


expression of a), 
5 ae 
iy z 2 
[t+ way) | ® 


1 PAUPD 
where 

2 2/3 

Bol. = (ee) 


9 n> 2m 5 Eo! 
2 m\8r ie 

4-1-2. Comparison with experiment 

Equation (8) has the same form as the em- 
pirical formula (1). In Table I the theoretical 
values of a, 1/8 and x are compared with 
the experimental values of a,6 and x, re- 
spectively. Agreements between these values 
are good enough for Be, Mg and Al to con- 
clude that the pattern B is caused by the 
excitation of a plasma oscillation. 

For Ge and C (graphite) the agreement is 
less perfect, especially the experimental 
value of 2 for graphite is much smaller than 
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theoretical value. This may be attributed to 


the inadequacy of the free electron model 
adopted. 


4-1-3 Temperature dependence 


As given in Table II the position and shape 
of the pattern B in Fig. 2 are independent of 
the temperature of specimen. ‘This tempera- 
ture independence is easily understood when 
we refer to eqs. (5), (7), (8) and (9). Equation 
(7) and (3’) show that the position of the pat- 
tern depends upon the temperature only 
through V 2, which decreases with increasing 
temperature, 


Vn=Vm - ( — aT ) (10) 
where means the electron density at 0°K 
and a, the linear expansion coefficient. For 
Al (a@=2.3x10-° deg.-!) we have 

a T=3 x10 (11) 


at 1000°K. This is too small to be detected 
in our analysis. 

The shape of the pattern is determined by 
the dispersion coefficient @ which contains 
explicitly the temperature T (cf. eq. (9)). 


5 af RTY 
12% ( Ey’ ) 
however, is extremely small even at 1000°K 
for most metals. For example, with €)’=11.7 
ev for Al, we have at 1000°K 
: rt) =5X10*. 
2 Eo’ 
This is also beyond the resolution of our 
analyzer. Thus the temperature dependence 
of the position and the shape of the pattern 
are indetectable by means of our instrument, 
being in agreement with the experiment. 


The temperature dependent term 


(12) 


4-1-4 Maximum scattering angle 

Ferrell! has pointed out that such a loss- 
angle diagram as Fig. 2a provides us with an 
information as to the critical wave number 
ke for collective plasma oscillation. Here, R: 
is defined as 2z/d-, and the critical wave 
length 2. is nearly equal to Debye length dp. 
A plasma oscillation with the shorter wave 
length than 2, can not be excited in solids. 
- Based upon eq. (2) we expect that the maxi- 
mum scattering angle Oc is 

tun the 

p 


(13) 
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The maximum wave number & is given by 
Bohm and Pines™ as follows, 


ke=0.353 (7/0) + Ro (14) 
where ky is the wave number of an electron 


at the top of the Fermi distribution, 7 is the 
interelectronic spacing defined by 
N= (Ann */3)—", 

and @ is Bohr radius. For Al we calculate 
§=1.1x10rad. for 25kv electrons. This is 
to be compared with the maximum angle at 
which the pattern B fades away into back- 
ground. As given in the preceeding section, 
the maximum scattering angle measured in 
Fig. 2a is 1.5~1.8x10-? rad. which is some- 
what larger than the theoretical value. 


4-2 Pattern B’ 


It is evident that in passing through a 
solid an incident electron undergoes more than 
one collision unless the solid is very thin. 
As an electron scattered inelastically in a 
direction @ with an energy loss of #w proceeds 


(15) 


9) 
\ 
pies 
\ 
6 
Fig. 5. Illustration of the arc B’ and lines C, C’. 


through the specimen, the second chance of 
the electron surffering the similar process of 
inelastic scattering occurs. As illustrated in 
Fig. 5 the dependence of the energy loss upon 
the scattering angle in such double scattering 
process is represented approximately by a 
parabola similar to B, the vertex of which is 
situated on a parabola (B” in Fig. 5) 


(@—2a) = a8? . (16) 
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Fig. 6a. An intensity distribution curve obtained 


along the a-axis in Fig. 2a. The arrow 


indicates the position of arc B. 


profile of pattern C 


Fig. 6b, An intensity distribution curve obtained 
along a straight line of 0=2x10-2 rad. The 
arrow indicates the position of line C. 


(We will neglect the small 6¢ term in the fol- 
lowing discussions.) If the envelop of a group 
of such parabolas is observed as the arc of 
B’ type, the equation representing the envelop 
becomes 

(e—2x) = 7 6 (17) 
Thus the coefficient a for B patterns is twice 
that of B’. Since. however, the brightness of 
each parabola is largest at the vertex, we 
may observe an intermediate curve which 
lies between two parabolas of eqs. (16) and 
(17). In Table I we see that the ratio of the 
coefficients of B and B’ is 1.6 for Al as well 
as for Mg. 


4-3 Pattern D 


The loss line of D type is characterized by 
its straightness and diffusedness. This can 
be interpreted as due to the excitation of the 
conduction electrons to the allowed unoccupied 
levels. The fact that in the fine structure of 
the Z-absorption edge of X-ray in Al there 
is a relatively large absorption peak at an 
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energy distance of 23 ev’ from the edge may 
support this explanation. 

For Ag and Au we observed diffuse and 
straight patterns similar to D. It is, however, 
premature to conclude that they are caused 
by interband transitions because the plasma 
oscillation should be excited in these metals. 
The diffusedness may be due to some unknown 
factors and the curving is not observed be- 
cause of the diffusedness. 


4-4 Other Patterns 


The line A represents the angular distri- 
bution of scattered electrons the energy loss 
of which is less than lev. The bright parts 
on this line give the positions of diffraction 
rings, by which we can determine the scatter- 
ing angle. 

For the interpretation of the parallel lines 
C and C’ in Fig. 2b we have to take into ac- 
count the double or triple scattering of the 
incident electrons. Electrons scattered onto a 
point (0, #1) on the line A in Fig. 2b undergo 
the secondary inelastic collision losing an 
energy quantum of #w. Since the secondary 
inelastic collision process gives the similar 
angular distribution of scattered electrons as 
in the case of direct excitation of the plasma 
oscillation, the resulting angular dependence 
of the double scattering is obtained from eq. 
(8) to give 


(2-7) =ao—Gi) (18) 


As is illustrated in Fig. 5, the line C is 
thought to be the envelop of a group of these 
parabolas 

The pattern C’ can be interpreted by the 
similar consideration. In this case, of course, 
one more inelastic collision process must be 
taken into account. 

Although in the above consideration we 
took only elastic-inelastic process, the reverse 
inelastic-elastic process is also possible. 

An experimental evidence in support of the 
above consideration is given by a comparison 
of relative intensity curves obtained along the 
w-axis with that along a straight line of @= 
2x10 rad. in Fig. 2a. The curves are re- 
produced in Fig. 6. The peak indicated by 
an arrow in Fig. 6a represents a profile of a 
section of pattern B cut along a-axis and 
slopes to the larger 2 side by a steeper des- 
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cent in comparison with the case of the peak 
corresponding to C in Fig. 6b. Such a dif- 
ference in the slopes of the two intensity 
curves can be easily explained by adopting 


the above interpretation for line C. (see Fig. 
By) 


§5. Discussions 


As stated in the introduction two ways of 
explanation are proposed concerning the origin 
of energy losses of electrons. The one is that 
the losses are caused by the interband 
transitions and the other is that by the ex- 
citation of collective plasma oscillation. It 
was not yet decided which theory is adequate 
for the interpretation of a loss line. 

Only by the coincidence of the observed 
values of the loss with the calculated values 
it is difficult to conclude that the energy loss 
is due to the plasma oscillation, because the 
assumption under which the calculation is 
carried out is not always adequate. And we 
can not derive a decisive conclusion from the 
breadth of the lines because of the lack of the 
knowledge about it. Wolff! has suggested 
that the breadth of plasma lines should in- 
crease from element to element as the 3d 
shell is filled in the transition metals Sc—Ni. 
This suggestion, however, was not supported 
by experiment?!, and we failed to decide 
whether the lines are due to the plasma 
oscillation or not, by this suggestion. 

In the present experiment the curving of 
the patterns B and B’ is observed. Based 
upon the plasma oscillation theory we explain- 
ed curving as described in §4. It is difficult 
to see how an angular distribution like this 
can be reconciled with interband transitions, 
since it has its origin in the k? term in the 
dispersion relation, (3). Thus the sharp lines 
observed in Mg, Be, Al and etc. are without 
doubt caused by the excitation of plasma os- 
cillation. 

We observed also the diffuse and straight 
lines in the loss-angle diagrams. These lines 
are conceivable as due to the interband 
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transitions, being in agreement with the obser- 
vation of the fine structure of -absorption 
edge. 
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Observation of Dislocations in Silver Halides 
Part I. 


By Hiroshi KANZAKI 
Institute of Industrial Science, University of Tokyo, Chiba, Japan 
(Received August 5, 1955) 


Annealed Crystals 


It has been concluded that the distribution of both the printed-out silver 
particles and the chemical etching pits reveals that of dislocations in 
annealed crystals of silver chloride. In the crystals with (110) surfaces, 
however, the existing dislocations do not contribute to the formation of 
silver particles and in those with (100) surfaces the existing dislocations 
do not produce etch pits. The necessary condition for the formation of 
silver has been concluded to be the existence of extra effective charge 


on the surface of the crystal. 


§1. Introduction 


Hedges and Mitchell? have found that the 
printed-out silver particles precipitate at the 
dislocations in polygonized crystals of AgBr 
and thus have succeeded in observing the dis- 
tribution of dislocations inside the crystals for 
the first time. 

On the other hand, several experimental 
results? have shown that the dislocations can 
produce ‘‘ chemical etching pits’’ at the sur- 
face. 

In this part of the article, the observation 
of both the printed-out silver particles and 
the etch pits is adopted for the direct examina- 
tion of dislocation patterns in annealed crystals 
of AgCl. Special attention will be paid to the 
following problems: 

(1) What is the mechanism which enables 

us to see the dislocations? 

(2) What is the origin of existing dis- 

locations? 


ce 


§2. Experimental Procedures 
2-1. 
Powders of AgCl were specially prepared 

by Dr. Koseki of the Research Laboratory, 

Fuji Photo Film Co., Ltd.. 

The specimens were prepared by the gradual 
solidification from the melt. The procedures 
in making crystals are schematically shown 
in Fig. 1. and carried out in the following 
ways. 

(1) Powders of AgCl have been melted in 
the crucible of Pyrex glass as shown in 
Fig-17(a). 

(2) By reducing the temperature, the solid 
crystals are grown under considerable 
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temperature gradient in 20 to 30 minutes 
(shown in Fig. 1(b) and (c)). 

(3) Liquid AgCl is removed out from the 
crucible and solid crystals remain as at- 
tached to the wall of the crucible as 
shown in Fig. 1(d). 
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Procedures of 
crystals” of AgCl from the melt. 
areas; molten AgCl, dotted areas; solid AgCl. 
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Photo. 1. Printing-out pattern of the “usual 
crystal” with (100) surface. Left-upper corner 
is the crystal with(110) surface. 
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Photo. 4. Etching pattern of the same area with 
Photo. 3. 
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Photo. 2. Etching pattern of the “ usual crystal ” 
with (110) surface. Left-lower corner is the 
crystal with (100) surface. 


Photo. 5. Printing-out pattern of “perfectly an- 
nealed” crystal with (100) surface. 
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Photo. 3. Peane-out pattern near the grain Photo. 6. Printing-out pattern of “perfectly an- 
boundary of the “usual crystal”. The right- nealed” crystals near the grain boundary. 
hand grain has (100) surface and the left-hand 
one has (110) surface. 
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Photo. 7. Etching pattern of “perfectly annealed” : i-——+1 20m 


crystal with (110) surface. 
Photo. 10. Printing-out pattern in the interior of 


the “special crystal No. 1”. 
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Photo. 8. General view of the printing-out Photo. 11. General view of the surface of the 
pattern of the “special crystal No. 1”. “special crystal No. 2”. Each of the “islands” 
of crystal is separated by the “valleys”. 


Photo. 9. Printing-out pattern at the surface of Photo. 12. Printing-out pattern of the “special 
the “special crystal No. 1”, crystal No. 2”, 
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(4) The solid AgCl is annealed at 420 to 
430°C for 2 hours and then slowly cooled 
to the room temperature in about 20 
hours. 

The specimens thus produced were made of 
several single crystals with dimensions of 5 to 
10mm. The central part of them may be 
reasonably identified as the strain-free crys- 
tals grown from the melt and was used in 
the main of the following experiments. They 
may be designated as the ‘“‘usual crystals”’ 
in the following. Their surfaces were nearly 
parallel to either (100) or (110) face. 

The special type of crystals used in some 
of the experiments were prepared in the fol- 
lowing way. 

One of them were thin crystals grown on 
the surface of the ‘‘ usual crystals.’’ They 
were produced by decanting the molten AgCl 
on the crystals which had been kept at the 
temperature slightly below the melting point. 
They may be designated as the ‘‘ special crys- 
tals No. 1’’ in the following. Their surfaces 
were usually nearly parallel to (111) face. 

The other special crystals were thin crys- 
tals grown on the surface of Pyrex glass 
plates, by decanting the melt in the simillar 
manner with the ‘‘special crystals No. 1”’. 
They may be designated as the ‘‘ special 
crystals No. 2.’ The rate of solidification of 
these special crystals No. 1 and 2 was some- 
what more rapid than that of the usual ones. 

2-2. Printing-out 

The crystals were exposed to the filtered 
radiation of 405my (just in the long wave- 
length edge of the fundamental absorption 
band of AgCl) from the high pressure mer- 
cury lamp. After exposure of several hours 
under the photon intensities of 10'* quanta 
per sec. cm’, the printed-out silver became 
visible under the microscope. 


2-3. Chemical Etching 


Etching was carried out by using the com- 
mercial photographic fixer* for a few minutes. 

This etching procedure was also useful for 
the determination of crystal orientation. The 
crystals with (100) surface orientation showed 
hardly any pits and became glossy. Crystals 
with (110) and (111) surfaces showed etch pits 
on the entire surface and the pits took square 
and triangle form, respectively, according to 
the crystallographic symmetry. 
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§3 Results Obtained 


3-1. Crystals with (100) or (110) Surface 
(“ Usual Crystals ’’) 


In annealed crystals of AgCl, both the 
printing-out and the chemical etching revealed 
the grain boundaries and the sub-boundaries 
(boudaries with low angle of misfit inside the 
single crystals) at the surface of the specimens, 
as shown in Photos. 1 and 2. It may reasonably 
be concluded that the silver particles and the 
etch pits correspond to the existing disloca- 
tions. The results on strained crystals also 
support this conclusion and will be described 
in Part II. 

The important experimental results are as 
follows: 

(1) The silver particles appear in the 
crystals with (100) surface but do not ap- 
pear in those with (110) surface, as seen 
in Photo. 1. 

(2) The etch pits appear in the crystals 
with (110) surface but do not in those 
with (100) surface, as seen in Photo. 2. 

Photos. 3 and 4 show the both types of 
patterns along the same grain boundary. 
They clearly show that the dislocations in 
(110) grains do not contribute to the printing- 
out and those in (100) ones do not to the for- 
mation of etch pits. 

The sub-boundaries such as seen in Photos. 
1 and 2 can be removed by the most careful 
annealing of specimens. Photos. 5,6 and 7 
show the printing-out and etching patterns of 
these ‘‘ perfectly annealed crystals’. 

The densities of dislocations are estimated 
as 510° per cm? from printing-out and 3 x 10° 
per cm? from etching. 

3-2. Crystais with (111) Surface (“‘ Special 

Crystals No. 1’’) 

The printing-out of this type of crystals 
revealed the silver particles which outlined 
the somewhat regular hexagonal pattern both 
at the surface and in the interior of speci- 
mens. The general view of distribution of 
silver is shown in Photo. 8. 

At the surface, the two groups of silver 
particles are observed as shown in Photo. 9. 
They are: (1) the larger particles which out- 
line the hexagonal pattern and (2) the smaller 

* EFH photographic fixer (Fuji-fix; Fuji Photo 
Film Co., Ltd. Kanagawa, Japan) was used in our 
experiments. 
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particles which are distributed around the 
hexagonal pattern. 

In the interior of the specimen, as shown 
in Photo. 10, the particles are distributed dzs- 
continuously upon the hexagonal cylindrical 
surfaces which were outlined by the particles 
of the group (1) at the surface as described 
above. 

These results can be interpreted in the 
following manner. In this type of crystals, 
the silver particles are preferentially produced, 
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Fig. 2. The hexagonal columnar distribution of 
plane networks of dislocations in the “special 
crystal No. 1”. 
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Fig. 3. Intersection of “extra-half-plane of edge 
dislocation” by the surfaces with various 


orientations. The plane of the full circles and 
the plane of the dotted circles are separated by 
on atomic spacing. 


(a) at the emergence points of dislocations 


at the surface........the group (1) of 
Photo. 9. 


(b) at the kink sites at the surface, that 
is to say, the defect sites at the surface 
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waes¥ ee the group! Q)fot Proto. 9: 
(c) at the nodes in the dislocation networks 
inside the crystals........Photo. 10. 

These interpretations will be further discus- 
sed later in §4-1. When we assume their 
validity, the distribution of dislocations in 
these crystals may be supposed to be such as 
those shown schematically in Fig. 2. They 
may be described that the plane network of 
dislocations is extended upon the hexagonal 
cylindrical surfaces which are approximately 
perpendicular to the (111) plane. 

The linear dimensions of plane-networks 
upon cylindrical surfaces could be estimated 
to be of the order of 10 microns from the verti- 
cal displacement of the objective lens of 
microscope. 

The density of dislocations is found to be 
about 4x 10° per cm? in these crystals. 


3-3. Crystals Grown on the Glass Surface 
(** Special Crystals No. 2’’) 


The general view of the surface of these 
crystals are quite similar to that of metal 
crystals prepared by the similar procedures”, 
and is shown in Photo. 11. Each of the ‘‘ is- 
lands’’ of crystals is separated by the ‘‘ val- 
leys’’ or ‘‘ cracks’’. 

Printing-out on the ‘‘ free’’ surface of them 
revealed the existence of plentiful sub-bound- 
aries inside the islands as shown in Photo. 12. 
The printing-out patterns of each island are 
quite similar to those of strained crystals to 
be discussed in Part II. The existence of 
internal strains in these islands is naturally 
expected from the existence of constraints at 
the contract surface of AgCl with glass. 

The density of silver particles is found to 
be about 3x10" per cm? in these crystals. 


) 


$4. Discussions 


4-1. 

Several experimental evidences® are now 
available for trapping of photo-electrons along 
dislocations in AgCl. Seitz® proposed that the 
traps are incipient vacancies with an effective 
charge of +e/2 and his prediction has received 
further support in the work of Hedges and 
Mitchell». 

The writer) intends to propose that the 
following trapping centres in addition to the 
incipient vacancies must be effective in the 
case of annealed crystals; 
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(a) the kink sites at the surface, 

(b) the emergence points of edge disloca- 

tions at the surface, and 

(c) the nodes in the dislocation networks 

inside the crystal. 

This proposal stands mainly on the observa- 

tion described in §3-2 and the mechanism of 
these preferential production of silver particles 
may be explained by the trapping of electrons 
due to the extra effective charge existing 
there. 
In the case of trapping at the (b) sites, the 
extra half plane of (110) type accompanied 
with the edge dislocations may produce extra 
charge by intersecting the surface plane of 
(111) and (100), but may not at the surface 
plane of (110) as schematically shown in Fig. 
3. This type of orientation dependence has 
been confirmed by the experimental results 
described in §3-1, which show that the edge 
dislocations in the (110) grains (revealed by 
the etch pits) do not contribute to the for- 
mation of silver particles”. 

The size of silver particles differs sometimes 
from grain to grain under the same amount 
of exposure (for example as seen in Photo. 6). 
It is naturally expected that their size is 
determined by the crystallographic orientation 
of their surface or, in other words, the orien- 
tation dependence of the effective range of 
the extra electric charge due to the intersec- 
tion of edge dislocations with the surface. 

This conclusion on the existence of extra 
charge on the surface due to dislocations may 
support the possibility of the extra charge at 
the nodes in the dislocation networks. This 
problem, however, merits further considera- 
tion. 

4-2. Formation of Etch Pits 

The etching experiments on annealed and 
strained crystals have been concluded not to 
contradict the generally accepted viewpoints 
that the impurity atmosphere around disloca- 
tions make dislocations visible to us by 
producing etch pits. 

The most remarkable fact is the difficulty 
of revealing etch pits on the (100) surface™*. 
The etched pattern of the crystal with (100) 
surface is usually very flat and the rate of 
chemical etching takes the minimum value in 
the crystal with (100) surface as seen in the 
photographs. It may be explained by the 
well-confirmed viewpoint that the value of 


Observation of Dislocations in Silver Halides. Part I 


125 


the surface energy takes the minimum at 
(100) plane. 


4-3. Origin of Dislocations 


Seitz? and Frank® suggested the origin of 
dislocations by the condensation of thermal 
vacancies in the course of cooling from the 
melting point. The predominant defects of 
AgCl in equilibrium are, however, those of 
Frenkel type (Ag interstitials and Ag va- 
cancies). It is not possible for them to 
produce the extra-half planes by their conden- 
sation. 

On the other hand, the predominant defects 
in NaCl are those of Schottky type (Na and 
Cl vacancies) and thus have an ability to pro- 
duce edge dislocations by their condensation. 

The unpublished results by the present 
writer on the thermal etching patterns of 
NaCl single crystals revealed etch pits of the 
order of 10° per cm? on their (100) surfaces’. 

Comparing this value with that of AgCl of 
10° to 10° per cm’, we must conclude that 
some other origin of dislocations, in addition 
to the vacancy condensation, is important in 
these crystals.it This another factor is sup- 
posed to be the misorientation of micro-crystals 
grown from different nuclei of solidification 
from the melt. 

Next, the discussions will return to our 
crystals of AgCl prepared under various con- 
ditions of crystal growth. 

How will become the dislocations which 
were produced during solidification process 
and are supposed to form the boundaries bet- 
ween neibouring micro-crystals? 

In the case of the ‘‘ usual crystals’’, there 
are little restrictions to their movement and 
they may move rather freely and thus become 


* These results also show that the atmosphere 
of impurity atoms around dislocations, cannot, by 
itself, act as the nuclei for the precipitation of 
silver. 

*k Tmura and Suzuki) have experienced the 
similar kind of difficulty in the etching of Alumi- 
nium. The degree of anisotropy of the difficulty 
was, however, far less than our case, as expected 
reasonably. 


+ See also, W. Dekeyser: Proc. Defects in Solid, 


134 (1955). 

++ Of course, we cannot neglect the presence of 
small number of Schottky defects in AgCl. Their 
density at the malting point, however, can be 
estimated to be the order of 10-5, On the other 
hand, the density of Schottky defects in NaCl at 
the Melting point is 1x 10~*, 
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randomly distributed inside the crystals as 
seen in Photos. 5, 6 and 7. 

In the case of the ‘‘ special crystals No. 2’’, 
the resistance to their movement is the largest 
and some of the grain boundaries change 
themselves into ‘‘valleys’’ or ‘‘cracks’”’ as 
seen in Photo. 11. 

In the case of the ‘‘ special crystals No. 1”’, 
the restriction is the medium and the bound- 
aries of micro-grains may remain in the form 
of hexagonal columnar patterns of dislocation 
networks as seen in Photos. 8, 9 and 10. 
The hexagonal patterns of this type of crys- 
tals are quite similar to those expected from 
the theory of T. Suzuki and H. Suzuki, but 
the mechanism of the appearance of such 
special arrangements seems to be not the 
same with that proposed by Suzuki and Suzuki; 
because, in our experiments as described 
above, they did appear only under special 
condition of crystal growth, rather than in 
the crystals annealed under ideal free and 
unrestricted circumstances. 
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Observation of Dislocations in Silver Halides 


Part IL. 


Strained Crystals 


By Hiroshi KANZAKI 
Institute of Industrial Science, University of Tokyo, Chiba, Japan 
(Received August 5, 1955) 


The appearance of sub-boundaries are revealed in the crystals of AgCl 
and AgBr deformed at room temperature, by the technique of printing- 


out and etching. 


The origin of sub-boundaries can be explained by the 


progress of polygonization during the deformation. 


§ 1. Introduction 


The main object of this Part of the article 
is to obtain the knowledge on the distribution 
of dislocations in deformed crystals by using 
the techniques described in the Part I. 


§2. Experimental Procedures 


Experiments were made on the crystals of 


AgBr and AgCl grown from the melt. 
Specimens of AgBr were prepared by the 
method exactly the same with that adopted 
by Hedges and Mitchell. Their original size 
was about 20mmx20mm and 0.3mm in 
thickness. Their surface was usually nearly 
parallel to (100). After being separated from 
Quartz plates, they were cut to the size of 5 
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Photo. 1. Printing-out pattern of deformed crystal 
of AgBr. The arrow shows the direction of 
faint slip bands observed in the same area. 
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Photo. 2. Printing-out pattern of deformed crystal 


of AgCl with (100) surface. The grain of the 
right-lower corner has the (110) surface and its 
pattern is shown in Photo. 3. 


-_——___4 40pm 


Photo. 3. Printing-out pattern of deformed crystal 
of AgCl with (110) surface (faint slip bands may 
also be seen). The left-hand grain is that shown 
in Photo. 2 and the slip bands in that area may 
be seen in this photograph. 


Photo, 4. Etching pattern of deformed crystal 
of AgCl near grain boundary. 
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Photo. 5. Etching pattern of deformed crystal of 
AgCl. The polygon boundaries as well as grain 
boundaries have been revealed in Photos. 4 and 


De 


mm x 20 mm and then annealed at 400 to 410°C. 
Deformation was given by plastic bending at 
room temperature. Exposure to light was 
given by the filtered radiation from the tungs- 
ten lamp with wavelengths at the long wave 
edge of the absorption band of AgBr. 
Specimens of AgCl were prepared in the 
same manner as described in Part I. Defor- 
mation was given at room temperature by 
indentation on their free surfaces with the 
fine head (0.8mm in diameter) of the Pyrex 
glass rods. The exposure and the etching were 
carried out in the same manner as in Part I. 


$3, Results Obtained 


3-1. AgBr 
Printing-out of annealed crystals of AgBr 


revealed the random distribution of silver 
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particles at the surface with the density of 
about 10° per cm?. 

Printing-out of the deformed crystals revealed 
the existence of the sub-boundaries made of 
rows of silver particles in the interior of the 
crystals (about 10 micron below the surface) 
as shown in Photo. 1. These boundaries be- 
came clearly visible when the value of the 
surface strain exceeded over 0.5 percent. 

These boundaries which appear in the 
strained crystals of both AgBr and AgCl are 
developed especially well near the grain 
boundaries and also at the places where the 
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Fig. 1. Temperature dependence of the mobility 


of defects calculated from the conductivity 
data»), 


(a) Ag interstitial ions in AgBr, 
(b) Ag vacancies in AgBr, 
(c) Na vacancies in NaCl. 


slip bands on the surface become ‘“ faint’’, 
and are approximately perpendicular to the 
slip bands. 

From the experimental results on the rela- 
tion between these boundaries and the slip 
bands, it has been concluded that the origin 
of these sub-boundaries is the polygonization 
accompanied by the deformation at room 
temperature and these boundaries are made 


of rows of dislocations with strong edge comp- 
onents. 


3-2. AgCl 


As stated above, the ‘‘ polygon ”’ boundaries 
were also observed in the interior of the de- 
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formed AgCl as well as in the case of AgBr. 

Photos. 2 and 3 show some of the printed- 
out patterns of deformed AgCl in the interior 
of the crystal. It is also remarkable that the 
size of the silver particles has been decreased 
and the density of them has been increased 
by the deformation. The measured density 
is about 6x 10° per cm? in the deformed crys- 
tals with (100) surface orientation (as seen in 
Photo. 2) and 1 to 2x10’ per cm? in those 
with (110) surface (Photo. 3). Such orientation 
dependence of the particle densities may be 
explained in the same manner with that of 
annealed crystals shown in § 3-1 of Part. I. 
The degree of such anisotropy is, however, 
far less in deformed crystals than in annealed 
ones of §3-1 of Part I. Actually, we could 
confirm one-to-one correspondence between 
silver particles and etch pits along the same 
polygonization boundaries in the crystals with 
(110) surface. In the case of annealed crys- 
tals, it was quite impossible to make this kind 
of experimental confirmation because of strong 
anisotropy in producing both silver particles 
and etching pits. 

Chemical etching also revealed the poly- 
gonization boundaries in deformed crystals as 
shown in Photos. 4 and 5. The density of 
etch pits is calculated to be 1 to 2x10’ per 
Ciniae 


§4, Discussions 
4-1, 
The printed-out silver particles in deformed 

crystals of AgBr and AgCl appeared always 

below the surface of crystals. This fact is 
to be contrasted with the appearance of parti- 
cles on the surface of annealed crystals. 

These results are consistent with those by 

Hedges and Mitchell”. In the case of strained 

crystals, a lot of jogs are expected along dis- 

location lines and they contribute effective 
traps for photo-electrons. Under these circums- 
tances, the location of silver particles is deter- 
mined by the density of jogs along dislocations 


as has been fully discussed by Hedges and 
Mitchell. 


4-2. Formation of Etch Pits 


Experimental results have shown that the 
dislocations produced by deformation contri- 
bute fairly well to the formation of etch pits. 
We must then conclude that the impurity 
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atmospheres are well formed around these 
dislocations. This conclusion may be reason- 
ably accepted by considering the rather high 
values of defects mobilities in silver halides 
which are to be discussed in the next para- 
grahps. 
4-3. Plastic Deformation cf Silver 
Halides 


It seems generally accepted” that the tem- 
perature dependence of plastic properties of 
solids is determined by the mobility of the 
atomic defects in the solids. 

Fig. 1 shows the temperature dependence 
of the mobility of defects (number of jumps 
per unit time) calculated from the conductivity 
experiments of AgBr® and NaCl®. It may 
also be supposed” that the mobility of the 
neutral pair of vacancies is nearly the same 
with that of positive ion vacancies. 

Assuming the value of 10’ to 10° per sec 
for the jumping frequency of vacancy pair in 
AgBr, it may be well conceivable that the 
polygonization proceeds considerably during 
the course of deformation at room temperature. 

From the results of Fig. 1, it is supposed 
that the deformation of AgBr at room tempera- 
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ture corresponds to that of NaCl at 500°C. 
The temperature dependence of the plastic 
properties of NaCl may be the most interest- 
ing from this point of view. 
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Electron Diffraction and Microscope Study of the Surface 


Structure of Copper Single Crystals 


By Susumu YOSHIDA 


The Government Mechanical Laboratory, Suginami-ku, Tokyo, Japan 
(Received March 31, 1955, and in revised form September 27, 1955) 


The submicroscopic structure of electrolytically polished and etched 
surfaces of copper single crystals was studied by means of electron 
diffraction and electron microscope, supplemented by the method of light 


figures. 


Our results indicate that the etched surfaces are composed of 


submicroscopic facets which belong to {100] zone end the electropolished 
surfaces are smooth and undulating. Assuming a simple model or the 
undulation, the mean inner potential of copper crystal was determined. 
The mean value of the mean inner potential turned out to be 11 volts. 


Introduction 


§1. 

Many authors studied the submiucroscopic 
surface structure of metal single crystals by 
the method of electron diffraction. HOmmexs 
ample, Raether e¢ al)->,. found that the 


electropolished surfaces of copper crystals 
were smooth and undulating. Pashley” 
studied the electrolytically etched and polished 
surfaces of silver crystals and found that fine 
structure effects, in the form of split spots 
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or streaks, gave information concerning the 
surface structure of the various surfaces of 
the crystals. However, the origin of split 
spots and streaks in the electron diffraction 
pattern has not yet been fully elucidated. So 
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Fig. 1. {110} surface electrolytically etched for 


15 minutes. 


Bigen2: 
15 minutes. 


Fig. 3. 
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it is often difficult to study in detail the sub- 
microscopic surface topography of crystals 
only by electron diffraction and the observa- 
tion by means of electron microscope is 
required. 

In the present work the electrolytically 
etched and polished copper single crystals 
were studied by electron diffraction and elec- 
tron microscope, supplemented by the observa- 
tion by the method of light figure. Our results 
indicate that the etched surfaces are composed 
of minute facets which belong to [100] zone, 
and the electropolished surfaces are smooth 
and undulating. Assuming a simple model 
for the undulation, we determined the mean 
inner potential of copper crystal and the 
mean angle of the undulation. 


§2. Experimental 


The copper single crystals used in this ex- 
periment were made from melted electrolytic 
copper by slow cooling. Surfaces of the crys- 
tals were polished mechanically and then 
etched. After determining the orientation of 
the crystal axes by electron diffraction, flat 
surfaces parallel to {100}, {110} and {111} 
planes were prepared by grinding and me- 
chanical polishing. The surface layer dis- 
torted by mechanical working was removed 
by electropolishing. 

The electrolytic solution used for polishing 
was a mixture containing 40cc of water and 
50cc of orthophosphoric acid (90%). Electro- 
polishing and etching were carried out at 15 
~20°C with the specimen as the anode. The 
electrode potential applied was 0.4~0.6 volt for 
electrolytic etching and 1.6~1.8 volts for electro- 
polishing. The oxide layer which was often 
formed on the surface in the process of 
electropolishing was removed by light etching in 
dilute solution of sulphuric acid. The lustre 
of the polished surface showed no change 
after this process. Specimens thus prepared 
were rinsed in distilled water, dried quickly 
in air flow and then examined by electron 
microscope and diffraction. For the electron 
microscope specimens the methyl-methacrylate 
aluminium replicas shadowed with germanium 
were used. The electrolytically etched surfaces 
were also studied by light figures, i.e., the 
figures produced by reflecting a narrow beam 
of light on the surface of a crystal. 
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Fig. 4. The light figure from {100} surface elec- 
trolytically etched for 15 minutes. 


{001} surface 


Fig. 5. 
© Facet observed by light figure, e 


§ 3. Results on the Surface Structure 
(a) Electrolytically etched surfaces 


Strongly etched surfaces. When the elec- 
trolytic etching is continued for more than 
10 minutes, the surface of the crystal becomes 
mat and reflects light strongly in certain 
definite directions. The electron micrograph 
shows that the surface is covered with etch 
pits which are 1 to several microns in size. 
They are of characteristic shapes which 
depend on the indices of the surfaces (Figs. 
1 and 2). From the shape of the facets which 
compose the etch pits it can be concluded 
that they belong to [100] zone. Generally the 
facets are not smooth, but covered with sub- 
microscopic projections. Only on a few 
specimens smooth facets are observed. 

The electron diffraction spots are streaked 
from the centres into a few directions (Fig. 3). 
According to several authors’~® the streaks 
are caused by the refraction effect of electrons 
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{110} surface 


ileoyil 


{111} surface 


Stereographic projections of minute facets. 


Facet observed by electron diffraction. 


on submicroscopic facets and the indices of 
those facets can be determined by the direc- 
tion of streaks*. In the present experiment 
the streaks indicate that the indices of sub- 
microscopic facets are {100}, {110}-, {210} and 
{310}, irrespective of the indices of the micro- 
scopic surfaces, although a few streaks cannot 
be attributed to any faces of simple indices. 
When the electron micrograph of a surface 
shows many etch pits which have smooth 
facets, the streaks observed by electron diffrac- 
tion is replaced by a subsidiary spot separated 
from the normal diffraction spot. In sucha case 
the mean inner potential of copper crystal 
can be measured approximately. Using {110} 
surface a mean inner potential of 13~14 volts 
was obtained from (400) spot. This is con- 


* Pashley observed for electrolytically etched 
silver surfaces several evidences which suggest 
that the observed streaks are not solely due to the 
refraction effect. We also observed the similar 


evidences. 
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Fig. 7. {110} surface electropolished for 5 minutes 
and lightly etched for 30 seconds. 


Fig. 8. {110} surface electropolished for 5 minutes 
and lightly etched for 30 seconds. [001] azimuth. 
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(a) (b) (c) 
Fig. 9. (a) {110} surface electropolished for 5 


minutes and lightly etched for 30 seconds. [110] 
azimuth. 


(b) Enlargement of the (222) spot. 
(c) Illustration os the distances given in Table 1. 


sistent with the value (13.7 volts) calculated 
by Tull®. 

The indices of the microscopic facets of the 
etch pits are determined by analysing light 
figures. Although the recorded figures are 
diffuse and elongated, the direction of strong 
intensity correspond to {100}, {110} faces and 
a face intermediate between {210} and {310} 
(Fig. 4). 
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The indices observed by both methods, 
electron diffraction and light figure, are sum- 
marized in Fig. 5. Although the facets 
observed by different methods are not per- 
fectly in accordance, all the observed facets 
belong to [100] zone. This is consistent with 
the observation by the electron microscope. 
No {111} facets were found in accordance 
with Pashley’s result® for silver crystals. 
Fig. 6 represents a polyhedron which is 
bounded by the observed facets. The etch 
pits shown in the electron micrographs re- 
semble some parts of this polyhedron. 

Lightly etched {110}. surface. When a {110} 
surface is electropolished and then electrolyti- 
cally etched for a short time (30sec.~1 
minute), the electron micrograph of this 
surface shows stripes running along [001] direc- 
tion (Fig. 7). The width of the stripes is 
from 500 to 2000 A. 

The electron diffraction pattern at [001] 
azimuth shows long, sharp streaks along [100] 
and [101] directions (Fig. 8). At [110] azimuth 
split spots are observed (Fig. 9). The split 
spots cannot be explained by the simple re- 
fraction effect. But the spot D is explained 
by assuming spikes in reciprocal lattice space 


Table I. Comparison between observed and cal- 
culated positions of the split spots. 


(The definitions of U;, Us and S are given in Fig. 9.) 


; | U; (mm) | U.(mm) | S(mm) 

Split spot | — = 
| Obs. Calc. | Obs. | Calc. | Obs. | Calc. 

(220)D | 0.7 | 0.78 | 

” B,C 0.3 |0.33]/0.2 | 0.21 
(440) D | 2.2 | 2.06 | | | 

7, BoC | 0.8.) 0.73 10.5 0.45 
(222) Do | 1.9 ele 70 | 

pei 0.4 |0.35/0.3 10.25 
@ID.D: | 0271.0.67 | 

Pane | 0.3 | 0.30 | 0.2 | 0.19 
(331)D | 1.4*| 1.4% 

» B,C | 0.6** 0.6** 0. 38%*| 0.38% 
(442) D4) 2:34) 2.22 | 


The angle of incidence of the electron beam 
with the {110} crystal plane is calculated from 
Pashley’s formulae? (1) and (2), assuming the 
split spot D for the (311) diffraction spot to 
be due to the [010] spike. 

** The direction cosines for the spikes which 
cause split spots B, C are calculated from 
their positions for the (311) diffraction spot, 


* 
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Fig. 10. {110} surfaces electrolytically etched 


for 5 minutes. Fig. 11. {110} surface electrolytically etched for 


: Fay a 
as considered by Pashley”. The result of minutes 


analysis indicates that the spot D is due to a 
spike along [010] or [100] direction (Table i). 
Therefore, the stripes observed by the electron 
microscope is concluded to be due to a furrow- 
like structure which is bounded by oblique 
{100} and {010} facets. 

When the etching is continued further, the 
period of the furrow-like structure becomes 
larger (Fig. 10) and sometimes a_ step-like 
structure develops (Fig. 11). Finally etching 
pits of the type such as described in the pre- 
vious section (Fig. 1) appear and gradually 
cover the surface. The characteristic furrow- 
like structure still remains as a fine structure Figs 42, {loo}! surface Mectropoliched atone 
on the facets of the pits even in this stage aattites: 
of etching. 


(b) Electropolished surfaces 


The surface of the specimen becomes lus- 
trous by 3~5 minutes’ electropolishing. At 
this stage of polishing, the electron micro- 
graph from {100} surface shows a very smooth 
surface structure (Fig. 12). {110} surface is 
also smooth, but generally faint streaks are 
observed along [001] direction (Fig. 13). When 
the electropolishing is continued for a longer 
time, the streaks gradually become distinct 
and the appearance of the surface becomes 
somewhat similar to that from the lightly 
etched {110} surface (Fig. 7). 

Though slight changes in the condition of lee 
polishing result in variations in details of Fig. 13. {110} surface electropolished for 5 
electron diffraction patterns, the general minutes. 


to 
features of the patterns well correspond ies ; 
the electron microscopic observation as given elongated ieee ey ? iene Larne. 
1 1 : ifference when th 
£100} surface the diffraction spots differenc th 
i Seen the shadow edge. The beam is changed. This fact indicates that 
elon 
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Fig. 14. {110} surface electropolished for 5 


minutes. [110] azimuth. 


Fig. 15. {110} surface electropolished for 5 


minutes. [001] azimuth. 


(220) 


A 


Ar 


DP 


(000) 


(a) 


. 6 
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Fig. 16. (a) Illustration of the electron diffrac- 
tion pattern from electropolished {110} surface 
at [001] azimuth (Fig. 15) 
(b) Illustration of the submicroscopic profile of 
the surfade corresponding to the pattern (a). 
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the surface is slightly undulated, though it 
appears very smooth in the electron micro- 
graph, and that the undulation is not along 
any definite crystallographic direction. For 
{110} surface the diffraction spots also elon- 


gate towards the shadow edge at [110] azimuth, 
but they look like comets at [001] azimuth 
(Figs. 14 and 15). These patterns indicate 
that the streaks observed in the electron 
micrograph of {110} surface correspond to 


slight undulation along [110] direction. The 
mean angle of inclination of the undulation 
is given by half the angle (0) of the spread 
of the trail of the comet-like spot (Fig. 16). 
It comes out 3~5° for a well polished 
surface*. 

When the electropolishing of {110} surface 
is continued for a longer time, the appearance 
of the diffraction spots changes as follows. 


At [110] azimuth the elongated part of a 
diffraction spot splits from the normal spot 
and the normal spot tends to protrude on both 
sides parallel to the shadow edge. At [001] 
azimth the trail of the comet-like spot be- 
comes smaller and the angle 6 increases, often 
amounting to 60~70°. Therefore the diffrac- 
tion pattern becomes somewhat similar to 
that from the lightly etched surface (Fig. 8 
and 9). This fact corresponds well to the 
change observed in the electron micrograph. 


§4. Measurement of the Mean Inner 
Potential and Angle 6” 


It was already found that an electropolished 
surface of a metal crystal is slightly undulated 
and the undulation forms a small angle with 
the macroscopic surface. By the electron 
diffraction method, Kranert, Leise and 
Raether? formerly estimated the angle to be 
1~2° for a copper crystal. However, they 
had to assume the value of the mean inner 
potential. If we assume the undulating sur- 
face as represented in Fig. 17, we can deter- 
mine both the mean inner potential and the 
angle 0 by the following method. When an 
incident electron beam falls upon the facet 
OX, it is refracted on the facet and then 
reflected by the net plane when the Bragg condi- 


The mean angle 6 of the inclination can be 
measured also by the method described in the 
later section (§ 4.). The measured value (Table IJ) 
is consistent with the value given here. 
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tion is fulfilled. Since the Bragg angle @’ 
for the refracted beam is approximately equal 
to @ for the unrefracted beam the deviation 
of the beam due to refraction effect is cal- 
culated by Snell’s law”: 


¢ —¢= Dee a ie ay ee 

Op elo OO Ge 
where y is the refractive index for electrons 
and ¢ and ¢’ are the angies shown in Fig. 17. 
The reflected beam departs from the crystal 
through another facet OY and the total de- 
viation due to the effect of refraction is 
2(@’—@). Using the familiar relation »2—1 
=V/E where V is the mean inner potential 
and £& the accelerating voltage, we get the 
following equation: 
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V 1 
An=2 ee n)= 
(bn’ — dn) eee ga 
where the suffix 7 indicates the order of re- 
flexion. This formula can be rewritten as 


Bp = OARkV . (3) 


where An=4nE and Br=4n0nE. Equation (3) 
is a linear relation between A, and Bn, both 
of which can be obtained by measuring 4p 
and @, on a rotation photograph. Plotting 
A, and Bn on a diagram for a series of 
reflexions, we can determine V and 0d. 
Electron diffraction rotation photographs 
were taken of electropolished {110} surface 
of copper crystals. Specimens were set in an 
azimuth where the incident electron beam was 


approximately parallel to [110] but the effect 
of simultaneous reflextion was avoided as far 
as possible. The surface of real crystals 
always deviates from the ideal model (Fig. 17) 
and the angle 6 is not unique but is dis- 
tributed in a certain range. This results in 
diffraction spots elongated toward the shadow 
edge. We measured the point of maximum 
intensity of the elongated spot and applied 
equation (3). Thus we obtained the average 
value of 6. A few examples are given in 
Fig. 18. Sometimes the plots don’t lie on an 
exact straight line. This may be due in part 
to the fact that the effective angle 0 depends 
upon 6, and in part to the variation of 
apparent mean inner potential in low order 
reflexions™, The same method was applied 
also to {100} surface. In this case, however, 
physical meaning of 0 is not so clear as for 
{110} surface, for the {100} surface is not 
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{110} 


Fig. 18. Diagrams for calculating V and @. 


Table II. The mean inner potential V and facet 
angle ¢§ of copper crystal. 


Crystal face Specimen No. V (volts) 


(110) 1 12223 4.543 
" 2) USES) o+£3 
” 3 ES) DOIG 
y 4 8+4 343 
y 5 1443 4.543 
(100) 11+4 10+4 


undulated along a definite crystallographic 
direction (§ 3. (b)). The results are given in 
Table II. Our data agree inorder of rmagni- 
tude with the value 13.7 volts which was 
theoretically calculated by Tull”. 


§5. Discussions 


We observed a furrow-like structure on the 
lightly etched {110} surface. Even when the 
etching was continued for a longer time, this 
characteristic structure was found accompany- 
ing the etching pits. Moreover, its traces 
still remained as undulation on an electro- 
polished surface. Thus, it may be concluded 
that the furrow-like structure represents an 
elementary process in the electrolytic etching 
and polishing. The facets of the furrows 
({100} planes) seem to be the most stable 
surface formed in the electrolytic dissolution 
of copper crystal. 

A similar furrow-like structure was formerly 
observed on electropolished aluminium sur- 


faces by Brown’? and Bucknell and 
Geach™. Brown called it the ‘‘ micro-etch ”’ 
structure. Although both are alike, the one 


for aluminium is different from that for 
copper in the following points: 1) The period 
of the former structure (400A) is a little 
smaller than that of the latter. 2) The facets of 
the former are not {100} planes as for copper, 
but {111}. It is not yet clear whether both 
structures have the same origin or not, 
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Fig. 19. {110} surface electropolished for 5 
minutes and lightly etched for 30 seconds. 


Azimuth rotated 4° from [110]. 


* » _* 
(131) (220 M31) 
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Fig. 20. {110} surface electropolished for 5 
minutes and lightly etched for 30 seconds. 


[111] azimuth. 
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Fig. 22. {110} surface electropolished for 5 
minutes and lightly etched for 30 seconds, 
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Electron diffraction patterns from a surface 
with the furrow-like structure, if closely ex- 
amined, show complex appearance. They 
cannot be explained in several points by the 
simple refraction effect or reciprocal lattice 
spikes based on the kinematical theory. The 
points are as follows. (1) Among the splits 
spots observed with the incident beam parallel 


to [110] (Fig. 9), the spot D was already ex- 
plained. If the spots B and C were similarly 
caused by reciprocal lattice spikes, the direc- 
tion cosines of the spikes would be 0.90:0.23: 
+0.37 (Table I). If the spot A were also 


caused by a spike, it would be [110] spike 
parallel to the incident beam. Actually, 
however, the spikes corresponding to the 
spots A, B and C are not observed at other 
azimuths, while streaks corresponding to [201], 
[102] and [101] spikes are observed. (2) When 


the azimuth is a little rotated from [110], the 
split spots take more complex appearance 
(Fig. 19). (3) Streaks which belong to one 
diffraction spot sometimes don’t cross on the 
same point (Fig. 20). 

As already shown, the mean period of the 
furrows is about 1000 A. The size of crystals 
which diffract electrons are, therefore, about 


50 A for [110] azimuth (Fig. 21). This size is 
of the order of magnitude where the applica- 
tion of the dynamical theory becomes gradu- 
ally more adequate than that of the kinemati- 
cal theory?». This seems to be the cause 
that makes the diffraction patterns complex 
and difficult to be explained. Moreover, we 
often observed in the electron micrograph of 
the furrow-like structure fine traces of lines 
lying obliquely to the ridge of the furrows 
(Fig. 22). The direction of the traces show 
that they are caused by {101} or {201} plane. 
Such a subsidiary structure of the furrows 
may also complicate the diffraction patterns. 

In conclusion the author wishes to express 
his sincere thanks to Professor Ryozi Uyeda 
for his kind advices and criticisms. He is 
also indebted to Dr. T. Kawada of this labo- 
ratory for his continual encouragement during 
the course of this work. 
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Paramagnetic Resonance Absorption in Copper Formate 


By J. SHIMADA, H. ABE and K. ONO 
Institute of Science and Technology, University of Tokyo, Tokyo, Japan 
(Received September 17, 1955) 


Paramagnetic resonance in single crystals of copper formate tetra- 
hydrate and its dihydrate was investigated at room temperature with 


microwaves of A4=11~5 mm. 


at any direction of static magnetic field. 
drate is 400 oer. in order and that of dihydrate is 200 oer. 


of these lines is Lorentzian. 


$1. Introduction 


Paramagnetic resonance absorption in single 
crystals of copper formate  tetrahydrate 


Cu(HCOO),-4H.O and its dihydrate Cu(HCOO), 
-2H.O have been investigated at room tem- 
perature and with 3 wave-lengths (11~5.4 
mm). Experiments on the same crystals have 
been performed by Itoh et al at Osaka Uni- 
versity with a longer wave-length (3cm)”. 
The anomaly in paramagnetic resonance ab- 
sorption as in copper acetate Cu(CH;COO),- 
H,O2-*) and copper propionate Cu(CH;CH,COO):» 
-H,O® is not observed in these crystals but 
a single peak is observed in any direction of 
static magnetic field. 

The X-ray analysis of these salts was per- 
formed in Kiriyama’s laboratory at Osaka 
University. Both crystals are monoclinic and 
short data are listed in Table I, z being the 
number of inequivalent copper ions in unit 
cell. 


Either crystal has only one absorption peak 


The line width of the tetrahy- 
The shape 


Table I. Short results of X-ray analysis®). 


2 '9 a b C 


Cu(HCOO)s-4H,O 2 101°5’ 8.184 8.154 6.354 
Cu(HCOO).-2H,0 4 96°38’ 9.54A 7.16A 8.594 


H,0 
O~ TAS Ho) x 
nas et (u-O, 200A ¥%189,5° 
0; Si} G- Oo 2.01A bilgi pee 
Gu-H,0 236A 8&:490° 


CMTE” 
H20 > 


Fig. 1. Atomic configuration surrounding a Cu** 
ion in Cu(HCOO),-4H20. 


§2. Results from Resonance Absorption 
i) Copper Formate Tetrahydrate 
Cu(HCOO),-4H,O 
The configuration of atoms surrounding a 
Cu** ion in this crystal is shown in Fig. 1. 
Since we have no exact information about the 
crystalline field at Cu** ion, we assume that 
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Fig. 3. Variation of g-value with orientation for 
static magnetic field in Cu(HCOO),:4H,O. 


Table II. Line width of Cu(HCOO).-4H:0 at 
A4=11 mm in oer. 


| Hj/a | H//b | Hi/e 
| axis | axis | axis 
Observed line width aH | 360 | 420 | 460 
Calculated dipolar width, 310 | 390 | 570 


| 
the H,O-H,.O direction is the symmetry axis 
of crystalline field and we call this the Z-axis. 
There are two inequivalent Cu** ions in unit 
cell, so axes Z; and Z, which means the Z 
axes of these ions orientate themselves dif- 
ferently as shown in Fig. 2. Z; and Z, in 
Fig. 2 are the bisector of the acute and obtuse 
angle between Z; and Z,, and Z; is the normal 
to the plane of Z, and Z,. In Z,Z, plane, only 
one peak is observed in every direction which 
may be ascribed to the exchange interaction, 
SO we assume the observed peak shows the 
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Fig. 5. Variation of g-value with orientation 
for Hs in Cu(HCOO),-2H,0. 


Table Il. Line width of Cu(HCOO),-2H,0 at 
XA=11 mm in oer. 


| H//a | H//b | HjJe 
| axis axis axis 
Observed line width | 230 | 240 | 140 
Calculated dipolar width 590-400 480 
¢ MI 


mean of g values of two Cut* ions in unit 
cell. The observed g values are shown in 
Fig. 3 as a function of direction. Assuming 
that the crystalline field arround each Cut+ 
ion has tetragonal symmetry, the g value may 
be estimated from these data as g//=2.35 and 
g.=2.06. The full line widths 4H of absorp- 
tion at A=1lmm are listed in Table II, and 
the experimental error of 4H is less than 20 
oer. The calculated dipolar width is also 
listed in this table’. Though the exchange 
narrowing for these directions with the 
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identical g values may be expected®, the 
observed widths are approximately the same 
as the calculated dipolar ones. All the line 
shapes are of Lorentzian type. 


ii) Copper Formate Dithydrate 


This crystal has four Cu*+ ions in an unit 
cell, which make a face centered lattice of 
coppers. Directions of four Z-axes in this 
crystal are shown in Fig. 4. Each Cu*+ ion 
is surrounded by four oxygens and two water 
molecules as in its tetrahydrate. Only one 
peak is observed in any direction as the case 
of its tetrahydrate. When the sample is 
rotated in the ac-plane, the observed g-value 
reaches to its maximum value in K-direction 
as shown in Fig. 5. The observed half value 
widths at 4=1l1mm and calculated dipolar 
widths are shown in Table III. Now a con- 
siderable narrowing of width occurs. 

Our thanks are due to Prof. Hiroo Kumagai 
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for his continuous guidance and encourage- 
ment and to Miss H. Ibamoto at Osaka 
University for her preparation of the single 
crystals used in our measurements. 
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Apparent Molecular Weight of Polytrifluorochloroethylene 


By Atsuo NISHIOKA and Ryuzo KOYAMA 
Electrical Communication Laboratory, Musashino, Tokyo 
(Read June 3rd, 1955 and received September 20, 1953) 


To clarify the accuracy and physical basis of the two methods, NST 
and ZST, giving the apparent molecular weight of Polytrifluoroch- 
loroethylene, some experiments were made by statistical means and their 


variances were analysed. 


We have derived theoretical relations between 


these apparent molecular weights and true average molecular weight by 


a simple model. 


The observed tendency of our experimental results 


between NST and ZST are qualitatively in accordance with our theoretical 


relations. 


§1. Introduction 


Fluorocarbon polymers are known by their 
excellent heat resistant, moisture proof and 
chemically resistant properties, but on the 
other hand, their insolubility at ordinary tem- 
peratures makes the measurement of their 
molecular weight difficult. Polytrifluorochlo- 
roethylene, (-CF2,CFCl-)n, one of the fluoro- 
carbon polymers, dissolves in certain chloro- 
fluorocarbons at elevated temperature, but the 
operation of the measurement of molecular 


weight in dilute solution at high temperature 
is not easy, and these solvents are not easily 
available, and so the solution viscosity method 
is not suitable for the control of polymer and 
fabricating process. Therefore, several 
methods of determining apparent molecular 
weight related with melt viscosity were 
developed. Among these methods, there are 
parallel plate melt viscosity method, flow index 
method, no-strength-temperature test, and 
zero-strength-time test. Owing to the simple 
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Thermocouple 


Specimen 
Brass block 
-4--Sheathed heater 


weight 


Fig. 1. NST testing apparatus. 

| | 
3 270 | | 
a HL Ht 
wn 
- { 
250K Aids B\G203 C.CeCa O DeDs EEZEs RFeFs 


Sources ot Variance 


Fig. 2. Changes of sources of variances with each 
level at the confidence level of 95%. 


operation, the last two methods are more 
practical than the others. No Strength Tem- 
perature test (NST) determines the temper- 
ature at which a standard notched and loaded 
sample breaks at constant heating rate, and 
Zero Strength Time test (ZST) determines the 
time at which the similar specimen breaks at 
constant temperature. Both the NST and the 
logarithm of ZST were already observed in a 
linear relation approximately with molecular 
weight. ZST test was developed recently as 
an improved method of NST test, but the 
accuracy of NST test and the physical basis 
of their dependence upon molecular weight 
has not been studied in detail. 

We have performed some experiments on 
these two tests by a statistical method. In 
the following we discuss their accuracies and 
derive the relation between the apparent 
molecular weights and true average molecular 
weight by a simple model. 
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Table I. Design of Experiment. 


level |) ie 
source of 1 2 3 
variation _ as Pe: - P 
width of notch (A) | 1.0mm 1.2mm | 1.4mm 
thickness (B) | small medium | large 
weight (C):| 0 Aer FOSS: on: 0.6 gr. 
heating rate (D) | 80°C/hr. | 90°C/hr. |100°C/hr. 
starting | 200°C | 210°C ~—-| 220°C 
temperature (E) | 
waiting time (F) | 1 min. 5 min. 10 min 
Table II. Analysis of Variance. 
source | degrees sum of mean 
of varia- | of | F test 
tion | freedom | squares square 
Alinear | 1 271 71 Ser 
residue 1 3 3 0.3 
B | 2 Wie SINS 15. 8h jjaLB0 
C linear 1 149 149 9.7% 
residue 1 as 7.8 0.5 
D linear i! 140 140 9.1* 
residue 1 TS TS. a) ORS 
E linear | 1 20 20 3} 
residue | 1 Zed ant Onz 
F | 2 82.3 41.2 Dash 
Endhioc come aintiaGt 15.4 
795 


Total | 17 


=? significant at the risk of V%. 
*: significant at the risk of 59%. 
§2. No Strength Temperature Test 


No Strength Temperature is the point at 
which a standard notched and loaded sample 
breaks under a standard rate of temperature 


rising». To perform the test, a sample of 
the polymer is pressed into a 1/16 in. thick 
disc. A_ strip 12 in. long by 1/8in. wide, 


which was cut from this disc, has a double 
notch end 3/64 in. wide, 1 in. from the end. 
A weight is then attached to the one end to 
give a total weight, 0.5 gram, of the sample 
and added weight from the notch down. This 
sample is then suspended in a heated oven 
held at 210°C, and the temperature is raised 
1.5°C per min. until the sample breaks at the 
notch. The temperature of the oven is then 
read as the No Strength Temperature. 


a) Design of Experiment 


The sources of variation of NST are mainly 
composed of six factors, that is, the width of 
the notch, the thickness of the sample, the 
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weight, the heating rate, starting temperature, 
and the waiting time from the insertion of 
the specimen to the beginning of heating. We 
designed our experiment by the statistical 
procedure with Latin Square of 18 specimens 
shown in Table I. The tested sample was 
Daiflon-resin of NST 270 manufactured by 
Osaka Kinzoku Kogyo K. K. 


b) Lxperimental Results 


The testing apparatus used for this test was 
similar to that originally designed by Gian- 
notta”, but the NST was read by chromel- 
almel thermocouple (Fig. 1). Since the ac- 
curacy of the width of the notch seems to 
give predominant influence on NST value, we 
cut the double notch by means of special 
cutter and zig, not by a punch. The heating 
rate was adjusted by a geared temperature 
controller. The NST of the samples specified 
by the Table I were measured in randomized 
order. The numerical analysis of variance of 
the observed NST values is listed in the 
following Table II, and the tendencies of each 
factor were shown in Fig. 2. 

As seen from Table II, NST is significantly 
affected by the notch width, weight and heat- 
ing rate, but negligibly by the thickness, 
starting temperature and waiting time. The 
fact that the effect of thickness is very small, 
seems to be curious, but could be explained 
as follows. The weight of the specimen under 
the notch is comparable to the added weight, 
so the change of tensile stress due to the 
change of thickness is almost cancelled with 
the change of total weight due to that of the 
weight of the specimen. The mean value of 
NST under the specified condition is 2676°C 
at the confidence level of 95%. The relative 
error of this value is small, but the variance 
of +6°C seems to be large compared with the 
temperature range usually observed from 240°C 
to 310°C; 

Another factor seemed to affect the NST 
value. It is the anisotropy effect which means 
the difference of tensile strength between the 
parallel and perpendicular to the radial direc- 
tion, but this effect is not significant at the 
confidence level of 95%. So we have neglected 
this anisotropy effect. 


c) Theory 


As seen from the above description, the 
result of this test seemed to be mainly 
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determined by the notch width of the speci- 
men, and NST increased proportionally with 
notch width and heating rate, and decreased 
with the added weight. Also the molecular 
weights of polytrifluorochloroethylene by high 
temperature osmometry® shows the approxi- 
mately linear relationship to NST. However, 
the physical interpretation of this dependence 
of NST has not been ever studied. Difficulties 
of this study seem to lie in the special form 
of double notch, but we considered that the 
essential point of this test is the section of 
the notch and so we simplified this part in 
the following model. 

We assume a rod-like specimen with the 
sectional area A and the length J/, attached 
a weight W at the end. When the temper- 
ature of the specimen is raised at a constant 
rate, the elongation rate will be proportional 
to the tensile stress and the length, and 
reciprocally to melt viscosity at the temper- 


ature, So we have the next equation, 
dl Wi 
—=C— 1 
dt Ay So) 


where ¢ is time, C is the proportionality con- 
stant and 7 is melt viscosity. And in relative- 
ly short range of temperature, the melt 
viscosity is related with absolute temperature 
T by the formula, 


= exp (E/RT) , (2) 
where 7 is a constant dependent upon 
molecular weight, & is the activation energy 
for melt viscosity, and R is the gas constant. 
Also the heating rate k& is constant, so we 
have 


where Ty is the starting temperature. Com- 
bining these equations, we have 
dl CWi =) 
its = Sexp |e (4) 
at Ano 


Assuming that the volume of the specimen 
is constant, and NST is defined when / be- 
comes infinite at a temperature J:, we have 


\/exp (—E/RT)dT=Agkn[CW, (5) 


T9 
where Ay is the initial area of cross section 
and T; is the No Strength Temperature. The 
exponential term of the left hand side of Eq. 
(5) can be expanded in series form around the 
starting temperature ZT). Then we have 
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exp (—E/RT)=exp (BIRT: E “(77 J+ ae vee |} ; (6) 


Since 7) is 210°C, and No Strength Temperature is usually found between 240°C and 
310°C, (T—T>)/To is smaller than unity (1/16~1/5). So, if we neglect the higher order term 
of (T—T )/T» in Eq. (6), then we have 


. ioe 
“exp (—E)RT)dT=\" exp {(—BIRT:(1—" *) Lar 
T To T» 


0 


5 ENED Vex ( oF te-T))-1] : 
=exr(—g7)( E )jexe RT? setts) ee re) 

From Eq. (5), we have 
IB. ie Et on Aokno Te ( E ) 8 
exp (sep Te— To)) {1 exp ae T)\\= eon RT, exp RT, (8) 
E 2 AkE | E ; 
erp ten Toit log {1—exp (pep (Te T.))} =log 0+ 108 CWRTet RT, A ( ) 


If we assume that the molecular weight M is approximately proportional to logarithm of 
melt viscosity in our temperature range, we can write 


log n=at+PBM. (10) 
So, Eq. (9) becomes 
E EE AokE E 
El > ———_(T,— = nee = * 
pra em To) +og]1—exp (— pr Te— Te)) |= BM+log OR tah oo a1) 


Here the activation energy E had already 310°C, the first term of the left hand side of 
been found to be 15 Kcal/mol by Dexter”, but Eg. (11) varies from 1.207 to 4.025, whereas 
recently Furuya” has obtained some higher the second term varies from —0.357 to —0.018 
values. So, if we assume it to be 20Kcal/mol and its contribution may be negligible above 
and take the range of T, between 240°C and 250°C within the error of 5°C as seen from 

Fig. 3. In this figure fi and f2 show the first 

4 J and second terms of the left hand side of Eq. 

Vi (11) respectively. The correction term fs 

) cannot be neglected in the lower temperature 

is range near 240°C, so the left hand side of 

3 Eq. (11) is not rigorously proportional to J, 

/ from 240°C to 310°C, but may be approxi- 

mately considered to be linear above 250°C 
within the error of 5°C, and this error is 
decreased rapidly in higher temperature. 
Therefore this equation would be considered 
to show the approximate linear relation be- 
tween NST and molecular weight in usually 
available temperature range of NST. Further, 
the second term of the right hand side of Eq. 
(11) show the dependence of NST upon cross 
section of the specimen Apo, heating rate &, 
added weight W, which is qualitatively in well 


O accordance with the observed tendencies® 
210 230 250 270 290 310 (Fig. °2). 
Te (°C) 
Fig. 3. Linearity of the left hand side of Eq. Eat AL Me 


(12) with NST. This test, developed recently by Kaufman 
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et al, determines the time at which the 
standard sample like the NST test, breaks 
under the standard weight of 7.5 gram at 
constant temperature of 250°C. The specimen 
is almost the same as that of NST except the 
width of the notch (3/16in.). We have per- 
formed this test using the same specimen of 
NST test. The weight was about 8.3 gram. 
The merit of this test is in its simple linear 
relation between the logarithm of ZST and 
solution viscosity. 


a) Experimental Results 


The tested specimens were three grades of 
Daiflon-resin, which have the NST of 242, 268 
and 306, and another three grades of Fluoro- 
thene, namely FYTD, FYTH and FYTS, 
which have the NST of 281, 287 and 296 
respectively. These values of NST were the 
average values measured on five specimens of 
each grade. The experiment was performed 
on two groups of 3x3 Latin Square specified 
by NST, furnace temperature and thickness 
of the sample. The observed ZST values 
were plotted against to NST as shown in Fig. 
4. This result shows the linear relation be- 
tween the NST and the logarithm of ZST in 
the temperature range from 240°C to 310°C. 
Although Kaufman” has reported the non- 
linear relation between the two values above 
300°C and attributed this to the thermal de- 
gradation of this polymer, we observed fairly 
good linearity between NST and log ZST in 
this range and the effect of thermal degrada- 
tion seems to be relatively small and practic- 
ally negligible. 

b) Theory 

The feature of this test is in the linearity 
between log ZST and molecular weight. We 
shall now try to derive this relation by the 
similar model to that of NST test previously 
described. The fundamental equation is also 
the same in this case. Now in ZST test, as 
the temperature is constant, the melt viscosity 
is also constant. Assuming the constant 
volume of the notched part, we can obtain 
the following equation from Eq. (1). 

te=Aoy/CW , (12) 
where #, is the Zero Strength Time and 
another symbols are the same as in NST case. 
This relation means that the Zero Strength 
Time is proportional to the melt viscosity. 
Then, from (12), we have 
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ZST (sec.) 


260 280 300 
NST (°C) 
Fig. 4. Zero Strength Time versus No Strength 
Temperature, 


Broken specimens of ZST (left) and NST 
Original specimen is at the right. 


Fig. 5. 
(central). 


log ¢t-=const.+log y+log Ao/W , (13) 
Since log 7 is proportional to molecular weight 
M as in the previous section, logarithm of 
the Zero Strength Time is proportional to 
molecular weight. Therefore we have 

log t=8M+log A,/W-+const. (14) 
Comparing the equation (11) with (14), we can 
easily derive the linear relationship between 
NST and log ZST, which was observed experi- 
mentally. Since the variation term, A,/W, is 
included in the same logarithmic form in Eqs. 
(11) and (14), the variance of NST and log ZST 
are comparable about these terms. This means 
that the accuracy of NST is higher than ZST, 
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but comparable to log ZST. 

In our simplified theory, the mechanism of 
the breaking of the specimen is assumed to 
be same in both-cases, but the observation of 
the broken sample shown in Fig. 5 suggests 
different mechanisms for these two tests. 
The fact that the broken part of the notch is 
considerably elongated in NST test would be 
probably in favour of our model based on the 
melt viscosity, but the broken specimen of 
the ZST test is less elongated and has a finite 
sectional area at the tip, different from the 
negligible area of NST sample. Further, the 
surface of the tip is not uniform, suggesting 
the mechanism of breaking at weak points, 
pointed out by Yamada*. Therefore the 
mechanism of the breaking in both cases may 
be slightly different. 

Another point to be mentioned is the as- 
sumption of constant volume. In our model, 
the narrow part of the notch is replaced by a 
rod-like specimen, but the possibility of the 
polymer flowing into the notched part from 
the other part cannot be neglected and so the 
above assumption may not be applied rigorous- 
ly in our case. 

Therefore, we must study in further detail 
about these points to interprete the mechanism 
of the breaking of the specimen more elabo- 
rately. 


§ 4. 


From the observed results in our experi- 
ments and the theoretical discussion, we have 
the following conclusions. 

(1) NST depends largely upon the notch 
width, but not upon the thickness of the 
specimen in its small variance. 

(2) NST increases with the heating rate 


Conclusion 


A. NISHIOKA and R. KOYAMA 


(Vol. 11, 


and the reciprocal of the added weight. 

(3) NST does not depends significantly upon 
the small variance of starting temperature, 
the waiting time and anisotropy. 

(4) NST is approximately proportional to 
molecular weight and logarithm of ZST from 
240°C ton okOlGe 

(5) The accuracy of NST is higher than 
ZST, but comparable to log ZST. 

(6) The thermal degradation effects in NST 
test is not significant up to 310°C. 

These conclusions would not suggest the 
superiority of ZST test to NST test, differing 
from the suggestion of Kaufman”. 
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A Study of the Compressilbe Flow past a Cherry Profile 


By Hideo TaKAmrI 
Department of Physics, Faculty of Science, University of Tokyo 
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In this paper the compressible gas flow past a Cherry profile is studied 
by means of Karman-Tsien’s method, the M2-expansion method and 
Meksyn-Imai’s method. The velocity distributions over the surface of 
the profile are calculated for various free stream Mach numbers and 
compared with Cherry’s exact one as well as with one another. Imai’s 
@Y -procedure in the M?-expansion method is shown to be the most efficient 
for the study of the flow up to comparatively high (subsonic) Mach 
number. It is found that there exists a qualitative difference between 
the velocity distribution of Cherry’s exact solution and those calculated 
by means of the approximate methods, and some discussions are given 


about Cherry’s solution. 


§ 1. 


A number of methods of approach have 
been devised by many investigators to deal 
with the two-dimensional compressible flow 
of the inviscid gas past an obstacle; namely, 
the hodograph method, the thin-wing-expansion 
method and the M?-expansion method. Among 
these the hodograph method alone enables us 
to treat the problem exactly even in the case 
of the transonic flow, because only in the 
hodograph variables we can have linear equa- 
tions governing the compressible flow. Thus 
exact solutions of continuous transonic flow 
past a cylindrical obstacle were obtained by 
Lighthill [12] and Cherry [2] (for the adiabatic 
gas), and by Tomotika and Tamada [16] (for a 
certain hypothetical gas) by using the hodo- 
graph method. 

In its exact form, however, the hodograph 
method has a disadvantage that it can hardly 
be applied to the study of the flow past an 
obstacle of given shape. For this purpose we 
must have recourse to some simple approxi- 
mations in the hodograph plane itself or to 
successive approximations in the physical 
plane. 

As for the former we may mention Kar- 
man-Tsien’s method[17] and Imai’s WKB 
method [9], both of which essentially reduce 
the compressible flow problem to that of the 
incompressible one and have been applied to 
many cases on account of the simplicity of 
calculation. 

On the other hand, the M’-expansion 
method has been developed and applied by 
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many investigators to the treatment of the 
flow past bodies of arbitrary shapes at mode- 
rate (subsonic) Mach number, while the 
thin-wing-expansion method has also been 
successfully applied to the study of the flows 
past thin obstacles under the condition that 
the disturbance velocities from the uniform 
flow are small. 

Recently Meksyn[13] proposed an approx- 
imate method for the treatment of the flow 
at comparatively high Mach number, of which 
Imai[1l] soon after pointed out the intimate 
relationship with the usual M?-expansion 
method. 

In this paper we shall apply the Karman- 
Tsien method, the M?-expansion method and 
the Meksyn-Imai method to the study of the 
compressible flow past a Cherry profile, and 
calculate the velocity distributions over its 
surface for various free stream Mach numbers. 
The calculated velocity distributions will be 
compared with Cherry’s exact one as well as 
with one another to investigate the limitations 
of the validity of these approximate methods, 
and some conjectural discussions on Cherry’s 


solution will be given. 


§2,. Cherry’s Exact Solution 


As is well known, Cherry [2] constructed 
a family of exact solutions for two-dimensional 
potential flow of a compressible fluid past a 
cylindrical obstacle by means of the hodograph 
method, and performed numerical calculations 
for particular values of parameters [3] [4]. One 
of his numerical solutions gives a continuous 
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The shapes of the profiles (one quadrant). 
_ Cherry’s profile, 
the profile into which Cherry’s profile 
is deformed for M=0.5098 in Karman- 
Tsien’s method (§ 4), 
= the profile which is deformed into 
Cherry’s' profile for M=0.5098 in 
Karman-Tsien’s method (§ 4). 


Fig. 1. 


0 $s 1 


Fig. 2. 
face. 


The velocity distributions over the sur- 


Cherry’s exact solution (M=0.5098), 
incompressible flow, 

- Karman-Tsien’s method (simplified. 
M=0.350), 


Karman-Tsien’s method (simplified, 
M=0.5098), 


Karman-Tsien’s method (M=0.5098). 


transonic flow with free stream Mach number 
0.5098 past a cylinder whose section is a 
doubly symmetrical oval with thickness ratio 
0.931, the incident stream being parallel to 
the major axis of symmetry (Fig. 1). The 
flow field contains two supersonic regions 
adjacent to the body and the velocity distri- 
bution over the quadrant of its surface is 
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Fig. 3. The correspondence between the Z-plane 
and the z-plane. 


shown in Fig. 2. 


§3. The Mapping Function for the Cherry 
Profile and the Incompressible Velocity 
Distribution 


For the present study of the flow past a 
Cherry profile, it is necessary to obtain the 
analytic function which maps the profile into 
the unit circle. This is conveniently done by 
means of the successive procedure developed 
by Imai[5][10], of which the outline will be 
given in the following. 

It is well known that the region outside an 
arbitrary profile P in the z(=2+2y)-plane 
can be mapped conformally onto the region 
outside the unit circle Z=e’® in the Z-plane 
by an analytic function of the form: 


excaZtot Stet: , (3-1) 


If the profile itself is expressed as zp=zxp(6) 


+iye(9) (cf. Fig. 3), the following relation 
holds between zp and yp: 


1 


eA(0)=41 5 ye"(0)+5 ye%(n)}cos0-+ ye(O) 


1 
= ye Oe vena) f (3.2) 


where y*(@) denotes the conjugate Fourier 
series associated with y(9), i.e., if 


y(9)=ao+ > (an cos 28+bn sin n6) , 
then 
ea) = S (dn Sin 20 —bpn cos 78) 
m=1 


Ik yee Z 
ae | {y(@ +8) —y(9)} cot 2 dy, 
27 0 2 


(3.3) 
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and it is assumed that the profile is symmet- 
ric with respect to the 2-axis and cuts it at 
the points (1, 0) and (—1, 0). 

Eq. (3.2) is the basic relation for the suc- 
cessive procedure. Let us calculate the values 
of xp and yp for 6=0,=27rk/40 (kR=0, 1, 2, ---, 
39)* as follows: 

(1) Take x©(6,)=cos 0; as the Oth approxi- 
mation and read the ordinates y(6,) on the 
profile corresponding to the abscissae 2x). 

(2) Calculate y’(6,) by the use of the 
Stirling interpolation formula. 

(3) Replacing the integration in Eg. (3.3) 
by the summation, calculate 


19 
Y¥P*(Ox)= Sy On)+ 3) (yen) 
$=1 


Qe 
40 ° 
By the use of Eq. (3.2) calculate 


etl 
—yO(6,_3)+}— 
yO: Mt Fo cot 
(4) 
(1) = 1 1)* if > 
a Ony==jL = yONO) + 5-yr*(n) hos 6, 


syria) —1 yor) yor), 


thus completing the first approximation. 

But, in general, the points (a(6), y(@x)) 
do not lie on the original profile, so the above 
process must be repeated with 2 (0;) instead 
of 2©(@,), etc., until the process converges. 

For the Cherry profile 7 steps are necessary 
in order to obtain the final values of wz» and 
YP. 

Once we get zp and yp, the velocity dine on 
the surface for the incompressible flow with 
its undisturbed stream direction parallel to 
the z-axis is easily calculated as 


ety Ott yr) 
Wine _ SS sei 5, 


Une / dap \’ , ( dyp V 

( dd y+ d9 ) 

where Uine is the velocity of the undisturbed 
flow. 

In Fig. 2 the values of @inc/Uine are plotted 
against the arc length measured from the 
stagnation point. It may be noted that there 
exists a qualitative difference from the veloc- 
ity distribution of Cherry’s solution for the 
compressible flow. 


(3.4) 


$4. The Karman-Tsien Method 


Now we shall study the flow past the 
Cherry profile by means of Karman-Tsien’s 
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method [17]. 

According to this, the velocity g for the 
compressible flow with free stream Mach 
number M is approximately given in terms 
of dine and M simply as follows: 

ie & ine ew 
U (Dre WS A(Gine/ Oleane 
where U is the free stream velocity and 


(4.1) 


Nes er ed 

In Fig. 2, the values of g/U calculated by 
Eq. (4.1) are shown for M=0.350 and 0.5098. 
(For comparison with the results obtained by 
the other methods, the values of q/c, are also 
shown for M=0.420 and 0.5098 in Figs. 5(b) 
and (d), c, being the critical sound velocity.) 

As is well known, however, the velocity 
distribution thus obtained does not correspond 
to the original profile P, but to a different 
one, say P’, which is given as 


0 
Cpr =Zp— A | (@ine/Uine)*(dzp/d0)d0 ¥ 
0 
or 
) 
Epr= re ae A(dine/Uine)” (dxr/d0)do i 
F (4.2) 
Ui {1 — A(dine|Uine)* }(dyp/d0)d0 i 
0 


The deformed contour for M=0.5098 is 
shown in Fig. 1 in comparison with the origi- 
nal Cherry profile. 

So we must start with the incompressible 
flow past certain other profile which is to be 
deformed into the original one after the above- 
mentioned transformation. For this purpose, 
the following iterative procedure may be em- 
ployed for the Mach number in question 
(cf. Fig. 4): 

(1) For given P, calculate Qine/Uine and 
the deformed profile (&, 70) according to (3.4) 
and (4.2). 

(2) The profile (o, 0) is similarly en- 
larged into (Evw, now) SO that §ow(0)= —EFow(z) 
==, 


(3) For &ov(@x) read the ordinates 7jow(A«) 
on P. 

(4) Calculate  740(9.)=7ow(Ox)-Eo(0) and 
70 (Ox). 


a Later we shall calculate the velocity only for 
these points, and this may be sufficient for the 
purpose of this paper, 


* 


148 Hideo TAKAMI (Vol. 11, 


9% 
F(0)=| (1-202) m/d0 , 


1(03)=\ "0-20.49 a : 
0 


If the shape of this profile (&1, 41) is not 
similar to that of P, the above procedure is 
repeated for (£1, 71) instead of (&o, 70), etc., until 
the iteration converges and a profile, say 
(En, mn), similar to P is finally obtained. 

For the points (En(@x), 7a(Ox)) on P the veloc- 
ities are calculated from (3.4) and (4.1) with 
am and Yn instead of wp and yp. 

In our case for M=0.5098, 11 steps of itera- 
0 1 Z tion are necessary to find the profile which is 
deformed into the Cherry profile. The profile 
is shown in Fig. 1 and the velocity distribution 


Fig. 4. The shapes of the profiles (one quadrant). 
The original profile P, 


___— the original profile (reduced), qg/U in Fig. 2. (Also g/c, is shown in Fig. 
———--— the deformed profile, 5(d).) 
——-— the deformed profile (enlarged), 
ae ny Ue) §5. The M’-Expansion Method 
(5) Calculate Yr (Ox) = Ho’ (Ox)/{1 — We now apply the M?-expansion method in 
A(Gine/Uine)®} (cf. (4.2)), y1/’(Ox) and yi’*(Ox). the form developed by Imai [6], of which also 
(6) Calculate. a brief account will be given. 
n(Ovy=—{1 eo) +r} are Suppose that a symmetrical obstacle* is 
2 2 placed in a uniform flow of Mach number M 
y1’*(Ox) , (cf. (3.2)) whose direction is parallel to the axis of 
il symmetry which we shall take as the z-axis 
ad (Fig. 3). 
y1*(0) +— un) Now let us assume that the velocity poten- 
Q:(6)= tial ® can be expanded in a power series in M2: 
a da, \? ae 
ia ase O(2) = Oo(z) + M?O.(2) + M'0,(z)+---, (6.1) 
(cf. (3.4)) then the values of @o, 0:, O,--- on the profile 


(7) Calculate are calculated as 


0(0)=2A cos 6, 
0,(9)=Py(0)—Qi*(8) , 
O5(8)= D2(0)+ (7 +1)021(8) 


= {Px 8)—Quo*(0)} + r+1){ Pal0) ~Qx:*(0) 0.10) 


Here @ has the same aie as in Eq. (3.2), and 


1 
ANS sve") 9 ez) 
1 : 
Px(@) = > wsin af Qo’ sin w ds , 
0 


1 s 
Q1(4) = — 5 qo COS of! Qo sinwds. 


To avoid unnecessary complication the formulae 
will: be given f 
with respect to the direction of the uniform flow, Soe ie a wnt eS eaieg 


* 
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w is the angle between the x-axis and the tangent to the profile, so that 
if ae 


sin o=— ae ee 
Vap?typ? ’ 


SS COS O= 
V wp 2typ? ? 


s is the arc length measured from the downstream Stagnation point; and q=—d@,/ds is 
equal to Qinc/Uine in Eq. (3.4). Further 


il K 
P2(8)= ear A-— CF+ a Eo o— sin 0B 


+5 sin wG— 4 cos 6, 


. 1 1 lf GiB. adB* 
rae DR (an eo E 
Q20(8) 16 (@ 1) : DF 3\ gg Sine 1p °° ) 


+o a cos a:G, 
where 
$s : $s 
A= q) COs o| Qo? COS w ds +q sin o| Qo? Sin w ds , 
0 0 
R Ss Ss 
B=q sin o Qo” Cos w ds—qy Cos o Qo” sin w ds , 
0 0 


, d i 
C=sin O70 (Go COS W)-+COS w “(as sin w) , 


DE COs ACE cos w)—sin oF (a sin w) , 


Bete (aIEN aa: 
B= (FP) +(e) | \,4 sin wads , 


0 


* 
of Bee Bsns), 


JO=sI2 [a cos w ds , 


and 
1 


Pf(OQy= ae Qo” Sin 2w {4° sin 20 ds , 


S$ 
Q22(9)= -; do? Cos 2H Qo? sin 2w ds . 
0 


y is the ratio of the specific heats, which we shall take to be 1.40 in the calculation. 
If we also expand the velocity g(@) as 


q(9) =4o(9) + M?qi(9)+ MgO) + --*, (5.2) 

then 
ihe dO, d0 dDn(d0 i i, ae ae 
Ci, ye fa Nils iV EEG Ve UVa ero 


Imai [7] further developed the theory as determined by giving either of them; in fact, 
follows: we could have obtained the velocity from the 
(1) The ¥-procedure. From the mathemat- steam function ¥ according to the equation 
ical point of view, the velocity potential @ 
and the stream function ¥ are equivalent * Here and later we take the velocity ofethe 

quantities since the flow field is completely undisturbed flow as the unit of velocity. 
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OF q 


idee go plein eee 
adie {1+ 5 M1 ®} ; 


where dn is the line element normal to the 
streamline, o is the density and suffix oo means 
the value in the uniform flow. This proce- 
dure for calculating the velocity may be 
called ‘‘¥-procedure’’ as the counterpart of 
the usual ‘‘ 0-procedure’’. 

In general, the velocities calculated accord- 
ing to the ¥-procedure is not identical with 
those from the @-procedure, but the difference 
between them is, of course, within the order 
of the approximation employed and may give 
a measure of the errors involved in this ap- 
proximation. 

Practically 0¥/On can easily be calculated 
if we know @, qi, @2, °°: in the ®-procedure. 

Let the stream function ¥ and the density 
o be expanded as 


V = V+ MeV + MV ++, 
re = MV? 0,4+-Mito.+--- ) 


co 


where 
en 2— 
= 9 (40-1) » 02 gi 8 2 (Gly, shes 


then inserting these expansions and (5.1) into 
the relation 
ou 
an 


_ 0 OO 
lis OS 


, 


and comparing the terms of the same powers 
of M?, we get 


OV, 0D. _ 
On Os poe 
OP, O01, OD, _ 
One 0s Oe ee 
Ov, +0 00, 00; 00, 
Qn Os ‘Os *?? Gs 

= @2— Pidi— 020 > 


In order to obtain g from pq/p., it is con- 
venient to use the numerical table (e.g. [8]). 


(2) The 0¥-procedure. Also by means of 
the relation 


eal (y- 
maf ae : 1 ma—g)h" =I) 
in which the value from the @-procedure is 


substituted for g, the velocity can be obtained 
as 
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CET po On 

which is the ‘‘ 9¥-procedure’’ For the evalua- 

tion of o/o. also the use of the numerical 
table is convenient in practice. 

Applying these procedures to the cases of 
a circular cylinder and acircular-arc aerofoil, 
Imai found some properties about them which 
may be summarized as follows: 

(1) In the ¥Y-procedure, as the iteration 
proceeds the approximated velocity in the 
high (low) speed region decreases (increases) 
contrary to the familiar character observed in 
the @-procedure. It is therefore expected that 
by their combination we may be able to 
estimate the error involved less ambiguously 
than by using the @-procedure alone, and so 
the ®¥-procedure may give the most plausible 
result within the order of the approximation 
employed since the latter is considered to 
give a mean (in some sense) of the results 
obtained by the @- and the ¥-procedures. 

(2) In the @¥-procedure the convergency 
is remarkably good even for such a high (sub- 
sonic) velocity that the convergency in the 
@-procedure is too poor to presume the final 
value from the first few steps. 

Now for the Cherry profile, numerical cal- 
culations are performed up to the second 
approximation, i.e. to the order of M!, for 
M=0.350, 0.420, 0.483 and 0.5098 in order to 
confirm the above-mentioned properties and to 
study the limitations of the validity of these 
methods. The velocity distributions are shown 
in Figs. 5(a), (b), (c) and (qd). 


’ 


§6. The Meksyn-Imai Method 


Meksyn [13] derived an approximate for- 
mula for calculating the velocity in a high 
subsonic flow and applied it to a few cases 
with success. He assumed that the stream- 
lines change their shapes very little if the 
Mach number of the incident stream is in- 
creased from zero. Under this assumption, 
which he justifies from the numerical results 
by Woods, he shows that the velocity at any 
point in the flow can be obtained by solving 
an algebraic equation; namely, if a and #8 are 
the velocity potential and the stream: function 
for the incompressible flow and @ the velocity 
potential for the compressible flow with free 
stream Mach number M, then the approximate 
integration of the fundamental equation gives 


OO wh 00%? r—l,,. 
da 3 Us calord, is 2 M) Pla, 8) 
M'/ 40° | 


where P(a@, 8) and S(a, 8) are certain functions 
of @ and 8 which are determined by the 
shape and the configuration of the obstacle in 
the flow*; and an appropriate root of this 
equation for 00/0a gives us the desired veloc- 
ity g as 
m00 
ata , 

where q is the velocity for the incompressible 
flow. 

This formula enables us to calculate not 
only the velocity at each point in the flow, 
with M as a parameter, but also a kind 
of critical Mach number above which no 
reasonable value for the velocity is obtained.** 

Now Imai [11] points out that the func- 
tions P and S in Eq. (6.1) can easily be 
obtained if we know the results of the 
successive approximation by the /?-expansion 
method; and that Meksyn’s method is equiv- 
alent to the usual M?-expansion method; 
namely, if we expand the velocity qg as in 
(5.2) and put #=Mg/qo, then Eq. (6.1) leads 
to the following quintic equation for 2: 


a(1—az*—bx*)=M , (6.2) 


where 


a=(1 Aig et! me): 
2 Qo’ 


Ee At Aas (a) 
ae ee 3 : 
a 2 do 
il oat ; 
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and an appropriate root of Eq. (6.2) again 
gives the velocity required. 

By this procedure Imai has calculated the 
velocity on the surfaces of circular and ellip- 
tic cylinders, showing that this method gives 
quite satisfactory results even when the sonic 
velocity is approached on the surface. 

The critical Mach number M., beyond which 
no physical solutions are possible in this 
method, is obtained as follows. 

For M=M., Eq. (6.2) for z must have double 
roots at the point of the greatest velocity; in 
other words, equations 

bx’ +ax*—x+M=0 (6.2’) 
and 

5bat+3ax?—1=0 (6.3) 
must have at least one root in common; so 
M. is determined as an appropriate root of 
the equation 


bu0 «ai Otel een ae 
0 NFO ile HOA Ono 
0 mn ee Oe ae 
OO os Orly Ome ek Ota a 
Bb On8ary0- a 10. OAONEDRE 
0 5b 065820) S1> OOD 
6 "0 "5 0.) 3a0, == ee 
Q 0, 990,.“5e . 0.20 Ole iaeD 
O50. 0:0" bee Cae ed 


which is reduced to a _ sextic equation for 
y=M: 

ytay tay +ay tay’ tasytac=0, 
where 


4 0 qo | 


q\’ 2/ Go\* _ eal 
+32¢r—18( 2) + 10006% AS 31250°(-) | , 


2 3 
16 4} g¢7— 49 +397 —1)b (a +-5000%( 2) ; 
{8¢r 1) +225b A +32(7 —1) is - 


1 


27(r-1)7 | : 
a= — ae {270+8(r—1) 7 4 ors0( | | 
a= tl {270-+24(7—1) @4+-13500( 7) 
BrP 
A a ‘eh +40( al 


* § contains also ¥ as a parameter. 
** In this respect the Y%-procedure also enables 
ee ee eye ts Mach number ‘at 


which the method fails. It is clear that this Mach 
number corresponds to the first appearance of the 
sonic speed in the flow. 
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(c) M=0.483. 


(d) M=0.5098. 
Fig. 5 (a-d). The velocity distributions over the surface. 


—-—-— Cherry’s exact solution, = —-___— Karman-Tsien’s method (simplified), 
a Oth 


Aen ~ Karman-Tsien’s method, 
Ist j approximations of the @- and ————  Meksyn-Imai’s method. 
== 2nd the ¥-procedures, 


Sete — Oth 
ees a lict | approximation of the @v- 
2nd procedure, 
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For the Cherry profile the value 0.483 for 
M, is obtained. The velocity distributions 
calculated by this method are shown in Figs. 
d(a), (c) and (d). 


§7. Numerical Discussions and Some 
Conjectures on Cherry’s Hodo- 
graph Solution 


(1) M=0.350 (Fig. 5(a)). It is almost 
certain that the M?-expansion method will 
converge at this Mach number. 

(2) M=0.420 (Fig. 5(b)). The sonic veloc- 
ity begins to appear on the profile near this 
Mach number. 

(3), M=0.483" (Rigs5(c)).. ‘This is the 
critical Mach number according to Meksyn- 
Imai’s method. Judging from the singular 
behaviour of the second approximation by the 
@¥-procedure, the iteration will probably 
diverge in the high speed region. 

(4) M=0.5098 (Fig. 5(d)). The velocity 
distributions calculated by all the methods are 
shown with that of Cherry’s solution. The 
divergency of the M?-expansion method in the 
high speed region is almost evident. 

To sum up: 

(1) The ®¥-procedure proves to have the 
following advantages over the @- or the ¥Y- 
procedure: 

(i) The -convergency is better as in the 
examples treated by Imai. 

(ii) The singular behaviour of the velocity 
distribution calculated by this procedure sug- 
gests the divergency of the iteration (e. g. the 
second approximation for M=0.483), while it 
is more difficult to discriminate whether it 
converges or not by the @-procedure. 

(2) Meksyn-Imai’s method gives almost the 
same velocity distribution as the 0¥-procedure 
though the latter excels the former a little in 
the labour for calculation. It is to be noted 
that the Meksyn-Imai method enables us to 
calculate a kind of critical Mach number and 
describes the probable flow pattern near this 
Mach number (Fig. 5(c)), but its numerical 
value seems to be somewhat larger than that 
at which the actual breakdown of the poten- 
tial flow occurs, as was also the case with 
the examples treated by Meksyn. 

(3) If the deformation of the profile is 
properly taken into account, Karman-Tsien’s 
method exactly solves the flow problem of a gas 
with 7y=—1 and is expected to give a result 
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lying between the first and the second approx- 
imations in the @-procedure; in fact this is 
seen in the present calculation with M=0.5098 
(Fig. 5(d)). Since the deformation takes place 
towards the increase of the thickness ratio, 
its disregard may result in an over-estimation 
of the effect of the compressibility so as to 
compensate the deficiency of the velocity 
which results from taking 7 to be —1. For 
example, this is seen from Tamada’s result 
about a circular cylinder [14]. But in the 
case of the Cherry profile the disregard of 
the deformation gives the velocities somewhat 
larger than those calculated by the M?-expan- 
sion method in the high speed region. 

In the region where q/c,<0.5 the simplifi- 
ed procedure which neglects the deformation 
is also satisfactory as well as all other 
methods. 

Now as our numerical results show, the 
velocity distributions calculated by various 
approximate methods are all different not only 
quantitatively but also qualitatively from that 
of Cherry’s exact solution. The approximated 
velocity distribution has two maxima along 
each boundary streamline while in Cherry’s 
solution it has only one maximum at the 
point of the maximum thickness. This dis- 
crepancy may be interpreted as follows. 

Consider the compressible flow past the 
Cherry profile and suppose that we increase 
the Mach number /™ of the main flow continu- 
ously from zero and that we investigate 
the flow by means of the M?-expansion 
method. 

In view of the fact that the Cherry profile 
has maxima of curvature in the neighbour- 
hood of the points where the tangent to the 
profile makes the angle of 30° to the direc- 
tion of the uniform flow, it is quite natural 
that the velocity distribution should have two 
maxima for M=0 and that these maxima 
should become more and more conspicuous 
with increasing M as the calculation shows, 
until certain Mach number is reached at 
which a continuous potential flow breaks down. 

Now, in general, the existence and unique- 
ness of the compressible potential flow past 
an obstacle of arbitrary shape have been 
mathematically proved {1] provided that the 
whole flow field is subsonic, so it is certain 
that the Mach number M., at which the poten- 
tial flow ceases to exist is not smaller than 
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the Mach number M, which corresponds to 
the first appearance of the sonic speed in the 
flow. 

As regards the convergency of the M?-ex- 
pansion method such a theorem does not seem 
to have been established, but it might be 
expected that the M?-expansion method also 
does not fail till the appearance of the sonic 
speed if we examine the proof of the general 
existence theorem and remember the results 
of the famous electrical experiments by Tay- 
lor and Sharman [15], which also lead to the 
expectation that the V@?-expansion method may 
fail just at ™,. 

For the Cherry profile the value of M™, 
seems to be about 0.42 and the covergency 
of the M®-expansion method is uncertain near 
this Mach number, but judging from the 
obvious divergency at M=0.5098 it is certain 
that Cherry’s solution cannot be approximated 
by any of the methods employed in this 
paper. 

On the other hand, it is also yet to be 
known whether the potential flow, in general, 
continues to exist or not beyond M,, but it 
may be conjectured from the present calcula- 
tion that the flow pattern represented by 
Cherry’s hodograph solution does not belong 
to the family of potential flows which appear 
by increasing the Mach number of the main 
flow from zero, the shape of the profile being 
fixed. 
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Supersonic Jet with the Ambient Pressure corresponding 


to its Constant Pressure Point 


By Hakuro OcGucui 
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In the present paper, a plane jet issuing from a parallel supersonic 
nozzle into the chamber where the pressure corresponds to the constant 
pressure point on the shock polar related to the uniform velocity at the 
exit of the nozzle is investigated by the hodograph method under the 
transonic approximation. The analytical expression for the stream func- 
tion ¢ is obtained in the form containing appropriate constants which 
are determined from the condition on the shock polar. Actually, ¢ is 
calculated so that the shock condition is satisfied at three points on the 
shock polar. Using this value of ¢, the shock pattern and the velocity 
distribution along the axis of the jet are obtained. It is seen from these 
results that large variations of the flow variables occur in a compara- 
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tively narrow region downstream of the exit of the nozzle. 


Introduction 


Sik 


Let us consider a jet issuing from a parallel 
supersonic nozzle. As is well known, a Mach 
shock configuration appears at the exit of the 
nozzle when the ambient pressure is moder- 
ately higher than the jet pressure. Guderley” 
has given a clear physical interpretation to 
this phenomenon by applying a representa- 
tion in the hodograph plane. If the ambient 
pressure is increased and the velocity on the 
free streamlines of the jet reaches just the 
local speed of sound, then Mach shock con- 
figuration is no more possible. The hodograph 
representation shows that, in case the ambient 
pressure lies between this critical one and 
the pressure corresponding to a normal shock, 
a single-shock pattern will appear at the exit 
in place of a Mach shock configuration. Flow 
patterns of this kind will be considered here 
(Bice): 

For simplicity, we make the assumption 
that the jet velocity inside the nozzle is so 
slightly greater than the local speed of sound 
that the transonic approximation is applicable 
without losing any essential features of the 
flow. It is, however, not easy to treat the 
problem analytically even under this approxl- 
mation because of the existence of sin gularities 
at the ends of the nozzle walls similar to 
that appearing at the nose of a finite wedge 
in the case when a_ subsonic flow occurs 
behind the attached shock. 

Especially, as will be seen in the subsequent 


section, if the ambient pressure takes the 
value corresponding to the constant pressure 
point on the shock polar, then the above 
singularities disappear. This particular value 
corresponds to the Crocco state for a finite 
wedge which has recently been analyzed by 
Tamada and Shibaoka?). Since no singulari- 
ties appear at the ends of the nozzle walls, the 
problem is considerably simplified in this 
particular case. In the following sections, 
this case will be analyzed by the hodograph 
method. 


Fig. 1. 


§2. Mathematical Formulation 


Let V and @ be the magnitude of the ve- 
locity vector and its angle of inclination to 
the direction of the uniform flow ahead of 
the shock, respectively. A quantity # is in- 
troduced according to the following relation: 


a= (rye 1 Carer ils. em Varese! 
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where 7 is the adiabatic exponent, a* the 
critical speed and M the Mach number related 
to the velocity V. If # and @ are assumed 
to be sufficiently small so that only their 
lowest power terms need be retained in the 
analysis, the equation for the upper half of 
the shock polar in the simplified hodograph 
has the form 


0=(o—u)V (o+H)/2 , 


where %p is the value of z corresponding to the 
jet velocity Vp ahead of the shock. From the 
above relation, —#%) corresponds to the velocity 
behind the normal shock. Let us consider the 
case when the modified velocity #4 corre- 
sponding to the pressure on the free stream- 
lines lies between 0 and —%. In Fig. 2 the 
states of flow immediately behind the shock 
emanuating at the end of the lower nozzle 


2) 


wall and on the lower free streamline of the 
jet map into the point A and the line AB, 
respectively. Then single-shock patterns are 
possible at the exit of the nozzle so that the 
image of its lower half in the hodograph is 
AC, the part of the upper half of the shock 
polar. Since, in this case, the axis of the jet 
maps into the line BC, the lower half of the 
jet hehind the shock at the exit of the nozzle 
corresponds to the imbedded domain ABC in 
the hodograph. 

In the transonic approximation, as has been 
shown by Guderley”, the fundamental equa- 
tion for the stream function #% reduces to the 
form 


puu—upgs=0. a2) 
On the upper half of the shock polar, the 


boundary condition requires that the lines of 
constant ¢ must have the slope 
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On a line of constant ¢, dé|/di can be replaced 
by —x/¢s¢ and therefore condition can also 


be written as 
es jee he, 
ie 30% + 5a ee 
Since AB is the image of a free stream line, 
the condition “’=const. is imposed on it and 
hence 


(3) 


a= OSROneeAbE (4s) 
At the point A, these two conditions cannot 
be, in general, simultaneously satisfied by 
regular functions, and as a due result, the 
flow is singular. In a particular case when 
Ua=—3/5 tio, however, the former condition 
reduces to the latter one at this point. 
Hence, no singularity appears at the point A. 
This point on the shock polar is called the 
constant pressure point. 

Let us investigate the behavior of the 
singularity from the local solution near the 
neighborhood of the point A. According to 
Guderley”, the following transformations are 
introduced as 

E=V |t4|(%+ |tt4]) 
and 
Q= 6-64 : 


where 64 is the value of @ at the point A. 
Applying these transformations the differen- 
tial equation (2) is rewritten in the form 


Pee H(1—E/V [ta]? )ban=0 . 
For small values of &, this equation reduces 
to 
deetPrn=0. (5) 
Let us apply the boundary conditions (3) and 
(4) to the neighborhood of the point A, then 
these take the approximate forms as 


ay Pe _ tin | g|_MotT|tea| 
dé Pn 2\t4|  3t%—5 | a4 | 
=t Le 
an( 5 72) 
for nl=tan( = _ v1) 
b=0 for -E=0n 


when 7 is the angle of the tangent of the 
shock polar in the coordinates system with 
the y-axis and y, the angle of the tangent of 
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the streamline with the y-axis at the point 
A, and these signs are positive when measured 
clockwise (Fig. 3). From the definition, 7». is 
positive or negative according as the point A 
lies between the constant pressure point and 
the critical speed or the normal shock point, 
and 71 is always positive between the critical 
speed and the normal shock point. The 
solution of Eq. (5) satisfying the above two 
conditions is obtained in the form 


d=Im(ee)™ , 
where 

C=E4+%% 
and 

m=1—72/71 . 


At the constant pressure point, 7.=0 or m=1. 
Since, according to Guderley”, the curvature 
of the shock is proportional to |€|!~™/m, it 
tends to zero for the region between the 
critical speed and the constant pressure point 
as the point A is approached along the shock 
polar, while it tends to infinity in the region 
between the constant pressure point and the 
normal shock point. Hence it is seen that 
the constant pressure point in the case of a 
free jet plays the same role as the Crocco 
point in the case of a finite wedge. It is the 
subject of the present analysis to determine 
the full solution of this particular case. 

Now it is convenient to introduce the fol- 
lowing transformations”: 


u=iilty, O=V 2 Ola? . (6) 
Then, we obtain the normalized form of the 
boundary value problem. By substitution of 
Eq. (6), the fundamental equation (2) becomes 
Puu— 2upog=0 . (em) 
The boundary conditions can now be sum- 
marized as follows: 
1) On the image of the free stream line, 
AB, 
. g=—Kk for uU=uUs=—3/D. 
Here K is a half of the total flow discharge 
and is given by 
Kp, 
where J is the semi-height of the nozzle and 
o* the density related to the critical velocity 
we, 
2) On the image of the axis of the jet, 


CB, 


for G=08 


p=0 
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3) On the part of the shock polar, AC, 
1+7u Vanes 
a 1 ==(() 
: 3+5u POLE 
for 
6=(1—uw)V1+u. (8) 
§3. Computation of ¢ 
As follows from the boundary conditions 1) 
and 2), there occurs a sink-type singularity 
at the point B corresponding to the flow in- 
finitely downstream from the exit. Its be- 
havior is the same as that in tke subsonic 
free jet. It can be shown that the singular 
solution, #s, of the differential equation (4), 
subject to the boundary conditions 1) and 2), 
is written in the form 


ae 


= fu Kajlyn(—2uyerP) 
+30) Kuyslm(—2u)/?/3] ir md ) ee 

where K1/; is the modified Bessel function of 
the second kind of order 1/3. It follows by 
separation of variables that ¢s is a solution of 
Eq. (4). Also Eq. (6) becomes for w=24 

2K (6 > ne 

p= =e mn mi 

—K for 0<O<n 
0 for (=). 
Hence, ¢; of Eq. (6) satisfies the boundary 
conditions 1) and 2). If m is sufficiently large, 
by the use of the asymptotic representation 
of Ky/3 


7 
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(#)" Ky/3[9(—2u)*/?/3] 

UA Ky;,[9—2u4)?/?/3] 

~( HA) "exp. [—2{(—2u)3/2—(—22.4)?/7}/3] . 
U 


Since, in the region under consideration, 


|u|=|e4|, then 


( a Kys{m(—2u)9/?/3] _- 
ua) Kyyslrn(—2e04)9//3] ~ 


in view of the convergence of the 


(9) is 


Hence, 


; iat ; : 
series }}~- sin m0, the series in Eq. 
m 


always convergent in the region ABC. 


Col 


-05 0 
y 


Fig. 4. 


The regular solution satisfying the condi- 
tions ’=0 on both AB and BC may be arbi- 
trally added to #;. In general, such regular 
solution, ¢;, is written in the form 


vi > KAnV — uJ 1/3{ Am( —2z)3/2/3] sinh AmO , 
(10) 
where A,S are appropriate constants and 


Ams are related to jns, the positive zeroes of 
Bessel function J1;3, as 


Am= 3) m(—2ua)?/? . 
Hence, the general solution of the differential 


equation (7) satisfying the condition 1) and 2) 
is given by 


p=Psty, 


ee eae ee ae 
7 be, +3-(4 ) 
Ki js[m(—2)?/ /3] 
Ki /s|9(—2u4)3/? 3) § 


in m@) 


—uJ1/3[ &m(—2u)*/2/3] sinh An 


(lL) 
Finally the shock condition 3) determines the 
Ams. In the actual calculation the aproxima- 
tion has been adopted so that the shock con- 


Sg sy KAnV — 


m= 


Hakuro OGUCHI 


’ 


(Volo tas 


dition 3) is satisfied at three points on the 
shock polar except the points A and C where 
it is apparent that this condition is fulfilled. 
Thus the first three terms in second series 


in Eq. (11) are used. 


$4. Shock Patterns and Velocity Distribu- 
tions along the Axis 


The transformation from the hodograph to 
the physical one is, as is well known, governed 
by the following equation: 

A2e[l)=(7 +1)" Go| 2) 2aGdu+ GUd8), 

dy/)=d¢ , 
where 


} (12) 


g=Y/K . 
In the transonic approximation the slope of 
the shock is given by 
dy/dz=(Vi—V»)/a*6 , (13) 
where V; and V2 are the velocities ahead 
of and behind the shock, respectively. By 


the use of Eqs. (1) and (6), Eq. (13) can be 
expressed in terms of w and @ as 


oy oS 1/3 1 amis V te ipl le 
=e (7+1)- woh sy ey 


(14) 
Substituting @ from Eq. (8) into the above 
equation, we int 
Hence, if the origin of the Cartesian coordi- 
nates (x, y) is chosen at the center of the 
nozzle exit, the shape of the shock is given 


by 
ni =” Vi+tude, 
(15) 


: 
By the use of the above equations the shock 
pattern is calculated and its shape is shown 
in Fig. (4). 

Let zy be the 2 coordinate of the point of 
intersection of the shock with the exit of the 
jet. Then, it yields a maximum deviation of 
the shock from the exit and its value is 


obtaind as 
vray 


~0.22[(My?—1)/2}/77 . 
Finally, the velocity distribution along the 


a Vi+tudg 
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axis of the jet behind the shock is obtained 
by the integration of the first of Eqs. (12) and 
plotted in Fig. (5). The velocity on the axis 
is only slightly lower than that at the free 


streamline in the downstream part of the jet 
where 


a >aw +2V (M,2—1)/2-1 
2.22V (Mo?—1)/2-1 . 
Hence, as the Mach number My is close to 
unity in the presenti problem, it follows that 
large variations of the flow variables occur in 
a comparatively narrow region immediately 
behind the shock. 

In the preceeding analysis only the particular 
case when the point A lies just at the constant 
pressure point has been treated. In general 
cases, however, the representation of the 
singularity at the point A should be added to 
the solution (11) so that the boundary condi- 
tions are fulfilled. In view of the local 
solution obtained before, it is suggested that, 
if the point A lies near the neighborhood of 
the constant pressure point, the existence of 
the singurality at the point A will have only 
little influence on the region except for its 
neighborhood. Hence, in these cases, the 
solution (11) may be considered to be the 
main part of the full solution. 

The author wishes to express his sincere 
thanks to Professor Ryuma Kawamura for 
his helpful advice and kind inspection of the 
manuscript. 
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The present paper is concerned with the error estimation of the finite 
difference method. Bounds of the error, which is committed in approximat- 


ing the boundary value problem 


—y''+qy=f, y¥(O)=yd)=0, 


(qZ0) . 


by the corresponding difference equation, are given in some forms not 
involving the solution y and, hence, calculable without solving the 


original problem. 


Our treatments are based on a theorem concerning an 
operator of the type 7*7' in a Hilbert space. 


The degree of convergence 


of the difference equation solution to the differential equation solution, 
as the difference interval approaches zero, is also studied. 


§1. Introduction and Survey of the 
Method 

As for the numerical solution of boundary 
value problems associated with ordinary 
differential equations there are a number of 
methods»*#. Among them the most familiar 
one in practice is the finite difference method, 
i.e., to approximate the differential equation 
by its difference analogue with a suitable 
difference interval (mesh length), though the 
use of the finite difference method seems 
more suitable for partial differential equations. 
Nevertheless, even if discussions are confined 
to cases of ordinary differential equations, 
little appears to be known about the accuracy 
of this method. 

The object of the present paper is to esti- 
mate error bounds of this method, in the case 
of the boundary value problem associated 
with the ordinary differential equation —y’’ 
+qy=f of the Schroddinger type and also to 
study the degree of convergence of the 
difference equation solution, as the difference 
interval approaches zero, under various con- 
tinuity hypotheses on the coefficients q(x), fz) 
of the original equation. In this sort of error 
estimation it is a matter of question in 
what quantities the error bounds are expressed. 
Usual bounds explained in text-books do not 
seem satisfactory, at least, from the theoreti- 
cal point of view, since they involve bounds 
of certain higher derivatives of the solution 
of the original problem, which may not exist 
and are, in general, very hard to estimate 
unless the original problem is solved. We 


intend to derive some error bounds expressible 
in terms of the ‘‘known’”’ quantities in the 
sense that they are explicitly composed only 
of the values of g(a), fv), and the quantities 
which are available once the difference equa- 
tion is solved. We also give some error 
bounds involving neither the solution of the 
original problem nor the solution of the cor- 
responding difference equation. The absence 
of the unknown quantities in error bounds 
permits us to study somewhat more easily 
the degree of convergence mentioned above. 

Now we formulate our problem in precise 
terms and give a survey of the course we 
shall pursue. 

By Problem (1) (abbr. P. (1)) we mean the 
following boundary value problem in the 
interval J=(0, 1): 

2 
—FLg=f, O<e<t), 
ve 

yO)=y1)=0 5 (1.2) 
where gz) is a piecewise continuous* mon- 
negative function and f(x) is a piecewise 
continuous function. 

Dividing the interval by equidistant +1 
‘‘nodes’’ {x}, we denote the values of g(x), 
f(x) at a, by dz, fx respectively, i.e., 

we=R/n, Ge= Gee), fu=S\ex), 
(R=0, Less =7e slang 


A function w(x) is said to be piecewise con- 
tinuous in J if it is continuous everywhere in J 
except a finite number of points é; and also u(-+0), 
wu(1—0), 2w(&,—-0), w(é,x+0) exist. Hence a piece- 
wise continuous function is bounded in J. 

** For example, if g(a,) does not exist, (¢(vx—0) 
+q(a~-+0))/2 is used for it. 


P. (D) (1.1) 


* 
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Then the difference analogue of P. (1) cor- 
responding to the difference interval h=1/n 
turns out to be the following problem «Pe 1) 
for a (2+1)-component vector U={Ux}={uo, U1, 
-29, Unt: 


1 | big 
Sy (641 +Ue—-1— 2tte) + Gate =fx , 


Pe 
(II) (ea See ee 


Up =n = 0 5 


(1.4) 
(1:5) 
Before going into the estimation of 


R=max|y(a;,)—u,| , 


which is our main object, we note that even 
if gz) and f(a) are modified in such a manner 
that their values at {a} are not altered, the 
difference analogue of P. (I) still remains the 
same. In view of this fact, the estimation 
of R is carried out in two steps as below. 
First, introducing g(x) and f(z) specified by 
the conditions that the graph of Q(z) is the 
polygonal line composed of the segments 
connecting (2%, Ge) and (241, Qr+1) and f(x) is 
related with {f,} in the same manner, we 
set the following auxiliary problem, P. (1’), 
fi qj=f, O<ecl), (1.6) 

dx? 

y(O)=y1)=0. (1.7) 
In place of dealing with R directly we appraise 
separately two quantities R,, R, defined by 


R,= as lyWE)—H(E)| , 


P. () 


R,= max |9(x,)—-ur| , (1.8) 


0Srsn 


the bounds of which can be combined to yield 
the desired estimate of R by means of the 
obvious relation RXR,+R.. The estimation 
of R, as well as that of R» is based on the 
following theorem?® given by Kato, which 
reads: 

Theorem 1. Let T be a linear operator’? 
with its domain in a Hilbert space § and tts 
vange in a second Hilbert space 9. Let y 
be an element satisfying the equation 

TED fp; (1.9) 
where T* is the adjoint of T. For an element 
din the range of T* we set y=(y, @). Let 
u,v, 6, % be any elements subjected to the 


conditions that u, ¢ belong to the domain of 


T and v, & belong to the domain of T* and, 
furthermore, 


T*v=f, (1.10) 


Ttp=d. 
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Then we have 


1 
ae Anes 9 E18 » (1.11) 


where 


A= [ee D+F, 8) +0, (Tu, TH), | 
E2=||Te—¢|| . J 
Gal) 
To make this theorem applicable to our 
problem we reduce P. (I’) to the form of 
(1.9), choosing T and T* as follows. As +9) 
we take the real Hilbert space composed of 
functions in Z?(0,1) with the norm defined 
by 


€1= ||Tu—oll’, 


ele | ee (1.13) 


and as §’ we take the real Hilbert space 
composed of 2-component vector functions 
v={v1, V2} in £2(0,1)x Z2(0, 1) with the norm 
defined by 
1 iy 8 
w= or, opie ntde+| Guide. (1.14) 
0 0 


When we choose the operator T so that any 
continuous and piecewise smooth*** function 


vanishing at «=0,1 belongs to the domain of 
T and 


Tu=| va , (QU 5) 

then T* is determined so that 
Ty=T*{v1, n)=—— 44 (11.6) 

dx 


and any v={v1, v2} with continuous and piece- 

wise smooth v, belongs to the domain of T™*. 

It is easily verified that the equation 
T*Ty=f 


[yer 


(1.17) 
implies P. ( In dealing with Ri, d is 
taken to be Dirac’s delta function 6(2—&) 
with its singularity at € so that 7 reduces to 
4(€), although this use of the delta function re- 
quires a later justification, which can be 
carried out by a customary procedure but is 
omitted here. The other elements z, v, 6, / 
are constructed in a certain connection with 
the solution y(a) of P.(1) and the Green 
oe A function u(x) is said to be piecewise 
smooth if w(x) is piecewise continuous. 

wk =~ Strictly speaking, all operators appearing 
here must be closed. Hence, the differential 


operators in above should be interpreted as their 
closed extensions. 
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function of P. (I). Details and results of this 
procedure are shown in §2. 

For the estimation of R. worked out in § 3, 
d is again Dirac’s delta function 0(@—z;,) 
with its singularity at x and u,v are con- 
structed in a certain manner making use of 
the solution {2} of P. (II), while the constitu- 
tion of ¢,¥% is related with the following 
difference equation, P. (III), which may be 
regarded as the difference analogue of the 
formal equation T*7G= 6(2—x,) characterizing 
the Green function of P. (I’): 


— ial fees + Ge 2p)+ age dh ; 

ee (k=1,---,m—1), (1.18) 

Jo=gn=0, (1.19) 
where d;=0 or 1/h, according as k=sr or k=7. 
We can derive from (1.11) a bound of R.z in 
terms of {qu}, {fix}, {wx} and h, which are to 
be regarded as quantities given originally or 
known after solving P. (II). Furthermore, it 
is also possible to give another bound of R: 
in a form not containing {m,} but {qx}, {fu} 
only, and hence, calculable without solving 
12, 000), 

Having obtained the bounds of R in the 
way stated above, we shall pass to the study 
of the order of R as h-0 under various con- 
tinuity hypotheses on g(w) and f(x) in § 4. 


§ 2. 


In this section we are concerned first with 
the deduction of some preliminary inequalities 
and thereafter with the estimation of Ri re- 
ferred to in the preceding section. While all 
notations which already appeared keep the 
same meanings, by Jy) and T,* we denote 
those operators defined in the same way as 
T and T* except that use is made of g(x) in 
place of qg(w). Then P.(I) can be written 
as 


Estimation of R, 


Ty*Ty=f. (2.1) 
In this section ’ is used only in order to re- 
present the differentiation with respect to x. 
Now we establish the following lemma. 
Lemma'l. Let y(x) be the solution of P. (I). 
Then we have 


max |y(2)|< 
x 


VFL 
Sat G2) 


where a=(7?+Qm)'/? and Qm is the minimum 
(or g.l.b.) of Qa). 
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Proof. For any &(0<&<1) let Ke(w) be a 
function of xz equal to (1—&)x or E&(1—2), 
according as 0<#<& or E<a<1,i.e., the Green 
function associated with the differential 
operator —d?/dzx? and the boundary condition 
(1.2). It is known that for any continuous 
and piecewise smooth function z(#) vanishing 
at 2=0, 1, the relation 

| (E)| = | (ee’, Ke’)| <l)ae’ || Ke || 
holds, which can be combined with the rela- 
tion 


Ke? =EL—E)<1/4 to yield 


max |u(x)|S|z’||/2 . (2.3) 
On the other hand, the inequalities 
\| Toy ||=Aollyl=(z? + Om) |lyll=allyll , (2.4) 


where Ao2(Ap >0) is the least eigenvalue of the 
operator T)*To, follow immediately from Ray- 
leigh’s principle and the fact that 7?+@Qn 
is a positive lower bound of 4). 
In view of (2.1) and (2.4), we have 
IToyl?=F, MSIF We ylSF IW Doyl/e , 

and consequently 

Wy VSNToyllsif\/e , (2.5) 
whence follows the desired inequality by virtue 
of (273). 

Lemma 2. Let Gc=Ge(x) be the Green func- 
tion of P. (I), with the discontinuity of tts 
derivative at x«=&, considered as a function 
of x. Then we have 

0<Gn)<1/4, (OSe<1,0<E<1). (2.6) 

Proof. Since the left inequality is well- 
known, we need only to prove the right 
inequality. From the relation 

\|Ge' ||? +(qGe, Ge) =GeE) 
we obtain at once |\G¢’||?—<GeE), which can 
be combined with (2.3) to yield 

Ge PSGeE)<|1Ge'||/2 . 
In consequence we have 


Ge |S1/2 . Or) 


Again taking account of (2.3) we observe that 
the desired inequality follows from (2.7). 

Making use of these lemmas, from Theorem 
1 we can deduce the following theorem which 
gives bounds of Ri. 


Let q@ and f be any upper 
Bt 1 

bounds of | |Ag|dx and | |4f |dx respective- 
0 0 


Theorem 2. 


1956) 


ly, where 4q=q(x)—Gx) and A4f=f(x)—f (a). 
Then for R, in (1.8) we have the following 
estimate: 


Rata Lisitt), 2s) 


where a ts the same as in Lemma 1. 

Proof. Let T and T* be those defined in 
§1. d(@—&) is taken as the element d in 
Theorem 1 as stated there. On the other 
hand, we choose zw, v, ¢, # such that 


u=y(a), the solution of P. (I), 

¢@=G¢x), the Green function of P. (I) with 
its singularity at &, 

v={U1, V.}, where v2 is y(a) and v1: is defined 
as 


v1 = (0+ \"ay—Fai ; 
0 
b={i, do}, where ¢. is Ge(w) and gy is 
defined as 


tn=Ge(0)+ | UG. de—E)idv 


It can be easily verified that these elements 
satisfy the conditions required in Theorem 1. 

v1 can be reduced to another form more 
convenient for calculations: 


m=y (0)+ \ay —f)dx+ (ar —Aqy)dx 
0 0 
=y'(0)+ [iy/ae+ Var —Aqy)dx 
0 0 


= y(t | 4S — daddy 
0 
that is, putting 
hia (ar —day)de 
J0 


we can write as 
m=y (x) +n(2) . 
Similarly, we can derive 
i= Gra) +rike) » 


a —| ‘saad ; 
0 


With these elements we calculate A, & and 
€& in (1.12). First, we have 
(u, da=yE) , 
(f, d= —4f,G)=(f, Ge)—-4S, Gs) 
=y(E)—(4Ff, Ge) 
and, moreover, 
(v, ))—(Tu, Th) =(r1, fr) -Y Ge) 
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=(y' +n, Ge +n)—(y’, Ge’) 
=(n, Ge )+(y’, 72) +(71, 72) . 
On the other hand, noting 
n' =4f —Aay , 
we obtain 
(11, Ge’) =—(n’, Ge) = —(4F —Aay, Ge) 
=—(4f, Gs)+(4ay, Gs) , 
(YY, m=—(y, 2) =(y, 4gGs)=(day, Ge) . 
Thus we find 


To = —AqG¢ , 


A=y(E)+(4ay, G)—(4f, G)+5 CHE 


while it is obvious that 
&:=||Tu—v||=|ly’—all=(\nll , 
€,= || Td—||= ||Ge’ —gi||= ||72|| . 


From these results, in view of (1.11), we arrive 
at 


IwWE)—y(E) | <| (day, Ge)| 
+|(Af, Ge)| +llrll-llvall. (2.9) 
By referring to Lemma 1 and Lemma 2 we 


can appraise the terms on the right side of 
(2.9) as 


\(day, Ge)| < (max |y(x) |. \4q\de 
= ll a, 
Wf, Gly \ las ldes | , 
Ins(2)||-< max |r(x)] <| ‘Af [de 
+-\ day! dec f+ QS a, 


Ina) max [n(o)|<| IdalGedes) a 


which lead (2.9) to the form 
MEE <A+0( SEIS + E ) (2,10) 


Since the right side of (2.10) is independent 
of &, we have established the validity of (2.8). 


Corollary. As h tends to zero, we have 
1 1 
R.=0(| |4q\ de) +0(| Af |de ) : 
Pat) 0 
Remark 1. Occasionally in practice 


i 1 
| ghee | Af \de 
0 0 


may be appraised graphically. Moreover, 
max|4g| and max|4f| are admissible as ¢ and 
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f respectively. 

Remark 2. Without applying Theorem 1 
we can derive another bound of Ri as 
follows. Putting 7(#)=y(«)—y(a), we note that 
—7’+gr=—Aqyt+4f, i... T*Tr=—dAqy+4f, 
which yields 

|Tr|?<(l4ayll + ll4F |l)- liz - 
Hence, we have, in view of (2.3) and the re- 
lation ||T7||>a\l7\|, 

il 
< 4 4 
<, lldaull + l4/ I) 
which can be led by means of Lemma 1 to 
the following inequality: 


1 1 
(4al-Lf +5 14 


Sig 
In some cases (2.11) is possibly sharper than 
(2.8). However, (2.8) is seen more convenient 
for our subsequent study of the degree of 
convergence. 


alll Pr 


(2.11) 


§3. Estimation of R, 


This section is devoted to the deduction of 
bounds of R; along the line indicated in §1. 
It seems convenient to introduce some notions 
and formulae concerning finite differences be- 
forehand. All notations already defined hold 
their meanings here, unless otherwise stated. 
We denote the interval (ax, v1) by J (R=0, 
1, ---,m—1). 

1. First of all, we introduce three real 
unitary spaces Eni, Hn and Ex, such that 

Fonsi 1S (2-+1)-dimensional and provided with 
the norm 


l]2e |]? = {een } ||? = He SYP _ gen 
E, is n-dimensional and provided with the 
norm 

[ee ll? = lex} P= DP heen? , 


En-1 is (n—1)-dimensional and provided with 
the norm 


lee ll? = [Kaen } I? = He SVP tae? 


Besides usual inequalities valid for the norm 
in a unitary space, e.g., Schwarz’ inequality, 
it holds in &, that 


(oe) 


Ne DR=5| ex | <||2e||< max| zx . 
k 


Whe vectors {9:, di.1, +--+, gj} and (fi, fier 
fi}, where qx and f; are those in (1.3), may 
be regarded as elements of Fni1, En or En-1, 
according as (¢=0, j=n), (¢=0, j=n—1) or 
=1,j=n—1). Whichever space may {q:} be- 


FUJITA (Vol. 11, 
long to, we shall use always the same letter g 
to denote it, since any confusions in the 
sequel possibly caused by this convention 
seem avoidable witha little care. This is the 
same for {fx}. For any vector w={ux} in 
one of these spaces gu means the vector 
{qiux}. Evidently we have 


llqee|| = [Laver F< max lee] - hall - (3.2) 


We turn to the definition of some finite diffe- 
rence operators. To any vector #w={ux} in 
Eni we make correspond a vector Du in En 
specified by 
(Du).=Duy,=(Ue+1—Un)[h , 
(k=0,1,---,m—1), 
where hk is 1/n as before. 

It is worthwhile to remark that if y, is the 
value of a function y(#) at z=a, (k=0,1,-°-, 
n), Dy, turns out to be the divided finite 
difference (the finite difference quotient) of 
y(a) at a; in accordance with the customary 
definition. Moreover, if y(#) is a function 
such that its graph is the polygonal line 
joining (ax, yx) in order, which is the case for 
qx) and f(a), y(z) can be expressed as 


y(2)=Yrt@—an)Dye in Ik, 
(k=0,1,---, m—1), 
and also we find 
|| dy/dz||=||Dy|| , 

where the left side represents the norm of 
dy/d« in the sense of (1.13) and the right 
side the norm of the vector Dy in En. The 
following formulae concerning the operator D 
are almost evident by definition: 


h > Dur=Uwyj—M , (Eo) 
h||Du||<2\|2«\|_, (3.4) 
D(qQu) c= Date =U Dai: 
+¢xDu;+hDurDax , (3.5) 
|(qu)||< max |qx| -|| Deel 
+max |ze| -|| Dall . (3.6) 


Furthermore, we introduce the operator D® 
from En41 to EHn-1 defined by the conditions 


(Dn) =D m= (UK41 -Un=1 —2ux)/h? ; 


(k=1, ee oe n—1) 6 
By definition it is evident that 
Du. =(Dur—Dur)/h , (Qn 
h eV Uux=Duj—Duir. (3.8) 


If we identify any u,v in Eps, such that 
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Uy =Un=Vo=Un=0, with (21, #2, +++, un—1} and 
{U1, U2, +++, Un-1} in En_1 respectively, we have 
(Du, Dv) = —(D©u, v)=—(u, D@v) , (3.9) 
and we note that P. (II) and P. (III) can be 
written respectively as 
SO aT dUu=S 5 o=tn=0 , 
D+ ag=4, Jo=Gn=0, 
and also that the relation 
F, 9=(—D@u+qu, 9)=(u,—D©g +49) 
=(u, d)=u, (3.42) 
holds, which shows that g={gx} displays a 
role similar to that of the Green function. 
Some inequalities, which is useful later, 
concerning the solution x={u,} of P. (ID are 
written out in the following lemma. 
Lemma 3. Let u={ux} be the solution of 
P. (ID and let Qm be min ae. Then we have 


(3.10) 
(3.11) 


max || <!F1 ; (S83) 
k 2a 
Da <M (3.14) 
a 
Deaf p+lAlial ——(a.tsy 
2a 
where a is the positive square root of 


(201—cos zh)/h?)+Qm and \lqi|, || f|| are those 
in TB posit 

Proof. First we note that for any vector 
win Ens: such that w=u,=0, the inequality 
(3.16) 


can be established in a manner similar to 
that used for (2.3). Then noting that the 
least eigenvalue of the eigenvalue problem 

—D@©y=2v , 
is known to be 2(1—cos zh)/h?, we can deduce 
(3.13) and (3.14) similarly to (2.2) and (225) 
Finally (3.15) follows immediately from (3.10) 
by virtue of (3.2) and (3.13). 


Vo=Un=0 ; 


Remark 1. In our later treatments it is 
convenient to put 
D@uy=—fo and Du, =— n 


for the solution of P. (II) so that we can 
write 

—DOu,+qur=Sr » 
and DD®u is well-defined. Even if we in- 
terpret ||D@z\|? as h D2_ (Dux)? in accord: 
ance with this convention, (3.15) still remains 
valid, provided {that |||, the first term of 


(k=0, ile eo +, 7) 
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the right side of it, is interpreted as that in 
Engi. 

Concerning the solution g={g.} of P. (II) 
we can deduce the following lemma analogous 
to Lemma 2. 

Lemma 4. Let g={g9x} be the solution of 


P. (III). Then we have 
O<9<1/4, (k=0,1, ---, x) (3.17) 
|Dg||1/2 . (3.18) 


2. We have now reached a point to derive 
the bounds of R: by use of Theorem 1. We 
agree with the convention that any functions 
or constants not exceeding 1 in their absolute 
values may be denoted always by the same 
letter 6. Here in applying Theorem 1 we let 
d be O(x—a,-) and T, T* be those defined in 
$1. The elements u,v, ¢,¢% in Theorem 1 
are constructed from uw={ux}, g={9x}, the 
solutions of P. (II) and P. (IID) as below. 

u and @¢ are defined respectively by the 
conditions that 

U=U(a)=Urt+(w—axx)Dux , 

b=9(@)=Get (x 
in tz, (k=0, 1, ---, m—1): 
In other words, the graph of w(2), 9(@) are 
the polygonal line joining (a, wx) in order and 
the polygonal line joining (a, yx) in order res- 
pectively. Hereby we remark that q(x), f(«) 
in P. (’) can be expressed as 

O2)=Qet(a—ax)Dae 5 

fla) =frt(a—2xn)D fx 
in lice (k=0, il, ota m—1). 

In accordance with the conditions 
T*v=f, T*b=6(x—2,), we take v={w, v2} and 
b={d,, do} such that 


Xr) DGx 


n= |qu—fide+ Duo aL aS) 
0 

v, is identical with u(x) , 

ae \‘@- S(a—a,))dzt Dos, eed) 


0 
wv. is identical with 9(z). 
We note that v1. can be reduced to a form 
more convenient for our calculations. In fact, 
the contribution of J; to the integral in (3.19) 
is calculated as 


2 


hi(qiue—fa) + ‘ (wi:DqitqDui—Dfi) 


h3 + 
+ 3 DuiDai 
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h 


h PE’ DuDa 


=hD@ ui + “DDO — 


by means of (3.5) and (3.10). 


By referring to (3.3), (3.7), (3.8) and Remark 1 
we note that 


h Sj DO ui =hD©uy +(Duz-1— D0) 
=Du,—hD®™u,z—Duy—hfo , 
h Si) DD@u; = D@uy—D@ up = DOU +fo , 
and hence, 


| @u—F)de+ Duo+% f, 
0 


L 3 
5 Deu Sk DuDar . 


On the other hand, putting ¢=2—2,, we find 


b) es 2 
| (@u—f)dv=tD r,+ 3 DD uy 


eG 
Beunt 
aff, Dg,.Duz . 
(S ‘a Qx«UYUk 


From these results and the inequality 


he he 
ie ee ps 
9 3\S6° OSts), 
we obtain 
M1=Dur+n(2) in T, ; 


where 


n(a=(4 5) PO FDO us 


+07 \Dal- Du) in Te. 


In a similar manner, noting that for 2 con- 
tained in &, the relation 


[e— andes DHEA T 

0 

holds, {di} being those defined in P. (III), we 
can take ¢; into the form 


ti=D9i+72(x) in Ife 


where 
a= (: -4 \iaas + 5 Dlag)s 


+ 9\Dal-Dgh in Ie. 


Making use of these elements, we calculate 
Ave; and 4 in (1,12), First, it is easily seen 
that 

€\ = ||Tu—v||=||ril| , 


&= || To—||=|I\72|] . (3.21) 


FUJITA (Vol. 11, 
By definition we have 
n=Y(ar), (u, d)=(U(x), (a—ar))=Ur , 


and moreover, be means of (3.12) we can 
verify 


(F, 6)=(Fa), Ka) =F, )— (Df, Do) 
a CO, Dg). 


Also we note that 
(v, $)—(Tu, T) 


= Sti Daal rade Dyx\ nde)+(, 2) 
Tk Tk 
while by a little calculation we obtain 


7,2 
DapPual 1, dx = & (Du, Dag) 
Tk 6 
Ge 
ilar: ||Dq||-||Dzel|- || Dg, 
hh? 
r=Dyr| nadxz= 6 (Dg, DD© xn) 
Tk 


+07 \Da\: || Dul|- Dall - 


Consequently, A can be written by use of 
(3.10) and (3.18) as 


A=t—" (Df, Dg)—(DDu, Dg)—(Du, Dag)| 
he 1 
+05 ||Dal|-||Deell- |.Dgl| +5 (ras 72) 
h? 
=m, [DF Dg)—(Dqu, Dg)—(Du, Dag)| 


+055 |Dal-||Dul+05 Inl-lza 


Thus by virtue of (3.21) and the above results, 
(1.11) implies 


lag) inp 


Se |2(Df, Dy)—(Dqu, Dg) 


Du, D hi 
(Dy, I\+75 


| Dq||- |Dze|| + |7il|- Iza). 
Since by referring to (3.1) and Lemma 4 we 
have 
(Df, DI)|S||DF\\/2 , 
\(Dqu, Dg)|<||D(qu)|\/2, 
|(Du, Dag)| = \(Dx, qg)| <||\(D@x|\ - \ag|| 
S||_D™x || -|lall/4 , 


only ||7:|| and |\72\| still remain to be calculated. 
By elementary calculations we find 


In|2< zB |DOull? +75 (IDmul | DD@x| 
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+55 DO ul. ||Da||- | Du|+ J || DDce|? 


J DDO u|- ||Dq\\- | Dull +2 “Dal? || Dze|l?, 


(3.22) 
and, consequently, ‘ use of (3.4) we deduce 
ee fe 
IIn||2<— | D@ zl]? +4 5 Dear 
12 
a 
ar Du -\| D2e\| - || Dal| 
Pn we 2h? ; 
$5 [DO eel|?-+ 85 lD@eell- Ila Deel 
IDE ie 
+9 q\\?- || Du|\? 


6; | DOr 2+ F |D@r\ «| Dae ial 


1 2 2 
4g lal? = bul? | 


The estimate of ||71|| given by (3.23) can be 
reduced to the following one less sharp but 


more concise than (3.23), i 
Inch] oglu + 3 lal oe 
Similarly, we obtain 


mi 


J laa: +P lag |Dag|| 


h? hi . 
uO hormepngehiag 


‘Dag: || Dall - Dal +3 sal? |Pgll?; 


+i 
(3.24) 


whence in consideration of (3.1), (3.4), (3.17) 
the 


numerical coefficient without breaking the 


and (3.18) we arrive, after modifying 


validity, at 
h 
yal 3 
Il7a||S 3 llall 


Summing up all results so far obtained 
and again modifying the numerical coefficient 
of ||D©@zx\|-\|g|| appropriately, we observe that 
the inequality 


aaa i [alt | +54 Paul 


+15 |Dal-|Dull +4 1 1 p@ull -\/all 


+3 Jal? 1a | 


holds. Furthermore, since the right side of 
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(6.23) 
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this inequality is independent of 7, we have 
established the following theorem concerning 
Ro. 

Theorem 3. Let notations be above. 
have the following estimate of R». 


We 


slat z 1 
Rotel SIDA + yy aul +55 [Pal Du 


+4 IP Pad lal-+ 6 lal? IDul]- 6.25) 


Remark 2. As for the norms appearing in 
(3.25), it is remarked that ||D@zx|| should be 
interpreted as that in Ey+s1 in the sense of 
Remark 1 of this section, while on the other 
hand ||/q|| may be taken as that in Ey-1. 

Remark 3. When we are interested par- 
ticularly in the asymptotic bounds of R, 
(h-0) under more stringent conditions of 
regularity for gw) and f(«), we can derive 
one different from (3.25) in its form, although 
(3.25) gives a bound of R, for any hk and 
for any q(a), f(z) provided with the pro- 
perties stated in P. (I). That is, we assume 
that each of g(2:) and f(x) satisfies the Lipschitz 
condition of order 1, which implies that Dg, 
and Df, as well as ||Dq|| and ||Df|| are 
bounded as fh tends to zero. Under this 
assumption, noting (3.6), Lemma 3 and the 
inequality 

|| DD || <||DF || +||D(qz)|| , 
we observe that all norms appeariny in (3.22) 
are bounded, and hence, 


2 
(71S 5 IDO ul?-+ 084), (0) 
Similarly from (3.24) follows the inequality 
h? 
Ira?<apllagl?-+o0H), (0). 


Thus we find, taking account of (3.17), 


[rill - rel <j LD Peel -llall +00") , (h-0) 


(3.26) 


Making use of (3.26) we can deduce 


Rell DF I+ 9 [Pal Duel +59 Paul 


tpglDPal lal |For), (9), 27 
by a reasoning similar to that used for (3.25). 
Furthermore, from Theorem 3 we can 


derive a bound of Ry, not involving w={zx}, 


e., by referring to (3.6) and Lemma 3 we 
immediately obtain the following theorem. 
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Theorem 4. Let a be the same as in 
Lemma 3 and let Qu be maxq:. Then we 
* 


have 
Rasi| SIDI + 45 Il Fl [Pal 
1 Qu IF ll, 1 yay .pyy 4d lee 
ae uals reread 


(3.28) 
Corollary. As h tends to zero, we have 
R2=O(h?)+O(h?||Daq||) +O? ||DF |) - 
Remark 4. In (3.28) ||f|| should be inter- 
preted as that in Ens: and ||q||, on the con- 
trary, may be taken as that in En-1. 
Remark 5. Under the same conditions as 
for (3.27), we have the following asymptotic 
bound of R,: 
Apa! 5 |lF\l-DPall_ 1 Os- FI 
Ro<h?| —||D EA les 
ash Fa SS al hela eile 


tte epee aes al peer 
+yglal-istgg ET oc), 


(h-0) . (3.29) 


§4. Degree of Convergence 


In this section we study the degree of 
convergence of w={ux}, the solution of P. 
dD, to y(z), the solution of P. (D, under 
various continuity hypotheses on q(a) and 
f(x), which are originally assumed to be 
picewise continuous (See the foot note in §1.), 
as the difference interval # approaches zero. 
Rewriting w={ux} by u(h)={uxh)}, we define 
u(x, h) for any x contained in J by the con- 
dition 

u(x, h)=u,(h), 


It is intended to ascertain the degree of con- 
vergence of 


Eta, h)=y(x)—u(a, h) 


uniform with respect to 2, provided that hk 
tends to zero in such a manner that the 
sequence {H(a, h)} is infinite. For this pur- 
pose, noting that the bounds of R=R(h), 
which we have succeeded in obtaining, can 
be regarded as uniform bounds of E%z, hk), we 
need, by virtue of Corollaries in §2 and §3, 
only to investigate the orders with respect 
to h of the following quantities: 


1 
a=| \Aq\dz , 
0 


Q2=h?||Dq| , 


where rv=z/h . 


ed . 


Fy=1\\Df |. 
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Cole 15 


In estimating these quantities, it may be 
worthwhile to note that the relations 


Q,<max|4q(x)| , Q.<h” max |\Dac| , 


Q.<2h||\{aeFl ; 

Fix max|4f(@)| , 

Fy<2h|l{F v}ll 
hold and, moreover, for example, if 4g=O(h*) 
in J, the contribution of J; to Q: turns out to 
be O(h?*!). Although in view of these facts 
we can rather easily study the degree of 
convergence under various situations, we do 
not give the results in full but only illustrate 
some of them in the following propositions. 
Concerning these propositions we remark that 
the relation R=O(h”) implies that Ez, h) 
converges to zero, as h tends to zero, uni- 
formly with the degree of convergence equal 
to or higher than that of h®. Furthermore, 
we assume without loss of generality that 
F(x) is provided with its regularity same as 
or better than that of g(v), since Fi: and F, 
depend on f(a) respectively in the same 
manner as @; and Q, depend on g(a) and also 
the order of R is specified as the lowest one 
among the orders of Q:, Q2, Fi, Pe. 


F.<h? max Df xl , 


(a) Let q’’(x) exist and be bounded in J. 
Then 
R=O7), (h-0) . 
(6) Let g(x) satisfy the Lipschitz condition 


of order 1, i.e., let a constant M exist such 
that the inequality 
|q(a1)—q(#2)| <M] a1 —279| 
holds for any a: and 2, contained in J. Then 
R=O(k), (h-0) . 
This is the case, in particular, if q’(@) exists 
and is bounded in J. 

(c) Let g(a) satisfy the Lipschitz condition 
of order 1 and let q(x) be piecewise con- 
tinuous. Then 

IR= OU) . (h-0) . 
This is the case, in particular, if the graph 
of g(x) is a polygonal line. 

(d) Let q’(x) be piecewise continuous. Then 


R=O(h),  (h-0). 


This is the case, in particular, if g(x) is a 
step function which has jumps at a finite 
number of points. 


In conclusion the author wishes to express 


1956) 


his sincere thanks to Prof. T. Kato for his 
valuable suggestions and kind advices. 
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The Time Lag and other Undesirable Phenomena observed in 


Vacuum Photo-tubes at Weak Illumination I 


By Masao SUGAWARA 
Hitachi Central Research Lab. Kokubunji-machi, Kitatamagun, Tokyo 
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It has been known that in the case of accurate photoelectric photo- 
metry of weak light intensity, even the vacuum photo-tube shows the 
abnormal and undesirable effects such as non-linearity of photoelectric 
current to the flux of illumination, the variation of photoelectric current 


with the lapse of time, etc. 
factors they depend. 


But, it has not yet been clarified on what 


The present writer has experimentally studied these abnormal effects 
by varying the applied voltage, the wave length, and the flux of illuminat- 


ing light. 


The results show that photoelectric materials, such as caesium, ad- 
hering to the undesired portion of the tube wall in poor contact with 


the photocathode are presumed 


abnormalities. 


§1. Introduction 

The photo-tube is often used for measuring 
the flux of weak illumination, but some abnor- 
mal effects are observed in some tubes and 
the effects introduce the error in measure- 
ments. 

The classical papers by Ives, Dushman and 
Karrer?, Preston and McDermott” described 
these abnormal effects. For the photo-tubes 
and. photo-multipliers, generally used now, 
researches have been made by Kortum and 
Maier®. They have pointed out that in 
many cases the photoelectric current or 
the secondary emission current is not ac- 
curately proportional to the flux of illumina- 
tion, and this is due to residual gasses in the 
tube, the fatigue of the photo-cathode, space 
charges, photoelectric materials adhering to 
the undesired portion of the tube wall and 
temperature variation of the tube. Kuwa- 


to be the 


main cause of these 


bara has investigated the fatigue of silver- 
caesium oxide photo-tube from the view of 
photometry. Discontinuous change in current- 
voltage characteristics of the photo-tubes 
which affects the validity of the measurement 
was reported by Taylor® and Mori®. They 
attributed this pmenomenon to the electric 
charges on the inner wall of the tube and 
photo-electrons as well as secondary electrons 
from the photoelectric materials on the un- 
desired portion of the tube wall. As described 
above, various abnormalities have been observ- 
ed and various factors to be considered as 
their causes were suggested. But unfortu- 
nately, the relations between these factors 
and abnormalities have not yet been fully 


clarified. It was found experimentally that 
there were a few tubes. which did 
not show abnormalities at all. In what 


follows, the results obtained in the experi- 
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PHOTOTUBE 
& AMPLIFIER 


Fig. 1. Schematic Diagram of the Optical System. 


MONOCHROMATOR 


L: Light Source Pe Prism S56 Site 
M: Micro ammeter T: Photo-tube 
C: Filter Q: Shutter 


Fig. 2. Amplifier Circuit. 
T: Photo-tube V2: 6SN7 
Vi, V3: Specially designed Vacuum Tube 
Re: 800 Ma M: Microammeter 
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Fig. 3. Standard Spectral Transmitteance of the 
Filter used. 


ments and some considerations regarding to 
the abnormalities will be described. 


$2. Experimental Arrangement of 
Apparatus used and Procedures 


In fig. 1, the optical system used in this 
experiment is shown schematically. A light 
source Z is a 2800°K tungsten incandescent 
lamp, and the monochromatic beam enters 


Masao SUGAWARA 


§ (b) (C) 
be = Ke 
gS & of & oh 
zy N 
g S Rie 
ye a3 ay 
Se as os 
i ee z 
ge RS Re 
SS NA gS 
Cou 1 \ CES fs ey 
is 30 75 30 1S 30 
TIME (SEC) TIME (SEC) TIME (SEC) 
Sa Sth K 
= 
ue ge , gS , 
gs (a) Ray (b) Rang (C) 
Shs 35 So 
Oo’ Ore G9 
1 1 @ 1 
Bg it sg 
D Ss 
ah - Ss 
gs ae N eee 


(Saad LED 15 
TIME (SEC) TIME (SEC) TIME ee) 


Fig. 4. Typical Time-Photocurrent Curves for 
Time Lag. 
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into the photo-tube T through a slit S anda 
shutter Q. Between S and Q, a filter C can 
be inserted. The measurement was carried 
out under a sufficiently dry condition to avoid 
the leakage through the outside of the tube. 
The photoelectric current is amplified and 
measured with an ammeter M. 

The amplifier used in this experiment was 
shown in Fig. 2. Its linearity was previously 
examined by applying various voltages to the 
input side and was proved to be quite reliable 
over a wide range of the voltage. The time 
constant of the amplifier, including the am- 
meter responsibility 1.4~1.8 seconds, was less 
than 1 second. Resistance Rg was 800 me- 
gohms. One scale reading on the ammeter 
corresponded to 1.8x10-" amp. of the photo- 
tube current. The time interval was measur- 
ed with a stopwatch of the scale division one 
second reading. 

At first, after the shutter was opened, the 
time elapsed till the photo-electric current 
attained an ultimate value was measured. At 
the same time, the variation of the current 
during this interval was also observed. Similar 
measurements were also carried out immediate- 
ly after closing the shutter. 

Secondly, the spectral transmittance of a 
filter was measured and compared with the 
standard value which was determined by using 
a standard photo-tube*. The standard spectral 


* Recently, the spectral transmittance of the 
standard filter has been measured accurately with 
photo tubes at Electrotechnical Laboratory, Japan. 
Some silver-caesiumoxide phototubes made in this 
laboratory were checked with the transmittance of 
the same filter. From these were selected the ones 
which revealed an error within 0O~+0.3% in the 
range from 380 my to 800mp compared with that 
measured at E. T. L., and these were used as 
standard photo-tubes, 
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transmittance of the filter used is shown in 
Fig. 3, 


§3. Experimental Results 
(1) Abnormal Effects 
(a) 


The time lag of the photo-tube current can 
be classified into three types as ‘‘A’’, “B” 
ae Git 

In “‘A’’ type time lag (Fig. 4a, a’), the 
photo-tube current immediately reaches a 
certain value lower than the ultimate value 
and gradually approaches the ultimate one. In 
“B” type (Fig. 4 b, b’), the tube current 
immediately reaches a certain value, and after 
remaining there for a time, increases to an 
ultimate value. And in “‘C” type (Fig. 4c, 
c’), the tube current, after overpassing an 
ultimate value, comes to the ultimate one. 

In many cases, one of the above mentioned 
types appears individually, but sometimes 
more complex phenomena, such as successive 
appearance of ‘‘A’’ and ‘‘C’’ type are observ- 
ed. In the cases of ‘‘A’’ and ‘‘C’’ types, the 
duration before coming to the ultimate value 
is comparatively short (within 30secs.), while 
in the case of ‘‘B”’ type it often requires a 
few minutes. 

Time lag phenomenon must be distinguish- 
ed from the so-called fatigue of the photo-tube 
and it will be considered as one of the 
abnormal effects of the photo-tube. Photo-tubes 
whose time lag is greater than 1.4~1.8 
seconds, which correspond to the responsibility 
of the microammeter used, are regarded as 
abnormal. 


(b) Fluctuations in the measured trans- 
muittance of a filter. 

In the cases of using different photo-tubes, the 
results of transmittance measurements of a 
filter are generally different from the standard 
value of that filter, and this difference will 
be designated by a term ‘discordance’. This 
discordance may be mainly due to the lack 
of flux-current proportionality. Photo-tubes 
which show a discordance of more than 0.5% 
are regarded as those with an abnormality. 
(2) Relation between abnormalities and Wave 

Length 

Abnormal effects are affected by the illum1- 


nating wave length, but it seems that there 
are no fixed relations between abnormal effects 


Time lag 
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and wave lengths. 

are as follows; 

(1) Abnormal effects are generally 

spicuous at a shorter wave length 
“A” type and ‘“‘C’’ type time lags occur 

in a rather wide range of wave length, 
while ‘‘B’’-type is limited to a narrow 
range. 

(iii) In many cases, photo-tubes with ‘““B”’ type 
time lag at the beginning of illumination 
show ‘‘A”’ type time lag at the intercep- 
tion of light and reveal a large discordance. 

Table I represents the results on the 

abnormal effects of the caesiumoxide vacuum 


Somewhat common facts 


con- 


(ii) 


OT oa ae 


Fig. 5. Front View of the Photo-tube used for 
Measurement. 


Table I. Abnormal Effects of Phototube. 
(for Silver-Caesiumoxide Phototube) 


Wave Discord- _ é pa Poe ae 
length ance Light off Light on 
SIN, eae | Type Seconds} Type |Seconds 
380 | 1.5 |A-Typel 35 |B-Type| 200 
AAO OLGA eee 50 ” 100 
500 —0.6 | C-Type 20 C-Type 2( 
540 | —0.6 y 30 0 ” 
600 | -0.4 | # ” ” 1.4 
700 —0.9 | y " 1 | y 
800 | =0:5 | 7 PPS RI? ” 
Remarks: Photocurrent: 1.8x10-A 
Anode voltage: 30 volts 
Discordance: (measured) 
-(standard) 


photo-tube whose shape is shown in Fig. 5. 
(3) Effects of Applied Voltage and Illununat- 
ing Flux 

The abnormal effects varies according to 
the applied voltage as well as the flux of 
illumination. The oscillograms of the time- 
current characteristics at various illuminating 
fluxes are reproduced in Fig. 6. From (a) in 


~ PHOTO-CURRENT * PHOTO -CURRENT 
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Fig. 6. Variations of Time Lag by the Flux of 
incident Light. 
\(a) Antimony-Caesium Photo-tube, Anode Vol- 
tage: 70 Volts, Wave length: 480 mp. 
(b) Silver-Caesiumpxide Photo-tubes, Anode 
Voltage: 90 Volts, Wave length: 780 mp. 
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Fig. 7. Typical Example of Dual Characteristics 
observed in Spectral Response (for Antimony- 

Caesium Photo-tubes). 
the figure for antimony-caesium tubes, it 
can be seen that the time lag at the beginning 
of illumination changes from ‘‘C’’ to ‘‘B’’ type 
and finaly to ‘‘A’’ type as the illuminating 
intensity is decreased. While, from (b) for 
silver-caesiumoxide tubes, only ‘‘A’’ type can 
be seen in a certain range of illuminating 
flux. Similar phenomena can be observed 
when the applied voltage is changed. 

The discordance does not show any fixed 
relation with the applied voltage and the flux 
of illuminating light. Examples of the dis- 
cordance measured are shown in Table II. 
The discordance is not always large even at 
the point where the current-voltage character- 


istic is not saturated, at such a voltage as 5V 
and 10V. 
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(4) ‘‘B’’ type time lag 
Among the abnormal effects, the most 
noticeable is ‘‘B’ type time lag. Further- 


more, it is interesting to note that photo-tubes 
with “B’’ type time lag often show duality in 
spectral sensitivity which will be described in 
detail hereafter. 

In Fig. 7, the most typical example is 
shown. A discontinuous response curve a-b-c 
is obtained when the illuminating flux is cut 
off in the intervals of the current measure- 
ments at different wave lengths, while in the 
case of continuous illumination a continuous 
curve a-d-c is obtained. ‘‘B’’ type time lag 
is often observed at points near A and B in 
Fig. 7. Namely, the duality of the response 
occurs generally accompanying the “‘B’’ type 
time lag. The current-voltage curves of the 
photo-tubes, in the case of the wave length 
at which ‘‘B’’ type time lag appears, general- 
ly show discontinuous changes at certain 
voltages, the duality being observed as well. 
Similar abnormality is observed in the current- 
flux characteristics. According to these facts 
three abnormalities are seemed to be brought 
about by the same cause. 

As previously mentioned, in the case that, 
‘“‘B’’ type) time lag occurs at the beginning of 
illumination, ‘‘A’’ type time lag often appears 
when light is cut off. No abnormal effects, 
however, are observed if the illumination is 
resumed before the photo-current fully returns 
to zero. In the cases of other types of time 
lags, similar phenomena are also observed. 
The time lag decreases as the interval of 
interruption of light is shortened. 

(5) Effects of Heating 

Heating the whole tube above the room 
temperature affects the appearance of the 
abnormal effects and often changes normal 
photo-tubes to abnormal ones. ‘‘C’’ type time 
lag is usually observed after heating is re- 
peated. (refer to Table III) 

Local heatings of a portion of the neck or 
the window at 100°~200°C for 20~30 minutes 
also cause considerable changes in_ the 
abnormal effects. Contrary to the case of 
whole tube heating, a portional heating often 
changes abnormal tubes into normal ones. 
But after a few days, these phototubes show 


again, similar abnormal effects as_ before. 
(Fig. 8) 
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Table Il. Discordance of Phototubes at Various 
Voltages. 
(for Silver-Caesiumoxide Phototubes) 
| Voltage | | | 
Wicivics ie enV) | | | 
| | | 
length!p ela. 150/110 50. 20 | 10 5 
tive 
Used | ight in. 
eee ss” jtensities \| | | 
Ordinary) (mp) 200 0.3 0.10.11-0.5-0.110.2 
Photo- 500 | 
tube 100 0.2/0.1) O-0.8/-0 2-0.2 
| — a z | if { 
Photo- ia | 
Fabel (mp), 200 a Oo} O 0-0.1) 0.2 
Contain- | 500 | 
ning | 100 | OF 0} OF O-0O.2) O 
film | oe | | | 


Photo-tubes kept in a dark place at room 
temperature often show a variation of abnor- 
mal effects with the lapse of time. This is 
also believed to be due to a similar cause. 


§4. Effects of Transparent Conducting 
Film at the Window 


Solution of SnCl. in conc. HCl, for example, 
sprayed onto the inner surface of glass bulb 
heating at 400°C forms a transparent conduct- 
ing film. Silver-caesiumoxide photo-tubes 
with the bulb treated in this manner were 
trially made to remove the surface charge on 
the inner wall, which often had been describ- 
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Fig. 8. Example of the Changes of Abnormal 
Effects caused by Heating the Photo-tube Neck 
and Window. 

— before heating 

—x-— after heating (30 min. 200°C) 

—(©-— left at room temp. for 24 hours after 

heating. 


ed by many experimenters. It was found 
that time lags of these tubes were always 
within 1.8sec. in the wave length range of 
380~800 mv. Discordance was also measured. 
They were quite satisfactory compared with 
the results obtained with the ordinary photo- 
tubes (Table II). The current-voltage characte- 
ristics showed no stepwise changes. 
Furthermore, even after a continuous heating 


Table III. Changes of the abnormal Effects due to the Heating 50°C. 
(Silver-caesiumoxide Tubes) 
iy we iiene | After 1000 hours heating 
Wave —— - ——— pik. ae = 
AP ine there 
fens thay: ati lag Discor- y - 2 
Discor- Time lag Light off Light on 
in mp Seen ae SS 
ee ceuee | Type Seconds Type Seconds 
} | iA et ies uate ni shag 
ie... 38 2 a , 0.2 
Phototube an ee less than 1.6 0 
ee 500 —0.4 seconds 0 
Eoneatte | 560 0.2 regardless ae less than 1.6 seconds, less than 1.6 seconds 
} t 620 0 : | 
POpANCHAE | 680\;0|) Ove: |ithellight-putt- | 0 
AO ls | 
film 800 | 0 | ing on or off | (0) a oe : a eee 
‘ aie | a pene 0:3 A 10 G 8 
ie eee less than 1.6 0.4 E 40 i 10 
500 | —0.1 | seconds 0.4 1 a f - 
Ordinary Ea \, © | : iO) Va ) 
620 0 | regardless 0.1 f 5 | t 3 , 
Phototube | ¢6g9 | —0.1 | the light putt- ? | | me 18 
i | ntti _ ing on or CHIN 2603 thal 1.6 
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of the tube at 50°C for 1,000 hours, the time 
lag was within 1.6 sec. for the monochromatic 
light in the wave length range from 380 mz 
to 800 mz. Discordance was also within 0.5% 
at the anode voltage 30 V and photoelectric 
current 1.8-107'° amp. 

In Table II, examples of the results for 
these tubes measured before and after heating 
in comparison with ordinary tubes, are shown. 


$5. Discussion 

As shown Figs. 4 and 6, there are three 
types of time lag and the type of time lag of 
photo-tube varies from one to another when 
the applied voltages, the flux of illuminating 
beam and the wave length are changed. 
Therefore, it is presumed that the main 
cause of time lag is irrespective of type. 

Furthermore, from the fact that the appear- 
ances of time lag as well as discordance are 
changed by heating only a limited portion of 
the neck or the window of the tube at 100° 
~200°C for 20~30 minutes as shown in Fig. 
8, it is considered that above two kinds of 
abnormalities are due to common causes. 

It has been known that the photoelectric 
current decreases with the lapse of time and 
this phenomenon has been called the fatigue 
of the photo-cathode. According to de Boer’s 
hypothesis”, which is still generally accepted 
though it is not perfect, caesium ions produced 
by photo-ionization on the photoelectric surface 
are not all neutralized because of the poor 
supply of the electron through the layer of 
photo-cathode and consequently the fatigue 
phenomenon takes place. But neither the 
occurrence of various types of time lag, nor 
their dependence on the flux of illumination, 
the anode voltage and the wave length used, 
can be explained by Boer’s hypothesis. 

Asmus® carried out the experiment on the 
alkali-halide photo-tubes with similar effects 
and some interpretations have been attempt- 
ed®. But unfortunately, these seem to be 
still insufficient to explain such complex 
abnormal effects as observed in our experi- 
ments. 

Residual and the temperature change 
of the tube surface cannot be considered as 
the main factor and the slight discordance, as 
shown in Table II, even in the unsaturated 
region of the current-voltage curve suggests 
that the space charge effect is not important. 


ee 
gas 
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The interpretation of the abnormalities 
might be conceived as follows: Small quanti- 
ties of caesium or the like adhere on the in- 
ner surface of the photo-tube in poor contact 
with the main cathode. By incident of light 
their potential will change with the photo- 
emission, and these cause the abnormalities. 
The change of abnormalities by local heating 
of the tube would be due to the fact that 
caesium on the portion heated would evapo- 
rate and remove to other portions and con- 
sequently the distribution of caesium be 
changed. As this is an enforced state, 
naturally a thin film of caesium would be 
gradually built up again on the former posi- 
tion, and the more or less similar state as 
before be formed with the lapse of time. 

The fact that the photo-tubes provided with 
a conducting film on the wall as stated in 
the section 4 hardly show any abnormality, 
endorses the above reasoning. 

The observed results in detail relating to 
the process of how the photoelectric materials 
adhering to the tube wall will produce these 
abnormalities will be described in the next 


paper. 


§5. Conclusion 


The writer has carried out the experiments 
about the abnormal effects and found out that 
photo-tubes without abnormalities are scarce. 
The abnormal effects differ according to the 
tubes and are affected by the applied anode 
voltage, the flux of illuminating light, the 
wave length and lapse of time. Results are 
summarized as follows: 

(a) Fatigue phenomenon should be separated 
from the abnormal effect. 

(b) Space charge and residual gas cannot be 
considered as the main cause of abnormal- 
ities. 

(c) Photoelectric materials, such as caesium, 
adhering to the undesired portion of the 
tube wall in poor contact with the main 
photocathode are regarded as the governing 
factor. 
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Energy Band Structure of the 
Carborundum SiC Crystal 


By Sy6iti KOBAYASI 


Department of Physics, Faculty of Science 
Hiroshima Unwersity, Hiroshima, Japan 


(Received October 29, 1955) 


Here we report a preliminary result (namely, 
the result computed by Bloch’s tight-binding ap- 
proximation) of the energy band structure of SiC 
crystal. 

There exist some modifications in the crystal 
structure of SiC, the typical one of which is of 
zinc blende (diamond) type. The band structures 
of the zinc blende type of monatomic crystals such 
as diamond, silicon, and germanium have been 
already studied by many workers) by various 
methods. 

The assumptions in our computation by Bloch’s 
tight-binding method are as follows: the electronic 
configurations of C and Si atoms in their free state 
are assumed to be 

[(sP](2s)(2p)3 and [(1s)(2s)(2p)°](3s)(3p)", 
respectively. As for AO’s of core electrons of 
both atoms, we have used the SCF solutions of each 
atom.23) As for AQ’s of valence electrons of both 
atoms, the Hartree solution?) is adopted for 2s 
orbital of C atom, the Hartree solution) of Si*? 
for 3s orbital of Si atom, and Slater’s function with 
atomic shielding constants’) for both 2p orbitals of 
C atom and 3p of Siatom. Concerning the atomic 
energy levels, the computed values”) based on the 
Hartree approximation are used for the levels of 
2s and 2p electrons of C atom, while the empirical 
ones derived from the analysis of atomic spectra?) 
are used for 3s (—0.52008¢2/a9) and 3p (—0.29955e" 
/a9; @ is the Bohr radius) of Si atom. In practical 


computation, we have only taken into account the 
overlapping of a chosen Si-AO with the nearest 
neighboring AO’s of four C atoms (V 34/4 apart 
from it) and the next nearest AO’s of twelve Si 
atoms (a/V 2 apart from it; @ is the edge length 


of 


approximation is taken for a chosen C~AO. 


the cube which contains four unit cells). Similar 
Fur- 


ther, the three center integrals are neglected ap- 
proximately throughout our calculation. 


In accordance with the mentioned approximations, 


we calculated the band structure by essentially the 
same method as what Morita) applied to diamond. 
The results obtained are shown in Fig. 1. 


In Fig. 1 the minimum separation between valence 


and conduction bands seems to occur at k= (0,0,0), 
being about 6 ev in comparison with the experimental 
value) of about 3ev by ultraviolet absorption. 
According to our computation, the valence bands 


at 


k=(1/a, 0, 0) are separated, by 1l0ev, into 


branches; this result may be taken to show the 
characteristic difference between monatomic and 
diatomic crystals, since two Xj-points in Fig. 1 
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Behavior of energy bands of the carborun- 
dum SiC crystal along 100, 110, and 111 direc- 
tions, respectively. a@ is the edge length of the 
cube which contains four unit cells. 


have been found» to coincide with each other in 


the 


monatomic crystals. Further, it should be 
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noted that the result shown in Fig. 1 is a little 
modified, by allowing for Parmenter’s consideration” 
on the symmetry properties of the energy bands of 
the zinc blende structure. 

Our next program is to perform a quantitative 
computation by using the OPW method,®) which is 
now in progress. 
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Photo-induced Hall Effect of V-center in KI 


By E. YAMAKA and K. SAWAMOTO 
The Electrical Communication Laboratory 
T. ISHIDA 
Tokyo College of Science 
(Received November 24, 1955) 
Although some investigations for optical absorp- 
tion of V-centers in alkali-halide crystals have been 
done in the past), measurements of photoconduc- 


tivity and Hall effect have not yet been carried 


out, the mechanisms of electronic transitions 


(Vol. 11, 


associated with optical absorptions being left un- 
clarified. Especially determination of signs of charge 
carriers released by lights from composite V centers, 
such as V2 of V3, will be interested in interpreta- 
tion of bleaching. This article describes a pre- 
liminary report of photo-induced Hall effect in KI. 

Large single crystals of KI were made from melt 
and additive colorations were performed with iodine 
at about 530°C. Absorption curves without and 
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Fig. 1. Absorption curves of KI without and with 
iodine-coloration. The notation of bands is 
followed to that of reference 3. 
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Fig. 2. Transparent curves of various filters used 
to obtain light of Vy, Vir, Vii bands. 


with coloration are shown in Fig. 1. Light sources 
for various absorption bands were obtained by 
combinations of a high pressure mercury dicharge 
tube with various filters, their transparent curves 
being shown in Fig. 2. The apparatus used has 
the high input impedance preamplifier developed 
by MacDonald2). 

Samples were sealed in vacuum in order to avoid 
humidity. 

Photoresponce was observed only with filter A, 
which in turn indicates that only Vy band is 
responsible for photocurrent and Hall effects show- 
ed that associated charge carriers are holes. On 
the other hand Uchida and Nakai*) concluded from 
their optical measurements that Vy and Vy bands 
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correspond transitions from the ground state of Ve 
center (composed from two positive ion vacancies 
and two holes) to two excited states. From this 
model our results lead to the conclusions that a 
electron tranfers from the valence band or excited 
state, which lies near the top of that band, to the 
ground state of V-center, leaving a mobile positive 
hole in the valence band. 

Hall mobility of holes lies in the range of 2 to 
6cm?/volt sec at 30 CPS (the lowest frequency 
available in our apparatus). The measurements at 
higher frequencies were impossible due to a 
parastic capacity, so that we could not decide the 
true mobility free from space charge. Distribution 
of observed values may be due to various states 
of space charge in each specimen. 
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Disturbance by Probe in Plasma 


By Takayoshi OKUDA and Kenzo YAMAMOTO 


Faculty of Engineering, Nagoya University, 
Nagoya 
(Received November 18, 1955) 


The recently published articles!)?»3) on the probe 
study concern with the situation of the probe with 
negative potential with respect to the space 
potential and the mechanism of positive ion collec- 
tion through the transition (or extra-sheath) region 
between plasma and positive ion sheath, particular- 
ly at the low pressure. 

Now we deal with some problems which concerns 
with the disturbance by probe, including both cases 
of negative and positive probes. To see how the 
disturbance is responsible for the deformation of 
the probe characteristic in plasma at higher 
pressure, we carry out following experiments. 

A thin probe (diameter 0.1~0.2mm) is movably 
inserted into a disturbed region formed around a 
thick probe (diameter 0.5~1.5mm) fixed in a 
plasma. As the disturbance made by the thin probe 
is negligibly small compard with that made by the 
thick probe, we can observe the disturbance made 
by the thick probe by using the thin probe to 
measure the ion current and the potential distribu- 
tion in the disturbed region. The discharge tube 
used has a diameter of 3.5cm, and is filled with 
argon of the pressure 10~10-‘ mm Hg, mounted by 
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Fig. 1. 
thick probe. The solid line: the thick probe is 
at 5 V positive against plasma potential, electron 
current is 4mA. The dotted line: the thick 
probe is at 77 V negative against plasma potenti- 
al, positive ion current is 150uA. Argon, 
pressure 1x10-2mm Hg, discharge current 100 
mA. The thick probe: diameter 0.5mm, length 
4mm. Thethin probe: diameter 0.1mm, length 
4mm. 
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Fig. 2. Probe characteristic of a cylindrical thick 
probe and saturated ion current of a cylindrical 
thin probe. The solid line: probe characteristic 
of the thick probe, voltage is measured with 
reference to the anode. The dotted line: 
saturated ion current of the thin probe 1mm 
away from thick probe. Argon, pressure 5.5 x 
10-3mm Hg, discharge current 100mA. The 
thick probe: diameter 1.5mm, length 4mm. 
The thin probe: diameter 0.1mm, length 4mm. 


an oxide cathode, a nickel anode, and molybdenum 
probes. 

The solid line in Fig. 1 represents the measured 
potential distribution when the pressure is 1.107? 
mm Hg, the discharge current 100 mA and the thick 
probe has a positive potential with reference to its 
space potential; the dotted line shows the potential 
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distribution of a negative probe. In all pressure 
we can observe such a potential distribution accom- 
panying a potential sinking formed near the probe 
even in a case of positive probe. In this case the 
potential sinking occurs in the same place as the 
transition region which exists for the negative 
probe. Here, it must be expected that the potential 
sinking has a considerable effect on the electron 
current collected by the probe. The saturated 
positive ion current of the thin probe in the region 
of the potential sinking is weaker than that in the 
undisturbed plasma which is several mm away 
from the thick probe. That extent to which the 
probe disturbs the plasma increases with increasing 
pressure. 

The solid line in Fig. 2 indicates a Langmuir’s 
probe characteristic) of the thick probe when the 
argon pressure is 5.5x10-3mmHg and the dis- 
charge current 100mA, the dotted line indicates 
the saturated ion current of the thin probe put in 
the anodic side 1mm away from the thick probe, 
showing that when the potential of the thick probe 
approaches the space potetial, the plasma density 
near the probe decreases. Therefore, the de- 
parture from the linearity at point @ on the 
characteristic curve is not due to the deviation 
from the Maxwellian distribution of electron energy 
but the decrease of the plasma density near the 
probe. This is new interpretation for the non- 
linearity of the semi-log plot of the probe 
characteristic. Further, we find that the linearity 
in the semi-log plot of the probe characteristic at 
higher retarding voltage is fairly well held (see 
Fig. 2), but the reciprocal of the slope of the semi- 
log plot or the value of the electron temperature 


Table l. Electron temperature evaluated from the 
slope of the semi-log plot of probe characteristic 
for several cylindrical probes with different 
diameters. Low voltage arc of argon, discharge 
current 100mA, probe length 5mm. 


diameter (mm) 


pressure (mm Hg)——— me 


0.8 


0.2 | 0.5 Thesis) 
1 24,600 22,000 19,300 13,900 
0.1 31,300 23,000 22,000 20,300 
0.005 34,800 34,800 34,000 33,500 
(unit? 2s) 
evaluated directly from the slope appreciablly 


decreases as the probe diameter increases and this 
effect is more appreciable as the pressure increases. 
The electron temperatures evaluated from the slope 
of the semi-log plot are tabulated in Table ator 
several probes with different diameters. 
pressure less than 10-4*mmHg, no appreciable 
variation of electron temperature with probe dia- 


At lower 
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meter is observed. 

Accordingly, from the experimental results above 
mentioned, it is cofirmed that the disturbance 
occuring in a plasma near a probe results in a 
non-linearity of semi-log plot of the probe charac- 
teristic or erratic evaluation of the variables of the 
plasma such as the electron temperature and the 
plasma density. 

The probe measurement in plasma at higher 
pressure is valid only if this disturbance is taken 
into consideration. 


References 


1) R.L. F. Boyd: Proc. Roy. Soc. 201 A (1950) 
329. 

2) A.Guthrie and R. K. Wakerling: The Charac- 
teristics of Electrical Discharges in Magnetic 
Fields, (McGraw-Hill, New York, 1949), first 
edition, pp. 31, 77. 

3) F. Wenzel: Zeits. f. ang. Physik. 2 (1950) 59. 

4) I. Langmuir and H. Mott-Smith: G. E. Rev. 
26 (1923) 731; 27 (1924) 449, 538, 616, 762, 810; 
Phys. Rev. 28 (1926) 729. 


J. Puys. Soc. JAPAN 11 (1956) 178~180 


Experimental Studies of the Interaction 
of a Plane Shock Wave with 
a Circular Cylinder 


By Kim, Chul-Soo 
Department of Physics, Faculty of Science, 
University of Tokyo 
and Kéichi OSHIMA 
Institute of Industrial Science, 
University of Tokyo 
(Received November 18, 1955) 


When a plane shock wave of arbitrary strength 
advances into a still air and encounters a body of 
arbitrary shape, an unsteady flow takes place 
within the region bounded by the reflected shock 
and the surface of the body. Although consider- 
able attention has been paid to “pseudo-stationary 
interaction” (1), (2), no work on “pure unsteady 
problem” seems to have been undertaken, so far as 
the authors are aware. 

Here, an attempt is made to give a brief survey 
of unsteady shock interaction with a circular 
cylinder as a typical body which has an intrinsic 
length. Numerous observations at different times are 
necessary even for the case of given shock strength 
and given dimension of the cylinder, since the flow 
patterns in the reflected region are not similar to 
each other. Experiments were carried out at the 
Institute of Industrial Science using the shock tube 
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(c) (d) 
Fig. 1. Locations of shock reflection. 
(a,b,c: £=0.33, d=40mm; d: =0.24, d=20 mm) 
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Fig. 2. Transition angles from regular to Mach 
reflection. 
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(3) with a uniform cross section of 6x15cm?. As 
the first series of our studies, circular cylinders 
with diameters of d=2 and 4cm, and shock inten- 
sities of £=P,/P.,=0.24, 0.33 and 0.54 were used, 
where P is the pressure and the subscripts l, 2 
refer to the states just in front of and behind the 
incident shock respectively. Reflection and diffrac- 
tion of the plane shock were observed by schlieren 
photographs using the delay circuit (3) with which 
1~2 sec time control was possible. The locations 
of reflected shocks for §=0.33 and d=4cm are 
shown in Fig. 1, where 7, R and M represent the 
incident, the reflected and the Mach shocks 
respectively, and S the slip stream. The angles of 
transition from regular to Mach reflection for fixed 


é are given in Fig. 2. Here it is interesting that 


the regular reflection continues to exist slightly 
above the theoretical extreme value for the range 
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(a) (b) 
Isopicnics in reflected regions and their 
corresponding interferograms. 


lengex:, 3}s 


(a) regular reflection, (b) Mach reflection. 


of € in our experiments, and this phenomenon has 
the same tendency as in the pseudo-stationary case 
of a wedge (4), (5). The isopycnics @/,=const in 
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the region behind the reflected front are shown in 
Fig. 3 as well as their corresponding interfero- 
grams. In every case of our experiments, the 
density in the vicinity of the cylinder nose was at 
most 7~122%4 smaller than the theoretical value for 
the shock reflection at rigid plane wall. This 
fairly large discrepancy may be due to the con- 
vexity of the surface of the circular cylinder. 

Further experiments with widely varying cylinder 
diameters and shock strengths seem to be necessary 
for the full understanding of these phenomena. 

We wish to express our gratitude to Professor F. 
Tamaki for suggesting this study as well as for 
continual encouragement. We also wish to thank 
Dr. M. Kawaguti for his helpful discussions during 
this work. 
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Effect of Fe.03; on the Properties of Barium 
Titanate Single Crystals 


By Atsuo NISHIOKA, Kyozo SEKIKAWA 
and Masakazu OWAKI 


Electrical Communication Laboratory, 
Musashino, Tokyo 

(Read at October 10, 1955, 
Received November 13, 1955) 


Recently Remeika) has reported a method of 
growing large single crystals of barium titanate 
from the melts of barium titanate powder and 
potassium fluoride with a small amount of added 
impurity of ferric oxide, and briefly described the 
change of Curie point and d.c. conductivity with 
the atomic percentage of iron. D.c. conductivity 
of barium titanate ceramics had already been 
measured by Swanson®, Ogawa}), Nomura”), and 
Weise), but the data on single crystals have not 
yet been published in detail. 

We have prepared the single crystals of barium 
titanate by the method of Remeika, varying the 
atomic percentage of iron, and have measured the 


optical and dielectric Curie point, lattice con- 
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stants and d.c. conductivity. The content of iron 
included in the melts except the added ferric oxide 
was less than 0.057 atomic percentage, whereas 
the range of the content of added iron lay between 
0.2 and 10 atomic percentage. 
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The change of Curie point with the content of 
iron is shown in Fig. 1, determined by the observa- 
tion using polarizing microscope and the measure- 
ment of dielectric constant at 1kc/s. From 0.2 
to 5 atomic percentage the Curie point drops 
linearly and the value at 25°C was estimated about 
4.5 atomic percentage. This value is different 
from the data of Remeika (2.5%). Above 2.0 
atomic percentage the colours of the crystals be- 
come dark green to blackish. This would be con- 
sidered to correspond the change of the gap of the 
energy band. 
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Fig. 2. Lattice Constants and Axial Ratio. 


The X-ray analysis shows the gradual change of 
lattice constants a and c, and axial ratio of this 


1956) 


tetragonal crystal as seen from Fig. 2. The crystal 
of 5.0 atomic percentage of iron has cubic sym- 
metry at room temperature. The observed changes 
of the crystal structure was seemed to be in well 
accordance with the tendencies of optical and 
dielectric Curie points. The lattice volume does 
not change appreciablly in the range of added iron 
in our experiment. 

Fig. 3 shows d.c. conductivity measured from 
room temperature to about 150°C. Single crystals 
did not show appreciable absorption current, which 
had been suggested by Nomura and Sawada*). So 
the contribution to the conductivity should be 
entirely due to electrons. The activation energy 
of d.c. conductivity AH, defined by the following 
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Fig. 3. Temperature Dependence of the 
Resistivity. 
formula 


o=o9exp(—AL/2kT) , 


is the energy between impurity level and conduc- 
tion or full band. The values of AH estimated 
from Fig. 3 are shown in Table I. They have some 
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Table I. Activation energy of d.c. conductivity 
AE, 


Atomic percentage | | 
ae He ees p 0.490.961 441,914.95 
AE (eV) (0.680.760.860.7810.70)0.50 


fluctuations in small content of added iron, but 
would have a tendency of gradual decrease in larger 
content about 5.0 atomic percentage. Its value of 
no added iron would be corresponding to the energy 
gap between donour level of Ti3+ ion and conduc- 
tion band as in the case of titanium dioxide semi- 
conductor®), and in the larger content of added 
iron would be the gap between the acceptor level 
of Fe3* ion and full band as suggested by Remeikal). 
The maximum resistivity at room temperature was 
found near 0.2 atomic percentage, which is well 
accorded with the data of Remeika, but the 
tendency of the change in this case is very com- 
plicated, different from other cases. Therefore the 
definite value of AH cannot be estimated. These 
interesting character would be perhaps due to the 
coexistence of nearly equall numbers of electrons 
and holes. Further experimental results and 
detailed discussions will be published lately. 
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Errata 


Hyperfine Structure of the Spectrum of Ruthenium. Part III 
By Kiyoshi MURAKAWA 
J. Phys. Soc. Japan 10 (1955) 919~926 


In Table V of the Appendix, the signs of the following elements must be 
reversed. 


J=4 (8H, 4,21G) 5 S72 (493F, 4,21D) . 


I appreciate the kindness of Dr. Trees for directing my attention to these 
corrections. 
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Focusing Properties of a large Mass Spectrograph 


newly constructed at Osaka University 


By Hisashi MATSuDA 


Department of Physics, Faculty of Science, Osaka University 
(Received November 4, 1955) 


A large double focusing type mass spectrograph was newly constructed 
at Osaka University in order to increase the accuracy of atomic mass 
measurement by about one order of magnitude. In this apparatus are 
adopted V 27/3 cylindrical electric field and x/3 uniform magnetic field. 
The focusing properties of this apparatus are discussed from both 
theoretical and experimental aspects. The direction and velocity focal 
planes are calculated, and their deviations due to various conditions such 
as the change of the position of source, the fringing field effect, the 
deviation of the geometry, etc. are discussed. These results are compared 
with the experimental procedure of the focal adjustment. A maximum 
resolving power of 500,000 was obtained experimentally at the present 
condition, and the mass dispersion is about 9cm for 1% mass difterence 


in this case. 


§1. 


The accuracy of the atomic mass determi- 
nation in the field of mass spectroscopy has 
been increased greatly since severa! years ago. 
This increase of the accuracy was caused main- 
ly by the improvement of the focusing condi- 
tions, that is, the improvement of the 
collimation of the ion beam, the adoption of the 
device to make the width and length of the main 
slit as small as possible, the fine adjustment 
of the geometry of the apparatus, etc.---. A 
resolving power of several ten thousands was 
obtained with the apparatus of the same size 
as before, which was several times larger 
than before>®®), At Osaka University, the 
improvement of the Bainbridge-Jordan type 
mass spectrogaph, which had been con- 
structed by Asada, Okuda, Ogata, et al. in 
1939, was achieved during 1949~1950 and a 
maximum resolving power of about 60,000 
was obtained, while the experimental resolv- 
ing power of this apparatus had been estimated 
to be 7,000~8,000 before the improvement. 

These results show that the focusing pro- 
perty of cylindrical electric field and uniform 
magnetic field is empirically very good when 
these fields are combined in tandem and that 
the ion optical analysis calculated by Herzog”? 
is very useful for the construction of mass 
spectrograph. 

After the successful improvement of the 
Bainbridge-Jordan type mass spectrograph, the 
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construction of a new large mass spectro- 
graph, was planned at Osaka University 
in order to raise the resolving power and in- 
crease the accuracy by about one order of 
magnitude. This plan was accomplished upon 
the foundation of the Herzog’s analysis, and 
the double focusing mass spectrograph with 
a cylindrical electric field and a uniform 
magnetic field was adopted from the reason 
described above. In order to have large 
mass dispersion, which is necessary to measure 
the line distance on the photographic plate 
accurately, the distance from the exit of the 
magnetic field to the photographic plate must 
be made as long as possible, while the total 
length of the ion path must be made as small 
as possible to reduce the loss of ion intensity 
and to decrease the scattering effect. As the 
dimension of the apparatus was restricted 
by the floor space of the laboratory and by 
the economical reason, the resolving power 
of the apparatus was deviced to be as large as 
possible for a given size of the apparatus. 
In these considerations, the angle of the 
electric field was chosen to be V 27/3, and 
that of the magnetic field z/3. The schematic 
view of the apparatus is shown in Fig. 1. 
The construction of the new large mass 
spectrograph was started in 1952 and a re- 
solving power of 500,000 was experimentally 
obtained with this apparatus near the end of 
1954. It proved that the accuracy of the 
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Fig. 1. Schematic diagram of the apparatus. 
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Fig. 2. Coordinate system. 


measurement of doublet mass difference may 
be estimated to be several times larger than 
that by modified Bainbridge-Jordan type 
mass spectrograph. 

The detail of the basic consideration and 
the general description of this apparatus have 
been published already®. In this paper, the 
focusing properties of this apparatus are des- 


cribed from both theoretical and experimental 
aspects. 


§2. Focusing Properties in the Ideal Case 


In the coordinate system shown in Fig. 2, 
the quantities which describe the focusing 
characteristics are given in the following 
way: 

®.: angle of the cylindrical electric field, 

®,: angle of the uniform magnetic field, 

®: deflection angle of the ion beam. in 


the magnetic field, 

ae: radius of the central beam. in the 
electric field, 

dm: distance from the entrance point of 
the ion beam to the apex of the pole 
boundary of the magnetic field, 

a: radius of the ion beam in the magnetic 
field, 

4: distance from the exit of the electric 
field to the entrance of the magnetic field, 

l.’ and J.’’: distance respectively from the 
source and from the image to the edge 
of the electric field, 

l’ and 7’: distance respectively from the 
source and from the image to the edge 
of the magnetic field, 

€ and &’: angle respectively between the 
incident-, and deflected-, ion beam and the 
normal to the pole edge of the magnet. 


1956) 


ai 


Qz2 a3 4 bas De bs 


= > 


— Direction Focal Plane 
Velocity Focal Plane 
* Double Focus Point 


4500 


Focusing Properties of a large Mass Spectrograph 


185 


4700 4900 mm 
Distance From Magnet Pole Edge 


Fig. 3. Deviation of focal planes by the change of the position of source. 


a:  direction- 
a’: velocity- focal planes in ideal case. 
6: direction- 


b’: velocity- focal planes in consideration of the effect due to fringing field d=5mm), 
suffix 1:7=—0.008, 2:7=-—0.004, 3:7=0, 4:7=+0.004, 5:7 = +0.008. 


When designing a double focusing mass spec- 
trograph, some of these quantities can be 
chosen arbitrarily. The following values 
were chosen from the standpoint to obtain 
high resolving power and large mass dis- 
persion in comparison with the size of the 
apparatus: 


ne Qn f One 2 ; 
3 3 
@n=4=1200 mm , 
Sra eRe veo 


The quantities a, 0, O», €’’ have the following 
relations to each other; 


D= Ot E+E" = +E" 
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sin 6’ 
The relation between the source and the 


image in the direction focusing is as follows: 
cylindrical electric field 
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= EUCOS Cain (2/C) 
In the case when the arrangement of the both 
fields is in tandem as shown in Fig. 2, the 
image by the electric field is also the source 
of the magnetic field in itself, that is, 


V’=4—1,/’=d=1200 mm . 


The ion beam having a small velocity dif- 
ference can be focused by the combination 
of the electric and magnetic fields, and the 
distance between the pole edge of the 
magnetic field and the velocity focusing 
point, X’’, is given by the following relation: 


Tae eis 
Dery RAE eee al 3 
a xX’-ay (2) 
x’ —B+a(1—cos @) 


~ C—sin @—tané(1—cos @) 


_—Bta(l—cos 9) (3a) 
C—sin 0 
B=4// 2 sin Y 2 Oe +acdl—cosY 2 D) 
V6 3 
° + ae (3 b) 
c=-V7 sin V F0,=-Y,6 (3c) 


The double focusing condition, which makes 
the velocity focus and the direction focus 
coincide at one point, is given by 
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Me a. 
ae{ 1+ be f I )=ad—cos @) 


—I'[sin @+tan €’(1—cos M)]. (4) 
In order to hold the double focusing condition 
in the case of @=dm, the radius of the 
electric field, a, must be 1093mm, and 7,’ is 
determined to be 1.225 a.-=1340mm from eq 
(1), and the distance between the magnet 
pole edge and the double focusing point is 
calculated to be 4480 mm. 

In the case of mass spectrograph, mass 
spectra must be taken on the photographic 
plate and it is desirable to set the photo- 
graphic plate along the focal plane. From 
the relations described above, both directional 
and velocity focal planes may be calculated 


Electric 
Field 
Magne tic 
Field 
Fig. 4. Relation between 7, a, and Qe. 


by changing radius a@ in the magnetic field 
and are shown in Fig. 3. The angle between 
the ion beam and the directional, and velocity, 
focal plane is proved to be 0a=17° and 6,=21° 
respectively. Each plane lies along almost 
straight line in the region of several ten 
centimeters at both sides the double focusing 
point and they intersect with an angle of 
about 4°. 


The resolving power R is given by the 
relation: 


Ra & (1+ eevee 3 ae 
2s ifr EATS ; 


where s is the width of the source slit. A 
resolving power of 550,000 is expected in the 
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case of s=0.003mm. The width of the final 
image, 2b’, is calculated to be 


oe ie 
aU le oe 
and when the photographic plate is located 
along the directional focal plane, the image 
width on the plate is expected to be 
1.37 s cosec 17°=4.66s, that is about 4.5 times 
as large as the initial slit width. The mass 
dispersion for 1% mass difference may prove 
to be 76mm in this case. 

The convergent angle a’ after the beam 
leaves the magnet is calulated to be 


tan a’ =0.732 a+0.866 8 


where q@ is the divergent angle at the source 
and @ is defined by the relation v=w(1+8) 
where v is the velocity of the ion. In the 
case of w=1/2000, which corresponds to the 
slit width of 1.37 mm at the entrance of the 
electric field, the increase of the image width 
on the photographic plate may be estimated to 
be 0.034mm by lcm deviation from the 
direction focusing point, and in the case 
8=1/2000, corresponding to the slit width of 
2.2mm at the exit of the electric field, the 
increase is about 0.04mm. In order to keep 
the breadth of the image not to exceed 0.01 
mm in the region about 20cm long on the 
photographic plate which is located through 
double focusing point, ® must be chosen to be 
smaller than 1/8000 if the plate is just on the 
directional focal plane, and the deviation of 
the plate from the direction focal plane has 
to be smaller than 3mm along the beam 
direction if aw=1/2000. These conditions are 
rather rigorous in the actual adjustment but 
not impossible. 


2b = -S =IL.8i S 


§3. The Shift of the Double Focusing 
Point due to the Change of the 
Position of Source 


Let us consider the deviation of the focal 
plane when the position of the source is 
changed while the positions of the electric and 
magnetic fields are unchanged. Consider a 
beam entering into the electric field with 
the incident angle 7 but at the same position 
and going out from the same point of the exit 
as shown in Fig. 2. These relations are 
shown in Fig. 4. Assume that this beam 
goes through the electric field along a circular 
orbit and that the electrostatic force acting 
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on the ion is towards the center of the circle. 
These assumptions may be considered to be 
reliable if the angle » is not so large. In 
this case the deflection angle in the electric 
field, ®., and the radius a, is given as follows: 


0.= tax —2n , 
_ 1093 sin (xz/3V 2 ) 
sin ((x/3V 2)—y) 
This beam enters into the magnetic field with 
the angle €’=y at the position 1200(1+tan ”) 
mm apart from the apex, so that the follow- 


ing values are given concerning the magnetic 
field: 


@n=12001 +tan 7)mm , 


a 1200 
cos &’ 3 
&=7, 
,_ 1200 ae baer 
cos &’ 


1.’ is no longer zero though /.’ maintains the 
same value of 1340mm as before. The values 
l’’ and X”’ can now be calculated by the eqs. 
(2), (3). Fig. 3 shows the focal planes with 
various values of 7, keeping the distance 1,’ 
constant (1340mm). It must be noted that 
the position of the double focusing point can 
be adjusted by changing 7, that is, by adjust- 
ing the position of source along the direction 
perpendicular to the berm direction. The 
deviation of J.’ causes a change in the direc- 
tion focusing ponit, but no change in the 
velocity focal plane. The change of 5mm in 
1.’ causes about 10mm change in 1”. The 
adjustment of the double focusing point can 
also be achieved by changing /.’. 


The Effect due to the Fringing Field 
and the Deviation of the Dimensions 


In the discussions described above, the 
calculations are all based on the assumption 
that the field is sharply cut off at the boundary 
of the field region. On the other hand, 
in the actual case, there exists a fringing 
field near the boundary which changes 
gradually from the maximum constant value 
to zero. To discuss the focusing properties, 
this effect must be considered. 

In the cylindrical electric field, the effect 
by the fringing field causes a change in the 
deflection angle @ and other lens constants, 
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the magnitude of which depends on the shape 
and size of the earth plate placed near the 
edge of the condenser electrodes, so that 
the effect can be adjusted by changing its 
shape. In our case, the structure of the 
electrodes near the edge of the cylindrical 
electric field is as shown in Fig. 5. According 
to Herzog’s calculation, the effective boun- 
dary of the electric field may be changed 
from €=0 to £=—3 mm, € being the distance 
from the edge of the condenser electrode to 
the effective boundary, by changing the slit- 
width 2b from 6=10mm to 6=3mm. 
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Fig. 5. Structure of the electrodes near the edge 
of the electric field. 


In the uniform magnetic field, the effect 
due to the fringing field is considered as 
follows. Consider a beam entering into the 
uniform field region through the fringing 
field. The focusing action due to the mag- 
netic field which has two parallel boundaries 
may be considered to be zero on the median 
plane independently of the field strength, 
because @—&’—E”=Om in eq (2) is zero. 
Therefore there is no focusing action in the 
fringing field so long as the strength of it is 
uniform along the direction parallel to the 
magnet edge. The fringing field causes only 
the deflection of ion beam and the displace- 
ment of the entrance point into the uniform 
field region. The deflection in the fringing 
field causes a change in the incident angle, 
&’, to the uniform field region. This gives 
also a change in the lens constants 9’, 7’, f in 


eq (2). The change in €’, denoted by 0€’, is 
calculated to be®*!™ 
a ae 
tan o€ ~ (a—a)1/? > 
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Table I. 


Hisashi MATSUDA 


* 


(Vol. 11, 


The deviation of image position due to the change of é’ and é’’. 


(a=1200mm, @=7/3) 
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Fig. 6. Dimension of the magnetic shield and 
value of h(X’). 
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where Hp is the field stregth of the uniform 
field region and H(X’) the field strength of 
the fringing field at the position X’, and X 
is measured by the gap width of the magnet 
in this formula. The distance from the apex 


of the magnetic field to the entrance point at 
X’=0 is given by dm’ and is 


x 
r | h X’)dx’ 
Cann =an\ = is 


"Le fhonaey 


W(X’)dX’—1 , 


Jax’. 


ax’. 


The same effect may exist at the exit from 
the magnetic field too. The value of h(X’) 
may be determined experimentally by measur- 
ing the fringing field distribution, and 


| noxaxe by using a planimeter from the 


curve of h(X ). 

The fringing field effect can be decreased 
by a considerable amount if a suitable mag- 
netic shield is placed near the edge of the 
megnetic field. The dimension of the mag- 
netic shield placed near the both edges of 
the magnet of the large mass spectrograph 
is shown in Fig. 6 with the measured value of 
h(X’). In this case the shift in @m is almost 
negligible so that it may be allowable to put 
Gn’ =Amn. The value of d is estimated to be 
about 5mm from the curve, and the gap 
width is 9mm in this case. The focal plane 
can now be calculated in consideration of the 
effect due to the fringing field. For simpli- 
city the deflection angle ® in the electric 
field is considered to be unchanged by the 
adjustment of } in Fig. 5. The focal planes 
thus obtained are shown in Fig. 3 with 
various positions of source as before. 

In the actual case of the large mass spectro- 
graph, the focal plane determined experi- 
mentally differs very much from this. The 
distance from the magnet pole edge to the 
focal point obtained experimentally is about 
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30cm longer than that calculated. This fact 
may be considered to be due to the effect 
that the effective edge of the magnetic field 
due to the fringing field has a curvature. 
This causes a change in € and €’’ s0 that 
the focal point is shifted by a considerable 
amount. The deviations of /’’ and X” from 
the ideal case, a=1200 mm, ®=7/3, are shown 
in Table I referring to the various values of 
€’ and &”. From this, if the effective edge 
has a curvature of radius ~lm and the 
direction of entering ion beam has a distance 
of ~lcm from the center of curvature, the 
shift of focal point may be estimated to be 
about 30cm. This effect is more serious to 
the velocity focus. The fact that the effective 
edge of the magnetic field has a curvature 
is likely to happen because of the finite size 
of the pole piece. The effect due to the change 
of the position of source described in §3 be- 
comes much larger in this case. 

The effect due to the deviation of 4 and 
@-, keeping other values to be constant, are 
shown in Table II and Table III respectively. 
These results show that if 4 or @ is made 
to be large, the focusing point has a ten- 
dency to approach to the magnet. 


Table II. The deviation of image position due 
to the change of A. 
(a=1200 mm, ¢/=eé/’=0) 


A 1190 | 1200 | 1210 | 1220 | 1230mm 

cakes | 
deviation of | 14)] 0 | -43| —85 |-127 mn 
ee ts e764 0. | 73 | Hl See ae 


Table III. The deviation of image position due 
to the change of Qe. 
(@e=1093 mm, a=1200 mm, ¢’=¢é//=0) 


1.47296 | 1.47696 | 1.48096 | 1.48496 
De (V2n/3), 
é : = | Sy | 0 | +2.2mm 
deviation of +20 +10 | 0 | —10mm 
gov een of 961. | 2p 12 | © | —12mm 


§5. The Comparison with the Experiment 


In the actual case, many quantities such as 
a, 0, &’, etc. are not able to be known pre- 
cisely and can only be estimated. However, 
the tendency of the shift of focal plane by 
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the change of various conditions is expected 
from the theoretical calculation and nearly 
coincide with the experiment. 

The effect due to the fringing field is most 
important. This gives the influence not 
only to the change in the focusing point but 
also to the shape of the image. When the 
fringing field of the magnet has field com- 
ponents other than z-component perpendicular 


(a) (b) (c) 
Fig. 7. Examples of the effect of the fringing 
field to the shape of the image. 


(a) diameter:0.7mm_ (b) diameter:1mm 
Fig. 8. Examples of the image distorted when 
the entrance slit of the electric field is a hole. 


(b) not good 


(a) slit position 
is good 
Fig. 9. Example of distorted image. 


to the ion beam, the image on the photo- 
graphic plate may be curved. In Fig. 7, 
some of these examples are shown: (a) is 
the image when ion beam is passed through 
near the center of the magnetic shield, (b) is 
the image when it is passed through near 
the side wall, and (c) is the image without 
the magnetic shield. The image is not 
curved in (a), but curved in (b) and (c). In 
the case of (c) the fringing field may be 
disturbed by the iron pipe placed near the 
magnet to obtain vacuum. The effect shown 
in Fig. 7 (b) is not appreciable if the ion 
beam passes through the region apart from 
the side wall by more than gap width of the 
magnetic shield. 

The local electric field near the slit placed 
at the entrance or the exit of the electric 
field gives a influence to the image. Fig. 8 
shows the image in the case that the entrance 
slit of the electric field is a hole in a metal 
plate; the image is distorted in both up and 
down sides. Fig. 9 shows the distortion of 
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image when a long slit (long along the direc- 
tion perpendicular to the electric force line) is 
shifted to the radial direction. So the slit 
which restricts the breadth of ion beam is 
placed in the field free region and another 
wide slit is placed near the electrodes to cut 
off the electric field as shown in Fig. 5. 

The effect due to the change of the posi- 
tion of source is rather larger than that the 
calculation described in $3 predicts. This 
fact may be considered to be caused by 
the curved effective edge of the magnetic 
field. The radius of curvature is estimated 
to be 50~100cm from the experimental 
procedure. For the beam passed near the side 
wall of the magnetic shield, the experimental 


Fig. 10. Ne*—C#O doublet. 

Doublets were shifted by changing the potenti- 
al between the energy selectrodes. The base 
potential (doublet 1) was 1350.40 volts and each 
shift (doublet 2-7) was made by _ successive 
addition of 2.03670 volts. During the whole 
exposure the magnetic and electric fields were 
kept constant within a change of less than 10-°. 
From this, a value of 112.441+0.019 (10-* amu) 
was obtained as the doublet mass difference. 


focal plane was seriously curved and this sug- 
gest that the curvature is large near the side 
of the shield and this is plausible. This region 
can not be used too by the effect to the shape 
of image as described above. The adjustment 
of the position of source is also useful for the 
purpose to hold the ion beam in the desirable 
region of the magnetic shield. 

In our case, the length 7’’ and X”’ obtained 
experimentally was much longer than that 
expected. This fact may be considered to be 
due to large @ and €’. However, a large 
l’’ (or X”) is desirable to have a large mass 
dispersion, so that the distance was made as 
long as possible. On the other hand, the 
distance from the exit of the magnetic field 
to the photographic plate is restricted by the 
floor space of the laboratory, that is, X’’ can 
not be made too large. Therefore, the dis- 
tance 4 was elongated in order to maintain 
X”’ within a desirable length, and the adjust- 
ment to obtain double focusing point on the 
photographic plate was made by changing the 
position of source. In the final geometry by 
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which the sharpest image was obtained, the 
values of i’, 4,and I’’(X’’) were 132cm, 124 
cm, and 490cm respectively. In this case 
other values of the focal quantities are esti- 
mated to be as follows: 


a~1220 mm , 


é’~0.02 , 
y~0.01 . 


The angle between the direction of ion beam 
and the photographic plate was about 16° 
and the plate was located nearly along the 
direction focal plane. 

The image width of about 0.02mm was 
obtained by photographing the N,™*-C’*O* 
doublet, and this corresponds to a resolving 
power of about 500,000. In this case the 
width of the slit placed near the entrance 
and exit of the electric field was both 0.4mm, 
and this corresponds to a=1/6600, and 
8=1/11000 respectively. For this value of a 
and 8, the second order aberration is almost 
negligible. The main slit width s was about 
0.002 mm and the image width on the photo- 
graphic plate that is expected theoretically is 
calculated to be 5.6s=0.011mm. The bro- 
adening of the image may be due to the in- 
stability of the magnetic field and the scat- 
tering effect of ions by the residual gas in 
the vacuum chamber. The mass dispersion 
was estimated to be about 9cm for 1% mass 
difference and almost coincide to the value 
obtained graphically. The photograph of the 
N,-C?O doublet is shown in Fig. 10. 


$6. Conclusion 


The final dimension of the large mass 
spectrograph differed from the initial design 
by a considerable amount but it was not too 
large, It proved that the large mass spectro- 
graph has a experimental resolving power 
and mass dispersion nearly expected. 

The calculation of the fundamental charac- 
teristics of the apparatus and of the focal 
planes based upon the Herzog’s analysis is very 
useful for the initial design and for ex- 
perimental procedure of the adjustment. The 
calculation gives the knowledge about the 
tendency of the shift of the focusing point 
due to the change of various focusing con- 
ditions. 
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At any rate, the focusing points exists if the 
fields and focusing conditions are good. In 
order to place the double focusing point to 
a desirable place, there may be many pos- 
sibilities of methods by changing some of the 
focal quantities. Especially the adjustment 
by the change of the position of source is 
useful for this purpose. The calculation of 
the focal plane in the case of these varia- 
tions gives a knowledge about focusing pro- 
perties and suggest how to proceed the ex- 
periment. The fringing fields give serious 
effects to the focusing properties, so that the 
treatment must be prudent. 
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On the Analysis of the Slow Particles Emitted from 
Cosmic-Ray Stars (1) 


By Shigeo NAKAGAWA, Eiji TAMAI, Humiaki Huzita 
and Kiyoaki OKUDAIRA 


Department of Physics, Rikkyo (St. Paul’s) University, 
Ikebukuro, Tokyo, Japan 


An analysis of the nature of tracks of the stars ending in th2 G5 


emulsion was made by measuring their width (diameter). 
tracks having different width were observed. 


Six groups of 
We identified two of these 


groups as that of « particles and Li nuclei by comparing their width with 
those of « particles emitted from radiothorium stars and with those of 


hammer tracks. 


As for the more thicker tracks, the charge determina- 


tion on the tracks of each group was made by measuring their thin-down 


lengths. 


These measurements seem to indicate that the width of track 


was approximately proportional to VZ (Z: atomic number). 

The energy and the angular distribution of each group were also ex- 
amined. The curves of the energy distribution of protons and « particles 
approximately agreed with those deduced from the evaporation model, 
assuming the appropriate nuclear temperature and Coulomb barrier height. 
The angular distributions of these were nearly isotropic. It was noted 
that the number of slower « particles measured seems to be considerably 


larger than that deduced from theory. 


§1. Introduction 


Charges of particles stopped in the nuclear 
emulsion usually have been identified by the 
following methods of measuring”: 


(i) 6 ray frequency 


6 ray cut off length 
gap density 
thin-down length 


(ii ) 
(i11) 
(iv ) 
As methods (i), (ii), and (iii) need comparative- 
ly long tracks, they do not seem to be suitable 
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Fig. 1. Eyepiece with screw micrometer. 
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Fig. 2. Width of tracks of « rays from radio- 
thorium stars (Number of curve indicates the 
region of location of the tracks; 

(1) 0-20, from the surface 
(2) 0-20 above the bottom 
(3) between (1) and (2).) 
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Fig. 3. Width of each division along a track. 


for analysing short tracks. The fourth method 
also is not suitable to analyse tracks of com- 
paratively low charged particles. 

It is well known that as the velocity of the 
charged particles decreases passing through 
the emulsion, energies of 6 rays emitted by 
it decrease also, while their density increases. 
When the velocity of the particle decreases 
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to some extent and the density of 0 rays 
becomes very large, their individual tracks 
can not be separated. For this reason, the 
width of the track increases, and this width 
varies with energies of 0 rays. 

Lonchamp” examined the relationship bet- 
ween slow 6 rays and the width of the tracks. 
In the present analysis we have examined 
also the width of tracks of stars to determine 
the nature of the particles which are emitted 
by disintegration of Ag or Br nuclei contained 
in the emulsion by cosmic rays. 

The G5 emulsions 400 and 600 thick 
were exposed to cosmic rays at high altitude 
(25,000~30,000 72) and the tracks in the emul- 
sion were measured by the microscope with 
eyepiece micrometer. It was found that these 
tracks can be classified into six groups ac- 
cording to their width, and that the width of 
track was approximately proportional tOTVAZ. 
(Z: atomic number). 


§2. Experimental Procedure 


The width of track is generally not uniform 
on account of clogging, so the mean width 
over 64 lengths was measured step by step 
along the track from its end point using an 
eyepiece with screw micrometer as shown in 
Fig. 1. In order to test whether the width 
may vary in the difierent layers of the same 
emulsion, the track widths of a@ particles 
from radiothorium stars located in all parts 
of the emulsion were measured. The results 
are shown in Fig. 2. It is shown in Fig. 2 
that a ray tracks located between 20 and 
380 4 (400 thick emulsion) or 580 (600 u 
thick emulsion) from the surface of the emul- 
sion have nearly the same width, provided 
that their angles of dip are less than 17°. 

According to above results, the prongs 
which were selected to analyse were from 
among those which terminated in the emulsion, 
which were located more than 20, appart 
from the surface and from the bottom of the 
emulsion, and which lay within 17° of the 
angle of dip before processing. Moreover, 
since it was the intension to analyse stars 
from heavy nuclei (Ag or Br) contained in 
the emulsion, stars which had more than 9 
prongs (grey tracks+black tracks) were select- 
ed. 

An example of the measured width along 
a track is showe: in Fig. 3, The curve shows 
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a flat portion, the ordinate of which was 
designated as the width of the track. The 
ordinate of each track was measured, and 
the tracks were then classified. That is, the 
tracks which had nearly the same value of 
ordinate were considered as belonging to one 
group. The width of the tracks belonging to 
any one group definitely differed from that 
of the tracks belonging to any other group. 
The curves in Fig. 4 show the mean width 
of the tracks which belong to each group, at 
each 6 division along the tracks. 


§ 3. 


It is shown in Fig. 4 that all prongs are 
classified into six groups. The mean width 
of tracks which belong to the second and 
third groups amounts to 0.77” and 0.94u 
respectively. The former value agrees fairly 
well with 0.75 4 obtained from the width of 
forty-five @ particle tracks from radiothorium 
stars contained in the emulsion, and the lat- 
ter with 0.94 4 obtained from seven Li® tracks, 
known as hammer tracks. It seems to be 
possible to conclude that particles which be- 
long to the second group have charge two, 
and those which belong to the third group 
have charge three. Hence, the particles of 
the first group may have charge one. 

As for the particles of another groups, 
there was no direct method to identify them; 
but from the measurement of their thindown 
lengths, it seems to be probable that they 
have charge four, five, and six, respectively. 
Fig. 5 shows the relation between the thin- 
down lengths and the charges of the particles. 
Some more thicker tracks were observed. 
However, they showed steeper dip angles 
than 17°, therefore we have not made any 
further analysis. In Table I, the ratios of 
the width of each group to the width of the 
first group were compared with the ratios of 
VY Z(Z: atomic number). This comparison 
indicates that the width of tracks are appro- 
ximately proportional to V Z. In Fig. 5, the 
thin-down track lengths are also shown to be 
approximately proportional to Z. Thus, the 
results of our experiment show same tendency 
with those of Hoang Tchang-Fong®. In addi- 
tion, especially the longer tracks of lower 
charged particles were roughly examined by 
counting gap number, and the results of both 
measurements (width and gap) agreed well. 


Identification of Prongs 
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Fig. 4. Curves showing mean width of tracks 
belonging to each group, at each division along 
tracks. 
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Fig. 5. Thin-down length versus charge of 
particle. 


Energy Distribution and Angular 
Distribution 


§ 4. 


The energies of tracks above analysed 
were obtained by measuring their ranges, and 
their energy distribution was examined. The 
energy distribution of a singly-charged group 
(proton group) is shown in Fig. 6. In this 
figure, the distribution in the higher energy 
region is not certain in as much as only tracks 
which stopped in the emulsion were selected. 
The full curve shows the calculated evapora- 
tion distribution, assuming that the mean 
temperature is 3 MeV and the mean Coulomb 
potential is 5 MeV. Fig. 7 shows the energy 
distribution histogram of particles of charge 
Z=2 with the curve calculated from the 
evaporation theory. The statistics are not 
adequate for describing the energy distribution 
of particles of charge Z>3. 

To obtain the angular distributions of par- 
ticles of each group, stars were selected in 
which the direction of incident particles was 
accurately observed. The results are presented 
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formula by assuming Coulomb barrier height 5 
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Fig. 7. Energy distribution of « particles. 
(Curve: Coulomb barrier height—10 MeV, mean 
nuclear temperature—5 MeV). 


in Figs. 8 and 9. In Figs. 8 and 9 are shown 
the angular distribution of protons and of @ 
particles respectively. They show approxi- 
mately isotropic distribution. As the measured 
number of the particles of charge Z>3 is 
comparatively small, we are now accumulating 
more data. 
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Fig. 8. Angular distribution of protons. 


a 
eer: 


| ne 


Number ot tracks 
o 
T 


Oo Pe a st | J2s4 8s fue eee 1 a. 1 
20 40 60 80 100 120 140 160 180 
Angle (degree) with incident 


Fig. 9. Angular distribution of « particles. 


Table 1. 
| width ratio of | ratio of 
group (un) width VZ 
1 | first group 0.55 1 | 1 
2 | second group Oni ieanl Bale 0 1.41 
3 | third group 0.94 aA e73 
4 | fourth group 1.06 1.93 2 
5 | fifth group 2 2.18 2:23 
6 | sixth group head: 2.44 2545 


The measured energy spectra of protons and 
@ particles nearly agree with those calculated, 
assuming the mean Coulomb barrier height 
V and the mean nuclear temperature T; al- 
though, on account of poor statistics, the 
excitation energies and potential barrier could 
not be analysed more precisely by classifying 
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the star size. 

In addition to the spectra, the angular dis- 
tributions of these particles are nearly isotro- 
pic as mentioned above, so the mechanism of 
emission of particles may be mainly due to 
the evaporation process. In Fig. 7, however, 
it is shown that the number of slow q 
particles from heavy nuclei is considerably 
larger than expected by the evaporation 
process, aS was reported by Harding, Latti- 
more and Perkins. Therefore, the authors 
are now accumulating more data on these and 
also on heavy particles. 
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A High Pressure Cloud Chamber for Cosmic Ray Observation 


By Saburo MIYAKE 
Institute of Polytechnics, Osaka City University 
(Received July 29, 1955) 


A high pressure cloud chamber (50cm in dia, 20cm deep and used at 


150 atm.) was built in the summer of 1952. 


The cloud chamber can be 


operated automatically by counter control with a recycling time of about 


20 minutes. 


It was filled with 5.6kg of nitrogen or 8kg of argon gas 


in its illuminated space of about 30 litres, and it became much easier 
to observe some cosmic ray phenomena especially those events occuring 
in the gas nuclei in comparison with observations using the smaller 
type chamber (25cm in dia, 7cm deep and used at 100 atm.) which has 


been used previously. 


Introduction 


§1. 

Observations using a high pressure cloud 
chamber are similar to those with photo- 
graphic emulsions in a sense, although the 
density of the matter of the former case is 
about 1/15 of that in the latter. The cham- 
ber has the following advantages; there is a 
relatively larger mass of sensitive matter, 
the matter is simple, and the instrument 
may be controlled with the counters in the 
same manner of normal pressure cloud 
chamber. 

To date, several high pressure cloud cham- 
bers have been constructed», and some of 
them have been used for cosmic ray observa- 
tion recently. In an earlier paper (hereafter 


cited as “A”) the smaller high pressure 
cloud chamber (25cm in dia and 7cm deep 
and used at 100atm.) was reported in detail, 
and some experiments”? were done with this 
equipment. It seemed too small, however, 
for investigating some important cosmic ray 
phenomena, especially hard showers produced 
in the gas. The large size chamber was 
therefore planned, expecting the following 
advantages; 

(1) A long sensitive time (about 2-3 sec) 
and a mass of inner gas of about 5.6kg for 
nitrogen and 8kg for argon. These pro- 
perties mean, for random expansions, that 
the efficiency is about 20 times as large as 
that for the small chamber. 
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(2) An increased number of events, occur- 
ing in the gas space, is favourable for the 
study of rare events. 

(3) An increase in the stopping power, the 
multiple scattering angles and the number of 
knock-on electrons permit better estimation 
of the energy, mass etc. 

On the otherh and, there are some disadvan- 
tages. 

(1) A long recovering time is required for 
thermal equilibrium and uniform vapour. dis- 
tribution. It is about 20 minutes in this case. 

(2) The thick metal wall of the chamber 
acts as the producer or the absorber of 
cosmic ray phenomena. 

(3) The technical difficulties and the heavy 
weight of the equipment are not convenient. 


Fig. 1. Block diagram. 


Fig. 2. Crosse Section (harizontal). 


§2. The Main Body of the Chamber 

In the design of the chamber, the following 
conditions were considered; 

(1) The weight of each separate piece of 
the chamber must not be more than about 2 
tons for the purpose of transport to the 
mountain site. 

(2) The volume of the chamber should be 
as large as possible, subject, of course, to 
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limitations of the weight and the cost. 

(3) The construction and handling should 
be simple. 

(4) The illumination in the chamber must 
be kept uniform. The method of illumination 
is the same as that used in the former chamber, 
but more light is necessary. It was also 
desired to increase the transparency of the 
liquids through which light must pass. 

Fig. 1 shows the block diagram of the 
main parts, H is the main body of the 
chamber, E is the expansion valve, V is the 
expansion vessel, P is the vacuum pump to 
pump the oil from the expansion vessel, C 
is the high pressure oil compressor and N is 
the multiplate cloud chamber to study the 
secondary particles from the upper chamber 
(sometimes a counter hodoscope is used for 
this purpose.) 

Fig. 2 shows the cross section of main 
body of the cloud chamber. 1 is an iron case 
(pressure tight). It was made from cast 
steel of 17kg/mm? ultimate strength. 2 is a 
back plate, which was made from the same 
material and was set in the case 1 by a 1.4 
cm pitch triangular saw-shaped screw. 3 is 
the cloud chamber space 50cm in dia and 
25cm in deep. It is surrounded by the 
front glass, a glass cylinder and the back 
piston. The back piston is a rubber sheet 
sandwiched by aluminum plates, and held by 
its shaft as it moves in the axial direction. 
10 is a slide rheostat which forms one arm 
of a bridge circuit so that the position of the 
piston can be shown from the out side. 5 is 
an oil space which is filled by ordinary 
spindle oil. At the expansion a part of this 
oil is allowed to flow into the expansion 
vessel. 6 is a water space, it is filled with 
transparent water of about 80 liters. Its 
inside surface is all painted with black vinyl 
paint to prevent corossion and rust. 5 to 10g 
of NaOH was added to the water to clear it 
and to protect further colourization by iron 
rust. 7 is a glass window to permit photo- 
graphy. The diameter of this window is 4cm 
and tempered glass of 2cm thickness was 
put with steel fringe by bolts and nuts from 
the outside. The rubber gasket is used to 
protect the glass plate and made a leakproof 
seal. 

8 and 9 are pressure balancers which balance 
the pressures between the water space 6, the 
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Fig. 3. Expansion valve. 


light space 4 and the oil space 5 respectively. 
These are the vessels in which the boundaries 
between the water, the transparent oil and 
the oil of back space are separated by soft 
vinyl bags, and even at the fast expansion, 
pressures of spaces are reduced equally. 

4 is the space for the light source, surround- 
ing the cloud chamber. The iron wall is a 
nickel-plated parabolic mirror of 4cm_ focal 
length. The circular flash lamp was set at 
the circular focal line, and the flash lamp 
surface facing the chamber was silvered to 
prevent direct illumination. 


§3. Auxiliary Equipments 


Fig. 3 shows an expansion valve. ‘“‘a’”’ is 
a. compressed air space (about 2 atm.). The 
oil valve is closed by a force of about 400 kg. 
b is an air valve to reduce the pressure in 
‘a’? operated by a permanent magnet and 
demagnetizing coils as is usually done with 
chamber valves. The electro-magnet, c, keeps 
the valve open for about 2 sec. The hand 
valve, d, also adjusts the expansion velocities. 

Fig. 4 shows the expansion vessel, the total 
volume of which is about 12 litres. The 
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Fig. 4 Expansion vessel. 


High pressure oil tank. 
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effective volume is varied by moving the 
center pipe, which has a check valve, at the 
top. 

The operation is as follows: fist, the entire 
space of the expansion vessel is filled with oil 
by an expansion of the cloud chamber and the 
check valve is, then, closed. After closing 
the expansion valve, the leak cock is opened 
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and the pressure is reduced. Then the check 
valve is opened and oil is pumped out toward 
a vacuum pump until the oil level has gone 
down to the position of the check valve. The 
oil flows into the oil reservoir, b, and is 
pumped out slowly through a capillary tube. 
Most of the dust in the oil is deposited in the 
reservoir. 

The oil compressor is driven by a 2 H.P. 
motor. The compressor has a capacity of 2 
L/min. at 150atm., the maximum available 
pressuae being about 300atm. When the 
chamber is expanded, about 6-7 litres of the 
oil flow out. The time for pushing the 
chamber piston to the normal position is about 
3 minutes. In order to shorten this time, the 
apparatus shown in Fig. 5 is used. Oil is 
stored in the vinyl bag at a pressure higher 
than that in the chamber the top relay being 
closed. The oil is pushed into the chamber 
by opening the valve (a valve similar to that 
of expansion valve). A gas tank of about 
50 litres was used as the high pressure air 
reservoir to push the oil towards the chamber. 

Two semicircular flash lamps are set along 
the focal line of the circular parabolic mirror. 
These are made by glass pipes of 4mm inner 
diameter and 2mm thickness. The aperture 
of the parabolic mirror is 18cm of which 
about 15cm is uniformly illuminated. Fre- 
quently the chamber is used without the glass 
cylinder. A circular solar silt is then used to 
avoid illumining the back plate. The electrical 
source for each lamp is 100 mf. condensors 
charged to 3000 volts. One of the electric 
leads is described in A, and the other leads 
are spark plugs of the common type for the 
gasonline engine. After a pressure test at 
300 atm. they are painted to make them leak 
proof. 

The gas cocks and oil cocks are not of 
special type, but the parts, connected to the 
chamber directly, are designed to have small 
gas spaces. 

Sometimes, counters are set in the cham- 
ber for the purpose of triggering the cham- 
ber in favor of the showers which start in 
the gas. Glass tube counters of 2cm diameter 
are used for this purpose. The end of -the 
counter is carefully made in a spherical 


shape and these are used after the test up 
to 200 atm. 


The main body is supported by its side 
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shaft on a wooden rack and the entire 
assembly can be rotated by a chain block. 
The assembly of the chamber is done ina 
vertical position. Finally the back plate, held 
by a chain block, is screwed into the main 
body, and the whole assembly is rotated to a 
horizontal position. This work is done easily 
by two men. After that the spaces or water 
and oil are filled up and the vapour source 
and gas are pushed into the chamber up to 
150 atm. driving the residual air off. 

The time sequence circuits, the potentio- 
meter circuits which shows the position of the 
piston and the thyratron relay circuits are 
described in “A”. The operating cycle is as 


follows 
Ise i cut the sweeping field 
eercleee —at once—open the camera shutter 


open the expansion valve 
—0.5sec.—light flash—0.5 sec 


apply the field 
—close the shutter—20 min.—gate open 
close the valve 


$4. The Operation and the Character of 
the Chamber 


The uniformity of the illumination in the 
chamber are estimated by stereoscopic analysis 
of the photographs. Fig. 6 shows some 
examples of the photographs. The effective 
volume is about 50cm in diameter and 15cm 
in depth. The stopping power and the total 
weight for various gases in this effective 
volume are as follows; 


the sort of gas stopping power total weight 


per 50cm 
hydrogen(150 atm.) 0.67 g/cm? 400 g 
nitrogen ie 9.4 5.6k 
argon ue 13.4 8.0 


The purity of the inner gases were good, 
but a small amount of alcohol vapor and air 
were contained as impurities. The maximum 
content of such impurities was about 0.5%. 

The following points have to be considered 
in selection of the vapour source. The 
pressure should not be high (to keep the gas 
impurity small), the resistance in liquid state 
should be high (to avoid the leakage of the 
electricity at the plugs when the vapor con- 
dences) and the required expansion ratio 
should be small and so on. In the case of 
one to 3 ethyl alcohol-propyl alcohol mixture, 
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Fig. 6. 
T. Matano, K. Nunogaki and Author). 


the expansion ratios were 1.06 for argon, 
1.13 for nitrogen and 1.14 for hydrogen (at 
100 atm.) 

The expansion time is adjustable from 
0.5sec to 0.2sec by a hand valve. The 
expansion ratio depends somewhat upon the 
expansion time. A slower expansion requires 
larger expansion ratio. 

The expansion time determines the width 
of the tracks. Although the expansion is 
rather slow, the diffusion of ions in high 
pressure gas is also slow. The chamber can 
be adjusted to have about 1 mm track width. 
The best condition is determined by looking 
at random cosmic ray tracks illuminated by 
a small lamp set in the chamber. 

‘The sensitive time is longer than that in 
a low pressure cloud chamber because the 
sensitive time varies as the square root of 
the pressure. It is estimated to be about 
23sec. and varies with the kind of inner 
gas and expansion time. The track width, 
for the same expansion delay, varies inversely 
as the square root of the pressure. 

When the photograph is taken about 0,5-1 


li, y—e decay and pair produc- 
tion by decay electron, 
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Neutron-proton and proton-proton 
collision. 


Examples of events in 92 atm. Hydrogen (these are observed by K. Hinotani, 


sec. after the start of the expansion, about 
50 tracks are seen in one expansion. These 
are random tracks of electrons and mu mesons. 
The age of these tracks are estimated from 
the sweeping separation and the track width. 
In the case of nitrogen the separation of 
plus and minus ions is about 4cm/sec at the 
sweeping field of about 150 V/cm and the 
track width is proportional to 7 ¢, where ¢ 
is a time before expansion. 

Two photographs are taken with the stere- 
oscopic angle of about 20 degrees. The pic- 
tures are analysed after the correction was 
done for the deformation of images by the 
deflection of light path in the water. This 
deformation is not so large at the center of 
the chamber, but the image moves forward 
for about 2cm at the edge and this has to 
be corrected in all cases. 

The tracks are classified as thin, gray and 
black in a similar way as in emulsion works. 
But this classification is not so clear in this 
case, because the drops are so dense that 
they can not be counted. The tracks are 
seen as continuous lines. Therefore, they are 
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discriminated by their width and knock-on 
electrons. Thin tracks are characterized by 
minimum ionization or by their production of 
knockon electrons. Black tracks are heavily 
ionizing tracks whose width is about twice 
the width of a thin track of the same age, 
and gray tracks comes between the above 
two. (see Appendix I) Momenta are easily 
measured by multiple scattering angle, for 
light particles especially for electrons. Mo- 
menta lower than 50Mev/c for argon, 30 
Mev/c for nitrogen and 4 Mev/c for hydrogen 
can be measured in this way. In these cases 
the average deflection angles are larger than 
about 2deg./cem. This measurement can not 
be applied to high energy particles because 
of the distortion in the chamber and 
inaccuracy arising from track width. (see 
Appendix It) 

The stopping powers of the inner gases 
are as follows: 

energy for the range of 5cm 


electron mu meson proton 
argon 2.7 Mev 14 Mev 36 Mev 
nitrogen 2.0 10 26 
hydrogen ORS Bue iu 


The masurements in the well known events, 
for instance the range of the mu meson in 
pi-mu-e decay etc. were used for checking 
these figures. 

A range of 5cm in nitrogen corresponds 
to about 3000 microns in emulsion. Such 
tracks, which correspond to about 60 microns 
in emulsion, as in the case of prongs from 
evaporation stars, are missed, because they 
are shorter than 1mm in the nitrogen gas 
of 150 atm. Low energy stars from neutrons 


width 
proton 


track 


of 


1. 


appear as only points of a few mm diameter. 

Sometimes the lead plate of 1-2cm_thick- 
ness is placed in the chamber to distinguish 
the soft component. 

It is very important to make the dead 
times in cycling operation as short as possible. 
For this purpose several methods have been 
tried., 1) Vapour sources were placed at 
many places in the chamber, 2) Vapour 
source were circulated by the variation of 
the pressure at the expansion and at the 
compression of the chamber, through the pipe 
which connect the top and the bottom of the 
chamber, 3) Slow expansions were repeated, 
4) The inner gas was circulated by mechani- 
cal and thermal methods. All these pro- 
cedures were effective in shortening the dead 
time, but the procedure (4) gave some dis- 
turbance, to the following cycle of observa- 
tion. 
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Appendix I 
Estimation of the mass from the ionization 
and the range 
The ionization density Z(z) at a distance 2 
from the track centre, after ions have diffus- 
ed during ¢sec, is given by 
I(x)=(4D1t)-1/2.Np exp (—22/4D1) 
and the track width is proportional to (Df)!/2. 
Where D is a diffusion constant and Ny is the 


number of ions per unit length and is propor- 
tional to the inverse square of the velocity of 
a particle. On the other hand, the range of 
a track is proportional to the cube of the 
velocity in low energy region. Thus 
log (range)-?/* is proportional to square of 
track width. 

Fig. i shows this relation for mesons and 
protons and each curve is normarized at the 
end of the tracks. 

The mass of each particle will be determin- 
ed from the gradient of the curve in this 
figure. 


Appendix II 
Scattering measurement 


Preliminary scrttering measurement was 
done for low energy electrons (about 2 Mev) 
in nitrogen, excepting the tracks inclined 
more than 30° to vertical plane. 

There is a well known relation 

7= 9k 
where ¢ is the projected scattering angle, R, 
the residual range and @ is aconstant which 
is about 0.66 in this energy region. 

Fig. ii A shows the distribution of 7 and it 
is consistent with the expected value 


1 WF 
92) = ane ne (- 202 ) 
with o defined by 
o=(4areNZ*A-tG)!/2(m.c?A)*(me/m)'~” 
where ¢ is the cell length (0.5 cm in this case), 
G is 4.22, A, is 1.32 cm/Mev and other notations 
are those usually used. 

From the root mean square of 7 or the 
average of the absolute value of 7, the mass 
of the particles was given as 0.977}%§ elec- 
tron mass. 

Distribution of y for each track is also 
shown together with computed distribution in 
Fig. ii B, but the accuracy of the result is 
not enough to decide whether there are other 
particles whose mass is different from that of 


electrons or not. 
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Statistical Theory of Phase Transition [II 


Application to Vapor-Liquid-Solid Equilibrium 


By Ikuro SHIMOSE 
Faculty of Literature and Science, Yamaguchi Universily 
(Received August 12, 1955) 


Generalizing the idea of molecular-clusters introduced for a lattice gas 
with no sublattice in our paper, we calculate the equation of state for 


a lattice gas with many interstitial sublattices. 


Thus it is shown that 


the stable liquid phase, together with the vapor and solid phases, can 
exist in the above system. Furthermore, we make clear the relation 
between the two phase transitions, that is the vapor-liquid and the 
liquid-solid transitions, from the point of view of molecular-clusters. 


Introduction 


§ 1. 
In our previous paper?*, by extending the 
idea of order-disorder in the alloy theory to 
the case having many ordered parameters, we 
calculated the equation of state for a lattice 
gas with many interstitial sublattices in the 
degree of Bragg-Williams’ approximation”. 
Thus we showed that the stable liquid phase, 
together with the vapor and solid phases, can 
exist in the above system, and we were able 
to make fairly clear the relation between the 
vapor-liquid and the liquid-solid transitions. 
In this paper, by extending the idea of 
molecular-clusters introduced for a lattice gas 
with no sublattice in Parts I and II of this 
paper»** to the system with many sublat- 
tices, we deal with the same problem as in 
the previous paper”. Thus we wish to show 
that the stable liquid phase can exist in the 
above system, and to make still clearer the 
relation between the two phase transitions. 


§2. Partition Function 


We assume the potential energy y(7) between 


any two molecules to be of the following 
form; 


(1) ¢nN=+e0 for 0Zr<a, 
(11) g(r)=—2€ (E50) for aZr<y 2a, 
(ili) g(7)=0 for r=Y 2 a, 


a) 


where 7 is the distance between two mole- 
cules. Then we consider a square lattice 
composed of sZ lattice points, in which the 
distance between nearest neighbors is a/s'/*, 
where s is a integer. We can divide the 
above sZ lattice points into s square lattices, 
in each of which the distance between nearest 
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neighbors is a. We define each of the above 
s lattices as ‘‘sublattice.’’ A square lattice 
for s=9 is shown in Fig. 1. 

The partition function Q(T, Z,s, N) of the 
system composed of N molecules at the abso- 
lute temperature T is given by 


OT, L3s;.N)HComk Pr aios* 


xQ(T,L,s,N), (2) 
QT, L, s, N)=(/s)* de", (3) 
a=exp(—E/kT) , (4) 
6 wi 4 5 6 1 4 5 
e e@ @ @: 6 ®@ 
3 7 2 3 ‘| 2 
®@ © © @'@ @ 
ee @ @'8 ®@ 
ia Waar 8 Gest EZ 8 
6 1! 4 5 611 4 5 
@.6© © @:@ @ 
3 1 2 gh 2 
@@ © @: 6 @ 
ee @ @''8@ @ 
Of 8G 8 OF inn 2G 8 
= a > 
Fig. 1. Square lattice with 9 interstitial sub- 
lattices. The figure affixed to each lattice point 


shows the number of sublattice to which that 
lattice point belongs. The closed curves (dotted) 
show the 1. p. groups (as will be stated in 
$3). 


* The paper “Equation of State for Vapor- 
Liquid-Solid system.” 

** The paper “Statistical Theory of Phase Transi- 
tion” is denoted by “STPT” for short in the later 
articles. 
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where >) in Eq. (3) means the summation of 
a%’ over all the possible cases, in which N 
molecules are distributed among the sZ lattice 
points. (4N—N’)/2 is the total number of (71) 
pairs of any two molecules in one of the 
molecular configurations mentioned above, 
where ‘‘(71) pair’’ of two molecules denotes 
the pair of two molecules existing at a distance 
N(aZn<V 2a). mis the mass of a moiecule, 
k Boltzmann’s constant, hk Planck’s constant. 


§3. Molecular Configuration 


As in STPT(1.3)***, we define a ‘“‘ molecular 
cluster’ as the group of molecules in which 
every molecule either directly or indirectly is 
connected with each other at a distance 
(€4Zn<V 2 a). Then we divide all the lat- 
tice points into Z groups so that each group 
may contain s lattice points, each of which 
belongs to each of s sublattices respectively 
(such groups for s=9 are shown in Fig. 1). 
We denote such a group by ‘‘l.p. group’’, 
and a |.p. group with no molecule by ‘‘ hole’’. 
Furthermore, we define a hole cluster as in 
STPT(1.3). Now we consider the following 
configuration types (viz. A’-, B’- and C’- 
types)! and the types including two or all of 
them (viz. A’B’-, B’C’-, A'C’- and A’B’C’- 
types). 

(A’) The configuration consisting of micro- 
molecular and macro-hole clusters, 

(B’) the configuration consisting of micro- 
hole and macro-molecular clusters, 

(c’/yit the configuration consisting of micro- 
molecular and micro-hole clusters, 
where micro- and macro- clusters (molecular 
and hole) are defined as in STPT(1.3). Then 
we can easily ascertain that the configuration 
consisting of macro-molecular and macro-hole 
clusters may give little contribution to the 
partition function. Furthermore, there may 
also exist intermediate (molecular and hole) 
clusters. However, we can deduce by the 
same consideration as in STPT(1.3) that inter- 
mediate clusters may be omitted in calculation, 
causing no alternation of the statistical pro- 


perties. 


§4. Calculation of Partition Function 
Generalizing the method of STPT(D), we can 
calculate the contributions of the A’-, B’-,C’-, 
A’C’-, B’C’- and other type configurations to 
Q(T, L, s, 0)(=Q(T, L, s, N)), where is mole- 
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cular density and is given by p=N/L. We 
numerically calculate those contributions for 
s=9 and x=0.3. In low density region (0~0), 
the A’-type configuration gives a maximum 
contribution to Q,(T, Z, s, 0). This contribu- 
tion is given by the curve OAA’ with a 
maximum in Figs. 2 and 3. In high density 
region (o~1), the B’-type configuration gives 


0.05 


Fig. 2. 1/L-log Q:-p curve for s=9 
and «=0.3. 


| 
mcr) Qi 


O.015F 
0.010 


0.005 


! ! 
O fexe)| 0.02 Pp 


Fig. 3. 1/Z-log Q:-— curve for s=9 
and v= Ones 


wk STPT (1.3) denotes §3 of Part I in the paper 
ESN ec 

+ A- and B- types in STPT (I) and (II) corres- 
pond respectively to A’B’- and A’-types in this 
paper. 

t+ In STPT (1) and (II), we considered without 
notice the configuration corresponding to the above 
C’-type one as the special case of A- and B-type 
configurations. 


204 


a maximum contribution to Qi(T, Z, s, 0) This 
contribution is given by the curve OiBB’ 
with a maximum in Fig. 2. 

The calculation of C’-type contribution is 
very difficult. We assume in order to simplify 
this estimation that each l.p. group with 
molecule at least has one adjacent hole. 
This assumption may hold in the molecular 
configuration for the small value of m, but 
it may not accurately hold in the configuration 


0.02; 
Po 
KT liquid 
ar 
a 
a 
1 
Cc <e 
(e) 1 1 l a i ae ee 
We yer 100 200 300 400 
Vv 
Fig. 4. Po/kT—v curve for s=9 and_«=0.3. 
Ot 
Bos 
KT }- solid 
0.5; 
Ci 
a 
; 8 liquid 
c 
(@) 1 Nl L N A 
1.00 WKS 1.45 1.50 ESS . 
Fig. 5. Po/kT—v curve for s=9 and x=0.3. 


for the great value of m. Here m denotes 
the greatest value of the number of holes 
constituting a hole cluster effective for the 
partition function. For the system with sub- 
lattices, owing to the great number of mole- 
cular configurations in a l.p. group and the 
form of potential in Eg. (1), the contribution 
per molecule to Qi(T, LZ, s, p) is several times 
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as great as that for the system with no sub- 
lattice. Therefore, for the system with 
sublattices the C’-type contribution is effective 
for Qi(T, Z, s, p) in temperature region (70.3) 
higher than a definite temperature. On the 
contrary, for the system with no sublattice 
the C’-type contribution is not effective for 
Q(T, L, s, 0) in the whole temperature region. 
This contribution for s=9 and x=0.3 is given 
by the curve C’CCi\C” in Fig. 2. In this 
estimation, only the hole clusters consisting of 
single hole are taken into consideration to 
simplify the calculation. Then the |.p. groups 
having molecule but with no adjacent hole 
exist in the B’-type configuration. However, 
according to the above assumption every l.p. 
group with molecule has one adjacent hole 
at least in the C’-type configuration. There- 
fore, the contribution per molecule to Qi(T, 
L,s, 0) for the C’-type case can be greater 
than that for the B’-type case. 

In the comparatively low temperature re- 
gion (for example v=0.3), by generalizing the 
theory of STPT(1-3-5) we can prove the 
following for the A’C’-type configuration in 
the intermediate region of the two densities, 
in the vicinity of which the A’- and C’-type 
contributions respectively become maximum. 
In this density region, (i) the A’C’-type 
contribution (for «=0.3) is exactly given by 
the common tangent AC (in Figs. 2 and 3) 
to the OAA’ and C’CC,C” curves, which cor- 
respond respectively to A’- and C’-type 
contributions, (ii) the A’C’-type contribution 
is greater than any other type contributions. 
Furthermore, the same relation holds also for 
the B’C’-type configuration. The B’C’-type 
contribution (for z=0.3) is given by the com- 
mon tangent BC (in Fig. 2) to the O,BB’ 
and C’’C,CC’ curves, which correspond res- 
pectively to B’- and C’-type contributions. 

By the same consideration as in STPT(1-3- 
4), we shall see that the value of 1/Z-logQ, 
(T, Z,s, 0) is given by the greatest value of 
the contributions to 1/Z-logQ,(T, L,s, 0) of 
all the possible type configurations. 1/Z-log 
Q@i—o curve for s=9 and x=0.3 is shown in 
Figs. 2 and 3. 


§5. Equation of State 


From the 1/Z-log Qi—p curve for s=9 and 
x=0.3 (Figs. 2 and 3), we can calculate the 
equation of state by using the theory of STPT 
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(1-4). The Po/kT—v curve (the isotherm) ob- 
tained is shown in Figs. 4 and 5, where P is 
the pressure, v the specific volume (two-dimen- 
sional) per molecule, and o the total volume 
(two dimensional) divided by Z. 

Particularly the two straight parts AC and 
BC, in 1/Z-logQi—p curve (in Fig. 2) corres- 
pond respectively to portions ac (in Fig. 4) 
and bc: (in Fig. 5) parallel to v-axis (?~con- 
stant) on Po/kT—v curve. And these two 
portions represent respectively the two phase 
transitions that is the vapor-liquid and the 
liquid-solid transitions. 


$6. Conclusion 


For the lattice gas with many interstitial 
sublattices, we were able to calculate the 
equation of state from the point of view of 
molecuinr clusters, and theoretically show as 
in the previous paper? that the stable liquid 
phape, together with the vapor and solid 
phases, can exist in the above system. Though 
the degree of approximation for the method 
used was not so definite, we were able to 
obtain the reasonable result that the regions 
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of two phase transitions (that is the vapor- 
liquid and the liquid-solid transitions) corre- 
spond respectively to the two portions parallel to 
the v-axis on the Ps/kT—v curve (the isotherm) 
in the comparatively low temperature region. 


The author wishes to express his sincere 
thanks to professor A. Harashima, Tokyo 
Institute of Technology, for his valuable dis- 
cussions. 
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Oriented Overgrowth of Evaporated Crystallites 
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The orientation of crystallites in fluoride films (LiF, NaF, CaF,, MgF», 
AIF3 and Na3AlFs) evaporated in vacuum onto the cleavage surfaces of 
several kinds of single crystals (galena, rocksalt, molybdenite and zinc- 
blende) were investigated by means of electron diffraction. The oriented 
overgrowth occurs even when the misfit is larger than 20%; for LiF and 
NaF on galena misfits are —33% and —23% respectively, for LiF on 
rocksalt misfit is —29% and for CaF, on molybdenite +23%. On the 
other hand, for CaF, on rocksalt the random orientation occurs though 
the misfit is only —3%. Therefore, the occurrence of orientation can 
not be predicted solely by the value of misfit. It is worth mentioning 
that in the present experiment no twin was observed provided the 
evaporated layer is thin, as previously stated by Uyeda [Proc. Phys.- 
Math. Soc. Jap. 26 (1942) 809]. This excludes the mechanism of oriented 
overgrowth which was proposed by Menzer [Naturw. 26 (1938) 385; Z. 
Krist. A99 (1938) 410] and later adopted by Frank and Merwe [Proc. 


Roy. Soc. A198 (1949) 205]. 


§ 1. 


The oriented overgrowth of crystals has 
been studied extensively by many investiga- 
tors. It is generally accepted that the fitting 
of lattices on the boundary surface is an im- 
portant factor for the occurrence of oriented 
overgrowth. However, there are many ex- 
amples» in which oriented overgrowth takes 
place even when the misfit is larger than 20%. 
For example, silver (a=4.08A) shows a 
definite orientaion on rocksalt (a@)=5.63 A), 
where the misfit is —27%. This fact is not 
in accordance with the idea that the fitting of 
lattices is the only cause of the oriented over- 
growth. To get rid of this difficulty Menzer®* 
suggested the formation of a twinned structure 
in the initial layers of deposit. His sugges- 
tion, however, was denied by Uyeda’s® ex- 
periment. Later, Frank and Merwe® propos- 
ed a mono-layer hypothesis which leads to the 
conclusion that the fitting is the only factor 
to cause the oriented overgrowth. Smollett 
and Blackman criticized this theory and 
pointed out the disagreement of Frank-Merwe’s 
theory with experimental facts. Recently, 
Schultz? and Raether®) reported that Menzer’s 
twin was not found in the initial deposit of 
alkali halides on substrates of alkali halides. 
More recently, Ludemann® and Ogawa™ also 
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denied Menzer’s twin by their experiments. 
In the present experiment the oriented over- 
growth of crystallites in various fluoride films 
evaporated onto various substrates is studied 
with special attention to Menzer’s twin. 


§2. Experimental 


Thin films of fluorides were prepared by 
evaporation on substrates in a vacuum fur- 
nace. Fluorides used in this experiment were 
LiF, NaF, CaF., MgF., AIF; and Na3AIlFe 
(cryolite); the substrates were cleavage sur- 
faces of galena (PbS), rocksalt (NaCl), molyb- 
denite (MoS,) and zincblende (ZnS). Orienta- 
tions were studied for all the combinations of 
the fluorides and the substrates. 

The fluorides to be evaporated were pre- 
heated in a tungsten spiral long enough to 
exclude occuluded gas. When the vaporization 
started, the pressure in the bell jar was 1~2~ 
10°*mm Hg. A few minutes later, it became 
3~5x10-*mmHg. A shutter between the 
spiral and the substrate was then opened to 
make deposit. The evaporation of the sample 
in the spiral was generally completed in a 
few minutes. The temperature of the sub- 
strates during evaporation was kept at 15, 
200, 300 and 400°C. For galena and rocksalt 
substrates the highest temperature was 400°C, 
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Table I. Ag of fluorides crystallites on various crystalline substrates. 
NS Fluorides i ; aie ; i. = 7 == ae: 
LiF Na;AlF, | 
i | NaF e = AG. | CaF, | MeF, AIF3 
| bob. 61 | | 
| ao=4.01 | Go=4262 | cy=7.80 | CS BS Cea re 
"Substrates | 0 . | 8 =90°11/ | ay=5.46 | Choe 08 Co=6. 745) 
PbS (100) Bs C2)>(3)>(1 ECM. 4 — od) = — ne 
2)>(1)S>(8)| 100°C (1), (2) | 200°C x 300°C | 300° 
ay=5.97 | 300°C (2); (1) 200°C (1), (4) | 270°C (15 06 x Z00°c} x | 270°C x 
iO0°e Bre (4) | (15) 400°C x 400 cf 
NaCl(100) | 15° hay 27°C fererr® Wek co coe a ST 
| 200°C 1 ° | | 270° 
ay=5.628 300°C (1), (3) 300° ie | Bp0rC ae) | 400°C x | 400 | he . 
400°C (1), , B)>2) ‘400°C trace | | 
MoS; (0001) 15° c (6) 27°C cl a , co Tao 
200°C 100°C] 200°C | 300°C) (7) with | | 
Get 3. SMe le 716) 200°C (6) 300°C| 1 | i A008 Ca 400265< 
cy=12.30 400°C 300°C Wines oleae i ae cp. | 
= p Eee | = = — a | <= — — 
ZnS (110) | ie" She * (1s) 27°C (21),(22)! 200°C x | | | 
a ) | 100°C 300°C, 3002 C103 7s an ee rane 
ay=5.43 | 400°C (9) | 200°c}@21) vo} O00 4 £00°C238) et) ax | 400 Cm 
| 450° Be icated 300°C | 450°C i. | . 
Note. The number in brackets Adivates the orientation ilueera edn in riee 13 The. mark x 


indicates no definite orientation. 


The mark ? is used when the pattern is not sharp 
enough to be analized although some definite orientations exist. 


The notation (2) > (3), 


for example, means that the orientation (2) prevails over (3). 


while for molybdenite and zincblende substrates 
it was 500°C; above these temperatures the 
thermal etching became remarkable. For NaF 
deposit the highest temperature was 300°C 
for all the substrates because NaF re-evaporat- 
ed above this temperature. The mean 
thickness of fluoride films was generally of 
the order of 60A. However, for LiF on 
galena at 200°C the mean thickness was varied 
from 6A to 740A to examine in detail the 
relation between orientation and thickness. 

After the furnace was cooled, the samples 
thus prepared were taken out from the vacuum 
and was set in an electron diffraction camera 
as quickly as possible. Then they were ex- 
amined by reflection method. 


§ 3. Experimental Results 


The main result of the present experiment 
is summarized in Table I and in Fig. 1. MgF> 
and AIF, shows no definite orientation, while 
all the other deposits show definite orientations 
above certain temperatures. 

The result of LiF on galena is explained in 
detail below. The diffraction patterns for 
various temperatures are reproduced in Bigs 2, 
and those for various thicknesses in Fig. 3. 
On galena substrate LiF shows three types 
of orientations (1), (2) and (3) (Fig. 1). 


Table II. The orientations of LiF deposit of 
various thickness on galena substrates at 


200°C. 
Gey | Orientation | Twin 
6A (2), (1) both faint no 
2A S12) >; -C) no 
52 A (2)>(1) both sharp no 
100A | 2)>QM (1p, {012} 
58 x. sharp, rather! {lll}, {012} 
300 A (2) >(1), faint D. R. | remarkable 
ae {111}, {012} 
dhe: (2), D. R. developed | conspicuous 
TA0TAD, WDia Rasontky, | 
‘ Remarks. @; Q) and (3): Cf. Fig. 1 


At 15°C the type (2) is most predominant, 
the type (3) rather weak and the type (1) 
faint (Fig. 2a). No twin spots appear provid- 
ed films are thinner than several tens A (Fig. 
2a). For films thicker than 100A {012} twin 
spots appear along circular arcs, but {111} 
twin spots do not appear. 

At 200°C the type (3) becomes faint and 
the type (1) becomes so strong that it is com- 
parable to the type (2) (Fig. 2b). At this 
temperature the variation of orientations with 
the thickness was examined in detail, the 
result being summarized in Table II. Both 
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(11) (12) (13) (14) (15) 
C. er (s bs ae 

0) RE (Ob (110 " 
=p LEY LED [>> ie 
ee, cae (/ 7 NC) 00] 
J X30) zi 


Ae -8 
8. -1% 1%(11dlazim.) -7,-14% 1, 1% 


(18) (19) (20) (21) (22) (23) 


(d) | (100) Coy Yeo Bon] 


(a) Cubic Crystals on Cubic Face (1~4). (b) Cubic Crystals on Hexagonal 
Face (5~7). 
= wtypes ory ee STE FOT if | \ Types of | 
ee: | | | \ orienta- 
“tion ne arr (3) | Adi] Section |: YG) 9) 6) clone (a) 
Base- ase- ~< 
deposit J} ad le ee | | de posit 


—33,- 5% no | MoS.-LiF | —9, 4% | yes (34%) 
( 29, = 23%) yes | MoS.-NaF ( 4%) yes ( 4%) 
( 29,—- 9%) | no | MoSe-CaF,| (22%) no. | * 9.23% 
aA) A DAKO) | - — 
( 
( 


PbS-LiF | * —33% | —5% 
PbS-NaF * -23% | 9% 
PpS-CaF, | (— 9%) | (29%) | 
NaCIl-LiF * —29% 1g | 
NaCl-NaF | * 19% | (16%) | 
NaCl-CaF,| (— 3%) | (37%) | 


19, 9%) no 
3, 37%) | no 


(c) Orientation of Cryolite (8~14: on Zincblende, 15~17: on The Other Substrates). 
(d) Cubic Crystals on Zincblende (18~23). 


\ Types of | 

\ orienta- | | | ; ’ | 

tion | (18) (19) (20) | (21) (22) | (23) 

Base- > | 

dep osit : z | : a walle | Jf nO 
ZnS-LiF | 4, ~26% | -27, 4% | 11, ~13% |(-26, —10%4)|(—26, —13%4)|(-26, —260) 
ZnS-NaF |( 20, -15%)|(~14, 20%)|(27, _0%)| -15, 4% | —15, — 1% |(-15, —15%) 
ZnS-CaF, |(—28, 0%)| ( 0, 40%))(51, 18%)|( 0, 23%)|( 0, 18%), 0% 

| | 


Fig. 1. Orientations of fluoride crystallites on various crystalline substrates. Miller’s indices 
of the contact plane of fluoride crystallites are indicated in the figures. The mark GQ 
indicates fiber structure. The numerals under the figures are the misfit values, the 
brackets for misfit values correspond to orientations which do not actually take place and 


the mark * indicates misfits larger than 15%. In all the figures thick lines represent the 
crystallite of the deposit and thin lines that of the substrate. 


{111} and {012} twins do not appear in films thickness increases over 300 A, weak Debye 
thinner than several tens A (Fig. 3a). They rings indicating random orientation are su- 
appear remarkably in the range 100~500A perposed on spot patterns (Fig. 3b), then the 
(Fig. 2b). As the thickness increases the type rings become gradually strong and finally at 
(2) prevails over (1) and at about 500A the about 700A they mask the spot patterns. 

type (1) disappears (Fig. 3b). When the At 300°C the types (1) and (2) are com- 
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(a) 15°C, [100] , 


(b) 200°C, [100] 
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“(c) 300°C, [100] (a) 400°C. [110] 


Fig. 2. Lithium fluoride on galena, temperatures and directions of the incident beam are 
indicated. The thickness for (b) is 150A and that for the others is 70 A. 


(a) 12 A, beam//[100]pns 


(b) 500 A, beam//[110]pps 


Fig. 3." Lithium fluoride of various thickness evaporated on galena at 200°C, 
Cf. Fig. 2b also. 


thickness is indicated above. 


(a) 
Calcium fluoride on various substrates at 400°C: (a) 
molybdenite ({120]azim.). 


Fig. 4. 


parably strong and the type (3) disappears 
(Fig. 2c). At 400°C the type (1) in which the 
diffraction spots spread along circular arcs 
becomes strong and the type (2) which was 
most predominant at lower temperatures dis- 
appears (Fig. 2d). The both types of twin 
spots do not appear at temperatures 300~ 
400°C. 

For LiF on rocksalt the three types (1), (2) 
and (3) appear similarly as for LiF on galena. 
However, the change of orientations with 
substrate temperature is different for these 
two substrates. On rocksalt all the three 
types appear at 400°C and only the type (1) 
appears at 15~200°C, while on galena all the 
three types appear at 15~200°C and only the 
type (1) appears at 400°C. 


(c) 


galena and (c) 


rocksalt, (b) 


On galena substrate NaF shows usually the 
type (1), and this is often accompanied by the 
type (2) or the type (4). On rocksalt sub- 
strate NaF shows only the type (1). On 
molybdenite substrate NaF and LiF show 
usually the type (6) and for LiF deposit the 
type (5) is superimposed as the temperature 
rises. On zincblende substrate NaF and LiF 
show different orientations as given in Table 
Ile 

The orientations of cryolite crystals appear 
only above about 300°C for all of the sub- 
strates. The orientation of cryolite on zinc- 
blende is very complicated. Besides seven 
types of orientations shown in Fig. lc com- 
plicated diffraction patterns were often 
observed, separately or superimposed. Their 
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appearance took place by chance and was un- 


controllable. 
On zincblende and molybdenite CaF, shows 


definite orientations, while on galena and 
rocksalt CaF, shows random _ orientation 
through the temperature range 15~400°C 
(Fig. 4a, b). 


In all the experiments above mentioned, 
Menzer’s twin never appears in the initial 
layers of deposits. 


§ 4. Discussions 


The misfit (or mismatch) M between the 
deposit and the substrate on the contact plane 
is defined as M=(b—a)/a, where a denotes 
the spacing of the substrate, 6 that of the 
deposit. The oriented overgrowth occured 
very often even for misfit larger than 15% 
(Fig. 1). In Fig. la there are four examples 
indicated by stars * in which the misfit ex- 
ceeds 15%. According to the theory of Frank 
and Merwe”, the critical misfit value for 
stable orientations is +9% and that for 
metastable orientations +14%. The misfit of 
15% mentioned above exceeds both of the 
critical values. For LiF on galena the misfit 
of the type (1) is —33%. It is noteworthy 
that for cubic crystals on cubic faces (Fig. 1a) 
the type (1) occurs generally in the tempera- 
ture range 15~400°C, even though the misfit 
is the largest of the three possible orienta- 
tions. This tendency is also observed for LiF 
on (100) faces of NaCl and KBr crystals, 
where the misfits are as large as —29% and 
—39% respectively. On the other hand, random 
orientation is observed through the whole 
temperature range 15~400°C for CaF, on 
rocksalt, where the misfit is only —3%. 

As described in §3 Menzer’s twin was never 
observed in the present experiment provided 
films are thinner than several tens A. This 
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coincides with the experimental results by 
Uyeda, Schultz, Raether®, Litidemann” and 
Ogawa et al’. Thus all the experiments are 
against Menzer’s hypothesis and the values 
of misfit mentioned so far are regarded as 
the actual values of misfit. Therefore, Frank- 
Merwe’s theory cannot explain definite orienta- 
tions which take place with the misfit exceed- 
ing their critical values. In such a case the 
cause of the definite orientation may be found 
in the nucleus theory such as proposed by 
Uyeda”) and Schultz). 
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The magnetic anisotropies of FeF, and CoF, are studied in detail by 
calculating the crystalline fieid acting on their magnetic ions and con- 
sidering the effect of the spin-orbit coupling. The electronic energy 
level splittings of the ions Fe+*+ and Cot+ in the crystalline field are 
calculated assuming first that all the surrounding ions are point charges 
and then taking account of the overlapping of their 3d electrons with 
the electron clouds of the surrounding fluorine ions. The spin-orbit 
coupling is then introduced and the g-values are calculated. Further, 
introducing the exchange coupling in the approximation of molecular 
field, the parallel and perpendicular susceptibilities of FeF, are calculated 
and a reasonable agreement with experiment is found. For CoFs, how- 
ever, the calculated level splitting is not successful in explaining the 
observed susceptibilities. Discussions are given on the possible sources 
of this disagreement and the nature of the approximations made in this 


study. 


Introduction 


§1. 


Iron-group fluorides, MnF., FeF;, CoFs, etc., 
crystallize in the rutile type structure and 
their magnetic properties show tetragonal 
symmetry. Their magnetic anisotropies were 
studied experimentally by Stout, Griffel? 
and Stout, Matarrese” over the temperature 
range 10°~340°K. They showed that the 
difference of the two principal values of the 
susceptibility, %)—%1, is positive for MnF, 
and FeF, in their paramagnetic temperature 
range, except very near the Curie tem- 
perature, while for CoF,, whose Curie point 
is 37.7°K, %)—%s changes sign at 140°K from 
positive to negative as temperature is de- 
creased. The magnitude of %,;—%. for FeF, 
and CoF, is about 100 times as large as that for 
MnF,. Their low temperature measurements 
show that all these substances are antiferro- 
magnetic and the spins prefer the c-axis as 
the easy direction of ordering. Measurements 
of the specific heat were carried out by Stout, 
Adams® and Stout, Catalano”; they observed 
a sharp peak at the Curie temperature. 

We confine our considerations to the mag- 
netic anisotropy of these substances. For 
MnF;, in which the Mn** ions are in the iS 
state and therefore the spin-orbit coupling is 
negligible, Keffer has shown that the mag- 
netic dipole-dipole interaction is the predom1- 
nant origin of the anisotropy. For FeF, and 


CoF,, however, their 100 times larger ani- 
sotropy should be attributed to other origin, 
namely, the spin-orbit coupling of the elect- 
rons in the 3d orbitals modified by the in- 
fluence of the crystalline electric field. 
Theoretical investigations of this subject were 
undertaken by Niira and Oguchi® for FeF2, 
and by Nakamura and Taketa” for CoF;. 
They could give an explanation of the experi- 
mental results by adjusting several parameters 
contained in the crystalline field potential or 
in Pryce’s effective spin Hamiltonian. These 
parameter theories could correlate various 
facts to each other, but it is desirable to look 
into the detail by studying directly the crystal- 
line field itself and the resulting magnetic 
anisotropy. In this paper we attempt to make 
such a study, by making in part use of the 
crystaline field potential calculated in our 
previous paper. We make the following 
approximation. The crystal is assumed to be 
perfectly ionic. We consider the electronic 
structure of the cations to be that of an 
isolated cation we then take account of the effect 
of their environment. The latter is considered 
to be a_ static crystalline electric field. 
Exchange coupling between spins is appro- 
ximated by a molecular field. One-body 
approximation is made for the electronic wave 
function of the cations, and other electronic 
states than those which result from the 3d 
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electrons are neglected. 

In §2 we shall first give expressions for 
the energy level splittings of Fe**+ and Co*+ 
in an ortho-rhombic crystalline field, and then 
calculate their numerical values, making use 
of our previous results® for the crystalline 
field obtained with the point charge model. 
The results, however, cannot explain the 
experimental fact. In §3 we shall consider 
the effect of the overlapping of the 3d 
electron cloud with the surrounding fluorine 
electron clouds. This effect proves to be 
large and improves the results. In §4 and 
§5 are given calculations and discussions of 
the energy level splittings and paramagnetic 
susceptibilities of FeF, and CoF,. For FeF, 
we find a reasonable result, but for CoF, we 
do not. Finally, in §6, we discuss the nature 
of our approximation and possible sources of 
the discrepancy found for CoF.. 


§2. The Energy Level Splitting in the 
Crystalline Electric Field 


Ions of the iron group elements have elect- 
rons residing in their incomplete 3d-shells. 
The Hund rule tells us that the lowest lying 
the 


electronic state has maximum _— spin 


Fig. 1. The rutile type crystal structure of FeF, 
and CoF,. Solid circles are cations, open circles 
anions. 


multiplicity and also the maximum orbital 
angular momentum consistent with this mul- 
tiplicity; the ground states of Fe**+ and Co*+ 
are thus °D and ‘F, respectively. These states 
are degenerate in their orbital states as well 
as in their spin states. When these ions are 
found in cystals, they are acted upon by the 
crystalline electric fiield and the degeneracy 
of their orbital states are lifted partly or per- 
fectly according to the degree of symmetry of 
the field. The spin-orbit coupling, however, 
recovers a part of the orbital moment, which 
is carried by the spin so that the g-value be- 
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comes different from the spin only value 2. 
The g-value thus modified is generally ani- 
sotropic, namely it is a tensor. This is be- 
cause the spin-orbit coupling, together with 
the action of the crystalline electric field on 
the 3d electrons, relates the spin to the 
crystalline axes. Therefore, the spin-orbit 
coupling lifts the spin degeneracy except for 
the Kramers doublets. These are the facts 
which underlie the anisotropic paramagnetic 
properties of the crystals. 

There might be cases where some orbital 
levels lie closely above the non-degenerate 
ground level of the ion so that they obtain 
statistical populations which vary sensitively 
with temperature. In such cases the paramagne- 
tic susceptibility of the substance will show 
unusual behaviours. 

In this section, we shall first treat the 
general theoretical problem of the level 
splittings of Fe** and Co** ions in the 
orthorhombic crystalline electric field of their 
fluorides and then calculate the numerical 
values of the energy level splittings, basing 
our calculations on the ‘point charge model’ 
of the crystals which we studied earlier®. 
We shall see, however, that this model does 
not give satisfactory results; we will modify 
the model in the next section. 

Fig. 1 shows the rutile type crystal structure 
of FeF, and CoF;, in which the cations form 
a body-centred tetragonal lattice and the 
anions surround each of the cations with an ar- 
rangement of orthorhombic symmetry. There 
are two kinds of sites for the cations, i.e. 
the corner and body-centre sites. Two of 
the principal axes of the crystalline field, 
perpendicular to the c-axis, are interchanged 
for these two kinds of sites. We shall take 
the [110], [110] and [001] directions as x, y 
and z axes for the body-centre sites and in- 
terchange the 2 and y axes for the corner sites. 
The electrostatic potential V(r) around each 
cation can be developed in spherical harmo- 
nics as below, but we do not need terms beyond 
the fourth order, since we are dealing with 
d-electrons and the matrix elements of the 
higher order terms with respect to d-orbitals 
vanish. We have 

V(r) = AQ): (a? -y?)/7? + Br) 82-7) [7 

+D(r): [(et+yt+24)-374/5]/74 
+ F(r) 5 [z*—6(a? ae ia +-3974/5]/74 
+G(7): [att y'+-6(@?—y2)2"]/74 , (2.1) 
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where the third term has cubic symmetry, 
the second and fourth terms have tetragonal 
symmetry and the first and last 
orthorhombic symmetry. 

The energy level splitting can be calculated 
in the first order perturbation, taking the free 
ion as the unperturbed system and the crystal- 
line field potential as the perturbing Hamil- 
tonian. We shall carry out this calculation 
separately for FeF, and CoF,. 

(1) The case of FeF, 

A free Fe** ion has the configuration (3d)° 
and the ground state, °D, is the only quintet 
which results from this configuration. In this 
state, five electrons with parallel spinsform a 
closed shell and the remaining one with the 
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Bap a2 
7 SB) + 3 (D> +52 


a. 
oy KAD— <G)) 


where <A), etc. are defined by 


<Ad= ~e| “A(r) (2H) |27°2dr > etc, (e>0) 


(7) being the normalized 3d radial wave function. 


En, 


Jo a oa + /( Lm) (ca) . 
}=3.<D> He 7 (B+-3 6 y+ a(K . ) 
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reverse spin is in one of the five orbitals. 
The first five electrons can be neglected when 
we are concerned with the relative separa- 
tions of the energy levels, because the crystal- 
line potential is the sum of one-electron 
potentials, and a closed shell makes a con- 
stant contribution to the energy. 

If the angular parts of the five orbital 
functions are taken to be proportional to 


LY) 32 — 1 LY ACU (2e2) 
the first two of these mix in the crystalline 
field of the orthorhombic symetry but the re- 
maining three are already the eigenfunctions. 
The matrix of V(r) given by Eq. (2.1) with 
respect to the wave functions of the first two 
of (2.2) is calculated to be 


AV 3 (ASCs 
TE ae 


(2.3) 
4 4 8 
7 <B> T 36 PO os < 
(2.4) 
The eigenvalues of (2.3) are 
f (2.5) 


The corresponding wave functions can be found in the usual way. The energy eigenvalues 
corresponding to the last three of (2.2) are calculated to be 


4 8 A a 
Se Oe 
EY 7 «BY 105 GD“) 
2 Om ee OO we 
Ey = 7 (<A) + <B>) — F596? 105 <F> Ze <G) , (2.6) 
2 ! » 8 eno2s i yas 8 Z 
Eyw= 7 (—<A>+<B)) 105 <D> 105 (FY 31 <G> 


(ii) The case of CoF: 
A free Co** ion has the configuration (3d)' 


We may confine ourselves to these two multiplets. 
crystalline field lifts the orbital degeneracy perfectly. ; 
electrons of the cobalt ion outside the half-filled 3d-shell. 


from which quartet states ‘F and ‘P result. 


In this case, too, the orthorhombic 
We can confine ourselves to two 3d 
The wave functions of the ‘F and 


4P can be obtained by antisymmetrizing the following product of the one-electron spin-free 


functions since we are dealing wit 


elie 
42(1)¢11(2) 
f+2(1)bo(2) 


M=+3 
Wisse 


h the state of the highest multiplicity: 
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(2.7) 
M=+1 / 3 b.)on2)+y/2 2 5x1) o0(2) 
M=0 dg s(1)55(2) 4d he 
l5 V5 
ele 
Mo+1 y pag: 3 b.21(1)$0(2) 
2.8 
M=0 fg $1)6-12)— Fe B11) 6-12) eee 
Here the suffixes of ¢ are the magnetic quantum numbers of the individual electrons. The 


antisymmetrized wave functions may be denoted as $34 (M=+3, +2, +1,0) and ¢dix 
(M=-1, 0); they transform under rotation, as known well, in the same way as the surface 


harmonics of the third and first degrees. 


We combine them into such forms that are 


eigenfunctions for the field of orthorhombic symmetry (i.e. the bases of the irreducible 


representations of the group Vp). 


The third column of the following are such combinations: 


Ay xyz ar . (Ys2— $3-2) 

Bil (2-37) 30 

Ba o'r) V's (Yos—n-3)—V'3 Yo—Pe-1)) 
Bl ie nad lV 5 Gas tda-)+V 3 Yt os-)} 


Be a= 94) 


a8 
By,2 y(2’— 2?) 
ER x(y?— 2") 
B33 za Pro 
B,3 x 
B33 y 


The second column gives in cartesian co- 
ordinates the functions which transform in 
the same way as the corresponding wave 
functions and the first column specifies the 
kinds of the irreducible representations; Aj, 
Bi, B,, Bs are all different irreducible re- 
presentations, but since we have three wave 
functions for each of Bi, B,, B3, we number 
them as B,', By’, B,3, etc. For the perturbing 
potential V(r) given by (2.1), each set of these 
three yields a three-dimentional energy matrix 


F—=—(P32 + 3-2) 


(2.9) 


TLV 3 buss) +V 5 Yar Po-)} 


: TEROT V 3 Y33+¢3-3) +V 5 (31+¢3-1)} 


i 
) 9 (Pu Pi-) 


i 
Viet Pi) . 


from which the energy eigenvalues and the 
corresponding wave functions can be obtained. 
These matrices were calculated, and the 
results are as follows. We write, in order to 
save the space, simply A, B,--- for <A), 
<B>,-++ and (z, j)x for the matrix element of 
V(r) with respect to the wave functions of 
Byt and Byj; then the matrix elements are: 


(Ai| V(r) | Ar) =8D/35-+48F/15: 
(1,1):=4(2B—D—4F)/35 , 


(2.10) 
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Table I. (atomic units) 


| FeF, 


| CoF, 
; | TKS | Pauling | TKS Pauling 
Ar? 0.004, 430 0.004, 045 | 0.001, 141 — 0.000, 282 
Blr? ~0.003,245 | —0.003,615 | ~0.004,074 — 0.005, 482 
D/r* —0.004,970 | ~0.004,858 | -—0.004, 870 —0.004, 489 
F'/r# 0.001, 464 0.001,441 | 0.001,722 0.001, 647 
Girt —0.002,338 -0.002, 341 ~—0.002, 539 | —0.002, 568 
(1,2):=4(—A+G)/7V/15 , Table I]. (in cm-}) 
(2,2):=4D/105+8F/15 , FeF, CoF, 
(1,3): =8(—-9B+D+4F)/105 , (2.11) say {3 ee ali] Total fel E 
(2,3):=8(—A+G)/7715 , Pe BS | Pauling TKS Pauling 
(3,3): = —4B/5+(¢P)—(F); cas 4 3187)) )-b64: PL gaat eines 
(1,))s=2(2A—2B—2D—3F +5G)/35 <B> -— 2297 | + 2560 @ex 2367 + 3185 
Up ee aeeriay vir, * SER me ee 
(2,2).=4D/105—2F/15—2G/3 , <G> | + 8579) + 9590| + 6272| + 6344 
(1,3)2.=4(—3A+3B+F)/35 (2:12) ! 
+8D/105—4G/21 , one 
(2,3)2=4(-A—3B—F+G)/7V15 , 5000 wearin 
(3,3)2=2(—A+B)/5+(¢P)—(F); En 
(1,1)3= —22A+2B+42D+3F+5G)/35 , 4000 
(1,2)§=2(-A+3B+F+G)/7V/15 , c 
(2,2);=4D/105—2F/15+2G/3 , 3000 z 
(1,3)s= —4(3A+3B+F)/35 (2.13) 
—8D/105—4G/21 , 2000 E 
(2,3)3=4(A—3B—F—G)/7y'15 , 
(3,3)s=2(A+B)/5-+(P)—CF) . sth 
In the above expressions for (3,3)x, (*P)—(CF) 
means the energy difference between the ‘*P A 
and *F levels of the free cobalt ion; its value 
is 14000 cm“. 
We assume in this section the ‘point vee 
charge model’ of the crystals, for which the En 
authors have reported numerical results for -2000 ; 
the crystalline electric potential®. In this 
model, the ions are replaced by point charges ns i! 
and the dipoleemoments induced on_ the Poe 
fluorine ions by point dipoles. The magnitude cet" Gott 


of these dipole moments has been determined 
by a self-consistent method using the value of 
the polarizability of the fluorine ion given 
either by Pauling? or Tessman, Kahn and 
Shockley. We reproduce the result for the 
coefficients in (2.1) in Table I, in atomic 
units (abbreviated as A. U. in the following). 

Values of <A>, <B), etc. defined by (2.4) 
can be obtained from the average values of 


Fig. 2. Energy level splitting of Fet* ion in 
Fe.9F and Cot+ in CoF, calculated with the use 
of the point charge model. «a, y and 2 represent 
the components of orbital angular momentum 
connecting the orbital ground and excited states. 


72 and r* with respect to the 3d radial func- 
tion. We adopt Slater’s'? semi-empirical func- 
tions for the radial wave functions of Fe** 
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and Co+*+. They are hydrogen-like with effec- 
tive nuclear charges Z=6.25 and 6.9 A.U., 
respectively for Fe**t and Co**. With these 
functions we obtain <77)=126Z-2 A.U. and 
<7*)=25515 Z-* A.U., namely, we have 


Pre =3.226AU; 700, = 21647-A.. Us 
re = Ore: 1 eg T2074 Ue 


The values of <A>, etc. thus calculated are 
enlisted in Table I], and the energy level 
splittings obtained with these values- are 
shown in Fig. 2. 

We see that both in FeF, and CoF, the 
first excited level liesly close to the ground 
level, the separation between them being of 
the order of 100cm™!, i.e. comparable with 
the magnitude of the spin-orbit coupling. 
Therefore, we are lead to conclude that the 
ground state posesses a considerable amount 
of orbital moment and so principal values of 
g much different from 2. Also, the first 
excited state produces the z-component of the 
orbital angular momentum in both cases, so 
that vy; must be much greater than g, and 
consequently %) much greater than x,. The 
measurements of Stout and Mattarrese show, 
however, that although x exceeds x; above 
T. (except when close to J,) in FeF., the 
values of g in this substances are not much 
different from 2. Therefore the level separa- 
tion must actually be much greater than that 
calculated here, i.e. 1000cm-! or greater. 
Also, in the case of CoF,, the measured g 
values are not much different from 2. These 
facts show clearly the inadequacy of our 
point charge model. We shall therefore take 
account of the spatial extension of the electron 
clouds of the fluorine ions in the next section. 


$3. Effect of Overlap Between Electron 
Clouds 


We now wish to calculate the potential 
around a cation, taking account of the effect 
of the extension of the surrounding six fluo- 
rine electron clouds which inevitably overlap 
the cation 3d electron cloud. If this potential 
is expressed in the form (2.1), the coefficients 
A(r), etc. are no longer proportional to 7! (2 
=2 or 4). They must be determined by solving 
Poisson’s equation. We shall denote the charge 
density of the j-th of the six fluorine ions at 
point r by o(2;), where 2j=|x;|=|[r—P;| G 
=1,2---, 6), P; being the position vector of 
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the j-th fluorine ion, and for this we shall 
make use of the Hartree charge distribution 
modified by Benson and Wyllie’. 

Then the following potential must be added 
to the potential calculted with the point 
charge model: 


6 
Or)= > oe) 3.1) 

5G 

where 
o(a;)=— ] |, oe) 
xj Jo 
=|" SP trate + (32) 
z; wv Cz 


Be | - o(x)4r2*da— | i a(a)Ara dx , 


ej x; x 5 


n being the number of electrons in the fluorine 
ion so that n= | ale)dnatd We shall con- 


sider in the following only six 2p electrons 
of the fluorine ion and neglect the two 2s 
electrons (n=6). This is because the 2s 
electron were neglected by Benson and Wyllie 
when they modified the Hartree charge cloud 
of fluorine ion so as to explain the observed 
diamagnetic susceptibility (they changed the 
linear scale of the Hartree 2p radial function 
in a suitable way) and this modification 
appears to take account to some extent of 
the effect of the 2s electron cloud. Moreover, 
we shall later arbitrarily change the overlap 
potential @o(r) by multiplying it by a suitable 
factor not much different from unity so that 
the effect of the 2s electron will there again 
approximately be taken into consideration. 

Expanding (3.1) in (normalized) spherical 
harmonics, we have 


Di(r)= = Pam(7)Y 2m(0,¢) 


ae x Pam(N)Y am(O, g) : (ra) 


Ponl7)’s and Gim(7)’s are related in a certain 
way to the overlap part A)(7), Bo(7), etc. of 
A(r), Bir), etc. In calculating each contribu- 
tion from (xj) to Pam(7) and Yim(7), it is con- 
venient to transform the coordinate axes in 
such a way that the new polar axis points to 
the j-th fluorine ion; then, since ¢(z;) has axial 
symmetry, we have only axially symmetric sur- 
face harmonics in the new system. This 
calculation is given in Appendix. 

Lattice parameters for FeF, and CoF. are 


1956) 


Rete G—=4.G70\A) “63.007: 5 (rol 
Coke: a=c=4.69 c¢c=3.19 u=(0.31 


and the values P;, Ps and @ in Fig. 3 are as 
follows: 


P, P, 0 
FeF, 3.869,2 A 3.915,3 A  0.795,70 
CoF, 3.885,7 3.841,6 0.619,95 


The Hartree radial density distribution of 
the 2p-electrons in a free fluorine ion can be 
fitted by an analytical expression of the form 

R(r)=r{Ai exp (—air)+ A, exp (—a@or)} , 
and, as mentioned before, Benson and Wyllie 
changed the linear scale of this radial distri- 
bution so as to make the calculated dia- 
magnetic susceptibility of the fluorine ion 
with 2p electrons only fit the observed value. 
The results were 

A,=16.445,9 

A, =0.703,87 
We use these values and, after numerical 
calculations, obtain for the potential ¢(z) 


a,=3.29 


@2,=1.18 (atomic units) 


& 24 | 
SG 3 Dietel 1184604 302" |, 
i=l O1z 
with 
D,=0.865,69 D,=0.347,94 D,;=0.095,827 
0,:=6.58 On = 4047 OPS 


(atomic units) 
This potential is substituted in eq. (A. 3) of 
the Appendix, and the integrations were 
carried out graphically. In Table III we give 
the result for g:(7; 7) for j=1 in the case of 
FeF., where 


Be pic [oer ¥itts, o)d0....« 6A) 


For j=2 of the case of FeF., we arrived at 
the following results: 
g(r; 2)=0.9092(7; 1), alr; 2)=9.89¢9,(7; 1). 
For CoF,, we assumed a relation ¢(7; /)co 
=kj©g(r; j)ve and determined the ratio RO 
by calculating ¢i(r; j)oo at r=2 (A.U.) and 
comparing it with ¢:(7; j)re at r=2. The results 
were 
ko =1.06, 
hk, =1.04. 


ki =0.97, 
kO=0.97, 
For the 3d wave function of the cation we 
tried a few possible ones, including that 


which is obtainable by modifying in a suitable 
way the Mn 3d function determined by neutron 
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Table III. (atomic units) 
teeta ST 
ie g(7; 1l)re | gs(r; 1) Fe 
—— eI ——— u a_i . = — ] = =~ — = __ 
0.6 0.001, 509 0.000, 126,3 
1.0 0.004, 756 0.000, 730, 3 
1.6 0.015, 655 0.005, 092 
2.0 0.030, 52 0.014, 74 
2G 0.081, 25 0.058, 67 
3.0 ORCS 0.145, 2 
3.6 | 0.503, 5 0.568, 8 
4.0 | 0.615,6 0.721,9 
Table IV. 
FeF, | CoF, 
<A> + 2461 cm-! + 784cm-1 
<B> — 1494 — 1374 
<D> — 24953 = 15522 
ins + 6622 + 4610 
<Go> — 9373 — 6282 


Fig. 3. Definition of coordinate axes, angle @ and 
lengths P; and P.. 


diffraction, but finally decided to adopt 
Slater’s wave function’. After graphical in- 
tegrations, we obtained the following result 
for the average of ¢:(7; 7) over the 3d electron 
cloud: 


For FeF, <¢2(7; 1)>=0.034,89 
<yi(r; 1)>=0.024,72 
For CoFs <¢2(7; 1)>=0:024 11 


<g.(r; 1)>=0.014,95 ; 

With ali these results, we calculate the 
average values A,(7), Bo(7), etc., the results 
of which are summarized in Table IV. 

Finally, we might mention about another 
correction to the point-charge model. In this 
model, we tacitly assumed that the coefficients 
of the spherical harmonics of the second and 
fourth degrees of the potential are proportional 
tov? and 7‘. This is valid only when z is less 
than the radius of the sphere on whose surface 
lies one of the six neighkouring fluorine point 
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charges; when 7 exceed this radius these 
coefficient will no longer be proportional to 
ry? and 7‘. The actual 3d electron does not 
extend so far away and the correction due to 
this change is very small. Nevertheless, we 
took this small correction into account in the 
present calculation. 


§ 4, 

The energy level splitting of the Fe** ion 
in FeF, obtained by the calculations described 
in the preceding sections is shown in Fig. 4. 
We adopted TKS’s value of the polarizability 
a of the F~ ion (the same for CoF,, next 


Paramagnetic Susceptibility of FeF, 
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Fig. 4. Energy level splitting of Fet++ ion in FeFy. 
(a) is obtained taking account of the overlap 
effect calculated in §3 and (b) increasing this 
effect by 10%. x, y and 2 represent the com- 
ponents of orbital angular momentum connecting 
the orbital ground and excited states. 


paragraph). According to this result, the 
lowest excited level lies at about 1000 cm7} 
above the ground level, so that the ground 
state is predominantly populated at and below 
room temperature. In this temperature range, 
we are therefore allowed to confine ourselves 
to the ground state in calculating the para- 
magnetic susceptibility. Each of the split 
levels has five-fold degeneracy which, however, 
is lifted by introducing the spin-orbit coupling. 
The magnitude of the spin-orbit coupling 
constant is about —100cm-!, which is small 
compared to the energy level separations, so 
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we can use Pryce’s!® effective spin Hamil- 
tonian for the ground quintet. 

We denote the spins on the body-centre 
sites by S® and those on the corner sites by 
S®, and use the molecular field approximation 
to describe the exchange coupling among 
them. The effective spin Hamiltonian for the 
spins, say on the body-centre sites, is then 
written 

GED = —)?(ApS,O? + AySyO? + A,S,0?) 

—P(A,H,?+ A,’ Hy, + A-Ff,’) 

+ BG 2S.) + GyHySy® + 9S.) 

—2]izS™-<(S@> —2]oz.8Y-<S®) , (4.1) 
where 2 is the spin-orbit coupling constant 
(A=—100cm7 for the free Fe** ion™), B the 
Bohr magneton, H the external magnetic 
field, Ji, J. the exchange integrals between 
nearest neighbours and between second neigh- 
bours, 2:1(=6), 2(=2) the numbers of the 
nearest and second neighbours, and A,;, etc. 
are defined by 


~y WNZlAELZ19) 492 
Ap = E.—E, , (S C., ( s ) 
where LZ stands for the orbital angular 


momentum and g, z, refer to the ground and 
excited orbital states; 92, Jy, gz are the princi- 
pal values of the g-tensor, the principal axes 
of which being the x-, y-, z-axes, and are re- 
lated to Az, etc. by 

ga=2—Ade)., (4.3) 
The Hamiltonian for the ions on the corner 
sites is obtained by interchanging 4,, gz with 
Ay, Jy. The second term of the Hamiltonian 
(4.1), which is spin-independent and quadratic 
in H, corresponds to the second order interac- 
tion between the orbital magnetic moment 
and the external field, and gives a temperature- 
independent paramagnetic susceptibility. For 
a moment we drop this constant term from 
the Hamiltonian but will add it later. The 
third and fourth terms are to be regarded 
as small perturbations to the first term when 
we discuss the field-independent paramagnetic 
susceptibility above the Curie point, because 
then H and <S) are small. So we write the 
Hamiltonian as 


GO = SFE ASF’, 


where %’ is the perturbing term. The 
matrices of #) and SH’ in the representa- 
tion diagonalizing S,™ can be obtained easily, 


ees 
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and 4» can be diagonalized after trans- 


: : The diagonal elements of Y,/A4? are then 
forming the spin functions of S=1, —1 by 


; ( . 1. —(4e+ pie danla 
Aas , (4.4) 
VE Tea “(44 2434 
and the spin functions of S,=2, 0, —2 by Rie 2 


7 


ae sn uae? sin 0 A, —2(A,+A,)—V4A2 4+ Ay? +3A2—4/AAG , 
eA Sey Py pom (4.7) 

oe In this representation, the matrix of 4’ 
male Vo 4- (Av=AstiA,). (4,6) ecomes as follows (the off-diagonal elements 


34.—As below the diagonal are omitted): 


(Sine VY 2sin0 sn) 3. —2(4.+As)+V4A2+44?+3A 2-44 AG , 
(4.5) 


0 FLO F,OCcosd+Y3sin@) F,O(sin 6—y/ 3cos@) iFy™ 
0 %tF,©(cos6—Y 3 sin 8) iF,(sin 0+/ 3 cos 8) 1 


ee = 0 0 2F cos 6 (4.8) 
0 2F sin 6 
0 
where 
F,O = 89.H:—2Jizr(S,)—2Joz,(S , ete., (4.9) 


The paramagnetic susceptibility is given by the formula 


a1 1 5 exp B/kT)—exp(—En|kT) 9) gyn, , (4.10) 


X= = 
Jal Ths nn’ Ene —En OH 


where m, 2’ (=1,2,3,4,5) refer to the eigen-state of #) and Z=>  exp(—F2x/kT). Taking 


the differentiation in (4,10) along the z-axis, %, is obtained as 


Oy il ALI rae Oy =F 


Gh OFS eT {97 B?+(2Jizit2Joz)X|\} , 


X= 


where 6; is given below by (4.14). The relation g.8¢(S.=%)\H. was here used. It follows 
thus 


0 (Cope 


Li= ae 
Sy ARON ere 


The perpendicular susceptibility is obtained as the average One Orand 4.2) (9) avnich 
can be calculated in the same way as %. With abbreviations 
—(2J121—2J2%)/k=a , —(2Jizi +2J222)R=7 , (4.11) 


expressions for % and %1, after adding the temperature-independent susceptibility, are 


obtained as 


Jl dg | (4.12) 
a a) —___*77 _1+4)/, 
Xi ee | Rk T+701 
- Bog 22 + 0397? + 203{(Y2—Iu)? 1 —(Get Ju @}/2T Aa Ay | : (4.13) 
Beata 1 RQ + (bat 83)(7 —&) —20203a7/T} : 

where 

3 eA exp(—Ei/kT) —exp(—E2/kT) « O3P( ol ED exper cos? 

fe Zz B,-Fy E;—E3 


p22 BRD ee EMED 4 sna | 
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exp(—F\/kT)—exp(—E.,/kT 
7: ines 
es 2kT [ exp(—Fi/kT) —exp(—E;/RT) 
ae Zo E£;—-Ey 


> exp(— £2/k 


Next we turn to numerical evaluations. a@ 
can be estimated from the experimental value , 
of the Curie temperature with the use of the 
relation T,=a@0,, which is given by the mo- 
lecular field theory. 7 may be so chosen as 


E3 
E2 
Ei 

Es 
E4 


(b) 
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Fig. 5. Quintet separation of orbital ground state 
of Fe*++* ion. 
(a) is obtained taking account of the overlap 
effect calculated in §3 and (b) increasing this 
effect by 10%. 


30 


ine) 
(e) 


— Xmo X 103 


io) 


100 200 


—— temperature 
Fig. 6. Paramagnetic parallel and perpendicular 
susceptibilities of FeF. 
(a) are obtained taking account of the overlap 


effect calculated in §3 and (b) increasing this 
effect by 10%. 
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(4.14) 


_exp(—£,/kT)—exp(—E,/kT) 
E;—E, 


(eos 6—Y 3 sin 6)? 


i 


to make the calculated susceptibilities fit 
their experimental values. For convenience, 
however, we estimate it from the powder 
susceptibility data!) using the relation between 
@ (paramagnetic Curie temperature) and T, 
given by the molecular field theory; then we 
obtain 7=1.48a@. T, is 78.3°K from the 
specific heat measurements. 

The results of the numerical computations 
are as follows. The g-tensor and @ and y+ 
are 


Ei3—E 


T)—exp(—EyV/kT) (sin 0+1/ 3 cos 0)? 
E,—E, 


Ix= 2.168, Jv = 2.063, 
a=26.8, 7=39.7. 


The quintet separations are as shown in Fig. 
5 (a), where we used for 4 the value of the 
free iron ion. 

The obtained paramangetic susceptibility is 
shown by curve (a) in Fig 6; we see that, 
though its general feature ‘and the order of 
magnitude of %|—%, are right, the quantitative 
agreement is poor. 

In order to improve the agreement, we 
changed the overlap potential calculated in 
§3 by multiplying it by a suitable constant 
factor. In §3 we took account of the exten- 
sion of the 2p-electron cloud of the F- ion but 
neglected those of the 1s and 2s cloud. There 
may be other effects such as a change in the 
radial distribution of the electron density of the 
fluorine ions when they are brought into the 
crystal and also exchange effect between 
fluorine ions and the iron ions. With a hope 
to take all these effects, we simply multiply 
the overlap potential factor by a constant 
numerical factor. When this is taken to be 
1.10, we get the following values: 


eS: Gy =2.013. 9z= 2.306; 
a=32.9, r7=48.6. 
The quintet separations become as shown in 
Fig. 5 (b) and the calculated paramagnetic 


susceptibility as shown in Fig.6, curve (b). The 
agreement has now become much improved; 


Gp—= 2,492 
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Fig. 7. Separation of orbital levels of Cot++ ion in CoFs. 


(a) is obtained with the use of the point charge model, 


(c) taking account of 


the overlap effect calculated in §3, (d) and (e) increasing this effect by 10% 


and 50%, respectively, and (b) decreasing it by 20%. 


x, y and z represent the 


components of orbital angular momentum connecting the orbital ground state 
and the excited states indicated by them. 


no better agreement could be obtained by 
taking other multiplicative factor. 


§5. Calculation for CoF, 


The magnetic anisotropy of CoF, has been 
measured by Stout and Matarrese”. By com- 
bining their data with the powder susceptibility 
measurd by de Haas and Schultz!®, they have 
calculated the principal susceptibilities %; and 
%\. ‘They found that the magnetic behaviours 
of CoF, differ much from those of FeF,. Ac- 
cording to the specific heat measurements by 
Stout and Catalano”, CoF, has a Curie temp- 
erature of 37.7°K which is low compared with 
the Curie temperatures of other iron group 
fluorides. The magnetic anisotropy %|j—%1 of 
CoF, changes its sign at a temperature much 
higher than the Curie temperature, whereas in 


the case of FeF, this takes place just below 
the Curie temperature. The susceptibility 
perpendicular to the c-axis increases rapidly 
with decreasing temperature in the range be- 
tween 100°K and 10°K; the susceptibility 
parallel to the c-axis does not tend to zero at 
0°K. Though these anomalous behaviours of 
the principal susceptibilities are not yet con- 
firmed by measurement with single crystal 
specimens, they make the study of CoF, very 
interesting. 

We calculated the separation of the orbital 
levels of Cot++ using the potential calculated 
in §2 and §3. The results are shown in 
Fig. 7 (a)~(e). In these diagrams are indicated 
the components of the orbital angular momen- 
tum which connect the ground level to the cor- 
responding upper levels. The magnitude of 
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the matrix elements between these levels are 
nearly equal to 2 measured in units of %. If 
we adopt the potential obtained by increasing 
the overlap effect by 10%, as we did in the 
case of FeF;, the total energy separation of 
4F state of Cott is about 1450cm™ and the 
separation between the ground level and the 
next level is only 140 cm™ as shown in Fig.7(d). 
Taking the spin-orbit coupling into account, 
each orbital state is split into two Kramers’ 
doublets. When the energy separation be- 
tween any two orbital levels is smaller than 
the spin-orbit coupling energy between them, 
the separations of doublets coming from these 
orbital levels are determined mainly by the 
spin-orbit coupling energy and there is a con- 
siderable mixing of the orbital wave functions 
of the doublets. If one of these doublets is the 


ground level and another of them lies closely-. 


to it, the orbital angular momentum will have 
a large effect on the magnetic behaviour of 
the substance. The absolute value of the 
coefficient 2 of the spin-orbit coupling energy 
is —180cm™! for Co™,:which is larger than 
the separation between the ground orbital 
level and the next one shown in Fig. 7 (d), 
and the calculation with the spin-orbit in- 
teraction yields a separation as large as 300 
cm between the lowest two doublets. We 
then have a large anisotropy of the g-factor, 
and the average g-value will exceed 3. Also 
the susceptibility will show an anomalous 
temperature dependence. However, the meas- 
urements of the powder susceptibility show 
that the average xy follows approximately the 
Curie-Weiss law and the g-value is about 2.4, 
and according to the measurements of the 
magnetic anisotropy at temperatures above 
100°K, the anisotropy amounting only to 10% 
or less of the principal susceptibilities. 
Therefore we are led to conclude that the 
orbital angular momentum does not contribute 
so much to the magnetic property of CoF. as 
is expected from our potential. Moreover, 
with our potential, the population in the 
lowest doublet will always predominate below 
room temperature, so that it will be difficult 
to expect the change in sign of the anisotropy 
at a temperature considerably lower than 
room temperature. In $4 we have obtained 
appropriate orbital levels for FeF, by in- 
creasing arbitrarily the overlap effect by 10%. 
So we expected to get a reasonable result 
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also for CoF, by increasing or decreasing the 
overlap effect by a suitable percentage. This 
proved to be unsuccessful, however. In Fig. 
7 (c) we show the levels when we adopt for 
the overlap effect the original value obtained 
in §3. Other diagrams refer to cases where 
we assumed various percentage increases of 
the overlap effect. When we reduce the 
overlap effect, we cannot obtain a separation 
larger than 300cm7! at any percentage be- 
tween the ground orbital level and the next 
one. When we increase the overlap effect, 
we can obtain a larger separation, but in this 
case we see from the level separations and 
the value of the matrix elements that 1 is 
always greater than %;. If we compare the 
cubic term, tetragonal term and orthorhombic 
term of the overlap potential calculated in 
§ 3 with the corresponding ones of the potential 
calculated in § 2, we find that they are appro- 
ximately equal in magnitude but have opposite 
signs to each other. So these two potentials 
have the same angular dependence. We 
therefore must conclude that this angular 
dependence cannot give a satisfactory ex- 
planation of the magnetic properties of CoF». 
There must be some other effects missing in 
our calculation which would give a different 
angular dependence of the potential energy 
of the cobalt 3d electrons. This point will 
be discussed further in the next section. 

A consistent explanation of the magnetic 
properties of CoF, seems to have been given 
by Nakamura and Taketa. Their theory is 
based on the assumption that the energy 
differences between the ground orbital level 
and other levels are sufficiently large so that 
one can use safely the Hamiltonian derived 
by Pryce. Estimating phonomenologically the 
parameters included in the Hamiltonian, they 
showed that the orthorhombicity of the 
crystalline field is essential to the problem. 
The change in sign of the magnetic anisotropy 
with varying temperature was explained by 
the change in populations in two doublets 
into which the ground level is split by spin- 
orbit coupling. Qualitatively satisfactory ex- 
planations have been given of other properties. 
Though we cannot deny the possibility that 
these properties may come from a more 
complicated situation than those we considered 
in the present treatment, it is not yet clear 
where to find it, 
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$6. Discussions 

The result of our calculation proved to be 
reasonable for FeF, but not for CoF,. Though 
we Cannot see clearly at present wherein the 
discrepancy for the latter originates, we can 
imagine other possibilities than those taken 
into account in the present paper which might 
(or might not) improve the result for CoF, 
but preserve the good agreement obtained for 
FeF,. We shall give helow a brief discussion 
on this and the nature of the approximations 
made in our treatment. 

We assumed at first that the crystal is 
purely ionic. We took into account only (3d)* 
and (3d)' configurations for Fe** and Cot*, 
respectively, and neglected all other higher 
configurations. From the standpoint of the 
perturbational treatment this means that we 
have calculated the first order correction to 
the free ion state. Therefore, if the actual 
crystal contains a considerable degree of 
covalency, our approximation will be poor. 
Even if the ionic model were correct, con- 
traction and higher order deformations of the 
cation electron cloud due to a mixing of higher 
ionic configurations would have existed, but 
it seems that these deformations are less im- 
portant than the covalent bonding hecause 
the energies of the ionic excited states are 
higher. As regards covalency, each of the d 
orbitals split in the orthorhombic field will 
have different degree of covalency because 
each has different spatial distribution. Thus 
the split levels of 4F of CoF, in crystalline 
field will have different degrees of covalency 
since they consists of different combinations 
of the split d orbitals. Consequently one may 
expect that the relative separations of the 
energy levels suffer a considerable change 
when covalency is taken into account. 
Although we cannot see without calculation 
how large this effect is, a possible improve- 
ment might be found in it. ; 

There are evidences of the existence of 
covalent bonding in ionic crystals. Kanda’? 
found by means of nuclear magnetic resonance 
that some alkali halide crystals possess 
several percent of covalency. More recently, 
Owen!®) showed that the optical and magnetic 
data of hydrated iron group salts can con- 
sistently be explained by considering a partial 
covalency between the metallic 3d orbitals 
and the surrounding oxygen 2s and 2p orbitals. 
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Assuming a partial covalency, he explained an 
apparent reduction of the spin-orbit coupling 
constant 4 and of the term separation obser- 
ved in these crystals. 

We can naturally consider the existence of 
a partial covalency also in iron group fluorides. 
However, the state of affairs to be considered 
is much more complicated in this case than 
in the hydrated salts because we have to seek 
wave functions appropriate to a less symmetri- 
cal arrangement of ions and moreover to 
consider them simultaneously for all the ions 
in the crystal. It is not clear, however, that 


the effect of covalency is important only for 
Coke 


(b) 
(a) Electron cloud density of a 3d-elec- 
tron of Fe*++ and that of a 2p-electron of F- 


Fig. 8. 


in FeF,. 7 measures (in atomic units) the dis- 
tance from the nuclei of the Fet*. Solid curve 
for F- represents the electron cloud of one of 
the two fluorine ions which contact with the iron 
in along the [110] direction and broken curve 
that of these which contact at above and below. 
(b) The same for CoP». 


In our calculation of the overlap correction 
we neglected the exchange interaction between 
the 3d electrons of the metal ions and the 
closed shells of the surrounding F~ ions. It 
appears, however, that, as the exchange in- 
tegral is large when overlapping is large, a 
considerable part of this effect has been 
effectively included in the correction factor 
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to overlapping which we rather arbitrarily 
introduced in §4 and §5. Thus the exchange 
interaction would probably not improve our 
result. 

Effect of the polarization of F~ ions (the 
displacement of their electron cloud) on the 
overlap potential was also neglected, but the 
estimation of its order of magnitude shows 
that it is negligible. 

A possible error might have arisen in our 
calculations also from the use of the Slater func- 
tion for the d orbital. We tried other func- 
tions as we mentioned in §3. We did this 
for FeF, but found it rather unsatisfactory. 
Possibly, a more suitable wave function than 
Slater’s will improve the result for CoF»., but 
we do not know what is the better wave 
function. We show in Fig. 8 the radial charge 
distribution of a 3d electron of Fe*+ and 
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ion, of which we made use in this study. 

In concluding, we would like to stress again 
on our conclusion that for iron group fluorides 
the simple point charge model is not enough 
for the crystalline field but the overlapping 
of the electron clouds is likewise important. 
Although we could not get a reasonable result 
for CoF, (since the effects of these two can- 
celled each other to a great extent), one can- 
not by any means deny that these two are 
of primary importance in considering the 
magnetic anisotropy of this salt and of other 
salt; there must be some minute effects 
in CoF, which we could not find in the pre- 
sent calculation. 

The authors wish to thank Dr. K. Yosida 
for many valuable discussions. The present 
work has been supported in part by a Grant 
in Aid from the Ministry of Education. 


Cot* ion as well as that of a 2 electron of F7 


Appendix 


Calculation of the coefficients of the crystalline field due to the space charge of fluorine 
ions. 
We donote by (§8;, a;) the polar and azimuthal angles of P; (vector drawn from the mag- 
netic ion to the j-th neighbouring fluorine ion) referred to the 2, y, z-axes defined in §2 and 


by (7, 8;, ¢;) the polar coordinates of point r taking P; as the polar axis, then we have 
the relation!” 


(A.1) 


where D({a@, 8, 7}) is the matrix of the /-th irreducible representation of the rotation group 
and a, 8, ry are the Euler angles of the coordinate transformation from the xz, y, z-system 
to a new system which, in the present case, is such that the new z-axis is along P; and 7 is 
taken to be zero for convenience. 

From eqs. (3.2), (3.3) and (A.1). we obtain 


Yin(@, 2 as DO({aj, Bj, OP mm-*Vimr(Gs, 5) 5 


ein e)=| Yon (G, ¢) b(a)dO 
j=l 


6 
= SS DOA, Bs OD) (a) Yim *(83, ¢)dQ3 . 


j=l m’ 


where dO, and dQ; are the solid angle elements. Since ¢(x;) has an axial symmetry around 
the direction of P;, the integral in the above expression vanishes except for 2’=0, so that 


Pin(7) => Di{a;, B3, 0})moPo(7; j) ) (A.2) 


where 


ie [ows ¥i0(03, 93d 


(A.3) 


= 


=V 2a 6(V FE PP a OP DOn(2)de , 


with 
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Tb Get), 
8 
O(2)= a ‘Gas 102°+1) ; (A.4) 
Referring to Fig. 3, we have the following matrix elements appearing in (A. 2): 
for 7=1)2 G2d, & BS, & 
, es V 6 
Diep? = ae ae sind 
2 1 It 
2) = — 2 
Doo 5 38 cos?@—1) 
/ 
Da = Ae VD sin’ 
wh V 10 
Dana on YO 7 costo— 1) 
D0 = 3 : a0 yee 
Doo = - cos‘@ — 3 sin?@ cos?4 +7, sinté 4 
From these results we obtain the overlap part Aj(7), Bo(7), ---Go(7) of A(x), BW), ---Gi”) 


follows: 


1) 


Ar) = 3 8 [- 


4Y x 
Br) spleal al es g2(7; 1) +2 cos?6—1)¢.(7; 
AVY x 
Dol) =? foal; +2 sin" er; 2) 
16V zx 
15 3 
LA) = 
) = Tey ale 
15 1 aes ‘ : 
Gon) =. — [¢a(7; 1) +2 sin?O(7 cos?6—Ngu(7; 2)] . 
16V zx 
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Ordered structures of copper-palladium alloys, chiefly of a’’ phase (18 
~28 atomic per cent Pd) were investigated by electron diffraction, using 


orientated, evaporated films. 


The elucidated structure of a’’ phase can 


be thought of as formed from the elementary face-centred tetragonal 
lattice, in which the atoms arrange themselves as in the ordered lattice 
of Cuz3Au but the two kinds of step-shift occur at every definite distance 
along two directions parallel to the crystallographical axes, respectively. 
Thus, a two-dimensional anti-phase domain structure takes place, which 
is considered to have a large orthorhombic unit cell. The present model 
seems to be connected, not with that proposed by Geisler and Newkirk, 
but closely with that proposed by Schubert et al. 


Introduction 


Sele 

It has been known that two types of ordered 
alloy, CuPd and Cu;Pd, are present in the cop- 
per-palladium alloy system». The former has 
the CsCl type and is styled 8 phase, as shown 
in Fig. 1, and the phase to which the latter 
belongs is subdivided into a’ and a’ phases. 
According to Jones and Sykes”), a’ phase has 
the CuzsAu type, while a’ phase seemed to 
have a more complicated structure and it was 
only known that the lattice of a!’ phase is 
built up from face-centred tetragonal cells in 
terms of original disordered face-centred cubic 
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Fig. 1. Cu-Pd phase diagram. 


cells, the lattice constants being a@=3.707A, 
c/a=0.986 at 25 per cent Pd* after a slow 
cooling from 500 to 250°C in four months. 
The distributing manner of copper and pal- 
ladium atoms in the lattice, however, could 
not definitely be determined by them. Re- 
cently, some experimental works on_ this 
ordered phase have been done. Jones and 


Owen*® estimated by X-rays the temperature 
dependence of the long-range order of a’ 
phase from values of c/a measured in a poly- 
crystalline alloy containing 25 per cent Pd, 
but reported none on the atomic arrangement 
of this phase. On the other hand, Geisler 
and Newkirk” analyzed by X-rays the ordered 
structure of the polycrystalline alloy, Cu,Pd, 
which had been annealed at 450°C for three 
months, and concluded that the ordered phase 
is stable below 478°C and has a tetragonal 
unit cell of the modified Ni,Mo type, @ and c 
being 5.826A and 7.328A respectively, and 
that a lattice of the Cu;Au type is produced by 
suitable introduction of some errors to this 
lattice. 

The present work was undertaken to eluci- 
date by electron diffraction the ordered 
structure of a’’ phase and also to examine 
the structure of the other ordered alloys, i.e., 
of a and @ phases. Electron diffraction pat- 
terns of single-crystallike evaporated films of 
alloys give much informations to the problems 
of ordering, as proved in our previous work 
on the structure of CuAu II®, because such a 
diffraction pattern nearly reproduces the in- 
tensity distribution on principal planes in 
reciprocal space, and hence informations 


* A short note concerning this work has been 


published in Acta Cryst. 8 (1955) 510. 


* Hereafter, a mere “per eent” will be used in 
place of “atomic per cent”, since all compositions 
are expressed by atomic per cent of palladium in 
the present paper. 
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concerning a crystal lattice can often intui- 
tively be obtained. This method of observation 
was also adopted in the present work and the 
nature of the ordered phase a’”’ has fully been 
elucidated, as shown in Somande4s) ihe 
results obtained are entirely different from 
those obtained by Geisler and Newkirk and 
show that this phase has a complicated two- 
dimensional anti-phase domain structure which 
contains a new type of out-of-step, besides a 
known type of out-of-step already found in 
CuzsAu and CuAu II. The change of sizes of 
these anti-phase domains with composition 
leads to the structural connection between a” 
and a’ phase. 


§2. Experimental Method 


Single-crystallike films of copper-palladium 
alloys were formed in a usual way: copper 
and palladium were drawn to wires of 0.2mm 
in diameter, laid together in a tungsten fila- 
ment and evaporated zz vacuo on to cleavage 
surface of rocksalt heated at 300~350°C. The 
suitable thickness of films was 400~550A. 
Films mounted on a supporter of nickel were 
heated 27 vacuo in a silica tube and quenched 
by pouring water to the tube. This procedure 
of quenching seems to be nearly sufficient for 
copper-palladium alloys except $ phase, be- 
cause the relaxation time for ordering is very 
large, especially, for a’’ phase, but the me- 
thod may be considered to be insufficient, e.g., 
for drawing some conclusions from diffuse 
scatterings observed at superlattice reflection 
positions in patterns of films quenched from 
temperatures above the critical point. Such 
an investigation should be carried out by a 
high-temperature diffraction camera, the use 
of which is scheduled in a sequel of the 
present work. All results in the present work 
were obtained only from quenched films. After 
being homogenized at 600~800°C and quench- 
ed from the disordered state, films were an- 
nealed at various temperatures below the 
critical point for various durations. The com- 
position of films was determined from the 
lattice parameter at the disordered state, using 
the X-ray data® combining composition and 
lattice parameter. The used diffraction 
camera” was of ED-C type made by Hitachi 
Co. and the applied voltage was about 50 KV. 
The majority of diffraction photographs was 
taken at normal incidence, i.e., the beam 
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direction was parallel to a cube edge of 
disordered single crystal. 


§3. Experimental Results 


Alloy films of a’ and a’ phases were pre- 
pared, their palladium contents being 10, 13, 
16, 18, 21, 25 (two specimens), 28 and 30 per 
cent, respectively, within the experimental 
error of +1 per cent. Specimens whose com- 
positions were planned to correspond to B 
phase were also prepared, but their palladium 
contents were not determined, because the 
quenching of the disordered state was not suc- 
cessful owing to very quick formations of the 
ordered 8 phase. In this section, experiment- 
al results obtained from specimens of 8 phase 
will first be given and next those obtained 
from specimens of a’ and a’’ phases will ful- 
ly be described. 


a po 


Rigs 2. B-phase, CsCl type. 
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Fig. 3. Secondary diffraction from films contain- 
ing Pd more than 25 per cent before homogeniz- 
ation. 


(1) Speczmens of B phase 

From specimens whose compositions were 
planned to correspond to # phase, both sharp 
body-centred cubic rings arising from a lattice 
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of the CsCl type and weak face-centred cubic 
spots showing the orientation which follows 
that of the substrate were obtained before 
homogenization of films. The rings remained 
almost unchanged in their aspect even after 
being annealed at about 400°C for 10 hours, 
while the spots completely vanished, as shown 
in Fig. 2. Lattice spacings obtained from the 
rings nearly coincided with the X-ray data®® 
for the ordered phase CuPd. But these X-ray 
data are somewhat different with different 
investigators and do not seem to permit the 
determination of compositions. It is noted 
that single-crystallike films of $8 phase were 
not formed by the present method. 


(2) 

Films containing palladium less than 25 per 
cent showed only face-centred cubic spots 
with weak superlattice reflections before homo- 
genization, but those containing palladium 
more than 25 per cent exhibited, besides face- 
centred cubic spots with weak superlattice 
reflections, sharp body-centred cubic rings due 


Specimens of a’ and a’’ phases 


Fig. 4. Satellites flanking the direct spot due 
to secondary diffraction. 


to 8 phase. These rings often appeared also 
around intense normal spots, owing to the 
secondary diffraction as shown in Figs3: The 
body-centred rings, probably arising from 
places of high concentration of palladium be- 
fore homogenization, became very faint after 
annealing above 350°C, and at the same time 
diffuse crosses and streaks appeared at super- 
lattice reflection positions of the face-centred 
cubic pattern, just as in CuAu II. In such 
patterns (Fig. 4) faint spots were occasionally 
observed close to the direct spot and along 
two <110> directions passing through it. A 
discussion on this fact will be given in §4, 
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The body-centred rings completely vanished 
at 500°C, leaving the face-centred cubic spots 
with diffuse crosses and streaks. These cross- 
es and streaks also appeared in patterns of 
films containing palladium less than 25 per 
cent and decreased their sizes with decreasing 
palladium content, finally transforming to 
spots at palladium content less than 18 per 
cent. The superlattice reflections remained, 
becoming faint and diffuse, even after quen- 
ching from any temperature between 500 and 
800°C. 

Detailed observations on patterns of alloys 
subject to various heat-treatments were car- 
ried out. After quenching from the disorder- 
ed state seven samples were annealed 77 vacuo 
in such a manner as shown in Table I. These 


Table I. Heat-treatments of samples of a’ 

and «!’ phases. 
~ Sample. | oe Mex 

cad DD), EAs 18, | 2 
Annealing \. | 30% Pd. | 21% Pa, | 13% Pd 
Temp. (C) \ : | 

450 o9~8 (hours) 3 (hours) 2 (hours) 

440 8 1 

400 40 15 tt 

380 v y LO 

350 4] 30 

300 | 80 80 

250 | 97 | 97 

230 100 | 100 

320 19 19 

360 i 20 20 

390 | 16 16 y 

420 10 10 10 

450 10 10 10 

470 |e 6 6 

490 6 6 6 

510 4 4 4 

530 | 5 5 


treatments seemed to be sufficient to develop 
a highly ordered structure, because the order- 
ing process probably proceeds more rapidly 
in thin films, owing to the small grain size as 
well as the presence of a large number of 
dislocations and vacancies, than in bulk speci- 
mens. Specimens were quenched at the end 
of duration at each maintained temperature 
and, after observation of diffraction patterns, 
again subjected to a next heat-treatment. The 
results of observation are divided into the 
following two articles, the latter of which 
concerns a” phase and is a main product in 
the present work. 


a) Specimen of a’ phase (13 per cent Pd) 
The superlattice reflections became sharp 


1956) 


ho _ 
Fig. 5. Sharp superlattice reflections from 
«’-film containing 13 per cent Pd. 


Fig. 6. Residual diffuse superlattice reflections 
from a@’’-film containing 25 per cent Pd, quench- 
ed from the disordered state. 


and intense after annealing at 450°C for 2 
hours, and the pattern did not change its as- 
pect through the successive treatments at 
lower temperatures, except the further inten- 
sification of the superlattice reflections (Fig. 5). 
From the resemblance of the patterns the 
ordered structure of the present alloy is con- 
sidered to be analogous to that of Cu;Au. 
This result agrees with previous works”?”!. 
When the alloy film was again heated at 
higher temperatures, the pattern scarcely 
changed until 490°C, though the superlattice 
reflections were somewhat weakened. These 
reflections became faint and slightly diffuse 
at 510°C and still fainter above 530°C but 
did not advance in their diffuseness. The 
simple form of the superlattice reflections 
seems to reveal that anti-phase domains, such 
as observed in incompletely ordered Cu;Au’, 
are absent in this composition below and 
above the critical temperature. Alloys of 10 
and 16 per cent Pd were treated ina simpler 
way than the case of the alloy 13 per cent, 
and diffraction patterns similar to those of 13 
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Fig. 7. (a) Diffraction pattern from «’’-film con- 
taining 25 per cent Pd, annealed at 440°C. 
(b) Illustrations of splittings in {100} and {110} 
TDN (ce 
(c) Illustration of satellites flanking {200} spot. 


per cent were observed. 


b) Specimens of a’' phase (palladium: content 
more than 18 per cent) 

The ordered alloys of this phase were shown 

to have a face-centred tetragonal lattice in 
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(b) 
Fig. 8. (a) Diffraction pattern from «’/-film con- 
taining 25 per cent Pd, annealed at 230°C. 
(b) Illustration of splittings in superlattice re- 
flections and of satellites flanking intense normal 
spots. A new kind of satellites around the 
direct and {200} spots is illustrated. 


terms of the disordered face-centred cell, as 
reported by Jones and Sykes”, though a true 
unit cell is considered to be a large orthor- 
hombic one, as will be described in $4. The 
axial ratio of the tetragonal lattice decreased 
down to 0.993 at 25 per sent Pd and seemed 
to have a minimum in the neighbourhood of 
this content, increasing to unity with deviation 
of palladium content from 25 per cent. With 
the progress of ordering the superlattice re- 
flections exhibited complex splits and satellites 
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appeared around the normal spots including 
the direct spot. Details of these aspects are 
described about the sample of 25 per cent Pd 
as follows: After quenching from 500~750°C 
the alloy film showed diffuse crosses and 
doublets in its diffraction pattern, as seen in 
Fig. 6. These residual superlattice reflections 
looked far more distinct than those obtained 
from CuAu quenched from temperatures 
above the critical point». They became very 
sharp and distinct after annealing at 440 
~450°C for some hours, as shown in Fig. 7a. 
Two splitting manners are seen in {100}* in 
this pattern. One of them occurs along a 
direction perpendicular to a line connecting 
the centre of the said reflection with the 
direct spot and is similar to that obtained 
from CuAull or partially ordered CuzAu. 
The other splitting more faintly occurs along 
a direction parallel to the line connecting the 
centre of the said reflection with the direct 
spot and has not so far been observed. There 
are two values of separation, “72” and “m’”, 
in these splittings, which are observed also in 
{110}, as illustrated in Fig. 7b. On further 
annealings at 440~450°C the complex splits in 
superlattice reflections became still sharper 
and more intense, and at the same time two 
kinds of satellites appeared around the normal 
spots including the direct spot, as illustrated 
in Fig. 7c, their separations being twice as 
large as those of corresponding splits of super- 
lattice reflections respectively. At about 
400°C splits of the normal spots of higher in- 
dices due to the tetragonality were clearly 
seen, and faint reflections appeared at posi- 
tions along lines connecting {100} with 
neighbouring {110}. After such a long period 
of annealing at lower temperatures that it 
took full fifteen days before finishing of the 
treatment at 230°C, the superlattice reflections 
and the satellites flanking the normal spots 
fairly increased their intensities, so that details 
in their aspect were made clear. For example, 
two kinds of separation becarme clearer in 
{100} and {110} and a new kind of satellites 
appeared around the normal spots, its separa- 
tion being half as large as that of the one kind 
of the satellites mentioned above. The axial 
ratio decreased to 0.993 at this stage. This 


Miller’s indices relevant to the ordered lattice 
are used in terms of the original disordered face- 
centred cubic lattice throughout the present paper. 
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value do not agree with the X-ray data, 
0.986”%)"), The estimated error in the present 
experiment is not so large. The origin of 
this discrepancy is not clear. The aspect of 
the pattern mentioned above is well repro- 
duced in Fig. 8a and illustrated in Fig. 8b. 
When the film was again heated up, the 
pattern changed almost reversibly. At 450°C 
the superlattice reflections somewhat weaken- 
ed and the satellites flanking the normal spots 
became extremely faint. The tetragonality 
seemed still to remain, but the axial ratio 
very closely approached to unity. At 470°C 
the pattern completely changed. The diffuse 
superlattice reflections in this pattern means 
the collapse of long range order, but their 
shapes similar to those in lower temperatures 
may mean that anti-phase domains of a de- 
finite size still persist. The critical tempera- 
ture seems to lie between 450 and 470°C for 
25 per cent Pd, if the quenching is satisfactory. 

The aspects of patterns corresponding to 
compositions other than 25 per cent Pd are 
described as follows. For 28 and 30 per cent 
Pd the patterns were much similar to those 
of 25 per cent, as shown in Fig. 9, except 
that the separations of the splits of the 
superlattice reflections became larger and the 
critical temperature decreased to a value be- 
tween 390 and 420°C. The satellites flanking 
the normal spots were observed for 28 per 
cent, but not for 30 per cent. For 21 per 
cent Pd the separations of the splits became 
smaller than those for 25 per cent. The 
superlattice reflections somewhat weakened 
but increased in sharpness at 470°C (Fig. 10) 
before they diffused at 510°C. The critical 
temperature seems to lie between 490 and 
510°C for this composition. For 18 per cent 
the behaviour of the superlattice reflections 
was just like for 21 per cent and the critical 
temperature seems to lie very close to that 
for 21 per cent. The satellites were absent 
LOGE mandmlonpem cent. 


Interpretations and Discussions for 
the Results 


The determination of the structure of a” 
phase is a chief subject in the present work, 
and discussions will be concentrated on this 
topic. Prior to this, however, some photo- 
graphs wili be called to account. In Fig. 4 
faint satellites are observed at a small scatter- 
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ing angle. Satellites close to the direct spot 
were observed also in the patterns of CuAu 
Il or of the ordered a’’ alloys in the present 
work (e.g., Fig. 8), but the positions of 
satellites are entirely different in Fig. 4. 
After some considerations they could be inter- 
preted as due to the secondary diffraction, 
intense {200} spots acting as secondary inci- 
dent spots and twin spots situated inside {200} 


Fig. 9. Diffraction pattern from «’’-film contain- 
ing 28 per cent Pd. 


eG 
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Fig. 10. Diffraction pattern from «’/-film contain- 
ing 21 per cent Pd. 


spots being reproduced around the primary 
incident spot. Intensities in reciprocal space 
due to {1ll} twin formation lie along the 
body-diagonals of the reciprocal lattice, and 
hence twin spots cannot appear at the [001] 
incidence, if the crystal is perfect. In thin 
films considerable rotations of crystallites oc- 
cur after removal of films from rocksalt 
substrates”!), therefore twin spots are observ- 
ed even at the [001] incidence. 

When the alloys of a’’ phases were quen- 
ched from temperatures above the critical 
points, weak diffuse crosses and doublets (or 
streaks) remained at superlattice reflection 
positions, as shown, e.g., in Fig. 6. It is 
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suspected that these reflections are caused by 
the incomplete quenching. But, as the re- 
laxation time for ordering is considerably 
large in the present alloys”), the aspect of 
superlattice reflections may probably reveal 
the actual state of the alloys above the 
critical point, that is, anti-phase domains of a 
nearly definite size may be present there. At 
any rate, this problem should be examined by 
direct observations at high temperatures. 
Now, we shall closely examine the diffrac- 
tion patterns of a’’ phase: The patterns 
shown in Fig. 7 and 8 resemble pretty well 
those obtained from CuAu II®, but the differ- 
ence can be found in some respects, as 
already described in §3. The main features 


(tetragonal 


l axis ) 


Fig. 11. Fundamental intensity distribution in 
reciprocal space induced from Fig. 8. Two 
symbols, e------ e and e e, are given to the 
two separations in superlattice reflections, m™ 
and m’, respectively. 


in the present patterns are the splitting man- 
ner of {100} as well as {110} and the presence 
of two distinct values of separation. These 
features are difficult to discern just after 
quenching from temperatures above the criti- 
cal point, but they distinguish themselves 
after a prolonged annealing. The tetragonality 
mentioned in §3 is seen, in Fig. 8, not only 
in the fine splits of normal reflections of 
higher indices but also in the splits of super- 
lattice reflections such as {100} and {110}. In 
such diffraction patterns it should be consider- 
ed that a pattern corresponds to a superposi- 
tion of orientations such that the tetragonal 
axis distributes into three directions of the 
original cubic axes. After a careful examina- 


D. WATANABE and S. OGAWA 


’ 


(Vol. 11, 


tion it is shown that the fundamental intensity 
distribution in reciprocal space can be induced 
from Fig. 8 and is depicted in Fig. 11, where 
separation m’’ lies along the tetragonal 
direction and separation ‘‘7’’ lies along 
another direction. The actual diffraction pat- 
tern corresponds to a sixfold superposition of 
this fundamental distribution, separation ‘‘72”’ 
taking three orientations and separation “7m” 
taking either orientation for a fixed orientation 
of separation ‘‘7’’. This superposition will 
later be discussed once more. Satellites 
around the main lattice points will also later 
be referred. 

In Fig. 11 all the superlattice reflections 
with separation ‘‘72’’ or ‘‘m’”’ are thought 
of as formed by splitting of the reciprocal 
lattice points with mixed integers, I, h, and 
h3. Hence the fundamental lattice of a’’ 
phase must be built up from face-centred cells 
with the atomic arrangement similar to that 
in Cu;Au, and some kinds of out-of-steps must 
be introduced to this lattice. On the analogy 
of anti-phase domains in CuAu II or incom- 
pletely ordered Cu;Au, the splits of the super- 
lattice reflections of mixed J and fy along 
[00 hz] direction suggest that there is in a 
crystal a line-up of anti-phase domains with 
step shift --(a@itta,)/2 at every M;-th atom 
along the z direction®»!)!, @,,a, and a; are 
the fundamental lattice vectors along x, y and 
z axes in terms of the fundamental cells. We 
shall call this type of out-of-step ‘‘the first 
kind of out-of-step’’. In reciprocal space the 
separation of the said split measured from its 
centre should be (73/2M;)a;*, where a;* is a 
reciprocal lattice constant corresponding to a3 
and 3 is an odd integer. On the other hand, 
the splits along [00] direction occur for 
mixed hz; and hi, with; a definite separation. 
This fact means a presence of anti-phase do- 
mains having a new kind of out-of-step with 
step shift --(aj;--ai)/2 at every M,-th atom 
along the 2 direction. We shall call this “‘ the 
second kind of out-of-step’’. In the above- 
mentioned consideration the number of anti- 
phase domains is assumed to be sufficiently 
large in every case. If the two kinds of out- 
of-step mentioned above occur in a crystal 
independently of each other, (100) in Fig. 11, 
e.g., should be split up from its centre 
along two directions, [00 h;] and [/100], form- 
ing a cross-like platelet as in CuAu II. Such 
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a splitting manner is actually observed, faintly 
in Fig. 8, but in this figure as well as in Fig. 
7 the oblique splits are distinctly visible. That 
is, the intensity distribution of (100) or (011) 
in Fig. 11 is mainly formed by double splits, 
which can be considered as follows: first, the 
original reciprocal lattice point is split up 
by either kind of out-of-step, and secondly, these 
splitted intensities are further split up by the 
other kind of out-of-step. The double splits mean 
both kinds of out-of-step not to be inde- 
pendent of but intimately connected with each 
other. These considerations lead to formation 
of a two-dimensional anti-phase domain struc- 
ture, and a model of such a structure is 
proposed, as shown in Fig. 12(a), where M, 
and M; are assumed to be 5 and 4 respectively. 
If both M’s were definite throughout the crys- 
tal, an orthorhombic unit cell would be 
considered, as shown by the broad black lines. 

Some explanations seem to be required about 
this model. Atom rows along the z direction 
behave as follows: Any row of palladium 
atoms in the domain I, e. g. C row, has 
shifts, (—ai+ay,)/2 and (+ai—az)/2, alternately 
at every M;-th atom, and any row of copper 
atoms in the domain I, e. g. G row, has 
shifts, (+ai+a,)/2 and (—a,—a,)/2, alternately 
at every M;-th atom. Rows of copper atoms, 
C’; and C’, in Fig. 12(b), can be thought to 
have shifts -+(—ai—a,)/2 and =:(a:—a,)/2 
respectively. Atom rows along the a direction 
behave as follows: Any row of palladium 
atoms in the domain I in Fig. 12(a), e.g. Ai 
row, has shifts, (—a;—ai)/2 and (-+a3+a,)/2, 
alternately at every Mj-th atom, and any row 
of copper atoms in the domain I, e.g. A, row, 
has shifts, (+a@3-+a1)/2 and (—a;—a1)/2, alter- 
nately at every M;-th atom. Rows of copper 
atoms, Ai and A,’, can be thought to have 
shifts -++(—a@;+a)/2 and +(a;—a1)/2 respec- 
tively. Thus, it will be seen that each of 
four basic atoms in the fundamental face- 
centred tetragonal cell has some of shifts, 
+(aytaz)/2, at every M,-th atom along the z 
direction and also some of shifts, (as-a1)/2, 
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(b) 

Fig. 12. Two-dimensional anti-phase domain 
structure. M,=5 and M;=4 are chosen in this 
model. Out-of-steps occur at places indicated 
by arrows. 

(a) Orthorhombic unit cell is shown by the 
broad black lines. 

(b) Distribution of atoms in the plane PP’ 
situated immediately behind the front plane in 


(a). 


at every Mi-th atom along the 2 direction. 
These circumstances can be described in the 
following way: When the large orthorhom- 
bic unit cell is divided into four domains, as 
shown by the broken lines, sites of palladium 
atoms in these four domains correspond to 
four basic sites in the fundamental face-centred 
tetragonal lattice, respectively. 

The structure amplitude for the lattice 
shown in Fig. 12, |S|, is given by the follow- 
ing equation. 


sin 7Na(2M,)As 
sin n(2Ms3)A3 


|0| = |[Bou(1+texp mi(Ai-+As)-+texp 7i(Aa+As)} + Bra exp m(As+Ay)] 


[Eouf1-texp mi(Ai+A,)+exp 2i(AstA 
Noe ee 2+ As3)+exp ni(A3+A;)}+£pa] 


+ [Eoufexp mi(A1+As)+exp 2i(A 
+-[Eo{1+exp mi(A,+As)+exp nt(A3+ 


1) }+£ra exp i(A.+A3)|exp 277M; A3 
exp 277M, Ai 


Ai)}+Era exp 7i(Ai+A;)Jexp 277M; As+MAy)|, 
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where A;, A, and A; are continuous variables 
in the reciprocal lattice, provided that the 
reciprocal lattice constants, a*, a.* and a; 
are considered in terms of the fundamental 
tetragonal cell, Ni: and N; are halves the 
numbers of anti-phase domains, i.e. the num- 
bers themselves of orthorhombic unit cells, 
along the x and z directions respectively and 
assumed to be far larger than M, and M; 
respectively, Nz is the number of unit cells, 
either tetragonal or orthorhombic, along the y 
direction, and Eo, and Epa are the atomic 
scattering factors for electron of copper 
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and palladium respectively. |@| consists of 
sixteen terms corresponding to sixteen 
basic atoms in four fundamental face-centred 
cells, which represent the four domains in 
Fig. 12 respectively. There are such chances 
in equation (1) that |S| has maxima at Ai=hi 
“(m1 /2M;), Az=hz, Az=h3+(3/2M), where hu, 
h; and hz are integers and m, and m; are 0 or 
odd integers. We shall calculate |sinzM,A; 
/sinzAi| -|sin zM,A;/sinzA3;|-|0| = |¥|to e- 
valuate these maxima. At the said values of 
Ai, Ay and As, 
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[Y|2/|¥|2e290) is tabulated in Table II], M; and 
M; being assumed to be 5 and 4 respectively. 
On the basis of these estimated intensities 
the splitting manner of the superlattice reflec- 
tions is depicted in Fig. 13a. The coincidence 
of this figure with Fig. 11 is fairly good, 
concerning the splits of the superlattice re- 
flections. Since Fig. 13a or Fig. 11 represents 
the intensity distribution in reciprocal space 
corresponding to one orientation of the lattice, 
the intensity distribution in reciprocal space 
corresponding to an actual ordered alloy must 
be a sixfold superposition of the intensity 
distribution in Fig. 13a and is illustrated in 
Fig. 13b. The observed diffraction pattern is 
tolerably reproduced in the intensity distribu- 
tion in the hk plane in Fig. 13b. This toler- 
able reproducibility enables us to understand 
the propriety of the present model except 


(2). 


some respects. There are some differences 
between the model and the observed facts as 
follows: 

(1) The intensities cannot be expected at 
centres of the split superlattice reflections 
from the present model, while they were, in 
general, actually observed at some of centres, 
as in Fig. 11. In Fig. 8 the appearance of 
the centre spots of {100} groups may be ex- 
plained from the model by assuming rotations 
of crystallites about the crystallographical 
axes, as often observed in thin films, but this 
manner of explanation does not apply to the 
centres of {110} groups. In Fig. 7, which 
corresponds to a state near the critical tem- 
perature, the centres of {100} groups are clear- 
ly visible, while the centres of {110} groups 
are very faint. This fact will be explained 
by assuming rotations of crystallities. In this 
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Fig. 13. (a) Fundamental intensity distribution in 
reciprocal space derived from the proposed 
model. Intensities corresponding to |W|?/]¥]?¢s00) 
less than 2x10-* are omitted. The symbols, 

and e e, are used in the meaning 

similar to those in Fig. 11. 

(b) Sixfold superposition of the intensity dis- 

tribution in (a). This figure corresponds to 

the actual state of the ordered alloy. 


sense, the model seems to have a better fit- 
ness to Fig. 7 than to Fig. 8. The appear- 
ance of the centre spots of {100} and {110} 
groups in the latter photograph suggests the 
increase of regions without the second kind 
of anti-phase domains at lower temperatures*. 
(In photographs from incompletely ordered 
Cu;Au intensities remain at centres of split 
maxima after formation of anti-phase do- 
mains.) The tendency that the centre spots 
of {110} become faint immediately below the 
critical temperature and become strong at 
lower temperatures was also observed in the 
specimens other than 25 per cent Pd. Higher 
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order splits (1, 73=3) which should be expect- 
ed from the model are seen at some of the 
superlattice reflections in Fig. 11. They ap- 
pear distinctly between {100} and {110} groups 
at lower temperatures (Fig. 8), but are not 
observed above about 400°C (Fig. 7). As the 
appearance of these reflections proves a high 
degree of development of the present anti- 
phase domain structure, the model seems to 
have a better fitness to Fig. 8 than to Fig. 7 
in this sense. Thus, an ambiguity seems to 
be present, strictly speaking, about the pro- 
priety of the model, judging from the splitt- 
ing manner of the superlattice reflections. 

(2) Satellites flanking the intense normal 
spots cannot be derived from the present 
model. Three kinds of satellites are perceiv- 
ed in Fig. 11, and their separations from the 
relevant main reflections are (a1*/M,), (a3*/Ms) 
and (a3*/2M;) in reciprocal space respectively. 
Satellites of a separation of the last value just 
appear after a long period of annealing, with 
a fainter intensity than the satellites of the 
other kinds. |¥| has a finite value at Ai=hi 
=E(91/2M)), As=heo, As=h3-k(m3/2M3), where fa, 
A, and h; are unmixed and m, and m3 are 
odd integers. Some of these positions are 
only ones which can be expected in the 
neighbourhood of the main spots from the 
model, but they are entirely different from 
positions actually observed, and moreover, 
should belong, not to the normal reflections, 
but to the superlattice reflections, due to the 
term, |Hou—Epa|. Thus, the present model 
are not connected with the formation of the 
satellites. 

Some discussions will be given of the origin 
of the satellites as follows. Two kinds of 
imperfection in a crystal lattice are considered 
as their causes, i.e., a periodic change of the 
scattering factor or a periodic change of the 
lattice constant. For example, if the com- 
position at each boundary between anti-phase 
domains would become different for some 
reason from that inside each domain in the 
course of the development of ordering, satel- 
lites should arise from the first cause. How- 
ever, the observed satellites became strong 
and clear with the annealing time, i.e., proba- 


* The presence of regions without both kinds 
of anti-phase domains cannot be considered, be- 
cause only some of centres of split superlattice 
reflections have intensities in Fig. 11. 
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Table III. Values of c/a, M, 
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and M3 measured from specimens in a!’ phase 


fe inples |) oa, = te jeeedy. maa oe — Gast ege i nese 
fa! 18% Pd | 21% Pd | 25% Pa a) 25% Pd (b) | 28% Pa | 30% Pa 
Temperature a uM. ue Nae oe 1 Mele Tt3t 
CQ NEM MG | cia Mi Ms| c/a My M;) c/a M, Ms| c/a My Mylcja My Ms 
ao ie Piola TG a Paes al a kee Bs 
se | (0.995 5.4 3.7} 0.996 4.7 3.6~1 3.6 3.2/1 3.3 3.1 
oy Ls : 0.995 4.7 3.6 | 
a JA. 7-6 9.710.994 5.4 3.7] 0.995 4.8 3.6<1 35 3211 3.3 3.1 
230 10993: 515) 337771 1'o. 0044. 8 8306 | 
: | I~1 3.6 3.1 
bet | 0.994 504. 857%|> 019960427 S161 35.93.21 9 Sore 
| 0.997 5.3 3.8\<1 dal C.F. 
470 Ie tO.5 1068 5 Olt {3.9 (3.3) | {32 (3.0 
| j2.9* | 1 (2.8% | 1 {2.3* | 1 12/0% 
490 1 ie e221 he jee aetna 5 
530 os 
| eee | 
* These values are estimated, assuming N to be smaller than M. 


bly with the development of the two-dimen- 
sional anti-phase domain structure, and it is 
difficult at the present stage to consider that 
this structure should ultimately have a peri- 
odic change of composition. A remark should 
be made here. If the anti-phase domains 
characterized by the second kind of out-of-step 
are developed, as shown in Fig. 12, like atoms 
gather at each boundary between domains, 
the kind of atoms alternating. If the first 
kind of out-of-step would not occur, a periodic 
change of composition should be present and 
the scattering amplitude of the iattice should 
be modulated at a definite period, 2Mia, 
along the x direction, the normal reflections 
being flanked with satellites of a separation 
(a:*/2M;). The existence of the first kind of 
out-of-step, however, compensates this periodic 
change of composition, and hence the normal 
reflections must be free from the effects of 
anti-phase domains. Next, if a periodic elonga- 
tion or contraction of the lattice would occur 
at each boundary between anti-phase domains”, 
satellites should arise from the second cause. 
In Fig. 12, an excess force cannot be consider- 
ed to act at boundaries between domains along 
the z direction characterized by the first kind 
of out-of-step, the circumstance being entirely 
different from that in CuAu II. On the other 
hand, a repulsive force might arise at bound- 
aries between domains along the 2 direction 
characterized by the second kind of out-of-step 
because of the gathering of like atoms. Thus, 
the origin of the satellites having a separation, 
(a:*/M,), might be found out here. An ap- 
parent expansion of the lattice along the 2 


direction should result from such a periodic 
error, but has not actually been detected. 
This condition, together with the complete 
lack of information about the origin of the 
stronger satellites having a separation, (a;* 
/M;), and of the faint satellites having a sepa- 
ration, (a@;*/2M3), makes us give up a further 
research on this topic at the present stage. 
Satellites due to a periodic error of the scat- 
tering factor should be distinguished in the 
following point from those due to a periodic 
error of the lattice constant: The ratio of 
the intensity of satellites to that of the main 
reflection is independent of the order of re- 
flection in the former case, while it increases 
with the order of reflection in the latter case. 
In thin films, however, the secondary diffrac- 
tion often takes place and makes this criterion 
useless. In the previous work”? the secondary 
diffraction effect increased the intensities of 
satellites flanking the normal spots other than 
the direct spot. Also in the present case the 
effect is probably present, though no distinct 
evidence for it has been given. The intensity 
of the satellites flanking the direct spot should 
be noticed, but its estimation is very difficult 
in Fig. 7 as well as in Fig. 8 owing to the 
intense background. 

Although some corrections and replenish- 
ments to the present model may be necessary 
to explain completely not only the splitting 
manner of the superlattice reflections but also 
the origin of the saltellites flanking the nor- 
mal spots, it will probably be safe to say that 
the two-dimensional anti-phase domain struc- 
ture represents the actual state without serious 
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error. In Fig. 12 the y direction is equivalent 
to the z direction with respect to the tetrago- 
nal axis, therefore, anti-phase domains charac- 
terized by the second kind of out-of-step might 
simultaneously be lined up also along the y 
direction, that is, a three-dimensional anti-phase 
domain structure might be formed. The 
structure amplitude for such a lattice is easily 
calculated. The intensity distribution in recipro- 
cal space derived from this structure amplitude, 
however, does not coincide with the observed 
results at all. Therefore, such a three-dimen- 
sional anti-phase domain structure is not 
thought to form actually. 

The periods of occurrence of out-of-steps 
in the present structure, M, and M3, were 
measured from separations of splits of the 
superlattice reflections as well as from sepa- 
rations of satellites flanking the normal spots 
and are given in Table III, together with the 
axial ratio of the fundamental tetragonal cell, 
for 18~30 per cent Pd. The M values are 
not integers in every concentration even after 
a long period of annealing. This fractional 
property is beyond experimental errors* and 
seems to suggest that some periodic fluctua- 
tion of the domain size is present within a 
coherent lattice, that is, that the structure 
shown in Fig. 12 is, strictly speaking, ap- 
proximate and, in point of fact, a larger 
orthorhombic unit cell containing more than 
two domains of different size along the x or 
z direction may be considered. It is not cer- 
tain whether the M values settle in integers 
or remain fractional after a very long period 
of annealing. 

According to the conception involved in 
the present work, there seems to be no discrete 
phase boundary between a’ and a’’ phases. 
At 18 per cent Pd the separations in the splits 
of the superlattice reflections are so small 
that M; has a very large value, 10.5, and the 
axial ratio cannot be distinguished from unity. 
Thus, both the anti-phase domain structure 
and the tetragonality of the fundamental face- 
centred lattice, characteristic of a’’ phase, 
gradually fade away in the neighbourhood of 
18 per cent Pd, and the structure is conti- 
nuously changed to a phase of the Cu;Au 
type with the decrease of palladium content. 
The present work has been carried out on 
the crystallographical standpoint, and the 
reason why the complicated anti-phase domain 
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structure takes place in Cuz;Pd should be ex- 
plained from the standpoint of the electron 
theory of alloys. 


§5. Conclusion 


The present electron diffraction work on the 
ordered structure of Cu;Pd in thin orientated 
films has elucidated a complicated anti-phase 
domain structure present in a’ phase. This 
structure can be thought of as formed from 
the elementary face-centred tetragonal lattice, 
in which the atoms arrange themselves as in 
the ordered structure of Cu;Au but the two 
kinds of step-shift, -(a12ta2)/2 and --(a3;a1) 
/2, occur at every M;-th atom and M,-th atom 
along the z and z directions respectively. 
Thus, the two-dimensional anti-phase domain 
structure is formed, which is considered to 
have a large orthorhombic unit cell, if Mi and 
M; are sufficiently definite throughout the 
lattice. MM, and M; are, however, not integers 
actually, even after a long period of anneal- 
ing. The M values monotonously decrease 
with the increase of palladium content. It is 
still better if the present model proposed on 
the basis of the experimental facts in thin 
films is confirmed in bulk specimens. This 
confirmation has recently succeeded in our 
laboratory, by taking X-ray stationary-crystal 
and oscillation photographs of ordered a” al- 
loys of single-crystal. The detailed results 
will be reported in the second part of the 
present work. 

The model of a’ phase proposed by Geisler 
and Newkirk” is entirely different from the 
present model. On the other hand, the struc- 
ture reported by Schubert et al‘, seems to 
be included in the present model. According 
to them ordered alloys of 18.5 to 25 atomic 
per cent Pd possess a one-dimensional anti- 
phase domain structure characterized by the 
first kind of out-of-step and ordered alloys of 
25 to 29 atomic per cent Pd show a more 
complicated structure. It seems to the present 
authors that the last structure may be a two- 
dimensional anti-phase domain structure. 

In conclusion, the present authors wish to 
express their sincere thanks to Mr. M. Hira- 
bayashi for his kind discussions. 

The present investigation has been supported 


* The estimated error of the M value is within 
-+-3 per cent. 
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Proton magnetic resonance absorption of water molecules in the single 
crystal of LiySO,-H:O was observed, and the length and directions of 
the proton—proton line (p—p) of the water of crystallization were deter- 
mined. The results obtained are as follows: there are two kinds of 
orientations of the p—p line in the unit cell, which contains two molecules 
of Li,SO,-H,O, and they are symmetrically disposed with respect to the 
ac-plane, the plane of mirror, making the angles +51° to that plane. 

The angle between the projection of each p—p line on the ac-plane 
and the positive direction of a-axis is 94°, and the length of p—p line 
is 1.59 A. 

From the results obtained and the crystal structure by X-ray analysis, 
the bond angle of H—O—H is expected to lie between 106°50’ and 
112°40', and presumably some value nearer to 112°40’ may be taken to 
be favorable from the consideration of the bonding character. 

The single crystals were prepared by a slow evaporation method from 
an aqueous solution in a water bath at 80°C. 


cule (say briefly p-p) in the crystal, however, 
their results are not consistent with the 
results of X-ray diffraction study by Ziegler”. 
Recently, Larson and Helmholz® have made 
a redetermination of the crystal structure by 


§1. Introduction 

Nuclear magnetic resonance experiments on 
Li,SO,-H,O have been made by several 
workers”. Concerning the orientation of the 
line joining the two protons of a water mole- 


¢ 
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©O---S X-ray diffraction in order to check the 
OSH 4G: A work of Ziegler, and showed that their 

O---Li eer a) results are favorable for the orientation of the 
of age p-p line suggested by Pake. In view of the 

(_)--0 o= 614 % situation, we have attempted to determine 
p= LOR the orientation of the p-p line by means of 

e-HO nuclear magnetic resonance method and 


obtained the results somewhat different from 
Pake’s in detailed respects. 

According to Ziegler’s results the crystal 
structure of LizSO,-H.O is monoclinic and its 
space group is C,?—P2;. The dimensions of 
the unit cell are of a=5.43A, d)=4.83 A, 
co=8.14 A, the angle between the a- and c- 
axes being 107°35’ (=8), and the unit cell 
containing two molecules. Fig. 1 shows the 
projection of the unit cell on the ac-plane, 
and one of the two lithium ions in one mole- 
cule is seen to be situated nearer to a water 
molecule than the other. 

According to the pioneer work by Pake” 
the shifts of the absorption lines of two- 
proton system from that of a free proton are 
represented as a function of the angle be- 


Fig. 1. Crystal structure of Li,SOy-H.O. The 
projection of unit cell on the 6-plane. 


Zz tween the external field and the p-p line, by 
4H=+a(3 cos? @—1) 
Pesce yh Sie) 
9 Lt , 


under the assumption of rigid lattice. In 
these formulas » is the magnetic moment of 
proton, 7 the distance between two protons, 
6 the angle between the p-p line and the 
external field HM), and 6 the angle between 
the p-p line and its projection on the zy-plane 
(a plane perpendicular to the axis of rotation). 
A disposition of the p-p line with respect to 


Fig. 2. Diagram defining various angles the external field Hy) is shown in Fig. 2 
0,8, @ and Qp. 


x 


from which the vector Hy is always on the 
xy-plane on rotating the crystal around z. 

@ is the angle between the external field 
Hy and the reference line (say x-axis), and 
®, the angle between the projection of the 
p-p line on the zy-plane and the reference 
line, of which a following relation holds 


cos 0=cos 6-cos (9—@,) . (25) 


ae Woy = J 5 = b 
| The orientation of the p-p line will be 
[ ne wa determined from the relations (1) and (2) 
ile | _Detecter [ [D@ Ama a observed at various values of @. 
le 
AC.Line §2. Preparation of Single Crystals and 


Fig. 3. Block diagram of apparatus and Experimental Arrangement 


circuit system. A single crystal of the hydrate was pre- 
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pared from a solution of Li,SO, by a slow 
evaporation method .at constant temperature 
80°C, through which the crystal grew up to 
the dimension of about 301515 mm? in a 
week. Then a sample was cut in a suitable 
shape, and the directions of the symmetry 
axes of crystal were examined with the aid 
of X-ray diffraction. 

A block diagram of apparatus and circuit 
system is shown in Fig. 3. The oscillator 
used is an autodyne type detector, and the 
sample inserted in an oscillator coil is rota- 
table around the axis of the coil. A _ signal 
picked up from the oscillator coil is intro- 
duced to a narrow-band amplifier and detected 
by a phase-sensitive detector, from which the 
output is recorded by a recording milliam- 
mater through a d.c. amplifier. The electro- 
magnet, with the pole face of 14cm in 
diameter and the pole gap of 35mm in 
length, yields the field strength of about 
3800 gauss when it is excited by a d.c. 
current of about 4 ampere from a set of 
storage batteries. 

A field modulation with a smail amplitude 
at 60-c.p.s. is supplied from the commercial 
a.c. line through a voltage stabilizer and a 
modulation controller. A sweep of resonance 
line is attained by a slow changing of the 
magnet-coil current, which is realized as the 
result of Joule’s heat generated in the 
magnet-coil. The current through the magnet- 
coil is measured by a potentiometric device 
as shown in Fig. 3, and the values of the 
magneticfield strength corresponding to the 
current are marked on the recording-milliam- 
meter chart. 


§3. Measurements and Results 


The sample first measured (its dimension, 
20x10x6mm) is shown in Fig. 4, in which 
(a) is its perspective diagram and (b) is its 
horizontal section cut perpendicularly to the 
b-axis. On rotating the sample around the 
b-axis in an external field the derivative 
curves of absorption obtained were shown in 
Fig. 5. The corresponding values of “the 
angle between the external field Hy) and the 
line x shown in Fig. 4 (b) are indicated 
beside each curve. The modulation width is 
indicated by the horizontal line at the upper 
left-side corner in the figure. The corre- 
sponding integral curves are shown in Fig. 6. 
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Fig. 4. Perspective diagram of the single crystal 
sample, and its horizontal section. The axis of 
rotation is b-axis. 
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Fig. 5. Derivative curves of resonance lines at 
various angle positions. In this case the axis 
of rotation is b-axis. The width of modulation 
is indicated by a horizontal line at the upper 
left side of the figure. 


Fig. 6. Integral curves of resonance derivative 
curves at the angles corresponding in Fig. 5. 
In Figs. 5 and 6, the sharp peak appearing in 
the center of resonance curve is the resonance 
line for free water molecules. 
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2AH, the twice of a separation of absorp- 
tion lines from their center of gravity asa 
function of rotation angle @. In this case, the 
rotation axis was b-axis, and angles of rotation 
were measured from w-line in Fig. 4. The solid 
line is the calculated line by use of Eqs. (1) and 
(2) with 9=51°. 
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Fig. 8. Integral curves of resonance lines. The 
axis of rotation was the line nearly parallel to 
the one of two permitted p—p lines, and the 
angles of rotation were the angles between Ho 
and a-axis. The width of modulation is in- 
dicated by a horizontal line at the upper left 
side of the figure. 
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The sharp peak in the center of each curve 
in Fig. 5 and 6 is attributed to the resonance 
line due to free water molecules contained in 
the cracks of the sample; and this attribu- 
tion is justified by the facts that the sharp 
peak is as same as one from a little of water 
in an ampoule, and disappears after the 
sample is desiccated in a desiccator. 

The observed separations of two component 
lines (=24H) in Fig.5 or 6 are shown in 
Fig. 7 (open circles) as a function of the 
rotating angle @ together the theoretical curve 
calculated by Eqs. (1) and (2). The value of cos 0 
in Eq. (2) was determined by fitting the 
calculated one to the measured points in Fig. 
7, which leads to 6=50°47’ for the angle of 
inclination of a p-p line to the zy-plane (ac- 
plane). The curve in Fig. 7 has a minimum 
at 65° and a maximum at 155°, corresponding 
to O9—@O,=90° and 0° in Eqs. (1) and (2), re- 
spectively. From these data the angle be- 
tween the projection of the p-p line and the 
positive direction of a-axis will be 94°-+1° as 
shown in Fig. 4 (b). 

The observed data can not uniquely deter- 
mine the orientation of p-p line, as indicated 
by Eq. (1), but actually the permitted orienta- 
tions of p-p lines in a unit cell containning 
two water molecules will have either only 
one group or two groups in accord with the 
observation mentioned above, in the latter 
case of which the ac-plane will bisect the 
angle of a pair of p-p lines belonging to each 
group, in other words, one permitted p-p 
line will be the mirror image of another 
permitted p-p line with respect to the ac-plane. 

In order to settle the above alternative in 
p-p orientation, therefore, the following 
measurement was carried out. The sample 
was rotated around an axis parallel to the 
mentioned p-p line, and the external field Ah 
was applied perpendicularly to it. When two 
permitted directions of p-p line exist, the 
values of 4H from each permitted p-p should 
be different in such measurement, that is, 
4H from the p-p disposed parallel to the 
rotating axis will be constant at all angles 
®, while, for another group of permitted p-p, 
4H will change with @ as indicated by Eqs. 
(1) and (2). 

The integral curves of the observed ab- 
sorption are shown in Fig. 8. The angles 
between a-axis and the external field Hy are 
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indicated beside each curve in the figure. 
The small peaks appeared at the center of 
several curves are the resonance lines from 
free water molecules contained in the crystal 
as seen in Figs. 5 and 6. The modulation 
width is indicated by the horizontal line at 
the upper left side corner in the figure. 

In Fig. 9 are shown 24H, the separation 
of the pair of lines for each group, as a 
function of the angle @ between the external 
field H, and the a-axis. In the figure open 
circles show the measured values of 24H, 
and the curves (1) and (2) are calculated by 
the use of Eqs. (1) and (2) with 6=90° and 

=—12°, respectively. In the actual measure- 
ment, the rotating axis was deviated by 5° 
from the p-p line according to the circum- 
Stance of the crystal-cutting. Therefore, the 
minute deviations of the observed points from 
the curves (1) and (2) will be mainly ascribed 
to the exprimental conditions mentioned 
above, together with the effect of the in- 
teraction of the proton system with the other 
neighboring atoms such as Li- and H-ions. 

From the observed value of a in Eq. (1), 
we have v=1.59A as the proton-proton dis- 
tance, and assuming 0.99A for the bond 
length of O-H as in the case of ice, the 
bond angle of H-O-H is found to become of 
106°50’. 


§4. Discussion and Conclusion 


In summing up our observed results men- 
tioned above, it may be concluded that there 
exist two groups of permitted directions for 
the p-p lines of the water molecules in a 
unit cell, which directions are mutually re- 
lated through mirror image with respect to 
the ac-plane and their inclinations with the 
ac-plane are about +51°; The projection of 
a pair of p-p line on the ac-plane makes an 
angle of 94° with the positive direction of 
a-axis. The distance between two protons 
in each water molecule is 1.59 A. 

The result of X-ray analysis by Larson and 
Helmholz® is in agreement with the one by 
Ziegler» in most essentials, from which the 
arrangement of the atoms in the neighbor- 
hood of the water molecules in the crystal 
lattice will be obtained as described in Fig. 10. 
The figure shows a projection of the crystal 
lattice on a plane perpendicular to the a-axis, 
in which double and single circles indicate 
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Fig. 9. 2AH, the twice of a separation of absorp- 
tion iines from their center of gravity as a 
function of rotationg angles. The solid curves 
(1) and (2) are the calculated curves by the use 
of Eqs. (1) and (2) with 6=90° and ~—12°, re- 
spectively. 


Fig. 10. The arrangement of the atoms in the 
neighborhood of the water molecules in the 
crystal lattice. The short heavy bars stretched 
from the double circle oxygen indicate the ori- 
entation of O—H. 


the oxygen ions of water molecules and of 
the sulfate groups, respectively. Lithium ions 
are situated on the back of A-oxygen atoms 
and also in front of B-oxygen atoms. The 
distances (in Angstrom) between the ions 
calculated from the data given by Ziegler 
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are shown in the figure. The values in 
bracket denote the ones given by Larson and 
Helmholz® in their X-ray measurement™*. 

As seen in ice, it may be suggested that a 
hydrogen atom stretches a covalent bond to 
the oxygen atom to which it belongs and 
simultaneonsly makes a hydrogen bonding 
with another neighboring oxygen atom. Since 
the shortest distance between the water 
molecule and the neighboring oxygen atom 
of sulfate group is 2.87 A, using the X-ray 
data by Larson and Helmholz, the length of 
O-H---O in the substance is a_ little 
longer than in ice (2.76 A). Therefore, the 
hydrogen bonding in this substance will be 
weaker than of ice, which, in turn, will have 
the hydrogen atom coordinate, by the covalent 
bonding, nearly on the line jointing the water 
molecule and a neighboring oxygen atom. 

From the above considerations, it may be 
said that the water molecule will have a 
certain orientation of hydrogen bond under a 
slight restriction by the surrounding oxygen, 
consisting with the direction of p-—p line 
determined in the analysis. 

Next we shall go on to discuss the bond 
angle H-O-H of water molecule. As seen in 
the above discussion, the hydrogen bonding of 
H-ion in the crystal under consideration is 
taken to be weak and, its covalent bounding 
to be rather strong compared with those of 
ice. Thus, the length of O-H in the crystal 
will be expected to lie between 0.99 A for ice 
and 0.955 A for free gas molecule of water. 
Using the obtained value of 1.59A for the 
p-p distance and, further, the limiting values 
of O-H bond length mentioned above, the 
bond angle of H-O-H may be considered to 
take a certain value in between 106°50’ (cor- 
responding to 0.99 A) and 112°40’ (correspond- 
ing to 0.955 A). In view of the rather small 
interaction of proton system with surround- 
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ing oxygens at large distance from the water 
molecule, the O-H length of water molecule 
in the crystal will presumably have more 
similar behaviour to that of a free gas in 
comparison with that of ice, the bond angle 
H-O-H being nearer to 112°40’. 

So far we have confined ourselves to the 
discussion of the peak values of the proton 
resonance absorptions in Li;SO,-H,0 in com- 
parison with the calculated results based 
upon the rigid two-proton picture, as in 
the work of Pake. Although the observed 
data have been shown to be well understood 
theoretically, the analysis of the line width 
will be hardly carried through without taking 
into consideration the more distant interactions 
of the mentioned proton-system with the 
other protons and the neighboring Li-ions; 
the discussion of this problem shall be 
reserved till the more detailed measurements 
will be made. 

Finally the authors wish to express their 
sincere thanks to Prof. T. Muto, University 
of Tokyo for his kind discussions. This work 
has been in part supported by the financial 
aid of the Educational Ministry. 
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* Our calculation of the corresponding quantities 
by the use of the data in Table II of the reference 
(3) seems to show a slight different value compared 
with those in the figure. The discrepancies might 
be ascribed to some misprints of data in the Table 
Il. 
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Two convenient methods have been developed for calculating the end- 


to-end distance of the high polyme 


r molecule in solution from the 


intrinsic viscosity and the angular distribution of the intensity of the 
scattered light, in which the volume-exclusion effect of the chain 
elements of the molecule and the effect of the interaction between chain 


elements and solvent molecules are t 


aken into consideration. By making 


use of one of these methods, the determinations of the end-to-end dis- 


tances of several kinds of polystyre 
made. 


§1. Introduction 


In the present paper it is intended to con- 
sider the problem of determining the exten- 
sion of high polymer molecules in solution. 
Inasmuch as the direct determination of this 
quantity is impossible, it must be derived 
through calculation from some measurable 
quantities such as the intrinsic viscosity [7] 
or the angular distribution of the scattered 
light intensity 7(@)®. Such calculation in- 
volves the assumption of the distribution 
function for the chain elements of the mole- 
cule. In the methods hitherto used it has 
been assumed that the chain elements are 
geometrical segments having no volume and 
there is no interaction between the elements 
and solvent molecules and further that their 
distribution is Gaussian, that is, the formula 
for the mean square end-to-end distance of 
the chain is given by 


CDN» (1) 


where JW is the degree of polymerization and 
b the effective bond length. 

For the real high polymer molecule in solu- 
tion, to which the above assumption does not 
actually correspond, the distribution function 
of the chain elements must be sought for by 
taking account of the volume-exclusion effect 
of the elements and the effect of the interac- 
tion between the elements and the solvent 
molecules. As yet, however, there has been 
obtained no correct distribution function that 
might be used for deriving molecular constants 
from experimental data. We therefore assume 
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nes in their solutions have been 


that, since all the theoretical formulas for <7?) 
of high polymer molecules in vacuum can be 
rewritten, within a narrow range of WN, 
approximately in the form 


(<7))2=CNY (* = ) (2) 


the distribution function for the real high 
polymer in solution is of Gaussian type which 
gives Eq. (2) for <7. Thus, by making use 
of it, we can determine from the measure- 
ment of [y] or I(@) the constants C and y 
which were primarily regarded as parameters, 
and consequently the mean square end-to-end 
distance <7*>. The detailed account of the 
method will be given below. 


§2. Methods 
_I. Method of Determining <r?) from [7] 
Eq. (2) can be rewritten as 

(<P>)? =abN'? , (3) 
where 6 is the effective bond length and a@ 
the factor meaning the expansion ratio of the 
real chain molecule as compared with the 
idealized one consisting of geometrical seg- 
ments. It is to be noted that a is a function 
of N. Thus <7?> can be determined, provided 
a and 6 can be obtained in one way or 
another. 

The method of obtaining a@ is as follows. 
It is required from thermodynamics that @ is 
related to the molecular weight M by 

GI CUYD» (4) 
where C’ is a constant. For [7], on the other 
hand, we assume that the relation worked 
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out by Debye and Bueche” 


4x Rs? 
=a oo) 


holds approximately. Here, ¢(¢) is a certain 
function of the shielding ratio o, and Rs is 
the equivalent radius. If now we take it for 
granted that Rs is related to (<7?))!/? in the 
same way as calculated in the random-flight 
problem, namely 


— A 2 1/2 
Rial Lory, 


we obtain from Eqs. (3), (5) and (6) 
[y]= Koo MM"? , 


Age df MWe ONSEN 
Ky =—| = lik. ¢ 
: 3 am 


in which m is the mass of a monomer of the 
molecule. Eliminating a from Eqs. (4) and 
(7), we get 
eye oe ee 
(Ky¢)?Mis KypM 
In so far as Kod and C’ vary only slowly 
with M, they may be regarded as constant 
in a narrow range of M, so that 
aan ne |< coo” 
qa Lee coe 
Thus, with the aid of Eqs. (7) and (10) we 
can obtain a for the given molecular weight 
M of high polymer from its intrinsic viscosity 
[7]. 

To obtain b we employed the following 
procedure: For the intrinsic viscosity [y], 
we have from Eqs. (2), (5) and (6) the rela- 
tion 


(5) 


(6) 


bok) 
with 


(8) 


=C. (9) 


(10) 


[7] =KAN*?“16 , (11) 
in which Ki is the quantity independent of 
WN and o, and further we have for the same 
quantity an empirical relation 

[yJ=AN? . (12) 


o is, on the other hand, by definition and 
with the help of Eqs. (2) and (6), given by 


Q7\147 of \12 
o= Adis (1/2)-(y/2) 
( 8 ) lee, a ; 


where / is the frictional constant of the 
chain elements and 7 the viscosity of the 
solvent. Thus, from Eqs. (11), (12) and (13), 
we get 


(13) 


E€=(37—1) +( shay \° dh 


- Aye 
Bit Qu/ipeaicow ame 
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By the use of this equation and the relation 
for 7 given by 

1 dina (15) 
0) dig © 

we can determine ¢ with known values of @ 
and €, and hence Ky from Kop given by Eq. 
(10). The final relation to be used for de- 
termining 6, and consequently <r», is Eq. (8) 
rewritten as 


b= (7) Oma ‘ (16) 


II. Method of Determining <7*> from J(/) 


When the volume-exclusion effect of the 
chain elements and the effect of interaction 
between chain elements and solvent molecules 
are taken into account, and we can still 
assume the Gaussian distribution of the ele- 
ments, the distribution function for the end- 
to-end distance of high polymer molecules 
with Z chain elements, of which the mean 
square end-to-end distance takes the form 


P= GZ; (17) 


comes out to be 


Oey i Toe of Nees 
Widdr=( 5 cage ) exp(— OCD ire ar. 
(18) 


Consider that a parallel beam of light be 
incident upon a dilute solution of high poly- 
mer molecules, were » molecules each con- 
sisting of N elements are contained in volume 
V of the solution. We define a distribution 
function (7) such that the probability of 
finding the center of some chain element 
within the volume element dr at a distance 7 
from some other arbitrarily chosen element is 
Nvo(r)dt/V. Let the wave-length of the light 
be 4, the unit vectors in the directions of in- 
cident and scattered light be si and s re- 
spectively, their difference be s=si—s:, and 
the angle between these directions be @, then 
we have for the intensity of the scattered 
light 


1(6)= sae oon exp( Ta” de 2 aniigy 


V2 
where R is a constant factor. If we further 
define a probability function Wi;(7) so 
that Wi;(7)dc. may give the probability of 
finding the j th element in the volume element 


= Wien Y= t2, this relation reduces to that 
obtained by Debye and Bueche. 
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dr at a distance y from the 7 th element, Eq. 
(19) turns out, according to Zimm”, to be 


I(0)= K(MP(0)c—2. A.M? P*(0)c?) (20) 
with 
c=yM/V , 
K=kN?/M , 
A,=—N,N?X/2M- , (21) 


XE [x(rss)ae ; 


Here %(7e.) is a function of the potential 
energy between the « th and 2 th element, and 


P(0)= o = 3 [wo exp ie } 


(22) 
In place of Wi;(7) in this equation we may 
use Eq. (18) just by putting Z=j—z. Sub- 
stituting Eq. (18) in Eq. (22) and replacing sum- 
mation by integration, we obtain the formula 


2 


P(6)= mal, 0-2) exp(—uC?Z)dZ, (23) 
0 


where 

DNs its a 
Baz 2a 

Thus from Eqs. (23) and (20) 1(@) becomes in 

the limiting case of infinitely dilute concentra- 


tion: 


(24) 


U 


eral ie expen GLZN dz. 
c0 Cc N? 0 
(25) 


This is the formula for the intensity of the 
scattered light when the volume-exclusion 
effect and the effect of interaction between 
chain elements and solvent molecules are 
taken into account. By means of this formula, 
we can determine C and y from the measure- 
ment of 7(@), and hence the end-to-end dis- 
tance from Eq. (17). 


§3. Experimental Results; Determination 
of <r) of High Polymer Molecule in 
Solution by the Method I 


We prepared the benzene solutions of poly- 
styrenes with three different molecular weights 
and measured their [y] by the use of a 
capillary viscometer, of which the capillary 
had a length of 17cm and inside diameter of 
0.02cm. The results are given in Table I. 
The values of € were determined from the 
values of [y] given in Table I, by refering 
to the &-values measured by R.A. Gregg and 
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Table! 1. 
| Pe eer * 
M.W. bits ie thee Fe 
20°C 30°C 
388.000 183.8 181.0 i 
355.000 163.1 161.2 
195.000 110.8 110.2 
Table II. 
Temp. 
SEU 20°C 30°C 
€ 0.728 0.726 
Kod | ~~ ~0.664x10U 0.738 x 1011 
rf ial 0572 0.564 
d ey 2 3 2.22 
Ky 0.29 x1011 0.33 x10 
bo | 6.16 x10-8 6.42 x10-8 
Table III. 
a 
MW. - 
| 20°C 30°C 
388.000: e514 4-512 e5 4 1.45 
355.000 1.49 1.428 
195.000 1.432 1.378 
Table IV. 
(<9?>) V2=abN1/2 
20°C | 30°C 
388,000 569x10-8 | 566x10-8 
355,000 523» | 521 -# 
195,000 283" 382 9 
Table V. 
M.W. | Expansion coefficient 
388,000 —0.0054 ; 
355,000 ~0.0039 
195,000 ~().0026 


F. R. Mayo” at 30°C. Tables II~IV show the 
values of &, Kod, 7, 6, Ko, 0, a and (X7*>)!/2, 
and Table V gives the expansion coefficients 
as calculated from Table IV. 

The measurement of <7?> by the method 
II is now being carried on and will be re- 
ported in a subsequent paper. 


§4,. Remark 
For comparison’s sake, let us inquire into 
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Table VI. 
Temp. | 20°C 30°C 
€ 0.728 Oni 
Kod 2.14 x10" 2ZA2Z 10% 
pb 12225 1.26 
Ko 1.75 x10U 1.68 x10" 
bo ey Se l=e 11.04 x10-8 
Table VII. 
(<r?>) 72 =byNY? 
M.W. == ee 
2026 BORG 
388,000 694 = 10-8 688 x 10-8 
355,000 636 7 630 7 
463 


195,000 468 » 


the end-to-end distance of the chain corre- 
sponding to the simple formula (<7*>)}? 
=b,N'/?, in which by is the effective bond 
length. For that purpose we first determine 
@ by means of Debye-Buche’s method», and 
then determine Ay from the formula for [y], 
[y]=A0M/2¢. The value of b) can be obtained 
by the help of the relation 


bo= (BF) remake 3 


The results are given in Tables VI and VII. 
From comparison between Table IV and 
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Table VII we see that the <7*>-value comes out 
different according as the assumed distribu- 
tion function of the chain elements is dif- 
ferent; in other words, in determining the 
value of <7*), it is necessary to adopt the 
correct distribution function, taking into 
account the volume-exclusion effect and the 
effect of the interaction between chain ele- 
ment and solvent molecules. 
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A Theoretical Analysis of the Magnetic Hyperfine Structure 


of the Microwave Spectrum of Co, Molecules 


By Akira OKAYA 
Department of Physics, Faculty of Science, University of Kyoto 
(Received July 11, 1955) 


A theoretical analysis of magnetic hyperfine structure due to the 
magnetic interaction between the spins of off or on axis nuclei and the 
molecular rotational magnetic field is developed for asymmetric C2, 
molecules in 1A electronic and vibrational ground state. 

This analysis is for the special case where two equivalent nuclei of 
spin 1/2 are off the molecular axis, one nucleus of spin zero and one 
nucleus of arbitrary spin are on the molecular axis. 

This analysis predicts that a triplet will be observed for prolate 
rotational transitions for which AJ=0, AK,,;=-—1, and both initial and 


final K_, values are odd. 


§1. Introduction 


The author has observed that the main line 
of the rotational spectrum of formaldehyde, 
H,CO», is split into two lines. This doublet 
character is due to the magnetic interaction 
between the spin of two protons and the 
magnetic field caused by molecular rotation 
just as in the case of the ammonia mole- 
cule? 2%), 

Theoretical calculations show that a triplet 
composed of three 4F=0 transitions can ex- 
plain the observed doublet appearance as 
shown in a subsequent experimental report». 

The above interaction is treated for asym- 
metric Co» molecules in a 1A electronic and 


vibrational ground state, which includes for- 
maldehyde as a typical example. We treat 
the case in which two equivalent nuclei of 
spin 1/2 are off the molecular axis, while one 
nucleus, Ko, of any optional spin value and 
another nucleus, Ao’, of spin zero are on the 
molecular axis. 

This treatment can also be applied to such 
molecules as H.O, H.S, CH.O, CFO, etc. 


§2. The Hamiltonian 

The Hamiltonian®® of a free prolate mole- 
cule in a 1A electronic state is based on the 
Pauli approximation: 


H=CUJe—LzY+BJy—Ly t AS e— Le) (1.0) 

35 (€44o/C) Sree Fi rz) X{Vi- [1 +ZcMp|(gcMx)| Vi} 9KIx Ga) 
K,i 

(io) Dy Zier (re rr) X{{1+ ZxMbe|(9xMx)|Vx—Vi}:9xIk a2) 

CEE) 

+Jeptolte S Vix 19 xIx Ss7jx?— 39K (re—1))S;:(rce—T5)] (1.3) 
5k 

+o > rer l9xcIx grrr —39KIx ° (re—ri)gie (re—11)| (1.4) 
(KSI) 

+Ho (eS) 

(1.6) 


+ (16/3) 2 Hole > gx OK — r))Sj- Ik 
oJ 


taai0y tov (1.6); capital-letter subscripts 
refer to nuclei and small-letter subscripts to 
electrons. These particles have, respectively, 


ctors Tr, rj and velocities Vx, V3 


position ve 
which 


relative to the molecular centre of mass 


is assumed to coincide with the centre of mass 
of the nuclei only. The nuclei and electrons 
have charges Ze, e; spins Jk, S;; and g-factors 
Jk, Ye, Yespectively. 0 and te are the nuclear 
and Bohr magnetons respectively, while Mp 
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is the proton mass and Mx the mass of the 
Kth nucleus. C,B and Aare the transverse 
and axial rotational constants of the prolate C,, 
symmetry molecule exclusive of the electrons. 
Jz,Ju,Jz are the components of the total 
molecular angular momentum exclusive of 
nuclear sspin, Tand "..1,, Ll, “are. the total 
electronic orbital angular momentum compo- 
nents. 


§3. The Molecular Wave Function 


Molecular rotational wave functions are 
Classified by the irreducible representations of 
the rotation group C,. The correspondence 
of the irreducible representations to the, K-1, 


( 


v=1 t=0 
1 


Fig..1 (a). Fig. (b). 


K41, rotational states are shown in Table I. 
The symmetries of nuclear spin functions are 
classified by the permutation group, FP, and 
their irreducible representations are also shown 
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in Table I. The total molecular wave func- 
tion is represented by 
b=raJ, t, M, 7)h0(o0) (a1) P2(a2) « (2) 

The details of the rotational wave function, 
Pra, for an asymmetric molecule are shown 
in Appendix I. gp is the spin function for 
nuclei on the molecular axis, while ¢i and 
i are the spin functions for the two equiva- 
lent nuclei which are off the symmetry axis. 

The permutation group, /:, is homomorphic 
to the C,, rotation reflection group and forms 
a molecular rotational group by itself. 

The total wave function belongs to the ir- 
reducible representation, A, or B™, of the P, 
group according as the off axial nuclear spins 
are 0 or 1/2. 

For the calculations of this paper, it is 
necessary to define the coupling scheme for 
angular momenta in the molecule. We can 
assume that the quadrupole coupling of the 
on-axis nucleus to the molecular rotation is 
stronger than the intra-molecular magnetic 
interaction. Then 


h+J=F; , 
and the spins of the equivalent nuclei are 


coupled to become 4+h=F. T is coupled 
further to Fi as 


GF =F. 


In this coupling scheme the total wave 
functions are 


bn. Nee LK, We M, Wee Prat b= 0>4 ( 1)”| 1G § M, Ei To, i=0> 


=|t, J, M, Fi, hh, [=0> ’ 


Pu-wo+W1+s=V0a-wsyr=|K, Ji My Fy, loyal =e (1K, J ME Flo, fe 


zle, J, M, Fy, Ih, =A , 


where W=W,+W,. 
From the permutation P,, of two equivalent 


nuclei, we can obtained the following rela- 
tions: 


Pr=Py@P y= Pio {1]2-++2(, -Ih)} 
Pai, (=) = i Jaa 


’ 


and 


Pi? | Fy, =e | Fy, is) 


For the Pi operation we can use the 
results of Mulliken™ together with the fact 
that Pi, is homomorphic to the Cy group. 
Then we have 


CL pra=POdpes=(—1)*-1bp4 
(prolate case), 
= (= es 
(oblate case). 

The wave function symmetries are shown 
in Table I(a) for the prolate case (h=I,=1/2 
and 4:=/,=0) and in Table I (b) for the oblate 
Case (== Io )/2tande) es In=0). 

It may be helpful to give a simple physical 
argument for the magnetic interactions. The 
rotational wave function of a prolate asym- 
metric rotor* may be _Tewritten as: 


* See Appendix I and Table ie 


C.)bes 


1956) 


Magnetic Interactions in C., Molecules 


Table Ia. Symmetry properties of the molecular wave function. 


2 


ve,J, My, | tyes lu teran ay, 
| T | W(t, 6 o »y) Io, 
Rotational yy Io, Mio) | ie | Myo, I, T1, My) : 
levels _ Wave functions Off-axi : Signs of 
| without off axial | “axial nuclear spin | energy 
nuclear spins functions | Total wave functions | levels f 
Number of Ipre. | Val f|N Ba aS dered a aT 
RoR € | . | Values of | Number of | Irre. | Values of Number of | Irre. 
1 “+11 functions | rep. | J My | functions | rep. hy RPh sal aon ze JRO 
ae Za es a : ita Pel ae | 
(1, =I,=1/2 prolate case) te 
se 4 ton cid m texte 
{e OF, 1 | A | | | - - he 
iy +1) | | | Fr+l rl 
| | | | rhe Mee, 
e 2F\4 B | | 
0 a | OTE ley eg ee scene a oFit1 | || + 
(0) 2h +1 B | | RB 
=a | | PS 
biel Bit aha. | rai 
(I,=I,=0 prolate case) - : 
( e 2h,+1 \A ' p 1 3 3 v9 ree 
i og ae 
he) ail 4 | | eat a 
| | pet FQ) 1 A F BI Wie 
fe eFi+1 |B | ; Bow | 
Ons 
\o Aas Mails) ilB | 
Gereuzoplate .) .. ~. % Coeee = cai 
A 
fe | atl 4)! BRsiealee ee 
e€ | | ay are 
| ae ee | 
Lo 2Fi+1 |B ry 3 A my 32, +1) jl -e | + 
oF, + 
A ( = Hy+1 | B 0 0 1 Foy io oper | |B | -| 4 
oO 2F,+1 A A 
Be TE 
(a=i,=0 oblate) ’ oi 
(Oe 2F,+1 A A 
ée 
Lo 2F,4+1 |B | B 
0 0 1 A Fy 2F\ +1 
( e 2F,+1 |B B 
a) 
0 DRtle ulead | A 


* Underline shows the wave functions which are allowed. 


Pra= pus(e’X-1? +(— 1)’e-K-1®) , 


where ¢ is the azimuthal angle about the 
molecular symmetry axis, and 7 is the parity 
which is uniquely determined by the rotatio- 
nal quantum numbers of each rotational level. 
According as the case r=1 or 0 applies, the 
the above wave function becomes: 


cc by sin Kid (for. =), 
o bys COS Ki (for 7=0): 
A plot of the probability of a given value 


of ¢ is given in Fig. l(a) and 1(b). 

We can see that the interactions between 
nuclear spin wave functions and rotational 
wave functions are reasonably different for 
the two cases, 7=0 or 1, so clearly the inter- 
action energies for these cases are different. 

Then if we consider the cases of transitions 
between +=0 and y=1 levels”, the triplet 
splitting of these lines are expected. 


§4. Perturbation 


Van Vleck’s second order perturbation 
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method®® has been used. 
(a) Calculation of the first order effective Hamiltonian (G)). 

The terms which are diagonal relative to ground electronic quantum number J) in Eq. (1) 
are shown below. 


A,=C] 7+ BJy+Aas? (3.0) 
+(epo/c) S vix(ri— re) X [14+ Ze Me/(9nMx)| Vr onde (3.1) 
i,K 
—(€pt0/Cc) 35 Zivx. *(re—Prr) x {{1 +ZxMp/(9nMx)] Vx—- Vr} OKT (3.2) 
GE 
+ fo" Ss rx |GxIk Gh Kr—39KIk s (TK = rr) : (re— rz)| (3.3) 
SD 
ie (3.4) 


The term (3.0) can be calculated very accurately by the KHC method®. The approxima- 
tion formula of Bragg and Golden®!® is applicable to (3.4). The coupling schemes in 
molecular and laboratory frames are shown in Figs. 2 and 3 respectively, in which we 
adopted the inverted spin quantum number J)=—h, L=—h, and l=—In, in order to 
be able to use the same relations for angular quantum numbers in a laboratory frame and 
to use the matrix elements tabulated by Condon and Shortley™). The notation for geometry 
of molecule in shown in Fig. 4. 


Fig. 2. Fig. 3. Fig. 4. 


A part of (3.1) which is concerned with off-axial nuclei Kyi, Ke is reduced, after some 
calculations, to the following form: 


—(riJ chet+BiJ yliy +ayJ Tz) ) ( 4) 
where 
m= —2(efo[ch)CIl+ AMp/nKlolre<hy| riz (Mi —VK)2|\lo> 
i,K=1,2 
FIy<So|. eel vex “(ri—1rx)y| lo} , 
§1= —2(eo/ch) Br. [1+ Z,Mp|(g,My)] n<D| >» nin *(ri—Prr)z|ly> , 
1,K=1,2 


and 
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a1 = —2(e/to/ch) Ary [1+ ZiMe|(giMv]gi<lo| oe Kix (%—KK)y|lo> - 


U 1,2 


A part concerning nucleus Ky in (3.1) is reduced to 


Cry len PO) atone Gil lop) ; (Gm, 
where 
C1 = —2(ep10/ch)Cro-[1 + ZoMe|(yoMo)|9o<0o| 31 Foi 2s — To) | L0> , 
and = —2(€sto/ch)Bro.[1 4+-ZoMp/(9o.Mo) | 90< Lo > Tin 1% — fo)z | lo> 


av i 


A part which is concerned with Ki, K» in (3.2) becomes 


oF Ch citar ae) Me.) ’ ( 6 ) 


Ory 70 Z,Mp i Lh Ziel a 
pen My cl (2 +2) A a fy 4 Mel inrps £ e008) 
ch fe ‘ 1M, / 7. sin 8 Pa Tou i mM, a Toi Ose 


where 
| 
f ’ 


Bo=— aon nB > * (costs ae ue = C0s 8) 
ch 0,0’ %o1 gM, ron , 


and 


[aa efieg Al Z(2 pais ) aE Ze sintet oe (Sint PL 8) | 
ch mM, / rosin B 0,0” %o1 nM, Tou 


A part concerning Ky in the term (3.2) is reduced to 


(6, J elnxeae le leecnas | oles) , ( if ) 
where 
pe AeHo ZigoC (2 4 4oMp 1: cog 8) 
ch To. JoMy 1 
by = Ly gen (cost#+ Zope ”* cos 8) ; 
ch Tou goMo 71 
and 


The term in (3.3) which is concerned with the mutual interaction between equivalent off- 
axial nuclei does not vanish in the case when =J,=1/2, but has not been calculated in this 
paper, since it seems to be of small value. Those terms in (3.3) which involve interactions 
of Ky, with Ki or Kz are 


nego ES ro D—3Holz cos*B + Tovty sin’) . (8) 
0,07 
This equation is rewritten as follows: 
CTIA DB WogleGylorl: 

where 

C3= fo2Go9i701 * 5 

bs = Legon M1 21-3 sin’8) , 

a3> /079091701 (1—3 cos?B) é 


By using the general relation which was derived by Condon and Shortley!, the matrix 
elements in (8) are rewritten as: 
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Ries Ds (ODS (9) 
nese roe nn Je + lo), 
where 


Y=, Ys.e « 
Furthermore, these are transformed by the following relations” 


4@h-l) 27 


<h, Fi, J, t| Tov? | Io, Fi, J, 7 = Ko) PT) Aenea 


JJ+1) 2743 
where 
yo 3(I- Lo)? + (3/2)(I- hy) — Ph? 


2] (2J —1)2Ig2Lo—1) 


By making use of (9) together with the above relations, the expression (8) is rewritten as: 


(F,-D) 


=A yet 8YMo(2h—DJ 
F\(Fit+ DJ (J+) 


|(do-) + 2743 


MeaFattbaJa?-bas]) a 


Moreover, fy and Jy, in the above expressions (4), (5), (6), (7) and (8) are rewritten by us- 
ing the following relations:!) 


hy= 


a FDA DE DS) 7 - _=V-h) as 
LT EP A) Fpl) Sat) 
If we use all of the above results (from (4) to the last relation), the expression for the ef- 
fective Hamiltonian G, becomes 


Gi=CJ2+BJ +A]? (10.0) 
+ TEED a Jo Jeol) (10.1) 
7 ren (Je +h jy+a’]/) (10.2) 
+ ee =e (Ip: J) — Dea] o+bsJy?+a3J 2) (10.3) 
+20 m oe eS (10.4) 


where 
a’ =Ai+ a, , B’=Bi+f, , Y=nt7re, 
a =e, b=b)i4+b, , C=C4+¢, . 


(b) Calculation of the second order effective Hamiltonian (G.) 


The terms which contribute to the second order effective Hamiltonian, G,, 
the following: 


are included in 


H,= (CL,?-+BL} PAL?) —aC je +BJyLy age PE d AON 
+ (pole) > [nix (ri—Prr) X Vil -GcIn (GRY! 


9% 


+(1.3)+# (1.6): 


The terms (1.0) and (1.1) are off-dia 
Likewise the terms (1.3) and (1.6) 
bers. 


gonal relative to electronic orbital quantum numbers. 
are off-diagonal relative to electronic spin quantum num- 
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Now we are only concerned with the case where all spins are paired off so that the total 
spin is 0, and the terms (1.3) and (1.6) can be neglected. We can also neglect the cross 
terms between (1.3), (1.6) and (1.0)’ compared to cross terms between (1.0)’ and (1.1)’. 

The relative magnitudes of these terms can be evaluated by referring to the results of 
Ref. 5. We can expect that only two terms contribute to G,: namely, (1)(G2)2, the interac- 
tion between J, and the molecular rotational magnetic field and (2)(G.):, interaction between 
I and the molecular rotational magnetic field. Therefore, G, becomes 


Lh) Fi-D( Pid) 
WI4+)AAit+ DJJ +1) 
(J- Io) ; 
ee, oO] es ONY eZ 
TI+Ys J ad y asJ 2”) ( ) 
The coefficients of (Gz): and (G2), in our case correspond to those of (Gs), and (G2)s 
respectively in Ref. 4. a, b4,c, and a@3, 83,73 are nearly the same with a3, b; and a3, 83 in 
Ref. 4, except that c<b,; and 7;°<83. These terms are the contributions from excited 
electronic states. 


G,=(G2)14+(Gs)2= (r3J oo +BsJy? + as] 2”) (11.1) 


a 


§5. Secular Equation 


For the convenience of the calculation the matrix G shall be considered in the molecular 
frame 


(My, F, Fi, by, F> . 


In this frame the degeneracies of J) and J are removed and therefore it is sufficient to con- 
sider only the elements which are concerned with J) and J. 


The expression (3.0) becomes” 


CJ2+BI p+ AJ e= 4B) t 95° HIF) 
where 
«k=(2B—A--C)|(A—C) (Ray’s asymmetry parameter) 
and 
ASB>c. 


The terms 7J2+8Jy+aJ2 and cJ.2+bJ,?+aJ2? which appear in the sum of Eq. (10) and 
Eq. (11) are calculated by the same method as that of Bragg and Golden” which has been 
applied to the calculation of <0?V/0Z*) ay for the asymmetric rotor. 

Then we obtain, from Ref. 9, the following relation: 


rt BIy al e=LlatnyJtDt , a1 Be) 


Z 
+ {(e+la—2B—(«—1)r} oe) , 


where aaa tas, B=B Ps, r= 7 1 7s- 
The matrix elements which appear in this equation can be written as follows. The mat- 


rix elements of (JH) which are labeled by J cpa are 
Sasol 
8) =(, 
The matrix elements of (Z.F1) for the case J=1 which are 


are 
Pe. a0 
(I- Fy) = i 34] 0 


0) 0 —F;—1 


labeled by F=Fitl. Fi, —1 
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The matrix elements of (F,-J) which are labeled by Fi=J+h, J+h—l,---,J,---,J—-lh 
+1, J—th are 


RCE Y+Jlo Made 0 
—(F,-J)= J+) 
Ge ee ay er 
The matrix elements of (J-%) which are labeled by Fi=J+,---,J—Io are 
i; (ee 0 
rm=|\00 


Then as we can see from the angular momentum coupling scheme and the expressions 
for G; and G:, the degeneracy relative to F, is removed first and that relative to F second. 

The off-diagonal eigenvalue of the Hamiltonian which are produced by wave functions #& 
(+) and ¢(—K) are to be found only in the element 0E(«)/O« and take different signs in 
the levels which have different parities, ;. 

Now we can solve the secular equation completely. We take the energy levels as: 


B=W+Wi+f, 
where W) is the term which appears when only the (4-J) coupling is considered, namely: 
Wom BE" Be) + ALE 41) 
(Jeo) 


- [a+e)J(J+1) +(a—c)E(«)] 


2J (J+1) 


FeQl(A’+C) J J+)+(A’—-C)E(n)1Y , 
where 


Ga=2 +6. bab +b;, C— Choe 
W; represents the term when only the (F1-Z) coupling is considered and is given by 


Th), DD 
21+) FF, +1)J(J+1) 


a+r) J +1)4+(a—-r)E(x)] 


Tv {doy + 8 ee he +es)\I(T+1) 
+(as—cs)Ee)] , 
where 
= aU) / 2 av 2 ov 


ze EL fg ee eames heen | 
J+)2I+3) O27 ’ CLV CARS Ce GE) CA Eras 

and f, which corresponds to the off diagonal —K, +K states, has a value which is negative 
or positive depending on whether the parity, 7, is even or odd. 


pis 
a4 Baek 6) T-L)Fi-J) sy ee 
a + St aaah Tea) WS ios onl eka 
J) + 8YLoI (20-1) ey er ae 
+| o-a)+ 743 | et Nas —20»—( 1c] } 


Se —26—(«—1)e]— ‘oR yy 1 Oe) 
Jape tVa—2b—(@—le]—e@ [(e +1) A’ 2B ~te—peqy [AO 
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Then from the above results, we can see that 
E=W-+(-1)|f | - 

The signs before | f| are shown in last colu- 

mn of Table I. 

We can see from Table I and Ref. I that 
a triplet will occur in the case of 4J=0, 4K 41 
=-—1 transition between two levels of a pro- 
late top for both of which K_; is odd. 

Until now we only used the notations for 
prolate molecules, but for oblate molecules 
we must take care for the different notation 
for rotational constants between prolate and 
oblate molecules as shown in Appendix II. 

The results of the above calculations are 
all valid even for the case of an oblate mole- 
cule and the change of notation from A, B, 
and C to C,B,and A, are only to make the 
notation in this paper agree with that of Ref. 
588s We 
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Appendix I 


The asymmetric top wave function and its 
properties* 


The asymmetric wave function dpa, t, M, 
y) is expressed as a linear combination of 
Wang functions: 

Pralj,t, Mn Star; K, M, 7). (Al) 
The summation over K concerns only those 
K’s which occur as squares in main diagonals 
of the submatrixes. The values of 7 is fixed 
for each submatrix. 

Since any ¢ra belongs to one of the four 
species of V group, only SJ, K, M, 7)’s of 
such particular species have non-vanishing 
tx,’s in Eq. (Al). In general (1. e., for J not 
very small), there exist several different Yra’s 
of the same species, characterized by different 
sets of tx:’s: hence, the subscript t. 

If two moments of inertia of an asymmet- 
ric top become nearly equal and if S(UJ, K, 
M)’s for the case of a nearly symmetric top 
are used in (Al), then one of the ¢tx:’S ap- 
proaches unity and the remaining ones 
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approach zero. Thus, for each ¢ra(J, t, M, 7) 
of a slightly asymmetric top there is one 
particular S(J,K,M,7) to which it closely 
approximates, namely: 


SJ, K, M, r)=2)?[¢*(J, K, M) 
+(—1)"dV, —K, M)| ’ (A2) 
where, 7, the parity, is odd or even, say 1 or 


0. The parities corresponding to J, K-1, K41 
states are shown in Table 2. 


Table Il. Parities of Rotational Wave Function. 
a 
yoo Eos | J+ | Treven _J:0dd 
e (Z e e (0) 
e pe ) 7) e 
to) Witle ts) ) e 
ta) 7) € e 0) 


“This table has been taken from Ref. 8. 


For K=0, only the case y=0 exists and 


SJ, O, M, 0)=¢*J, O, M) . (A3) 
Following the definition of Van Vleck** 
f*(J, LG M)=(—1))8du,«.m ’ (A4) 


where 8 denotes the larger of the two quanti- 
ties K and M, and ¢,,x,4 is a symmetric top 
wave function*** which is given by 
bs,x,u(0, >, D=Os Ku AeXtei™™, (AS) 
with 
Oy er OV= Ng, x et ET ue) Se 


Me SSR? 
0 


Appendix II 


Following the notations ofRef. 7, 8, 12 the 
rotational constants A, B, and C, which are 
inversely proportional to the moments of 
inertia along the a,b, and c axes are defined 
in any case as 

A>B>C . 

The axis of geometric symmetry is assigned 
as the z axis at any time. Then the a, b, and 
c axes coincide with the 2, y, and 2 axes for 
a prolate top molecule in which 


* R. S. Mulliken: Phys. Rev. 59 (1941) 873. 
xk S C, Wang: Phys. Rev. 34 (1929) 243. 
xxx C. H. Townes and A. L. Schawlow: Micro- 
wave Spectroscopy (McGraw-Hill Book Co. Inc., 
New York, 1955). 
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A>B>C 


On the other hand, the a,b, and c axes 
coincide with the x, y, and z axes for an oblate 
top molecule in which 

ASEBSC . 
So the Hamiltonian of molecular rotation for 
each base becomes: 
CJ2+Byy+AS? 
AJ +B] /+CJ2 


prolate, 
oblate 
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The Microwave Hyperfine Spectrum of Formaldehyde 


By Akira OKAYA 
Department of Physics, Faculty of Science, University of Kyoto 
(Received July 11, 1955) 


A hyperfine structure of the 4;,441,3 transition in the microwave 
spectrum of formaldehyde has been observed. The observed hyperfine 
features are mainly explained in terms of the interaction of the magnetic 
moments of the protons with the moleculer rotational magnetic field. 

The main absorption lines were composed of three strong lines with 


total quantum numbers F=3, 4 and 5 respectively. 


The determined 


splitting frequency between the F/=5 and the £’=3 lines was 188+15 kc. 
For a detailed explanation of this value, further information on electronic 
and magnetic properties of this molecule is required. 


Introduction 


$1. 


The magnetic hyperfine structure of the 
microwave spectrum of the NH; molecule 
which is due to the interaction between 
proton spins and the molecular rotational 
magnetic field has been well investigated ex- 
perimentally»®) and theoretically», 

The author has observed and analyzed such 
magnetic hyperfine spectra in the formaldehyde 
molecule which is one of the typical molecules 
having C,, symmetry. A theoretical discussion 


of the general case of Cy asymmetric mole- 
cules has been described in a preceding paper®) 
by the author. 


In the present paper, experimental results 
and their analysis will be described. Fortu- 
nately, the mirowave spectrum of this mole- 
cule has been well studied#7)8) and this 
knowledge is of great use in interpreting the 
observed hyperfine structure in the spectrum. 

The main rotational line in the 4,,j4,, 
transition has been resolved into a doublet. 


1956) 


The origin of this doublet is theoretically in- 
terpreted® as the magnetic interaction bet- 
ween the two proton spins and the molecular 
rotational magnetic field. The results of 
detailed calculation show that the main line of 
4J=0, 4K,,:=-—-1, 4AI=0 transitions between 
K_1=1 levels is composed of three strong 
4F=0 lines and four weak 4F = +1 lines. 
Since the frequency splitting between F=J 
—l and F=/ lines is smaller than the split- 
ting between F=J and F=J-+1 lines, the trip- 
let was not completely resolved but observed 
as a doublet. 

Good agreement has been obtained bet- 
ween the experimental line shape and a 
theoretical line shape which can be obtained 
by assuming a definite splitting frequency 
relative to individual line breadths in the trip- 
let. Then the absolute splitting frequency, 
Ff sp =188+15ks., between F=5 and F=3 lines 
of the 4;,,4:,; transition is obtained semi- 
empirically. 


§2. Experimental Method and Results 


The author has used a millimeter wave 
spectrograph consisting of a crystal frequency 
multiplier, A-band low loss Stark cell of 5 
feet length and high sensitivity lock-in detec- 
tor, all of which use new techniques”. The 
millimeter wave radiation was obtained from 
a demountable crystal multiplier driven by a 
2K334 klystron. A L. P.C.R.O. 5FP7 was 
used to display the absorption line at frequen- 
cies of 1/2 c/s to 1c/s. Maximum resolution 
has not been achieved by mechanical recorder 
technique. The maximum sensitivity of this 
spectrograph was estimated to be about 5x 
Ome titer 

Photographs of the observed 41,,—4h,3 line 
doublet are shown in Figs. 1 and 2 for sample 
pressures of about 5x10-*mmHg. The doub- 
let lines have been observed clearly both by 
5 ke Stark and 5kc source modulation spectro- 
graphs. Line shape distortion, which affects 
the accuracy of frequency measurements, has 
been minimized, but unfortunately, the distor- 
tion of the lower parts of the lines appearing 
in Figs. 1 and 2 was not completely eliminated 
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Fig. 1. The doublet spectrum of the 
Jx_1) K4414741,3 line. (Source 
modulation was used.) 


Fig. Ze The doublet spectrum of 
the Jc _y) 4 414-741,3 line. (Source 
modulation was used.) 


due to the cut-off character of the amplifier 
tubes. In Fig. 2 the frequency scale is en- 
larged a little more than in Figs 1: 


§ 3. Comparison between Experimental 
and Theoretical Results 
Theoretical calculations» for Cay molecules, 
such as formaldehyde, yield for the total 
energy levels W= Wot Wix|f |, the following 
equations to first order 
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A+C 
Kk): 


Wom me) AYE 741), 
py (etn (I+) +(@—nBtw) My=-1, 
Wee ad (a+r) J++ (a—1)Ele)} for M=0, 
Gua Ot MIT+D+@—1)E@) vee 
and CT») 
ap et Da—28 (e— 17} 2 Masi 
fs ay (et e— 28-1) EO for. “Mis0)o 
pay (eta 28—(e—1)) E® Moo 
where J=1. 


Where W) is the rotational energy of molecule, W; is the diagonal term due to (£-J) coupl- 
ing, and f is the off-diagonal term of the (I-J) coupling. 
The coefficients in the above equations (1) are 
A=A,+0,1 a3 , 
B=6i+B.+8; , 
v=rit7ret7s , 


where ai, $1, 71 are to be determined from electronic orbital motions, a2, 82,72 are to be 
determined by nuclear orbital motions, and @3, $3, 73 are to be determined by excited electro- 
nic states. The calculated results for the terms of the coefficients are shown below, except 
for az, Bs, 73: 


a= —2 4) dt L 91) Ary Sto DS: nz *(ri—Pre)y|lo> , 
ch i,K=1,2 


Bi=—2emolch)gil+1/gs)Brdlo| Si rix*(ri— re) ello) , 


t,K=1,2 


71= —2(end/ch)gi1+1/9y)C{r<I)| > nix *(r—VK)e\Lo> , 


4,K=1,2 


+y<fy| > nie *(ri—rx)|l>}, 
i,K=1,.2 


and 
Efto 1 1 ; i ff. x 
aty= — $1 AS( 2 +—)——_ 4.42, 5 7y-1| int 4. (sin2g 42 cos 9) Il 
a i( sp =) ie +42, 2701 sin p+ (si B+ ae 8) | 
B= Cae, SA (costs ++ A wEi Coe 8) 
ch 0,07 Ji Foi 5 


ELo 1 II it 
Y2=--* (2 S ) : 4 =i s sn azz * ) 
2 ch 7.C| iF i) Pees +42) 2 Tot E + 7 (sin Bo oe cos B f : 


where A, B, and C are given by 


A=#/2h), B=#/2h),  C=h/(2I), 
ASP Sc 
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Table I. 
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Assignment 
of line 


Ff 


values 


Relative | , Relative 


I \ frequency 
intensity | splitting 
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lhiclio 


PpOoONrrRN 


frec. 


21,2211 
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Fig. 4. The spectrum of AK,,=-—1 transitions 
between K_;=1 levels, where X;. X. are 
relative splitting frequencies of the lines. 
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Fig. 6. The spectrum of 11,:->]1,0 line of which 
splitting frequency is calculated from the results 
of 4142443 line. 


E(x) is the reduced energy for an asymmet- 
ric rotor and « is Ray’s parameter defining 
its asymmetry. 

The spectrum of 4K,1=—1 transitions bet- 
ween K_;=—1 levels, which is applicable to 
the cases Of 21,2.21,1, 31,3-231,2, 4154-4 1,3) 9155 
—>51,4,°-transitions, is shown in Figs. 3 and 4 
and Table 1. The weak 4F= +1 lines are mask- 
ed by strong 4F=0 lines within their line 
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breadths, so they are not observed. On the 
other hand, the 11.1-1,, line is different from 
the lines of higher J, because the intensity of 
F=0, 4F=0 line is zero and the 4F=+1 lines 
are of intensities comparable with that of 4/’ 
=0 lines as shown in Figs. 5 and 6 and Table 
1. The values of W; in the upper and lower 
levels of the transition are almost equal within 
a few kc., because J(J+1) is larger than E(«) 
and yet the values of E(«) in both levels are 
nearly equal when «=—0.9611. 

Then, from equation (1) above, we can ob- 
tain an approximate formula for frequency 
splitting between F=J—1 and F=J-+1 levels 


for the triplet line of Ki1=1, 4K,:=—1 
transitions in general, namely: 
F se =|F lupt|F low 
geo (CBee ee 
470+) On On 
x{(«+l)a—28—(«—1)7} (2) 


Here, the values of E(«) and 0E(«)/O« can be 
easily calculated by the interpolation from the 


Table II. 
Line assignment OE (Kk) 
jy KG | Es) kK 

5155 — 27.738 6.74 
5154 —27.177 Zilli, 
ae, —17,827 4.305 
dis —17.438 14.28 
31,3 — 9.904 2.453 
a — 9.671 8.45 
He = 3.06 1 
oe aie 4 
iyi 0 0 
fia 0.04 1 


table given in Appendix I of the paper™ by 
King, Hainer, and Cross for the range of J< 
12, and the values thus calculated are shown 
in Table 2. 

For the splitting measurement the author 
has adopted, instead of using standard fre- 
quency markers, the line breadth frequency 
as a frequency standard. Its reliability has 
been demonstrated in Ref. 3 and 11. First 
the theoretical line shape is plotted assuming 
a definite splitting frequency relative to the 
individual line breadths of the triplet and 
Gaussian line shape, and then drawing the 
first derivative as shown in Fig. 7. A com- 
parison between the latter theoretical curve 
and the experimental curve of the 41,,—41,3 
line shows agreement as seen in Fig. 8. 


Akira OKAYA 


. 


(Vol. 11, 


The line broadenings by the Doppler effect 
and collisions is calculated for the case of a 
K-band Stark cell at the temperature 290°K 
as shown below: 


24yn=107 KC, 
and 
2A vy =28 KC, 
whence the total line breadth becomes 
24y=2V (dyp)?+(4yw)? =110 KC, 
neglecting the modulation line broadining!)!!” 
due to source modulation since it is about 


0.2% compared to the above total. 
tsp is determined as 


Ft» =188-415 KC. 


We can obtain the value of («+1)r—28—(«c—l)a@ 
semi-émpirically from Eq. (2) and the result 
is 
(«+1)7—28—-(«—-la=—45.8+4 KC. 

On the other hand, we want to calculate the 
values of a, 8, ry theoretically for comparison 
but we can only calculate the values of a Bo, 
Y2 but not a, Bir: and a3, 83,73, because of 
the difficulty of establishing an_ electronic 
model, for which further theoretical and ex- 
perimental considerations are needed. The 
calculated values of a2, 82, y2 are 


Y2= —3.29—6.38 Z)>—3.23 Zp’ Ke, 

b,.=—2.15 Zo—2.85 Le Ke > 
and 

a2= —27.3—41.5 Z,—8.48 Z)’ ING = 


where Zp and Z)’ are the effective charges of 
carbon and oxygen respectively. For the cal- 
culation of a2, 82,72 in Ref. 5, the following 
values for various constants have been used: 
«=—1+4+260=—0.96107, 
7 =(C—H)=1.12+0.01 A, 
11 =(O—A)=2.02 A, 
Ig =14.864 amu A?, 
fz=13.015 amu A?, 
I4=1.792 amu A?, 
B=59° 158 =29°. 
Gn=2 X 2.19256, 
fo = eh|(2Myc)=5.049 x 10-** erg/gauss, 
é=3.«10.emis; 
e€=1.602 x 10-!® coulomb. 


$4. Discussion 


As we can see in Fig. 7, the reason the 
theoretical triplet appears as a doublet is well 
understood, but the differences between ex- 
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— 
frequency 


<_—. 
Frequency 


Fig. 8. 


perimental and theoretical values are some- 
what large and more detailed experiments are 


needed for the better understanding of this 
problem. 


The author is now preparing experiments 
on other absorption lines in which the obser- 
vation of multiplets can be expected. 

The interpretation of the experimental values 
of a, 8, 7 depends on the model of the electro- 
nic orbits for which ionic characters, slipping 
effects, etc., should be taken into account. 
But it is ‘very difficult to calculate these 
values definitely. 

On the other hand, we can expect reason- 
able contributions from excited electronic 
states and spin spin interaction, and for the 
latter the calculations will be done elsewhere. 
The latter contribute to make the splitting 
frequency ratio Xi/X, and splitting frequency 
larger. 
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Molecular Structure of Methylamine* 


By Takashi ITOH 
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The matrix elements of the Hamiltonian of a semiasymmetric internal 
rotor which have been given by Hecht and Dennison are rederived in a 
different way and in a form which is also applicable to more general 
semiasymmetric internal rotors. This theory together with a semi- 
empirical formula for the inversion splitting is applied to the analysis 
of the microwave spectrum of methylamine. 

The barrier height of internal rotation is determined to be 691.1 cm-!. 
The moments and product of inertia are obtained as A=37.085, B= 
38.662, C=8.136, C)=2.805, C.=5.331, D= —0.120 all times 10-40 g cm?. 
The hypothetical inversion splitting in the absence of the coupling be- 
tween inversion and internal rotation is determined to be 28604 Mc/sec 
for m=0 and 29358Mc/sec for »=1. The molecular dimensions are 
obtained from the inertial constants as follows: dcu=1.093A (assumed), 
dyu=1.014A (assumed), dcon=1.474 A, ZHCH=109°30’, ZHNH=105°50’, 
ZCNH=112°10', and the methyl axis passes through the NH, triangle 


making an angle of 3°30’ with the CN direction. 


§1. 


In the previous paper” a rather qualitative 
analysis of the microwave spectrum of methyl- 
amine has been given, and an approximate 
value of 680cm™ for the barrier height of 
internal rotation was obtained from the start- 
ing points of p:; and pz series. 

On the other hand Lide® has assigned three 
inversion pairs of lines showing second-order 
Stark effects, which are pertinent to be used 
in the determination of inertial constants. 

In this paper we will determine the precise 
values for the barrier height and molecular 
dimensions of methylamine by the combined 
use of the above experimental data. 


Introduction 


§2. Theory of Semiasymmetric Internal 
Rotor 


Theory of hindered internal rotation in CH;- 
OH type molecule has been developed by 
Burkhard, Hecht and Dennison®), and their 
theory is also applicabrele to CH;NH;. Here 
their formulas will be rederived in a different 
way and in a form which is also applicable 
to more general semiasymmetric internal 
rotors. 

A semiasymmetric internal rotor is defined 
as a molecule with two mutually rotating 
groups, of which one js a symmetric rotor 
and the other is not®. Let the asymmetric 
and symmetric groups of a semiasymmetric 


internal rotor be called 1 and 2 respectively. 
Each of the two mutually rotating groups are 
assumed to be rigid, and the angle between 
the symmetry axis of group 2 and the prin- 
cipal axes of group 1 are assumed to remain 
constant during internal rotation. Then, the 
principal axes of the entire molecule are 
embedded in group 1, and the inertia tensor 
of the molecule, when referred to a coordinate 
system fixed in group 1, is constant during 
internal rotation. We denote by zx the angle 
of rotation of group 1 with respect to group 
2. Then, the orientation of the molecule can 
be fixed by the Eulerian angles of group 1, 
which are also equal to the Eulerian angles 
of the entire molecule, and by the torsional 
angle x. The rotational motion of the mole- 
cule can be described by the angular velocity 
©=(¢, @, wg) of group 1, which is also equal 
to the angular velocity of the ellipsoid of 
inertia of the entire molecule, and by the 
time derivative z of the torsional angle. The 
a ete axes are for the present arbitrary rec- 
tangular axes fixed in group 1. 

The kinetic energy of the system may be 
derived as follows. Consider the zth consti- 
tuent particle whose mass is 2; and whose 
position vector is r;. We divide the velocity 
of this particle into three parts ui, vi, and wi 

* 


A brief report has been given in J. Chem. 
Phys. 23 (1955) 1735. 
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as follows. wu; is the velocity when group 1 
of the molecule stays at rest while group 2 
rotates about its own symmetry axis with an 
angular velocity z. vi is the velocity when 
the entire molecule rotates rigidly as a whole 
with an angular velocity wi, such that u;+v; 
gives zero resultant angular momentum of the 
entire molecule, i.e. 


> m4 X(uitvi)=0. 


w;, is the velocity when the molecule rotates 
as a whole with an angular velocity o.=—w 
—q@,. The kinetic energy of the molecule is 
written 


T=3 S m(uitvitwi?=3 > mau? 
t i 
af 2 MUVi? +3 2 mini? + >) mi(uitvi)(vit wi). 
t 


(1) 
By using the relation 
Vitwi=(o@1X1ri)+(@2*Ti)=oXT:i , 
the last term in (1) can be transformed as 
py mula tvs)-(vetwi)=o-> mut, X (Witt) « 


Now, since u;+v: represents an ‘angular mo- 
mentum less’ motion, the right hand side of 
the above equation vanishes. So, the kinetic 
energy (1) becomes 


T=3 2 mui?—s > miv?e+ Swi? . (2) 
i i 


If we denote by cz=(cex,Cyxz,cex) the 
three components of angular momentum pro- 
duced by the motion u; (i.e.>) muir: X ui=ez), 

i 


then the following condition must be satisfied 
in order for uz+v; to be an ‘angular momen- 
tum less’ motion: 


ez +I-o:=0, 
where I is the tensor of moment of inertia of 


the entire molecule. From the above condi- 
tion, w: is determined as 


(3) 


Pieretore: the second term in (2) becomes 
(4) 


oi= Az, A=—T''-e. 


4 > mvi2=io1-l-w1=3A-1-dz’ . 
t 


The first term in (2) is written 


4 mu?=3Ciz’ , (59) 
i 

where C, is the moment of inertia of group 

2 about its own symmetry axis. The third 


term in (2) is written 
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2 
Za »y MW i? =402°1-@2=3(@—o1)-1-(@—a1) 


=3(w—Az)-I-(w—Az) . (6) 
Putting (4), (5) and (6) into (2), we obtain the 
expression for the kinetic energy 


T= 3Ua* +4 3) Inloy— 15 24)(@~—4% £) A C7) 


where 


U=C,— & Indyhe . (8) 
The components of the total angular momen- 
tum Pz, P,, Pz conjugate to we, 7, wz are 
OT 

== Ds: Tx Ox— xz) , 
00; k 
and the internal rotational angular momentum 
P which is conjugate to z is 

OT 


=; = Uz— ~ AT O~—142) 
Oz Gk 


Py= (9) 


P= 


Jj 


Putting (9) and (10) into (7) we haye 
T=4U-(P+ SAP) + 2S P Pr , 
j TE ie 


where J;’s are elements of the inverse iner- 
tia tensor. Adding the potential energy V(x) 
to the above expression, we obtain the rota- 
tional Hamiltonian 

H,=1UMP+ RAPP tare P Pet Via). 


(11) 
The potential V(z) may, as usual, be assumed 
to be of the sinusoidal form 
V(z)=4H(1—cos 32) . (12) 
Thus far, the coordinate axes &,7,€ have 
been chosen arbitrarily. Now we take a new 
system of coordinate axes in the following 
way: we take the € axis in the direction of 
the vector 4, while take & and 7 axes arbit- 
rarily under the restriction that they are 
perpendicular to the & axis and to each other. 
The Hamiltonian then have the form 


H,=3U0-'(P+ APs) +4 > IAP7Pe+ Via) , 
je 


(13) 
where 2=jA|, and I denotes the inertia tensor 
referred to the new coordinate axes. 

In quantum mechanics, we replace P,P, 
and Pz by matrices whose elements are 
{((PaFtPt yea, =hV(JEK\J£K+41), 


{ (14) 
(PERAK 
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and replace P by te wos ; 
z Oz 
The merit of using &, 7, € axes lies in that, 
if we adopt the basic wave functions which 
diagonalize Pz(=hK) and 
h? thoes 2 
ti x 
; is o. +2K) Vy. 
then the off-diagonal elements of the Hamil- 
tonian (13) do not contain any terms involving 


(15) 


P or P*. Since the magnitudes of terms in- 
volving P and FP? are of the orders of 
Vhy,- hy, and hy:, where hy, and hy, are 


rotational and torsional energies respectively, 
and since in most cases hy; is much larger 
than hy,, the elimination of the terms involv- 
ing P and P? from the off-diagonal elements 
of the Hamiltonian usually facilitates the cal- 
culation of energy levels. This will be an 
improvement on the method of Burkhard and 
Dennison. 

The eigenfunction of the internal rotational 
Hamiltonian (15) can be expanded in the 
Fourier series 


OUx)= = ane” , (16) 


where #2 takes every third integral values. 
We may introduce an internal rotational 
quantum number 4(=0,1, —1) by the defini- 
tion u“=m(mod. 3). Then the eigenstates of 
the Hamiltonian (15) are designated by uw and 
the torsional quantum number 7. It can be 
shown that » is related toc of Burkhard and 
Dennison® by the equation 
K-+t+y=1 (mod. 3). (17) 
The use of uw will be more convenient than 
t, because the energy matrix factors into 
three submatrices belonging to u=0, w=1 and 
“#=-—1, and also the selection rule for the 
spectral transition becomes simply 4“=0 
instead of 4(k-+7)=0. 
By the way, it can be easily shown that 
the eigenvalue E*"” of the internal rotational 
Hamiltonian (15) is a periodic function of 7 


=F (AK +1): 


HEY? = an—Bn cos 7—Bn’ cos 2ry—---. (18) 


The method of numerical evaluation of E*#” 
has been devised by Koehler and Dennison®. 


§3. CH;NH, Type Molecules 
The theory of the preceding section applies 
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to all the semiasymmetric internal rotors. In 
the present section, we consider a somewhat 
specialized type of semiasymmetric rotor, i.e. 
a semiasymmetric rotor with a plane of sym- 
metry. CHz;NH, and CH;OH are sush mole- 
cules. 

In this type of molecules, if we take the & 
axis to be the normal to the plane of symmet- 
ry, two products of inetia —Zg, and —Ige van- 
ishes, and only —Jjg¢ remains non-vanishing. 
So the inertia tensor is written 


Ve aa) 0 
isl® Oo ae (19) 
ORD? Te 


where A, B,C are moments of inertia about 
&,7,€ axes and D is the product of inertia 
with respect to 7, and € axes (Ing=—D). We 
may take € axis to be parallel to the symmetry 
axis of group 2 (symmetric group). Then the 
above A, B,C, D are just those defined in I. 

The vectors 4 and e defined in §2 are 
written explicitly 


0 
c=—| 0 |, (20) 
Cy 
0 
DC, 
a=—I") c= BCD le (21) 
BC, 
BC—D? 
from which we obtain 
A=la; -OV B+ D* 
|| BCD?’ (22) 
and 
ULC yee tes (23) 


BC—D?’ 
where C,=C—C,. 


The coordinate transformation &, 7, CE, 7, 
€ can be achieved by a rotation about £(=£) 
axis by an angle 


n 


fra tons (24) 


The inertia tensor referred to the new coor- 
dinate axes is 


I=SIS, (25) 


where 
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i 0 0 
SOME cos? yesin? 45) (26) 
0 —sin@ cosé 


and S is the transposed matrix of S. From 
(19), (24), (25) and (26), the inverse inertia 
tensor referred to the new coordinate axes 
is obtained as 


h(i B 
JK ps —= sy 
(Hr) Fun = aK ar B24 D? 


une he 


(H, Te 41a oe 9 BLD 


B 
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it 
Atal y 
T=sis=| 9 D 
B+D BD 
ee we 
BD? BC—D* B+ D? 
(27) 


The matrix elements of the Hamiltonian (13) 
is obtained as 


sdk B+C ee : 


2\ BC—D? B?+D? 


(28) 


Ween acl pe - pies Upas Fated eee tls 
CH) s2un = — aac aarlG (J—KYJ—K-W(J+K+ WI +K+ 2) Tessin » 


where 


20 
Tet =|" Oxmn(ayrQeH" (ada. (29) 
0 
We have included in the above expressions a 
superfluous index + which designates the 
sublevels of inversion doubling described in 
the following section. It is to be mentioned 
that the formulas of (28) have also been 
derived by Hecht and Dennison” in a different 
way independently. 


§ 4, 

In CH;NH2, inversion takes place in addition 
to the internal rotation, and there occurs a 
very complicated interaction between inversion 
and internal rotation. To avoid the difficulty 
involved in the rigorous treatment of this two 
dimensional internal motion, we have pro- 
posed in I a simple semiempirical formula 
for the inversion splitting, and it will be also 
used in this paper. The summary of I will 
be given in the following with some com- 
plementary remarks. 

When the NHz group turns over from one 
side to the opposite side of the CHs group, 
the minima and maxima of the: torsional 
potential are reversed. Therefore, the inter- 
nal rotational state undergoes a transition Q(x) 
—Q(«—zm) accompanying the inversion. The 
inversion splitting is considered to be propor- 
tional to 


Inversion Doubling 


Ic (2)*Q(a—n)de , 
0 


and the constant of proportionality may be 
regarded as an empirical parameter. 

One of the component levels of the inver- 
sion doublet is symmetric and the other is 
antisymmetric with respect to the exchange 
of the positions of two protons in the NH» 
group: The nuclear statistical weights of 
these levels are 1 and 3 respectively. Which 
of these levels is the lower or the higher can 
be found as follows. Let the positions of 
two protons be exchanged by (i) the turning 
over of the NH» group from one side to the 
opposite of the CH; group followed by (ii) a 
180° rotation of the NH; group about the CHs 
figure axis. Operation (i) is represented by a 
transformation V.>V», where Va and V» denote 
the wave functions for the vibrational states 
of the NH, group in each side of the CH; 
group. (We assume as the first approximation 
that the molecule is a symmetric top and 
that its principal axes are not moved by 
operation (i)). Operation (ii) is represented 
by a simultaneous transformation of internal 
and overall rotational wave functions Q(x) 
— Qa — 1), OrxulB, $, ) > Osxu (6, 6, f + 7) 
=(—1)¥ xOrxu(9, 6, ), where Osu denotes 
the wave function of the symmetric rotor and 
6,¢, are the Eulerian angles of the NH, 
group. The overall transformation, therefore, 
is 

VaOsxu(O, >, $)Q(x)>(—-1)* 
xX VoOsxu(9, 6, P)Q(a—7). 


Now the symmetric and antisymmetric states 


(30) 
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correspond to the sum and difference of the 
two sides of (30), form which we know that 
the energy of inversion splitting measured 
from the singlet (symmetric) to the triplet 
(antisymmetric) level is given by 


4=(—1 A)" Qe) Qe—n)de (31) 


inclusive of sign, where 4) is a positive con- 
stant to be determined empirically. 

We may now formally introduce the Hamil- 
tonian of inversion H; which is defined by its 
matrix elements 


(HR) pnas = st a(—1) Ay 


20 
x| QE a )*FQEK"( 2 — 10) dx . (32) 

0 
By adding H; to the rotational Hamiltonian 
H,, of (13) we obtain the total Hamiltonian 

H=H,+H; . (33) 

The matrix elements of H can be obtained by 
adding (28) and (32). The calculations of the 
following sections will be based on this Hami- 
tonian H. 

By the way, it can be shown from the 


B+C 
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form of the internal rotational Hamiltonian 


22 

(6) that the imtesral | OGOG_ marisa 
0 

periodic function of r= 3 AK +) +0H: 


\- O(a)*Q(a— 1) dx=oncosy’ +6n’ cos37’ +++, 
‘ (34) 


where on, on’,--- are constants for each tor- 
sional state m. It is to be noted that only 
odd multiples of 7’ appear in (34). 


§ 5. Determination of Molecular Constants 


Apparent rotational constants of methylamine 
were determined by Lide®? from the three 
lines Of 23341 Mc (Jx_,, «4, = 51,442,2), 36452 
Mc (51,5—4,3) and 23450 Mc (5s,;->61,5), neglect- 
ing the effects of internal rotation and inver- 
sion. Later, however, the inversion partners 
of these lines have been found at 17476 Mc, 
30566 Mc and 29312 Mc”), and it is necessary 
to take the mean values of the two sets of 
frequencies to eliminate the effect of inversion 
doubling. The mean frequencies are expres- 
sed as 


. h ( 1 B 
167? 
Bi Ue 


F200 
hon ty 20408 Mec , 


243 B+cC 


eae Niel bs 
Ar aoe) ae BC—D* 


: B ) 15 h le Aighen [-}00 
B+ D? 16x? Are) * 


(35a) 


—100 


| a 
Cat aes; a h = 33509 Mc , 


h c B ); =( -C 
167° A* Bt+D:)° gn\ BC_p a 


era 8 Op 
val At 
F100 &s 


£5200 
Sea a 638i Mey 


where the last terms in the left hand sides 
are the contributions from the off-diagonal 
elements of the Hamiltonian. 

In addition to the above frequencies, the 
origins of the p, and p, series» may be used 
in the determination of the molecular con- 
stants. These series correspond to the transi- 
tions J>J, K=0-1, »=1, m=1, and the mean 
frequency of the origins of the fi and p, 
series is expressed as 


£ ae BL 
1672\ A ee 


Pes ae B 
Fai) PR Tee ma)! ? 

(35b) 
B 


h 
a)? gal Bony — Bop tr e( 4B re 
B?+D 823\BC—D? ~~ Be p? 16z?\ Ax B74 pe)” 


fe a Bae _ 2B 
8z7\ BC—D? a 
fu fo Ey 
aid + 7 =30187 Mc. 
The frequencies of the lines of (35) and (36) 
are all quite insensitive to D. On the other 
hand, the Stark coefficients of the lines of 
the : and p, series are sensitive to D, so 
that they are pertinent to be used in the 
determination of the value of D. 
One more condition is necessary to fix all 


(36) 
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the molecular constants A, B, Ci, C:,C(=C, 
+C:),D and H (barrier height). However, it 
is known that the value of C, is almost equal 
to the moment of inertia of methane in many 
molecules such as methylalcohol and methyl 
halides. Therefore, as a first step, we ten- 
tatively assume that the value of C, is equal 
to the moment of inertia of methane. 

The determination of molecular constants 
is a problem of successive approximation, and 
after several cycles of calculations a fairly 
good set of trial values has been obtained. 
Using these trial values, the Stark coefficients 
of the lines of the fi series are expressed by 


the following equation: 
Ly h D 0.116 M 

eget tH ane (BLD \ t+ +0.439) | h 

The value of 4, and a, have been obtained 
by Lide® as 4“); =0.304 D and wi =1.232 D from 
the Stark coefficients of the lines of (35) with 
a sufficient accuracy to be put into the above 
expression. The experimental value of Stark 
coefficients were measured on the third line 
(J =3) of pi series to be 0.0228 x 10-4 M/h Mc 
/sec?. Thus we obtain 


h Dey r 
“An?c B?+ D> —0.0045 cm? . 

The pertubation terms in (35) and (36) have 
been calculated from the trial values of mole- 
cular constants as 
€:/hn=149 Mc, &/h=44 Mc, &3/h=—330 Mc and 
€,/h=0, and these values have been put into 
(35) and (36). Then, from (35), (36) and (37) 
and by repeated cycles of calculations we 
have obtained the values of the molecular 
constants are listed in Table I. In Table I, 
the values of inversion splitting constant 4p for 
the ground and first excited torsional states 
are also given. The value of 4) for m=0 has 
been obtained from the frequency difference 
of the pair of lines of 23341 Mc and 17476 Mc, 
while the values of 4) for »=1 has been ob- 
tained from the origins of the p, and py 
series. 

From the constants in Table I the moments 
and products of inertia of the molecule and 
the barrier height of internal rotation can be 
determined. The results are given in Table 
II. 

The values in Tables I and II are dependent 
on the assumption on the value of Cy. How- 
ever, calculations of the frequencies of the 


(37) 
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Table I. Molecular Constants. 


h 2 writ 
ie a + pepe) =22164.6 Mc 
fh ( BEG, Bs 
8r2\BC—D2 B?+pD2 
ae mee 
16 72 


)=103144.8 Mc 


A Pp?) = 461-46 Me 


Oe ES 
dn? B24+D?~ 
h a ely Ay BG D2 
8n2 U\” 822 Cy BO,-D? 


C.V B2+ D2 
Cnr 


—135 Mc 


= 456609 Mc 


)= 0.655276 


o( = 25) = 11.3444 


Ps mioeae Mc (for n=0) 
0~ (29358 Mc (for m=1) 


Table II. Inertial constants and barrier height. 
A = 37.085 x 10-40 gcm? 
B = 38.662 Y 
C= 82136 ” 
Cy = 22805 ” 
Ce 5. 331 ” 


D =-—0.120 ” 
ie 691 lkcms 


other lines have shown a good agreement 
with the experimental results?) within er- 
rors of an order of 100 to 200 Mc*, and addi- 
tional adjustment of the molecular constants 
proved to give no appreciable improvement 
on the agreement between observed and cal- 
culated frequencies. Therefore, the values in 
Tables I and II may be accepted as final 
values within an uncertainty of a few tenth 
of a percent which correspond to the dis- 
crepancies of 100 to 200 Mc mentioned above. 
These discrepancies will be due to the neg- 
lect of various higher-order effects, and are 
of an allowable order of manitude. Further 
checks on our results have been obtained by 
the comparison of observed and calculated 
values for the Stark coefficients and hyperfine 
splittings of the assigned lines and the expan- 
sion coefficients of pi and p, series*. 

The percentage error in the value of D, 
however, is expected to be rather large, since 
the Stark pattern of the line was contaminat- 
ed by the quardrupole effect and since the 
Stark coefficients of the line of the fi series 


* T. Nishikawa: to be published. 


270 


were used instead of the mean values of the 
coefficients of the lines of the fi and Pp, 
series. The maximum possible error in D 
will be about 0.05 x 10-*° g cm?, which however, 
results only in an error of 10’ in the angle 
between the CN axis and the methyl axis. 


$6. Molecular Structure and Barrier 
Height 


There are seven structural parameters of 


the molecule while only five inertial constants 
are available, so that it is necessary to make 
two assumptions to fix the molecular struc- 
ture. The most acceptable assumption will 
be to set the CH distance equal to the me- 
thane value 1.093 A. This assumption is also 
equivalent to set the HCH angle equal to the 
tetrahedral angle 109°28’, on account of the 
assumption made in the preceding section on 
the value of C,. The next assumption we 
make on the locations of the hydrogen atoms 
in the amino group, since hydrogen atoms are 
light and have minor effects on the inertial 
constants. Among the three structural para- 
meters involving these hydrogen atoms (dyu, 
ZHNH and “CNH), we take dyx equal to that 
in ammonia, 1.014A, since in general bond 
lengths are less affected by the surroundings 
than bond angles, i.e. bond stretching force 
constants are usually larger than bond bending 
force constants. 

With the above assumptions the molecular 
structure of methylamine is determined as 
shown in Table III. The possible errors for 


Table III. Structural Parameters. 


dcox=1.093 A (assumed) “HCH =109°30’+1° 
dyu=1.014 A (assumed) ~ZHNH=105°50/+1° 
don=1.474A+0.003A CNH =112°10'+1° 
The angle between CN and the methyl axis 


=3°30'+20'. (The methyl axis passes through 
the NH, triangle.) 


these values are also indicated in Table III. 
These possible errors take account of the 
above assumptions and of the discrepancies 
between observed and calculated frequencies 
mentioned in the preceding section. 

The CN distance of 1.474A is in good 
agreement with the electron diffraction value 
1.47 A”, while both are somewhat shorter 
than the sum of covalent radii 1.50A. The 
HNH angle of 105°50’ is slightly smaller than 
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that in ammonia 106°47’ but the difference is 
almost within the probable error. The CNH 
angle of 112°10’ is considerably larger than 
the HNH angle in ammonia. The CN direc- 
tion is not on the symmetry axis of the 
methyl group, being deviated by an angle of 
3°30’. These deviations are probably due to 
the repulsion between the amino group and 
the methyl group. 

The height of potential barrier to internal 
rotation is obtained from U-! and a@ as 691.1 
+1.0cm7!.. This value is about twice as 
large as that in methylalcohol® (374.8cm7}), 
apparently corresponding to the presence of 
two hydrogen atoms in the amino group as 
compared to one hydrogen atom in the hydro- 
xyl group. However, this apparent relation 
may be merely an accidental one, since three 
are various types of complicated interactions 
between the two mutually rotating groups of 
these molecules to be taken in°o account. 

The values of the inversion splitting cons- 
tant 4), 28604 Mc for m=0 and 29358 Mc for 
=1, are rather large as compared with the 
inversion splittings in ammonia (0.7935 cm-) 
and deuterated ammonias NH;D (0.406 cm-}), 
NHD, (0.1705 cm=!) and ND3 (0.068 cm7!)®. The 
large 4) of methylamine may be related to the 
large CNH angle, i.e. the small distance bet- 
ween the two minima of the potential to 
inversion, which facilitates the inversion mo- 
tion. Except for this point, the potential 
curves for these molecules will be similar. 


§7. Discussion 


The internal motion of methylamine is a 
very. complicated problem, so that a number 
of simplifying assumptions has been made in 
its treatment. The main assumptions made 
are as follows. (1) In treating internal and 
overall rotations it was assumed that the 
molecule is rigid except for the internal rota- 
tion. (2) The potential to internal rotation 
was approximated by a sinusoidal function. 
(3) The inversion doubling was treated semi- 
empirically. In spite of these assumptions, 
however, satisfactory agreement between 
theory and experiment has been obtained 
within allowable errors. The remaining dis- 
crepancies between observed and calculated 
frequencies are considered to be due to vari- 
ous higher-order effects. In particular, the 
rigorous treatment of the wave equation of 
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the internal motion on a two dimensional 
potential surface will be necessary to obtain 
a complete agreement with experiment. 
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Vacuum Photo-tubes at Weak Illumination Il 
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Using the tubes with two photocathodes the abnormalities of photo- 
currents were studied. The abnormalities of the tubes were conspicuous 
when one of the cathodes was isolated. These abnormal effects could 
be well explained from the results obtained when the potential of the 
isolated cathode was varied and current characteristics of the tubes 
were measured at various wave length of light. The effects were con- 
sidered to be due to the voltage changes of the isolated cathode result- 
ing from its own photoemission and secondary emission caused by uns 
incidence of light. Photoelectric materials of usual photo-tubes adhering 
to the undesired portion of the inner surfaces can be analogously con- 


sidered to the isolated cathodes of the tubes. 


§1. Introduction 


In the previous paper? the writer has 
described that the photoelectric materials 
adhered to the undesired portion of the inner 
surface of the photo-tube are main cause of 
the non-proportionality of the photocurrent to 
the illuminating flux and also of the time lag 
of photocurrent, Preston and McDermott” 
have carried out calculations in simple cases 


and explained the current-flux non-propor- 
tionality observed in their experiment. It 
seems, however, that the relations between 
these phenomena and the behavior of photo- 
electric materials on the tube wall have not 
yet been sufficiently clarified. 

As it is very hard to study the behavior 
of the adhered photoelectric materials with 
ordinarily prepared photo-tubes, we have 
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FRONT VIEW 


S/DE VIEW 


Fig. 1. Photo-tube used for Experiment. 


A: anode B: lst cathode C: 2nd cathode 
6: Ist cathode lead ec: 2nd cathode lead. 


Fig. 2. Circuit Diagram for measuring the 2nd 
Cathode Current. 


M: micro-ammeter V: voltmeter A: anode 
B: lst cathode C: 2nd cathode. 


made the tubes comprising two photo-cathods, 
and further experiments were carried out 
with them. 


$2. Experimental Procedures 


In Fig. 1, the tube used in this experiment 
is shown, where A is an anode, Ban ordinary 
photo-cathode and C an additive photocathode 
which is semi-transparent and adhered on the 
inner surface of the window. Hereafter, B 
and C will be called the first and the second 
cathodes, respectively. Too cathodes are 
separated, so that one can apply different 
voltages on them individually. To the 2nd 
cathode, two leads are attached. The re- 
sistance between them was about 10!:Q and 
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which is small compared with those between 
any two electrodes of the tube. 

Silver-caesium oxide photo-surface and 
antimony-caesium photo-surface where used 
for cathodes and following four kinds of tubes 
were made. 


(a) 1st cathode : 
2nd cathode : 
Ist cathode : 
2nd cathode : 


silver-caesium oxide 
antimony-caesium 
antimony-caesium 
silver-caesium oxide 


(b) 


(c) Both Ist and 2nd cathodes : 
silver-caesium oxide 
(d) Both lst and 2nd cathodes : 


antimony-caesium. 


The monochrometer and the current am- 
plifier were the same as described in the 
previous paper». The tube was so placed 
that the monochromatic beam illuminated the 
lst cathode, after shining on and passing 
through the 2nd cathode. At first, maintaining 
the 1st cathode at a constant voltage, the 
voltage of the 2nd cathode was varied and 
the photoelectric current and dark current, 
i.e. the current flowing in the un-illuminated 
case, to the anode and to the lst and the 2nd 
cathodes were measured respectively. The 
circuit used for the measurement of the cur- 
rent to the 2nd cathode is shown in Fig. 2. 
Secondly, isolating the 2nd cathode and main- 
taining the Ist cathode at the same constant 
voltage as above the abnormal effects as well 
as the spectral sensitivity were measured. 

At last, the two cathodes were connected, 
and similar measurements were carried out. 
The method was the same as reported in the 
previous paper except that the current was 
measured on the anode side. 


§ 3. Experimental Results 


Experiments were carried out with four 
kinds of tubes above mentioned, the results 
obtained in every case were similar in many 
respects and were summarized as: 


(a) In the case that the lst and 2nd cath- 
odes are connected, abnormal effects 
are hardly observable. 


(b) In the case that the 2nd cathode is 
isolated, abnormal effects markedly 
appear. 


(c) The wave length range, where the 
abnormal effects appear, depends on 


the photoelectric material of the 2nd 
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Table I. Abnormal Effects of Tube I. 


Ist cathode : —30V 
2nd cathode : isolated 
Wave Dis- Time lag 
length) cordace . ] 
| | light off | light on 

m % | | 

(mp) | (%) Type Secs. | Type | Secs. 
330 | 2.9 Ad L500, f -dGie 20 
400 | 2.2 ” 30 ” : 
420 ei ” ” y ” 
440, 2.0 | u | Y VA 
460 1.9 pia I y ” ” 
480 iL). | ” | 7 ” ” 
500 220 a ” ” " 
520 25 ” ” ” y 
540 , 3.3 " 4 Y Y 
560 4.6 ” ” 1 ” 
580 6.1 y 4 ZL 
600 6.8 Y ” " Uh 
620 4.6 ” " y VA 
640 | —0.1 | 

680  —0.4 ‘ 

680 —0.2 | 

700 —0.3 

720 re normal normal 

740 —0.4 | | 

760  -0 i y 


Remarks: Photocurrent: 1 .8x10-WA 
Discordance : 


Table Il. Abnormal Effects of Tube I. 
both lst and 2nd cathode: —30V 


(measured) —(standard). 


Wave Dis- ny me lag 


length| cordace) ..... 
Re orca light: off light on 


(my) (%) i y:pe | Secs. 


Type | Secs. 


380 
400 
420 | 
440 
460 


0 
t t * t 
0 
0 
-0 
480 | —0 
500 | —0 
520 | -0 
540-0. 
wei 
0 
0 
0 
= 
~0 
m0 
0 


560 


580 | 
600 | 
620 
640 
660 


680 
700 
720 —0. 
740 | —0. 
760 0. 


| 


Mb 


| 
/normal normal normal normal 
| | | 
| : | 
} 
| 
| 
| 


i ksperugtl Bapwcbin | 
‘es a a a 


oeM YH NH 


Remark: Photocurrent: 1.8x10-A 
Discordance : 


(measured) — (standard). 


JOxIO 


CURRENT CREADINGS , 


2nd CATHODE 
VOLTAGE (Vv) 


- 50+ 
Fig. 3. Current—2nd Cathode Voltage Character- 
istics of Tube I. 
lst cathode voltage: —30V_ wave length: 600myz 
p: anode photocurrent gq: lst cathode photo- 
cnrrent 8: 2nd cathode photocurrent q’: lst 
cathode dark current s/: 2nd cathode dark 
current. 


cathode, irrespective of that of the 
Ist. 

(d) In some tubes of which the dark cur- 
rent to the lst cathode is large, the 
dual characteristics are observed. 

Therefore, in following paragraphs, only 

the results for Tube I and Tube II will be 
described. Both tubes have the silver ceasium- 
oxide as the 1st cathode and antimony-ceasium 
as the 2nd, and the dark current of Tube I 
is small, while that of Tube II is large. 


(1) Tube I 

In Fig. 3 are shown the ‘photocurrent and 
dark current readings in the anode lead and 
two cathode leads in the case of the lst 
cathode being held at —30V and a variable 
potential being supplied to the 2nd. Tables I 
and II represent the abnormalities of the tube 
in the cases that the 2nd cathode is isolated 
and is connected to the Ist cathode respec- 
tively, the lst cathode voltage being —30V 
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Table III. Abnormal Effects of Tube I. 


lst cathode : isolated 
2nd cathode : —30V 


| 4 
Wave Dis- alse ages 
length) cordace, light off fight’ or 
(mz) | (%) | Type | Secs. | Type | Secs. 
380 0 me Al t 
400 0 ! 
420 | 0 | 
440 0 | 
460 0 | normal normal 
480 0 | | | | 
500 0 | | | 
520 | 0 (capil ee | 
540 | -—0.2 | 
560 0.9 A 13 C | 20 
580 en ne 15 Perel e Me 
600 Lievh y y } Va y 
620 9.0 | y Uv | y y 
640 10.9 ” ” | ” ” 
660 ; 13367 | " ” | ” ” 
680-18 FEE Se | We ” Y 
700 | | | | 
oe | Photocurrent <1.8x10-"A, at maximum 
760. | slit width of the monochrometer used 


Remarks: Photocurrent: 1.8 10-10. 


700 


SJ 


PHOTOCURREN 


Fig. 


Discordance : (measured) — (standard) 


S 


S 


200 500 600 700 £00 
WAVE LENGTH (Mk) 
4. Spectral Response of Tube I. 


: Ist and 2nd cathode: —30 V 
: Ist cathode: isolated, 2nd cathode: —30V 
: Ist cathod: —30V. 2nd cathode: isolated. 


CURRENT (READINS, /.8x/0 “AD 


2nd CATHODE J’ 
-50} VOL TAGE (W 


Fig. 5. Current—2nd Cathode Voltage Character- 
istics of Tube II. 
lst cathode: —30V, wave length: 500 my 
s: 2nd cathode photocurrent ’: anode dark 
current gq’: lst cathode dark current ss’: 2nd 
cathode dark current s’’: Symmatrical curve 
to s’. 


> 
S 


& 
S 


X 


CURRENT CAB xt ) 
a US 
S 


Goo 500 600 
WAVE LENGTH (ms) 


Fig. 6. Dual Characteristic observed with Tube Il. 
@: measured from 4400mu to longer wave 
length 6: measured from 4600 my to shorter 
wave length with continuous illumination. 
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in both cases. In Table III are given the 
abnormalities when the Ist cathode is isolated 
and the 2nd cathode is maintained at —30 V. 
In Fig. 4 are shown the spectral sensitivity 
curves of the tube. 

(2) Tube II 

The results in the case of Tube II illuminated 
with the light of 500 mv are plotted in Fig. 5. 
As the photocurrent to the lst cathode is 
very small, the curve corresponding to it is 
omitted. This small photocurrent seemed to 
be due to the absorption of illuminating light 
at the 2nd cathode. Photocurrent to the 
anode was almost equal to that to the 2nd 
cathode. 

In Fig. 6, is shown the photocurrent varia- 
tion due to the change of wave length of in- 
cident light at constant slit width, 0.05mm, 
measured when the 2nd cathode is isolated. 
Curve a was obtained in which the wave 
length was increased from 400 my towards 
red side, while curve 6 was obtained when 
the wave length was decreased from 600 m+ 
to violet side without interrupting the light. 
When the light was interrupted, however, 
the measured values after the interruption 
come to curve a. No duality was observed 
in the range of wave length longer than 
520 mp. 


§4. Discussions 


(1) Tube I 

In Fig. 3, the photocurrent curves p,q and 
s are rather complicated, these are probably 
due to the fact that some photoelectrons 
emitted from the lst cathode arrive at the 
2nd cathode, and from there the secondary 
electrons may be emitted. The dark current 
to the anode is very small and omitted in 
this figure. This fact represent that the 
thermal emission of the cathodes is negligibly 
small in this tube and that the dark current 
is mainly due to the leakage between the two 
cathodes. Further the relations P=Q+S and 
Q’+S’=0 are obtained, where P, Q, S, VW, 
and S’ are the values corresponding to the 
2nd cathode voltage on the curves #, q, S, g 
and s’ respectively. 

From Fig. 3, it is conceived that when the 
2nd cathode is connected to the Ist, by the 
illumination of the light of 600 my, the photo- 
current readings in the anode, the Ist and 
the 2nd cathode leads would be Po, Qo and 
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So, but when the 2nd cathode is isolated, P,, 
Q, and S,; respectively. In the latter case, the 
voltage of the isolated 2nd cathode varies 
from Vp to V;, because at the lower voltages 
than Vi, the supply of electrons by the 
leakage current is not large enough to com- 
pensate the photoelectrons emitted. from the 
2nd cathode. 

Owing to the capacitance between the 2nd 
cathode and the soroundings, some durations 
will be required before the potential of the 
2nd cathode becomes to V;, and therefore, 
the time lag of the anode photocurrent 
appears. In the case shown in Fig. 3, the 
anode photocurrent increases to a maximum 
from P) then decreases and becomes P;. It 
is expected to be the C-type time lag as 
classified in the previous paper. 

An ultimate current S, of the 2nd cathode 
depends rather on the resistance between 
cathodes and does not change in proportion 
to the illumination when a standard filter is 
inserted. This is perhaps the reason why the 
discordance appears and it would be larger in 
the light more sensitive to the isolated cathode 
as shown in Tables I and III. 

The decrease of the sensitivity of the 
response curves 6 and ¢ in Fig. 4 in the wave 
length range 620~720my and 380~640 my 
respectively can be understood from the result 
in Fig. 3 that P, is smaller than P,. As seen 
from Table II, when the 2nd cathode is con- 
nected to the Ist, little abnormalities are 
observed, since in this case there are no 
isolated parts. 

As stated in the previous paper, one Can 
keep off the abnormalities by providing the 
tube wall with a conductive film. This fact 
will be explained similarly. 

Now, the ascertainment of the above con- 
siderations will be made more quantitatively. 
Let us consider the case, for ex., of isolating 
the 2nd cathode. The abnormalites when 
illuminated by the light of 600my are sum- 
marized in Table IV including those shown 
in Table I. The transient abnormality or the 
time lag may be considered analogously to 
the transient phenomena at the charge of 
the condensers in the equivalent circuit as 
shown in Fig. 7, where R:, R2 are the resist- 
ances between the two cathodes, and between 
the 2nd cathode and the anode, Gi, G and C; 
are the capacitances of het 2nd cathode with 


(Vol. 11, 


Pag. 7; 


Fig. 8. 


Equivalent Circuit Diagram of the Photo- 
tube used when the 2nd cathode is isolated. 


/50, 


P 


CURRENT( READINGS / 8x 707A) 


° ond CATHODE 
VOLTAGE (Vv) 


Current—2nd Cathode Voltage Character- 
istics of Tube I. 

p: anode photocurrent q: lst cathode photo- 
current gq: 2nd cathode photocurrent q’: lst 
cathode dark current 9s’: 2nd cathode dark 
current suffix +: when filter was inserted. 
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Table IV. Abnormal Effect of Tube I at 600 mz observed when the 2nd 
cathode was isolated. (see Table I.) 
Wave Standard Measured Discordance light off | light on 
width value at | value | — : : ———a 
(mp) 600 my (J) | @)) | (J-j) Type | Secs. | Type | Secs. 
1 52.9 | 59.7 +68 A | 30 | C | 20 
—— 60 respect to the lst cathode, the anode and the 


container of the tube, respectively. 
Following equations are obtained when the 


switch is off; 
t= (1/Rit+pPCi)Vi=p(C.+ Gs) Vz2 , 
Z =pC,V, ) 
Vi+V.=£ ? 
where z is the current measurable in a meter, 
%) is the total current, Vi and V2 are the 
voltages of C, and Cy, respectively and p is 
an operator representing d/dt. Considering the 
initial condition, 
V2.= R.E/(Ri+R,) at t=0, 
The current z is given by 
jl aes 7 exp( — Sabre ree 
(Ri+R2)(Cy+C,+C) Ri(Ci+C,+C,) 
(2) 
Similarly when the switch is on, the current 
z is given by 


(1) 


ee ae Re ee ) 
RitR, R,\Ri+R,. G+O,4+G 
(Ri +R»)t 
yp 3 
aoe ( RRIGHOLOY 4 


It can be seen from Eq. (2) that the A-type 
time lag appears when the light is cut off. 
On the other hand, from Eq. (3) A-type or 
C-type is expected at the beginning of the 
illumination. 

The numerical values of Ci, C, and C; of 
the tube are measurable. Since the curve s’ 
is almostly straight line, R; can be easily 
obtained from its inclination in Fig. 3. For 
R,, as the first approximation, the value 
obtained from the inclination of the curve s 
at the point S; will be used. The numerical 
values of these quantities are as follows; 


Rie OL 
Jk Ab Se r(Qee ©? - 
CeCe lek, 
C3=10 wyF . 


Substituting above values and E=30 V into 
Eqs. 2 and 4, the equations lead to 
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Table V. Values concernning the Discordance calculated from Fig. 8, 
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Condition of 2nd Catite Anode Pete i cathode ieee Parente : iy i ; 
measure- ; — current photocurrents| photocurrents. PUP | QQ | S'S 
ments | voltage (V) | (1.8x10-#A)| (1.8x10-@A) | (1.8x10-2A) *100) =100| x 100 
no filter Vie BY P,=103 @i-86'8" |S, 216 nl ht 
een 59.2 | 52:5 | 93.9 
eitetut Vr=-4 (Pi)s=61 | Q@i)s=45 | (S)y=15 
P= DAS Me- 08) (2°) RO BOF 
and = #=2.9x10-"+46.6x10-Me-2-2*, = (3) ae) 
respectively. Equation (3’) represents the time Si 0 
lag corresponding to the C-type, and above 5 
results well coincide with the experimental a 20 
results shown in Table IV. If the time intervals ye 
needed before the current reaches to the = 
ultimate value is assumed to be the time a ae 
elapsed before the photocurrent comes as near x 
as 1.8x10-%A to the ultimate one, the value OS 6 


33 secs. and 4secs. are obtained from Eqs. (2’) 
and (3’) respectively. The former coincides 
with the experimental value in Table IV, 
whereas the latter somewhat but tolerably 
differs from the experimental result, this may 
be due to the rough approximation for Rb». 

To consider the discordance, the photo- 
current readings when the filter is inserted 
are necessary in addition to the result shown 
in Fig. 3. The results are shown in Fig. 8, 
where the readings in the filter inserted case 
are designated with sufix f. To compare with 
the measured values shown in Table IV, ex- 
pected values from Fig. 8 are summarizely 
described in Table V, in which (P,),/P: x 100 
should be the value measured as the trans- 
mittance of the filter. The transmittance 
of the filter is 59,7% in Table IV and 
59.2% in Table V, two values being in 
good agreement. The ratio for the lst cathode 
photocurrent (52.5%) well coincides with the 
standard transmittance (52.9%), whereas that 
for the 2nd cathode (93.9%) quite disagrees. 
The discordance is apparently due to the fact 
that the 2nd cathode photocurrent is not pro- 
portional to the illumination. 


(2) Tube II 

The curves corresponding to the dark cur- 
rents in Fig. 5 are rather complicated. It is 
presumed that some thermally emitted elect- 
rons from the lst cathode arrive at the 2nd 
cathode and, in a certain circumstances, emit 
secondary electrons. Accurate measurements 
were difficult in this case, as the thermal 


End CATHODE 


-/0 
VOLTAGE( 7) 
-20 
S30 
Fig. 9. Current—2nd Cathode Voltage Character- 


istics of Tube II. 

Ist cathode: —30V. 

s (460): 2nd cathode photocurrent for 460 mu 
s (500): for 500mu _ s (520): for 520mpz 

s’: 2nd cathode dark current s’’: symmetrical 
curve to s’. 


emission was very sensitive to temperature. 
However, the relation P’+Q’+S’, also exists 
in this case. 

The duality as shown in Fig. 6 can be 
similarly interpreted as in the case of Tube 
I. In Fig. 9, the curve s” is the one drawn 
in symmetry to the dark current curve s’ 
with regards to the horizontal axis, Curves 
S490)» S(00), S(s20) correspond to the cases of the 
incident light of 460m, 500my and 520 mz, 
respectively. Curve s’” intersects the curve 
Scso0) at three different point Si, S: and S;, 
and from these three potentials V:, V. and 
V3; are obtained, but the potential V2 is 
unstable and may not be held. On the other 
hand, at longer wave length for which the 
photocurrent is larger, curve s_ intersects 
curve s’’ at only one point like as curve 5,520) 
in Fig. 9. The anode current, of course, 
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takes different values according to whether 
V, or Vz is the potential of the 2nd cathode. 

Then it is conceived that there are the 
cases where S; is adjacent to S,. In these 
cases, the photocurrents may take the value 
S, at first, but it may change beyond S,, due 
to any accidental causes such as temperature 
change, and terminates to S;3 instead of S,. 
This is expected to be the B-type time lag, 
and would accompany with the duality as 
stated in the previous paper. 

In this case numerical treatment is not so 
simple as in the case of Tube I, because 
the dark current varies with the 2nd cathode 
voltage. 

Taking the variation of the dark current in 
calculation, the photocurrent reading in the 
anode by the light of 500m, when the 2nd 
cathode is isolated is given by 


tp=P,—(P) —Py’) 
=23—(313—304)=14 (scales) 
from Fig. 5. In the same way, the anode 
current to be measured for another stable 
2nd cathode potential V3, is calculated to be 


28 scales. For various wave lengths, these 
values are plotted in Fig. 10, which qualita- 


qo 
= 
SI Ne 
~ 
. | 
® 
San: 
=i i 
ae 
ice 
SS 
Shae 
/ cere 
400 500 600 


WAVE LENGTH (mu) 
Fig. 10. Dual Character of Tube II obtained by 
calculation. 


a: at lower voltage 6: at higher voltage. 


tively agree with Fig. 6. The disagreements 
in absolute values seem to be attributed to 
the change in temperature. If the measure- 
ments are started from shorter wave length, 
the 2nd cathode would have a potential V; 
and the curve a in Fig. 6 or Fig. 10 would 
be obtained. When the wave length is longer 
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than 500 my, the 2nd cathode can take the 
potential V3 only and the duality should 
disappear. In the measurements started from 
longer wave length towards the violet side, 
the 2nd cathode would have a potential V3, 
thereby curve b will be obtained. If the 
illumination is once cut off, the 2nd cathode 
potential would become —30 V and, therefore, 
the 2nd cathode would take a potential Vi 
instead of V3 when re-illuminated. 


§5. Conclusion 


The photo-tubes having two cathodes were 
prepared and the abnormal effects of them 
were measured in the case when one of the 
cathodes was isolated. It has been proved 
that the abnormalities are explained by con- 
sidering the following factors; photoemission 
and secondary emission from the isolated 
cathode, the leakage resistances between the 
isolated cathode and other electrode, and the 
thermal emission from the ordinary cathode. 
It has been found that the abnormal effects 
can be explained quantitatively by presuming 
the isolated cathode potential and taking its 
capacitance into consideration. The abnor- 
malities observed in usual photo-tubes are 
believed to be caused by the similar factors, 
that is the photoelectric materials adhering 
on the undesired portion of the inner surfaces 
of the tube. 
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To clarify the effect of the curvature of a surface on the propagation 
of elastic waves generated at a point source, as alluded to by Lamb in 
the case of a plane surface, we investigate the properties of waves in 
an infinite elastic medium enclosing a spherical cavity. Waves of any 
kind are shown to be represented as linear combinations of @, Ay, dg, 
the scalar potential, the g-component of the vector potential and the 
g-component of the displacement, if the phenomena are independent of 
gy, the longitudinal angle in spherical polar coordinates with the polar 
axis joining the source and the center of the cavity. Taking as the 
initial waves @, Av, dy with monochromatic dipole character respectively, 
we obtain, in the ordinary way of mathematical physics, the solutions 
satisfying the boundary conditions in series forms, which are transformed 
into more rapidly convergent ones. In the first two cases we find the 
waves representing @, Ay in three separated groups, correponding to 
three types in the case of a plane surface respectively, and in the 
third we find only group of solutions representing dy. The angular and 
distance dependence of their amplitudes and phases are investigated in 


detail. 


I. INTRODUCTION 


§1. When the propagation of such elastic 
waves over a plane surface of a semiinfinite 
homogeneous isotropic elastic solid as are 
produced by a disturbance concentrated at a 
point on the surface was studied By H. Lamb”, 
he pointed out that it remains to inquire how 
far the theory is to be modified by the situa- 
tion of an internal source, by the heterogeneity 
of the earth and by the curvature of the sur- 
face. While the problem of an internal source 
has been discussed by H. Nakano”, K. Sezawa, 
T. Sakai and others, especially in details by 
Sakai, the one of a curved surface was 
treated by Y. Nomura® only with reference 
to the propagation of elastic waves in a 
spherical body. The aim of the present work 
is to discuss thoroughly the case of an internal 
source under a curved surface from another 
point of view having a closer relationship to 
the Lamb’s. 

As our main interest is in the effect of the 
curvature of the surface, we may take a 
spherical surface as the simplest curved one. 
Imagining a large spherical cavity of radius 
yy, in an infinite elastic medium and a wave 
source at distance 7s (>7o) from its center, 
we consider how the behavior of the incident 


simple harmonic waves of frequency w» emitted 
from this source will be modified by the 
presence of the spherical surface. The results, 
therefore, may be indeed less interesting from 
the practical point of view, except in its 
application to the propagation of seismic waves 
in seabeds or large valleys, but will show 
some features noteworthy from the standpoint 
of mathematical physics, especially in contrast 
with geometrical optics. 

If we assume, for the sake of simplicity, 
the symmetry about the axis joining the center 
of the sphere and the source and introduce 
such a spherical polar coordinate system 
(vr, 0,%) as has this axis as the polar axis, the 
fundamental equantions of elastic vibrations 
are reduced to three separated wave equations, 
concerning the scalar potential ® of the dis- 
placement field d, the -component of the 
vector potential A and the ?-component of the 
displacement itself respectively. 

Now, since all possible states of incident 
waves emitted by the source can be represent- 
ed as the superposition of those derived from 
these three fundamental quantities, we may 
classify any incident waves into three 
characteristic types corresponding to these 
quantities, respectively, one being of dilata- 
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tional and two of distortional character, and 
shall pick up for each type a wave of dipole- 
character as the representative one. 

Then for each given incident wave we 
assume, as the secondary waves corresponding 
to the fundamental quantities, the series of 
which each term is such a particular solution, 
multiplied by an unknown coefficient, of the 
above-mentioned wave equations as has the 
character of outward radiations at a large dis- 
tance from the center and we shall formally 
determine the coefficients so that the super- 
posed waves satisfy the condition of a free 
surface for r=. The series thus formally 
obtained will not be shown so useful, though 
convergent, to compute any physical quantities 
from them on account of their slow con- 
vergence. 

In order to transform these series into more 
rapidly convergent ones, we shall employ such 
a method as was adopted by G. N. Watson® 
and others when treating the diffraction of 
electromagnetic waves by the earth. The 
essential point is that we can transform 

S_(2n+1)Pr(cos 6) f (2)/9(n) 
into 
Sj [2v7Py_1/2(cos (x—8)) f (v—1/2) 
x {cos vx0g(v—1/2)/Ov}],-v, 
noticing that —(272-+1)Px(cos 8) f ()/g(2) is the 
residue at y=n+1/2 of 


2v7Py_1/2(cos(z—6)) f (v»—3)/{g(v —1/2) cos vz}, 


where /(7), g(7) denote any functions satisfy- 
ing some conditions and », v2, --- the zero of 
g(v—1/2) qua function of ». In our problem 
the function corresponding to g(y—3) is shown 
to be such a complicated transcendental func- 
tion that one cannot find out the zeros in- 
tuitively. On the location of these zeros, 
however, the present author has already dis- 
cussed in detail. By employing this result 
we shall find that the series thus derived 
converge very rapidly unless @ is very 
small, and are suited for our purpose. For 
small 6, instead of summing up the terms of 
the series, we shall evaluate them directly 
from the integrals along the contours enclosing 
these zeros by utilizing the method of steepest 
descents. 

Lastly, we discuss all the properties of the 
vibrations given by these series minutely in 
the respective cases, especially in contrast 
with the diffractions of electromagnetic waves, 
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Il. GENERAL FORMULATIONS 


§2. Fundamental Equations and Particular 
Solutions 


When d is expressed as d=grad ®9+curl A 
(div A=0), then @, A are the respective 
solutions of the wave equations with the veloci- 
ties of propagation wv, v%:, i.e. those of dilata- 
tional and distortional waves respectively. If 
we, introducing spherical polar coordinates, con- 
sider axially symmetrical cases only and take 
further only such harmonically oscillating 
waves as contain exp (¢w?) as the time factor, 
the wave equations will be reduced to 

{07/07 + (2/7)0/Or-+ (1/7? sin 0)0/00(sin 00/00)} 
x (O, Ag*, do*)+(h?O, k?Ao*, k?d,*)=0, (2.1) 


where Ag=0A,*/06, do=0d,*/06, h=o/v, 
k=o/v;. 
Their particular solutions without any 


singularity at 6=0 and z are only those which 
take the forms 4 V?C ny 41/2(h7)Pn(cos 6), 

4 '?Cn+1/2(kN)Pn(cos 6), respectively, where 
Cn+i/2 is a cylinder function of order »+1/2 
and P, is Legendre function of order », n 
being a positive integer. 


§ 3. 


Whatever kinds of waves are emitted by 
the source, they are naturally represented as 
the superposition of those derived from @, 
Ag*, de*, so it suffices for our purposes to 
consider the waves of such types respectively. 
Since among the waves that have infinities at 
the site of the source the simplest one is 
obviously that of dipole-character and the 
waves emitted by multipoles are obtained 
from it by differentiation with respect to the 
coordinates of the source and hence the 
corresponding results may be inferred from 
the dipole case, we take as the representative 
one the wave of dipolecharacter without losing 
the generality of our consideration, though in 
some actual cases, for example, that of earth- 
quakes, waves of quadrupole character are 
thought to be prevalent. Let us consider their 
respective features more closely. 

1. Dilatational incident wave. We assume 
as the dilatational incident wave such one as 
corresponds to 


®?=exp (—zhR)/R , A,*”=0, d,*?=0, (3.1) 
where R=(7?+-7,2—2r7; cos 0)'/*; this function 


obviously satisfies the wave equation and has 
the character of outward radiations in view of 


Incident Waves 


1956) 


the time factor. Among the non-vanishing 
displacement components comming from it, 
d,, dj tend to —ihexp (—ihR)/R+0(R~) and 
O(R-*) respectively as r— 00: it shows that 
the elementary portion at any field point at a 
large distance from the surface vibrates 
longitudinally. 

2. Distortional incident wave of the first 
kind. We take such a wave as corresponding 
to 


@°=0 Ay*®=exp (—2kR)/R , do*¥®=0. (8.2) 
This also satisfies the wave equation obviously 


and has the character of outward radiations. 
d,, ds, then, tend to 

OR?) , k?r; sin 6 exp (—zkR)/R+0(R-?) 
respectively; it shows that at a large distance 
the vibration is transverse and in the incident 
plane. 

3. Distortional incident wave of the second 
kind. We take such a wave as corresponds 
to 

@P=0, Ay*?=0, dy*®=exp(—7zkR)/R . (3.3) 
Then d,, d, vanish and 

dy— —tkrs sin 6 exp (—zkR)/R+0(R-?) , 
as R— co; it shows that the vibration is trans- 
verse and perpendicular to the incident plane: 
all the points of the spherical surface of 
radius R oscillate together rotationally about 
the polar axis, as if the whole sphere were a 
rigid one. 


§4. Boundary Conditions 


Since secondary waves to be looked for 
must represent at a large distance from the 
surface some outward radiating waves, they 
comprise as cylinder functions Cy+1/2 only the 
second of the two Hankel functions, H?},),., 
taking account of their asymptotic behavior 
for large 7 together with the time factor. 

Secondly they must, superposed on the 
primary one, satisfy the condition of a free 
surface at v=7% or any stress components 
must vanish there. 


II. DILATATIONAL SOURCE 
§5. Primary and Secondary Waves 
The dilatational primary wave exp (—zhR)/R, 
defined in the last section, can be expanded 
by the addition theorem as follows: 
O° =—(t[hrrs)S2_(2n+[En(hrs)onlhr), 


or dn(hrs)En(hn)|Pn(cos @), (8-1) 
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according as 7<7; or 7>7s, where 

Cla) = (ra/2)? HO), |, (a) , 

Pala) = (700 /2)/? Jn 1/2(a) « 

In view of this expression we assume as the 
secondary waves the following ones: 


o= —(lhrrs)>\_ (22 +1)an€n(hn)Pn(cos 0) ; 


(5.2) 


(ssl) 

Ags =— G/krr)5=_(2n-+ L)bn€n(Rr) 
* dP7(Cosi@) (dd Oro) 
ao Um Gr3.3) 


where @n, bx are unknown coefficients. 
Assuming further the convergence of these 
series and the uniform convergence of those 
obtained by differentiating these series term 
by term, we can find out the values of an, bn 
from the boundary condition for v=”. Thus 
we have as the resultants 
O=—(t/hrrs)S”_(2n+l{[Enlhrs)Prlhr) 
or Cr(hr)pn(hrs)| 
—Enlhrs)En(hr)Dr(7)/D(n)}Pn(cos 9) , 
Gaal) 
Ag=—(2/hrrsma)S“_(2n+1)(a—2n(n+1)+4) 
x Cn(hrs)Cn(kr)dPx(cos 6)/d0-1/D(m) , 
©4422) 
according as 7<7s or 7>7s, where 
D(n)=K2—n(n +1) } En’ (ma)En'(a) 
+-4a€n' (ma)En(a) + (2/ma) 
x {a@+2n(n+1)—4} En(ma)En' (a) 
+ (1/ma®){(a?—2n(n+1))?—4a* 
—8n(n+1)}En(malEn(@) , 
and D,(n) is D(a) with €n(ga) replaced by 
dn(ma) and a=kr, m=h/k. 


§6. Convergence of the Series 

To ascertain whether the series obtained 
formally in the preceding section have their 
proper sense or not, we will investigate their 
convergence. Since the dominant term of Cn 
(a) for large » is (— 1)"éz1/2(q/2)-"/T' (3—n), 
we find after some calculations that the m-th 
term of the series representing @ is, for large 
n, 

—(1/2r)(2n+1)[(/rs)"**, or (7s/1)"-*1] 

x Pn(cos 8){1+0(1/n)} 
and so this series is convergent in virtue of 
| Pn(cos @)| <1. 

As to the series representing Ag, since the 
n-th term of the series is, if is large, equal 
to 4n2m/(1—m?)1[ro(70?/7s7)" * dPn(Cos 0)/d0 
within the error of O(77"), as we can show 
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in the same way, we find that this series also 
converges, in view of |Pn’(cos @)| <n’. 

Since the series expected to represent d,, 
dj, which are obtained by differentiating the 
series representing 0, Ay term by term with 
respect to 7, @ and then by combining them 
linearly, are convergent uniformly for v<7;—0, 
r7=7;+0(0>0), OXO0<z, as easily shown in an 
analogous way, these series also have their 
meaning as d;, dp. 

Thus the series have been shown to be con- 
vergent indeed but their convergency is so 
slow that we cannot estimate them by using 
the first several terms only, unless 7>7;, 7>7%, 
and therefore we want to have other expres- 
sions, more convenient for computation. 


§7. Transformation of the Series 

If we notice that —(2n+1)Pn(cos 0)f (2) is 
the residue at v=n-+# of 

2ytP,_1/2(—cos 8) f (v—3)/cos vz , 
we are led to the study of the integrals: 
Zt OP an YPy@1/2(— —COS 6) 

hrrs COS vr 

x age cece 


or Cy-1/2(hr) py ore —Ev-12(he7s) 


Dywv— Woy 
X Cy-1/2(h7) Dv—1/2) tas : 
2 YAP -1p.(—cos 8) 

krrsma \ cos vr do 

—2(v?—1/4) +4 

Dem) Cv-iplhrs)Ev-ip(kn)dv , 

taken round a suitable contour. 

Since 


Py-1/2(—cos 0)=F(3—y, $+y; 1; 4+4 cos 8), 

it is obvious that Py_i1/(—cos@) is an even 
integral function of » when cos@ has any 
assigned value such that —1<cos 6<1. Thus, 


in view of the relations, 
H_,(a%)=exp (vz2t)H, O(a) , 
H_y(x)=exp (—v72)H,O(a) , 

we find that the integrands of the above 


integrals are odd functions of », whose only 
poles are at the zeros of the function 


cos yz D(y—3) 


(7.1) 


since H,@ (x) is an integral function of »y when 
Rez is positive. 

We assume for the moment that Div—}3), 
qua function of v, has no zeros on the posi- 
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tive half of the real axis or on the imaginary 
axis, and then we take the contour of integra- 
tion to be formed by a semicircle of large 
radius R, whose center is at origin, which 
lies on the right of the imaginary axis, to- 
gether with the part of the imaginary axis 
which joins the points +Rz. It will be sup- 
posed that R->co through such values that no 
poles of the integrands ever lie on the contour. 
Since the integrands are odd functions of », 
the integrals along the part of the imaginary 
axis vanish. 

Next consider the integrals along the semi- 
circle; so long as 62<0, z, we may use 
Laplace’s approximations, 

Py_1/2(—cos 8)~cos {v(x —0)—7/4} 

x {(/2)v sin O}-¥/? , 
which is valid when |»| is large and Re(y—3) 
=0; also the dominant terms of Ay,“ (x) are 

a(sin v7z)+{ (a/2)-"/P' a —v) 
— exp (v77z)(2/2)"/r'a+y)} , 

of which the latter part is negligible except 
near the ends of the semicircle; it follows 
that, since the path of integration avoids the 
infinities of the integrands, the values of the 
integrands, except the factors Py_1/.(—cos @), 
dPy_1/2(—cos 6)/d0, have their moduli on the 
coutour, comparable respectively with those 
of  W/2n[G/reyr"?,. or (ref)? |(Cos vat, 
(4/79)am/(1—m?)v?(702/rrs)’**/2(cos vz)? and _ so, 
by an application of Jordan’s Lemma, the 
integrals round the semicircle tend to zero as 
the radius to infinity. Hence the sums of the 
residues of the respective integrands at their 
poles on the right of the imaginary axis are 
zero. If we assume the zeros of D(y—3) all 
simple and call them »;, 2, ---, then, trans- 
forming € into Hankel function, we have 


Age I oes 0) 
a (rrs ye COS v7 
H.O(hn)OUhr) DW bt i ies in, 
H,©(ma) Ae 7) (@) 
ae 1 a ~2 mora} [Pe] 
a @ Ov eg 
CH2 a) 
se _ An 1 y dP _1)2(—cos 6) 
@ (rrs)/2 “F | cos vx do 
Saas a 
a? 
x EE, (rs) Ly O(ky n) saa (7.2.2) 
USA 


where 
2__¢ 
A(v)=—4m ~- =e H,©) (a@)Hy©’ (ma) 
2 es 
= (1+ we * OY (@ Ha) 
a a 


aoe 
oe (2 ™ pre ie (a) HY (ma) 


a 
Ayr Val? 9 ) 
b= : ore on (pina aS 
+4 a of a’ ( a 


x Hy (a)Hy (ma) : (7.3) 


It is to be noted that the distinction between 
the cases 7>7s, 7<%s, treated hitherto separate- 
ly, and therefore the singularity at r=7; have 
disappeared. 


§8. Zeros of 4(v) 


In order to evaluate the newly-obtained 
series, it is necessary to know the zeros of 
div). Here we recapitulate the result of 8) 
briefly. 

There exist such three groups of zeros of 
the first order, as enumerated below, in the 
fourth quadrant of the »y-plane and no zeros 
lie on the real and imaginary axes; the zeros 
in the second quadrant are irrelevant to our 
problem. To avoid the analytical difficulties 
we assume henceforth @ to be fairly large, 
which does not limit the applicability of our 
result, since we are always interested in the 
waves whose wave-length is far shorter than 
the radius of curvature of the surface. 

1. There is a zero vo near the real axis, 
whose real part is given asymptotically by 
the following formula: 


Re y~al?—pi(E—1)'? 
+ (1/276? —pa—1)")a* +--+, (8.1) 


where € is the unique real root of the cubic 
equation, 


(1—m?)€—(3/2—m*)€? +1/2€—-1/6=0 , 
and as to pi, f2 8) is to be refered to. We 
are informed from the well-known discussion 


on Rayleigh wave that € is greater than unity. 
Really, from the definition 


m=h/k={1/21—20)/1—o)}” , 
where o denotes Poisson’s ratio, we know 
mK1/VY2, in view of 0<o<4 and, therefore, 
if we assign 4 the commonest value to m, or 
1/3 to o, then we have €=1.149947966-- -, and 
further 
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Re vow a(1.072---+11.32---a7} 
BEOGS Dene g Bae a) 
Its imaginary part is given by 
Im vp~ —a€7!/*[exp {—2a(C1/? cosh 7!C1/? 
(C= 1M?) sr expyi= 2a 
x(G 4" cosh (C2) (Cm) ye 
(8.3) 


(8.2) 


which becomes, for m=, 

—0.277--a(exp (—0.037--a)+exp (—1.10--a)}. 
If we put a@=100, 200, 500 to show its small- 
ness, Im v») takes —0.69--, —0.03--, —0.000001 

--, respectively. 

2. The second group of zeros vi; (j=1, 2, 
---) are placed nearly along the curve 

Re (7 cosh y—sinh 7)=0 (v=acosh7), 
which starts from »=a@ making an angle —7z/3 
with the positive axis and passes off to —ooz. 
The first several zeros, the most interesting 
ones, are given by 


vigz~all+1/2q7— (42/303) —m?)'?q;? +1/1209;* 
—{—17/6+1/2(1—m?)-!+16/3(1—m?) } 
x (4¢/30;)1—m?)'?ae+---], 
Galina se) 
where g;=(30;/a)\/* exp (5/6-72), 0; being one 
of the roots of H@?),(pe"')=0, i.e. 2.383466: --, 
5.5101956---,  8.6473577---, 11.7868429---, 
14.9272068---, ---. 
3. The third group lies nearly along the 
curve 


Re (7* cosh y*—sinh 7*)=0 (v=macosh 7*). 


This curve starts from the point v=a, 
making an angle —z/3 with the positive real 
axis, and goes off to —ood. The first several 
zeros are given by 


Yyj~mal[1+1/29q;*? — (43/305). —m?)? 
x (2m? —1)-?g 4 +1/1209g5" 
—{1/6— (2mm? +1)/(2m?—1) 
—1/2m?/(1—m?) —16/3m*(1—m”) 

x (2m2—1)~*}(49n?/30;)1. —m?)? 
(2 1) le 
(Ee ce, 


1/3 95/676 


(8.5) 


where q;*=(30,/ma) 

The zeros of large moduli are approximate- 
ly given by —(n+3)ra/log (1/m), where n 
denotes a large positive integer. Though 
these zeros seem to lie on the imaginary axis, 
it is due to the imperfection of the approxi- 
mations. They never cross the axis, as shown 
im 8) $1322: 
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§9. Convergence of the New Series 


In order to investigate the convergence of 
the series newly obtained we estimate the 
order of magnitude of the higher terms of 
the series, corresponding to the zeros of large 
moduli. 

For such zeros we find that 04(»)/Ov be- 
comes  32/m-(—1)” log m7! cosh*y{1+0(a-}}, 
and so a higher term of the series represent- 
ing @ is 


A(rrs)¥*(2/sin 8)'*(log(L |)“ 3) 3/2 
xexp [—{(7+ 4)z/log (1/m)}0]O(). 


Thus it is obvious that the series representing 
® is convergent, rapidly especially for not 
small @. 

Secondly a higher term of the 
representing Ay is shown to be 


2(rrs)-*/?(2/sin 8)'/?(log(1/m))-1/(-++.4)-¥? 
x exp [—{(7+ 2)/log(1/7)}0)O(1). 


Thus the convergence of this series also has 
been shown. 

It is easily seen that their convergence is 
uniform with respect to 7s, r when 1:1; 
y=7; and so, by Abel’s theorem, we may 
write 7 for 7s, 7 in the series when we wish 
to find the effect due to an oscillator placed 
on the surface and the state on the surface 
respectively. And the series obtained by 
differentiating term by term the above- 
mentioned series with respect to y and @ are 
uniformly convergent, as easily shown in 
an analogous way, so it is permissible to 
obtain the displacement components from 
these series in such a way. 

Since the above-mentioned series are rapid- 
ly convergent except when @ is quite small, 
we can estimate them correctly by taking up 
the first several terms in such a case. We 
shall discuss them in detail and investigate 
of vibration in the following sections. 


series 


§10. Terms Corresponding to v» 


We are to evaluate the first terms, corres- 
ponding to »», of the series representing @ 
and Ay, respectively. 


Let us evaluate @), the term of the right- 
handed side of (7.2.1) corresponding to vp. 
Among the factors of this expression 


yP;_1/2(cos(z—9))/cos vz 


is equal to 
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—i(2v/n sin 0)/?[exp{»(z—8)é+ 77/42} 

—exp{—v(z—0)t—7/42}] 

x {exp (vz) +exp (—vzz)} 1{1+O007})} 
in view of Laplace’s approximation formula; 
if we expand the denominator in series con- 
sidering that Im »)<0, we have 


yPy_172(cos (7 —8@))/cos vx 
= (2/0 simee)/7| 2 1s 
x exp {—v(0+2sm)¢—77/42} + Se (—L)8 
xexp {—v(2(s+1)xz—0)¢+7/42}] 
x{1+0(0-7})} . 


In this expression the first sum means the 
superposition of waves each of which pro- 
pagates on the surface in the direction of posi- 
tive 6 after having passed s times 2z and the 
second the one of waves propagating back- 
ward, as it is obvious when we consider the 
time factor and the fact, »»~C1/*kr. Though 
Im vo is so small in this case that the damping 
factors depending on 0, exp {—Im vo(9+2sz)}, 
exp {—Im y9(2sz-+22z—6)} is not so effective 
and the second and further terms are not 
negligible compared with the first, it suffices 
for our purpose to consider only the first term, 
i.e. that with the factor exp (—v0i—(1/4z2), 
since the other terms behave in quite the 
same way. 

By employing the asymptotic expansions of 
Hankel functions for such values of y (9) §8.6); 
we have 


Do = 8RE(E —1)7[8(E —1)'/2(€ — m?)1/28(2€ —1) 

+20 (C—m* (F-14342 

+E —1)¥?9(C —m*)-¥/?} +1 /2(26—1)? 

AC (Gy he 

x (22/€1/?kry sin 0)? exp [—(€ —m?)'/? 

XR(rs—1o+-7—1)— 16 "hry O{1 — P(E —1)'/? 

x O-?(kro) 1} —2/4¢]{1 +O /kro)} 

x {1+0(rs—179)/") 1+ O(r—10)/170)} 
(10.2) 


We enumerate its properties as follows: 

1. @ is of finite amplitude, only if the 
source is near the surface, i.e. Ts—NKIp. 

2. @ is of finite magnitude only in the 
vicinity of the surface, i.e. %7—1<%o; in other 
words it is of character of a surface wave. 

3. @p, is inversely proportional to (7 sin 8)/2, . 
i.e. to the square root of the length of the 
perpendicular from the field point to the polar 
axis, as it must be so if we consider the 
energy flow concentrated in the neighborhood 
of the surface. © 


(10.1) 
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4. Its phase, combined with the time factor, 
is given by exp [¢w{t—vr(1—p(€—-1)'°E1? 
x (kro) 1+---)s}], where vre=C-/?u:, the velo- 
city of Rayleigh wave, and s=%@ the circum- 
ferential distance between the source and the 
field point concerned. It shows that the wave 
propagates on the surface with the velocity 
ve{1+pi(€—1)'?(ve2/w%)+---}, which is, for 
m=1/2, 0.9325---v:{1—10.56- - -(v:/w7)-- +++}. 
Since the velocity of propagation depends on 
the frequency w, this wave is of dispersive 
chracter, the group velocity of which is 
ve{1+O((k7o)~7)}, or is equal to the well-known 
propagation velocity of Rayleigh wave. 

5. Since Im vp is small, the damping with 
@ is negligible and the wave propagating in 
both directions and reappearing after several 
round trips are to be-considered at the same 
time. 

6. The displacement components derived 
from it are 


dy~ —khC—m?)7 Op , 
thus 


dy~ —tRO'?D, « 


d,|dy~exp(—7/21)C— my PC-? , 

and it shows that there is a phase difference 
in between the two components. The point 
moves along an elliptic orbit whose major and 
minor axes are in the directions of d, and d, 
respectively and the sense of motion is from 
the direction of positive d, to that of positive 
d,. The ratio of two principal axes is, for 
m=, 1:0.885---. 

We will then evaluate Ayo, the term of the 
right-handed side of (7.2.2) corresponding to 
vp. The procedure is quite the same as in 
the preceding case. The result of the calcula- 
tion is 

Ago=4hCV2(2E —I[8E —?)*C-1” 

SOG 26((C=m VC 1)? 

+ (C—1) (EC —m?) V7} 41/2026 — 1? 

x{€=—m)7+E-Y)4T" 

x (27/€1/kry sin 0)/? 

xexp [—(€—m?)?k(rs—10) -(C —D® 

x R(r—7) —10?kr 91 —(E-D)”” 

x CV pi(kero) 2} +72 /44}{1+ O(a) t 

x{1+0(rs—70)/70) LAF OG —10)/10) 5 - 

(10°3) 

Its properties are as follows: 

1. Ag is of finite magnitude only in the 
vicinity of the surface, though its rate of 
damping with 7 is smaller than that of @ as 
shown by the factor exp (2(CPIN PRG 1): 
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compared with exp{—(€—m)?kir—1)}, € 
being fairly close to unity. 

2. It has the same properties as 1,3,4,5 
shown by @. 

3. The displacement components are 

d~—tkROAg , dg~k(EC—1)'7Ago , 
then 
d,|dy~exp (—2/22)CV7(€—-1)-? . 

It shows an elliptically polarized oscillation 
with the major and minor axes coinciding with 
the directions of d, and dg, respectively, dy 
being 4z in advance to d,. Their ratio for 
HYP IS, Bl core 

Though @ and Ago behave differently for 
arbitrary 7, they behave in a similar way for 
vy=7) and can be superposed to one state; the 
displacement components coming from the 
superposed one are, in view of the equation 
for € to satisfy, 


d, = 2h(2E—V[8(E— D(C — nF)? 
DQM (Gran ee 
+(€—-1L)¥2E —m?) 7} + 1/2(26 —1)? 

eet OE es Siew ged Pe 

x (27 /6kr, sin 0)'/? exp [—(€ —m*)”? 

x R(rs—1) —10 "kro {1 —pilG —1)”” 

x C1? (ery) 1} —77/4¢]}{1 + OU /Rr0)} 

{1+O((rs—10)/70)} 5 (10.4.1) 

dy= —4ik?C22(E —1)7[8(€- IE —m?)? 

—8(2€—1)+-:::, (10.4.2) 
where the dots mean the same expression as 
in the first equation. Then 

di, |dg~(E—1/2)E-/72(E 1) 

The point oscillates along the elliptic orbit, 
whose major and minor axes are in the direc- 
tion of d, and dy, in the sense from the direc- 
tion of positive d, to that of positive dp. 
The ratio of the axes is 


8(2¢—1) 


| 


(v2—1/2uk*)us(ue?—vR)  , 


whose numerical value for m=1/2 ibe\ WeXelye 25 
These results are entirely compatible with 
those of Sakai’s study on the propagation of 
Rayleigh wave on a plane surface (4) § 16). 
At the end of the section we notice that 
the expansion representing this zero is useful 
so far as a is several scores as shown in (8.2). 
Now the method of separating this zero from 
the second group of zeros v1; is valid only 
when a-¥3<cosh"1(v9/a), since cosh (v1;/a) 
=O(a-/*) (see (8.4)) and so v» can be separat- 
ed so far as a>1000/64~1000/27, as we see 
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from §8, cosh7!(v9/a) being 0.3~0.4; hence a 
must be larger than several scores. Thus we 
know that 7, must be larger than several 
scores times of the wave-length in order that 
such a surface wave propagates with neg- 
ligible damping. 


§ 11. 


Let us investigate such terms of the series 
representing @ and Ay as corresponding to 


Terms Corresponding to v1; 


Masahumi NAGASE 


* 
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vij, given by (8.4). At first we evaluate ®,;, 
the term in the right-handed side of (7.2.1) 
corresponding to v4). 

As to the factor vPy_1/2(cos (7—8))/cos yz, 
we scrutinize the formula (10.1), correspond- 
ing to v15; since now 


Im v15= — Bo; 3/4a9{1+O(a-*/)} , 


the second and further terms are negligible 
to the first and we have 


vPy_1/2(cos (t—8))/cos yz= (2a/z sin 0)/2(1+1/4q;?) 
xexp [—2a0{1+1/29;?— (4¢/30;)(1 —m?)¥?@3 +.1/1209!—(—17/6 +1/20. — m2) 


+16/3(1 —m*))(4¢/30j)(1—m?)?q9}]{1+ O(a} . 


(11.1) 


Then we have, employing for H,™(ma) the ordinary asymptotic expansion of large order 
and for H,@ (a) the asymptotic formula in the transitional region 10), 
D1 5= —(8/r0){1+(—31/12+16(1 — m?))g;?}(27/kry sin 0) 1? 
x exp [—(1—m?)'?k(7s—19-+ 7 —19) —thrO{1 + 3q3?— (42/3 05)(1 —m?)1/2q 3 
+1/120qs*—(—17/6+1/2(1—m?)-1 +-16/3(1 — m*))(42/305)(1 —m?)2q)9} — 2/44] 


x {1+0(1/k7) {1 +O(7%s—170)/7%0) }H1+O0((7—1%)/70)} . 


Its properties are as follows; 


(11.2) 


1. 1; is of finite magnitude only if 1s—1<N. 
2. 1; is of finite magnitude only in the vicinity of the surface on account of the factor 
exp [—(1—m?)!?k(r—y,)], or it has a character of a surface wave and has such a factor as 


(7) sin 0)'/2 as it must be so. 


3. It propagates on the surface with the propagation velocity Vit{1—1/4(3p:0:/79)?/3} {1 
+O(u:/w7)}, fairly close to v;; the waves corresponding to different values of »; thus pro- 
pagate with different velocities and the wave corresponding to the lowest g; is the fastest. 
They have also their own character of dispersion. 

4. It attenuates with 0, the rate of which is given by exp [—1/3/4(30,;)?/7(wro/v1)/36], if 


we retain the first term only to estimate its order of magnitude. 


Its values for a(=w7/v:) 


=100 are tabulated, for several values of 0 and @, as follows: 


6=0.1 0.2 

1 0.4743.. 0.2249.. 
02 0.2714.. 0.0736.. 
03 Omi7182 0.0295.. 
4 0.11523. 0.0132.. 
05 0.079.. 0.006.. 
06 0.056.. 0.003.. 
07 0.041.. 


0.5 1 
0.02399.. 0.00058. . 
0.00134.. 0.000002.. 
0.00015.. 


It becomes obvious that in order to estimate within the error of 1 per cent we must take 


6 o’s for 6=0.2, 2 »’s for 0=0.5 and for 6=1 have only to take the first one. 


this method is not effective obviously. 


For @~0.1 


5. The displacement components derived from it are 


d-~—(1—m?)!?R0,; , 


thus 


dy~—1); ; 


d,|dg~e-*/?(1 — m2)? , 


The point oscillates along an elliptic orbit, whose major and minor axes are in the direction 
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of dj and that of d; respectively. Its sense is from the direction of positive dy to that of 
positive d,. The ratio of two axes is 1:(1—mm?)!/?, or 2:/ 3, for m=1/2 on the surface. 


We further evaluate Ayi;, the term of the right-handed side of (7.2.2) corresponding to 11;, 
After the consideration analogous to the previous one, we reach the following result for 7 
not close to 7: 

Agij=(12¢k/q52)(J 2/3(05) —J -2/3(05)) (1 /krokRap)(sin ;/sin 0)'/?{1 +(—23/20 +81 —m’) 
+1/4 cot?61)q;77} exp [—(1—)/2k(rs—19) —7kro( 9 —01){1+1/297 
—(4¢/30;)(1—m?)?q+1/120g4—(—17/6+1/20—m?)* 
+-16/3(1 — m?))(42/30;)(1 —m2?)'/2q;°} —tkRap—tkry cot 61(1/8q;' 
—(22/30;)(1—m?)¥7q5°){1+0(1/Rro) {1 +0((7s—70)/70)} 5 (11.3) 
if we denote by 6:1, Rap the angle AOP and the distance from A to P, the field point, where 
A is the contact point of the tangent line through P to the meridian in the meridian plane 


through P (see Fig. 1); the values of J2/s(0;)—J-2/3(0;) for the above-mentioned values of 9; 
are computed to be 0.899715, —0.589375, 0.470172, —0.402633, 0.357749,---- 


For such 7 that kyr—k7rp>=0(a'/*) we obtain 


Agij=(4k/q77)3'26-™/ "(J 2/3(05)—J -2/3(03)) (A /kr0)(2x2/kro sin 8)'/(q," 
—tan?6,)![A_1/3(éa/3(q? -tan?61)9/?) — 401 —m?)(q;? 
—tan?0,)"/2Ae/3(éa/3(q?—tan?01)*/”) +{—7/20 tan?d1—73/60g;? + 16(1 
—m)q?-—(16/902)\(1 —m?)q3°(a?—tan?1)-*) 8. —m?) tan’) AT1/3 @a/3a7? 
—tan?,)*/*)+éa/3(q7?—tan?01)/7{ — (16/39? )(1 —m*)gs°(qs? —tan’G1)* 

4-1/5 tan26,(q2-—3 tan20,)(q?—tan?O1)}} Ha/s(éa/3(q?—tan*01)*/”)] 

x exp [—(1—?)/k(7s—70) —tkro9 {1 + 1/2q7—(42/3p)A—n?)}q3° 

4.1/120g¢—(—17/6+1/2 — mm?) +. 16/3(1 —m?))(44/305)(1 mn)? 

+0(1/k7) }{1+0((7s—70)/70)} ’ (11.4) 
and for 7 close to 7%, 

Agij=16(01 —m?)1/2¢@t!*/7(270/kro Sin 0)/2{4 + (—49/12+1/2(1 —m?) + 
+16(1—m?))q7}{1—1/401—m?) 171+ 8-1/2 —m?)")g7)kr—10)} 

x exp [—(1—2?)/?k(rs 10) —ikr 0{1+1/2q?— (42/30) — my Pq? 
4-(1/120)qj—(—17/6 41/211 —m2)3 + 16/3(1 — 9?) (42/30) 1 — mgs} 
+.0(1/kro) (1 +0(R2(7—10)"/(er0)!®) {1+ 0(7s—10)/ 70) (11.5) 


It has the following properties: . 

1. Agi; is of finite order as far as the source is near the surface on account of the factor 
exp {—(1—m?)!/*k(7s—1) }- : , ; Ts 

2. Its amplitude is proportional to (1/kRar) (sin 0,/sin 0)? unless the field point is close to 
the surface. a 

3. When 6>6;, as we see from its phase, it behaves as if, starting from Q1, the se 
tion of the source on the surface, it propagated to A on the surface with 4 hae es 
pagation fairly close to uv: and depending on ¢ and a, then traveled on as raig in ee 
with the velocity z. Its behavior when propagating on the surface 1s ca eet, ogus ae 
of 013. When 0<6:, though the geometrical interpretation 1s not so simple, the - ase ian 
in the first approximation by —ék{Rap—70A1—9)}, which closes to Wear berele al 
This difference comes from the fact that, while in the latter case the fie point - xp i 
to the direct radiation, in the former case the state of affairs there 1s determined in 
main by the wavelet at A in Huygens’ meaning. tas ren eee cd 

4 be attenuates on its way on the surface, if 0>0:, or P is in the shade; its rate ‘ ee 
by exp {—V/3/4(3p3)%/(cora/v«)'/(O—1)}, if we retain its first terms only; its numerica values 

/ 


¢ 
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corresponding to various values of p are the same as those of ®,; with @ replaced by @—4,. 
If 6<61, it means on the contrary, the increase of the amplitude, corresponding to the case 
P being exposed to the direct radiation. In this case its numerical value increases with 
increasing p, though it does not mean the divergence of the series since such a form holds 
in the first several terms only, and, therefore, this procedure is not suited here for quanta- 
tive treatment, but useful for qualitative discussion only. 

5. The displacement components at a field point not near the surface are 


d,~ —tR(1/r) Agi; , do~tk{1—(n/r?}? Agi; , 
and so 
d,|dg~ —1o|(72 —1792)!/2 = —cot 61; 
the particle thus oscillates on a line perpendicular to AP, or transversely, while on the 
surfac elliptically polarized ones with d, as the major axis prevail since d,/dg~—4i(1—m?)'/?- 
6. It is noticeable that Agi; radiates out into the exterior medium, while %,; is finite only 
in the vicinity of the surface. 


SS 
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$12. Terms Corresponding to v, j 
Let us investigate such terms of the series representing ®@ and Ag as correspond to vj, 
given by (8.5). 
For such values of » we obtain 
925=(Shlas*)'e"l"'(J x/3(05)—J -219(03))*(aRoahR 4p)1(2/rcher)/(sin 6; sin 6s/sin 8:21 
+(17/60+1/4 cot?4:+1/4 Cot*Os + 32m8(1—m?)(2m?—1)-4)g 7} 
x exp [shire —O1— 93 }{1 + 1/2qe*—(4an?/30))(1—m)}*(2mt—1)-2gs¥ 
+1/120q)"— (1/6— (2m? +-1)/(2m?—1)—16/3m°(1 —m?)(2m?—1)-*)(4mn*/3,) 
x (1 m2? —1)-*q;**}—thRen—tnR sp + thro cot 6,+cot O2)(—1/8q;*4 
+ (2mn*/30;)(1—m*}/9(2m*—1)-2q3*°)1-+40(1 fhe) , 
for 7, 7s not close to 7%, if we denote, beside the notations employed in §11, by 0, and Roz 
the angle QOB and the distance from @ to B, B being the contact point of the tangent line 
through Q on the meridian in the meridian plane throuth P (see Fig, 2); for 7%, 7; close to 
%, OY hrs—hy<0(a"/3), hr—hr<0(a'/*), we have further 
Os 5= —16he-*/"' (1 —m?)(2m? —1)-*(1/hro)(22/hry sin O)?41 + (5/12 —2( 2am? 
2m 1)— mi (1m?) + 161 — me) 2m? 1) aq} —]4(Qm2— Dons 
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x (L—m*)-?41 + (29? +-1)/(2m? —1)+1/2m?/(1—m))g7"}hr—1) +73 —1%)] 

x exp [—zhro9{1+1/2q;*—(4m/30;)(1 —m?)/(2m?—-1)-29;* 
+1/120gj**—(1/6—(2m? +1)/(2m? —1) —1/2m2|(1— m2) — 16/31 —m?) 

x (2m? —1)-*)(49n?/305)(1 —m?)/2(2m?—1)-25**}] {1 +00 /h7o) 1 
+0((hr—hry)?/(hr)?/*) }{1+0(hrs—hro)?|(hro)?/3)} . (12.2) 


Though for such value of 7, 7; that hr—hry=0 ((hr)/*), hrs—hrn=0 ((hv)'/*) we have 
found an expression somewhat analogous to (11.4), we refrain from reproducing it here on 
account of its complexness and sterility. 

Its properties are as follows: 

1. Its magnitude is proportional to Rez Rp (sin ; sin 62/sin 8)'/, unless the source and 
the field point are very close to the surface. 

2. If 6>6:+62, we find from the exponential function that the dilatational wave pro- 
pagates straight from @ to B with the velocity , and then decomposes into many waves, 
each of them travels on the spherical surface to the point A with a velocity near to a and 
from here again straight to P with the propagation velocity wm. If 0<@:+02, the phase is 
approximately equal to —zh(Res—arc AB+Rup) or —ih(Ros—arc QiB+Rap—arc Qi A) ac- 
cording as 0>6:1 or 0<4:, as shown in Fig. 3; these become —zh(Reit+Rup) and —zh(Reo, 
+Ro,p) respectively, as Roz, Rup... 


Fig. oF (a) O> 6; 5 Fig. 3. (b) 0<6; A 


3. The propagation velocity on the surface is w{1—1/4(30;01/r0)*/*}; the waves are dis- 
persive and the one corresponding to the lowest o is the fastest. 

4. While propagating on the surface it attenuates so far as 0>0:1+0,; the rate of damping 
is given by exp {—V/3/4(30;)?/*(wro/v)/7(0—91—92)}, if we retain the first term Onlyeait 
means that the field point P is in the shade. Its values for a=100, m=1/2 are tabulated, 
for several values of 0; and 0—6,—6, as follows: 


6—6,—6.=0.2 0.5 1 
01 0.3060 0.0518 0.0027 
02 0.1249 0.0057 0.00004 
03 0.0611 0.0009 
04 0.0322 0.0001 
05 0.0179 
06 0.0104 
07 0.0029 


If 0<0:+62, it increases its intensity with the rate given by 
exp (7/3/43 9))/(wro/v)/(O1+0.—9)} , 
which corresponds to the case of the direct exposure to the radiation. In this case such a 


discussion as that stated in § 11 still holds. 
5. The displacement components at a field point not near the surface are given by 
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dy~ —th( 7? — 7?)/?/ 70025 , dp~—thro|1 Oo, . 
Thus 
d,|dy~(7?2—70?)\/?/ro=tan 1 . 
The particle oscillates in the line AP, or longitudinally, while on the surface such linearly 
polarized oscillations prevail that d-/de~1/4(2m?—1)m-3(1—m?)-¥”?, which is 1/Y 3 for m=0.5. 
Secondly we evaluate Ag.;. This leads to 
Ags 5= —12imh(2m? —1)@7**(J 2/3( 03) —J -2/3(05))" (hReskR sxp)* 
x (sin 0:* sin 82 sin 03/sin 0)/2{1 +-(17/20 —1/4(cot?03—cot?0:1* —cot?42) 
++ 24m°(1 —9n?)( 2m? —1)-*— 2? (2m? —1))g7*?} exp [—zhRez—thro(0—O1* 
—0,+63){1+1/2q;*? — (4m /305)(1—m?)/?(2m? —1)*q7 +1/12045** 
—(1/6 —(222? +1) /(220? —1) —1/2m?/(1 —m?) —16/320°(1 —m?)(2n? —1)~*) 
x (4m5/30;)(1—m?)/(2m? —1)-*g;**} —tkR pe +thr (cot 6:*+cot 2 
— cot 45)(—1/8qj*4+ (2m?/3p5)(1—m?)/2(2m?—1)*gs) HL +00 /Rro)} » (12.3) 
for 7s; not close to 7, if we denote by A* the contact point of the tangent line through P on 
the circle which is formed by the intersection of the meridian plane through P and the 


sphere of radius m7,, by D the point of intersection of PA* and the original sphere by 
0,*, 0; the angle POA*, DOA* (see Fig. 4), and by Rop the distances between D and P. 


For 7; close to 7, or hrs—hr,<0(a‘/*), 
Ag23= —l6he-"! (1 — mi?) 2 (2m? —1)-3(1/kRaxp (27 sin 01* sin 63/h7o sin OVAL] 
+(—13/12—3/(2m?—1)+16m*(1 —m?)(2m?—1)-4—3/4 cot?d; 
+1/4 cot?0.*)q7}{1—2/4(2m? —1)?m-3(1 — m?)-171 + (2m?-+1)/(2m2—1) 
+1/2m(1—m?))q7”)n(rs—1)} exp [—thro(0—01* +03){1 + 1/2q;*? 
—(4m*/30;)1—m?) (2m? — 1)? +-1/12097*4*—(1/6— (2m? +1)/(2m?—1) 
—1/2m?(1 —m?*)* —16/32°(1 — m?)(2m? —1))-4)(4m3/30;)(1—m?)/2( 2m? 
—1)-*q;*°}—tkR ve + thro(cot 61:*—cot 63)(—1/8q7**-+-(2m?/30;\(1 
— mY ?(2m? —1)-a5*) {1 + 01/79) {1+ 0(hrs—hro)?|(h7)?/) « (12.4) 
The formula corresponding to the case that h(r—7%)=0 ((hr,)/), h(rs—7r)=0 ((h7,)'/3) is 
omitted here because we do not need it so much. 
Its properties are as follows; 
1. The magnitude is proportional to (RixpRgxs)"*(sin 0)-/°(sin 01* sin 0, sin 63)'/2; the last 
factor is to be interpreted to be (sin 6;)-1/? sin 63, whose latter factor appears to represent the 
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component in the direction of the line DP of the vector, tangential to the surface at the point 
D, as it should be so if we consider the transversality and the longitudinality of the wave 
to be discussed below. 

2. From its phase it appears that, if 0>0,*+0,—63, the initial wave travels out straight 
from @ to B with the velocity w and then many waves corresponding to various 0; pro- 
pagate on the surface with velocities close to w, respectively, attaining D and from here 
they straight to P with the velocity v;. If 6<0;*+6,—03 the phase is approximately equal 
to —th(Rexz—arc DB)—ikRyp as shown in Fig. 5, which closes to —thRon—lkpe with 
increasing Rez, Rpe; this shows the path in the sense of geometrical optics. 

3. The propagation velocity on the surface is w{1—1/4(30jz:/w7)2/2}; the waves are dis- 
persive and the one corresponding to the smallest o is the fastest. 

4. If 0>6,*+6.—63, it attenuates in the propagation on the sphere, whose rate of 
damping is given by exp {—V3/4(39;)?/*(wr/v)!/3(0—01*—0,+63)} in the first approxima- 
tion, the state corresponding to the shade in geometrical optics, while, for 0<0:*+6.—63, 
it increases its intensity, as given by the same formula; this represents the case where the 
source is visible from the field point. 

5. The displacement components resulting from it are 


d,~ —th(% |”) Aga; , dy~tklr(7r2—m?r,?)' Ags; , 
and so 


d,|dgy~ —m7 |(7? —m?r,7)/2 = —cot A* . 


The elementary portion at P oscillates in the line perpendicular to A*P, or transversely; 
this state still holds, when P is on the surface. 


§13. Case of Small @ 


It was shown in §9 that, while the series representing ® and Ay are so rapidly convergent 
for not small @ that it suffices for our purpose to sum up, beside the one corresponding to 
Rayleigh wave, first several terms corresponding to the residues at the two rows of zeros 
near the real axis, this method fails for small @ and we need some other procedures. We 
can now attain our end by evaluating @ and Ay in their original integral forms along the 
contours Cy, C, enclosing these two rows of zeros respectively. The case of small @, however, 
does not arouse any more interest but its importance lies only in the point that it shows 
behaviors transitional to the case of reflection by a plane surface, treated by Sakai. To 

“compare with his result, we limit ourselves to treat the components of the displacement on 
the surface without treating ®, A» in their general forms throughly, and further assume 
T—15KN%, 1s—T KN. 

Let us evaluate following integrals derived from the discussion in § 7: 


a i vP,r/2(cos(% —9)) Hy(hrs) | ; F(v, a)+1 ~— is a )| 
; For) !* Joy+es COS vi H,(ma)\_ @ a Ay? 
i ae 9\ 2/,, 29/4 2m (2 y—9/4 J, ib 
22. -l 
—4m” 4 ry, ma)», 4) | dy, (13.1.1) 
a 
Same AP,-s;(cos(n—0) 1 Hs@Xhin) (Foe : 
: AF (Fo7%s)"/" Joy 40s do cos yz H,©(ma) 
Aan a ao NDR ero 2m (2- HE); be 
[i ae Ge 4 + a (1+ 2 ad). a a Pen 
viper -1 
dry Ea aR, ma)| ihe. (13.1.2) 
a 
where 


Fv, a) =H,@"(@/Hy(a), Fv, ma)= Hy (ma) (ma) , (13.2) 


€ 
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the contours C,, C, being such as shown in Fig. 6. 
By investigating the analytical behavious of the constituents of the integrands on the 
contours in detail, we can reduce these integrals to 


d= —(th/r))(2a/xz sin ayvrerei exp {—a@@ 7 cosh w—(cosh?w —m?)!/?R(rs 
Oy" 


—7o)} cosh¥/?2(1—2 cosh?2v—2/a sinh w{(1—2 cosh?w)?—4 cosh?w 
x sinh w(cosh?z20—m?)!/?} 4 sinh wdw{1+0((ag)*)} 


—th|r(2ma/z sin8)/2e-*/# | exp {—maGz cosh w—sinh wh(7rs—7o)} 
J02” 


x cosh’/2w{1—2m? cosh?20—2/a(m? cosh?20—1)¥?}{1 — 2m? cosh?w)? 
—4ymn3 cosh?w(sm? cosh?2v0—1)!/ sinh w}? sinh wdw{1+0((maé)*)} , (13.3.1) 
dg= —(21/7,?)(2a°/z sin ayneri\ exp {—a0i cosh w—(cosh?e—n2?)!?R(rs 
Cy’ 
—¥,)} cosh®/2z{sinh w-+ (3/2a) }{(1—2 cosh?w)?—4 cosh?z sinh w 
x (cosh?20 —m?*)!/2}-1 sinh wdw{1-++0((a0)-!)} 


—2thm|r,(2ma/z sin 6)1/? en| exp {—madi cosh w—sinh wh(7s—7)} 


Co’ 
x cosh?/?z{ (m? cosh?2v—1)1/2 +3/(2a)}{ (1 —2m? cosh?w)? 
—4Am? cosh?2v(n2 cosh?z2v—1)'/? sinh ww}! sinh zvdaw{1+0(maé)-!)}- , (ison) 


where C\’, C,’ are such as shown in Figs. 7, 8. 


By integration along the contours of steepest descents through w=0, 2(x/2—) they become 
d,=[—8e7/*(1—m?)*/4(sin $)-/?{(1—m?)!¢ sin 6-+cos $}°?R- exp {—ikR sin & 
—(1-m?)'PRR cos $}+22h(1—2n? sin?d) cos ${(1—2m? sin’) 
+4? sin?f(1—m? sin’)*/? cos ¢}-1 exp (—7hR)/R]1+0(/kR)} , (137451) 
dg=[4e-7/*(1—m?8/A(sin ¢)12{(1—m?)/4 sin b+cos $}-3/2R-2 exp {—zkR sin d 
—(1—n0?)'PRR cos $}—4 thm sin ¢ cos (1 —m? sin?d)!/2{(1 —2m? sin2h)? 
+4m sinrf(1—m? sin’d)'/? cos ¢}1 exp (—zhR)/R]{1+0(1/RR)} , (13.4.2) 


where # denotes the incident angle. These results are completely equivalent to those of 
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Sakai’s research on the behavior of distortional and dilatational waves on a plane surface 
(4) p. 35) and so we refrain from proceeding further. 


IV. DISTORTIONAL SOURCE OF THE FIRST KIND 
§14. General Form of the Solutions 


The treatment of the case of a distortional source follows much the same course as in the 
preceding case, so that we shall not enter into particulars except some new points. 
The ora primary wave, expressed by (3.3), can be expanded as follows: 


e? = —(4[Rrrs)1_(2n+1)[Cukrs)\Pn(R), or PrlRIs)E n( Rr) |dPn(cos 0)/dd , (14.1) 
according as a Qin LAST, 
Assuming, in view of this expression, as the secondary waves the expression (5.3), we 
determine the coefficients from the boundary condition. After the same transformation as 
in §7, we have as the resultants 


_ 4a Pyp(—cos6) 1/4 (29/4) ae aa 
; (rr)? E cos yz a? a, a 0A(v)/Ov esa se a 
Qn dPysp(—cos8) 1 HO Rr HOR) (4, P94 pr cay 
ts Seale do cosyx H,2(a)0d(v)/Ov tm @ Og) 
—7 (4 ep mays | . (14.2.2) 
a a EE a 


for all values of 7. 


§15. Terms Corresponding to », 
The result of the calculation is 
O,= —4k?7r,€ (26 —1)[8(€ —1)1(€ — m?)/2-8(2€ —1) + 26 {(€ —m?)1/2(€ —1) 32 
ae bE mpg 0/2 FATE a BG le 1h te a/c kr sine as 
xexp[—(C =m) Pk 1-H) — DAR —%) 067k G1 —C PE — 1)? 
X (Pilko) }K1 +001 /kr) 1+ 07s —10)/70) HL +0(7—10)/70)} - 
Its behaviors are quite the same as those of %, in §10, except for its rate of damping with 


HESPECE (OF. 
Then we have 


A gps BR 96 TE — mi ARE — Lye — mr? — 826 — 1) + 20 Cmte Ay 
+(€—1)¥*(€ —m*)-¥?} 4 (1—26)?3{1/(E —m?) + 1/(C—-)) ter (2 [Rr sin 0)) 
x exp [—(€—1)?*k(r.— ro + 7— 10) 10 ROA --(F — 16 dilkro) } A. 
+0(1/R70)}{1+0((7.—70)/%0)}{1+-0((7—10)/70)} (15.2) 
Its behaviors are quite the same as those of Ag in §10, except for its rate of damping 
with respect to 7. 
The components of the resultant displacement on the surface are 
dp= —4e-*/# 6 (€ — mR 7927 /C1/?k7 sin )'/7[8(E —1)/(F — mm?) —8(2¢ —1) 
4 2EL(€ —m?)V2(E--1)-V/2 + (€ —1)/(E —m?) 17} + (1-26)? {1/(C — mr?) 
+1/(€—1)} J" exp [—(€ 1) 2R(75 — 70) — 162k 01 — (F -1)PE- (pie) }] 
x {14 0(1/kro)}{1+0((7%—70)/%0) {1+ 0(7—70)/70)} 
dy=2e7/** 8 ry6 (26 —1)(220/€1/?rg sin 8)'/?[8(E —1)*” (C00 ee ee: ‘ 


(15.3.1) 
(19.3.2) 


therefore 
da|dy~ QUE — (EA) 5 


It shows that the volume element on the surface oscillates in an elliptic orbit, whose major 
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and minor axes are in the directions of d,, dy respectively, in the sense from the positive 
direction of d, to that of d). The ratio of the axes is w:?/(v:?—4vr")(v?—ve*)'?/v1, and its 
numerical values for m=} is 1.56520---. This result is compatible with that of Sakai’s 
study on the propagation of Rayleigh wave on a plane surface 4) p. 58). 


16. Terms Corresponding to 11; 
We obtain 


O15=12q5-*(J2/3(0/)—J -2/3(05)) 1 /kRes)(sin 62/sin 0)/7{1 +(1/4 cos?Os 
—13/20+8(1 —m?))q;?} exp [—(1 —m?)/2k(r—19) —tkRos —th7r(0 — 92) 
x {1+1/2q;?—(4¢/305)(1—m?)/?q38 +1/1209;4—(—17/6+1/201—m*) ™ 
+16/3(1 —m?))(42/30;)(1 —m?)/2q;°} —zk7y Cot 02{1/8qi4 —(22/305) 
x (1—m?)/2q3°}]{1 +0(1/R70) {1 +0((7s —70)/%o) H1+0(7—10)/70F (16.1) 


for R(7%s—7o) >0((R70)'/?). 
For k(%s—70)<0((Rk7)'/*), we have 


O15=16ke-*/44(1 —m?)'/2f1 + (—43/12 +1/2(1 —m?)-! + 16(1 —m?))q3? }(277/k10 
x sin 6)/?[1—1/4(1 —m?)}/?{1 + (31/211 —m?))q?}k(7s—7)] exp [—A. 
—m)PR(r—1o) —tkrO{1 + 1/25? — (44/305) —m*)/7g? +1/1209,;4 
—(—17/6+1/2(1—m?)* +.16/3(1 —m”))(42/30;)(1 —m?)'? qi} 
x {1+0(1/k70)}{1+0((7—70)/70) {1+ 0((krs —k10)?/(kr0)”/*)} (16.2) 


Its properties are as follows: 

1. @,; is of finite magnitude only if r—7<ro, or has the character of a surface wave. 

2. @,; is proportional to 1/(kRgz)(sin A2/sin 6)/?. 

3. From the phase it seems that, if @>>0@2, a distortional wave travels from the source to 
Band then many waves corresponding to various values of 9; propagate on the surface to 
the field point with propagation velocities fairly close to v1, whose values are given appro- 
ximately by 2w{1—1/4(30;v:/w7)?/*}; the wave corresponding to the lowest op is the fastest. 
They are all dispersive. Although we have not such a conspicuous geometrical interpretation 
for 0<@2, the phase approximately given by —zk((Rez—1(82:—8)) is close to —zkRgp so far as 
6 is not small; this means the wave propagates from @ to P directly with w:. 

4. If 0>6., it attenuates with 9—@,, the rate of which is given by exp {—y//3/4(0,;)?/ 
(wro/vr)*/3(8—O2)} if we retain only the first term in the exponent; this is the same as in §11, 
if we replace 0 by 0—6,, so we need not consider further. If 0<@,, it increases with 0.—0 
exponentially, which means that the field point is exposed to the direct radiation. It was 
already discussed in the last part of §11 that this procedure is not so suited to the com- 
putation in the latter case. 

5. The displacement components resulting from it are as follows: 

d,~—(1—m?)!/? kO,; , dy~ —tkh,; . 
Then 
dr/dy~ —i(1—m?)'/ , 
which means that the elementary portion at the field point oscillates along an elliptic orbit 
whose major and minor axes are in the directions of dg, d,, respectively; the sense is from 


the positive direction of d, to that of d,. The numerical value of the ratio of these axes is, 
for m=(1/2), 1: 0.866. 


Next we consider Ag:j. As the result of the calculation we obtain for k(7--7)>0 ((k7»)"), 
R(rs—%o) >0((k7)*/?) 
Agij=9kEM™ GJ o/3( 01) J -2/3(05)) > /RRoskRap)(2k7r sin 01 sin 02/7 sin 0)1/2 
x {1+ (47/60—1/2 cot?4,—1/2 cot?6.)q;?}exp[—zkRoz—ikR ap 
—tkr9—61— 62){1+1/2q7 —(4t/303)(1 —m?*)!/?q3 +1/1209;t—(—17/6 
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41/20. —m?)-* + 16/3(1 —m?))(44/305\(1 — m?2)/2q,5} —ékro(cotOs-+cotd,) 
{1/89s*—(27/39;)(1—m?)¥q5} {1 +0(a-} , (16.3) 
if we use such notations as in § 12, and for the case corresponding to 7,7; close to 7% 
Agi j=(32/)e*/*(z/kro sin 6)°(1—m?){1+(—61/12 +-(1—m?)1+16(1—m?))q;7} 

x [1-1/4 —m?)2{1 + (3-1/2 —m®)-)q}kr—n +7s—1)| exp [—zkr,0 

x {1 -+1/2q;?—(44/30;)(1—m?)'/2g 8 +.1/120g4—(—17/6 +1/2(1— m2)" 

+16/3(1 —m0*))(4¢/35)(1 —m?)/2q,5}]{1 +-0(1 kro) {1 + 0((kr—kero)?/ 

(Rro)*/9) {1 +0((krs—kro)?/(kro)?/3)} (16.4) 

Its properties are as follows: 

1. Avi; is proportional to 1/(RRezkRp)(sin 01 sin 62/sin 0)'/2 unless O;, 02 are quite small. 

2. From the phase it seems that if 0>0,+06, the distortional wave travels from Q to B, 
then many waves, corresponding to various values of ¢ respectively, propagate on the surface 
with the same velocities as those of ®,; and then from A to P ina straight line with x. 
If 6<0:+6:, on the contrary, the geometrical interpretation is not so simple; the phase 
—thRon+tkr(01+0.—0)—ikR4p is approximately equal to —ikRoi—7kRup or —thRoq,—tkRo,p, 
according as 0>6;, or 0<6,, if P,Q are far from the surface. These phases correspond to 
the case where the field is out of the geometrical shade. 

3. As to the damping with 0, the same discussion as in the case of 1; is possible, if we 


replace 6—6, by 06—0,—0,. 
4. The displacement components are 
d,~—tk cos 6,AQ93; 5 dg~tk sin 0,Ao1; ; 
and we find 
d,/dg~ —cot a; 
that is, the elementary portion at P vibrates in the line perpendicular to AP in the meri- 
dian plane through P, as it should be if we consider the waves at P transverse. 


§17. Terms Corresponding to »,; 
We have 


O,5= l2xkrym? (2m? —1)- (J 2/3(05)—J -2/3(05))?qy* 71 /hRarkRox*) 
x (sin 43sin 8; sin 6,*/sin 9)!/?[1 +{27/20+1/4(cot?0.*—cot?43-+ cot?0,)—2m? 
X (29? —1)-1+24m°(1—m?)(2m? —1)-*} 7” ]exp[—zkRon—thRar—ithr, 
x (0—0,—62* + O31 +1/295"" — (493 /3.0;)(1 —m?)/(2m?—1)-?qs* +1/12095*4 
—(1/6—(2mm? +1)/(2m? —1)—1/20?(1 — m?)-1 —- (169° /3)(1 —9)(2m? —1)-4) 
x (4m? /303)(1 —m?)/2(2m? —1)-2q 7°} —thro(cot 6:—cot 43+ cot 0.*){1/8q;*4 
—(2m§/30;)(1—m?)?(2m?—1)-7g5*F {1+ 01 /kro)} (17.1) 
for h(r—1)>0(hm)'/8) if we employ such notations as shown in Fig. 9, and for h(r—7%) <0 
((hr,)/*) we have 
O»53= —16hrypm®k(1 — m?)'/2(2m?—1)Fe*/"(2 sin 8; sin 02.*/h7o sin 8)/7(1/RRgs*) 
x [1+{—7/12—3/4 cot?03+1/4 cot?0.*—3/(2m?—1)+16m°(1—m”) 
x (2m*—1)-4}qs*] exp [then —thr(O—0:*+ 051 + L/2as"*— (4/3 03)(1 m2 
x (2m? —1)-2g7*8 + 1/120g7**— (1/6 —(29? + 1) /(2m0? —1) 1/2 m(1—m?)-!—(16n*/3) 
x (1 —0?)(2? —1)~*((498/305)(1 — a?) 2m? —1)-?qi**} —thro(cot 82*—cot 83) 
x {1/8 g5**—(2m?/305)(1 — mm?) 2m? —1)7g7*} {1 + 00/70) } 
x {(1+0((hr—hro)'|(hro)/)} . (17.2) 


We omit here the case k(r—1)=0((h7)!/*) for the same reason as before. 
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The properties are as follows: 

1. It is proportional to 1/(kRox.hR.«p)(sin 0: sin 0; sin 0.*/sin 0)/? unless r is close 7, or if we 
consider the component tangential to the circle at E of the vector perpendicular to QE, it 
may be more reasonable to write (sin 03;/kRoz,hRar)(sin 9; sin 0,*/sin 8 sin 63)”. 

2. If 6—0,—6,*+6;>0. it seems from the phase that the distortional wave propagates 
from Q to E straight and then many waves of the dilatational character corresponding to 
various values of p travel on the surface to A with the velocities w{1—1/4(30jv:/70)*/*}, 
propagating lastly to P straight with wm. If 6—0,—0.*+0,<0, though the geometrical inter- 
pretation is not so obvious, the phase is approximately given by —c¢kRgn—zhRar, showing 
that the distortional wave resumed by the dilatational wave at FE. 

3. If 0—0,—0.*+6,>0, they attenuate with increasing 0, the rate of damping being given 
by exp{—V 3 /4(80;)?/3(w7o/v1)/3)(0—0,—0.*+63)}, where only the first term in the exponent 
is retained. Refer to §12. For 0—0,—6.*+6;<0, the amplitude increases exponentially and 
as to the accompanying trouble we have already discussed. 

4, The displacements are 


d.~—th sin 0,9,; dy~—th cos 9192;; 
then 
d,/dg~tan 0, , 
which shows that the element at P vibrates in parallel with AP and in the meridian through 
P, or longitudinally. 
Next we obtain 
Ags j;= 8b kare!/*(27/hry sin 0)? sin’, /kRex*kRu*r)(sin 0;*/sin 03)'/? 
(sin 62*/sin 63)'/2[1 +{1/4 cot?0.*+1/4 cot?0,*—1/2 cot?d; 
+23/12 —492?(22? —1)-!+-16m°(1— m?)(2m?—1)-*}¢7]exp[—zk(Ren 
+Roe)—th(6—01* —0;* —263){1 +1/2q7°? — (4mm? /3 9) 1 —m?)'? (2m? — 1-758 
+1/1209;*4—(1/6—(2m? +.1)/\ 2m? —1) —1/2m?(1 — m?)-1 —16/3m*(1 — mi?) 
x (2m? —1)-*)(4m3/30;)(1 —m?*)}/7(2m? —1)-°q7*?} —thr (cot 41*+cot 6,* —2 cot 3) 
x (1/8q7**—(2m?/30;)(1 —m*)/?(2m? —1)-?g5**)]{1 +00 /Rro)} , 
the notations being illustrated in Fig. 10. 


Brak 59} 


Its properties are as follows: 


1. It is proportional to (sin?03/kRRos*kR.*r)(sin ;*sin 62*/sin 03 sin @3)'/2; the factor sin?03 
means that we take the component, tangential at #, of the vector perpendicular to QE and 
the component, perpendicular to DP, of the vector tangential at D, 
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2. If 6—6;*—6,*—203>0, it represents that the distortional wave propagates straight to 
EB, then splits up into many dilatational waves, corresponding to various values of o; and 
travelling on the surface to D and there each of them becomes distortional wave propagating 
straight to P. Their behavior on the surface is the same as that of @,;. 

3. As to the damping with the angle 6—0,*—0,*—263, it is quite the same as in the case 
of ®;, if we replace 0—0,—0,*+0, by 0—6,*—9,*+263. 

4. The displacement components are 


dr~ —th(r)/7) Ags; dy~ —tkh? — m?7,")'/?/r7Aga;; 
then 


d,|dg~ == COU 6.* F 


which means the vibration at P is transverse in the meridian plane through P. 


§18. Case of Small 0 


For the same reason as in § 13, we obtain for the series representing d,,"dy on the surface, 
except for the terms corresponding to vy, 


pani als. | Se NA ee a 8 aS 1 — 2?) 
(vors)'/? Jc, +c, COS vz H,O(a) @& bet a ( Qyy* 
Oy? OhZ 2 Of 2 
edt (2 afl IF, a) + a2 wes MNF», ma)—4m kya np ey) 
a a a a a? 
x Flv, a)|'dv , (18.1.1) 
ch Dt ae vdPy-1/.(—cos 0)/d6 H,(Rrs) { 2(?+3/4) | 4m, 
6 (To%s)/?7o ew cOS yz H,)(a) \ 2 a ee F (Y, ma} 


(2 Sa ah) i (18.1.2) 


where the integral contours C,, C, are shown in Fig. 6. 
The integrals along C, can be evaluated by the method employed in §13 and we have 


d= —4k®7) sin?h(n? —sin*d)'/2cos ${(1—2 sin’d)?+4 sin’y cos (mm? —sin?¢)!/2}-} 


x (RR)-! exp(—zkR){1+01/RR)} , (18.2.1) 
dg= —2k?x% sind cos #1—2 sin’){(1—2 sin’)? +4 sin’ cos P(m?—sin*)'/?} 1 
x (RR)exp(—zkR){1+001/kR)} , (18.2.2) 


by calculating the integrals along C;’ through ¢(z/2—¥¢). 
Next we investigate the integral along C,; we put here 


y=ma cosh w 


and investigate the contour C,’ in w-plane. By studing the curve of steepests descents we 
find that for sin é<m these integrals are reduced to the previous ones and only for sin ¢ 
>m we have new ones; they are shown to be 


d= —4ikmBa(1—2m?)-? sin-/2 cos’/*P sin-3/*(d— di (RR) *exp{ —tkR cos(p—¢1)} 


{1+0(1/kR)} , we (18.8.1) 
da= 8th? m'a(1—2m?)-3cos*/*¢ sin —/?* sin-3/2(b—d,)(RR)-*exp{—zkR cos(b—1)} 
{1+00/RR)} , (18.3.2) 


where #, denotes the critical angle. 
The displacement represented by (18.2.1), (18.2.2) is of the distortional wave and the one 
by (18.3.1), (18.3.2) is of the dilatational wave. These results are completely equivalent to 


those of Sakai’s research (4) § 27~28). 
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V. DISTORTIONAL SOURCE OF THE SECOND KIND 
§19. General Form of the Solution 
Since in this case the primary wave is given by (3.3), we assume as the secondary wave 
dos = —(t/kr7rs)d12_) (2n+l)enEn(kr)dPn(cos 9)/dé , (19.1.1) 
0’=A,*=0, (19.1.2) 
where cn is an undetermined coefficient. Then the resultant is 
do=—(tkrrs) Dies (22+1){en€n(kr)+[Cn(k7rs)Pr(kr), or Palkrs)En(kr)]} 
x dPn(cos 8)/d6 , (19.2) 
according aS 7<(7s or 7>7s. 
After the same procedure as before we have 
an dP, _1/2(—cos 8) 1 HO kr)HyORN) -— 
rr Pa 5 E dO cose Payiien Ghee; aoe 
(19.3) 
where v; means a zero of Hy®’(a)—(3/2a)H,@ (a) qua function of v. According to 7) the 


zeros lie near the curve in the v-plane, which starts from »v=a, making an angle —z/3 with 
the positive real axis, and goes off to —ooz; the ones close to the real axis are given by 


yy~atl+(1/2)p7? + (1/120 + (17/9007) p+ «+ +} j=1,2,3,--- (19.4) 
where ~;=(30;/a)\/%e°/5' and o’s denote the roots of 
Fz 7,(ce™)=0 , 


the first several ones being 0.6853843---, 3.9027676---, 7.0549300---, 10.2006884---, 13.3445027 
-++; the zeros of extremely large moduli are of order of —(m-+1/4)zé/logm with a large 
positive integer 77. 


To ascertain the convergence of this series, we estimate the order of magnitude of the 
terms corresponding to the large zeros, and find such terms are comparable with 


—y3/2e-q/{logy(v?—a?)/?} 

except when @ is small, and, therefore, the convergence is secured. Considering its rapid 
convergence for not small @, we evaluate the first several terms to estimate dy in this case. 
§ 20. Evaluation of the First Several Terms 


Let us evaluate the term of the right-handed side of (19.3) corresponding to v;, given by 
(19.4). As the result of calculation we find 
dej= —9k ps *e-*!/*( 1345) —J -1/3(05)) 21 /RRoskRar)(2k7 sin 0; sin 02/7 
x sin 6)'/?[1+{59/60 +1/4 cot?6+1/4 cot?02—(2/450;?)}p;?] 
x exp|—thRoz—tkR sp—tkr(0 — 04+ 02){1+1/2p7 +(1/1204+-17/9005-?)p ji} 
—1/8k7(cot0,+ coté.)p]{1+0(1/k79)} (19.5) 
for k(7—1)>0((kr0)*), R(7s 7%) >0((k79)*/3), if we use such notations as in Fig. 2, and 
dps= 2kpje-*/*(277/kro sin 8)*/?[1+ {51/60 —(2/450 52) —1/2k2(r—7,)? 1/2? 
X(%s— 10)" }bF Jexp[— kr O{1 + 1/267 + (1/1204-17/9005-2)p}"}] 


x {1+0/k70)}{1+0((7—70)3/703) {1 +0((7%7s—10)?/702) } (19.6) 
for k(7—7)<0((k19)/3), R(s—7%)<0((R70)/*);_ the numerical values of J 1/3(03)—J -1/3(03) are 
1.592206---, —0.697477---, 0.519806---, —0.432500---, —0.378209---, --- ; 


The properties are as follows: 
1. The magnitude is proportional to (RReskRap) (sin 6; sin 3/sin @)*/?. 
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2. From the phase it is found that, if 6—0,—6,>0, the distortional wave travels straight 
to B, then many waves corresponding to various o; propagate on the surface to A with the 
respective propagation velocity fairly close to v,, that is, vx{1—1/4(80;01/w79)?/2}, and then 
Straight to P with v;. If 0—@:,—0.<0, the phase, approximately equal to —zk{Rez—1™|9—8, 
—6.|+Rap}, means that the wave is reflected directly by the part of the surface between 
A and B, as in the case of ®.; in §12. 

3. If 6—0,—6.>0, it attenuates with increasing 0, the rate being approximately given by 
exp{—V 3 /4(305)?/3(w7o/v1)/3(8 —0;—62)}._ We tabulate below the numerical values of the rate 
corresponding to various values of oj, to give some idea about the order of each term, 
where a is taken to be 100: 


d6—0,—6,=0.1 0.2 0.5 1.0 
Oy 0.7225 0.5220 0.2725 0.03877 
O2 0.3548 0.1258 0.0158 0.00003 
03 0.2149 0.0461 0.0021 
O4 0.1400 0.0196 
Os 0.0952 0.0091 


We see from it that for 0—0,—0,=0.2 it suffices for us to take five terms to keep the error 
under one per cent, if we take only this point into consideration. For 0—6,—6.<0 it in- 
creases exponentially with 0—6,—6;, but this is to be interpreted as representing the qualitative 
behavior of the partial wave and we must sum up fairly many terms to estimate dy, since 
the terms increase their magnitude at first with increasing o; and then begin to decrease 
when the relation v;—a@=0(a'/*) becomes invalid. 

4. The vibration at P is apparently transverse and perpendicular to the meridian plane 
through P. 


§21. Case of Small 6 


When @<1, we can express dy on the surface as 


do= MO NTS) TE ESC) an eee: ESS 0: 1) ee dy (21.1) 
4 (%o%s)' a Jc, do cos vz Hy’ (a)—(3/2aHy@(a) 
referring to §13. This becomes 
do=tka'e"/#(2/z sin ayn| , cosh/*zy sinh zw exp {—RR sin ¢ cosh wi—kR cosh 
C1 
sinh z}{sinh 2-+(3/2a)}-'dw{1+0(0/RR)} . (21.2) 


By integrating it along the curve of steepest 

descents through z(z/2—q) we obtain 

dy=—i2ha sin } exp(—7kR/(RR){1+0(1/RR)} , 
(21,3) 


which is compatible with Sakai’s result in the 
case of a plane surface 4) § 38). 


VI. CONCLUSION 
§ 22. 

By summarising the above results we have 
come to the following conclusion. 

1. When a monochromatic elastic wave of 
dilatational character or distortional character 
of the first kind generated at the source 
reaches the surface, many secondary waves 
are produced, which, combined with the initial 
one, will be separated into three groups COrI- 


responding to three types of elastic waves on 
a plane surface, i.e. to the dilatational, dis- 
tortional and Rayleigh waves. While the 
third group, %, Ago, consists of waves having 
such phase differences as correspond to the 
path differences of integral multiples of the 
whole circumference among themselves, the 
first two, 0: Agi, 2, Ay, are the groups of an 
infinite number of waves, corresponding to 
the two rows of the zeros of the function 
represented by the right side of (7.3) in the 
y-plane. When a distortional wave of the 
second kind has reached the surface, only the 
group of the same kind consisting of an in- 
finite number of components occurs, corres- 
ponding to the zeros of the function d/da \og 
H,®(a)—(3/2a). 
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2. If the field point is in such a position 
as exposed to the direct radiation from the 
source, the situation is not different essentially 
from that in the case of the reflection by a 
plane surface, already dealt with by, say, 
Sakai and our method is shown not to be so 
effective but to give us only some qualitative 
informations. The range we stated here to 
be exposed to the direct radiation does not 
always mean the region of points, which we 
can join with the source by a straight-line 
without being intercepted by the surface as 
in geometrical optics, but the extent where 
the angle 0—06,,0—6,—6., etc. are negative 
respectivly. This range, consequently, varies 
according as which wave are we concerned 
with and sometimes, as in the case of Ag in 
§ 17, the field point fairly closed to the source 
may be still out of this range with respect to 
a certain kind of waves. 

Out of this range, that is, in the shade, our 
method has shown its effectiveness and we 
have obtained the results that exhibit some 
significant features we shall state below. 

3. In the shade, except for ®), Ay in § 10, 
§ 15, corresponding to Rayleigh wave in the 
case of a plance surface, the amplitudes of 
the waves attenuate exponentially with 0,0 
—96,, etc., the angles measuring their respec- 
tive shades, which shows the continual dis- 
sipation on the surface on account of the 
continual change of the direction of propaga- 
tion. The damping of ®. Ago in this respect 
is negligible so far as the radius of curvature 
of the surface is considerably large compared 
with their wave-length. 

When travelling on the surface, all kinds of 
waves are of dispersive character, their pro- 
pagation velocities depending on the frequency, 
although they are close to some of V1, Ut, UR, 
the velocties of dilatational, distortional and 
Rayleigh waves. Among the waves of the 
same kind the first-numbered, corresponding 
to the smallest |Imy] is the fast. 

4. The case of a dilatational source. If 
the source is placed fairly far from the sur- 
face, only two sorts of waves belonging to 
the first group, 0, Ag, are observable at any 
distance from the surface. These two sorts of 
waves propagate on the surface with the pro- 
pagation’ velocities, though different for each 
member, considerably close to v, and then 
travel straight to the field point with w, and 
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v;, respectively, their respective vibrations 
being longitudinal and transverse in the meri- 
dian plane through the field point. While the 
so-called path of the former is tangential to 
the surface, that of the latter is oblique. 
Their amplitude is, except for the angluar 
dependence, inversely proportionaly to RezRur 
and ReszRza*r, which are the product of the 
length of the straight path starting from the 
source and that of the straight path termina- 
ting at the field point and the product of the 
similar ones, respectively; this is essentially 
compatible with Huygens’ principle. The 
extent of the shade is considerably larger for 
the latter than for the former, the shade of 
the former coinciding with that of geometrical 
optics. 

When the source approaches to the surface, 
another kind of waves Ag; becomes observable 
at any distance from the surface; the waves 
of this kind propagate round on the surface 
with the velocities close to 7 and then travel 
to the field point along the straight path, 
tangential to the surface, with the velocity 2, 
the vibration being transverse in the meridian 
plane. Their extent of the shade coincides 
with that in geometrical optics. The ampli- 
tude is, except for angular dependence, in- 
versely proportional to Rup. Still more, in 
the vicinity of the surface, waves of other 
three kinds @), Ago, ®; are observable. The 
first two propagate on the surface with the 
velocity, of which the group velocity is equal 
to vr, and the last with the velocities equal 
to those of Agi. The oscillations resulting 
from them are elliptically polarized ones with 
their own peculiarities. 

5. The case of a distortional source of the 
first kind. If the source is considerably far 
from the surface, three sorts of waves, Qs, 
Ags, Agi, belonging to the first and the second 
groups, are observable at any distance from 
the surface. The waves of the first two sorts 
propagate on the surface with the velocity, 
though differents from one another, close to 
v and then straight to the field point with 2, 
v, respectively. The path to the field point 
is tangential to the surface for ®,, while for 
Ag, it is oblique. The waves Ay, travel on 
the surface with the velocity close to w, and 
propagate to the field point with 2, along the 
path tangential to the surface. The extent of 
their shade incréases in the order of Agi, D2, 
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Ags, the shade of Ay: being coincident with 
that in geometric optics. Their amplitudes, 
omitting their angle-dependence, are inversely 
proportional to RuapRez, Rox*Rar, Ron*Ra*p 
respectively, the product of the lengths of 
the two straight paths or that of the analo- 
gous ones. The vibrations are transverse or 
longitudinal according as it results from Ag 
or ®. In the vicinity of the surface, waves 
of another short @ also: observable, which 
propagate with velocities close to 7, and whose 
amplitudes are proportional to Rez, the length 
of the straight path from the source. Their 
shade is coincident with that in geometrical 
optics. The vibrations resulting from them 
are elliptically polarized ones. 

When the source approches the surface we 
can observe in the vicinity of the surface the 
surface waves ®, Ag) which are quite analog- 
out to those in the preceding case. 

6. The case of a distortional source of the 
second kind. The waves of dy, corresponding 
to numerous zeros, propagate on the surface 
with velocities close to wv, and travel straight 
to the field point with 2. .The extent of the 
shade is equal to that in geometrical optics. 
They, of cource, represent transverse vibration 
perpendicular to the meridian plane. 
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Experimental Investigation of the Wakes behind Cylinders 


and Plates at Low Reynolds Numbers 
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Wakes behind cylinders and plates were photographically investigated 


at Reynolds numbers from 0.1 to 2,000. 


Main results are as follows. 


In the case of a circular cylinder, the rear twin-vortices begin to form 
at R=5 (RF is Ud/v), then become more and more enlarged as # increases, 


and finally become asymmetrical at about R=45. 


The laminar wake, on 


the other hand, begins to oscillate sinusoidally some distance downstream 


alieli= 308 


In the case of a flat plate parallel to the flow, the wake begins to 
oscillate sinusoidally some distance downstream at about R=700 (F is 
Ul/v, where lJ is the length of the plate). 

Lastly, some detailed knowledges about the structure and the nature 
of the Karman vortex street are obtained by a new method. 


§1. Purpose and Outline of the 
Experiments 


As for the flow of a fluid at low Reynolds 
numbers, some experimental and theoretical 
investigations have been made up to the 
present, but not a few problems are left still 
unsolved. It is well known that the calcula- 
tions are successfully made with the approxi- 
mations of Stokes or Oseen for very small 
Reynolds numbers, but as Reynolds number is 
increased, Oseen’s as well as Stokes’s appro- 
ximations become more and more remote 
from the exact solution of the Navier-Stokes 
equations. On the other hand, the experiments 
which serve as a verification or guidance of 
the theories seem to be in great lack. The 
present author planned to investigate minutely 
the wakes behind circular cylinders and flat 
plates at Reynolds numbers from 0.1 to 2,000. 

First, it was tried to determine the critical 
Reynolds number at which twin-vortices make 
their appearance in the rear of a circular 
cylinder. Concerning this problem there are 
several theoretical calculations®»®, It is from 
this aspect that the author is interested in the 
subject. Though some photographs of the 
flow around cylinders at low Reynolds numbers 
have already been taken by several experi- 
menters»”, they are not fit for searching the 
critical Reynolds number, because the stream- 
lines in the immediate neighborhood of the 
rear stagnation point are not clear. Theauthor 
has succeeded in getting the clear stream-lines 


by giving long duration of the exposure. 

Secondly, the experiments were made con- 
cerning the oscillation of the wake behind a 
circular cylinder. It is extremely difficult to 
detect the oscillation which appear in the 
wake for the first time, as it is very faint. 
In the present experiment, however, the ocil- 
lation was sensibly detected by utilizing the 
reflection of light from the aluminium dust 
suspended in the water. And it was found 
that the wake begins to oscillate at about R 
=30 and that the twin-vortices are indepen- 
dent, at least directly, of the oscillation of 
the wake. 

Thirdly, the experiments were made using 
a model coated with condensed milk. This 
method enables us to see clearly the positions 
of separation point and the structure of twin- 
vortices. This series of experiments showed 
that the solutions of Navier-Stokes equations 
are in good agreement with the experimental 
data even in the case of R=40. 

Fourthly, the wake behind a flat plates 
parallel to the direction of motion was investi- 
gated. In the case of a flat plate the separa- 
tion does not occur, in other words 
twin-vortices do not appear, for this reason 
it is very interesting to investigate the rela- 
tionship between the wake of a circular cylin- 
der and that of a flat plate. 


Lastly, the experiments by a new method 
clarifying the structure and the nature of the 
Karman vortex «street were carried out and 
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some detailed knowledges concerned were 
obtained. 


§2. Apparatus and Experimental Method 


The experiments were carried out in the 
glass water tank of 100cm in length, 20cm 
in breadth and 30cm in depth. The carriage, 
to which the model was attached, was moved 
on straight rails above the tank by means of 
a nut engaging on the lead screw which was 
turned by a 200 watt a.c. motor through a 
great box. The velocity of the carriage was 
varied in 10 steps by exchanging the gears. 
According to circumstances, d.c. motor could 
also be used. To obtain a uniform velocity, 
every part of the apparatus was carefully 
adjusted for a long period. Fig. 1 shows the 
general arrangement of the apparatus. 


Table I. 


Circular Cylinder 


d(mm) (mm) d/D 
6.00 300 1/33 
3293 250 1/51 
2.95 250 1/68 
1.99 200 1/100 
1.54 200 ilyyjalec30) 
1.02 180 1/196 

Flat Plate 

iamm) o(mm) Lom) 

37.00 0. 24 280 

20.05 0. 24 250 


Diameter of the Sie 
Span of the model 

Tank width 

Length of the flat plate 
Thickness of the flat plate 


Ss | 


In order to visualize the motion of water 
below the free surface, aluminium dust was 
suspended uniformly in the water. And il- 
luminating it by a sheet of intense light 
through a narrow slit, we could clearly 
observe the motion of water in the illuminated 
layer from the direction normal to the light. 
A500 watt incandescent lamp with a line 
filament was used as the source of light. 

The camera used was a Nikon F 1.4, 
when necessary a Mirax (an enlarging equip- 
ment) was put on. 

The sizes of the models are given in the 


Table I. 


and 
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Fig. 1. Schematic diagram of the apparatus. 
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Fig. 2. Plot of s/d against R. 


§ 3. The Reynolds Number at which Twin- 
Vortices begin to Form in the Rear of 
a Cylinder 


Concerning the critical Reynolds number at 
which twin-vortices begin to form in the rear 
of a circular cylinder, there has been no 
investigation except that by H. Nisi and A. 
Porter®, and little is known of the accurate 
value of the critical Reynolds number. This 
seems to be chiefly due to the extreme diffi- 
culties of the experimental technique. 

In the present experiments the method of 
moving a model through still water was 
adopted. For such a low Reynolds number, 
even a very small residual motion of water 
cannot be neglected, therefore great care was 
taken to allow the water to come to rest 
before beginning an experiment. 

A careful photographic technique was also 
required to get a sufficiently clear and sharp 
picture. A Mirax enlarging equipment was 
put on and the duration of the exposure was 
made sufficiently long. 

It can be noticed from the photographs 
obtained that the twin-vortices are seen at Rk 
=7, though they are very small, but they 
are not seen at R=6. (R is Ud/y, where d is 
the diameter of the cylinder, U is the model 
speed and »y is kinematic viscosity.) In the 
neighborhood of the critical Reynolds number, 
it is very difficult to detect the twin-vortices 
accurately for two reasons (i) the dimension 
of twin-vortices is still very small, (11) the 
position they appear is situated in the im- 
mediate neighborhood of the rear stagnation 
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Photo 1. (a) R=57.7. 


Photo; (C13 05: 
point where the velocity of the flow is 
extremely small. The size of twin-vortices, 
however, can be accurately measured at Rey- 
nolds numbers exceeding 7. 

In Fig. 2 the size of twin-vortices is plotted 
against the Reynolds numbers, and from this 
curve the critical Reynolds number can be 
deduced. It may be concluded that the critical 
Reynolds number at which the twin-vortices 
begin to form in the rear of circular cylinder 
iSEOs 

Plate 1 shows the examples of the photo- 
graphs obtained. 

Further, the experiments indicate that the 
wall effect of the tank can be neglected when 
d@/D<1/50 (where d is the diameter of the 
cylinder and D is the tank width). 


§4. Twin-Vortices 


The twin-vortices appear in the rear of a 
cylinder at R=5, and as the Reynolds number 
is increased these two eddies grow and be- 
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Photo 1. (d) #=9.10. 


Rhotomlan ©)meta—OmkO: 


Bhotom laa (i)imeie—on04e 


TWIN VORTICES 


Se 


TRAIL 


come more and more elongated in the flow 
direction. But they adhere stably on the 
cylinder until the Reynolds number is reached 
of about 45. 

Thus, the wake behind a circular cylinder 
consists of two parts, twin-vortices and trail, 
at Reynolds numbers between 5 and 45. (see 
Fig. 3). 

When a cylinder coated with condensed 
milk is set in motion in water, the milk melts 
in the wake little by little and draws clearly 
the boundary-line of the twin-vortices. Plate 
2 are the examples of the photographs obtained 
by this method. 

At R>385 a remarkable phenomenon is 
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observed. Tiny irregular gathers appear in 
the boundary of the twin-vortices, move down- 
stream along the boundary-line till they reach 
the rear end of the twin-vortices, tremble for 
a short time and are died away. This small 
irregular motion, however, does not produce 
any effect on the flow behind the twin-vortices 
untill the Reynolds number is reached of about 
45. 

The trail, on the other hand, begins to 
oscillate sinusoidally some distance downstream 
at R=30, and its amplitude becomes larger 
as the Reynolds number is increased. When 
the Reynolds number is reached of 45, the 
oscillation of the trail begins to exert an 
influence upon the twin-vortices. At Reynolds 
numbers above 45, the gathers of the twin- 
vortices are elongated along the trail, shed 
alternately from each of the twin-vortices and 
pass downstream, where they arrange them- 
selves in a configuration corresponding to that 
of a Karman vortex street. But a large portion 
of the twin-vortices is still stably attached on 
the cylinder. The size of the gather which 
travel downstream increases with the Rey- 
nolds number, and for Reynolds numbers 
above 150 a large portion of the twin-vortices 
are shed. 

In 1953 Kawaguchi” carried out calculations 
about the flow arround a circular cylinder for 
the case R=40, integrating numerically the 
exact Navier-Stockes equations. Comparison 
between the calculations and the experimental 
data is shown in Table II. It may be con- 
cluded from Table II that the solutions of 
Navier-Stokes equations are in good agreement 
with the experimental data in the neighbor- 
hood of a circular cylinder even for R=40. 


§5. Oscillation of the Wake behind a 
Circular Cylinder 


The experiments about the oscillation of the 
wake behind a circular cylinder were carried 
out in the past by Thom (1933) and Kovasz- 
nay (1949), but comparatively little is known 
about the process of its development. The 
author planned to investigate this problem 
minutely. 

As the oscillation which appears for the 
first time in the trail is very faint, its detec- 
tion is extremely difficult. In the present 
study, however, the oscillation was sharply 
detected by means of the aluminium dust 


Photoy 25 (ae e400) 


Photo 2. (b) R=28.4. 


Table II. 


Chleniared Measured 


Position of separation @ SOP 53: 
Size of twin-vortices s/d 1.9 eld 


method. When the light comes into the 
water with suspended aluminium dust, we 
see innumerable tiny particles continually 
twinkling in the illuminated layer, and of 
course the brightness distributes homogene- 
ously over the illuminated section so far as 
no motion of water exists. However, as soon 
as the wake begins to oscillate, there appears 
periodically striped pattern of brightness. As 
was clarified in the previous paper’, this 
pattern relates to the direction of the local 
flow. Thus the wave-length of the wake was 
determined by examining the photographs. 
The relation between the wave-length 4 and 
the frequency N is given by 


where U is the velocity of the cylinder and 
» the velocity of the vortex filament. The 
wave length shows a tendency to increase 
downstream, so all the measurements were 
made at 20 diameters downstream from the 
cylinder. 

The results are illustrated graphically in 
Fig. 4, and an example of the photographs is 
shown in Plate 3. The present experiment 
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Fig. 4. Plot of d/A against R. 


R=42.0. 
Photo 3. Oscillation of the wake behind a 
circular cylinder. 
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Fig. 5. Process of the development of the wake 
behind a circular cylinder. 


indicates that the critical Reynolds number at 
which the wake begins to oscillate is 30. 

Of course if the cylinder is given a slight 
shock, the oscillation of the wake appears even 
at Reynolds numbers below 30. It should be 
noticed that the d/A—R curve is continuous 
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at Reynolds numbers above 20, and does not 
show any sign of discontinuity at R=30 and 
atelc—=40. 

As oscillation of the wake is affected 
strongly by the wall of the water tank, the 
present experiment was carried out at d/D 
<1/100. 

The process of the development of the wake 
behind a circular cylinder is summarized in 
Bigw oO: 


§6. Oscillation of the Wake behind 
a Flat Plate 


In the case of the cylinder the phenomenon 
is complicated as the wake is constituted from 
two parts, the twin-vortices and the trail. On 
the other hand, in the case of the flat plate 
parallel to the direction of motion, the 


(a) Neighborhood of plate. (R=1815) 


(b) Downstream development of oscillation. 
(R =1815) 
Photo 4. Oscillation of the wake behind a 
flat plate. 


phenomenon is simple because it consists of 
only one part, i.e. the trail. 

The plates used were made of steel and 
carefully tapered smoothly to sharp edges. 
The dimensions are shown in Table 1. 

The results of the experiment indicated that 
the wake begins to oscillate at about R=700 
(R is Ul/y, where 7 is the length of the 
plate) some distance downstream from the 
plate. 

Some examples of the photographs obtained 
are shown in Plate 4. 

As is seen from the photographs, the wake 
is laminar for a short distance behind a flat 
plate whilst further downstream it becomes 
sinusoidal and vortices appear in its loops. 
The appearance of the Karman vortex street 
is similar to the case of a circular cylinder. 
However, there is a little difference between 
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the two cases of a plate and a cylinder; in 
the case of a flat plate the vortex filaments 
are produced from the general flow, while in 
the case of a circular cylinder they are shed 
from the twin-vortices. For this reason the 
shape of the wake behind the flat plate is a 


little different from that of the wake behind 
the circular cylinder. 


§7. Structure of the Karman Vortex 
Street 


In order to observe the fine structure of the 
Karman vortex street, experiments were car- 


Fig. 6. Sketch of the Karman vortex street. 
This is the picture seen from the view point 
which rests relatively to the vortex street. 


ried out by two methods at the same time; 
one the aluminium dust method and _ the 
other, the condensed milk method. The 
aluminium dust enables us to see the velocity 
field, and the milk clearly shows the boundary 
between the flow which passed the right hand 
side of the cylinder and that passed the left. 

Thus, when two methods are applied at 
the same time, we can acquire the detailed 
knowledges about the structure and the nature 
of the vortex street. The sketch of the Kar- 
man vortex street is shown in Fig. 6. 
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The Karman vortex street is deformed as 
time goes on and finally it is destroyed into 
pieces. But after an interval these scattered 
vortices are united and there appears again 
a new Karman vortex street, the dimension 
of which is much larger than that of the 
primary one. This does, however, not always 
take place. It was often observed that the 
primary Karman vortex street became directly 
turbulent flow. 

In conclusion, the author wishes to express 
his thanks to Professor Hikoji Yamada of 
Research Institute for Applied Mechanics, 
for suggesting this investigation as well as 
for constant guidance in the course of this 
work. 
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An optical 


instrument was designed which measures the photo- 


electricity for the visible wavelength region rapidly and accurately. 
The output from a monochromator is kept constant for a long time. 
The monochromatic beam emerging from it is split into two beams, 
one of which is brought to focus on a thermocouple alternately with 
the other white beams coming from a reference light source of well- 


stabilized brightness. 


Difference in intensity between these monochroma- 


tic and white beams generates ac signal which drives the optical 
attenuator in front of the entrance slit uf the monochromator until their 


intensities are brought into balance. 


The other monochromatic beam 


is fallen upon a photoelectric surface, spectral response of which is 


recorded automatically. 


§1. 


It has become necessary to know the 
spectral response of the photoelectric surface, 
not only for study of their properties but also 
for their applications to spectrophotometry and 
television. If &, is the intensity of the 
incident monochromatic beam and J, the 


Introduction 


photocurrent from the surface then the 
spectral response S, is given by 
Ty 
S,=k— 
Sea 7 cr) 


It is clear from (1) that if we can keep Ey 
constant irrespective of wavelength by some 
means, then /, is directly proportional to the 
spectral response. This is the principle of the 
instrument described here. Although there 
are many other ways of measurement of the 
photoelectric response,»®*) the authors be- 
lieve that this is one of the most reliable 
methods. 

To keep £, constant, the intensity of the 
beam is controlled by the double beam 
principle: that is the radiation from the 
monochromator and reference white light are 
fed alternately to a thermocouple to induce 
the alternating thermoelectric voltage, which 
after being amplified operates a comb 
attenuator in front of the entrance slit of the 
monochromator so as to compensate the differ- 
ence in intensity between them. Thus the in- 
tensity of monochromatic beam becomes auto- 
matically constant. 


§2. General Arrangements of the Instru- 
ment 


The arrangements of the instrument are 
shown schematically in Fig. 1. S is a tung- 
sten lamp and its color temperature is about 
2800°K, whose intensity distribution is correct- 
ed by a blue filter. The monochromator con- 
sists of a single Littrow prism P and collimat- 
ing mirror Mi, operating about 7° off axis. 
Width of the entrance and exit slits SLi and 
SL, is fixed at 0.3mm for all wavelengths. 
The intensity of the monochromator is 
stronger at 7000 A than at 4000A by a factor of 
about 400. (ca 10-* watt at 4000 A.) W is an 
optical attenuator of comb form. The attenua- 
tion factor of about 3 percent of the maximum 
transmission is attainable. 

The beam from the monochromator is 
brought to focus on the surface of a rotating 
semi-circular mirror Me, which splits the beam 
into two. The reflected beam is introduced 
to the photosurface under investigation. The 
other beam is focused on a_ thermocouple 
connected with a servo-system to control the 
intensity of the beam. Sp» is a small standard 
lamp, whose wattage is very small (less than 
1 watt), so the brightness is kept exactly 
constant for a long time. L is a lens, Mo a 
plane mirror, and B a semi-annular shutter 
which rotates coaxially with Ms. The shutter 
is open while the beam from the monochro- 
mator is reflected toward the photosurface, 
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and vice versa. The thermocouple generates 
an ac signal, as long as the intensities of the 
monochromatic and white beams are unbalanc- 
ed. The phase of the signal is dependent on 
which of the beams is the stronger. This 
signal after amplification and subsequent 
phase-sensitive demodulation drives the balanc- 
ing motor MO;. The comb attenuator W is 
driven by this motor. 


§3. Radiation Detector and Amplifiers 


In order to keep the neutrality of pulsating 
monochromatic beam well, the radiation 
detector must have a rapid and non-selective 
response. Thermocouple of Bi-Sb and Bi-Cd 
alloy with gold-black receiver is best fitted for 
the purpose. The one here used has the 
following characteristics: 


Radiation receiving area=0.3 mmx 2.3 mm 


Electrical resistance =5 ohms 
Sensitivity to stationary 

radiation =1yuV/1 uw 
Time constant =0(0.03 second 


If we assume the exponential build-up and 
decay of the thermocouple temperature in 
response to the pulsating radiation, the follow- 
ing relation for the ratio of the fundamental 
frequency component Fy, of the resulting 
thermoelectric voltage to that caused by 
stationary radiation £) is obtained; 


Ey /Eo=2/(aV1+4n2v2r?) , (2) 


where r is the time constant of the thermo- 
couple and » is the frequency of the incident 
radiation. It is found advisable from (2) that 
vt is not larger than 0.2. We chose v=5c.p.s., 
as it cannot be made so small due to frequency 
susceptible of amplification. As the incident 
energy to the thermocouple by the violet 
radiation generates a signal of about 10~° volt, 
the least effective radiation in putting the 
comb in motion corresponds to the signal as 
low as 10-8 volt. If the band width of am- 
plification is made less than 0.5 c.p.s., Johnson 
noise of our thermocouple becomes 2x107?° 
volt. Although there are many literatures of 
the amplifier for very feeble signal,®® the 
one we constructed is of four stages, sharply 
tuned to 5 c.p.s. (Fig. 2.) The signal of the 
thermocouple is fed to a input transformer. 
The electron tube used for preamplification is 
a pentode 6SJ7 whose input noise level is 
about 5xX10-8volt, partition noise being 


Study of Spectral Response of Photoelectric Surface 


309 


| 
| 


PHOTOCURRENT 
AMP._5 CPS 


< 


ee ey 
= RECORDER 
iat ee ee ae 
pees ada 
THERMOEMFPRE | 
AMP. 5 CPS | 


THERMO E.M.E 
MAIN AMR SCPS 
_ > 


Se Faia eh 
SERVO AMP 
50 CPS eke 
pe re 


=< rn SO — | SC 


Fig. 1. General arrangements of the apparatus. 


S: Light source, W: Optical attenuator, 

SL}, SL2: Slits of the monochromator, P: Prism, 
D: Wavelength drum, M;, My, M;, Mg: Concave 
mirrors, My», M3, Ms, Mg: Plane mirrors, 

Mg: Rotating semi-circular mirror, Sg: Standard 
lamp, L: Lens, B: Rotatng semi-annular shutter 
for So, Ti: Thermocouple for energy control, 
T,: Photoconductor studied, I: Phototube studied, 
Ri, Ro: Phase-sensitive detectors, MO,: semi- 
circular mirror drive motor, MO,: Wavelength 
motor, MO;: Attenuator drive motor. 


decreased by adopting triode connection. It 
is necessary for the noise transformed at the 
secondary winding to surpass that of the 
preamplifier tube. Therefore, the least turn 
ratio required for the transformer is 250, 
whereas it is 280 in our case. A _ twin-T 
filter is used to reduce the band width of the 
amplifier, with the result that 4y=0.6 c.p.s. 
The amplified 5 c.p.s. signal is fed to rotating 
phase-sensitive detector. The overall voltage 
gain of the ac amplifier preceding the servo 
amounts to about 145db. By photographing 
the noise pattern using oscilloscope, it was 
made clear that Johnson noise of the 
thermocouple limits the minimum perceptible 
signal. 

The photocurrent is amplified through an- 
other feed-back amplifier reported by 
Sturtevant.” Two such amplifier units are 
connected in tandem to give overall voltage 
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Fig. 3. Effectiveness of the controlling 
thermocouple. 


amplification of 90 db. Ordinarily the band 
width of 0.3 c.p.s. is admitted. Excellent 
linearity as well as stability was obtained by 
heavy application of negative feed-back. 


$4. Accuracy and Results of Measurements 


The accuracy of our instrument mainly 
depends on the following characteristics. 
i) Neutrality of the thermocouple receiver. 
ii) Constancy of the beam energy from 
the monochromator. 


Cer 
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Electrical circuit of the thermocouple amplifier. 


iii) Spectral purity of the output radiation 

from the monochromator. 

To test the neutrality of the thermocouple, 
diffuse spectral reflectance and transmittance 
of gold-black evaporated on a glass substratum 
were measured with a spectrophotometer of 
Beckman type. Deviation from perfect neutr- 
ality is less than +2 percent.® The constancy 
of the output from the monochromator was 
studied with another thermocouple T:, placed 
at the position optically symmetrical to the 
controlling thermocouple T:. The signal from 
the controlled beam at T, is amplified through 
another amplifier, the microammeter record 
of which after demodulation is shown in Fig. 
3. The control is “satisfactory “withine =ck 
percent. As to the spectral purity, resolving 
power of the monochromator is about 20 A at 
4000 A and about 160 A at 7000 A. 

Time required for the measurement of the 
spectral response of one surface is about 20 
minutes. The final error can be reduced to 


U8 6,8 © ~ 
MAVALPNGTH( BIOROH] = 


(a) (b) 


Fig. 4, Measured spectral responses of some photosurfaces, 
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about one percent if we calibrate the errors 
arising from thermocouple with black body. 
Various experimental data are shown in Fig. 4. 


§5. Conclusion 


The instrument here described has been 
used in our laboratory for more than one year 
giving good results. 

In conclusion, the authors are greatiy in- 
debted to Mr. T. Matsunami of Tokyo Optical 
Company for the efforts he made in mounting 
the double-beam arrangements, and to Mr. M. 
Nakamura and Mr. K. Kudo of Tokyo 
University of Education, for the preparation 
of gold-black and thermocouples. In addition, 
the authors wish to express their appreciation 
to the members of the Technical Research 
Laboratory, Japan Broadcasting Corporation, 
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particularly to Dr. A. Yamashita, Mr. H. 
Kobayashi, Dr. K. Matsuyama and Mr. M. 
Yamada for their encouragements they have 
given throughout the work. 
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New Determination of the Temperature of Gold and Silver 


Points on the Thermodynamic Temperature Scale 
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The freezing points of gold and silver are determined by a constant 
volume nitrogen gas-thermometer with a gas bulb made of silica glass. 
The temperature of the gold point which is adopted as 1063.0°C on the 
International Temperature Scale is determined as 
Pan=1336.84+0.05 


on the Kelvin Scale and 


tan=1063.69+0.05 


on the Celsius Scale. 


The temperature of the silver point which is 960.8°C on the Inter- 


national Temperature Scale is 


Tag=1234.43+0.05 and tag=961.28+40.05 
on the Kelvin and Celsius Scales respectively. 


§1. Introduction 

The freezing point of gold is the only funda- 
mental fixed point in radiation region of the 
International Temperature Scale. The tem- 
erature on the Kelvin Scale is to be determined 
by gas-thermometric measurement with the 
triple point of water or the ice point as re- 
ference point which is 273.16 or B75s15 °K 
respectively. From the measurements by 


Holborn and Day» in 1901 and Day and Sos- 
man”) in 1910, the ‘‘ gold point ’’ was estimated 
as 1063°C which was subsequently adopted on 
the International Temperature Scale. Based 
on this temperature of the gold point, a num- 
ber of pyrometric measurement had been made 


* Now at the Central Inspection Institute of 
Weights and Measures, Ginza-Higashi, Chuo-ku, 
Tokyo. 
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on the radiation constant C, in the past and 
1.432 cm-deg was obtained as the mean value 
which was also adopted for the International 
Temperature Scale in 1927. 

On the other hand, recently revised values 
of the atomic constants, from which the most 
reliable value of C, was obtained, necessitated 
a change in the value to 1.43868 cm-deg®) and 
1.438 cm-deg was adopted for the International 
Temperature Scale in 1948. As it is presumed 
that this discrepancy in the value of C, might 
have been caused by inexactness of the past 
temperature or radiation measurements, car- 
rying out of accurate measurement is advis- 
able to determine anew the thermodynamic 
temperature of the gold point with present 
day technique not only to do away with the 
confusion but also because of the gold point 
being the only fundamental fixed point on 
which all the other temperatures in radiation 
region depend. Reproducibility in measure- 
ment of high temperature fixed points is now 
0.1 deg and so the value of the gold point is 
given to the decimal place as 1063.0°C on the 
International Temperature Scale in 1948, 
whereas, the accuracy of measurement. in 
those days of Holborn, Day and Sosman was 
about 1 deg. 

The present work was undertaken with the 
objects of determining the thermodynamic 
temperature of some high temperature fixed 
points by a gas thermometer and, at the same 
time, of examining the propriety of the old 
measurements at the gold and silver points. 


§2. Theoretical 


(a) Reduction of the gas thermometer 
temperature by constant volume 
gas thermometer to the Kelvin 
temperature 


For a definite mass of gas enclosed in a 
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constant volume gas thermometer, the follow- 
ing relation holds between two temperatures 
T and Ty, the ice point, on the Kelvin Scale: 


Voro 
pal ype +2 1 To 
Vip, 2 Ue 
2 wet 1 
of ie +2 1” one ) ‘ ( ) 


where fp) and ~; are the observed pressures 
when the gas bulb is kept at the ice point 
and 7£°C, Vo», and Vip, the volumes of the gas 
bulb at the ice point and ¢°C, Ty and T, the 
absolute temperatures of the ice point and ¢°C 
on the constant volume gas thermometer scale 
respectively. Tyn is the absolute temperature 
of the part » of the dead space v at the time 
of measuring the ice point, and T’yn- is that 
Of Onr at 2°C. 

The volumes of the gas bulb at 0°C and 
t°C are expressed by 


Vovy=[Vov]o-0.76 [1+ 4(Po—0.76)] (2) 


and 


(3) 


respectively, for the outside pressure 1 atm 
and the inside pressure pf; which is also nearly 
equal to 1 atm. 

Expressing the slopes of pu-p isotherms of 
a gas at the ice point and ¢°C by By and B, 
respectively, we have the following relation 
which gives the correction due to gas imper- 
fection: 


Vip, = [Vovl» = 0.761 re At) 


Tog thal 
Lon a F; ? ( 4 ) 
where 
1+f.Bo 
== 5 
t 1+ B; ( ) 


Hence, we have from the above equations 


1+A4t¢+ Toll Vosln- 0.76 a en 


= (6) 


Do 


HRS: 76)+ Toal!Vos]y- 0. 0, Un| T on 


where the latter fractional expression of the 
right side is to correct the entire gas occupy- 
ing the same volume to be at 0°C and ?°C 
respectively. Thus we obtain the value of T 
from the observations of the related quanti- 


ties, using T)=273.15, the value adopted at 
the Tenth General Conference of Weights and 
Measures in 1954, and B,)- and B,-values of 
the thermometric gas. 

For nitrogen gas which was used in the 
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present work, B;- values have not been 
measured at high temperatures above 400°C, 
but by extrapolating Keyes” formula, we find 
B,, ,=179.6 x 10-5 1/mHg and By, = 177.2 x 10-5 
1/mHg for the gold and silver points respec- 
tively. Taking these B,-values and By=—58.7 
x10-°1/mHg, we have as the correction fac- 
tors of the gas scale for the Kelvin scale at 
these two fixed points: 


F,,,=1—0.00238 p, C7) 


and 


F,,,==1—0.00236 pp , (8) 


and these relations also hold at temperatures 
near the gold and silver point respectively. 


(b) The determination of the thermo- 
dynamic temperatures of the gold 
and silver points 

Difference of temperatures in the neighbour- 

hood of the gold or silver point is determined 
by a standard thermocouple, for which the 
temperature-emf relation is expressed by the 
equation 


e=a+bt+cf , 


where the constants a, b and c are determined 
by the calibrations at antimony, silver and 
gold points. 

Expressing the emf’s at the gold point fan, 
the silver point za, and a temperature 7 near 
tan OF tag DY Cau, Cag and @& respectively, we 


have 
de 
tra=tt(em—e) (Fy, d 
or 
de 
where 
de thal se 
a a = » a 
(ai the si oan 
de (SIGN 
ee =k—2c ee 
( dt li - 
and 


pa fected) 
tit UAE dt] (tayttag)/2 - 


We obtain R=11.57 nV -deg7! and c=1.558 x 10° 
pV -deg-2, from the characteristics of one of 
the standard thermocouples given in Table II 
shown later on. Hence, we have 


Tag T=tyu—t=(€ar—:) X 0.0853 (11) 
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Fig. 1. The constant volume gas thermometer. 
d 
hs} 
Fig. 2. Top portion of the lower tube of the 
manometer. 
or 


T se—T=tag—t=(Cag—@r) X 0.0876 (12) 
for a temperature near the gold or silver point 
respectively. Therefore, we can determine 
the values of the gold and silver points on 
the thermodynamic temperature scale from 
the gas-thermometric measurements at tem- 
peratures near the gold and silver points res- 
pectively. 


§ 3. Experimental 


(a) 
The gas thermometer of the constant volume 
type, with the gas bulb made of silica glass, 


The gas thermometer 
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Table I. Effect of cooling velocity on the change in volume of silica bulb. 


Cooling rate | Pn 
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VA | UA 


| 

Method of cooling | (deg/hour) | (atm) | 
Natural cooling | 350 | 1 
Slow cooling | 45 | 1 
u UA | 2 
li aoad 


is shown diagramatically in Fig. 1. At the 
mark c, a ground flange joint of 2cm in dia- 
meter, which is pressed hard between two 
metal plates and the perimeters of which are 
cemented by Glyptal lacquer, is used to con- 
nect the capillary stem of the gas bulb toa 
soda glass capillary of about 0.3mm in inner 
diameter which is connected to the lower tube 
of the mercury manometer. The whole sys- 
tem was assuredly made leak-proof to retain 
the mass of gas absolutely constant. In fact 
the 0°-pressure of the gas in the thermometer 
remained unchanged for days before the gas 
bulb was heated at high temperatures. 

The manometer Top portion of the lower 
tube of the manometer is shown in Fig. 2. 
A glass lid with a ground cone joint is used 
at the top of the manometer. The lid and 
the manometer are set with flanges, carefully 
ground and vacuum greased, and perimeters 
sealed by Glyptal lacquer. The glass capillary 
is connected to the lid by a ground cone joint 
and cemented by Glyptal lacquer. Setting of 
the level of the mercury meniscus was made 
by electric contact of a platinum needle of 0.3 
mm in diameter and 1 mm in length fixed to 
the lid which was covered with carbon black 
to make the observation of the meniscus easy. 
Fine adjustment of the contact was secured 
by a sensitive relay”. 

The manometer tube of about 2cm in dia- 
meter was the one previously used by one of 
the authors» and the whole was encased with 
a series of aluminium tubes of 10mm in wall 
thickness with which the temperature diffe- 
rence between the top and the bottom of the 
mercury column of about 76cm in the mano- 
meter was reduced to about 0.5 deg under the 
laboratory condition in measuring high temp- 
eratures, that being about one half of whata 
naked column would give. Mean value of 
readings of mercury thermometers attached 
to the aluminium casing was taken as the 
mean temperature of the mercury column, 


’ 
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Po | Vo a A= Vou Vo |A| 
(atm) | (cc) (cc) (cc) (%) 

1 | 230.250 | 230.309! +0.059 | 0.026 

1 230.113 | 230.114 +0.001 | <0.001 
2/5 | 230.113 | 230.161] +0.048 | . 0.021 
1/5 151.540 151.539 | -0.001  <0.001 


Every thermometer was inserted in a hole 
drilled in an aluminium knob welded to the 
casing to read the temperature of the latter. 
An error of 0.2 deg in the mean temperature 
of mercury for the pressure determination at 
about 1 atm pressure will cause an error of 
0.05 deg in the temperature of the gold point. 

The gas pressure of 1 atm at the gold point 
was about 155 mmHg at 0°C. The aluminium 
casing had three holes through which each of 
the menisci of mercury at 1 atm, 155 mmHg 
and at the lower level of the manometer 
could be observed by comparator telescopes. 
The level of meniscus was observed with an 
accuracy of 0.005mm. This error of 0.005 
mm in the pressure determination at 0°C 
would give an error of 0.04deg in the tem- 
perature of the gold point. 

The gas bulb After heating at high tem- 
peratures, the bulb, even carefully annealed in 
advance, did not always come back to its 
original volume at 0°C. As it seemed depend- 
ing on the cooling velocity, this effect was 
studied on two pure silica glass bulbs to learn 
what rate of cooling will cause the change in 
volume of less than 0.001% at 0O°C. The 
result is shown in Table I, where pp, and fp 
are the inner pressures of the bulb at about 
1060°C and 0°C respectively, and Vo and V,! 
are the volumes of the bulb at 0°C before 
and after heating, measured by weighing 
mercury filled in vacuum. With the bulb 
opened to the outer atmosphere, the volume 
increase was 0.026% by natural cooling in 
extinct furnace with a cooling rate of about 
350 deg per hour, taking 3 hours to cool down 
to the room temperature. On the other hand, 
the volume change was negligibly small by 
slow cooling with a cooling rate of about 45 
deg per hour, taking 24 hours to cool down 
to the room temperature. But with the closed 
bulb, permanent volume changes were observ- 
ed even by slow cooling because of the 
temperature reaching near the softening point 
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of silica glass and the pressure rising higher 
inside. However, when the gas pressure was 
made to become about 1 atm at high tem- 
peratures, no volume change was observed 
when cooled down to 0°C at which the inner 
pressure became about 1/5 atm. 

So it was decided to use a silica glass bulb 
for the gas thermometer with the gas pressure 
to become about 1 atm at aimed-at tempera- 
tures, thus saving the trouble of going into 
the effect of inner pressure on the volume of 
the bulb and the evaluation of the pressure 
coefficient “ at high temperatures. 

In Fig. 1, the gas bulb V made of silica 
glass with 4.4cm in outer diameter and 18cm 
in length is maintained at 0°C or ¢°C up to 
the mark a on a capillary stem of 1.0mm in 
inner diameter. Its volume Vo» at 0°C was 


Von=205.725(1+3.7 x 10-°p)cc 


for the inside pressure of pmHg and the out- 
side pressure of 1 atm, with the pressure 
coefficient 3.7 x 107° 1/mHg=yp. 
The volume V:, at the temperature 7¢°C 
was 
Vip=205.725(1+3.7 x 107° x 0.76) 


x (1+1.68 x 10-®Z) cc 


for the pressure p in the bulb which is nearly 
equal to 1 atm and the outside pressure of 
1 atm, with the expansion coefficient 1.68 
x10-° 1/deg=2. The expansion coefficient was 
taken as three times the mean linear expansion 
coefficient 8 between 0°C and 1000°C, measured 
by the comparator method for a silica stem 
of the same quality as the gas bulb, having 
about 12cm in length. The measurement 
was made with a horizontal electric furnace 
jacketed with water. The result obtained is 
B=(0.56+0.02) x 10-° 1/deg . 

This B-value is in agreement with the value 
0.54 by Randall® within experimental error. 

The dead space The volume of the dead 
space was divided into four parts in conside- 
ration of the temperature distribution at the 
time of measuring high temperatures: 

vi: the volume of the part of the capillary 
stem of the gas bulb immersed in the furnace 
(a-b in Fig. 1) 

v,: the volume of the rest of the capillary 
stem of the gas bulb, outside the furnace (b- 
ean Fier h 

v,: the volume of the connecting glass 
capillary (c-d in Fig. 1) 
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vs: the volume above the lower meniscus 
of mercury in the manometer (d in Iie, a) 

V1, Vz and v3 were 0.164 cc, 0.082 cc and 0.459 
cc* respectively, measured by mercury sub- 
stitution. 

v, was determined by the following proce- 
dure: 
In Fig. 1, after the whole system was evacuat- 
ed, the stop cocks C.,C3,C; and C; were 
closed, and then mercury was introduced into 
the iower tube of the manometer through the 
cock Cg from the reservoir R,. After closing 
the cock Cg and by delicate manipulation of 
the compressor handle K, which exerts pressure 
on a piece of rubber tube, the mercury menis- 
cus was adjusted to maintain its maximum 
height and just to touch the platinum point. 
Then the cock Cs was closed, and mercury 
was introduced into v, and further into the 
capillary through the cock C; from the reser- 
voir Ri. Thus the volume v, was obtained 
from the difference in the mass of mercury 
in the reservoir R; before and after this treat- 
ment, subtracted by the mass of mercury 
that occupied the part of the capillary, as 


V4=0.421-0.002 cc . 


If there exists an error of 0.002cc in deter- 
mining the volume occupied by the gas, it 
would cause an error of 0.05 deg in determi- 
ning the temperature of the gold point. 

Let 71, 7;, 7; and 7, be the mean tempera- 
tures of the gases in 71, v:,v3 and vw, at the 
time of measuring fo, and 7%’, To’, 7; and 
T,’ those at f: respectively. 7, T:, 73 and 
T, were always equal within 0.5 deg. The 
temperature 7)’ at the part of 7 was deter- 
mined from the temperature distribution 
measured by a thermocouple as shown in 
Fig. 5 (an example at the silver point) as 


Digs = 273 ++ 720 


and 
DO Nes — PA) ae 667 


for the gold and silver points respectively. 
T.’ was taken as the mean of the tempera- 
tures 85°C at the point of 1cm above the 
upper surface of the lid of the furnace and 
35°C at the point of the mark c, that is, 


To =273-+60. 
T;' was determined from the mean of the 


three temperatures measured by mercury 
thermometers placed at the points A:, Az and 
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Fig. 3. The high temperature thermostat. 


A; in Fig. 1, the last of which gave Ty’. 

It would cause only an error less than 0.01 
deg in the determination of the gold point, 
even if the mean temperature Zn of Ti, Ts, 
T; and T, were used for the respective 
temperatures, ignoring the difference which 
was less than 0.5 deg if any. 

On the other hand, an error of 30 deg in 
T,, 10 deg in 7,’ and 1 deg in 73’ would 
cause an error of 0.04 deg, 0.06 deg and 0.04 
deg respectively in the determination of the 
gold point. 

The gas As the thermometer gas, nitrogen 
was used, which was obtained by heating a 
mixture of saturated solution of NaNO, and 
saturated solution of NH,Cl and purified by 
the usual method”. 

The part Lil, in Fig. 1 was used as a U- 
tube manometer to introduce nitrogen gas into 
the thermometer at pressures of about 155 
mmHg and 168 mmHg at 0°C in the measure- 
ments of the gold and silver points respectively. 
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(b) The thermostats 


The thermostat for the ice point was the 
same as used previously by one of the 
authors”. 

The thermostat for high temperatures, de- 
signed so as to have a constant and uniform 
temperature space of 5.5cm in diameter and 
25cm in length, in which the gas bulb was 
maintained at a temperature near the gold or 
silver point, was an electric furnace of Nich- 
rome resistance wire of vertical mounting and 
is shown in Fig. 3. As the main heating 
coil, Nichrome wire of 2.5mm in diameter 
was wound on a refractory porcelain tube of 
10cm in inner diameter, 1cm in wall thick- 
ness and 70cm in height, the winding being 
made more closely toward both ends of the 
tube than at the center to compensate the 
cooling effect at the ends. The pitch of the 
coil was determined so that the heating energy 
generated at a height x measured from the 
lower end of the porcelain tube was expressed 
as the function: 


2e—L\, 

H=a+( a ) : 
where Z is the length of this tube, and con- 
stants a and 0 are to be determined empirical- 
ly, by means of trial and error. Around the 
main coil, another porcelain tube B was 
mounted coaxially, each end part of which 
was wound with Nichrome wire of 2.0mm in 
diameter used as an independent subsidiary 
heater. 

To secure temperature uniformity in the 
thermostat space, a pure copper cylinder C of 
the inner diameter 6.2cm, the wall thickness 
1.3cm and the height 32 cm with closed bottom 
and a lid, protected from oxidation with 
graphite cylinders of 5mm thickness on both 
surfaces inside and outside and with graphite 
plates of 15mm thickness at the top and the 
bottom, was set in contact with the inner 
wall of the porcelain tube of the furnace. 
Two thermocouple holes D and D’ of 8mm 
in diameter were bored through the wall of 
the copper cylinder parallel to its axis for 
insertion of thermocouple protection tubes 
made of silica glass. The spaces between the 
protection tubes and the holes were filled with 
graphite powder. 

After several rewindings of the main heat- 
ing coil and adjusting the currents flowing 
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through the two independent subsidiary heat- 
ing coils, the temperature uniformity along 
the wall of the copper cylinder, observed in 
the thermocouple holes, was -£0.3 deg as shown 
in Fig. 4, which was almost the same at 
both temperatures of the gold and silver points. 

To examine the temperature distribution 
along the axis of the gas bulb, a silica bulb 
similar to the gas bulb, with a tube of 6mm 
in outer diameter instead of the capillary, was 
set where the gas bulb would be placed. 
Measurements by a thermocouple inserted into 
the bulb through the tube showed that the 
uniformity along the axis was within +0.1 deg 
and that the mean temperature in the bulb 
coincided with that in the thermocouple holes 
of the wall of the copper cylinder within 0.1 
deg. The temperature distribution was also 
traced (Fig. 5) by moving the thermocouple 
along the 6mm tube of the bulb up to the 
upper surface of the lid of the furnace, and 
it was used for determining the mean temp- 
erature of the part of the dead space wv bet- 
ween the marks a and b in Fig. 1, assuming 
that the temperature distribution along the 
capillary stem of the gas bulb was the same 
as that along the 6mm tube. An error of 30 
deg in determining the mean temperature 
at the part would cause an error of 0.04 deg 
in determining the gold point. 

The electric power to the furnace was sup- 
plied through an induction transformer of 5 
kVA, the output voltage of which was regulat- 
ed automatically at 100+0.2 volts. 

Using a standard thermocouple A, as a 
temperature indicator, inserted in the furnace 
between the main heating coil and the outer 
porcelain tube B, and by means of a simple 
temperature control device as shown in Fig. 
6, the temperature of the thermostat was 
maintained constant within 0.1 deg with the 
‘on-off ripple’? of about +0.02 deg for a long 
duration of time. 

The temperature of the thermostat was 
determined by taking a slight correction in 
the measurements by two standard thermo- 
couples in silica protection tubes of 6mm 
diameter, inserted in the thermometer holes 
of the wall of the copper cylinder. 


(c) The standard thermocouples 


Before and after each set of gas-thermo- 
metric measurements, the standard thermo- 
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Fig. 4. Temperature distribution in the thermo- 
couple hole of the copper cylinder along the 
axis. 
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Fig. 5. Temperature distribution at the upper 
part of the furnace along the axis. The levels 
a and b show the respective positions on the 
capillary stem of the gas bulb in Fig. 1. 
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Fig. 6. Temperature control device. 


couples, made of platinum to 90 platinum-10 
rhodium, were calibrated at the gold or silver 
point. For the calibration, standard metals, 
1600g gold of 99.998% and 900g silver of 
99.994% in purity, were used, which were 
melted in crucibles of 3cm in inner diameter, 
lcm in wall thickness and 15cm in ce 
made of pure artificial graphite. 

The standard thermocouples had a repro- 
ducibility of 0.5 microvolts in emf, determin- 
ed from their cooling curves at the calibration 
points. The emf was measured by a Diessel- 
horst compensator, combined with a galvano- 
meter of a sensitivity of 5x10-* volts/mm. 
Accuracy of the calibration was the same even 
when the quantity of gold was reduced to 
about 1000g in the same crucible. A result 
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Table II. Characteristics of one of the standard thermocouples. 


Constants in temperature-emf relation | Resistance to 


@ (pV) | b(uV-deg-2) | c (uV-deg-2) | Rios he 


= 300.2 8.413 1.558 x 10-3 | 1.39242 


indicating purity of 
| platinum element 


Emf at the fixed point in units of 


pV 
gold | silver antimony 
10318.3 9136.2 5538.4 


Table III. The result of measurements at the silver point. 


Pressure 


Thermocouple data 


. | | Thermodynamic temperature 
=—— |- yo eS Ss | do a Pa Se = S a ee = aaa 
Date 0°C t°C N Thermostat Silver point Thermostat Silver point 
Oo. | sak @ A At boo aN 
Fe Oo pee SF ae ee | eee oe a I = ¥ ¥ | 
_po(mmHg) p; (mmHg) | ec(uV) —eag'wV) = PPK) — Tag (°K) | tag CC) 
18,Jan.1954 167.045 | 
22, | 742.563 1001 9118.6 C220 tela a ae 1234.56 
29, 167.056 
27, 742.575 4 9120.0 MAS) 1234.08 1234.33 
295 167.107 
Oy SEIS. 167.220 
11, 743.022 y 9111.0 9121.0 1233351 1234.39 
15; 167.249 
12, March 167.469 | 
15, 744.523 ” 9118.5 9120.0 1234.32 | 1234.45 
Ile 167.479 
19; 745.312 1 9127.5 DUO 1235.14 1234.42 
al, 167.516 
Mean | 1234.430 | 961.280 


Standard deviation 


Standard deviation of | 


mean 


| 


0.085 


0.038 


Table IV. The result of measurements at the gold point. 


Pressure Thermccouple data Thermodynamic temperature 
Date | ORG G2 | No Thermostat Gold point Thermostat Gold point 
po(mmHg) p; (mmHg) 29 (HV came fT CR eel Taw(OK)y eae) 
26,Oct.1954' 158.346 | | wal ime (ssa 
DA fe 760.987 1008  10310.0 10315.8 1336.31 1336.80 
29, 158.414 
28, Apr.1955) 154.114 
30, 741°994 | 1007 | 10341.5 10317.8 1338 .87 1336.85 
2, May 154.150 
6, 742.521 1010 10344.5 10314.2 1339.40 1336.81 
9, 154.182 | 
IF 154.439 
18, 741.140 " 10282.1 10313.8 1334.12 1336.83 
20, 154.473 
Zi, TEM IOND 8 10291.0 10313.6 1334.96 1336.89 
PAS. 154.485 | 
, | 
Mean | 1336.836 | 1063.686 


Standard deviation of | 


Standard deviation 


mean 


| 0.036 


0.016 


Item involving error 


Pressure at 0°C 
Pressure at the gold point 
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Table V. Random errors. 


_ Error amounted to 
at the gold point 


Amount of error 


Mean temperature 7, of the dead space at the time of 


measuring the ice point 


Mean temperature of the dead space at the time of 
ph 


measuring the gold point: T; 
Tee 
0°C thermostat 
High temperature thermostat 
Standard thermocouple 


| (in deg) 
<0.005 mmHg <0.04 5 Says 
<0.025 7 <0.05 
<a) 2 er <0.005 
xa r <0.04 
20 Pes, | <0.004 
<0.001_ 7 | <0.005 
AO Aieuy 7 | <0.1 
<0.05 7 <0.05 


Table VI. Systematic errors. 


Item involving error 


— ; 
Error amounted to 


Amount of error at the gold point 


| 
| 
\ 
| 


(in deg) 
Pressure coefficient » of the gas bulb <0.4x10-51/mHg <0.003 
Expansion coefficient 2 of the gas bulb <0.06 x 10-§ 1/deg <0.09 
Volume of the dead space: V1 <0.001 cc <0.003 
Ve <0.001 7 <0.02 
V3 <0.001 7 | <0.02 
U% <0.002 7” <0.05 
Mean temperature of the dead space at the time of | 
measuring the gold point: SMe <30 deg <0.04 
T,! <10 » | <0.06 
B,-value for nitrogen at high temperatures ZOORWGE | <0.07 
of calibration, conforming to the definition of =0.999606 by Equation (8). Finally, the 


the International Temperature Scale in 1948, 
within the limits admitted for the standard 
thermocouple, is shown in Table II. 


§4. The Result of Measurements 


The measurements were made in the fol- 
lowing order: that is, first the ice point, 
then the gold or silver point and lastly the 
ice point again. 

The results obtained for the silver and gold 
points are given in Tables III and IV respective- 
ly, in which the value for the silver point, re- 
ported preliminary to the Session in 1954 of the 
Comité Consultatif de Thermométrie under 
the Comité International des Poids et Mesures”, 
was corrected for a part of the dead space. 

By the constant volume nitrogen gas-thermo- 
meter at ~=167 mmHg, the Kelvin tempera- 
ture of the thermostat at a temperature near 
the silver point was obtained by Equation (6), 
taking > = 273.150, To = 272.99, and. Ff: 


thermodynamic temperature of the silver point 
was obtained by Equation (12). 

In the measurements at the gold point, / 
—().999624 and 0.999633, obtained by Equation 
(7), were used for pPp=158 and 154 mmHg res- 
pectively. 

If the gas did not at all diffuse through the 
walls of the gas bulb at any temperature, 
there would be no difference between 0°-pres- 
sures Po; and por taken before and after the 
measurements at high temperatures. te. 1 
known that nitrogen gas diffuses through 
silica wall at high temperatures when there 
exists a difference in partial pressure of the 
gas at both sides of the wall. It was, how- 
ever, found that the diffusivity became smaller 
after the gas bulb was maintained at high 
temperatures for many hours and increased 
gradually after the lapse of time at a room 
temperature. 

The result of experiments showed that Ap 
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=pPoy—Poui, which was 0.2 mmHg with previous 
heating of the bulb at a high temperature for 
one day, was reduced to about 0.03 mmHg 
when the heating was continued for two or 
three days. So, the measurements were taken 
after heating the bulb for a few days and fp 
=43(Poitpor) was used as 0°-pressure in calcu- 
lation. 


§5. Discussion of the Result 


Errors estimated in the value of the gold 
point, which might have been affected by the 
random error involved in every related ex- 
perimental quantity, are listed in Table V. 

In a single set of measurements, the value 
of the gold point would have been affected by 
0.1 deg or less by the random errors in the 
measurements as shown in Table V. 

In addition to the above random errors, the 
items which would have involved systematic 
errors in the value of the gold point should 
be considered. They are shown in Table VI. 
But, in general, it is difficult to estimate 
reasonably their amounts of error. 

An important subject to be discussed is 
that the gas becomes impure by diffusion 
through the walls of the bulb from the outer 
atmosphere when the bulb is kept at high 
temperatures. As the bulb was surrounded 
by graphite, it is likely that the outer atmos- 
pheres of the bulb were mainly nitrogen and 
carbon dioxide. Hence, the pressure increase 
0.4 mmHg in the 0°-pressure of 154 mmHg 
in the whole course of the experiments would 
have been mostly contributed by carbon di- 
oxide. Error in the correction for the gas 
imperfection caused by intermixing of a small 
quantity of a different gas can be estimated 
by Equation (5). 

For carbon dioxide, By) was measured previ- 
ously by one of the authors®, giving By= 
—0.00921 1/mHg. B,-values were measured 
at high temperatures up to 600°C and expressed 
analytically as a function of temperature by 
MacCormack and Schneider». We find Big 
=0.00121 1/mHg for the gold point by extrapo- 
lating the formula. 

In the measurements in which impure 
nitrogen was used as the thermometric gas, 
the temperature obtained might not be true 
when B)- and B;-values for pure nitrogen are 
taken in the correction factor for the gas 
imperfection. Now if the impure gas consists 
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of pure nitrogen of 0°-pressure pp and carbon 
dioxide of fo’ as the impurity, B,-value for 
impure nitrogen may be taken approximately 
as 


| Bol Bi)ny + Bo’ (B: oo. 


1 
(Bs inspare Ny Pot Di’ 
for the temperature ¢. Supposing that the 
pressure increase of 0.4mmHg were all by 
carbon dioxide and substituting By and B;, ,- 
values mentioned above for nitrogen and car- 
bon dioxide in the above equation, we have 

(Bo isapase No= —60.9x10~° 1/mHg 
and 

(By , , impure No— ea Oe 1/mHg ; 
By being affected by 3.7% and B,,,, little affect- 
ed by the impurity, the former affecting the 
value of the gold point by 0.004deg. So, the 
gas impurity produced by the diffusion of 
gas through the walls of the gas bulb will 
result no appreciable error in the value of the 
gold point in the present experiment. 

The next subject to be discussed is on the 
inequality of the gas quantity in the measure- 
ments at the ice point and the gold or silver 
point. In raising and lowering the tempera- 
ture to and from the gold or silver point 
respectively, if nearly equal hours are taken 
at the temperature region at which gases 
would diffuse through the walls of the gas 
bulb, such being the case with the present 
experiment, it may be considered that the 
quantity of the gas was the same at the ice 
and gold or silver points in case po=3(Poi 
+Por) was taken as the 0°-pressure in calcu- 
lation. But the value of the gold point would 
be affected by about 0.13deg, if pos or Poy 
was used singly in place of fp in calculation. 

Although the mean values of the gold and 
silver points on the thermodynamic tempera- 
ture scale were obtained with the standard 
deviation of 0.016 and 0.038 deg respectively, 
by taking into consideration that some in- 
dependent systematic errors might have been 
involved in the measurements as discussed 
above, we take the temperatures of the gold 
and silver points, which were adopted as 
1063.0°C and 960.8°C respectively on the In- 
ternational Temperature Scale in 1948, as 

Tau=1336.84+0.05°K, ¢ay=1063.69-+0.05°C 
and 


Tag=1234.43+0.05°K,  t4¢=961.28-+0.05°C 
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respectively. 

Several investigations on the gold and silver 
points had been made in the early period of 
development of the gas thermometry. The 
most precise ones are those by Holborn and 
Day in 1901 and Day and Sosman in 1910”, 
the results of which are listed in Table VII 
with the present authors’. 


Table VII. The gold and silver points by the 
authoritative workers and the present authors. 


Author 


Year | tau | tag 


(1901 | 1003.5 | Golo 
1910 1062.4 960.0 
1955 1063.69, 961.28 


Holborn and Day 
Day and Sosman 
The present authors 


Accuracy was +0.8 deg in the measurements 
by Day and Sosman, and also perhaps the 
same in those by Holborn and Day, while 
it is +0.03 deg in the present measurements. 

For the high temperature gas-thermometric 
work, higher accuracy would have been 
obtainable by using a double walled gas bulb 
so that the pressure between the walls could 
be made always equal to that in the bulb by 
the same gas, provided that the determination 
of the temperature of the high temperature 
thermostat, the measurements and corrections 
were able to be made with higher accuracies 
in the present work. 
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Size distributions of electron avalanches were observed at a potential 


several percent below the breakdown value. 


The distributions at low 


pressure discharge agreed well with Wijsman’s formula which was 
derived from the Townsend theory in the absence of space charge 
effect. The distributions at atmospheric pressure, however, are different 
from this formula in that the pulses had a tendency to become uniform 
in size, This tendency was accounted by the space charge effect. In con- 
nection with these mesurement the pulses of corona discharges were also 


measured. 


Introduction 


§1. 


As a method to study the breakdown process 
the measurements of the formative time lag 
have been performed by many authors23), 
A study of electron avalanches which are 
observed at a potential several percent below 
the breakdown value is also valuable as another 
method to attack the problem. 

In the view of the Townsend mechanism 
the distribution of pulses in gaseous dis- 
charge, each of which was due to an electron 
avalanche, was studied theoretically by 
Wijsman®. The probability that an electron 
started from the cathode has grown to an 
avalanche of » electrons was expressed by 


(72)=(1/m) exp (—n/n) , es: 


in which 


= exp| ade : (2) 


0 

where d was the gap length and a was 
Townsend’s first ionization coefficient. 
Recently Legler obtained the same formula 
using another method®. Lacking suitable ex- 
perimental data he compared the theory with 
the measurement which was carried out on 
a proportional counter by Curran, Cockroft 
and Angus”. We intended to give a more 
detailed measurement for pulse distribution in 
low pressure discharges where the Townsend 
mechanism seemed to be valid, and to extend 
the measurement to atmospheric pressure 
where the discharge might rather support the 
streamer mechanism than the Townsend one. 
Furthermore, experiments on corona discharge 
were carried out. 


§2. Method of Measurement 


The pluse caused by an electron avalanche 
was amplified by an audio-frequency amplifier 
of four stages whose gain was about 100 db. 
The output of the amplifier was put into a 
discriminator of a counting device. The 
shape of the pulse was simultaneously ob- 
served by an oscilloscope. The diagrams 
of the input circuits are shown in Fig. 1. 
The connection a, by which the voltage pulse 
was taken up, was used mainly at low applied 
voltage. On the other hand the connection 
b, by which the current pulse was picked up, 
was used mainly at high applied voltage. 
Either of the connections, however, gave the 
Same result for the same applied voltage. 

Measurements were carried out in the fol- 
lowing way. At first the applied voltage was 


H.T es 


al 
| 


U1 G 


a b 


Fig. 1. Input circuits. (a) R=20Mo (b) R=50 
Ko G: Grid of the first tube. 


gradualy increased until a breakdown occurred, 
and then the voltage was fixed at a potential 
several percent below the breakdown value. At 
this condition sufficient number of pulses were 
not observed except the cases of atmospheric 


322 


1956) 


pressure. Therefore the cathode was. ir- 
radiated by visible rays or ultraviolet rays. 

Since the pulse was detected by the dis- 
criminator, the height of the pulse alone was 
observed. From the observed pulse height, 
V, the number of electron in the avalanche 
was estimated by the formula. 


(3) 


where R was the series resistance shown in 
Fig. 1, G the gain of amplifier, e the elect- 
ronic charge and rt the obsreved duration of 
the pulse. Although the formative time of 
avalanche should be very small, the observed 
duration of the pulse was about 10-‘sec., 
which was mainly due to the time constant 
of the input circuit and to the band width of 
the amplifier. The numbers of electrons 
calculated from Eq. (3) had an error which 
came from the rough estimation of rt. This 
error, however, did not affect upon the study 
of distribution where the relative values were 
important. 

The reading of the counting device gives 
integrated number of avalanches which are 
larger than a cirtain value. From Eq. (1), 
the integrated value of avalanches larger than 
m electrons, v(72), is expressed by 
(4) 
where vy is the number of electrons emitted 
from the cathode in unit time. Eq. (4) in- 
dicates that the semi-logarithmic plots of 
v(m) give linear form. Therefore the measured 
results were plotted in a semi-logarithmic 
diagram. 

In order to extend the experiment to 
atmospheric pressure a power source of seve- 
ral thousands volts with high stability was 
required. The stabilization was achieved 
with the discharge tubes made by Gosho%, by 
which the fluctuation of the voltage could be 
reduced below 2 volts. 


v(m) =v, exp (—n/n) , 


§ 3. Experimental Results 


(a) Uniform field at low pressure 
(pd=6 mmHgmm) 

Two discharge tubes, of which electrodes 
were made of aluminum disk of diameter of 
3cm, were used. One of the tubes, A, hada 
gap length of 5mm and was filled with air at 
1.2mmHg. The other tube, B, had a gap 
length of 20mm and was filled with air at 0.3 
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mmHg. So that pd’s of both tubes were 6 
mmHgmm. One of the results of the ex- 
periment with the tube .4 was shown in 
Fig. 2. The distributions of avalanches were 
always linear. This result agrees well with 
Wijsman’s formula (4). The intersecting points 
between the lines and the ordinate axis give 
¥y’s, which are almost independent of the 
applied voltage. The average sizes of the 
avalanches, 7, which were determined from 
the increment of the lines are shown in Fig. 3. 


Fig. 2. Pulse size distribution at low pressure. 
(p=1.2 mm Hg air, d=omme breakdown 
potential=311 V.) 2 is the number of electrons 
in the avalanche, »v is the number of occurrence 
per minute of avalanches, which contain more 
than 2 electrons, Figures on the line are the 
applied voltages. 
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Fig. 3. Average sizes of the avalanches, m, vs 
applied field /. 


Townsend’s ionization coefficient, a, which 
was calculated by the aid of Eq. (2), was 15 
at p=1.2mmHg and £=670 V/cm or 4.3 at 
p=0.3mmHg and E£=219.75V/cm. These 
values seem to be in reasonable order. More 
precise discussion, however, is not adequate 
because of rough determination of the pres- 


‘sure and the time of duration. 


* Gosho: Abstruct of the general meeting of 
the Institute of Electrical Engineers of Japan, Tokyo 
(1950). 
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Fig. 4. Pulse size distribution (p=300 mmHg 
Cl, d=1 mm). 


fico ee 
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Fig. 5. Pulse size distributions at atmospheric 
pressure. (@) Gap length=2.2mm, breakdown 
potential =9000 V. (6) Gap length=0.3mm, 
breakdown potential=1840 V. (c) Gap length= 
0.2mm, breakdown potential =1427 V. 

(6) Uniform field at 300 mmHg 

Two discharge tubes of same size were 
prepared, having the disk electrodes of 3cm 
diameter and the 1mm gap length. The 
electrodes of both tubes were made of gra- 
phite. One of the tubes was filled with air 
at 300mmHg and the other with chlorine 
at the same pressure. The semi-logarithmic 
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Fig. 6. Pulse size distributions (p=760 mmHg 
ebhen oh IUineben))). 


plots of the observed points were linear for 
both tubes. The result for the tube filled with 
chlorine is shown in Fig. 4. 


(c) Uniform field at atmospheric pressure 

With sphere to plane gaps, pulse distribu- 
tions were studied at various gap lengthes. 
The anode was a sphere of diameter of 4cm, 
the cathode was a disk of 6cm and the gap 
length was varied between 2.5mm and 0.2 
mm. The observed typical distributions are 
shown in Fig. 5. These distributions were 
plainly different from the cases of low pressure 
in such a way that larger pulses occurred less 
frequently. 

With the same graphite electrodes which were 
used in the experiment at 300mmHg, pulse 
distributions were also studied at atmospheric 
pressure. One of the observations yielded a 
curved distribution as shown in Fig. 6a. 
Another observation, which was carried out 
several days later, yielded almost linear 
character as shown in Fig. 66, although this 
distribution slightly deviated from a line and 
a few pulses of very large sizes were ob- 
served, as the case of the positive corona 
which will be mentioned below. (cf. Fig. 8b) 
Consequently, there were two types of dis- 
tributions: the curved distribution and the 
nearly linear distribution. When the curved 
distributions were seen, the voltage region 
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Ie 
Fig. 7. Pulse size distribution with needle to 
plane gap (negative needle). (a) Gap length=5 
mm, breakdown potential=3000V. (6) Gap 
length=2.5mm, breakdown potential =2500 V. 
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between the pulse on-set potential* and the 
breakdown potential was larger than when 
the nearly linear distributions were observed. 
What condition did yield these different 
distributions 2 We tested surface condition 
with metal sphere electrodes. When the 
surface of the anode was rough and the 
surface of cathode was smooth, the nearly 
linear distributions were more often observed. 
On the contrary, the opposite condition gave 
more frequently the curved distributions. 


(d) Non-uniform field 

Size distributions of pulses at pre-breakdown 
were studied with needle to plane gaps. When 
the needle was negative, the distribution was 
curved as shown in Fig. 7. The fact that 
this distribution was like as the distribution 
in uniform field at atmospheric pressure might 
give an interpretation that the observed 
pulses in sphere gaps were due to corona 
pulses. But the differences in the breakdown 
potentials and in the size of avalanches seem 
to make this interpretation unlikely. 

When the needle was positive, the distribu- 
tions are shown in Fig. 8. The curve shown 
in Fig. 8a@ seemed to consist of two parts. 
One was represented by a inclined line which 
gave a continuous distribution and the other 
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Fig. 8. Pulse size distribution with needle to 
plane gap (positive needle). (a) Gap length=5 
mm, breakdown potential =3700 V. (6) Same as 
a, but this shows a part of small size pulses as 
analysed at higher amplifier gain. (ec) Gap 
length=1mm, breakdown potential = 2250 V. 


was represented by a horizontal line which 
gave a line spectrum. The curves shown in 
Fig. 8c lacked the continuous part. It 
seemed to be due to the smallness of pulses. 


§4. Discussion and Conclusion 


At the low pressure discharges where the 
Townsend mechanism is valid the measured 
distributions were linear and agreed well with 
Wijsman’s formula. At atmospheric pressure 
the measured distributions showed a satura- 
tion character such that the number of large 
pulses were depressed. It suggests that the 
pulses at large pd have a tendency to become 


* The pulse on-set potential means the potential, 
above which the pulses are observed with the 
present amplifire. This potential depends on the 
apparatus and is not so definite as the breakdown 


potential. 
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more uniform in size. 

The decrease of the large pulses might be 
explained by the attachment of the electron on 
a neutral atom, by which the ionization 
power of the electron is lost. The experi- 
ment of the avalanches in chlorine gas, 
however, makes this mechanism implausible. 

To electron avalanches at atmospheric pres- 
sure the space charge effect has been in- 
troduced by many authors?”®). In the theory 
of time lags of spark breakdown Fletcher 
estimated the number of electrons at which the 
space charge first became important, and gave 
it the value of the order of 10* electrons from 
the observed time lags. The sizes of ava- 
lanches observed in the present experiment are 
greater than this order. It is plausible that the 
space charge effect accounts for the saturation 
character and the tendency to make uniform 
pulses. This mechanism is supported by a 
strong saturation character of the pulses of 
the negative corona, where the space charge 
effect is predominant because of its geometry. 

The largest sizes of the avalanches at 
atmospheric pressure were about 2.5x10° 
electrons for sphere gap of 2.2mm, and 5 
x 10° electrons for negative needle-plane gap 
of 2.5mm. 

In the above discussion on the space charge 
effect we have assumed that the observed 
pulses were due to a single avalanche. This 
assumption seems to be reasonable under the 
condition that the applied potential is con- 
siderably below the breakdown potential*. 
Indeed, it is known that the negative corona 
gives rise to a self-quenching Geiger discharge 
where the single pulse contains successive ava- 
lanches®™, The mechanism of self-quenching 
due to space charge! probably gives a 
uniform distribution in size. In our experi- 
ment, when the applied potential was in- 
creased, such pulses were observed, although 
these pulses were much larger than the pulses 
treated in this paper. The plane gaps at 
atmospheric pressure exhibit another type of 
distribution, as shown in Fig. 66. This was 
nearly linear distribution accompanying a 
small number of the large pulses, and this 
was observed mainly when the surface of the 
anode was rough. It is interesting to compare 
this distribution with that of the positive 
needle to plane gaps. The latter distribution 
indicated that it consisted of a line spectrum 
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and a continuous spectrum expressed in a 
nearly linear curve. This result alone might 
be insufficient to give a definite interpretation 
on the mechanism. However, by several 
reasons it seems to be plausible that the large 
uniform pulses of the line spectrum are due 
to the streamer mechanism and that the 
pulses belonging to the continuous spectrum 
is caused by the avalanches started from in- 
termediate space between the electrodes. In 
view of the interpretation of this distribution 
the nearly linear distribution in the case of 
uniform field are also attributed to the ava- 
lanches started from the intermediate space 
in addition to the avalanches from the 
cathode. When the all avalanches started 
from the cathode, the curved distribution as 
shown in Fig. 6a@ will be seen. A few pulses 
of the large sizes which were observed on 
the side of the nearly linear distribution seem 
to be due to the streamer mechanism. 

The authors wish to thank Prof. Honda of 
Tokyo University for valuable discussions. 
Also, the authors are indebted to Mr. Kono 
who prepared the discharge tubes. This work 
was partially supported by the Scientific Re- 
search Expenditure of the Ministry of Educa- 
tion. 
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multiple avalanches are not necessarily exclued. 
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Ferromagnetic Resonance Absorption 
in a Pyrrhotite Single Crystal 


By Tadao FUJIMURA and Yosiharu TORIZUKA 


Research Institute for Scientific Measurements, 
Tohoku University, Sendai, Japan 


(Received Sept. 17, 1955) 


Pyrrhotite is an iron sulfide in which the sulfur 
content is slightly greater than in the _ stoichio- 
metric compound FeS, and its chemical formula is 
written as FeS;,;. The spontaneous magnetization 
of Pyrrhotite was first explained by K. Yosida on 
the basis of ferrimagnetism which is composed of 
magnetic ions Fe2*+ and Fe3+. 

The Pyrrhotite single crystal used in this ex- 
periment is the same as that studied by Kaya and 
Miyahara). We performed a resonance experiment 
on a disk-formed specimen at a frequency of 
47,000 Mc/sec at room temperature. 


Relative Absorption 


0 5,000 


/0,000 
Magnetic Field (Oe) 


15,000 20000 


Fig. 1. Absorption curve of Pyrrhotite at 47,000 
Mc/sec in the direction of easy magnetization. 


The crystal was cut at a plane containing the 
hexagonal axis (the direction of difficult magnetiza- 
tion) into a diskformed specimen, which was 
mounted on the bottom of the resonant cavity so 
as to make the above plane consistent with the 
direction of both the 7f magnetic field and the 
static magnetic field. When the crystal is rotated 
in the direction of easy magnetization (perpend- 
icular to the hexagonal axis) parallel to the static 
magnetic field, we can observe the resonance 
absorption as shown in Fig. 1. 


The reports should not exceed 800 words in length. 
7cmx7cm will be counted as 150 words. 


A figure of size 


The absorption line width is about 10,000 Oe, 
and this width is extremely large as that obtained 
using single crystals in other ferromagnetic re- 
sonance absorption experiments. 

When the crystal is rotated by more than 10 
degrees from the above direction, the resonance 
absorption disappears in the presently available 
range of magnetic field, 0~2x10+ Oe, and this dis- 
appearing may be due to a large magnetic anisotropy 
energy in Pyrrhotite. 

The extremely broad absorption line cannot be 
explained by magnetic interaction in the ferroing 
magnetic. Néel suggested, referring to R. 
Pauthonet’s experimental results, that Pyrrhotite 
might be composed of microcrystals, causing the 
broadening of absorption line). 

In the experiment using disk specimen containing 
the plane of easy magnetization showed the similar 
absorption as shown in Fig. 1, but we could not 
detect the variation of resonance field in the easy 
plane. 

Neglecting any ordinary demagnetizing effects, 
because of the low saturation value for Pyrrhotite, 
and anisotropyenergy within the basal plane, then 
the Kittel’s resonance formula) for directions in 
the basal plane of hexagonal crystals is given by 


(o/¥)?= Happ (A. pptHa), ( 1) 
y=ge/2me 
Hoanp=applied magnetic field 
H4=anisotropic field 


were 


Pyrrhotite has come to be known through the 
study of the gyromagnetic ratio by Coeterier®) 
yielding the extraordinary value G=00( ae utee 
is difficult to recognize this value from the com- 
posed magnetic ions and total magnetic moments 
in Pyrrhotite. The deviation of g-factor from 2 
which corresponds to spin only would be small, so 
we may assume g=2 in Pyrrhotite. 

When we taken H=4 x 103 Oe, equation (1) gives 
the value of anisotropy energy as Hy,z=6.6x 1040e-: 
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Variation of the Young’s Modulus of the 
Alloy Mg;Cd with the Order-Disorder 
Transition 


By Kayako TANAKA, Hidetaro ABE 


Department of Physics, Faculty of Science 
Ochanomizu University, Tokyo 


and Hideyo MANIWA 


Department of Physics Tokyo Institute of 
Technology, Tokyo 


(Received Sept. 20, 1955) 


The order-dependent changes of Young’s modulus 
of the alloy Mg3;Cd with temperature and with 
time at various annealing temperatures below the 
transition point are obtained by measuring the 
change of resonant frequency of forced longitudinal 
vibration applied to the polycrystalline rod of 
dimensions, 1.12cm in diameter and 13.25cm_ in 
length. 

The curve, ABC, in Fig.1 is obtained upon 
heating the specimen in the perfect ordered state 
at the rate of 1°C/min. Point D showing the equal 
as-quenched value from both 200°C and 400°C, falls 
on the extrapolation of the line CB. Then, it is 
clearly observed that the value of Young’s modulus, 
EH, decreases continuously from room temperature 
to 160°C as a consequence of the gradual evanes- 
cence of equilibrium long-range order. The dH/dT 
curve, also shown in Fig. 1, is very similar to the 
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Fig. 1. The Temperature Variation of 
Young’s Modulus. 


specific heat and the expansion coefficient versus 
temperature curves)-3), Moreover, it seems that 
in conformance with other measurements the order- 
disorder transition in this alloy is of the second- 
order, since a discontinuous change cannot be 
detected at the transition point, 7.,!2-3) which 
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corresponds to 160°C.% 

The isothermal variation of # with time, accom- 
panied by the ordering process, is shown in Fig. 2 
and indicates that the equilibrium order is achieved 
in monotonous way of increase. The variation is 
obtained as follows: After quenching from 200°C 
into water, the specimen is annealed at the various 
temperatures below 7, and the measurements are 
made at room temperature by re-quenching into 
water from those annealing temperatures. Let tT, 
denote the time required, at an absolute temperature 
T °K, for attaining the half value of the equilibrium 
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Fig. 2. The Isothermal Variation of Young’s 
Modulus with Time at Various Temperatures. 
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state. Then, the linear relationship between logetp 
and 1/T is observed in Fig. 3. The upward devia- 
tion at above 100°C may be attributed partly to the 
too much shortness of t, to be measured with 
proper accuracy. The activation energy for the 
ordering process determined from the linear rela- 
tionship is 19.5 Kcal/mol. 

On the temperature dependence of the internal 
friction, determined from the half value width of 
the resonant frequency curve, a distinct change 
depending on the order-disorder transition is not 
detected. 

Together with results on MgCd, pure Mg and 
pure Cd, full report will be published later in the 
Nat. Sci. Rept. of the Ochanomizu University. 
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Graphical Solution of Linear Heat Flow 
with Radiation 


By Mashige NAGAI 
Matsuda Research Laboratory, 
Tokyo Sibaura Electric Co. Kawasaki, Japan 
(Received December 13, 1955) 


It is well known that differential equation of the 
linear heat flow with surface radiation which 
determines the temperature distribution on a 
uniform wire or plate is 


(1) 


where 
@: the absolute temperature of the wire (deg.) 
x: the distance along the wire (cm.) 
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€: the emissivity of the wire 
o: the Stefan-Boltzmann constant 
(Joule./cm?, sec, deg‘) 
J: the mechanical equivalent of heat (Jonle/cal.) 
fk: the conductivity of the wire 
(cal./cm, sec, deg.) 
S: the sectional area of the wire (cm?) 
gq: the heat yield per unit length 
(Joule/cm, sec.) 
6: the ambient temperature (deg.) 


It has been considered that tedious calculations 
are inevitable to obtain a numerical solution of 
this equation whose analytical solution probably 
can not be expressed in terms of elementary 
functions.» But in the following way, the general 
solutions of this equation are given by an array of 
curves in a graph and one can immediately obtain 
temperature distributions corresponding to various 
conditions. 

For simplicity we assume that only variables are 
6 and x, others being constant. Furthermore we 
put the constant terms as follows 


q/ Ago +0h=t4 (2) 
Ago |JnS=a (3) 

then Eq. (1) becomes 
d26/dx2= —at'+ae* (4) 


This can be further normalized using new di- 
mensionless variables: 


E . 4=6/t (5) 
A: the surface area of the wire per unit length 
J pe hie 
(cm) t=x/V5/2at3 (6) 
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which reduce Eq. (4) to 


d?y/dé2=5/2(yt—-1) (7) 
Integration of Eq. (7) gives 
(dy /dé)?=75—-57-C, (8) 


where C is an integration constant. 

The result obtained by direct integration of Eq. 
(8) includes two integration constants, requiring 
two paramaters in the graphical representation of 
the solution. Fortunately the origin of ¢, however, 
can be chosen arbitrarily. 

In order to reduce the number of the parameter, 
let us choose this origin at the extreme value of 
7 or the point of 

dy/di=0 (t=0) (9) 
This requires that the solution of Eq. (8) should 
always have an extreme value or 
7°-57 -C=0 
should have a real root. 

This is always true, if we allow 7 to have 
negative value. From the physical point of view 
7% must be positive, but the derivation of the above 
equations are free from such a limitation. So we 
can carry out the integration without considering 
the sign of 7, if only the positive region of 7 is 
adopted as the final result. 

Then let 7 be a real root of Eq. (10) so that 


dy/dé=0 at 
From above conditions the solution of Eq. (8) 
becomes 


(10) 


= (anid on 


] d 
é=+| ee (11) 
10 Vn5—59 — (799-570) 


The graph shows this integral in the practical 
range of € and 7 with 70 taken as a parameter. 
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Hydration of Ions and Coordinate Bond 


By Isao OSHIDA and Ohi HorIGuCHI 


Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo 


(Received December 16, 1955) 


It has been generally accepted that the energy 
of hydration of ions is of electrostatic nature, since 
Born’s expression for the decrease Q of elec- 
trostatic energy when a sphere with the ionic charge 


(Vol. 11, 


Ze and the ionic radius 7 enter a medium with 
dielectric constant € from vaccuum 


=2*(1-4) (1) 


serves as the rough measure of the energy of 
hydration of monatomic ions. Latimer et al 
showed that a better quantitative agreement with 
experimental values is obtained if we use for 7 in 
(1) the effective radius, somewhat larger than the 
true ionic radius. 

We have determined the experimental heats of 
hydration for about seventy ions from the recent 
thermochemical data such as heat of formation, 
heat of solution, heat of sublimation, ionization 
potential, electron affinity and energy of dissocia- 
tion of diatomic molecule). The plot of Q against 
ionic radius do show the general downward trend 
with the increasing radius (Fig. 1). 
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Fig. 1. Hydration-heat versus ionic radius 
(Goldschmidt’s crystal radius). 


It can be seen from Fig. 1, however, the rare- 
gas type ions have always smaller energy than the 
ions with incomplete electronic shell, if we compare 
the ions of same charge and same radius. 

For example, the ions with eighteen-electron shell 
of each valency lie on the curves about 50 kilocal- 
ories higher than the corresponding curves for the 
rare-gas type ions. This suggests that the hydra- 
tion results from the electronic interaction, rather 
than the electric interaction, between the central 
ion and the surrounding water molecules. 

The study of the ionic hydration of the transi- 
tion metals can draw a clearer picture in this con- 
nection. The heats of hydration of the divalent 
cation of transition metals plotted against the ionic 
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Fig. 2. Hydration-heat 
ion (II). 
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Fig. 3. Electronegativity of transition metal 
ion (Il). versus 3d electron number. 


radius or the number of 3d electron show two 
maxima (Fig. 2). On the other hand, the elec- 
tronegativities of these ions have been known in 
recent by Haissinsky®, and by Ito and Kuroda®). 
Though the latter values are obtained by calcula- 
tion, they are in very good agreement with 
Haissinsky’s values empirically induced. The plot 
of Ito and Kuroda’s electronegativity has striking 
resemblance to Fig. 2, showing that the hydration 
is proportional to the electronegativity of the central 
ion (Fig. 3). As for the trivalent ions, though the 
lack of the data prevents us from deriving a de- 
finite conclusion, there seems to exist similar 
parallelism. Thus we can conclude that in the 
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phenomena of hydration, the formation of coordi- 
nate bonds between the central ion and the water 
molecules plays an important role. 

The details will be published elsewhere. 
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A Note on the Theory of Dislocation 
in Germanium 


By Takuzo SHINDO 


The Electrical Communication Laboratory 
Musashinoshi, Tokyo, Japan 


(Received December 19, 1955) 


Recently Read has proposed a theory of disloca- 
tion in germanium and pointed out that the number 
of trapped electrons in the dangling bonds is deter- 
mined by a different statistics from that of Fermi. 
We have studied the same problem employing the 
principle of detailed balance and found more 
general expression for f, the fraction of sites that 
are full in the dangling sites. 

To begin with, we shall derive the Nijboer 
formula from the principle of detailed baiance. 
Let there be N impurity levels and WN, electrons 
per cm$, of which, at temperature T, m are excited. 
Let AE be the energy required to remove an 
electron from an impurity level into the conduction 
band. In thermal equilibrium, the principle of 
detailed balance requires 


Ne-” 
eas \P,(B) E(B) 8(B) dE 


=Ne=™ p(E)RE)AB, (1) 
where P,(F) is the recombination probability of 
the conduction electron of energy # and P(E) is 
the ionization probability of the trapped electron 
and 9t(#).is the number of energy levels in the 
conduction band, given by 

NH) =4n(2m*)sPh3VE , 
and F'(E) is the probability of finding an electron 
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of energy # in the conduction band. Usually the 
probabilities P;(#) and P,(#) are complicated 
functions depending upon the number of phonons 
associated with the transitions?»3), But their ratio, 
P;(E£)/P,(#), has rather simple form and we have, 
according to Shockley and Read?), 
P(E) /P,(#) =exp[- (#+AE) /kT]. (2) 
On the other hand, in a steady state we may put 
F(H)=A-exp(—-E/kT), 


where A is a constant to be determined by the 
condition: 


{ FaaRundn=n 
0 


Thus we obtain 
Aime) INig ts e=2(2nm*kT /h?)3/2 , (3) 
From the Eqs. (1), (2) and (3), we have 
n(N-N.+n) 2rm*kT 

LORENA =2( Lae 

Ne-n h2 
This is the well known Nijboer’s formula. 

In the case of dangling bonds in nonpolar 
crystals AH depends on f, as was pointed out by 
Read, and was shown to be 

AH =Hhy,—E*(f) , 
in which # is an energy required to remove an 
electron from a dangling site, when f=0, into the 
conduction band and e*(f) is the work done in 
forming the space charge cylinder with the line of 
evenly spaced electrons along its axis. Read has 
calculated e*(f) in the form 


exp ~AB/kT). 


ef) = faf (In-F -0.232) 


Let Ns be the total number of dangling sites per 
unit volume, of which, at temperature T, m, are 
filled with electrons, and m; be the concentration 
of donor centers, then we have, in place of Eq. (1), 


(1-3*)P,(2) F(E)R(B)dB= @P, (ER NAB 
8 Ns 

(4) 
The Eq. (4) holds in the saturation range, where 
the donors are completely ionized. 
way as before we have 


: f 
(1—f) (1-Nef /n1) 


2nm*kT \ -3/2 
=o) es BNET) , ©) 
where n,=WNsf. 


In the low temperature range, where no electrons 
are excited into the conduction band, we have 


C=) i ee exp {[By!—e*(f)]/kT} , 


(6) 


where #’ is an energy difference between the donor 


In the same 
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level and the dangling level at f=0. When the 
trapped electrons in the dangling sites, m,, are 
small compared with 7, the Eq. (5) reduces to 
24 (2nM*kT \-3/2 
ee) exp Me ART}. 
The Eq. (7) is identical with Eq. (9.1) of Read. 
The author thanks Mr. Y. Uemura for his valu- 
able discussions. 
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Electrostatic Deflection of a Cyclotron 
Ion Beam 


By Jun KOKAME and Sukeaki YAMASHITA 


Institute for Chemical Research, 
University of Kyoto 
(Received December 28, 1955) 


Ions accelerated by a cyclotron to the maximum 
energy are usually extracted by an electrostatic 
deflector. In this case, it is necessary to know 
the ion trajectory for designing the deflector, dees 
and the vacuum chamber, and the design is usually 
performed by drawing ion paths step-by-step, 
corresponding to an instantaneous radius of rotation 
of the ion in the field of the cyclotron magnet and 
deflecting channel. If the ion trajectory could be 
represented in the form of an analytical function 
of &,9, the tedious procedures of drawing the path 
could be avoided. Although the remarkable con- 
tributions have been made by Coggeshall about 
the mathematical analysis of the motion of charged 
particles in non-uniform crossed electric and 
magnetic field, and Courant-Bethe2) also investigated 
theoretically an electrostatic deflection of a betatron 
or synchrotron beam, their works are not im- 
mediately available in our case. 

The differential equation describing the ion path 
was investigated and solved using the measured 
fringing field of the magnet of the Kyoto University 
cyclotron (pole diameter 42’’, beam energy ~16 
Mev of deuteron). The following relation was 
obtained. 

d?R FR? 
dis Tee (1) 


1956) 


~ e(Hp-V)~ 
F and @ are the radial and azimuthal coordinates 
of the deflected ion in the median plane of the 
magnetic field respectively, 7 the radius of rota- 
tion, # the energy of deflected ion in erg, —ethe 
electron charge in e.s.u., H the magnetic field 
strength in gauss, V the electric field strength in 
the deflecting channel in e.s.u., 8=v/e and wv is the 
velocity of the deflected ion. The origin of the 
coordinate system being fixed at the pole centre of 
the magnet, the R—@ relation indicates the deflect- 
ed ion path. Eq. (1) is more accurate than the 
equation deduced by Courant and Bethe”). 
Integrating Eq. (1) we obtain 


dR \2\F “Rk 2 
eed SPL) = Ue 
(ao) |p, )-2 eR, @) 
in which 
aT ee eB (® ek 
ee | : 
es R 7 eae dk-> VE TR (3) 


where A, is the radius at which the ion enters the 
deflecting channel. If we assume that V/H is 


H «gauss HR?2x107 


i} 
2 
{ 


R 


40 0 60 70 60: em 


e ae Rm Rb 
Fig. 1. The magnetic field profile and the curve 
of HR?. 


equal to a constant over the whole range in the 
deflector (this assumption is not so far from the 
actual condition, of which the minute discussion 
will be given elsewhere), the second term of the 
right-hand side of Eq. (3) becomes 


An Layee (4) 
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Then Eq. (2) becomes 
(2 y=( 2% 


2 
do de puters Ba) ey 


< Aen ale HRdR. 


- HH A 
(5) 


On the other hand, from the measured values of 
H along the radial direction from the centre, HR? 
can be calculated (cf. Fig. 1). The curve of HR? 
has a rather simple shape. It is expressed by a 
parabola in a considerably wide range of R and by 
a straight line in other part with good accuracy. 
In the range f,(49cm)SR<hy(57 cm), HR? is 
expressed by the formula HR?=(HR?)»—«a(Rm 
—R)2, where (HR?) is the maximum value of 
HR? at R=Rn, where the »-value of the magnetic 
field is equal to 2 (see Fig. 1); and in the range 
Ro<R, HR? =(HR*),—-1(R-Rp). At large R some 
deviation from real HR? occurs, but A is sufficient- 
ly small in this range so that there is no practical 
trouble. In the case when a more accurate path 
in this range is wanted, it is better to use another 
curve of the second degree for HR?. If the de- 
flector entrance might be set at so small radius 
that the deviation of HR? from the parabola 
[ (HR?) m—a(Rm—R)?] would become a considerable 
amount, the value of HR? in the range Ry > 
should be represented by another straight line, for 
in this range the magnetic field is so strong that 
even a little difference of Hf? exerts an influence 
on the ion path. 

Thus, Eq. (5) can be written in the following 
form: 

(dR/de)?=f(R3, R?, R) in the parabola range (6) 
or 

(dR/de)?=9(R?, R) in the straight line range (7) 
Eqs. (6) and (7) can be solved by usual procedure, 
and R—@ relation is expressed by elliptic functions 
and logarithmic functions respectively. 

Ion trajectories through the fringing field of the 
cyclotron obtained from above calculation were 
compared with those obtained from step-by-step 
drawing. Good agreements between them were 
obtained. It seems to be useful to apply the above- 
mentioned method for designing deflector instead 
of using tedious drawing process. 

The authors wish to express sincere thanks to 
Prof. K. Kimura for his kind discussion and 
criticism, and to Assistant Prof. R. Ishiwari for his 
kind advice and encouragement. We are also 
indebted to the staff of our laboratory for the data 


of magnetic field. 
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Microwave Spectra of Formaldehyde and 
Methylamine in the SHF Region 


By Hiromasa HIRAKAWA, Akira MIYAHARA 
and Koichi SHIMODA 


Department of Physics, Faculty of Science, 
University of Tokyo 
(Received January 14, 1956) 


Microwave spectra of formaldehyde and methy]l- 
amine have been observed in the frequency range 
from 2700 to 8100 Mc/sec using Stark modulation 
of 110 Kc/sec. The absorption cell was constructed 
of 4 meters length of 29x58 mm copper waveguide, 
with copper Stark septum and polystyrene supports. 
Klystron oscillators, 2K25, 2K26, 2K22, 2K56, 726A 
and 726C were used as the microwave source, 
while silicon diodes 1N23B and 1N21C were used 
as detectors. The spectrum was displayed on a 
CRO screen. The accuracy of the frequency 
measurement is +0.01Mc/sec for strong lines, 
while for very weak lines errors incurred in 
determining the centre of lines are as much as 
+0.5 Mc/sec, being the minimum detectable ab- 
sorption coefficient around 1 x 10-8 cm-}, 

Six lines of CYH,O", three of C!3H,0'8, and one of 
CH,O!8 have been measured and they are tabula- 
ted in TablelI. For C”H,01*, Lawrance and Strand- 
berg) analysed the centrifugal distortion effect of 
this molecule, and determined the molecular con- 
stants together with the centrifugal coefficients. 
Frequencies calculated from their constants agree 
well to our observations. 


Table I. Observed Frequencies of Formaldehyde 
Spectrum. 
Transition Observed | Calculated | 
IK_1,K 4, Frequency | Frequency | Intensity 
Jy Rs, iMcisec) | eMebee) 
(1) C?H,o1 | | 
11,12 lio | 4829.73 4829 6 S 
62,5 > 62,4 4954.76 4954.62 S 
123,19 123,9 3225.58 3224.11 MS 
133,117 133,10 5136.58 5136. U2, S 
204,17->204,16 | 3518.85 3518.65 MW 
214,18 214,17 5138.57 5138.50 W 
(2) C8BH,O1 
| | 
1iyi Fa liso | 4593.26 | WwW 
72,56 > 7255 8012.56 WwW 
143,127143,11 6752.31 WwW 
(3) C?2.H,018 | 
iy, aa lbeg: 4388 . 85 WW 
Fourty-four observed lines of methylamine 


molecule and their Stark patterns are listed in 
Table II. The classiffcations of the Starkeffects 
are as follows: 
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1(i) or 1(O): the first order effects with 


inner or outer components 
stronger than outer or inner 
ones. 

2(+) or 2(—): the second order effects, with 
positive or negative Stark 
shifts. 

12: Superposition of first and 


second order effects which are 
comparable at the field strength 
of #~50 V/cm. 

Most of these lines could be assigned according 


to the interpretation already described by Nishikawa 
et al?). 


Table II. Observed Frequencies of Methylamine 
Spectrum. 
acaba eee Stark Effect Intensity 

(ole oO 1-2 M 
7383.78 2(+) MS 
7382 .93 2(+) MS 
6867 .17 Mea) MW 
6837.58 2(+) W 
6748 . 80 2(+) M 
6655 .04 2(+) S 
6500.42 em WwW 
6487 .99 LiGine WW 
6469.43 2(+) WW 
6450 .42 LSE MW 
6350.09 2(+ MW 
6349.51 2(-++ MW 
6269.81 GIy) MW 
6246.42 1(i W 
6172.20 ila M 
6153.64 2 M 
5876.61 kG ye WW 
5766.68 2(—) MW 
5680 . 84 | 2(+) MW 
5679.92 PA des) MW 
5602 .57 2(+) | M 
5546.75 le? M 
5284.82 2(+) S 
5006.82 2 MW 
4963 .00 12 M 
4859.88 (ei) W 
4857 .86 LG) W 
4660.42 Wee) W 
4543 .00 7 WwW 
4480 .55 2(-4) M 
4142.15 sy WwW 
4129.84 2( +) W 
4129.01 2(+) W 
4076.65 248) MS 
3921.96 law MW 
3797.95 1 | WwW 
3505.76 so | W 
3483 . 67 | 2(+) | W 
3389.74 2(+) | MW 
3019.90 12 MW 
3015.17 2(+) M 
2782.62 2(4+ W 
2781.95 2(+) | Ww 


| 
| 
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l-Type Doubling Spectra of HCN and 
DCN in the SHF Region 


By Akira MIYAHARA, Hiromasa HIRAKAWA 
and Koichi SHIMODA 


Department of Physics, Faculty of Science, 
University of Tokyo 
(Received January 14, 1956) 


Bending vibration of a linear triatomic molecule 
such as HCN is peculiarly coupled to rotation of 
the molecule, and it introduces a splitting of each 
rotational level known as I-type doublets. We 
have observed three lines of HCN and three lines 
of DCN, corresponding to the direct transitions 
between J-type doublets, in the frequency ranges 
between 2600 and 7900 Mc/sec. The same Stark 
modulation spectrometer of 4 meters long was used 
as that described in the preceeding note. The 
observed frequencies of HCN and DCN are given 
in Table I. These values have been obtained by 
extrapolating the observed frequencies at various 
Stark fields to those at zero field, considering that 
the Stark effects are of the second order. Accord- 
ing to Nielsen’s theory, the l-type doubling con- 
stant ¢(=v/J(J+1)) can be written as 

g=~—-(J +1) . 
Plotting of v/J(J+1) from observed values against 
J(J+1) shows a good linear relation. Using above 
results together with the observed frequencies of 
HCN for J from 6 to 12, given by Westerkamp”, 
we obtain the J-type doubling constant as q= 
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224.478 —0.002667 J(J+1) Mc/sec for HCN. As to 
the constant for DCN, ¢q=186.193—0.002197 J(J-+1) 
Mc/sec is obtained from the six observed fre- 
quencies, given by Weatherly and Williams3) and 
by us. 


Mablemel: 
(1) HCN observed frequencies. 


q(=v/J(J+1)) q=224.478 
—0.002667 J(J+1) 


"4 v(Mc/sec) 


3 2693.3540.02 224.446 224.446 
4 4488.50+0.01 224 495 224 425 
5 6731.95+0°01 224.398 224 .398 


(2) DCN observed frequencies. 


J yv(Mc/sec) g(=v/J(WJ+1)) g=186.193 
—0.002197 J(J +1) 

4 3722.98+0.02 186.149 186.149 

5 5583.85+0.02 186.128 186.127 

6 


7816.20 +0 .02 186.100 186.101 


The absorption coefficient «, computed from the 
following values, »=2.96D, ve=712 cm7!, T=290°K, 
Av /P=25 Mc/sec/mmHg, for the J=3 line of HCN, 
is 2x10-7cem-!, which differs from Collier’s 
calculation by about a factor of 7. Our observed 
intensity of the J=3 line seems rather consistent 
with our calculation. It is also confirmed by the 
observed ratio of intensity of this line to the lines of 
formaldehyde molecule. 
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On the Ionization-energy Relation for Alpha-particles in Air 


By Ryutaro IsHiwaRI, Sukeaki YAMASHITA, Kazunori YUASA* , 


Institute for Chemical Research, University of Kyoto, Kyoto 
and Kozo MIYAKE 
Department of Physics, Faculty of Science, University of Kyoto, Kyoto 
(Received November 25, 1955) 


To investigate the effect of columnar recombination on the ionization 
measurement in air, the ratio of the specific ionizations at two fixed 
residual ranges for polonium alpha-particles was measured with a shallow 
ionization chamber under various field strengths and angles between the 
field and the alpha-track. It was found that the observed ratio varies 
appreciably with varying field strength and angle. It was shown that 
the observed variation of the ratio can be explained by the effect of 
columnar recombination and agrees qualitatively with Jaffé’s theory. The 
value of the parameter 6 in Jaffé’s formula, which gives the best agree- 
ment with the experiments, was newly determined as 9.5x107-‘ for 
alpha-particles in atmospheric air. 

The observed specific ionization curve was corrected for recombina- 
tion by Jaffé’s theory. Then, the corrected curve was integrated and 
the true ionization-range relation free from recombination was de- 
termined. By comparing this relation with the fixed points of the 
range-energy relation obtained from nuclear reaction data, an empirical 
formula for the average energy loss per ion pair for alpha-particles in 


air relative to polonium alpha-particles, w, was obtained as; 


w=0.948+ 


where # is the initial alpha-energy in Mev. 


OF UL 
VE? 


This formula is valid at 


least for the alpha-energy down to 1 Mev. 


§1. Introduction 

For many years, it has been well known 
that the average energy expended by a heavy 
charged particle to produce one ion pair in 
gases is nearly constant and almost in- 
dependent of the particle energy. The method 
to determine the particle energy by measuring 
the total ionization produced by the particle 
and assuming the proportionality between 
the total ionization and the energy of the 
particle, has, therefore, been universally 
adopted. However, recent progress in accuracy 
of the experiments in nuclear physics has come 
to require more precise information on the 
relationship between W, the average energy 
to produce one ion pair, and the particle 
energy for different gases and for different 
types of particles. 

Gray» has summarized the experimental 
data up to 1942, and concluded that W for 
alpha-particle in air depends appreciably upon 
the particle energy at low energies. More 
recently Jesse et al.»*? performed a series of 


experiments on the ionization-energy relation 
for alpha-particles in argon and in air. 
According to their result, W in argon is con- 
stant independently of the particle energy, 
whereas W in air increases considerably with 
the decreasing energy. On the basis of this 
result, Jesse et al.2) and Bethe? have revised 
the range-energy curve for alpha-particles in 
air given by Holloway and Livingston”, which 
was derived from an experimental range- 
ionization curve in the energy region below 5 
Mev under the assumption of the strict pro- 
portionality between the ionization and the 
particle energy in air. The revised range- 
energy curve is in satisfactory agreement 
with the data obtained from some nuclear 
reactions in which accurate values for energies 
and ranges of emitted particles have been 
determined independently from each other. 
Recently, nevertheless, some evidences con- 
flicting with the result of Jesse et al. on the 
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ionization-energy relation have been reported 
by several authors. Cranshaw and Harvey” 
have measured the total ionizations produced 
by natural alpha-particles in argon, and 
obtained such a result that Win argon depends 
on the energy of alpha-particles. They gave 
an empirical formula for the relation between 
W and the particle energy in argon. In succes- 
sion to this, Hanna®, Bichsel, Halg, Huber 
and Stebler®, and Rhodes, Franzen and 
Stephens’ have measured the total ionization 
of the B!°(7, w)Li’ reaction in argon and its 
separate ionizations respectively. Their results 
all in concert conflict with the constancy of 
W, but agree with the result of Cranshaw 
and Harvey. Tunnicliffe and Ward!» have 
also reported similar result that indicates the 
variation of W with the particle energy in 
argon mixed with a small amount of helium 
and methane. 
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Fig. 1. The schematic diagram of the ionization 
chamber. 


In a previous paper’), on the other hand, 
we have pointed out that the effect of colum- 
nar recombination should be carefully treated 
in the discussion of the ionization-energy re- 
lation in air. If the field strength is not 
sufficient to prevent columnar recombination, 
the degree of saturation will decrease with 
the decrease of the particle energy because 
of the increasing ion density. This results in 
an apparent decrease of the observed ioni- 
zation, i.e. an increase of W, in the low 
energy region. Experimental evidence has 
also been presented about the fact that the 
result of Holloway and Livingston is not free 
from the effect of columnar recombination 
and W in air may be more nearly constant 
than reported by Jesse et al.. 

Thus, it can be concluded that there are 
still many doubtful points about the behaviour 
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of W in argon as well as in air, on which the 
revision of the range-energy relation made by 
Jesse et al. and Bethe is based, although their 
revised range-energy relation is useful from 
the practical point of view. 

In the present paper, we have studied the 
effect of columnar recombination on the ioniza- 
tion measurement in air more quantitatively 
than the previous work, and determined the 
true range-ionization relation free from the 
recombination effect for alpha-particles in air. 
Further, comparing this relation with the fixed 
points on the range-energy relation obtained 
from the nuclear reaction data, we have 
attempted to establish an empirical formula 
for the energy dependency of W in air. 


§ 2. 


We have measured the specific ionization 
for polonium alpha-particles with a shallow 
ionization chamber. The arrangement of the 
equipments is similar to that of Holloway and 
Livingston» as shown in Fig. 1. The depth 
of the chamber is 1mm, and the diameter of 
the collecting electrode is 15mm. The front 
window is 8mm in diameter, and is covered 
with aluminium foil of 0.41, mg/cm? thick in- 
stead of metal gauze to prevent the inequality 
of the field and the possible occurrence of 
corona discharge when a high voltage is 
applied. Pure polonium newly deposited ona 
silver foil was used as the alpha-particle 
source. The source was mounted on a screw 
micrometer stage with a divided drum of 0.5 
mm pitch, and moved perpendicular to the 
front face of the chamber. Alpha-particles 
were collimated by three thin ebonite sheets 
with small holes placed in front of the source 
at intervals of 5mm. Three sets of collimeters 
with different hole diameters were prepared 
as described later. The time constant of the 
amplifier was chosen as 2x10-?sec which 
was adequately larger than the collecting 
time of ions even when the lowest voltage was 
applied. The gain and the linearity of the 
amplifier were frequently checked with a 
pulse generator during the measurement. The 
output of the amplifier was connected to a 
register with a thyratron discriminator and an 
oscilloscope in parallel. 

At the operation of this apparatus, the 
shallowness of the chamber and the use of 
aluminium foil at the window have required 
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special precautions to avoid the microphonic 
noise. The outside of the chamber was 
covered with lead shield of 3mm thick and 
wrapped with thick felt sheet. Further, the 
source stage and the chamber together with 
the preamplifier were mounted in a sound 
arresting box tamped with rock wool. These 
precautions made it possible to work with 
sufficiently low noise level. The signal to 
peak noise ratio in the measurement at the 
peak of the specific ionization for alpha- 
particles was 12 to 14, that is, the peak value 
of the noise corresponds to about 20 Kev. Air 
admitted into the chamber was desicated by 
CaCl, but the elimination of CO, was not 
made. 


§3. Experimental Procedure 


According to Jaffé’s theory!® of columnar re- 
combination, the saturation of the observed 
ionization depends upon the field strength and 
the angle between the field and the track of 
the particle as well as the ion density. So 
we have investigated the effect of columnar 
recombination by means of changing the field 
strength and its relative angle respectively. 


A. £ffect of Variation of Field Strength 

In order to investigate straightforwardly 
the effect of columnar recombination, we have 
measured the ratio of the pulse heights at 
two fixed points on the specific ionization 
curve under the various field strengths. As 
the fixed points, we have chosen the peak 
of the specific ionization curve (the residual 
range at this point is 4.5mm; henceforth re- 
ferred to as point P) and the point 18 mm off 
the peak (the residual range at this point is 
22.5mm; henceforth referred to as point F). 
The specific ionization at the point F is about 
half that at the point P. 

The degree of columnar recombination at 
each point, if its effect is present, is different 
in accordance with the difference of the ion 
density under the same experimental condi- 
tions of the field and its relative angle. That 
is, the pulse height observed at the point P 
suffers the greater effect of columnar recom- 
bination than that at the point F because of 
the greater ion density, and so the ratio of 
the pulse heights at P and F is smaller than 
the ratio of the true ionizations produced 
primarily. Since the degree of recombination 
decreases with tie increase of the field 
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strength, the observed ratio of the pulse 
heights increases with the increasing applied 
voltage and comes to be equal to the ratio of 
the true ionizations as the perfect saturation 
is attained. 

The applied voltages were chosen as 50 
volts and 135 volts that have hitherto been 
considered as appropriate for a chamber of 1 
mm depth, and also 1,140 volts was chosen 
as an extraordinary high voltage. That is, 
the field strength in each case is 500 volts/cm, 
1,350 volts/em and 11,400 volts/cm respectively. 
The diameter of the hole of the collimator 
used was 1.5mm. 

The pulse height was measured with the 
thyratron discriminator by determining the 
half-maximum point of the number-bias curve. 
More than one thousand pulses were always 
counted for each bias setting. 

The positions of the source corresponding 
to the point P and the point F were determined 
by taking account of the correction for the 
pressure and the temperature of air and the 
change of the stopping power of the aluminium 
foil with the alpha-energy. The position of 
the source for the point P was determined by 
the following procedure. First the specific 
ionization curve near the peak was measured 
carefully with the field strength of 500 volts/ 
cm, and the shape of the observed curve was 
compared with the curve’ of Holloway and 
Livingston. The point was sought on the 
scale of the measured relative distance in such 
a way that the two curves give the best fit, 
and thus the position of the point P and the 
absolute scale of the distance measurement 
were determined*. The change of the stopping 
power of the foil was also determined ex- 
perimentally. An additional foil cut from the 
same sheet as used at the window was in- 
serted at proper distances from the source cor- 
responding to the point P and the point F, and 
then the number-distance curve was measured. 
The air equivalent values for the stopping 
power of the foil for the alpha-energies at the 
point P and the point F can be obtained from 


* Ag discussed in detail by Holloway and 
Livingston, the present experimental arrangement 
is not suited for the precise determination of the 
absolute range corresponding to the measurement 
with zero bias. The method adopted here is fairly 
sensitive, and the absolute scale related to the 
precise determination of Holloway and Livingston 
can be easily determined within 0,2 mm, 
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the change of the half-maximum point of the 
number-distance curve measured with and 
without the additional foil, and they are 2.09 
==0.06 mm iN... 915°C, 760mm He) <aireat 
the point P and 2.48+-0.06mm N.T.P. air at 
the point F respectively. So, if the source is 
moved by 18.39mm in N.T.P. air from the 
position corresponding to the point P, it in 
effect corresponds to the position 18.39—(2.48 
—2.09)=18.00+0.09 mm off the point P, i.e. 
the position of the point F. 

It has several advantages to measure the 
ratio of the pulse heights at these two points, 
as follows. 


I) The change of the ratio of the amplifier 
time constant to the collecting time 
caused by the change of the chamber 
voltage, does not prevent to study purely 
the effect of the field strength*. 

II) The effect of gas multiplication, even if 

it occurs under the highest field strength 

(11,400 volts/cm), is eliminated and does 

not affect the result. 

The change of the effective chamber depth 

due to different atmospheric pressures in 

different runs is also eliminated automa- 
tically. 

The result is easily compared with that 

of previous works, especially of Holloway 

and Livingston, on the effect of columnar 
recombination. 


B. Effect of Variation of Angle 

When the incident beam of alpha-particles 
is approximately parallel with the field as in 
this experiment, the effective angle between 
the alpha-track and the field depends upon 
the collimating condition. Because the method 
used for determining the pulse height is to 
measure the half-maximum of the number-bias 
curve, the effective angle @ should be defined 
in such a way that the number of alpha- 
particles with angles greater than @ is equal 
to that with smaller angles. Now, let b denote 
the length of the collimator and 2a denote the 
diameter of the collimating hole, the effective 
angle 6 as defined above is given by 


IIT) 


IV) 


6=0.891 a/b in radian, 


provided that the polonium source is uniform 
and alpha-particles are emitted spherically 
symmetrically. The following three collima- 
tors were used. 
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2a=1.0mm: 6=2.55° 
2a=1.5mm: 0=3.83° 
9a=2.0mm: 6=5.11° 


Of each one the length b was 10mm. Using 
these collimators, the ratios of the pulse heights 
at the point P and the point F were determined 
by the same procedure as described above 
with applied voltages of 50 volts and 135 volts. 
Since Jaffé’s theory indicates that the degree 
of recombination decreases as the angle in- 
creases, it is expected that if any effect of 
recombination is present the ratio of the pulse 
heights increases with the angle 6. The error, 
introduced into the determination of the source 
position by the oblique incidence as a result 
of the change of 6, is less than 0.1% and no 
correction was made for this. 


C. Measurement of Whole Specific Ionizations 


Further, we have measured the whole 
specific ionizations of residual range below 22 
mm applying the voltages of 50 volts and 
1,140 volts. In this case, the pulse heights 
were measured directly on the screen of the 
oscilloscope. The accuracy of this method is 
somewhat lower than the preceding measure- 
ments using thyratron discriminator. That is, 
when the pulse height corresponding to the 
maximum specific ionization was about 30 mm 
on the screen, the standard deviation of 
several determinations of the pulse height 
amounted to 0.3mm to 0.5mm. The collima- 
tor of 2a=1.5mm, 0=3.83° was used. All 
distance measurements were corrected to 
N.T.P. as before. 


§4. Experimental Results 


A. Effect of Variation of Field Strength 
The observed values of the ratio of the 
pulse heights at the two points P and F for 


* In many of previous works, the voltage 


saturation of the pulse height was often measured 
under a certain geometry with the purpose of 
preventing columnar recombination. But, ‘sucha 
method is not adequate for this purpose because of 
the fact that the change of the pulse height with the 
applied voltage is affected in complicated ways by 
the change of the ratio between the amplifier time 
constant and the collecting time. Moreover, when 
the chamber is fairly deep, the observed satura- 
tion is responsible only for the average ion density 
over the total length of the track, so it is difficult 


to certify the saturation at the most dense part of 
the track, 
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Table I. The ratio of the pulse heights at the 
points P and F observed for different voltages 
with @=3.83°. 


Applied voltage 


No. 
of run | a * cial sae 
_ 50 volts 135 volts | 1,140 volts 
1 1.833 IDAs. lan dvoen 
Y 1.899 1.945 1.972 
3 1. 85g 1.955 2.025 
4 1.825 1.91, | 1.99% 
5 1.88, 1.93.4 
\ 
1.85 1.94 1.988 
A ii 0 . 3 
Be el OL 013 +0006 +0.014 
Table IJ. The ratio of the pulse heights at the 


points P and F observed for different effective 
angles with the applied voltage of 50 volts. 


Effective angle @ 


No. 7 
Das 2.55° a Mao 
it ms ~ =3 
1 1.839 1e86;- 9 1.86, 
2 1.83 187. o |g 18875 
3 1.84, 15863 | hare 129l¢ 
4 1.84; 12 BGxciw Wed 22874 
le sl 
Average | +91003 | +0.002 | +0.012 


different voltages are shown in Table I* and 
JENifex, Oye 

The error given to the average value is the 
standard deviation of the observed values. In 
each run the error of the ratio caused by the 
uncertainties in the pulse height measurement 
is of the order of -£0.011 to 0.015, and well 
accords with the standard deviations given 
above. 

As obviously seen from Table I, the observed 
ratio increases with the rise of the applied 
voltage. And this is consistent with the ex- 
pected effect of columnar recombination. 


B. Effect of Variation of Angle. 

The ratios of the pulse heights observed for 
different effective angles @ with the two fixed 
voltages (50 volts and 135 volts) are shown in 
Tables II and III, and also in Fig. 4, 

The error is also the standard deviation. It 
is clearly seen that the value of the ratio in- 
creases with the effective angle, and this is ex- 
plained by the effect of columnar recombina- 
tion. Moreover, the fact that the increase of 


the ratio with 6 is prominent in the case of 
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Table Ill. The ratio of the pulse heights at the 
points P and F observed for different effective 
angles with the applied voltage of 135 volts. 


Effective angle 0 


No. 
of al | | a 
oe 2.55° 3.83° 5.11° 
1 | 1.904 1.95» 1.954 
, 1.92; | 1.925 | 1.939 
3 1.905 1.925 | 1.95. 
4 | 1.909 | 1.9], 1.92. 
e100; 1.92. 1.94 
A ) 7 . 0 
yesaee +0.004 +0.009 +0.008 
= 
A - 1,140 valts ne | 5 
Ov 50 volts * Fong | é 
---- : Holloway & Livingston o oN nS 
a0 \ 208 
4° @ lake 
ie VN ze 
4-0 \ Ee 
ao) 
ox ole 
ee: ‘s 5 x 
ake ' o 
Emo} ® if 
es 1 5 
O)— a 
“Normalization Point 1 
F is | 
pa i= Al fe ere ty oe ee Ts 10 


ye Se Pee re ae eet at 
2 


15 10 5 
RESIDUAL RANGE mm 


Fig. 2. The specific ionizations for polonium 
alpha-particles under the field strengths 500 
volts/em and 11,400 volts/cm. 


50 volts than 135 volts, and that for each 
value of @ the ratio is greater in the case of 
135 volts than 50 volts, is characteristic of 
columnar recombination. 


C. Measurement of Whole Specific Ionizations 

In Fig. 2 are shown the whole specific ioni- 
zation curves observed with 50 volts and 1,140 
volts applied. As the absolute value of the 
pulse height is changed for different voltages 
by the time constant to collecting time ratio 
even when an adequately large time constant 
is adopted, the curves in the figure are nor- 
malized at the point F. In the figure, the 
curve of Holloway and Livingston is also 


* The values given in Table I are the same 
data as reported in the previous paper, but correct- 
ed for the fact that in dynamic operation the 
flashing bias voltage of the thyratron used is shift- 
ed by about 1.5 volts from the value determined 
statically. As a consequence, in the previous 
paper the values for the ratio were too high by 
about 2 percent. 
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Fig. 3. The ratios of the pulse heights at the two 
points P and F for different field strengths with 


6=3.83°. The solid curve represents the values 
calculated by Jaffe’s theory. The points at X= 
500 and 1,350 volts/cm are the averages of the 
values given in Tables I, II and III. 
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Vig. 4. The ratios of the pulse heights at the 
two points P and F for different effective angles 
with the voltages 50 volts and 135 volts. The 
solid curves represent the theoretical values. 


The points at @=3.83° are the averages of the 
values given in Tables I, II and III. 


shown by a dotted curve. The curve observed 
with 1,140 volts shows larger ionization around 
the peak than that with 50 volts in accord 
with the results of Table I. The latter curve 
nearly agrees with the curve of Holloway and 
Livingston. 


$5. Comparison with Jaffé’s Theory 
We have tried to compare our result with 
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Jaffé’s theory!® of columnar recombination, 
and examined to what extent the observed 
phenomena are quantitatively explained by the 
effect of columnar recombination. 

According to Jaffé’s theory, the fraction of 
the ions escaping from recombination, Y, is 
given by* 


yaa /fi+ JF seh, 


_BREX? sin? 

on wipe ; : 
where Np denotes the linear inonization density 
produced primarily, a the volume recombina- 
tion coefficient, D the diffusion coefficient, k& 
the ionic mobility, X the field strength, @ the 
angle between the alpha-track and the field, 
and 6 is the parameter representing the radius 
of the ion column. And S(z) is expressed by 
using Hankel function! as 


/2S@) = 7 etl? GH (62/2) . 
2 2 


Now, if we denote the ion densities at the 
points P and F by N> and Ny, and the values 
for Y by Yp and Y~r respectively, the observed 
ratio of the pulse heights, R, is expressed by 


NeY p VG 
Rez =iR 
NyY ry Bi Pa8 
with 
NG 
p= 
0 iN 
Here, Ry represents the ratio of the true 
ionizations primarily produced. For the 


numerical calculation, the following values 
were used for the constants: 

a=1.66 x10-° cm3/sec , 

D=0.055 cm/sec/cm? , 

k=2.22 cm/sec/volt/cm. 
6 is undetermined from the theory and must 
be adjusted to fit the experimental result. 

First, assuming the energy loss at the point 
P to be 2.4Mev/cm and the value of Wto be 
35.6 ev/ion, we can put 
Np=2.4 x 10°/35.6=6.74 x 104 . 

Since Ry is known to be nearly equal to a 
we took for the first approximation 


Nr=Np/2=3.37 x10! . 


* This formula is not valid for very small angles. 
Though the angles are considerably small in the 
present experiment, the condition for the theory to 
be valid is well satisfied. 
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Table IV. The values of Yp, Yy and the ratio 
R=1.985 Yp/Yy calculated for different field 


strengths with §=3.83°. 


Field ; ; , | wea al big A 
Se a 00 aL, 850 “11, 400 | 20 


(volts/cm) 
as 0.8816 0.9460 0.9931 1 
Ye | uss 0.9720 0.9965 1 
} 
R 1,868; 1.9319 | 1.9782 1.98; 
Table V. The values of Yp, Yr and the ratio 


R=1.985 Yp/Y,y calculated for different angles 
with the field strength 500 volts/cm. 


Effective angle @ | 2.55° | 3.83° ) 5.0 
ae 0.8474 0.8816 0.9040 
ig 0.9168 | 0.9367 0.9492 
R «1.8347 | 1.8683 | 1.8904 
Table VI. The values of Yp, Y» and the ratio 


R=1.985 Yp/Y,y calculated for different angles 
with the field strength 1,350 volts/cm. 


Effective angle a | 2.55° | 383° | 5.11° 


Yp | 0.9239 | 0.9460 0.9586 
ge | 0.9602 | 0.9720 | 0.9787 
R | 1.9109 | 1.9319 | 1.944s 


Using these value for Np and Nr, Yp and Yr 
were calculated for different values of 0B. 
Substituting the latter values into the equation 
R=RvYr/Yr and adjusting the value of Ro, 
the calculated values for R were compared 
with the experiment. The best fit was 
obtained for the following values: 

Ro==1.985 , 
and 

b=9.5% 10-41. 
The final values for R were calculated again 
by using the above values for Ry and 6b and 
Nyr=Np/1.98;. The results of the calculation 
are shown by solid curves in Figs. 3 and 4 
together with the observed values. 

“The calculated curves are in good agree- 
ment with the observed points within the ex- 
perimental error in each case that either the 
voltage or the angle was changed. Thus, the 
observed change of the ratio with the field 
strength and the angle is considered to be 
entirely explained by the effect of columnar 
recombination. Especially, this conclusion is 
supported by the fact that remarkable varia- 
tions of the ratio are observed for the mo- 
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derate field strengths, i.e. 500 volts/em and 
1,350 volts/em, and that the ratio is affected 
definitely by the collimating conditions. 

The calculated values of Yp and Y~» for the 
present experimental conditoins are tabulated 
in Tables IV, V and VI. 


86. Discussion on Experimental Results 


The highest field strength 11,400 volts/cm 
applied in this experiment is much higher 
than the fields hitherto usually used. But 
there is no fear that gas multiplication or 
other secondary effects may disturb the 
measurement. The procedure of taking the 
ratio of the pulse heights removes such effects, 
so far as the number of secondary ions is 
proportional to the initial ionization. Further- 
more, it is not likely that gas multiplication 
should occur in this experiment. The first 
Townsend coefficient a for atmospheric air 
has been accurately measured by Sanders’). 
According to Sanders, the lowest observable 
value is a/p==3.4x10-° at X/p=20, and he 
gave an empirical formula for a/p in the 
range of X/p from 20 to 36. For the field 
strength 11,400 volts/em in this experiment, 
X/p is equal to 15 and this is fairly smaller 
than the lowest of Sanders’s experiment. If 
we extend the empirical formula of Sanders 
down to X/p=15, the multiplication factor for 
this experiment is calculated as 1.00045. Such 
disturbance, even if it exists, is smaller than 
the experimental uncertainty involved in the 
pulse height determination. The second 
Townsend coefficient is much smaller than 
the first coefficient and is, of course, out of 
the question. Thus, according to the conclu- 
sion of §5, the ratio of the true specfic 
ionizations at the points P and F, -can <be 
estimated as 1.98; by the help of Jaffé’s 
theory. 

The corresponding ratio obtained from the 
specific ionization curve of Holloway and 
Livingston is 1.87. This indicates definitely 
that the experiment of Holloway and Livings- 
ton was considerably subjected to the effect of 
columnar recombination. Taking Ro=1,98:, 
the values for Yr and Yr giving the observed 
value of R=1.87 are estimated as Y,=0.8830 
and Y,=0.9373 respectively. 

For the sake of comparison, the correspond- 
ing ratios were also obtained from the 
results of other authors. The curve of 
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Fig. 5. The specific ionizations for the field 


strength 11,400 volts/em. The solid curve is 
Holloway and Livingston’s curve corrected by 
Jaffé’s theory and normalized at the residual 
range 22.5mm. 


Stetter and Jentschke!™ gives R=1.95. Their 
experiment was performed with @=90° and 
X=240 volts/em. Since in Jaffé’s formula 
the role of the field is the same as the angle, 
this condition is equivalent to ours when 
6=3.83° and X=3,600 volts/em is applied. 
From our calculation, R=1.964 is expected 
for this condition. The earlier work of Curie 
and Behounek'® gives R=1.85 for both polo- 
nium and RaC’ alpha-particles. The results 
of Henderson! give R=1.93 for RaC’ and 
le QtoreThC: 

The straggling of the polonium source used 
was determined from the number-distance 
curve. The straggling parameter, defined by 
Holloway and Livingston, was about 0.2cm, this 
being somewhat larger than the value 0.084 cm 
quoted by Holloway and Livingston for newly 
prepared source. It is not clear whether this 
is due to the thickness of the source or to 
the straggling effect in the aluminium foil. 
In any case, the straggling phenomenon has 
the tendency to lower the observed ratio to 
some extent. However, this effect may be 
thought to be not large, since our specific ioni- 
zation curved observed with 500 volts/cem well 
accords with that of Holloway and Livingston. 

The value for 6 used in this paper is con- 
siderably smaller than the value 1.79x10-3 
originally used by Jaffé to explain Moulin’s 
experiment™, This discrepancy is caused by 
the difference in the estimation of the ion 
density No, because b is very sensitive to the 
estimate of Ny. If we use the recent data to 
estimate the value of Nj, Moulin’s experiment 
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is explained as well by the present values for 
the constants. 

The value of W 35.6 ev/ion assumed in our 
calculation is the one given by Gray” as an 
average value of W for polonium alpha- 
particles. If W depends upon the initial energy 
of the particle, the instantaneous values of 
W corresponding to the points P and F would 
be different from 35.6ev/ion. But no further 
calculation was carried out, although in 
principle it is possible to proceed with the 
successive approximation by using the relation 
between W and the particle energy described 
later. 


§7. Establishment of Ionization-energy 
Relation for Alpha-particles in Air 


Now, we can correct the specific ionization 
curve observed under a certain experimental 
condition by the help of Jaffé’s theory, and 
obtain the true ionization-range relation which 
is not subjected to the effect of columnar re- 
combination. The solid curve shown in Fig. 
5 is the curve obtained by correcting the 
original curve of Holloway and Livingston. 
In Fig. 5 also are shown the observed points 
measured with the field strength 11,400 
volts/cem in this experiment. The pulse 
heights are normalized at the residual range 
of 22.5mm. These points are in good agree- 
ment with the solid curve, since the satura- 
tion of the ionizations at the points P and F 
are 0.9931 and 0.9965 as shown in Table IV. 

Taking into account the fact that in the 
experiment of Holloway and Livingston the 
determination of the absolute distance seems 
to be more accurate than the present experi- 
ment and that the correction for the finite 
depth of the chamber was also carried out in 
their experiment, we have adopted the cor- 
rected Holloway and Livingston curve given 
above as the true specific ionization curve free 
from recombination, and the following argu- 
ments are based on this curve. 

The true total ionization versus range rela- 
tion may be obtained by integrating the true 
specific ionization curve determined above. If 
the integrated relation is normalized to the 
polonium energy 5.2984 Mey at the polonium 
range, we get a provisional range-energy rela- 
tion for alpha-particles in air which is based 
on the assumption of the constancy of W in 
the same manner as the original range-energy 
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relation of Holloway and Livingston. If this 
relation deviates from the true range-energy 
relation, it can be concluded that W in air 
depends upon the particle energy. 

Now, let & be the alpha-energy for a given 
range R, and E’ be the energy value obtained 
from the provisional range-energy relation (i.e. 
essentially the total ionization) for the same 
range, the ratio of E to EF’, w say, may repre- 
sent the average energy loss per ion pair in air 
for an alpha-particie of energy £ relative to 
that for the polonium alpha-particle (5.2984 
Mev), 


w=E|E! = W(B)|We, - 


To perform the integration of the true 
specific ionization curve from zero to the polo- 
nium range (3.842cm), the dE/dR_ curve 
obtained from the original Holloway and 
Livingston range-energy curve was utilized in 
the region 2.8 to 3.842cm, and was made to 
connect smoothly with the corrected specific 
ionization curve shown in Fig. 5 at the point 
of 2.8cm. Since the variation of the ion 
density along the track is relatively small in 
the range 2.8 to 3.8cm, the error introduced 
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Table VIL. The provisional energy values derived 
in this experiment and the comparison with 
Jesse’s values. 


Energy 


Range Provisional Ratio of Jesse’s 
Palace or energy values values to 
(mm) ; derived in this) provisional 
Jesse (Mev)| exp. (Mev) | values 
1 | 0.075 
2 0.271 (9235 heey 
3 0.508 | 0.451 La 
4 0.761 0.685 Wait 
5 0.994 0.919 1.081 
6 1.214 1.146 1.059 
7 | 1.422 | 1.362 1.044 
Suileus).624e" | 1.565 1.038 
9 1.816 ST | 1.034 
10 1995 1.940 1.029 
ila! ZElGZ Pra Alales 1.023 
12 eoyAl Pale) 1.018 
14 2.620 2.092 iLO 
16 2.907 2.885 1.008 
18 3.174 3.160 1.004 
20 3.425 3.420 1.002 
22 3.668 3.665 1.001 
24 3.896 3.898 1.000 
26 4,103 4.118 0.997 
28 4.300 4.326 0.994 
30 4.502 4.526 0.995 
33 4.798 4.812 O87 
35 4.987 4.996 0.998 
38.42 5.298 5.2984) 1.000 
| 


| 
| 
| 
| 
| 


Table VIII. The comparison of the provisional range-energy relation with the fixed points 


obtained from the nuclear reactions. 


Pasco | Observed range Observed energy H | Provisional energy EH’ Ratio of 
(cm) | (Mev) (Mev) E to #', w 
Bn, «)Li™* 0.720 | 1.474 1.403 1.0505 
Li® (p, «) He® 0.85 | 1.726 | 1.662 1.038; 
Bi (7, «) Li? 0.868 | 1.779 | 1.697 1.0483 
Li8(m, «) H3 1.04 | 2.060 | 2.010 1.024y 
Sm-a iei2 | 2.147 1.015, 


2.18 


by this substitution is expected to be negli- 
gibly small. The integration was performed 
graphically and normalized to the polonium 
energy at the polonium range”. 

The results are tabulated in the third column 
of Table VII. In the second column of this 
table are given the energy values from Jesse’s 
revised relation, while in the fourth column 
the ratios of Jesse’s value to the provisional 
energy value given in the third column. Since 
it is known that Jesse’s revised relation nearly 
agrees with the fixed points obtained from 
some nuclear reactions, the ratio given in the 
fourth column stands for the approximate 
value of w above defined. It is obvious from 
the table that the value of w depends upon 


the alpha-energy. 

Further, in Table VIII the provisional range- 
energy relation is compared with the fixed 
points® obtained from the nuclear reactions 
for which the ranges and energies of the 
emitted alpha-particles have been indepen- 
dently determined. In the fifth column are 
given the ratios of the observed energy value 
E to the value 2’ from the provisional curve 
corresponding to its range. These ratios can 


ionization curve of Holloway and Livingston was 
integrated and normalized by the same procedure. 
And it was ascertained that the result agrees with 
the original range-energy curve given by Holloway 
and Livingston within about 2 Kev. 


—O— : Relative value of W 
given by Jesse 


rose — 
Oo 


B!?(n,a) Li?™ 
105+ X© 5,8 B?(n,«) Li” 


{ ee es 
LiP(n.a) Ha (o) 
Do SOD 


hook ‘ % ees 226 Energy 


4™-.--=— 5 wigy 

Fig. 6. The values of w, the average energy loss 
per ion pair in air for an alpha-particle of the 
energy # relative to that for the polonium 
alpha-particle (5.2984 Mev). The solid curve 
shows the values obtained from the present ex- 
periment. The dotted curve shows the ratios 
of Jesse’s values to the provisional energy values 
given in the fourth column of Table VII. 


Cranshaw and Harvey” reported that W for 
alpha-particles in argon can be represented 
by a formula of the type: 


W=A+B/VE . 


After this, we have assumed a formula of the 
same type for w in air, as follows: 


w=atb/VE . 


The values of the constants @ and b were 
determined by the method of least squares to 
agree with the five observed values for w as 
shown in Table VIII, obtaining 


a=0.948 and b=0.119. 
Hence, 


w=0.948+0.119/VE , 


where w is the relative value of W for alpha- 
particles in air to that for the polonium 
alpha-particles, and E& is the initial alpha- 
energy in Mev. The result is shown by the 
solid curve in Fig. 6. The dotted curve in 
the figure represents the ratio of Jesse’s value 
to the provisional energy value at the cor- 
responding range given in the fourth column 
of Table VII. The latter curve becomes less 
than unity for energies above 4 Mev. This 
is probably due to the fact that Jesse has 
actually revised the curve only up to the 
range of 2.8cm (4.3Meyv) and joined this to 
the original range-energy curve of Holloway 
and Livingston at the range of 2.8cm as 
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stated in his paper. In the figure is also 
shown the variation of W in air reported by 
Jesse. The five observed values for w given 
in Table VIII are represented by the small 
circles. 

Freeman and Burcham2) have made a rela- 
tive measurement of the ranges for alpha- 
groups emitted from several (p, a) reactions, 
F19°(p, a)O*, B(p, a)Be’, and Be*(p, a)Li°, 
for which the energies are accurately known 
from the Q-values. They found that, if the 
range for the alpha-group of energy 2.2724 
0.010 Mev emitted from the F!°(p, a,) reaction 
is assumed to be 1.157cm from the revised 
curve of Bethe, all the other observed ranges 
agree with the revised curve down to 1.113 
Mev except for small discrepancy of about 
10 Kev. We have compared the result deduced 
by them with our provisional range-energy 
relation, and calculated the ratio w=E/E’ in 
the same manner as above. These values 
for w are shown in Fig. 6 by the small 
triangles, and well accord with the empirical 
formula for w obtained in this experiment. 
Consequently, this formula is considered to 
be valid at least for the alpha-energy down 
to 1 Mev. 


§ 8. Conclusion 


The effect of columnar recombination on 
the ionization measurement in air was ex- 
amined by measuring the ratio of the specific 
ionizations for alpha-particles at two fixed 
points under various field strengths and 
various angles between the field and _ the 
alpha-track. It was found that the observed 
change of the ratio with the field and the 
angle can be completely explained by Jaffé’s 
theory of columnar recombination. The value 
of the parameter 6 which appears in Jaffé’s 
theory was determined anew so as to give the 
best agreement with the experiments. By the 
help of this theory, the observed specific 
ionization curve of Holloway and Livingston 
was corrected for columnar recombination and 
the true ionization-range relation for alpha- 
particle in air was obtained. Comparing this 
relation with the fixed points of the range- 
energy relation obtained from nuclear reaction 
data, an empirical formula representing the 
energy dependency of the average energy loss 
per ion pair for alpha-particles in air relative 
to polonium alpha-particle, w, was deduced. 
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The energy dependency of w deduced in the 
present experiment is considerably smaller 
than the conclusion of Jesse et al.. 

It was also made clear that the experiment 
of Holloway and Livingston, on which the 
revision of the range-energy relation made by 
Jesse et al. or Bethe was based, was certainly 
subjected to the effect of columnar recombina- 
tion. Therefore, we should consider that the 
success of the revised range-energy relation 
may be attributed to the incidental compensa- 
tion of several factors. 

The fact that in air the effect of columnar 
recombination is severe, is of cource an in- 
defensible defect of air for the filling gas of 
ionization chambers. However, De Juren 
and Rosenwasser2”) have recently pointed out 
that even in argon the effect of columnar 
recombination is also serious and cannot be 
ignored. The results of the present study 
have made it possible to correct the observed 
ionization in air for columnar recombination 
by the help of Jaffé’s theory. In addition, in 
some cases it is also an useful method?» to 
plot the reciprocals of the pulse heights 
measured with various field strengths against 
the reciprocal of the field strength and _ to 
extrapolate the plot to infinite field strength. 
In consequence, the empirical formula for w 
obtained in the present study can be applied 
effectively to the corrected results of the ioni- 
zation measurements which are free from 
recombination, and may be of use in the 
accurate determination of the energy of alpha- 
particles. 

In conclusion, the authors wish to express 
their sincere thanks to Prof. K. Kimura for 
his valuable suggestions and continual encou- 
ragements throughout the work, and to Mr. 
S. Kimura for his help in the measurements. 
Thanks are also due to Prof. H. Yamaguchi 
of Osaka University who kindly presented us 
with radon tubes for the preparation of the 
polonium source. Finally, this work was 
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financially supported by a grant-in-aid for 
Fundamental Scientific Research of the Min- 
istry of Education. 
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The Multiple Scattering of Fast Electrons 


By Seizaburo KAGEYAMA 
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The angular distribution, caused by the multiple scattering, of the fast 
electron with an energy of 1.66 MeV passing through thin foils of Al, Cu 


and Pb has been investigated. 


The experimental results obtained were in good agreement with 
Moliere’s theory modified by Hanson et al. on the basis of their experi- 


mental data. 


The theoretical 1/e width values given by Shinohara 


were also in good agreement with those observed in light elements, but 
they seem to be slightly larger in heavy elements. 


Introduction 


S13 

The experimental investigation of the scat- 
tering of electrons by multiple collisions in 
passing through various materials has been 
carried out by Kulchitsky and Latyshev” 
with 2.25 MeV electrons and by Sheppard and 
Fowler?) with 6.2MeV electrons. Their 
results were in good agreement with the 
theories of Williams®} and Goudsmit and 
Saunderson® for the light elements if the 
electron-electron scatterings were accounted 
by replacing Z with (Z?+Z)'/2. For heavy 
elements, however, the 1/e width of the 
angular distribution curves obtained by them 
were from 10 to 15% narrower than the 
theoretical predictions. 

Thereafter, Moliere®) has been able to solve 
the scattering problem, making the only as- 
sumption that all scattering angles are small. 
He has given the scattering into the angular 
interval d@ at @ in a power series Of Lis: 


FS (d)d9 
=dds[f©(9)+ Bf O(9)+ B-2f @(s)+---] 
el) 
where 
B=O/%X.B?, %o? =4e'Z(Z+1)NE/(pv)?, 
TRUE) 


ce iL OF ye i 
=n! d oe — _qj2 : _ 
\> Ly Toy) exp( : vy) : in al 


and the parameter B is defined as follows by 
the characteristic screening angle %, and %. 
B—InB=In( : re 
LeL60 ar 
The first term /“ in the above expression is 
the well-known Caussian. The angle at which 
the intensity drops to l/e of the maximum is 


p= =p (2) 
while the second term goes over into the 
single scattering formula at large angle and 
the third is a correction. The evaluations of 
each term have been done by him and Bethe® 
as a function of variable #. 

For small angles, ¥<2, the dominant term 
is the Gaussian f/f”. In this region Hanson 
et al. have pointed out that a better agree- 
ment with the experimental results could be 
obtained by assuming a Gaussian distribution 
of which l1/e width is given by 


Ow=%e(B—1.2)'/2 
rather than by Eq. (2). 


The same problem has been treated by 
Shinohara®), by the same method as Williams, 
on the assumption that the electrons are 
diffracted by minute crystals forming the foil. 
The distribution given by him shows a slightly 
smaller scattering than those of Williams and 
Goudsmit and Saunderson, and is in better 
agreement with most of the experiments, 
especially for heavy elements. But in the case 
of Al, his theory is not in good agreement 
with the experimental result obtained by Kul- 
chitsky and Latyshev, which was already in 
fairly good agreement with Williams’ theory. 

In the present work, we have observed the 
angular distribution of electrons scattered by 
multiple collisions in passing through thin Al, 
Cu and Pb foils and compared both with 
Moliere’s formula modified empirically by 
Hanson et al. and with Shinohara’s theory. 


(3) 


§2. Experimental Arrangement 


The experimental arrangement used was 
similar to the one employed by Kulchitsky and 
Latyshev. A homogeneous and almost paral- 
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lel beam of fast electrons was obtained by 
placing a thin-walled glass tube of about 4 
mg/cm?, containing Rn of about 50 MC, at 
“S*” (Fig. 1) in the magnetic field. The 
electrons described an arc of about 116° on 
the radius of about 10cm in the magnetic 
field. 

As can be seen from Fig. 1, electrons after 
passing a series of slits were focused on the 
scattering foil (T) placed at the center of a 
brass scattering chamber 8cm high and 20 cm 
in diameter. The scattered electrons were 
detected by two G-M counters placed just be- 
hind a thin mica window of scattering chamber 
and working in coincidence. The thickness of 
mica of the scattering chamber and the coun- 
ter was about 4.5mg/cm?. The hole in the 
last slit A was 3.0mm in diameter. 

The energy of the electron beam 
estimated from the energies and 
internal conversion lines of RaC and RaC’ 
observed at the center of the scattering 
chamber. The precise estimation of the energy 
and spectral constitution of the beam employed 
was done by replacing the scattering chamber 
with the second #-ray spectrometer described 
in the previous paper. Applying the correc- 
tion of the most probable energy loss for 
conversion electrons, we have obtained the 
value of 1.66-+0.04 MeV for our electron beam. 

In order to estimate the divergence of the 
incident beam, the angular distribution of 
electrons in the horizontal and vertical plane 
were measured in front of the last slit (A), 
at the center of the scattering chamber By 
and at the position C with a single G-M tube. 
As an example, the horizontal distribution of 
incident beam measured at the position C with 
the coincidence G-M tubes used in the main 
experiment was shown in Fig. 2. 

The dash-point curve in the figure shows 
the angular distribution of incident electron 
beams from which the theoretical angular 
distributions of transmitted beam have been 
calculated. From these distributions, we have 
found that the diameter of the beam is about 
4mm at T and that the angular divergence 
of electrons from the central beam does not 
exceed 1/3°. 

The scattering materials examined were Al, 
Cu and Pb foils of following thicknesses; 


used was 
spread of 
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Fig. 1. Experimental arrangement for the meas- 
urement of angular distribution. S, the source, 
Fe, iron pipe, A, the last slit, T, the target and 
C, the G-M counters. The dotted line in front 
of C shows that the scattering chamber has a 
window in this part. 


Intensity 


Relative 


1$ 
39 10mm 


Lt 
4567 8 
Fig. 2. Horizontal angular distribution of incident 

beam observed at C with the coincidence 

counter. The dash-point curve gives the dis- 
tribution of incident beam calculated. 


Als 343° 6.86 10.3 13:7mg/em? 
Cu: 6.3) Al26 mg/cm? 
Pb: 6x2 mg/cm?. 


§3. Experimental Results and Comparison 
with Theories 


The observed angular distributions of scat- 
tered electrons are shown in Figs. 3 and 4. 
The theoretical distributions calculated from 
the original theory of Moliere are shown by 
broken line in Fig. 3. The solid lines in both 
figures represent the corrected distribution, in 
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Table I. 1/e width of the angular distribution curve. 
Je | PHickeriees. Gf Theoretical 
Material foi = : Observed 
/cm?) illi GS Shinohara CUES . 
(mg id ae - : s sade (Eq. 5) ue 
BaD 325 3.6 3.4 Bal 3.4+0.1 
7.0 Ded. 5.6 Bb Dee 5.4+0.2 
105 7.4 Ua? ted Mass 7.3+0.3 
14.0 8.8 8.6 8.7 8.4 8.4+0.3 
A ta 6.3 7.9 7.9 7.9 8.2 8.0+40.3 
Cu 12.6 12.2 11.8 12.2 12.6 12.240.4 
Pb ; 6.2 12.6 | 12.6 NBS) 1as5 11.2+0.4 
| Ki 
Lt, 1.0 
Bhatig ce er, $ Cu 63 mq /em® 
i 8 2Cul26 » 
ak en ¥EPp62 » 
nay! c 
0) i ens} 
o | \ & 
Henge \ 
| N as 9 
veerieien SS Se (eee ere Spe SS 4 
ote Cee or. eo i 
2 aes iN fv 
8 ‘ A\ 6.86mgq/cm? a x Al 13.7 mg/ ame 2 
sia TON 
i | \ 
6} \\ 6 ¥\ — 
Efe a (amare ee fe eee ie l 
[ ove 4°68 iO (2 14 16 16 20 26° 
.4r 4} 
L Scattering Angle 
2h 2t Fig. 4. Comparison between the modified Moliere’s 
{ — [ SS theory of multiple scattering of electrons and 
ce ee ee srarikte oR ae GCE the experimental angular distribution for Cu and 


Scattering Angle, 

Fig. 3. Comparison between theoretical and ex- 
perimental angular distributions of multiple 
scattering by Al foils. The broken lines are 
calculated according to the original Moliere’s 
theory. The solid lines are modified empirically 
by Hanson et al. The dotted lines are a 
Gaussian distribution drawn through the obsery- 
ed point at the 1/e intensity. 


which Eq. (3) was adopted instead of Eq. (2) 
for the 1/e width of f® in Eq. (1). The ex- 
perimental results were in good agreement 
with the solid lines over all the region examined 
within the experimental errors. The Gaussian 
distribution drawn through the observed point 
at the l/e intensity are shown by the dotted 
curves. In very small angle (8<1), this 
distribution coincides completely with the 
solid lines. 

The l/e widths of the distribution curves 
obtained are tabulated in Table I, together 
with the theoretical values calculated from 
the formulae of Williams, Goudsmit and 


Pb. The broken line was calculated with Zs, 
=Z. The solid curves were all calculated with 
Lesp=Z(Z+l). 


Saunderson, Shinohara and Moliere. All the 
theoretical values were corrected for the finite 
dimension and the divergence of electron beam. 

According to Shinohara’s theory, the l/e 
width of the Gaussian distribution of projection 
angle is given by 


Ow=2a? 
=P? 
v=Ny,ot 


where v is the average number of collisions 
of electron in passing through the foil, N; the 
number of minute crystals per unit volume 
OV, z¢ the thickness of the foil, and o the 
cross section of the minute crystal and 


i (a3. : a 
oO 0 


av ) 


dS 


Xe A 
+a ef (nar +! 
0 
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D= 16e*Z? 
mv'va 
where va is the volume of the unit cell. The 
first term in the right-hand side of the upper 
expression represents the contribution of the 
beam reflected from a net plane of crystals, 
the second the temperature diffuse scattering 
and the third the contribution of the single 
greater than %-. The effect of the inelastic 
scattering is not included in the above expres- 
sion. 

Under the assumption that the minute crys- 
tal are kept at the room temperature (290°K), 
the calculation has been numerically for the 
first term and graphically for the second™. 
The 1/e width calculated for the electrons of 
total energy 2.16 MeV (wave length 2=7.42 
10-4cm) are given in the fifth column of the 
Dable 1. 

In light elements, the experimental results 
for the 1/e width of angular distribution are 
in good agreement with all the theoretical 
predictions within the experimental errors. 
However, in heavy elements, the differences 
between theoretical and experimental values 
are outside of the experimental errors except 
for Moliere’s theory. The observed value is 
about 10 and 20% lower than those given by 
the theories of Williams, Goudsmit and 
Saunderson, and Shinohara. As Shinohara 
has pointed out, it may be responsible for 
this discrepancy that the thickness of Pb foil 
examined was too thin to examine his theory. 

Inelastic collisions with atomic electrons 
also contribute to multiple scattering, especial- 
ly in light element, but are disregarded in 
the theories of Moliere and Shinohara. There- 
after, Bethe, Fano! and Spencer and Blun- 
chard! have shown that the electron-electron 
collisions brought corrections to the elastic 
scattering of the order of 2% in Au, and that 
the effect of inelastic collision should be ac- 
counted for approximately by increasing the 
cross section by the factor (Z+1)/Z. This 
procedure has already been suggested experi- 
mentally by Kulchitsky and Latyshev and is 
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in complete agreement with 
results, as shown in Fig. 4. 

Moreover, Fano has shown that the Moliere’s 
B must be increased by 

(Z+1)-{ln[0.160 2-2/3(1+3.33 Ze?/hv)| —Uin} 
where —Uji» is defined as an integral over the 
incoherent scattering function whose value is 
about 5. 

This contribution, however, is too small to 
be tested with our results. 

In conclusion, the author expresses his cor- 
dial thanks to Prefessor Mitsuo Miwa for the 
helpful suggestions and valuable discussions. 
The author wishes to express his thanks to 
the Japanese Foundation for Cancer Research 
for the supply of Rn through Dr. K. Tsuka- 
moto and Mr. Y. Onai. Thanks are also due 
to Mr. K. Nishimura for his cooperation in 
this work. This study was supported by the 
Scientific Research Expenditure of the Ministry 
of Education. 
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A theory of the lattice vibration and specific heat of graphite, which 
has a typical lamellar structure, is worked out using the Born-von 
Karman method. Four types of restoring forces are assumed; the first 
and second ones are associated with changes in the bond lengths and 
bond angles of the honey-comb net planes, respectively, the third with 
change in distance between neighoring atoms on adjacent net planes, 
and the fourth with the bending of the net planes. We have obtained 
modes whose polarizations are parallel and perpendicular to the planes. 
The former are essentially two-dimensional, but the latter are of more 
complex characters and play a particular role in the temperature range 
45° to 100°K. As our main interest is in this and higher temperature 
ranges, we neglect the shearing forces between neighboring net planes 
which are effective at much lower temperatures. For small wave 
numbers, our theory naturally reduces to the semi-continuum theory 
developed by Komatsu and Nagamiya (1951) and Komatsu (1955). The 
calculated specific heat curve is in good agreement with the one observed 
by DeSorbo (1954) in the temperature range 45° to 300°K. We have 
concluded that the discrepancy found by Komatsu at temperatures 
higher than 60°K between his theoretical values of the specific heat and 
the observed ones is due to the failure of his semi-continuum treatment. 


§1. Introduction 


Graphite is a typical substance with lamellar 
structure and is well known, since old days, 
to show at low temperatures a specific heat 
which is remarkably different from that of 
ordinary substances of less anisotropic charac- 
ter. Recently, with renewed interest in the 
specific heat of substances with anisotropic 
lattices, there appeared a number of investiga- 
tions, both experimental and theoretical), 
on the low temperature specific heat of 
graphite. The measurements of specific heat 
by DeSorbo and Tyler® and more recently by 
DeSorbo® in the temperature range from 13° 
to 300°K gave results that it follows apparent- 
ly the T?-law from 13° to 54°K. Another 
series of measurements by Bergenlid, Hill, 
Webb and Wilks» in a lower temperature 
range from 1.5° to 90°K showed that the 
specific heat deviates from the apparent T?- 
law below 15°K and varies with temperature 
as I?:* below about 10°K. 

Komatsu” explained satisfactorily such be- 
haviors of the specific heat of graphite below 
60°K down to 1.5°K, improving the semi- 
continuum treatment of this problem made by 


Komatsu and Nagamiya. In his work, the 
graphite crystal is considered as an assembly 
of elastic plates equally spaced and with 
compressional and shearing couplings between 
adjacent plates. The elastic constants of each 
plate, except for the bending modulus, were 
estimated from the force constants of benzen 
molecule with a modification of taking account 
of the different bond strengths in benzene and 
graphite; the compressional coupling constant 
was determined from the observed compres- 
sibility and the shearing modulus theoretically 
(actually, three times the theoretical value was 
needed to attain a perfect agreement). The 
remaining undetermined modulus, i.e. the 
bending modulus of each plate, was so deter- 
mined as to obtain the best fit of the calculated 
specific heat curve to the experimental one in 
the temperature range where the shearing 
modulus could be neglected. This theory, 
however, could not satisfactorily account for 
the observed specific heat curve above 60°K. 
The discrepancy must be due to his over- 
simplification of replacing the atomic honey- 
comb net planes by continuous elastic plates. 
Evidently, such a continuum treatment des- 
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cribes correct aspects of the lattice vibrations 
for low frequencies and small wave numbers 
but is not valid for high frequencies or large 
wave numbers, so that even if the model 
employed by Komatsu is adequate at low 
temperatures, we cannot expect it to explain 
the experimental specific heat over the whole 
temperature range. A more rigorous theory 
must be based upon the Born-von Karman 
approach. 

The aim of our paper is to develop such a 
theory of the lattice vibration of graphite. 
We shall assume four types of restoring for- 
ces among atoms. The first and second are 
the restoring forces of the valence force type, 
the first being associated with changes in the 
bond lengths and the second with changes in 
the bond angles of the honey-comb net planes. 
The third is of the central force type and is 
related to changes in the distance between 
those atoms which are on adjacent planes and 
are neighbors along the ce-direction. The 
fourth is the bending force constant of each 
honey-comb net plane; this is of the non- 
central force type and may conveniently be 
defined as the force for the displacement of 
each atom relative to the average of the nor- 
mal displacements of the three neighboring 
atoms in the same net plane. 

There may be other central forces than the 
third force mentioned above, namely, forces 
among other pairs of atoms in adjacent (or 
more distant) net planes. They will give rise 
to additional compressional, as well as shearing, 
forces among different net planes. However, 
as was shown by Komatsu”, the shearing for- 
ces are so weak that they become effective 
only at extremely low temperatures where the 
specific heat shows a deviation from the 7°- 
law, whereas in the present paper we confine 
our arguments to higher temperatures. Fur- 
thermore, these compressional forces could be 
absorbed, to a good approximation, into the 
single force constant of the third type men- 
tioned above, for the net planes of graphite 
are so stiff that the relative displacements of 
atoms of each net plane would be small 
compared with the relative displacements of 
adjacent planes and, consequently, the net 
planes would behave as if they were locally 
rigid when they interact with one another. 
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§ 2. 


The definition of the four force constants 
introduced in the previous section is illustrated 
in Fig. 2, in which we give also expressions 
for the corresponding increases in potential 
energy. We denote these force constants by 

«: for the change in each bond length of 
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Fig. 1. 
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The crystal structure of graphite. 
|a;|=a=2.46A, |e|=c=6.70 A. 
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Fig. 2: 


the honey-comb net plane, 

yw: for the change in each bond angle of 
the honey-comb net plane, 

«’: for the change in distance between two 
atoms which are on adjacent net planes 
and are neighbors in the c-direction, 

mw’: for the bending of the honey-comb net 
plane. 


Using these constants, the total harmonic 
potential energy is given as a quadratic form 
of displacement u(X, 7) of atom X in unit 
cell z whose translation vector is 7; 
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i,j X, 

C1) 
where X or Y runs over A, B, Cand D atoms 
in the unit cell (see Fig. 1), and ViX,Y; ri 
—r;) are given as follows: 

V(A, A; 0)=V(D, D; 9) 
= {(3/2)e+ (15/2) 4} ithjr) 

+{i/+ (4/3) 3K , 
ViBzB: 0=ViC, C; 0) 
= {(3/2)e+(15/2)4} (i it+jji)t (4/3)n’kk , 
V(A, B; (as—az)/3= V(B, A; (a2—as)/3) 
= V(C, D;(as—az)/3)= WD, C; (az—as)/3) 
= —(k/2)hii—3ypnji—(w'/Bkk , 
VA, A;a,)= VB, B;—a) 
]1(C.C.a)— VO, Da) 
= —ppojst(u'/kk , 
V(A, A;—a)= VB, B; ai) 
=V(C, C;—m)=VD, D; a) 
=—pjspot+(u Dkk , 
V(A, D;c/2)= V(A, D; —e/2) 
= V(D, A;¢/2)= WD, A; —e/2) 
=—Kkk , 

(2) 
The above V’s and those which one obtains 
from them by permuting cyclically the suffices 
(1,2,3) are the only nonvanishing V’s. ji(z 
=1,2,3) and k are unit vectors along the 
primitive translation vectors ai and ec, respec- 
tively, and i is the unit vector perpendicular 
to a; and ec (see Fig. 2). Thus 
k=e/|e|, 
Equation of motion for this vibrating system 
is 


ji=ai/\ail, w=jixk. 


Mux, r;)=—graduV ’ (3) 
which has a solution of the form 
u(X, 7j)=e(X, g)exp{aq-rj—ot)}, (4) 


where gq is the wave vector, w the angular 
frequency and e(X,q) the polarization vector. 
w and e(X,q) are determined by the equation 


Mw*e(X, g=> exp (tqg-1m) V(X, Y; 7)-e(X, q) . 
Ty 


Owing to the properties of V(X, Y;r), expres- 
sed by (2), the secular determinant of these 
equation separates into two parts: one gives 
modes whose polarization vectors are in the 
honey-comb net plane (which we shall desig- 
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nate as vibrations in the plane) and the other 

those whose polarization vectors are perpendi- 

cular to the net plane (which we _ shall 

designate as vibrations perpendicular to the 

plane). 

(A) 
The equation determining and e is 


Vibrations in the plane 


ewe ily, alee: | 
—Ww* —U—A-Sp e(B, q) 

(5) 
where 
k-e(X,q)=0, 


A= Mo? —(3/2)e—(15/2) 2 
—(2/2)X(q)—-LuX(@) » 
U=(V 3/2)uY(q)& , 
W={e+6H/2{X@/lV 3)+2Y G/V 3 )}So 
+{(e-6/)/2{X@/V 3)+i¥@lV 3)}, 


(6) 
and 
AC ae cos (aj-q) ; 
Yq@= x sin (a;-q@) , 
xX(qQ)= > Si cos (a;-q) , 
Yq@)= x Si sin(a;-q) , Ch) 
So=isti +I » 
S,\2=i;i;—-Iii ; 
S.= (1/1) Gigi —Fsis) - (8) 


So and S, are independent of j, and g isa 
vector into which q is transformed by a ro- 
tation through z/2 about the k -axis, i. e., 
G=9 1S. =(q-dj-—Qji. 
Equation for es 1 has the same form 
e(D,q) 

as (5), that is, two adjacent honey-comb net 
planes, which are crystallographically different 
each other, have the same vibrations in the 
plane in our treatment. e(A,q) and e(B,q) 
are two-dimensional vectors so that the above 
secular equation is four-dimensional. It is 
laborious to solve this equation for general q, 
but quite easy for certain special values of q. 
Solutions for two special cases q=qi; and q 
=qj; (Fig. 3) are obtained as given below. 
Further, the frequencies of the vibrations in 
the plane are independent of the k-component 
of g, as we can see from expressions (5), (6) 
and (7). Hence, the contours of constant fre- 
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quency in the q-space are cylindrical with 
axes parallel to k. 


(Al) The case of q=qi; 
The secular equation simplifies also in this 
case and its roots are found to be 


wo? = M{(3/2)e+ 9u—V ay?t Bi} (9) 
wo? = M-1{(3/2)e+9u+V a+ Br}, (10) 
w?= M-{(3/2)e-+7 + 2.008 (V 3 aq/2) 

—V a:7+ B27} , (11) 
wo? = M-{(3/2)e+7u+2n cos (V 3 aq/2) 

+V a:?+ 8.7} , (12) 


where 
a= cos (V 3 aq/3)+{(«/2)+9n}cos(V 3 aq/6), 
Pi=«sin(V 3 aq/3)—{(«/2)+9}sin(V 3 aq/6) , 
a,=6y cos(V 3 aq/3)+{(3/2)e +3} 
xcos(V 3 aq/6) , 
B2=—6y sin(V 3 aq/3)+{(3/2)e+3u} 
xsin(V 3 aq/6) . 
These four solutions correspond, in the given 
order, to acoustical and optical longitudinal 


waves and acoustical and optical transverse 
waves. 
(A2) The case of q=qjj 

We find the following roots of the simplified 
secular equation; 
w= M1 2«*4+(9/2)u+(u/2) cos aq 


—(/2)—4) cos (aq/2)—V as? + Bs} (13) 
wo? = M-HU«+(21/2)4-+(“/2) cos aq 
+((«/2)—2)cos(aq/2)+-V aP?+B}, (14) 
wo? =M-U«+(21/2)4-+(2/2) cos aq 
+((«/2)—2) cos (aq/2)—-V a2+B.?}, (15) 
wo? = M1264 (9/2)u+(u/2)cosag 
—((«/2)—4y)cos(aq/2)+ V as?+ B37} , (16) 


where 
as =((«+6y)/2)+ 4 cos aq 
+(«+5y)cos(aq/2) , 
B3=—(V 3 /2)usinaq 
» +(V 3 /2)(*e—4x) sin (aq/2) , 
a,=((K+6)/2)—p Cos aq 
+(*+7) cos (aq/2) , 
.=(V 3 /2)usin aq 
+(V 3 /2)\(«—8)sin(aq/2) . 
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Fig. 3. The upper half of the Brillouin zone. 


These also correspond, in the given order, to 
the acoustical and optical longitudinal waves 
and acoustical and optical transverse waves, 
though they are not linearly polarized but 
elliptically polarized in general cases. When, 
however, g is small, they reduce exactly to 
longitudinal or transverse waves. (Waves in 
the direction of q=qi;, that is, those dealt 
with in (Al) are always linearly polarized.) 
Another remarkable fact in the present case 
is that for longitudinal waves the acoustical 
mode and the optical mode degenerate at the 
corners of the Brillouin zone, g=-+(472/(3a))j; 
(i.e. Pin Fig. 3). This degeneracy is due to the 
symmetry of the crystal. 

There are other cases that the above two 
where the equation (5) is soluble, for example, 
q~0 and q~+(4z/(3a))j;. 

When q is small, we find, with the help of 
the perturbation theory, that the frequencies 
of the longitudinal and transverse acoustical 
modes are given by 


o=(Ka?/M)?{(«+184)/(8(e +6) 7 la] , 
(17) 
wo=(Ka?/M)/243y/(2e+6n))} lq] . (18) 
Sound velocities determined by these equation 
agree completely with those calculated on the 
basis of the semi-continuum theory by Komatsu 
and Nagamiya. The values of « and v esti- 
mated by them from the observed force con- 
stants of planar vibrations of benzen molecule 
are 
«*=6.71 x 10° dyne/em 
y=0.48 x 10° dyne/cm . 
(B) Vibration perpendicular to the plane 
The normal modes of vibrations perpendi- 
cular to the plane are determined from the 
remaining one of the two separated secular 
equations; 
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Qn’ —2 —W 0 —2«'’cos(e-q/2) - AQ Se” 
—w* —) 0 0 eB, q) (19) 
0 0 -—A —W e(C, q) 
—22n’cos(e-qg/2)0 —W* 2n’—A e(D, @) 
where wi] p’, ’ ; ; 
(X, =X, OK A remarkable fact in the vibrations perpen- 
jee ual dicular to the plane is that when e-q=0 the 
ea Me (A /8) it CN) MED, lower frequencies (25) are proportional to |q|?. 
W’ =(2/3)u/{X@IV 3)+7Y@/V3)}, (20) on: 
It is easy to solve this secular equation. The §3. Frequency Distribution 
roots are found to be (A) Vibrations in the plane r Ae 
/ , For these branches we employ the metho 
Per eas iia lt last waht developed by Houston™ for cubic lattice. 
ay’ —V ay?+|B'/7} (21) First, we define f(»,¢) as frequency distri- 
w?= M7 { (4/3)! +(2/9) un’ X(q) bution function along a line of azimuthal 
—— angle ¢ in the basal hexagon of the Brillouin 
ban’ +V a+ |B") » Ce zone (see Fig. 3). Since the contours of con- 
w= MY (4/3)u' + (2/9) X(@) stant frequency in the g-space are cylindrical 
ay! —V ay 18'S (23) with axes parallel to k, as was mentioned in 
2— M-1S(4/3) 4! + (2/9) X(q) section 2 (A), we can confine ourselves to the 
Oe ae oe tai basal plane. From the symmetry about the 
+ ate! + V ate? +18" |?} , (24) k-axis in the Brillouin zone we can expand 


where 

ay’ =’ {1—cos (e-q/2)} , 

ao =k’ {1+cos(e-q/2)} , 

B’ =(2/3)H{X@/V 3)+iV@/V 3)}. 
when the projection of g on the net plane, q- 
Sp, is small, the formulas (21) and (23) reduce 
to 

w?={y'a*/(144 M)}\q-Sol* 


4 can’ fone aie 


cos*(e-q/4) . co 


when we neglect higher order terms of «’/p’ 
than the first order. This formula has the 
same form as that derived of the basis of 
semi-continuum model». Komatsu” estimated 
the numerical value of {«’/(2M)}'/? from the 
observed compressibility and determined the 
value of (1/(2z)){u'at/(144 M)}” by making 
the calculated specific heat curve fit the ex- 
perimental one in the temperature range from 
15° to 60°K. Using his results, the values of 
«x and yw’ are determined to be 


k’ =5.57 x 103 dyne/cm 
Lt =2.92 x 10° dyne/cm . 


We employ these values for «’ and yp’. 
ratio of «’ to # is of order 10-2, so we are 
allowed to neglect the higher order terms of 


The 


f(»,¢) in a Fourier series of cos 6n¢g(n=0, 1, 
Pye) IS 


fv, (=F fr) +f i)cos6e+---, (26) 
We have solved the secular equation along 
two different directions g=qi; and q=qjj. 
Hence two distribution functions, /(»,0) and 
f(y, z/6), along these particular directions have 
become available. We take the first two 
terms of (26) and neglect the higher terms. 
To this approximation f(y) can be determined 
by the simultaneous equations: 


FY, N=Ffo%)+F10) 5 
Iv, 7/6)=f (r)-FAY - 
With a further simplification of replacing the 


basal hexagon by a circle of the same area, 
the total distribution function becomes 


21 
Fo)=Cnle)\” Fo, ode = (mie ov) 
0 
= {(27)/(2c) }{ f(y, 0) + Fy, 2/6)} . (27) 
Curves for the total frequency distribution 
functions corresponding to the four branches 
ear shown in Fig. 4 to Fig. 7. 


(B) Vibrations perpendicular to the plane 
Though we have rigorous solutions (21)-(24) 
for these vibrations, it is very laborious to 
calculate the frequency distribution functions 
from them, We shall replace the contours of 
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Fig. 4. The frequency distribution function for 
the longitudinal acoustical modes of the vibra- 
tions in the plane. The dashed line is that due 
to the semi-continuum theory. 
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Fig. 5. The frequency distribution function for 
the transverse acoustical modes of the vibrations 
in the plane. 
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Fig. 6. The frequency distribution function for 
the longitudinal optical modes of the vibrations 
in the plane. 
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Fig. 7. The frequency distribution function for 
the transverse optical modes of the vibrations 
in the plane. 


Vibration of Graphite 357 
or 
‘Bo en 
a Ee 
SN 
0.6 
O4F 
S 
Or. o, 
fe) eee 1 : ) 
O 2 
Wye 
Fig. 8. The curves of A/Apo and é. 
Ag= {p'a*|] (4x? /44M) } 4/2 
, 2) = 3. = ; 
R a Oux= 4556 
x=0.5 
J. 
(e) Pp 


7 
R’ 


x=] x= 
/ 
ve f 
qQ’ 


Fig. 9. The approximate contours of constant 
frequency for the lower frequency modes in the 
enlarged Brillouin zone. xc=v/vo'. 


constant frequency in the Brillouin zone by 
approximate ones from which we can easily 
obtain the frequency distribution functions in 
simple closed forms. 

First, let us consider the lower frequency 
branches (21) and (23). Instead of considering 
these two, we extend the Brillouin zone to a 
size twice as large in the direction of kas the 
original one and consider the branch (21) only; 
this is allowed since a’ of (23) in the original 
zone is replaced by ay’ of (21) in the extended 
part of the zone. Then, for (21), we employ 
the approximate frequency formula of the 
form 

p2= A(1+€ cos 6¢)|q- Sol’ + B’sin*(e-q/4) , 
(28) 
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the lower frequency modes of the vibrations 
perpendicular to the plane. The dashed line is 
that due to the semi-continuum theory. 
vol = (2n) -1 (24! /M) V/2=3.76-10" sec -1 

(@o' =hy 9! /k =180° K) 
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Fig. 12. The frequency distribution function for 


the higher frequency modes of the vibrations 
perpendicular to the plane. 


which is a modification of (25). For each 
given v-value A,é and B are so determined 
that the approximate contour given by (30) 
passes the points where the true contour cuts 
the lines OP, OQ and OR’ in Fig. 3. In this 
way we get A,&€ and B as functions of p. 
In particular, Biv) turns out to be nearly con- 
Stant and equal to (27)"!(x’/M)1/2.. The curves 
of A(y) and &(») are shown in Fig. 8 and the 
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contours of constant frequency in the enlarged 
Brillouin zone are shown in Fig. 9. 

With a further simplification of replacing the 
Brillouin zone by a circular cylinder, the 
number of modes, Mv), with frequencies less 
than » becomes 


No)= (Ven " ee q-Syl’da.do 


42m 


(29) 
where V is the volume of crystal and @z,m is 
as ee sin™(y/v9") (v/v9 1 
Tori neRlc G/')=1, 


vo is B, i.e. (27)-1(2«’/M)/2. The frequency 
distribution function is given by differentiating 
Nv) with respect to v: 

SF (»)=dNv)/dy , 
From (30) and (31) f(y) is calculated to be 


F(X) =2V/(4r?) }(C()/A)) 
x [(v/v0 )K(y/¥0') v0 (A'(»)/AW)) 
—(C(v)/Cr))} 
x {1 (v/v PK (»/v0)-E(v/v0')}] 
for (y/ys sal 


Fv) ={2V (42?) }(C(v)/A()) 
x [K(0'/») + {((A’(v)/A(v)) 
—(C(v)/C))} 
x E(v9'/v)] 


for (v/y’)=1, (30) 


where Civ) is 


Clr) = (2/a)(14 &(v))-# 
x K({2€(»)/(1+60))}¥2) , 


K(x) and E(x) are eliptic integrals of the first 
and second kinds, and A’(v) and C’(v) are the 
derivatives of A(y) and C(v) with respect to 
pe 
For the higher frequency branches, (22) and 
(24), we employ in the enlarged Brillouin zone 
a single approximate contour expressed by 


v?=y"m—A,(1+ E,cos 6¢)|q- Sol? 
+Bsin%e-q/4) , eh) 


vm being the maximum frequency of these 
modes. In the same manner as above, we 
get f(v) for the higher frequency modes, after 
simpler calculations. The curves of A,(v) and 
€,(v) are shown in Fig. 10. The courves of 
J(v) are shown in Fig. 11 and Fig. 12. 
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Table I. 
T . Cy Cd | Cy Gd ; C,,Gid —— 
C1 | Cr calculated | observed | Cp—Co | observed Obeerccd 
OG cal. | | | | | 
g-atom.deg. | ~~ bh a | 
45 0.0189 0.0872 | 0.1061 | 0.0990 ; 0.0990 0.0998 
60 0.0335 0.1441 0.1776 0.1710 0.1710 0.1665 
Us 0.0524 | 0.2045 0.2569 0.2528 ee OnyAsy7<3 0.2510 
100 0.0938 0.3082 0.4020 0.4010 0.0001 0.4009 0.3963 
125 0.1492 0.4121 0.5613 0.5566 | 0 .0002 ss. 5564 0.5723 
150 OR2Z172 0.5143 Os 4) ONE ORM “)  OneeZ 0.7718 
175 0.2982 0.6125 0.9107 0.9123 | 0.0008 0.9115 | 0.9804 
200 0.3890 0.7063 1.095 alu 1. <0:.001 1.100 | 1.180 
Was | 0.4852 0.7980 1.283 | 1.291 | 0.002 1.289 | ieAGn 
Hs) || 0.5887 0.8825 AWA | 1.486 | 0.003 eelietso 1.629 
275 0.6979 0.9642 1.662 1.684 | 0.005 ' 1679 1.843 
300 0.8116 1.0412 1.853 1.889 1.883 | 


0.006 2.053 


(i) Observed values by DeSorbo® (1954) 
(iii) 


§4. Specific Heat 


The specific heat at constant volume of the 
lattice vibrations is given by the formula 


Cob)” (In[bT)exp(l/T) 


0 

x {exp(hy/kT)—1}-}f v)dv (32) 
where Rk is the Boltzmann constant. Using the 
results of the previous section for f(y), we 
get C,; and C, which are contributions from 
the vibrations in the plane and perpendicular 
to the plane, respectively. However, for the 
optical branches we need not use the results 
calculated in the previous section for f(y); it 
is sufficient to use its mean values given by 


war” f(v)dv where »; and y, are the 


V1 

lower and upper limits of the optical branch; 
the errors produced by this procedure are 
negligible. The constant distribution functions 
with this mean value are shown by dotted 
lines in Fig. 6, Fig. 7 and Fig. 12. 

Contributions from the electronic specific 
heat is negligible below 300°K as confirmed 
by Komatsu and Nagamiya”. The values of 
the Cp—C» correction are calculated by the 
formula 

Cp—Cy= ACz?T , A=a?V/(Cy’K) 

with values a=2.2x10-*deg?, Cy = 1.88 cal 
deg-!mol“! at 300°K and kK = 2.98 x 10-12cm? 
dyne. The results of the calculation are 
shown in Fig. 13 and Table I. 


§5. Conclusion and Discussion 
The calculated specific heat values are in 


(ii) Cy values from (i). 


Observed values by DeSorbo and Tyler) (1953) 


very good agreement with the recent measure- 
ments by DeSorbo® with Ceylon natural 
graphite whose crystallite size is larger than 
400A in the direction of the c-axis. The 
agreement ‘is within experimental errors in 
the temperature range 45°K to 300°K. The 
measurements by DeSorbo and Tyler” in 1953 
(dotted curve in Fig. 11) were made with 
Acheson graphite, CS grade, whose crystallite 
size in the e-direction was about 230 A. Con- 
siderably large differences between these two 
series of measurements might be due to the 
effect of the crystallite size. Our culculated 
values can be better compared with the 
measurements with Ceylon natural samples. 
The semi-continuum treatment made by 
Komatsu and Nagamiya” explained the general 
behaviors of the specific heat curve over the 
whole temperature range and its refinement 
made by Komatsu” explained in an excellent 
way the behaviors below 60°K down to 1.5°K. 
The latter calculation showed small deviations 
of the theoretical values from the observed 
ones above 60°K, which may be attributed to 
the failure of his semi-continuum treatment, 
particularly as regards the vibrations perpen- 
dicular to the planes. The present calculation 
eliminates such deviations up to 300°K. How- 
ever, the following points must be noted in 
spite of the excellent agreement. First, the 
force constants determined by Komatsu in the 
manner mentioned in §1 and used by the 
present calculation without alteration, cannot 
be claimed to be very accurate, since three 
of them were determined in certain approxi- 


360 
20, sth 
cal 
g-atomdeg 
oa Ca 
a C. 
Cy Wi Pea 
re’ 
) 100 200 300 
T°K 
Bice igae == "calculated 
— observed by DeSorbo (1954) 
— observed by DeSorbo and Tyler 
(1953). 
0.6F 
O.4F- 
Q 
cal a 
g- atom deg|_ Vin 
Fig. 14. The curves of C, (from the vibrations 


perpendicular to the plane). 

present calculation, 

semi-continuum theory, 

O C€,0-C, x Cy,GD-C,, 

(1°) observed values by DeSorbo (1954), 
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mate ways and the remaining one in such a 
way as to obtain the best fit with experiment; 
hence possible errors in the former must have 
been cancelled to a certain extent by that of 
the latter. Secondly, our f (v)’s are approxi- 
mate and particularly crude near the zone 
boundary, though the details of the frequency 
distribution in this region cannot appreciably 
affect the specific heat curve. Anyhow, how- 
ever, the success of the present theory sup- 
ports the reasonableness of our assumption of 
the types of forces and the magnitudes of 
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the adopted force constants. 

It should, in principle, be possible to derive 
significant informations about the interatomic 
forces from the specific heat data in highly 
anisotropic cryatals, such as graphite, by a 
proper theoretical interpretation. For such 
substances, even the low frequency part of the 
spectrum consists of a number of branches 
whose frequency spectra are of different 
structures, so that the specific heat at low 
temperatures is a superposition of components 
with various temperature dependences. In 
graphite, the specific heat in the temperature 
range 15°K to about 100°K consists approxi- 
mately of two components. One of them 
comes from the vibrations in the plane and 
obeys the simple two-dimensional T?-law and 
the other from the vibrations perpendicular to 
the plane and has a more complex tempera- 
ture dependence. The latter vibrations are not 
simply two-dimensional and are characteristic 
of the graphite-like lattice. They relate to 
weak restoring forces associated with changes 
in distances between adjacent sets of planes 
and to strong bending forces of the planes(«’ 
<y"). When both |g-So| and (q-k) are small, 
the frequency distribution has a linear v- 
depencence according to the frequency equation, 
4n*v*={ n'a*/(144M)}\q-Solt+-{«'c?/(8M)}(q-k) , 
Both terms of the right-hand side are effective 
and the specific heat is proportional to JT. 
When » is large enough so that the contour 
of constant » crosses the upper and lower sur- 
faces of the enlarged Brillouin zone (see §3 
(B)), one can neglect the second term in (25) 
then only the bending forces become effective. 
In the semi-continuum theory the frequency 
distribution function in this higher frequency 
range is almost independent of v, that is, it 
is nearly constant and the specific heat curve 
comes nearer to a straight line. In the Born- 
von Karman treatment (see Fig. 8), this v- 
independent part is more obscure since equation 
(25) is not valid in this range of v. Further- 
more, the frequency distribution function in 
the latter treatment tends to infinity at y=y9/ 
and v=3.4 9" (see also Fig. 8). Owing to 
these facts the specific heat arising from the 
vibrations perpendicular to the plane shows a 
complex temperature dependence, as shown in 
Fig. 14. Only at very low temperatures (be- 
low about 10°K) does it strictly obey the T?- 
law. In the range 15° to 60°K, the specific 
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heat obeys only approximately the T?-law. 
More specifically speaking, the difference in 
the range 45° to 100°K between the experi- 
mental curve and the calculated C, shows such 
theoretical predictions but, below 45°K, they 
show more complicated behaviors which could 
only be explained by taking account of the 
influence of the shearing forces. 

Newell”, in discussing the vibrations per- 
pendicular to the plane in a qualitative way, 
considered the following three possible types 
of forces: (1) central forces between atoms 
on different planes, (2) non-central forces bet- 
ween neighboring atoms in the same plane, 
which are proportional to their relative per- 
pendicular displacements, and (3) valence 
forces for the bending of the _ planes. 
He showed that the modes of the vibrations 
are mostly determined by the relative magni- 
tudes of these three types of forces. If the 
forces of type (1) and type (3) prevail, one 
obtains the same results as ours, but if the 
forces of type (1) and type (2) prevail, the 
results are as those found by Krumhansl and 
Brooks». However, the origin of the forces 
of type (2) is yet unclear. 

We might consider the following situation. 
Atoms other than those directly in contact 
simply attract each other, so that the springs 
between nearest neighbors in each net plane 
will not be in their natural state. Attractions 
between atoms in the same net plane will have 
caused them shrink. Attraction between atoms 
on different net planes will bring the net 
planes together and cause them shrink, too, 
but, on the other hand, repulsions between 
for instance, B atoms and C, D atoms in 
Fig. 2 will cause the hexagons formed by 
the latter two kinds of atoms expand. We do 
not know whether the springs are elongated 
or compressed in the equilibrium state of the 
whole lattice. In order to take account of this 
situation, one is evidently not allowed to con- 
fine himself, beside forces (1) and (3), to merely 
non-central forces of the type (2) proposed by 
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Newell, though his forces (or the negative of 
them) might approximately care for the sur- 
face tension (or pressure) of the planes. The 
general conclusion to be attained when such 
fine details of the interaction and the shearing 
force introduced by Komatsu are considered 
is that the low-frequency part of the lattice 
vibrations is essentially three-dimensional and 
consequently that the specific heat is propor- 
tional to T* at sufficiently low temperatures. 
Possibly the shearing force considered by 
Komatsu” is most important in view of his 
success at low temperatures. 
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Virial Coefficients and Intermolecular Potential 


for Small Nonspherical Molecules 
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It has been proved that for a special model of nonspherical intermole- 
cular potential the nonspherical correction to the virial coefficients is 


equivalent to the quantum correction. 


The second and third virial 


coefficients of hydrogen has been investigated by use of this model, and 
the intermolecular potential has been determined, which can be compared 


with the result of quantum-mechanical calculations. 


The model has also 


been applied to the second virial coefficient between argon and hydrogen. 


Introduction 


eu 


The equation of state of gases may be ex- 
pressed in the form 


puv=kT (14+ Bv'+Cu’+---), (1.1) 


where p is the pressure, v is the volume per 
molecule, & is the Boltzmann constant, and T 
is the temperature. In this expression B, C, 
---, which are functions of the temperature, 
are called second, third,---virial coefficients. 
These coefficients indicate the deviation of a 
real equation of state from that of the ideal 
gas. They have been given in terms of the 
interaction between molecules, or the inter- 
molecular potential. 

With regards the interaction between mole- 
cules, let us assume as usual the additivity 
of the intermolecular potential; we assume 
namely that the total potential energy be 
equal to the sum of the potential energies 
between pairs of molecules. Under this as- 
sumption the second and third virial coefficients 
have been calculated? for the Lennard-Jones 
potential between two molecules, 


U(r)= ret 6 ( a = eas , (1.2) 


with two parameters Up) and ~, being cho- 
sen as 9and 12. Here 7 indicates the distance 
between the centers of molecules. 

For this intermolecular potential the quan- 
tum-mechanical effect has also been calculated 
in the form of the series 


Bapog hen, “BO 
4mkT 4mkT 
+( h’ BO. its 
AmkT i ee) 


hi? 
sca (OR0) fate es cece aa eee ted 
scibrcgecks 4mnkT - ce) 
up to the terms explicitely given above”. 


Here # is Planck’s constant divided by 27; m 
is the mass of a molecule. Except the case 
of helium, terms proportional to the fourth or 
higher powers of # may be neglected at 
moderate temperatures. (We do not take ac- 
count of the quantum-statistical effect, which 
is always negligible at temperatures where 
expansions (1.3) and (1.4) are practical.) 

For monatomic molecules the intermolecular 
potential is a function of 7 only and may be 
approximated by (1.2). The aim of the pre- 
sent paper is to treat sya// nonspherical mole- 
cules whose intermolecular potential is slightly 
different from the spherically symmetric poten- 
tial (1.2). By means of a suitable model of 
molecules and by virtue of a relationship in 
regard to the model, the treatment is simple 
and perhaps instructive. 

There are several investigations on the 
second virial coefficient of nonspherical mole- 
cules; the third virial coefficient of non- 
spherical molecules is for the first time 
treated in this paper. 


§ 2. 


Let us assume within each molecule a 
distribution 00 of potential source with nor- 
malized volume integral 


A Molecular Model and a Formula 


Jos as=1 (2.1) 
Here s is the radius vector to the source 
element from the molecular center defined by 
the ‘‘mean value’’ of the distribution, so that 
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[so(eids=0 i (222) 


The intermolecular potential V is assumed to 
be a superposition of a usual potential func- 
tion U(e. g. of the type (1.2)) between source 
elements 0:(si)ds; of one molecule and those 
02(S2)ds2, of the other: 


V=((nis)oteneints—sil)deds, | 
(2.3) 
Here r is the radius vector from the center 
of molecule 1 to that of molecule 2. 


We define the standard deviation 0 of the 
distribution by 


a= | sols)ds , s=\|s|, (2.4) 


and assume that 6 be sufficiently small in 
soneeee with the molecular size. 


|r+s.—s1|=[7? +52? +57 +2r-S2— 


=7 +5(6'+s¢+2r-8— 
“a 
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For this model of molecule the virial coef- 
ficients of a simple gas may be expanded into 
double series in # and 0. Up to the terms 
proportional to #7 and to 0 hold 


he 
B= BO &2\BO 
ee en yes (2.5) 
h 
CaCO ee Nee 
Gere je (2.6) 


and similar relations as regards higher virial 
coefficients. A proof of this formula will be 
given in the next section. This formula 
shows that #?/4mkT and 6? are equivalent so 
far as both quantum and polyatomic effects 
are small. 


§3. Proof of the Formula 


With respect to (2.3) we have, up to the 
term of 07, 


2r-s1—28,°8:]'/? 


1 
2r-s; —282°81) — 278 (r-8.—Pr-8i)” , 


U(\r+s2,—s1|)=U(7) + TO o,t-+s1?+ 2r-81— 20-81 — 26481) 


(Ze 


ae) a re 
2, 2r 2 


,r=ir| - 
7 


Zeroth approximation to V is the basic potential U(7), and the first correction is, by use of 


(2.1), (2.2) and (2.4), 


V—U)= 


+(2e- om ac r 


What we need is the average with respect 
to all orientations of the two molecules, 7 be- 
ing kept constant: 


apy Cae Ne) ] 


Here we have used the relationships as 


AicG ea 


(The average with respect to orientations of a 
molecule for a fixed r is equal to the average 
with respect to the direction of r for a fixed 
orientation of the molecule.) 

Let us denote the distance and the poten- 
tial between 7th and j th molecules by vi; and 
Vij respectively so that 


il 1 
Op eee aay) 
[os ds 3 


2 
sae d c 


s1) ds a [osteo . 
iG 


ea Se 
Vis—Ulrs)) av = 3 Us ore ek 27), 


Vij 


Hence the classical configurational partition 
function for a pi of N identical molecules, 


cal eee |< exe(— 5 BT Su) > dre -drs ? 


is given, up to the term of 0’, by 
QO+ PQ 


QO = aa So fexr(— ap )a -drw ; 


QO=— 7 1 wef exp( — @ ) 
3kT N! kT 
x sf 0") 427) lan --dry . 
t<j Vij 
Here 
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Table I. Second and third virial coefficients of 
hydrogen. 
TK B As Cx10- As 
Gorse —30.3 13.9 
900" 4 — 9.2 18.2 
123 4.9 14.9 
WA} | Sea 10.1 
223 20.0 9.6 
PHS | ane 8.4 
323. Doma: 
BS De, 
473 | 26.0 


L. Holborn, J. Otto; Zeits. f. Phys. 23 (1925) 1. 


207 cxior2a® 


(@) Seder: 
ie) ele} 


Fig. 1. The third virial coefficient of hydrogen 
compared with a curve for an intermolecular 
potential determined from the second virial 
coefficient. 


a 
o—o 9) 8,=e =O 
-- + 4 : 
b 
o—o if @,=0, oF > 
1c 
J Cc it 61 = O2= oS 
Je i= 0 
d J e=105= a 
° ac 
Vee hia 2 


O=SU(7i3) 
tc 


is the zeroth approximation to the potential 
energy of the total system. 


Since 
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(Vole 


Z 


Unig) + U'(7i3) 
Vij 
0 0 
ee Un 
Or: Or: (7 i) 
0 0 a) 0 ) . 
= ———— se 5 WG 
2 boa brit opto ay ae 
| 2450 0 
Hp) 
otOr. Orn 
Q™ can be transformed into 
1 ] r 
(ijl? mat at. 
S 6kT N! | jexr( ooh 
: hr pos 
x2 OF . Or; ri rv 


(Ole 


_ aE xi) + ons ir) 


N 0 2 
SD Ca) dri---dry . 


QM 


t=1 Ori 
On the other hand the configurational par- 
tition function for spherical molecules with the 
intermolecular potential U(r) is, up to the 
first quantum correction, 


QO +- ws QM 
4mkT . 


Q™ being the same as above”. 
Combining (3.1) and (3.2) we finally obtain 
the partition function of the form 
h* 
=Q©) a 1% & \gm 
0=00+( ap + ja 
so far as terms of higher order can be neg- 
lected. The formula given in the preceding 
section can be derived from (3.3). 


(3.2) 


(3.3) 


§4. Second and Third Virial Coefficients 
of Hydrogen at Moderate Tempera- 
tures 


For hydrogen at moderate temperatures we 
may assume that both the quantum and the 
polyatomic effects can be treated as small per- 
turbations. 

Let the potential source of a hydrogen 
molecule be located at the two nuclei. Then 
the standard deviation 6 is the one half of the 
internuclear distance, 6=0.37A. (h?/4mkT= 0? 
at T=44°K). Let furthermore the basic 
potential function U(7) in (2.3) be of the Len- 
nard-Jones type (1.2) with »=9. Then BO 
B,C, C in (2.5) and (2.6) are all known. 

Using the formula (2.5) and the observed 
values of the second virial coefficient given in 


Table I we can determine two parameters Up 
and 7. The result is 

U,/k=39.8°K, 7=3.20A . (4.1) 
Using these parameters and the formula (2.6) 
we can calculate the third virial coefficient. 
The calculated curve is compared in Fig. 1 
with observed values given also in Table I. 
(The polyatomic correction is ?C®/C=0.25 
at the Boyle temperature 109°K.) 

We have been taking the electrostatic quad- 
rupole of a hydrogen molecule not into ac- 
count. The energy of quadrupole-quadrupole 
interaction is proportional to the square of 
the moment. When the virial coefficients are 
expanded into series with respect to the 
moment, however, the term of the square of 
the moment vanishes because of the orienta- 
tional average. The first non-vanishing term 
is proportional to the 4th power of the moment 
and can consistently be neglected. 
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There are quantum-mechanical calculations 
of the intermolecular potential for hydrogen”. 
The calculations are made for four mutual 
orientations a,b,c, and d as shown in Jerk, ZA. 
Here rv is the distance between two centers, 
(0;, 91) and (02, %2) are polar angles of both 
molecular axes in regard to the line connect- 
ing the centers. The potential curves are 
given in Fig. 3. 

With these curves let us compare the result 
obtained in the preceding section. For this 
purpose we must take the quadrupole interac- 
tion into account. 

Let us assume a point quadrupole at the 
molecular center along the axis in addition to 
the distribution of source of van der Waals’ 
potential. As the moment of the quadrupole 
we adopt James and Coolidge’s® value 


Intermolecular Potential of Hydrogen 


q=0.124 electron charge A’, 


In min ®[ 


Sess 


4 
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Un) + : Ulr-+28) + 4 Ulr—20)+6 

EAR Oh oD! 2 = Nit On qa 
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Fig. 3. Intermolecular potential of hydrogen 


calculated quantum-mechanically for several 
mutual orientations shown in Fig. 2. (From 
Hirschfelder, Curtiss and Bird: Molecular 
Theory of Gases and Liquids (Wiley, 1954) 
Fig. 14.4-1). 


15 
ag erg dco ° 


Fig. 4. hydrogen 


The 


potential of 
determined from the virial coefficients. 
four curves are for four orientations shown in 
Fig. 2. (Compare Fig. 35) 


Intermolecular 


with which the quadrupole-quadrupole inter- 
action is given by the potential energy 


: ¢ [1—5 cos?#i1—5 c0s20,—15 cos?4,cos"O2 
yes 


+2{sin#; sind, Cos(%,— 91) — 4081 COMIN « 


Then the total intermolecular potentia_ 
becomes 
OF a 
== for position a, 
T°? 


2 
for position 0, 


9 ¢ 


— for position ¢, 
ANG? 


2 


qd 


for position d. 
Vea 
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Table II. Second virial coefficient between 
argon and hydrogen. 
T°K | Bap A3 
298 | 13kG 
323 15.4 
348 18.3 
373 20.8 
398 | 22.9 
423 ZAR 
447 26.2 


B.A: Guggenheim, Mixtures (University Press, 
Oxford, England, 1952) p. 160. 


the four curves being shown in Fig. 4, which 
correspond to four curves in Fig. 3. 


$6. Second Virial Coefficient between 
Unlike Molecules 


The second virial coefficient for a binary 
mixture of species A and B is expressed by 
Bas€2+2BanEsEnt Bask 2? 

Here 4 and &,=1—&, are mole fractions of 
the species A and B, respectively; By, is the 
virial coefficient for molecule A, Bzz that for 
molecule B; Buz is the virial coefficient be- 
‘ween A and B, which we will treat in this 

ection. 

The potential Viz between A and B is as- 
sumed to be a superposition of the mutual 
otential function U4, between the source 


lement p41 of molecule A and pg of molecule 
aye 


Viae= [estsdon(s)ttaa(hr S2:—81|)dsids. 


compare (2.3)). Let the standard deviation be 
4 and 0, respectively. Then mixed second 
irial coefficient is, up to the first corrections, 
f the form 


Bay= Bus+( 


i 04° +6; 
fens) BO). 
8m*kT* 2 ) = 

(6.1) 
yhere m* is the reduced mass (compare (CA) 
Let us treat, as an example, mixtures of 
rgon and hydrogen which we denote by species 


land B respectively. We assume O4=0; 02 
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=0.37A. Using the data given in Table II and 
the basic potential 


9 A 
Uix(7)= Von | 2 (242) g(a ) 1 | 
Z if 


we can determine the parameters Uousz and 
Yoss. The result is 
Uo4n/k=60.3°K, Yoap= 3.774. 
Since the corresponding parameters for argon 
are” 
Uosa/R=89.7°K, 7o44=3.29A4 
and those for hydrogen is given by (4.1), we 
obtain 
ie chou alts 1=0.04 
ToAAt+ Voss 
aoe Uae. us 
(UoaaU orn)? 
Namely y7osn is approximately equal to the 
arithmetical mean of 7044 and 7ozzn, Uosz to 
the geometrical mean of Uosa and Uozz. 
These relations are similar to those verified by 
Kihara and Koba® for the ‘‘core-model’’ of 
molecules. 


—1=0.01 . 
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Errata 


Virial Coefficients and Intermolecular Potential of Helium 
By KIHARA, MIDZUNO and SHIZUME 
J. Phys. Soc. Japan 10 (1955) 249 


Four lines above (5.8), 


change 1/V on the right-hand side to B/V. 


Seven lines below Eq. (5.8), change “since the integral of cross terms vanishes” to 


“since the integral of cross terms is very small. 


(Exact calculation taking account of the 


integral of cross terms is given in Revs. Modern Phys. 27 (1955) a eaallo 2s 


Six lines below Eq. (6.3), omit 1/6n. 


Reference 2 should read Phys. Rev. 76 (1949) 18, 
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On the Two Schemes of Approximating the Transport 
Coefficients (Chapman — Cowling and Kihara) 


By 8S. C. SAXENA 
Indian Association for the Cultivation of Science, Calcutta —32, India 


(Received January 14, 1956) 


The three elementary transport coefficients and the isotopic thermal 
separation ratio have been evaluated over an extensive range of tem- 
peratures by utilizing the expressions derived on the approximation 
procedure due to Kihara, for the Lennard-Jones 12:6 model. These 
values have been compared with the corresponding and a still higher 
order approximation values calculated on an alternative approximation 
scheme of Chapman and Cowling. The comparison of the results obtained 
on the two schemes of approximation indicates that the simple expressions 
of Kihara are more accurate and preferable even to the corresponding 
higher approximation expressions of Chapman and Cowling. 


§1. Introduction 


Chapman and Cowling” have expressed the 
transport coefficients as ratios of infinite deter- 
minants which they subsequently expand into 
an infinite series by applying the theory of 
determinants. The various orders of Chapman 
and Cowling approximation correspond to 
taking into account increasing number of 
terms of this infinite series. On the other 
hand Kihara2%) noted that the off-diagonal 
elements of these determinants are small 
compared to the diagonal elements. His ap- 
proximation scheme is based on expanding 
the infinite determinants in powers of the off- 
diagonal elements in which the second and 
higher order temperature derivatives of col- 
lision integrals and also the third and higher 
powers of the first derivative are neglected. 
Kihara’s approximation scheme leads to the 
results which are considerably simpler than 
the corresponding Chapman and Cowling ex- 
pressions and are easier for computational 
purposes as_ these involve fewer collision 
integrals. Kihara’s expressions are known to 
be more accurate in the case of a Lorentzian 
gas with a simple intermolecular potential. 
The purpose of the present report is to criti- 
cally examine the two approximation schemes 
for the more realistic molecular model of the 
Lennard-Jones 12:6 type and further to 
estimate the relative accuracy of Kihara’s 
expressions over those of Chapman and Cowl- 
ing which are known to a still higher degree 
of approximation. Mason” has recently made 


such quantitative comparison of the isotopic 


thermal diffusion ratio for his modified Buck- 
ingham Exp-six model. 


§2. Calculation and Discussion of 
Transport Coefficients 


Kihara’s expressions for the second approx- 
imation to the correction factors for viscosity, 
f,, thermal conductivity, f,™, and diffusion, 
fr, of pure gases and the first approxima: 
tion to the thermal separation ratio, [K7r]*1, for a 
mixture of heavy isotopes are given in the 
book by Hirschfelder, Curtiss and Bird”. 
Making use of these expressions we have 
computed the values of fn, fr, Fo and 
[K7]:* over an extensive range of temperatures 
and these are recorded in tables I and IL. 
The symbol * means reduced quantities, com- 
pare reference 5. 

On Chapman and Cowling scheme of approx- 
imation values of f,® and f,® are given 
+n reference 5, while that of f»® have been 
recently reported by Saxena), over an exten- 
sive range of temperatures and these values 
are almost identical with those given in table 
I. 

Mason) has derived the expression for the 
second approximation to [Kr]* according to 
the method of Chapman and Cowling and 
recently Saxena and Srivastava”? have develop- 
ed expressions for the additional collision 
integrals occuring in [K7].* for the Lennard- 
Jones 12:6 model. The values of these 
collision integrals have been reported by 
Saxena®) over a large temperature range 
and these values along with those given by 
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Table I. 
transport coefficients 
Scheme of Kihara. 


Functions for calculating the elementary 
on the approximation 


T* fa 2») | fC Fo 
0.30 | Ve 0012 1.0019 | 1.0001 
0.40 1.0004 1.0007 | 1.0000 
0.50 1.0001 1.0001 1.0000 
0.75 1.0000 1.0000 1.0001 
1.00 1.0000 1.0000 1.0000 
1.25 1.0001 1.0001 1.0002 
1.50 1.0004 1.0006 1.0006 
1.75 1.0009 1.0013 1.0010 
2.0 1.0014 1.0022 1.0016 
2.5 1.0025 1.0040 1.0027 
3.0 1.0035 1.0054. |. 1.0038 
3.5 1.0043 1.0066 1.0045 
4.0 1.0049 1.0077 1.0052 
5.0 1.0058 1.0090 1.0060 
7.0 1.0067 1.0105 1.0071 
10.0 1.0073 1.0114 1.0078 
50 1.0077 1.0120 1.0082 
100 1.0078 1.0121 1.0082 
400 | 1.0078 LO 1.0081 


Table II. Calculated values of the first approxima- 
tion to the thermal separation ratio, [K7]},*, on 
Kihara’ Ss scheme of Approximation. 


m™ | [Ke*| T™ | [A7h* |. 7* | [Krh* 
0:80) =|,-0.039 | 2.0) | 0.294 4.4 | 0.542 
Ose>, 9.025.) 2.1 | 0.318 4.5 | 0.546 
ORO Fe ONL.’ +2211) 0/338 4.6 | 0.551 
0.95 0.0048) 2.3 | 0.347 4.7 | 0.556 
1.00 0.019 | 2.4 | 0.366 4.8 | 0.560 
1.05 | 0.0384; 2.5 | 0.381 4.9 | 0.560 
1.10 0.048 | 2.6 | 0.395 5 0.565 
16, 0.067 | 2.7 | 0.409 6 0.597 
1.20 | 0.082; 2.8 | 0.424 7 0.610 
25 0.101) 2.9 | 0.433 8 0.623 
1.30 0.110 | 3.0 | 0.448 9 0.627 
1.35 0.130} 3.1 | 0.457 | 10 0.636 
1.40 0.144 | 3.2 | 0.462 | 20 0.645 
1.45 0.159] 3.3 | 0.476 | 30 0.647 
1.50 0.173 | 3.4 | 0.481 | 40 0.645 
10g nee 0- 188) 3.5 | 0.490 At 50 0.643 
1.60 0.202 | 3.6 | 0.495 | 60 0.642 
1.65 0.216 | 3.7 | 0.504 | 70 0.641 
1.70 0.226) 3.8 | 0.509 | 80 0.641 
lems 0.236 | 3.9 | 0.514 | 90 0.640 
1.80 0.250 | 4.0 | 0.523 | 100 | 0.639 
1.85 0.260, 4.1 | 0.528 | 200 0.635 
1.90 0.270 | 4.2 | 0.532 | 300 0.632 
1.95 0.284 | 4.3 | 0.537 | 400 | 0.630 


Hirschfelder, Bird and Spotz® have been uti- 
lized to calculated [K7],*. In table III are 
recorded the computed values of [ r]2* along 
with [A,r],* values on the two approximation 
schemes over a wide range of temperatures. 
It is interesting to note that first approximation 
expression of Kihara yields values which are 
in excellent agreement with those obtained 
from the tedious calculations of Chapman and 
Cowling second approximation formula, Thus 
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Table III. Values of the first and the second 
approximations of Chapman and Cowling (de- 
signated as [ec]; and [cc], respectively) and the 
first approximation of Kihara (designated as 
[K],) for the isotopic thermal separation ratio 
[Kr]*. 


7 big! mall [ec]; [cc], [EK] 
0.5 — 0.048 —0.048 — 0.048 
1.0 0.019 0.018 | 0.019 
Ibs 0.169 0.165 0.173 
2.0 0.286 0.284 0.294 
Ze 0.370 ORSTA 0.381 
3.0 0.434 0.439 0.448 
3.5 0.475 0.483 0.490 
4.0 0.507 0.518 0.523 
4.5 0.529 0.543 0.546 
5.0 0.547 0.562 0.565 
6.0 0.578 0.594 0.597 
7.0 OF59Il 0.608 0.610 
8.0 0.604 O26225 | 0.623 
9.0 0.607 0.633 0.627 

10 0.616 0.643 0.636 
50 0.623 0.655 0.643 
100 0.619 0.650 0.639 
400 0.611 0.642 0.630 


the over-all accuracy of Kihara’s expressions 
seems to be somewhat better and are definitely 
preferable to the complicated expressions of 
Chapman and Cowling. Mason too has 
arrived at a similar conclusion for his Exp-Six 
model. 

Similar computation have been performed 
for the thermal and interdiffusion coefficients 
of binary inert gas mixtures, and these again 
have established the supriority of Kihara’s 
formulae. 
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Adsorption and Surface Potential of Semi-conductors, Part II. 


Surface Vacancies and its Reaction with Oxygen on ZnS 


By Akio KOBAYASHI and Shinji KAWAI 
Research Institute for Catalysis, Hokkaido University, Sapporo 
(Received October 6, 1955) 


The surface potential and its change with illumination for the (110) 
cleavage surface of zincblende have been measured. It was found that 
electron trap centers were created near the surface of the crystal, 
when the crystal was heat-treated in vacuum, and these traps were 
diminished by the reaction with oxygen. The traps are attributed to 
sulphur vacancies which are formed by evaporation of sulphur component 
by the following reasons; (1) the higher the temperature of heattreatment 
in vacuum, the number of traps becomes the larger and (2) after heat- 
treatment at 350°C for 4 hours in vacuum, the surface becomes charged 
positively. It is concluded that oxygen reacts with these traps making 
the surface to be charged negatively. 

An overall change of surface potential in the range between the 
initial and saturated adsorption agrees fairly well with the initial heat 


of adsorption observed, as expected theoretically. 


§1. Introduction 


Chemisorbed molecules, which are adsorbed 
in an ionic form on the surface of semiconduc- 
tors, induce the opposite charge in the crystal 
near the surface and thus a barrier layer due 
to space charge is formed next to the free 
surface. When the surface is illuminated with 
light to generate conduction electrons and free 
holes in the crystal, photo-currents induced in 
the barrier will produce a change of the sur- 
face potential. This is the recently developed 
method for studying the free surface after 
Brattain and Bardeen (1). They studied on 
silicon and germanium, Tanaka and Aoki (2) 
and Wlerick (3) studied on the surface of the 
single crystals of cadmium sulphide with this 
method and found that the surface of CdS 
was charged negatively either in air or in 
vacuum. The authors studied previously on 
ZnS phosphor with Brattain’s method and 
observed enhanced adsorption of oxygen with 
illumination (4). It was found the change of 


the contact potential with illumination, (4c.p.)z, 
increased with oxygen pressures and was al- 
ways positive showing the work. function of 
the crystal to be decreased with illumination. 
The results showed the surface of ZnS charged 
always negatively in oxygen ambient. 

In the present paper the authors have studied 
on the cleavage surface of zincblende which 
might have more definit nature of the surface 
than that of the powder of the phosphor 
studied by the previous paper. 


§2. Experiments 

A natural zincblende crystal used was 
transparent and slightly straw-coloured. Con- 
tact potentials of the cleavage surface (110) of 
the crystal were measured by the Kelvin 
method. The geometry of the crystal was 
8x5 mm? in area and 0.7mm thick. The back 
of the crystal was coated with aquadag to 
ensure good contact with the lead. Fig. 1 
shows the absorption curve of the crystal and 
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Fig. 1. A sketch of the sealed-off type bulb and 
an inset showing the sample holder. 
B,, Bz: Breakable joints to introduce oxygen 
gas; Ff filament for evaporation of gold; H: 
sample holder; R: reed of mesh; S: movable 
screen. 
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Fig. 2. The absorption curve of the sample of 
ZnS and spectral transmission of the filters. 


the transmission curves of filters employed. 
The sample was first observed being mount- 
ed in a bulb of a kinetic vacuum system 
described in the previous paper, then mounted 
in a sealed-off-type bulb shown in Fig. 2. In 
this figure H is a sample holder made of a 
brass block having four filaments to serve for 
heater in it. Man can rotate the holder around 
a center rod C of 2mm in dia. with a mag- 
netic device. Temperatures of the holder is 
measured with a copper-constantan junction. 
The stem tube of the center rod_ serves 
for a small reservoir of liquid nitrogen. The 
surface is illuminated by light from an ultra 
high pressure mercury lamp of 500 watts in 
conjunction with filters through the grid of 
the reference electrode which is gold-plated 
and removes 15 per cent of the light. The 
distance between the reed and the sample is 
about 1mm and amplitude of vibration of the 
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Fig. 3. Variation of rise and decay of the change 

of contact potential with illumination of 3650 
A light for successive treatments. 
(a) The fresh crystal evacuated for 2 hours at 
180°C, then cooled to room temperature, (b) at 
100°C, (c) then cooled to room temperature, (d) 
evacuated at 200°C for 2 hours, then cooled to 
room temperature, (e) at pressure of 9x10-4 
mmHg of oxygen, (f) at 5x1l0-2mmHg of 
oxygen, (g) after heattreatment in vacuum and 
(h) at 2.3x 10-3 mmHg of oxygen at 85°C. 


reed is about 0.1mm at resonance. 

After carefully preheating and evacuating of 
the system, the getter is flashed, then the 
bulb is sealed off. Then gold is evaporated 
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onto the reed from the filament F. During 
this procedure the window for light above the 
reed is covered by a screen S in order to 
prevent it from darkning. The vibrating reed 
is driven electromagnetically at its resonant 
frequency of 310 cps. A self-balancing circuit 
with phase detection is employed to record the 
changes of contact potential with ambient and 
with illumination on oscillograms. 

The results obtained with the kinetic vacuum 
system are shown in Fig. 3 which represents 
that the time dependence of the change of 
contact potential with light, (4c.p.)z, depends 
remarkablly on whether the sample are heat- 
treated in vacuum or in oxygen atmosphere. 
When the crystal freshly cleaved was mounted 
in the bulb and evacuated for 2 hours at 180°C, 
then cooled to room temperature, the contact 
potential shown in Fig. 3 (a) overshoots on 
switching off the illumination of ultra-violet 
light having a peak of intensity at 3650 A. 
Fig. 3 (6) shows this overshooting vanishes at 
higher temperatures about 100°C. The over- 
shooting appears again when the crystal is 
cooled in vacuum (Fig. 3 (c)). 

After standing for six months in air, the 
crystal was heated in vacuum at 200°C for 2 
hours and then cooled to room temperature 
((d) in Fig. 3), then oxygen was introduced 
((e) and (f)). After sequent heattreatment in 
vacuum for 2 hours, the overshooting of re- 
sidual (4c. p.); again appeared at low temp- 
erature in vacuum and disappeared with 
introduction of oxygen at 85°C as shown in 
(g) and (h). It was found from the results of 
the above experiments that the overshooting 
of residual (4c.p.);. disappeared with rising 
the temperatures of the crystal or with intro- 
duction of oxygen at somewhat higher temp- 
eratures, say 100°C, and appeared again with 
heattreatment in vacuum. 

In succession of the above-mentioned 
experiments, the crystal was mounted in the 
bulb shown in Fig. 2 and evacuated thoroughly 
at 300°C for several hours, then sealed off 
from the pumping system. The temperature 
dependence of the residual (dc.p.)z and the 
extinction effects with light with long wave- 
length were measured and then process of the 
change of contact potential and (dc.p.)z 
resulted from abrupt introduction of oxygen 
has been observed. Fig. 4 shows oscillograms 
of (4c.p.):’s for the sealed-off bulb. The 
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Fig. 4. Oscillograms of overshooting of residual 
(Ac.p.)c for the sealed-off bulb. The lower 


curve for switching on and off of the ultra-violet 
light, the middle curve showing extinction with 
the yellow light and the upper showing that 
with a half intensity of the yellow light. 


Cue ] 2 3 
TIME IN SEC. 

Fig. 5. The initial decays due to extinction of 
overshooting. Curve 1 for natural (thermal) 
decay, Curves 2, 3 and 4 for relative intensities 
of the yellow light 1/4, 1/2 and 1 respectively. 


lower curve in this figure shows the surface 
potential, which reaches an maximum abruptly 
with illumination of the U. V. light, decreases 
exponentially with time upto lower value than 
the initial. After the light is removed, it 
decreases rapidly furthermore by about 100 
mV and then recovers slowly from negative 
residual (4c.p.)z to the initial in few minutes. 
If the crystal be illuminated with the light 
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passed through the yellow filter shown in Fig. 
Light on oft 1 during this decay of the residual (dc.p.)z, 
am ' extinction occurs as shown on upper curves 
ies (9 Vacuum of Fig. 4. This effect on the decay occurs 
4 Time in Sec at 50°C also with infra-red light. . 
So oo Since initial decays of extinction with the 
3 . . 
S yellow light vary almost exponentially with 
a time as shown in Fig. 5, one can obtain decay 
at 80°C constants rt, for illumination with the yellow 
light from the following equations denoting 
natural, i.e. thermal, decay constants as to and 
apparent decay constants under illumination 
at 120°C of yellow light as rc, 
(4g): =(4¢)oexp(—t/r) 
Lae al 4 1 
in 0.6 mmHg ne ee ae 
of Oxygen T To) Ca 
ate ee where (4¢)) is the value of the residual (4 c. 
Fig. 6. Temperature dependence of p.)z at the beginning of illumination with the 
overshooting. yellow light and (4g), that after z¢ seconds. 
TIME IN MIN, 
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Fig. 7. The change of contact potential due to introduction of oxygen, 
Oxygen introduced at C. 
Table I. Decay constants of extinction of the biguity in above values, but the rise time of 


residual (A c.p.), under illumination with the 
yellow light after the U.V. light is removed. 


Relative intensities of 
the yellow light 


1 | 0.05 sec 


1/2 | 0.11 


1/4 0.23 


Using the value 1.1sec. for ty at 18°C, one 


can obtain t,’s for different intensities of the 
light as tabulated in Tab. I. It is found in 
this table 1/rz’s are propotional to intensity of 
light. 

Since the yellow light also gives rise to the 
change of contact potential with illumination 
by an amount of 20mV, there are some am- 


this change is greater by one order of magni- 
tude than the above-mentioned decay constants 
of extinction. One can, therefore, neglect (4 
c.p.), for the yellow light at the beginning 
of extinction in the above-mentioned calcula- 
tion. The overshooting of the residual (dc. p.)z 
are diminished with rising the temperatures 
as shown in Fig. 6. From these results the 
activation of the decay are estimated at about 
0.2 eV. 

When oxygen was introduced in the bulb 
through the breakable joint and the sample 
was heattreated up to about 100°C, the over- 
shooting of the residual (4c.p.); were 
vanished at room: temperature as same as the 
above-described experiments with the bulb of 
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the kinetic vacuum system. At the end of 
the experiments, the current of the heaters 
inserted into the sample holder was switched 
off after 2 hours standing at 350°C in vacuum, 
then oxygen was introduced. This procedure 
serves to prevent the contamination of the 
crystal surface by residual gases. The change 
of contact potential during introduction of the 
gas is shown in Fig. 7, where the heaters are 
switched off at the point C and at the same 
time oxygen is introduced. The surface 
potential decreases to D by an amount of 160 
mV as soon as the gas is introduced and then 
turns upwards gradually. The (dc.p.)z’s 
measured at points A, D, FE, F, G, H and J dur- 
ing this process are shown in Fig. 8. The 
light used to measure the (d4c.p.)z’s at A, D, 
E and F is the violet light from the mercury 
lamp in conjunction with a composite filter 
having a peak of transmission at 4300A 
wavelength and having no trace of infra-red 
light, and the U. V. light is used for G, the 
yellow light for H and the red light for J. 
The spectral transmission of these filters are 
shown in Fig. 1. 


§3. Discussion of the Results 


(A) The change of contact potential due to 
the introduction of oxygen gas. 

It is a characteristic nature of ionic adsorp- 
tion of gases on the surface of semi-conductors 
that heats of adsorption decrease rapidly with 
increase of covering factor, therefore, the 
adsorption of gases ends with small amounts 
of covering factor (5)*. For instance, Kwan 
and Kinuyama (6) have observed on the adsorp- 
tion of CO, on ZnO that the differential heats 
of adsorption decreased from 48 to 35 kcal in 
the range between the covering factors 9 =0 
and 0.03. The authors (7) also have found on 
the adsorption of oxygen on the powder of 
wurtzite type ZnS phosphor that heats of 
adsorption decrease from 7 kcal to almost zero 
in the range between 9G=10-* and 107”. 

The origin of such large changes of heats 
of adsorption can be attributed to rapid in- 
crease of electrostatic self-energy of the space 
charge near the surface due to increase of 
adsorbed ions. An illustration for this point 
of view is given in the electronic energy 
level diagram of Fig. 9, where £ and € denote 
the electronic level of an initially adsorbed 
negative ion and the Fermi level respectively. 
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Fig. 8. The (Ac.p.)z’s measured at points A, D, 


Hi, F,G,H and I in Fig. 7. They change the 
sign after introduction of oxygen. 


Fig. 9. The electronic energy level diagram near 
the surface. 
E,: the bottom of conduction band, FH’, the top 
of valence band, ¢ the Fermi level, —eg the 
work function of the crystal, —eV the barrier 
potential drop due to adsorbed ions and charged 
surface traps and HF energy level of an initially 
adsorbed ion. 


From this diagram one can obtain €—E as 
the initial heat of adsorption. Since with in- 
crease of coverage the work function —e¢g 
increases by an amount of —eV, which is the 
height of the potential barrier due to space 
charge and adsorbed ions, E becomes E—eV 
and the heat of adsorption g becomes 
q=6—(E-eV) 

One would, therefore, find that the adsorption 
terminates if the work function of the semi- 
conductor increases by an amount of —eV=€ 
—_E with increasing adsorptive ions. This 
change of the contact potential has been 
peace by Hauffe and Engel, Aigrain and 


* One must multiply Airgain and Dugas’ s values 
for the maximum adsorption by V 2, because they 
overestimate an electrostatic self-energy of surface 
polarization due to ionic adsorption by a factor of 
two. 
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Fig. 10. The electronic energy level diagram near 
the surface after heavy heattreatment. 
'+| and |=| denote electron traps of sulphur 
vacancies and acceptors respectively. 


Dugas (5). 

In Fig. 7 the change of the surface potential 
due to introduction of oxygen is 160 mV, i.e. 
4 kcal, whereas the authors have found that 
the initial heat of adsorption of oxygen on the 
wurtzite ZnS powder is 7 kcal and the overall 
change of the contact potential due to adsorp- 
tion is 200mV, i. e. 5kcal. Hence one can 
see qualitatively the expectation comes true. 
But in the case of Fig. 7 one must take into 
account both the chemisorption and migration 
of oxygen into the crystal since the surface 
is at high temperature at the beginning of 
introduction of oxygen. No explanation for 
the increase of c. p. from D to F can be 
given, but it seems to be attributed to con- 
tamination of grease. 

(B) Anion vacancies and the overshooting of 
the residual (4c.p.)r. 

The change of contact potential with illu- 
mination, (4c.p.)z, is composed of two photo- 
electromotive forces; the one part is induced 
at the potential barrier near the surface and 
the other induced in the bulk. When the 
barrier is illuminated with the light giving 
rise to the internal photo-conduction, photo- 
currents flow along the field at the barrier, 
hence a counter electromotive force, which is 
the former component of the (4c.p.)z, is built 
up at the barrier. The other part of (4c.p.)z 
is due to a photo-voltaic effect caused by dif- 
fusion of charge carriers in the bulk. But 
the most part of the (4c.p.)z would have to 
be attributed to the effect at the barrier, since 
in the case of the present paper (4c.p.)z’s 
depend remarkably upon the adsorption of 
oxygen as shown in Fig.’s 3, 6 and 8. One 
may, therefore, see that the sign of charge 
of the surface can be determined as positive 
or negative according to whether the sign of 
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(dc.p.)r is negative or positive. 

Overshooting of the residual (4c.p.)z is en- 
hanced with heattreatment in vacuum and 
shows extinction by means of illumination of 
light with long wave-length and diminishes 
with rising temperatures. All the results 
lead us to a conclusion that the overshooting 
is attributed to trap-centers which are pro- 
duced by the sublimation of the sulphur 
constituent near the surface and can trap 
photo-electrons. Kroger (8) has attributed the 
traps caused by sublimation of the sulphur 
constituent to sulphur vacancies. When the 
crystal be illuminated, electrons will begin to 
charge the traps of sulphur vacancies at the 
surface, on the cessation of illumination the 
photo-voltatic voltage due to photo-currents 
disappears, then the surface potential decreases 
by an amount of the contribution of the excess 
negative charge due to filled electron-traps. 
This is the reason for the overshooting of 
contact potential after the light is removed. 
Garret and Brattain (9) have ascribed the 
overshooting to photo-enhanced adsorption to 
which the authors also have done with wrong 
interpretation (4). But the time constants of 
(4c.p.)z, both rise and decay, are of two 
order of magnitude smaller than that of photo- 
enhanced adsorption and moreover the over- 
shootings appear even in very high vacuum. 
The effect must, therefore, associate with 
electronic process rather than ionic process. 

If sulphur ions at lattice points near the 
surface leave the crystal for vacuum, elect- 
rons of the sulphur ions may be captured by 
internal impurity centers forming acceptor 
levels, e. g. interstitial zinc ions, and thus the 
surface may be charged positively by an 
amount of sublimated sulphur as shown in 
Fig. 10. This point of view is supported by 
the case of the heavy heattreatment of Fig. 8 
where the surface is charged undoubtedly 
positively, since the (4c.p.); in vacuum is 
negative. When oxygen is introduced into the 
bulb, the surface becomes charged negatively 
changing the sign of the slope of the barrier, 
since the (4c.p.), at this time becomes posi- 
tive with adsorption of oxygen. 

Vanishing of overshooting means annihilation 
of such traps, thus one may conclude that 
adsorbed oxygen molecules bind with negative 
ion vacancies.near the surface at higher 
temperatures charging them negatively and 
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thus the function of trapping will be lost. 
Considering the convers of this conclusion 
as an extension of the problem, we will reach 
an important rule that ions should be able to 
be adsorbed only on the surface vacancies and 
defects, since only these points have enough 
large Madelung potential to attract and bind 
with them. 

Usually the surface is charged negatively 
unless the crystal is heavily heattreated in 
vacuum, because oxygen in the atmosphere 
binds with sulphur vacancies and furthermore 
zinc vacancies, which is effectively negative, 
are also created at the surface during oxy- 
dation. This may be the reason that the (4 
C.p.)z’s are always positive except the case 
of Fig. 8. (A), where it has been obtained at 
the highest heattreatment during this study. 


§4. Conclusions 


It has been studied that the contact poten- 
tial and its change with illumination vary 
remarkably with the treatments wether the 
crystal is heattreated in vacuum or in oxygen. 
The overshootings of the surface potential on 
switching off the ultra-violet light and their 
extinctions with illumination of the yellow 
light lead us to a conclusion that there are 
electron traps of sulphur vacancies near the 
surface and these traps bind with oxygen. As 
an extension of this conclusion, we will reach 
an expectation that ions should be able to be 
adsorbed only on the surface vacancies and 
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defects. An overail change of surface poten- 
tial in the range between the initial and 
saturated adsorption agrees fairly well with 
the initial heat of adsorption as expected. 
This study has been supported by the 
research grant from the Ministry of Education. 
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On the Application of the Thomas-Fermi-Dirac Method 
to the Study of the Residual Resistance of Binary Alloys 


containing Foreign Atoms in small Concentrations 
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Department of Physics, Faculty of Science, University of Tokyo 
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By taking the exchange interaction among electrons which was neglect- 
ed in our previous work, into account, modified screened potential around 
the substitutional impurities of di- or trivalent metal in monovalent 
metal in dilute solid solution is exactly obtained from the Thomas- 
Fermi-Dirac type equation by numerical integration. 

As one of the applications of our obtained potential, we took the 


residual resistance due to the foreign atoms. 


We use the method of 


partial waves together with the Born approximation for the calculation 
of the scattering cross section and the residual resistance is calculated. 

The disagreement of theoretical values with experiment has been 
greatly improved by introducing the exchange effects. 


Introduction 


§1. 

In the previous paper, to be referred as I 
hereafter, we have treated the problem about 
the non-periodic charge distribution around the 
dissolved atoms in an alloy which contains 
such dissolved foreign atoms in the form of 
dilute solid solution. 

As is well known, in such an alloy, the 
dissolved atoms form impurity centres around 
which the charge distribution of electrons 
deviates from the periodic one which is 
characteristic of the pure solvent metal. 
Therefore, it is important to find such non- 
periodic charge distribution as exactly as 
possible for the theoretical interpretation of 
several physical problems concerning alloys”. 

In I, we investigated the case where the 
di- or trivalent metal existed as a_substitu- 
tional impurity in monovalent metals, and 
using thus obtained modified screened Coulomb 
potential around an impurity atom, we com- 
puted the increase of the electrical resistance 
due to those dissolved foreign atoms. In part 
I, we took the Thomas-Fermi type equation 
as the starting fundamental equation. We 
tried to find the much accurater solution of 
the problem than the usual one, that is, we 
solved the non-linear differential equation of 
the T. F. exactly by numerical integration’, 
instead of solving the equation approximately 
by linearization. And we used the method of 
partial waves as well as the Born approxima- 


tion in order to obtain the scattering cross 
section. However, our model was still a 
simple one as far as we neglected the ex- 
change interaction among electrons as in 
Mott’s original work on this problem”. 

As the result of this calculation, we find 
that our modified screened potential reduces 
the disagreement between theoretical and ex- 
perimental values of residual resistance, when 
we use the Born approximation at the same 
time. However, if we improve the calcula- 
tion of the scattering cross section by employ- 
ing the method of partial waves instead of 
the Born approximation, the theoretical values 
of residual resistance becomes too large. 

In this paper, we shall take the exchange 
interaction among electrons into account, i.e., 
instead of the Thomas-Fermi type equation, we 
take the Thomas-Fermi-Dirac type equation? 
as the starting fundamental equation. Solving 
this equation by numerical integration, we 
obtain the new screened Coulomb potential 
and using this potential, the subsequent 
calculations of the residual resistance are 
carried out in the same way as in I. 

And we find that the disagreement which has 
remained in the previous work between the 
theory and experiment can be diminished by 
introducing the exchange interaction. 

% Recent hyanben Camis Alfred & N. H. March 
reported about this problem (Phil. Mag. 46 (1955) 


759) and their results consist with our previous 
work (without exchange). 
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A. Modified Screened Potential 
Fundamental Equation 


§ 2. 


In the dilute solid solution which consists of 
two metals with different valencies, the whole 
charge distribution is not uniform on account 
of the presence of the foreign atoms. 

For example, if a small quantity of divalent 
metal Cd is dissolved in the monovalent metal 
Ag, Cd** ion has one excess positive charge 
compared with the body Agt ion. So, the 
conduction electrons are attracted to the im- 
purity centre so as to screen the excess 
charge. 

We regard this excess positive charge which 
represents the difference between the atomic 
valency of the dissolved and that of the 
solvent metal as a point charge localized near 
the nucleus of the impurity atom. Although 
the nature of rest positive charge depends on 
the kind of the solvent and dissolved atoms, 
we assume, in the first approximation, that 
the rest positive charge is distributed with a 
uniform density 0+. 

For treating our problem, we take the 
Thomas-Fermi-Dirac type equation as our 
starting equation. 

Then the electrostatic potential @(7) around 
the dissolved atom is now determined from 
the following Poisson’s equation: 


p>D= —Arp.+4nen(7) , @p) 


where 7(7) is given by the formula: 


8x \({ 2e°m 4e*m? ea 
al De eee Fn @ 
alan +] ee 


We assume the radial symmetry and in- 
troduce the new dimensionless variables ¢, x 
which are related to 9, 7 by 


ee) 


3 
O(n) + 26™ © 9 (a) 
h? T 
7=ax , (3 b) 
where a is: 
1/3xz\" fh? 
og ts fae = (ROOD Oy 
" = 4 ) me? at 


(a: Bohr radius) (4) 


With these substitutions, the equation (1) 
takes the following dimensionless form: 


Ph = /B+( ¢ \ "foe , (5) 


dx? x 


ae TYG) 


where 


(6a) 
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3 1/3 
B=(-453 | (6b) 

Here, A is a new constant which has been 
introduced in I, and depends only on the kind 
of the solvent metal, Z and 7 being atomic 
valency and atomic radius in A of the solvent 
atom respectively. Equation (5) reduces to 
the Thomas-Fermi equation in the former 
case, if we put B=0. 

It we denote by Z the difference between 
the atomic valency of the dissolved and that 
of the solvent metal, the boundary conditions 
of ¢ are given as follows: 


Zoo, bx, (7 b) 
where k=A?—B, 


§3. The Solution of the Equation (5) 


The following computation is performed by 
the same method as in the previous paper, 
ners 

We shall consider the form of solution ¢ of 
(5) by dividing the whole range 0<a<co in 
the following two regions: (i) in the neigh- 
bourhood of z=0, (ii) in the region of large 
x, and finally, to simplify our subsequent 
analysis, we shall try to put these two solu- 
tions in one expression over the whole region 
of x. 

(i) Near the origin, we cannot use the 
Taylor expansion», because ¢’’ is infinite at 
the origin. Instead of that, we use the follw- 
ing expansion for small 2, which satisfies the 
boundary condition (7 a): 


b6=Z+Cot+ : ZV Z 23! 


3p; a Z 24/7 3 Wy ZB 5/2 
4p Be +75 SPV Z +5 Ce |e 


427A + B+ SBesbst-- 


(8) 
where c. is an adjustable parameter, which 
gives the starting slope at the origin. 

We perform the numerical integration from 
the origin to large x for several different 
numerical values of c, and try to find the 
numerical value of cz, corresponding to the 
correct solution of equation (5), which satisfies 
the boundary condition (7b) as well as (7a). 

The behaviors of variation of ¢ with c, thus 
obtained are shown in Fig. 1. 
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—C2=-1865 C2=-1864 


5 
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p=kex 


Fig. 1. 


(ii) When 2 is large, ¢ can be written 
asymptotically in the form: 
P=Rxt+y , 

y being small. 


y can be expressed with two integration 
constants B, and B, as: 


y= B, exp (—fi'x)+ Bz, exp(+ Bix), (10) 
on ys | 
where #;’= Sakiak 


As stated in I, B, and B, are determined 
by joining smoothly the numerical solution 
obtained in (8) with (9) for each assumed 
value of c,. For the correct solution, B, must 
be zero. In this way, c, and B, corresponding 
to the correct solution can be determined. 
Hereafter, we denote them by mm and a, 
respectively. 

Thus ¢ can be expressed by the following 
formula: 

(a) when 2 is small: 


b= Zt myc ZV LZ ail 5 BZe? 


ives c 9) , : 
+ ee VD er A ry fos 


+ £22 —AV!+B 4 3Bmgla? + oe ak 


(b) when 2 is large: 
@=k?x+a, exp (—Py 2). (12) 

For the convenience of our further calcula- 
tions, it is desirable to express these two 
formulas (11) and (12) by one analytical form 
which is valid over the whole region of 2. 

Thus, we find the following expression of 
¢@, which represents (11) and (12) with sufficient 
accuracy. 

b=h’x+a, exp (—By'x)+(Z—ay) 


* EXP (— 2x) + ay’a exp (—Bs'x). (13) 


The behaviors of variation @ with ey. 


or 


4 


eK 


Solvent metal is Ag and Z=1. 


$ 
t 


Fig. 2. Curves of @ for several cases. 
(Solvent metal is Ag and Z=1) 
——— with exchange 
—— without exchange 
== ZF Expi(=Gaa) 


Our modified screened Coulomb potential is 
therefore expressed as follows: 


Vinv=— = [a, exp (—fi7)+(Z—ay) 


X€XP (—f27)+ar,rexp(—f37)], (14) 


a,’ By 
a= ) a * 
a a 


6-2 and p=, 
a a 
To compare our modified screened potential 
with that of the previous one and the usual 


one (Y= exp(—ar))., these three 


curves are shown in Fig. 2. 

For convenience, we plott in the dimension- 
less coordinates (¢, z). We find that the 
curve of ¢(z) obtained in I (without exchange) 
is further lowered by taking the exchange 
effect into acount. 

Our obtained values of A3/2, m5, k*, ay; etc. 
are tabulated in Table I and Table II. In 
these tables, those values obtained in I are 
also retabulated in parenthesis. The solvent 
metals are Ag aiid Cu and Z=1. 
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Table I. The values of A3/?, mo, k? and oe 


Z |\Solvent) A3/2 mo ke 3 A 

2 
| ee 

Ag 0.0762 —1.8647 | 0.0405 | 1.1272 

, (—1.4939) | (0.1798) | (0.7975) 
Ch 0.1093 —1.8453 | 0.0709 | 1.1347 
(1.4615) | (0.2286) (0.8469) 

Table IJ. The values of the coefficients a; and B;. 

Solvent ay a2, | By | B» | B3 

Ag | 0.8384 | —0.427 2.41 | 7.05 | 10.7 
(0.7476) (—90.491) (1.71)|(4.70)|( 7.9) 
cy _ | 0.8883 | -0.427 | 2.42 | 7.37 | 14.9 
(0.7724) (—0.448) | (1.81) (4.80)|( 7.5) 


The values in parenthesis are those obtained 
in our previous work (without exchange). 


B. Residual Resistance due to the 
Foreign Atoms 


§ 4. Seattering Cross Section by the Foreign 
Atoms 


In the course of considering the elastic 
scattering of electrons by a foreign atom 
which is represented by our screened Coulomb 
potential V(7), the calculation of the dif- 
ferential cross section J(@) is carried out by 
the method of partial waves as well as the 
Born approximation. 

The total cross section o which is effective 
for our case is: 


o=2n|" 1(@\(1—cos6)-sin6d6, (15) 


0 
where the differential cross section J(@) is given 
as | f(0)|2 by the scattering amplitude (9). 
(i) The Born approximation 
The scattering amplitude f/2(@) for the Born 
approximation is given by: 


f20)= LEN ve) Sin AT yy | 
‘ K 


| re (16) 
where K=2ksin30 and k=2zmv/h. Here, V(r) 
is (14), but hereafter we shall neglect the 
third term in (14) for its small magnitude. 
For our purpose of calculation, the scattering 
of electrons at the Fermi surface is important, 
so we have k=1.92/7 after introducing the 
numerical values, 7) being the atomic radius 
of the solvent metal in A. 
(ii) The method of partial waves 
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Since the de Broglie wavelength for elect- 
trons 2=2z/k near the Fermi surface is fairly 
large in comparison with the force range due to 
impurity centre, the legitimacy of the Born 
approximation is doubtful, so we have calcu- 
lated the cross section also by the method of 
partial waves. 

The exact expression for the scattering 
amplitude is given by: 

i O=5 5 > (21+ 1)(exp @im)—1}Pi(cos 4) 
(17) 
where y, is the phase shift of the /th order. 
The direct use of this formula would require 
rather tedious numerical evaluation of a fairly 
large number of the phase shifts 7, but since 
the higher phase shifts are small, they can 
be replaced by the corresponding quantities 
given by the Born approximation. In fact, 
the scattering amplitude f2(@) in the Born 
approximation can be written in terms of 
partial amplitude of different orders as follows 


spots a 5 (21-+1)(24€,)P,(cos 8) (18) 
UL 


Ga | “VOU realknPr-dr. (19) 
1” 0 


and, for partial waves of higher order, 
exp (27.)—1 are closely approximated by 272€:. 
Hence f(@) in (17) can be obtained from fx(9) 
by correcting only lower order phase shifts: 


ihe 
FO)=f19) + op 2 2t+)) 


x [{exp(2éy,)-1}—22€:]Pi(cos @), — (20) 
where the series converge very rapidly. It 
has been found sufficient to take only two 
terms /=0 and 1. 

€, is obtained by the following formula by 
the use of the formulas about the Bessel 
functions: 


f= fei @i(1+ Br) + Z—a)@i( 1+ a 
a aux): x=1 +p ab) 


my. can be obtained by numerical calculation 
in the usual way and for full information, 
the readers are referred to the previous paper 
If 

(iii) Total cross section 

The total cross section o can be expressed 
by the sum of three terms 41, % and o3 as 
follows; 


€ 
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Table IJ]. The values of 7; and ¢;. 
Mm Aes Se | — an - Fridel sum 
Solvent | Co ¢1 | ¢2 70 41 72 25 (21+1) 91 
* si 0.4742 0.0531 0.0075 0.8538 0.0599 | 0.0079 0.676 
Ag (0.6995) | (0.1181) | (0.0250) | (1.1374) | (0.1349) | (0.0262) | (1.064) 
0 4895 0 .0637 0.0080 0.8232 0.0736 ().0082 0.691 
Ce (0.6885) | (0.1249) | (0.0284) | (1.0705) | (0.1420) | (0.0276) (1.041) 
Table IV. The values of o; and o (10~cm?) §5. Residual Resistance due to the 
Sol | el = bi, an S i Foreign Atoms 
t 2 0: i o ms z, . 
eee ) pe aes : ere = If we denote by p the atomic ratio of dis- 
Ag’) | ate | anes | piiee | ee | 631) solved metal to the solvent one, the increase 
2 HK ad cert aK Ales ue “do of the electrical resistance due to the sub- 
Cu 0.194 —0.030 | 0.310 | 0.474 | 2.98 stitutional impurity is given by: 


(0.353) (—0.332) (0.690) (0.711)| (4.47) 


Table V. Tables for Ag (microohm-cm) 


Calculated values 


Used screened potential porn PPL aA 
Solvent Solvent 
| Ag Cu Ag Cu 
| with eenate | 
| Be | | 
Our (tiie time) | \ll OR(5 4 0.67 | ZOE 
aa | without | 
modified’ exchange | 1.45 1.14 | 3.09 2.50 
___|(previons work) | | 
Usual type without 
es aoe ; | 2.20 1.88) 4.34 3.28 
e- | 
VG —~_exp( — ar) | 


Experimental values 
Cd in Ag 0.38 Zn in Ag 0.62 
Cd in Cu 0.21 Zn in Cu 0.34 


o=27r{o,+02+03}, (22) 
where o, is the term due to the Born appro- 
ximation and o2 and o3 are the terms which 
are introduced by using the formula (20). 
Terms o; correspond to J; in the previous 
paper I. The full information about the 
calculation and the explicit expression for 
o« are given in I. 

Thus we obtained 7, €; and o; in the same 
way as in I. Our calculated values of 7, €; and 
o; are tabulated in Table III and IV. For the 
sake of comparison, we retabulated those cor- 
responding values which were obtained in 
the previous work. 


Ap= (2 
2? 


\p o=78 27) microohm. cm. (23) 
0 

where o is to be expressed in the unit of 107° 

cm”. As the standard concentration, we take 

p=1/100. 

Calculated values of 4o are tabulated in 
Table V together with those values which 
have been obtained for other two screened 
potentials: the one is our previous one without 
exchange and the other is the one which was 
obtained from the linearized equation, i.e., 


Vin)=—- ve exp (—q7) . 


§6. Results and Discussions 


In this paper, the exchange interaction 
among electrons which was neglected in the 
previous paper I, is taken into account, i.e., 
we take the Thomas-Fermi-Dirac equation as 
the starting equation. 

Considering our results together with the 
previous ones, the following conclusions are 
obtained. 

At first, a fairly remarkable improvement 
has been made by introducing the exchange 
effect in comparison with the previous case 
in which this effect was neglected. And we 
find that our results are improved step by 
step in accordance with the procedures for 
solving our problem, i.e., solving (i) analyti- 
cally from the linearized equation without ex- 
change, (ii) exactly by numerical integration, 
(iii) from the equation in which the exchange 
effect has been taken into account and in the 
same way as (ii). 

It is true that our calculated values have been 
much improved both for the cases of using 
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the Born approximation and the method of 
partial waves, but, as was the case in I, the 
values obtained by the latter method are still 
greater than those obtained by the former 
one. But, from the purely theoretical view- 
points, we can not find any reason for which 
the Born approximation should yield more 
reliable results than the method of partial 
waves. In fact, the validity condition k/qss1 
(q is the screening constant in the potential 


Ze : 
Vn)= es exp(—qr)) is hardly satisfied in 


our case, so that the method of partial waves 
would be preferable. 

As stated in the previous paper, our starting 
model is an approximated one for the actual 
case, i.e., we have neglected the details of 
the charge distribution due to the difference 
of the values p, due to the kind of the dis- 
solved atoms of the same valency. Therefore, 
when we improve the above-mentioned short- 
coming of our model in our further study, we 
expect that the agreement between the ex- 
perimental values and theoretical values which 
are obtained by the method of partial waves 
will be much better than the one between 
experiment and theoretical values which are 
calculated by the Born approximation. 

The considerations about these points are 
still to be taken into account in our further 
study on this kind of problem. 

As Cd-Ag and Zn-Cu are neighbouring 
elements in the periodic table and the valence 
electrons are in 4s in Zn, Cu and in 5s in 
in Cd, Ag, the behaviors of ion cores of both 
solvent and dissolved metals will be similar 
in the solid solution Cd-Ag and Zn-Cu. But 
conversely, for the case of Cd in Cu and Zn in 
Ag, the behaviors of ion cores do not resemble. 
Taking these circumstances into account, we 
may be allowed to expect that the theoretical 
values which would be obtained in our further 
study will agree with the experimental ones 
more closely in the case of Cd in Ag and 
Zn in Cu than in the case of Zn in Ag and 
Cd in Cu. 

Finally we shall discuss about the Friedel 
sum*. Friedel® has proved that the sum 
(2/m)\(21+1)91, where 7 is the phase shift of 
the 7th order partial wave for electrons at the 
Fermi surface, is equal to the extra number 
of electrons attracted by the impurity centre, 
provided that the exchange interaction 1S 
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negligible. Since in metals, the screening 
must be complete, Friedel-sum must be equal 
to the excess charge Z of the impurity centre 


2 DQl+lm =Z 


neglecting the exchange interaction. In the 
rightest column of Table III in parenthesis, 
we have tabulated this sum using the phase 
shifts obtained in our previous work (without 
exchange), which shows that Friedel sum is 
actually close to one. Small deviation from 
1, of the order of a few %, may be due to 
the fact that we did not use the band- 
theoretical procedures of costructing the wave- 
function for individual electron, but employed 
the method of Thomas-Fermi to find the form 
of the potential function. The fact that the 
deviation is very small may be interpreted as 
indicating the self-consistency of this pro- 
cedure. However, when the exchange interac- 
tion is introduced, there is no reason that the 
relation Z=Friedel-sum must be true. And 
our results show that the deviation from this 
rule is actually fairly remarkable. 


$7. 
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Stress/strain curves of many number of copper crystals having various 
radii from 0.06 to 1mm were measured. The range of easy glide in- 
creases considerably when the radius of crystal decreases. In the case 
of suitably oriented crystal the range of easy glide reaches to 50 per 
cent in shear, when the radius of crystal decreases less than 0.1mm. 
The extrapolation of the range of easy glide to the infinitesimal radius 
gives a value between 40 to 80 per cent in shear irrespectively to the 
initial crystal orientation. The hardening rate in the easy glide region 
considerably decreases with the decreasing crystal radius. Meanwhile, 
the critical shear stress, the stress required for the transition from the 
easy glide to the rapid hardening region, the hardening rate in rapid 
hardening region reveal only slight dependence on the crystal radii, i.e. 
the former two slightly increase and the last slightly decreases with the 


decreasing crystal radii. 


These results are discussed qualitatively by 


introducing a concept ‘mean free path of dislocations’ in a crystal. 


§1. Introduction 


Dislocation loops multiplied from a Frank- 
Read source” proceed in a usual crystal over 
finite area of the slip plane on account of 
the increasing resistance caused by the for- 
mation and migration of jogs). Those 
multiplied dislocations exert back stress on 
the swept area of the slip plane, and the 
source ceases its action. One of the authors” 
has pointed out that the large slip as first 
observed by Heidenreich and Shockley® takes 
place through the co-operative action of Frank- 
Read sources situated in a thin zone parallel 
to the slip plane. This idea for the explana- 
tion of large slip has been appeared in many 
papers?®”®) independently, and implied that 
the dimension of crystal in a direction along 
the active slip plane must have large effects 
on the work-hardening of the crystal. Measure- 
ments made hitherto, however, have paid little 


attention to the role of specimen size, and 
have been carried out on crystals having 
certain dimension determined by the technique 
of the preparation of single crystals. 

The experiments on single crystals of copper 
described in the following pages were carried 
out with the object throwing light on the 
mechanism of deformation in easy glide and 
rapid hardening regions, by systematic in- 
vestigation of the effect of crystal radius on 
work-hardening. 


§2. Preparation of Crystals 


The single crystals of copper were grown 
from electrolytic copper about 99.98 per cent 
pure. Those copper wires of 1.7 mm diameter 
were inserted into porcelain tubes which were 
2mm in inner diameter, 10 or 30cm in length 
and closed in the one end by alumina includ- 
ing some amount of clay. The crucible 
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containing the copper wire was doubly pro- 
tected from atmosphere by two silica tubes 
and made pass through an electric furnace. 
In order to avoid the reaction between the 
porcelain tube and molten copper, the porce- 
lain tubes were previously dipped in aqueous 
solution of suger and were dried in air for a 
few days. The crucibles containing the cop- 
per wires were lowered at a rate of 3cm 
min-!. The porcelain tubes were then cracked 
gently by a pinchers, and were removed from 
the copper crystals. When sufficiently porous 
tubes were used, the yield of perfect crystals 
exceeded 80 per cent and the remainder 
contained small angle boundaries in the direc- 
tion of growth. 

The crystal orientations were determined 
by optical figure method extensively developed 
by Yamamoto and Watanabe”. Using their 
method it is not difficult to determine the 
orientations of several tens crystals in a day. 
The observed crystal orientations are plotted 
stereographically in Fig. 1. 

The crystals were annealed in vacuum 
(about 10-mm Hg) at 1000°C for three hours 
after orientation determination. The crystals 
with radii of about 1 mm were electro-polished 
using 30 per cent ortho-phosphoric acid in 
water before deformation. 

The thin crystals less than 0.5 mm in radii 
were produced from those annealed 1mm 
crystals by etching in dilute nitric acid, after 
cutting the long crystal into pieces having 
suitable lengths by a pinchers. By means of 
careful etch, thin crystals with uniform cross 
sections as small as 0.01 mm” were obtained. 
The cross section of an etched crystal was 
usually of an elliptic shape, eccentricity of 
which depended on crystal orientation. Those 
thin crystals were then polished electrolytical- 
ly using 30 per cent ortho-phosphoric acid in 
water, putting on a hook made of the same 
purity copper wire, which was connected to 
positive electric source. The crystals were 
then washed by water, dried in air and then 
set on the testing machine, which will be 
described in the next section, by ‘De Khotin- 
sky cement’ the paste for high vacuum. The 
examined crystals, therefore, were not sub- 
jected to high temperature annealing after 
the etching. 

The term ‘radius of crystal’ will be used 
in the following to denote the radius of a 
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Fig. 1. Stereographic projection of crystal 
orientations. 


Fig. 2. Schematic representation of the tensile 
machine used for crystals of about 1mm in 
radius. 

A: Counter balance. 
loading rate. C: Dial-gauge. 
E: Roller. S: Specimen. 


B: Cock to contro] the 
D: Pulling rod. 


circle having the same area with the cross 
section of the crystal. The part of a crystal 
between guage markings was clipped by a 
nail-scissors after deformation and_ then 
measured the weight by a chemical balance. 
The cross section is obtained from the weight 
of the crystal assuming a uniform cross se€C- 
tion over the guage length. 


§3. Stress/strain Measurement 
Two tensile machines were used according 
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RESOLVED SHEAR STRESS (kg/mm?) 


Fig. 3. Schematic representation of the tensile 
machine used for thin crystals less than 0.5mm 
in radius. 

A: Specimen. B: Travelling microscope to 
measure the elongation of crystal. C and D: 
Roller. E: Gauge marking. F: De Khotinski 
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Fig. 4. Load/elongation curves obtained by the 
testing machine for thin crystals. 


to the required stress range. The machine 
shown in Fig. 2 can be loaded up to 50 Kg by 
decreasing the buoyoncy of the counter balance 
A. The load is proportional to the relative 
displacement of the counter balance to the 
water level. The loading rate is propotional 
to the rate of flow from the water tank, 
which is controlled by the degree of turning 
the cock B. The loading is thus continuous 
in the machine shown in Fig. 2. The elonga- 
tion was read by the dial-guage C attatched 
at the pulling rod D. 

The machine shown in Fig. 3 was used for 
thin crystals less than 0.5mm in radii. The 
maximum load applicable to this machine is 
about 10Kg. The tension was applied on the 
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Fig. 5. Shear stress/glide relations of some 
crystals of about 1mm in radii. 


crystal through adding wire pieces, each of 
which is of 1g in weight, in the initial region 
of deformation. The elongation was measured 
on the guage length between two markings 
drawn by ink on the crystal A, using a 
travelling microscope B. The accuracy of the 
load was 1g in the best condition, but in 
many cases there was greater error than this 
on account of friction by dusts attatched to 
the roller, ball bearing, etc. during the 
measurement. 

Fig. 4 shows a few examples of load/elon- 
gation curves, by which the accuracy of 
loading can be seen. If there is random solid 
friction in the tensile machine, the full curve 
A in the figure may be regarded as a reason- 
able approximation to the true load/elongation 
curve. Such scattering of each observed value 
from a smooth curve was hardly observed in 
a crystal greater than 0.15mm in radius as 
shown by curve B. 

The computations of the shear stress and 
the shear strain were performed in the usual 
manner™. It was assumed that duplex slip 
occurs when the specimen is in the dodeca- 
hedral plane or has rotated into the plane. It 
is also assumed that the tensile axis remains 
in the dedecahedral plane and rotates towards 
the [112] direction during the duplex slip. 
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§4. Deformation of Crystals of 1mm 
in Radii 

Some of the shear stress/glide curves of 
crystals of about 1 mm in radii are shown in 
Fig. 5. The curves reveal considerable scat- 
tering between those crystals according to the 
crystal orientations of the tensile axes as was 
observed first in aluminium by Masing and 
Raffelsieper! and investigated in detail by 
Liicke and Lange’. The orientation depend- 
ence of shear stress/glide curves is now 
generally established in some face-centred 
cubic metals#91#1%1), 

The stress/strain curves can be approximated 
by two linear segment if the stress is not too 
large as shown in Fig. 5. The stress/strain 
curves may then be characterized by four 
quantities, i.e. the critical shear stress Sj, 
the shear stress for the initiation of the rapid 
hardening S,, the hardening rate in the easy 
glide region (dS/da), and the hardening rate 
in the rapid hardening region (dS/da),. The 
glide amount in the easy glide region a is 
also very important quantity representing the 
feature of work-hardening, though this quan- 
tity can be derived from the above-mentioned 
four quantities. The definition of these five 
quantities will be seen in Fig. 6. 

The observed values of five quantities, Si, 
S.,(dS/da);, (dS/da), and a, are summarized 
in Table I. Here & is the initial guage 
length of a sample, 7 the initial radius of 
the crystal, 7 the original angle between the 
slip plane and tensile axis, 2 the original 
angle between the tensile axis and the slip 
direction. The crystal orientations of these 
crystals were already shown in Fig. 1. 

The orientation dependence of S1, S2,(¢S/da)1, 
(dS/da), and a for the crystals of 1mm 
in radius are shown in Fig. 7a,b,c,d and e, 
respectively. The critical shear stress, Si, 
which is extrapolated from easy glide region, 
increases in the crystals oriented near the 
three corners of the triangle. The amount of 
increase in each corner seems to be propor- 
tional to the number of slip systems on which 
nearly equal shear stresses are applied. 

Following Fujita, T. Suzuki and Yamamo- 
to, let us represent a slip system by the 
triangle in the sterographic projection of the 
imaginary tension axis, in which the slip sys- 
tem might be subjected to the maximum 
resolved shear stress. The real wire axis is 
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Fig. 6. Schematic representation of shear stress 
/glide relation. 


Fig. 7. Orientation dependence of Sj, S2, (dS/da),, 
(dS/da), and a of crystals of about 1mm in 
radii. 

always in the triangle @ in Fig. 8, then other 

triangles represent latent slip systems. 

The orientation dependence of S2 iS very 
similar to that of S,, but it seems to be not 
affected by the conjugate slip system, e. 

The hardening rate (dS/da), shows stronger 
dependence on the orientation than S;, but 
the contours of equi-hardening resembles with 
those of Si. 

The hardening rate (dS/da), seems to be 


’ 
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Table I. Observed values of five constants characterizing the shear stress/glide curves. 


Sample Uo To Xo Ao Si Sy a | (dS/da); (dS/da)» 
in in in in in n | Tp 
No. in mm in mm degree degree | Kg/mm? | Kg/mm? | mm/mm | Kg/mm? | Kg/mm? 
3 69RZ6) |) 1075: | 39 43 0.46 | 0.95 0.050 9.80 (se 
5 69.30 OG, 45 | 52 | (283 1-00) GHERROEA 7. See) Ay) | 16 
ila! 69 .36 OOS 5 41 4] 0.25 OZ50 5.) e082 OF D204 | 14 
12 SORS 0.930 | 34 43 0.25 0.45 0.080 | 2.50 | Ae, 
igs! 50.16 0.920 32 43 0232 0.60 0.108 | 2259" | 1223 
14 | 50.19 | 0.925 43 45 0.33 0.64 | 0.072 1 Qe Lez 
15 50.14 0.920 by 54 0.22 0.47 | 0.145 172 WARS 
16 Oona 0.930 36 40 0.36 - | OFG6" ie ee Os027. Waal 20.0 
17 49 .86 0.930 45 52 0.19 OFZ FOS 2.20 11 
18 50.16 0.930 39 45 O27 0.49 0.057 3.68 | 135 
19 50.18 0.915 37 38 0.30 0.60 0.037 alibi s) ba) 
20 50.27 0.925 36 36 0.25 0.42 0.086 1.98 | 1545 
22 50.19 0.940 41 42 | 0.23 0.46 0.065 3.54 TAS 
23 50.08 | 0.940 36 36 0.37 OF45: SP OVO1S aa 6 Alba 19.5 
24 50.13 0.910 4] 49 O22 a5) OLY} 0.162 | 1.85 L380 
45) OO nSS 0.935 30 39 0.33 | 0.75 0.080 5p 29) ay 3S 
26 ORT 0.920 39 42 0.30 0.80 0.057 Soha ag peel 19.0 
DH 50.20 0.930 36 45 0.27 0).64 0.088 4.20 16.5 
28 50.18 0.920 46 46 0.25 0.53 0.092 | 3.04 13 18 
29 OU el Em OSs 36 36 0.27 O37 0.030 SaSe NPS 
30 SU eetull 0.935 33 43 0.25 0.77 0.102 on K) 16.3 
31 50.10 0.900 51 54 0.27 0.58 | 0.158 1.96 13.0 
32 50.18 0.930 | 4) 42 O27, 0.57 0.080 SAT aun 13.0 
34 50°23 0.930 -| 33 37 (E70 0.50 0.047 Aico =| 17 
35 50.11 02925" | 48 48 0.27 0.63 OnO5. 1 Soe | LZ) 
36 90.28 | 0.940 | 40 41 OF25 0.55 0.065 | 4.62 | 14 
37 50.12 | 0.900 40 49 0.28 0.50 0.090 2.44 | 1 E3877 
38 eee OO eta: 0.890 47 47 0.25 0.62 0.085 4,49 | 14.8 
4l 50.12 | 0.940 | 34 42 | 0.30 0.80 0.073 6.85 | 183 
43 50.17 | 0.9380 | 48 48 Orr 0.68 0.082 | 5.00 13.5 
| | | 
44 50.18 | 0.930 | 37a eal 37 0.22 0.43 | . 0.050 | 4.20 | ibis: 
45 50.14 0.910 43 48 0.19 0.40 0.120 1375 PSS: 
47 5025 | ~OF930 48 48 OR2K 0.53 0.060 4.34 14.2 
48 OOLZ5 0.920 39 39 0.25 0.42 0.085 2.00 | 14.5 
49 S0RO9: Ms 02930 38 42 0.30 — 0.000 —_ 220) 
50 50.22 0.910 41 43 0.30 0.62 0.050 6.40 18.0 
51 50.19 0.890 45 52, 0.22 0.47 0.16 16 ital 
52 50.22 0.940 Bf 42 (yAll 0.50 0.060 | 4.84 | 16.5 
53 50.24 0.930 43 47 08233) 0258" e013 Sen 2563 oh 1305 
54 50.19 0.940 32 32 O23 0.48 0.037 6.76 (aso) 
55 50.29 | 0.950 45 46 0432) | OF67, |). 02058 6.04 12.8 
56 50.08 0.940 51 57 0.23 Oey 0153: 1.89 IGS 
Lyf 50.29 0.915 39 39 Ons) 0.47 0.070 3.43 18.5 
58 50.16 | 0.925 38 39 0.20 0.60 | 0.055 7.29 18 
59 | 50.18 0.890 49 54 0.23 O:52.\9 FO. 15a) 1.89 11.5 
60 50.40 0.930 53 56 0.29 0.64 0.103 SA WAS} 
62a Zoe 0.290 31 31 0.30 0.50 0.105 1 90 VAS 
b 26.76 0.820 1” I 0.18 0.40 0.037 5.95 ies) 
63a 9.83 0.174 32 43 | 0.22 0.47 OF257 0.97 6.3 
b 10.63 0.277 ” y | 0232) a 0.52 0.140 ee Si | U2 
64 26.76 0.910 26 35 OR25 0.58 0.092 3.59 13 
65a 30.61 0.448 51 51 0.23 0.69 0.233 1.97 13.0 
b 27.96 | 0.823 Oe aR 0.23 0.59 | 0.148 2.430) we Las 
66a 11.35 0.082 BO 159 0.37 0.99 0.342 181 ale paloa 
b 11.30 ORI57 4 y y 0.30 0.89 0.274 a. 15 10.8 
c 15.56 0.267 ” mb | (0 25 DUN ECO 66 5.262 1.33 11.3 
GPa co) 2048005 )( OL id) ol pel fpgp dBi | 80, BOqN IR OL62 Nhe iy os Ola aaa: enc 
| | | } . 
b 12-90 | ey Occio |) te tel ee 0.24 | 00.68 ho. 0.57 1.52 18.2 
71a 31.81 0.441 | 38 32 0.29 | ‘0.58 | 0.093 3.19) [331 an* 
Deenimenoszo5 0.860 | U : ty 
| ; , / y 1” 0.23 0.52 0.102 | 2.84 RS 
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Table I. continued. 


Sample) Ip ro xo to | Si S&S | a | @s/da), (aS/da), 
P fl in in in in in 
No. in mm in mm degree degree | Ka/mm’ See. | mm/mm | Kg/mm? Kelman 
(2A OO) O68 40 745—" | -O,38 0.90 0.188 | 2.76 10.5 
be | 27.00 )  @:921, (| ” ” 0.27 0.67 0.182, | 2,20 Ades 
74 9.18 0.349 42 43 0.31 0.61 Od43, | 2.10 11.0 
75a 13.15 0.174 50 | 52 0.34 1.04 O87 |) 48S 11 
b 12.56 0.256 ” | ” 0.47 1.10 O44, [> dead tom 
78a 18.84 0.319 35 37 0.40 0.68 0.097 | 2.89 20.0 
b 26.37 0.366 ” oth de 0.35 0.65 | 0.120 2.50 19.0 
80a 28.30 | 0.388 46 52 0.25 0.60 0.24 1.46 117 
b 32.26 0.903 ” ” 0.82.+ 0.67 | Odign | 3269 12 
8la 9.34 0.174 40 Al 0.32 One ORSSSan 1.16 13.0 
11.46 0.31 ” ” 0.31 | 0.72 O75 | 49 12.6 
82a 26. 82 0.394 | 39 45 | 0.42 0.95 | 0.095 | 5.58 20.8 
b 26.58 0.924 7 ” ene 3 0.97° | OcO6% «| )- fe7e |) ager 
83 27 .37 0.882 39 45 0.45 0.90 | 0.058 TG. on TORO 
84a 12.12 05227 |) 40 41 0.27 0.70 0.275 1.56 14.0 
b 12.49 0.377 ” ” 0.32 0.60 , 0.143 | 1.96 11.2 
86a 22.02 0.497 46 46 0.19 0.55 | 0.170 D1 11.5 
b 27 37 0.885 ” ” 0.38 0.75 0.107 3.46 | .13.2 
87a 26 .59 0.475 51 eee eee L0r6Z 0:235 | 1.66] 136 
b OF 81, 0.906 ” ” 0.35 | 0.78 (0.200 2.15 1) 1985 
88a 18.50 OSI. |.5. Bl 57 0.31 0.70 0.365 1.07 10.8 
b 27.16 108 (0m aaa no  ofo7~ | 078 | fortso | "2268" eaeTING 
89a 25.64 0132102) 8 ¥i26 37 (eg il WN ge ee 0.000 as 19.3 
b 27 .08 0.884 ” ” 0.38 0.75 0.098 3.94 14.2 
93 13.60 0.201 47 49 0.18 | 0.55 0.370 1.00 15.0 
94a 10.86 0.145 33 37 0.20 0.57 0.295 1.25 17 
b 11.32 0.190 | ” ” ly Oc0R We 50507 0.313 12 She oie 
95a 11.46 0.070: 36 Se Toi = 0.30 1.25) | -0.378 2.51 15.5 
b 14.74 0.188 ” ” 0.31 On78 1 ¢ OC237 111,087 I ee za 
96a 9.28 0.156 36 43 0.42 1.13 0.053 13.4°°)) J ao5.2 
b 12.08 0.245 ” y 0.25 0.86 0: 0664/2 9,25 meta 
c 10.27 0.320 ” ” 0.40 0.78 0.040 | 9.50 | 20.0 
97 11.312. Ions0. 289 49 49 0.23 0.72 O°2677 J al ee 10.8 
10la 13.26 0.135 38 AO 0.18 0.58 0.345 1.16 15.5 
b 13.25 | 0.205 ” ” | 0.30 0.90 0.265 2.26 21.0 
104 12.88 0.252 45 45 0.50 1.20 0.123 5.69 | 24.3 
106a 11.25 0.108} 35 38 0.25 0.68 0.255 1.68 | 20.6 
b 12.55 0.181 ’ ” 0.25 0.65 0.240 1.67 | 20.6 
c 12.13 0.320 ” ” 0.23 0.55 0.186 1.66. | ei9e7 
d 10.99 0.434 ” ” 0.25 0.58 0.052 6.35 18.1 
107a 12 1 eo x02188 4l 41 0.25 0.88 0.305 2.06 13.0 
b 14.37 0.297 | ” ” 0.27 0.62 0.382 0.916} 17.0 
108 7.51 0.266 | 43 43 0.19 0.60 | 0.325 1.26 12.0 
109a 130195). 201176 36 36 0.35 0.97 0.095 6.53 16.8 
b 12.53 0.310 ” ” 0.38 1.02 0.097 6.60 16.8 
llla 12.26 0,172. \ere. 34 35 0.35 0.70 0.180 1.947) eeoleD 
b 14.71 0.359 ” 7 0.22 0.38 0.090 1.72910) 1586 
115a 15.55 Dial BOL He Gapae| fy oray 10.95 0.320 1.81 17.5 
le 13865 0.251 ” | ” Ola 0.68 0.330 1.24 17.0 
c 17.46 0.348 ” | ” | 0.27 | 0.65 0.285 1.33 13.5 
/ 0.061 ieee. 96... | 0.53 1.05 0.350 1.48 21.0 
ihe ines 0.103 ” poe 0.36 0.68 0.250 1.28 15.0 
c 14.28 | 0,180 ” mip 0.25 0.67 | 0.252 1.67 20.5 
d 11.20 0.227 ” ” | 0.35 0.62 0.205 1.32 oes 
Ki 14.71 0.265 ” ” 0.37 0.70 0.110 | 3.00 19.2 
F 0.32 0.58 GS bso i ee BBR ype | adel Eo 
: ee tet 39 AA 0:37 |. 0.53 0.145 1.10 9.3 
126a 9.23 0.104 
j ” Or75 le 1230 0.085 6.47 16.5 
b 16.11 0.129 y | 
i 13.67 0.192 ” ” | 0.59 | 1.20 | 0.068 S7o7 | as 
4 12/95 0209 _ | . 0136 1 Peebe20 0.075 11.2 | 15.0 
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Se) ome fre | Oconee | Oats fT eS a | (aS/da), | (dS/da)s 

| in | in in | in in in in 

No in mm in mm | degree degree Kg/mm? | Kg/mm? mm/mm | Kg/mm Kee 

126 ; 15.42 0.244 39 44 0.59 1.20 0.068 | 8.97 Wek) 

f 14.56 0.284 Y 0.49 ey | OLOSe | ele WA) 

g GASPAll 0.305 ” ” 0.40 1.05 0.135 4.82 17.0 

14.89 0.418 ” ” 0257 1.28 0.068 10.82 T5e0 

128a 12.67 0.105 53 58 0.32 0.88 | 0.49 1.14 10.7 

b 12.37 0.134 | ” ” 0.25 | 0.88 | 0.358 1.76 10.5 

iE 11.73 0.155 ” ” O83 } GORTS |" <ONSre 1.38 as 

d 11.05 0.185 ” ” OP22 0.66 | 0.427 1.03 | 110 

e 12.44 0.209 ” ” 0.20 | 0.60 0.485 0.825 MO 

f 15.69 0.344 ” ” 0528 | 0.58 0.296 | Ou LARS: 
130a 2a20 0.204 43 46 0.25 0.58 0.300 1.10 10 

| 10.56 0.270 | » ; 0.31 | 60.74 0.132 | 3.26 riot 

c 15eZ9) Os295) ” y 0.36 | 0.88 0.198 2202 16.0 

136a 12.14 0.087 36 44 0.65 SS 0.00 — Sew 

b 10.46 0.126 ” Y 0.60 — 0.00 —__| 34.2 

Cc Tee 0.193 ” ” OFAa assess 0.00 — 30.3 

glide @ increases and the corresponding 


a face-centred cubic 


in 


Fig. 8. Slip systems 
crystal. 


increased only by the influence of the conju- 
gate slip system, e, as already pointed out by 
Rosi’ in the case of thicker crystals than in 
this investigation. 

The range of easy glide seems also to de- 
pend strongly on the action of the conjugate 
slip system, e, and slightly on b and d 
systems, but not on c-system. 


$5. Effects of Radii of Crystal on 
W ork-Hardening 


Figs. 9, 10 and 11 show stress/strain curves 
of crystals with various radii. The crystal 
orientations of the tensile axes are in the 
vicinity of [011] in Fig. 9, in the vicinity of 
[001] in Fig. 10, and in a direction far from 
any of [001], [011] and [111] in Fig. 11. 

In the case of the crystals oriented in the 
vicinity of [011] direction, the range of easy 


hardening rate in this region (dS/da),; seems 
to be irrespective to the radius of crystal as 
shown in Fig. 12. S,; and S, increase slightly 
with the decreasing radius. 

The situation is not so simple in the case 
of the crystals oriented near [001]. The crys- 
tals 136 and 96, which make angles of about 
1 and 3 degrees with [001] respectively, reveal 
more rapid hardening in thinner crystals 
than in thicker crystals. Meanwhile, in crystals 
making with [001] an angle about 6 degrees 
the hardening rate decreases with the de- 
creasing radius. The increase in the range 
of easy glide is very significant in crystals 
16, 78, 106 and 120, which make with [001] 
angles from 10 to 16 degrees. These results 
indicate that there are strong orientation 
dependence of size effect especially in the 
vicinity of [001]. The effects of radii of cry- 
stals on S,, S,,(dS/da), and (dS/da), are repre- 
sented in Fig. 13. There are only slight 
orientation dependence of Sj, S:, (dS/da),, 
while (dS/da), considerably decreases with 
the decreasing radius. The extrapolated value 
of (dS/da), to the infinitensimal radius, how- 
ever, seems to reach about 1.2 Kg/mm?, which 
is equal to the corresponding value of the 
crystals oriented near [011]. The orientation 
dependence of (dS/da),; may be, therefore, 
recognized more rationally as the orientation 
dependence of the size effect of (dS/da),. 

Fig. 11 shows the stress/strain curves of 
some crystals making a large angle with any 
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Fig. 9. Shear stress/glide curves of crystals having various radii; 
in the vicinity of [011]. 
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Fig. 10. Shear stress/glide curves of crystals having various radii; 
in the vicinity of [001]. 


one of [001], [011], [111]. The hardening rate 
is not a unique function of the crystal radius, 
but these irregular effects seem to be caused 
by difficulty in the measurements, especially, 
in handling of crystals before mounting it. It 
is, however, distinctly shown that the decrease 
of radius results in the increase of range of 
easy glide. 

The range of easy glide has a relation with 
the radius of crystal. In Fig. 14 the range 
of easy glide in logarithmic scale is plotted 
against the radius of crystal for two groups 
of crystals having the orientations shown in 
Figs. 12b and 13a, respectively. Though the 
observed values reveal considerable scattering, Fig. 11. Shear stress/glide curves of crystals 
there is a linear relation between the loga- having various radii; in the vicinity of [459]. 


RESOLVED SHEAR STRESS (tg/mm=) 


GLIDE (%) 


390 


6) 0.2 04 ae 08 1.0 


RADIUS OF CRYSTAL 
a 


(mm) 


Fig. 12. 


H. Suzuk!1, S. IKEDA and S. TAKEUCHI 


(48), OR eae (Kg /anare ) 


+ 


ah 


20 


na 


S 


ts¢) 


) 0.2 04 0.6 08 10 
RADIUS OF CRYSTAL Camm) 


b 


Dependence of Si, S»:, (dS/da), and (dS/da), on radius of 


crystal; in the vicinity of [011]. 


0 0.2 04 0.6 
RADIUS OF CRYSTAL (mm) 


a 


08 1.0 


0 02 a4 06 08 10 
RADIUS OF CRYSTAL (mm) 


b 


Fig. 13. Dependence of Sj, Se, (dS/da); and (dS/da), on radius of 
crystal; in the vicinity of [001]. 


rithms of range of easy glide and radii of 
crystals at least when the radii of crystals 
are less than a certain value depending on 
the crystal orientation. There are, of course, 
some other empirical formulae, which fit in 
the observed values at the same degree of 
scattering with this. This relation, however, 
seems to be the most reasonable according to 
the dislocation theory of deformation. 

Fig. 14 indicates very important fact, that 
is, the range of easy glide reaches to a value 
between 0.4 and 0.8 irrespectively to the 


crystal orientation when the radius of crystal 
decreases to a sufficiently small value. 


§6. Discussion of the Results 


The results described in the forgoing sec- 
tions may be explained from the theory of 
dislocation. The precise treatment of the size 
effect in the deformation of crystals, however, 
requires extensive considerations on the defor- 
mation process of crystals, so only a prelimi- 


nary consideration will be given in this 
section, 
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The relation shown in Fig. 14 may be 
derived as follows. The easy glide may 
correspond to the exhaustion hardening process 
of Frank-Read sources!®, which have existed 
in annealed state. Let us suppose that a 
dislocation can proceed in the crystal freely 
by the distance 7 in average, namely, it meets 
‘with any obstacle P times during the disloca- 
tion sweeps unit area. The shear deformation 
performed by dislocations, which pass through 
the whole cross sections of the crystal, is 
then given by the expression 


S=ns exp (—Pr) 


(1) 


where » is the number of operated Frank- 
Read sources which have existed at the 
annealed state, and S the shear produced by 
the operation of a Frank-Read source. If a 
Frank-Read source multiplies a dislocation in 
every atomic plane?!®2%, and the radius of 
crystal is not too large compared with the 
mean free path of dislocations, Frank-Read 
sources existed at the annealed state must 
consumed when ms reaches to the value b/h. 
Here b is the strength of a dislocation, h is 
the spacing of the two neighbouring atomic 
planes parallel to the slip plane. The shear 
shown in (1), then may be equal to the range 
of easy glide. There is thus a linear relation- 
ship between the logarithm of range of easy 
glide and the radius of crystal. The range of 
easy glide extrapolated to the infinitesimal 
radius will be about 1.2 irrespectively to the 
orientation of the crystal, if Eq. (1) is valid. 
Meanwhile, the corresponding value in Fig. 
14 is 0.4~0.8. This difference may be caused 
from two sources: in the first place the 
hardening in the vicinity of a slip zone is 
neglected, which will forbid the formation of 
another slip zone in contact with the former 
one. In the second place, the easy glide is 
apt to be disturbed by any heterogeneity 
in the crystal, so we have measured rather 
low values than in the ideal case. 

The explanation described above seems to 
be adequate to understand the various kinds 
of stress/strain curves of face-centred cubic 
metals and alloys»). The wide range 
of easy glide in high alloy crystals, especially 
well known in a-brass crystals, may be 
attributed to longer mean free path of dis- 
locations in these alloy crystals than in pure 
metals. Then the situations appeared in thin 
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metal crystals take place in rather thick alloy 
crystals. Actually there are slight size effect 
on the range of easy glide in a@-brass 
crystals”). 

The term, mean free path of dislocations, 
is of course a rude concept, but it may be 
very useful to understand the phenomena of 
work-hardening. The mean free path of dis 
locations may be determined by some factors 
such as the frequency of sessile reaction 
proposed by Lomer®® and Cottrell@?, the 
density of intersecting dislocations etc. as 
already discussed by Mott”, and Seeger® 

The effect of surface film on the range of 
easy glide seems to be exaggerated, for 
example, in the investigation by Andrade and 
Henderson”? on silver crystals. They ignored 
the orientation dependence of work-hardening 
as generally believed at the time of their 
investigation, and compared the work-harden- 
ing of two crystals, the one was annealed in 
argon and immediately examined in argon 
gas without exposing to atmosphere and the 
other was exposed to the air for about two 
hours. The range of easy glide was about 
30 per cent in the former crystal, while it 
was about 8 per cent in the latter crystal. 
The difference of the range of easy glide 
between these two crystals was attributed to 
the existence of oxide layer formed by the 
action of the atmosphere at room temperature 
by Andrade and Henderson, and this inter- 
pretation was accepted in Cottrell’s famous 
book2. This difference, however, can also 
be explained by the orientation effect on work- 
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hardening as already shown in Fig. 5. 

It is interest to compare the results obtained 
here with those by previous investigators. 
Fig. 15 represents stress / strain curves of 
crystals having nearly the same orientation by 
these investigators!)192), There are con- 
siderable scattering in the vicinity of small 
amount of deformation, but the range of easy 
glide changes systematically with the change 
of crystal radii. It must be noted, especially, 
the hardening rate in simple shear experiment 
by Edwards, Washburn and Parker is con- 
siderably greater than the hardening rate in 
tensile test of thin crystals. Edwards et al 
obtained the hardening rate of the order of 4 
Kg/mm/?, which is about three times greater 
than the extrapolated hardening rate to the 
infinitesimal radius. The discrepancy indicates 
that the simple shear experiment is also 
governed by some complex process of dis- 
location reaction in face-centred cubic crystals. 


§7. Summary 


Using many number of copper crystals, the 
orientation dependence of work-hardening and 
the effects of crystal radii on the work-harden- 


ing are observed. The main results are 


H. Suzuxt, S. IKEDA and S. TAKEUCHI 
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summarized as follows. 

(1) The stress/strain curves of copper 
crystals are usually composed of linear parts, 
providing the stress is not too large, correspond- 
ing to the easy glide and rapid hardening 
region, respectively. 

(2) In the case of 1mm radius of crystals, 
there are strong orientation dependence of 
stress/strain curves especially in the range of 
easy glide. The critical shear stress, work- 
hardening rate in the rapid hardening region 
reveals a weak but systematic orientation 
dependence. 

(3) When the radius of crystal decreases, 
the range of easy glide increases considerably. 
The dependence of the range on the radius 
differs between crystals of different orienta- 
tions, but the limitting value éxtrapolated to 
the infinitesimal radius is identically about 
50 per cent in shear for any crystal orienta- 
tion. 

(4) Hardening rate in rapid hardening 
region depends weakly on the radius but the 
hardening rate in easy glide region depends 
strongly on the crystal radius, and reaches to 
1.2 Kg/mm? when the radius decreased to the 


infininitesimal, irrespectively to the crystal 
orientation. 
(5) The size effect of work-hardening 


depends strongly on the crystal orientation in 
the vicinity of [001], but moderately in the 
vicinity of [011]. The behaviour in the vici- 
nity of [111] might be similar to [001], but 
the measurement was not performed on account 
of the difficulty to produce crystals having 
such an orientation. 


The authors wish to express their thanks to 
Professor M. Yamamoto and Mr. J. Watanabe 
for their help in determining crystal orienta- 
tion. 
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On the Metastable Transition and the Crystal Structure of 
Ammonium Nitrate (Tetragonal Modification) 
By Yasuhiro SHINNAKA 
Faculty of Literature and Science, Yamaguchi University 
(Received November 28, 1955) 
Conditions for the appearance of the metastable transition dV)S (1) 
were studied by X-ray method and dilatometer method and it was found 
that when the single crystals of the phase (IV) were formed from the 
aqueous solution at room temperature the metastable transition was 
always observed and that in dry ones it often proceeded as a single 
crystal transformation without any noticeable change in orientation. The 
crystal structure of the phase (II) was determined by using a single 
crystal obtained by the single crystal transformation. It was found that 
tetragonal modification (II) has also CsCl-like structure, and a hindered 
rotation of the nitrate groups was proposed. 
§1. Introduction incomplete: nothing has been determined 


It is known that ammonium nitrate has five 
stable transitions and in some cases a metastable 
transition occurs at ordinary pressure.» 
They are shown in the following table. (Table I, 
and Table I.) 

Among five modifications, information about 
the tetragonal reodification (II) was particularly 


concerning atomic positions along the ¢ axis. 
The reason is that it was very difficult to 
obtain reliable intensity measurements since 
the particle size increased rapidly during 
powder photographing. The author studied the 
metastable transition (IV)-(II) and determined 
the structure of this modification (II) by using 
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Table I. Stable Transition 
Phase Liquid nn (II) (II) (IV) (V) 
Trans, Temp. (GC) 169.5 1A 84.2 32.3 —18 
Crystal System Cub. Tet. Ortho-rhomb. Ortho-rhomb. Hex 


Table II. Metastable Transition. 


Phase 
Trans. Temp. (°C) 


Dy LN) 
~50 


a single crystal obtained by the process of this 
metastable transition (IV)—(II) under certain 
conditions. 


§2. Metastable Transition 


The conditions for the appearance of the 
metastable transition were studied by the 
method of dilatometer; they are related to 
the maximum temperature reached, the time 
of heat treatment and the water content of 
the specimen. 

On the metastable transition (II)—(IV), 
conditions for the appearance of it were 
recently studied also by K. Tanaka and his 
co-worker» and the same results were obtained 
by this experiment. 

On the other hand, on the metastable 
transition (IV)—(ID, it was found that conditions 
for the appearance of it have the same 
tendency as that of the metastable transition 
(II)-(IV). When the phase (IV) was originally 
formed from the phase (III), it was required 
for the appearance of this metastable transition 
that the samples were to be left untouched 
more than one week at room temperature 
(20°C) in wet samples, but in dry ones the 
samples were to be left untouched for several 
months at the same temperature. And when 
the phase (IV) was originally formed directly 
either from the phase (II) by the process of 
metastable transition (I])—(IV), or from the 
aqueous solution at room temperature, the 
metastable transition was always observed, 

The character of the metastable transition 
was investigated by the X-ray method using 
the single crystal of the phase (IV) prepared 
from the aqueous solution at room temperature. 
The metastable transition often proceeded in 
dry samples as a single crystal transformation 
without any noticeable change in orientation, 
and the single crystal was sometimes found to 
be broken even in dry samples by distinct 
recrystallization after the above transforma- 
tion; also in wet samples, it was broken by 


the transformation to stable modification (IID) 
after the metastable transition. 

These phenomena might be explained as 
K. Tanaka® did on the metastable transition 
(D)—-(IV): Nuclei of the phase (III) in the 
phase (IV), still remaining after the transform- 
ation (III)—(IV), were completely destructed by 
leaving untouched at room temperature in a 
long period, and so the phase (IV) changes 
directly to the phase (II) without nucleation 
of the phase (III) in the course of heating. 
The phase (II) has similar structure (CsCl-like 
structure) to the phase (IV) as will be des- 
cribed in the next paragraph. But the phase 
(III) has NiAs-like structure and a larger 
specific volume than those of the phases (IV) 
and (II). Wet specimens are easier to get in 
and out of metastable conditions than dry ones 
are. The action of moisture is now under 
investigation. 


§3. Crystal Structure of the Phase (II) 


Thus the single crystal (II) was obtained by 
the single crystal transfomation (IV)—(II) from 
the single crystal (IV), and it had mosaic 
structure with slight diffuse Laue spots. . As 
the needle axis of the crystal is @ axis, photo- 
graphs were taken with a crystal rotating 
about @ axis with CuKa@ and MoKa radiations 
at 60°C and 100°C. At both temperatures the 
noticeable change was not observed in the 
photographs. In this experiment it was 
observed that several reflection planes have 
different values of intensity from those given 
by S. B. Hendricks and his co-workers». 

The data require a tetragonal unit of 
structure with a@=5.74A, c=4.95A at 60°C, 
containing two molecules. Among possible 
SIX space .roups.(Puy eigen, bees Paaym 
and Cizm) Pyom and Pj2:m seem to be selected 
by the fact that planes of the type (0k 7) with 
odd values of k and (h00) with odd values of 
h are absent. 

The intensities were calculated on the basis 
of the assumed /-curves.»®7) From the 
reflections of (kk0) it was determined that 
the atomic arrangement on (001) corresponds 
to positions x, }+2,w; etc., with «=0.12 for 
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space groups Pyom, and Pyom (see Fig. 1). But 
the atomic arrangements derived from these 
space groups lead to calculated intensities 
entirely out of agreement with the observed 
intensities of planes of type either (007) or 
(Ok2). 

Possible escape from this contradiction might 
be achieved by rotation of nitrate groups, as it 
was considered in cubic modification (I). 
Several modes of randomness in orientations 
of the nitrate groups were tried. When nitrate 
groups are assumed to be rotating in a plane 
of each nitrate group determined from the 
atomic arrangement on (001) mentioned above, 
the calculated intensities were in good agree- 
ment with the observed intensities. However, 
the rotation of the nitrate group in the plane 
is required to be not free, but is almost bound 
in two orientations (in opposite directions) con- 
sidered from the atomic arrangement on (001). 

Atomic positions are approximately as 
follows. 


2NH,; : 0,0,0; 3, 4,0 


Two orientations of nitrate group: 


2NO; 
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O Nitrogen(NO3) 
Oxygen 


oO 


Ammonium 


Higa: 


Projection on (001). 
the true unit and broken line the unimolecular 
pseudocell. 


Full line represents 


Fig. 2. The unimolecular pseudocell resembling 
CsCl, showing proposed rotation of nitrate 
group. 


One nitrate group Other nitrate group 
N 3,0, '4,0,% 0, 4, (0, 4,% 
OW) &135.0/0 3,0, 0 0,4,v 0, 2, 
(2) 4ta,2,0w | |s+e,2,0 B,ite,w ||, 2+2, 0 
t—, %, W 3—2,2,W %,4—2,W £,$F—2, W 
Table II. Calculated intensity: with z=0.12, w=0.53, v=0.75, and w=0.42. 


_ 1=C- [FPA +cos?20)/(sin 20) 
Plane (1) (2) ‘Plane (1) (2) | Plane GD) A) 


(010) a 0(222) v-w 20(332) a 30 
(001) m-s 39000113) m-w 470)(1 14) v-w 20 
(110) m-s 5100 (231) w an oaty 0 
O11) a 0(032) a | a 

Hi 1) v-s 14000(132) w  670\(233) a 1 
(020) v-s 13000(040)) ,.,, 30/(242) 10 
(120) s 2600 (023)} 10(024) w 400 
(021) w  450(140) a 0/(150) a 0 
(002) s 28001123) a 1\(3 41) 2 
(121) m 1500041) w 600051) a 0 
(012) a 011330) w  500(124) a 20 
(112) m  760(141) @ 4 (151) v-w 20 
(220) s  3800(232) a 100043) v-w 0 
vee ‘ 903.409) i Baste a 350 
(022) v-w  70(223)J 1 (333) 140 
(130) a 50033) a 0 (251) 60 
031) a 0(241) a 1,(3 42) 1 
(122) vew 250(004)) ,, 200 (034) 0 
(131) w _—*:100/(0.42)} 50 (152) |.) 100 
(003) a 901(133) w 1801134) J?" 100 
(230) w 740142) @ 1 (243) 7 
(013) @ 014) @ 0 (005) 130 


(1) I (Obs.) (2) I (Cal.) 


The agreement of observed and calculated 
intensities from the atomic positions is shown 
in Tabie III. 

The results mentioned above show that the 
phase (II) has also the CsCl-like structure. 
The unimolecular pseudocell resembling CsCl 
has the same value of c axis as the true unit, 
and each of the a’ axes is half the face dia- 
gonal of the latter (see Fig. 2). Each nitrate 
ion has eight nearest ammonium ions and all 
the nearest NH,—O distances are approximate- 
ly the same (about 3.1 A). From this structure 
it is natural to consider that the nitrate groups 
are in hindered rotation in the phase (II) before 
the free rotation sets in at higher temperatures 
(the phase (I)). 

In conclusion the author wishes to express 
his hearty thanks to Dr. K. Tanaka of Kyoto 
University for many valuable suggestions and 
discussions. He is also grateful to Prof 
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Shimose and Prof. M. Tokuhisa for their 
encouragement throughout this experiment. 
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Electron-Diffraction Study of the Structure of 
Supercooled Liquid Bismuth 


By Mieko TAKAGI 


Physics Department, Tokyo Institute of Technology, 
Oh-Okayama, Meguro, Tokyo 


(Received December 3, 1955) 


Thin bismuth films were prepared on crystal surfaces by evaporation 
and the liquid state of the films at temperatures above and below the 
ordinary melting point (271°C) has been studied by means of the re- 
flexion method of electron diffraction. The marked supercooling of the 
films (M. Takagi: J. Phys. Soc. Japan 9 (1954) 359) has been utilized 
for the study below the melting point. A method to eliminate difficulties 
inherent to the intensity measurement by reflexion method and a method 


to refine the observed intensity values were developed. 

The radial distribution curves at 400°C, 271°C (the melting point), 
175°C, 130°C and 110°C (a little above the solidification temperature) 
were computed from experimental data. The curves showed a systematic 
change with temperature. It was revealed that the atomic arrangement 
at 110°C resembles closely that of solid bismuth. Above the melting 
point a tendency towards close-packed structure was noted. 


§1. Introduction 


The radial distribution function is an im- 
portant characteristic of liquid substances, 
metals and non-metals. From this function, 
direct information on the degree of the short 
range regularity present in atomic arrange- 
ment of liquids can be derived. For instance, 
it has been revealed by the temperature 
dependence of the function that the regularity 
increases as temperature lowers, tending to 
manifest a quasi-crystalline structure. 

There have been reported many studies on 
structure of the liquid phase of metals not 
only by X-ray but recently even by neutron 
diffraction method. Of the studies which treat- 
ed the temperature dependence of the distri- 
bution function, we can mention the work of 


Boyd and Wakeham” on liquid mercury at 
the temperature ranging from —36°C (just 
above the melting point) to 250°C. That the 
melting point of mercury is fairly low 
(—38.9°C) is especially favorable to observe a 
characteristic change in the radial distribution 
function with temperature. However, it has 
been reported that the similar change is not 
appreciable for metals having higher melting 
point. For instance, the structures of liquid 
tin studied by Hendus® by means of X-rays, 
and of liquid lead and bismuth studied by 
Chamberlain® and by Scharrah and Smith® 
by means of neutron diffraction showed no 
remarkable difference with temperature. If 
we can maintain the supercooled state of 
these metals at“ temperatures far below the 
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melting point so that the variation of radial 
distribution curves is studied over much wider 
temperature range including the melting point, 
the temperature effect will appear more dis- 
tinctly. However such a study is very diff- 
cult by X-ray or neutron diffraction method 
because in these methods a mass of metal 
must be used as a sample and the supercooled 
state is hardly maintained for a long period. 

On the other hand, as has been shown by 
the electron diffraction studies by Sayama” 
on tin and the present author® on _ lead, 
bismuth and tin, thin metal films prepared in 
vacuum by evaporation on crystal surfaces 
show a quite marked nature of supercooling. 
For example, the observed solidification temp- 
erature of Bz films, Pd films and Sm films with 
thickness of about 50-A were 124°C, 170°C and 
40°C respectively, while the ordinary melting 
points of these metals are 271°C, 327°C and 
232°C respectively. In my previous paper® 
the phenomenon was explained, with reference 
to Turnbull’s® experiment and his theory, as 
that the evaporated films are made of drop- 
letes whose diameters are so small that each 
of them contains scarcely any accidental 
inclusion which acts as a nucleus of crystal- 
lization. 

The fact that the supercooled liquid state is 
maintained during the period of observation 
means that the electron diffraction method is 
very suitable for the study of liquid states of 
metals over an extended temperature range. 
There are, however, some experimental diffi- 
culties inherent to the reflexion method of 
electron diffraction. In the present paper a 
method to analyse the liquid pattern in re- 
flexion photographs of electron diffraction is 
developed, and the change of the radial 
distribution function of liquid bismuth is 
studied over the temperature range from 400°C 
to 110°C. Since the crystal structure of 
solid bismuth is not of a close-packed type, 
we expected the radial distribution function at 
lower temperatures to show some interesting 
behaviors. 


§2. Experimental 


Bismuth films of about 50 A in mean thick- 
ness were prepared by evaporation in an 
evacuated electron diffraction camera”. The 
base crystals employed were either fresh 
cleavage surfaces of zincblende single crystals 
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or flat natural surfaces of silicon carbide 
single crystals. Oxide films formed on the 
surfaces of silicon carbide were removed be- 
forehand by the following treatment: the 
crystals were boiled in conc. aqueous caustic 
soda, dipped in dilute nitric acid, washed in 
water, dipped in absolute alchol and then 
dried. 

While evaporating bismuth, the base crystal 
was kept at about 400°C so that a bismuth 
film in liquid state was formed on its surface. 
The temperature of the crystal is measured 
by a thermocouple”. After the formation of 


je,» NONE 
Diffraction photographs. 


Fig. 1. 


the film, the temperature of the crystal was 
lowered gradually. The solidification tempera- 
ture of the film was easily determined by 
observing the diffraction pattern on a fluores- 
cent screen because at this temperature the 
pattern changed abruptly from halos to Debye- 
Scherrer rings. The film thus solidified was 
reheated through the melting point up to 400°C, 
and then cooled again gradually. The diffrac- 
tion patterns from the liquid film were taken 
at various temperatures during the second 
course of cooling. The cooling rate near the 
solidification temperature was kept at about 
1°C per minute. As the exposure time needed 
was 1~2 seconds, it was possible to observe 
the state at a temperature within 0.2°C of the 
solidification temperature. 

The camera length was 30cm and the ac- 
celeration voltage of electrons was in general 
about 50kV. The patterns were always 
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| 2 3. 4 5 Si oC. = 
Fig. 2. Observed intensity Joys at 110°C in arbitr- 
ary scale. s=4nrsin@/A, 20 is the scattering 


angle, 4 the wave length. 


Table I. Position of maximum intensity in s 
value. 

Ist. max. subsidiary | 2nd. max. | 3rd. max. 
400°C. —- 2.0 4.2 6.4 
PNAS | PA) 4.1 6.4 
ane | 2X0) | 2.9 Al 62 
L30SC VAR) 4.2 6.5 
MOE} 2.0 2.9 4.0 6.1 


completely free from rings due to oxides of 
Bi. The photographs obtained at 400°C and 
110° (just above the solidification temperature) 
are shown in Fig. 1. 

All the photometry of the halo patterns 
from liquid bismuth was performed along 
radius nearly perpendicular to the shadow edge. 
The obtained microphotometer curves were 
converted into the intensity curves in accor- 
dance with the method of Karle and Karle”. In 
their method, a pair of diffraction photographs 
with different exposure time were taken at 
each temperature concerned. The blackness- 
intensity curve of the photographic film used 
was determined by the photometry of the 
pair of photographs assuming the linearity of 
this curve in the range of weak electron 
intensity. 

An example of the obtained intensity curve, 
Inns is Shown in Fig. 2. In this curve which 
corresponds to the film of liquid bismuth at 
110°C, intensity maxima are observed at about 
2.0 A-1, 4.0 A-! and 6.1 A-1 in s value, where s 
=47 sin 6/2, 26 being the scattering angle and 
A, the wave length. In addition a subsidiary 
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maximum is noted at about 2.9 A-t. This sub- 
sidiary maximum is more conspicuous at lower 
temperatures than at higher temperatures. 
Positions of maxima in the observed liquid 
patterns are summarized in Table I. 

The decrease of Jjvs is approximately in- 
versely proportional to the scattering angle, 
and is not so rapid as expected from the law 
of the inverse fourth power of scattering 
angle. This is because the background in 
Ijvs includes components which depend only a 
little on the scattering angle. The nature of 
the background is discussed in more detail in 
the following section. 


§3. Method of Calculation of Radial 
Distribution Function from Ob- 
served Intensity 


Similarly to the well known procedure in 
X-ray diffraction™, the radial distribution 
function 4z7%0(7) for a monatomic liquid is 
obtained by the following formula: 


Arr o(r) 


=4r77 09+ (72) \ si) sin s7 ds, 
Tw 0 


G3 i Le NG ie 
SummicaS 
f=Z—-F, s=4xsin 6/2 , Ge) 


where oo is the mean density of atoms in the 
liquid, J-o is the intensity of coherent electron 
scattering from the liquid, N is the total 
number of scattering atoms, J. is the intensity 
of the electron wave scattered by a point 
charge +e, Z is the atomic number, F is the 
atom form factor for X-rays and f is the 
atom form factor for electrons. 

We are required to deduce J. from the 
observed total intensity, Jos, which is written 
as 


Loos =ILcocovsy tIoack CZs) 


where Icocovs) is the coherent single scattering 
from the liquid film and Jvack, the general 
background. Since the interference pattern 
proper to the base crystal is mostly covered 
by the liquid pattern, the scattering from the 
base crystal contributes only to the general 
background. Besides, ZJnacx contains the stray 
scattering from slits and residual gases, the 
incoherent scattering from the liquid film, and 
the secondary or multiple scatterings of the 
coherent part from the liquid film. 
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It should be noted that Jgocovsy is not the 
same as J;o in (1) because the scatterings from 
the liquid suffer a intensity modulation due to 
the presence of the surface of the base crys- 
tal, the circumstance which is peculiar to the 
reflexion method in the present study. This 
modulation is due to the absorption of the 
scattered electrons due to the surface, and 
depends upon the topography of the surface, 
the thickness of the film, as well as the kind 
of substance of the base crystal and that of 
the evaporated metal. Let us define for each 
photograph the modulation function 9 as fol- 
lows: 


Ieocons) 

(Va ees 3 

ia (3) 

From (3), (2) is rewritten as 
Lovs=O-Tco+TLovack . (4) 


Ieo can be obtained provided the function @ 
is available and the background term Ivack is 
separable from (4). 

® is, of course, an angle dependent func- 
tion; it depends not only on the scattering 
angle but also on the direction of radius along 
which photometry is performed. It also de- 
pends on the glancing angle of the incident 
electrons to the base crystal. The method 
employed to obtain the function @ and the 
procedure of separation of the fo term were 
as follows. 


a) Experimental Determination of the 
Modulation Function 


To determine the function 9, we assume 
that this function remains unchanged whether 
the film concerned is in liquid state or in 
solid state. This assumption will be reason- 
able provided that the submicroscopic structure 
of the film undergoes no marked change at 
the time of melting or solidification. This can 
be considered to be the case for evaporated 
metal films as thin as 50 A, for the films are 
composed of almost independent colonies. 
Then the function ® for a liquid film is given 
by the ratio of observed to theoretical values 
of the integrated intensities of the Debye- 
Scherrer rings from crystallized state. In 
order to apply this method, it is required that 
the crystalline texture of the solidefied film is 
free from preferred orientation. 

Though the function @ should be obtained 
for the same sample which was used in the 


Structure of Supercooled Liquid Bismuth 


399 


Fig. 3. Modulation function @ obtained from two 
Ag films and a lead film in arbitrary scale. An 
arrow in the fig. indicates the position of shadow 
edge in diffraction patterns. 


study of liquid, it was impossible unfortunately 
for evaporated Bz film because of a preferred 
orientation of crystallites. We were there- 
fore obliged to apply an approximate procedure 
in the following way. 

We prepared orientationless films of silver 
or lead metal, instead of bismuth, on base 
crystals of zincblende or silicon carbide, which 
were similar in size and in nature of the sur- 
face to the base crystals used for the study 
of liquid. The orientationless silver films 
were prepared by evaporating Agl on the base 
kept at about 450°C (Silver is formed as the 
result of decomposition of AgI.). The orien- 
tationless lead film was prepared by evapora- 
ting lead on the base crystal at room 
temperature. The diffraction patterns from 
these films were taken with glancing angles 
of incident beams approximately equal to the 
angles adopted in the study of the liquid 
bismuth. The modulation functions for these 
samples were obtained as the ratios of the 
observed values to the theoretical ones of the 
integrated intensities of the diffraction rings. 

Some of the earlier experiments have shown 
that the intensities of the Debye-Scherrer rings 
from certain metal films of about 50 A in 
mean thickness or in grain size can be 
estimated in accordance with the kinematical 
theory!»!, while other experiments have 
shown that the intensity of (111) and (200) 
rings from similar metal films deviates about 
10%* from the kinematical value!#), Since 
both the grain size estimated from the half 


* The value 10% was estimated making allowance 
for different values of the mean thickness, grain 
size and energy of electrons in different experi- 
ments. 


\ 
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Fig. 4. The experimental procedure to deduce JI¢o 
and NI,|f|?. 

a. Full line shows the intensity curve of Debye- 
Scherrer ring from solid Bt. The broken 
line shows the background LO 

b. Full line shows the total intensity of liquid 
halo Joys, and the broken line shows || f|?+ 
Cops, a and & were determined so as to 
make the broken line agrees with the full line 
at large value of s. 


Fig. 5. 7@(s) curve at 110°C. 


breadth of the diffraction rings and the mean 
thickness of silver and lead films used in the 
present study were about 50A, there is a 
possibility that the Debye-Scherrer rings from 
these films contain the dynamical effect. How- 
ever, for simplicity, we have neglected the 
dynamical effect. Also, the Debye temperature 
factor was neglected. The influence of the 
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approximate estimation of ring intensities on 
the final result of the present study will be 
discussed in § 5. 

Similarly to the case of the halo: patterns 
from liquid bismuth, the photometry of the 
ring patterns to determine the function @ was 
performed along radius nearly perpendicular 
to the shadow edge. Fig. 3 shows the function 
® obtained from two Ag films made on zinc- 
blende and a Pb film made on silicon carbide. 
We can see in Fig. 3 that the observational 
points in the three cases lie approximately on 
a commom curve irrespective of the kinds of 
evaporated metals and of base crystals. Con- 
sidering this fact together with the fact that 
the size of colonies in the films of silver, lead 
and bismuth are similar (about 50 A), and that 
the atomic numbers of lead (Z=84) and bis- 
muth (Z=83) are near, it is most probable 
that the modulation function for bismuth films 
will not be so different from the average 
curve given in Fig. 3. We, therefore, adopted 
this curve for the modulation function for 
the bismuth films. 


b) Separation of Jo 


Though the theoretical estimation of back- 
ground Dyacz in (4) is most difficult, Mace can 
be separated from Ibs when we assume: 

(i) For one sample the dependence of Dvacx 
on scattering angle is the same independent 
of the state of the film, liquid and solid. 

(ii) Jo is proportional to the square of the 
atomic scattering factor f for sufficiently large 
value of s. 

Let us denote the background intensity in 
the Debye-Scherrer ring pattern from a soli- 


dified film as 73°%¢. Then, from the assump- 


tion (i) the background in the liquid halo 
pattern is. 


Doack=a- Fyoun > 


(5) 
where @ is a certain constant which depends 
on the ratio of the effective exposure time for 
the photograph from the liquid state to that 
for the photograph from the solid state. 


Then, we have 

Dors=9-Too ta: Tia . (6) 

Next, by the assumption (ii) and from (6) we 
have 

Tons=0-b| f |? +a- Forts 


back ? 


(7) 


in the range where s is sufficiently large. 6b 
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is again a certain proportional constant. Nk 
| f |? in (1) is given by 
b| f |? =NE|S |? . (8) 


The experimental procedure to deduce fo 
and NI.|f|? in (1) is as follows. The 
constant @ and b are determined so that the 
experimental curves Jone and Fe (Fig. 4a), 
both of which are given in arbitrary scale, 
fulfil the relation (7) in the range where s is 
large (Fig. 4b). Then from (6) and (8), fo 
and NI.|f|2 can be determined, from which 
ws) in (1) is obtained. An example of <s) 
curve is showed in Fig. 5. 


§4. Refinement of the Radial Distribution 
Curve 


The errors of the radial distribution func- 
tion calculated by the relation (1) may be 
mainly due to the error of Zo, hence of <(s), 
and to the termination effect. 


a) Refinement of the Intensity Curve [o. 

The inaccuracy of J. may be mainly caused 
by the inaccurate determination of the curve 
Toack and that of the modulation function 9. 
As described in the previous section, we have 
utilized E%% to deduce Ivack. Actually, how- 
ever, the Debye-Scherrer rings from solid Bz 
films were so broad that determination of the 
curve J is not free from arbitrariness. As 
Tock amounts to a relatively large part in the 
total intensity Joos, the error of Zvacx due to 
the error of I influence sensitively the 
final values of the radial distribution function. 
In order to minimize the above error, the 
Toack Curve was corrected in the following 
way. 

In electron diffraction studies of structure of 
gas molecules, the background intensity curve 
has been refined to conform to the criterion 
that there should be no negative value of the 
atomic density for all value of the distance 
75), In the case of liquid, the same criterion 
is not effective to make refinement of the 
result because the atomic distribution density 
of liquid fluctuates around the mean density 
Arvo which possesses an appreciable positive 
value except for a range of small 7. In the 
present study, therefore, the refinement of 
the curve Isack, or that of the curve T.o was 
made by imposing a more severe condition as 
follows: the atomic distribution function must 
be zero for r which is smaller than the atomic 
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U(r) 


method of 


Fig. 6. Experimental 
intensity curve. 
a. Uncorrected u(r) curve at 271°C. Broken 
line shows the theoretical value —2n?7rpo. 
b. Value of sin s.™®xr and of sin $;™8*7. 
c. The w(r) curve calculated with improved 


1(s). 


refining the 


diameter d. From (1) the condition requires, 
uir)=\ ‘sits sin vs ds=—2z27vo) for r<d. 
0 


(9) 
The experimental method of refining the 
intensity curve is explained below with an 
example. 

Fig. 6a shows the function u(7) calculated 
by using an uncorrected intensity curve 
measured on a pattern from a liquid Bi film 
at 271°C. The broken line drawn in the range 
of small 7 represents the theoretical value 
—272rp). A ripple having two prominent 
peaks in this range is gohst peaks which 
should be extinguished by the appropriate 
correction of the intensity curves Zo or Tock. 
The method of correction is generally trial 
and error guided by the following principle. 

Let us denote the s-values at maxima and 
at minima of a 2(s) curve by G1 Mt®, SyMA®,- 2 
Andes Sa Since the contribution of 
these values amounts to a large value in the 
integral (9), errors of maximum and minimum 
values have an important influence on the 
results. If, for instance, one of maxima say 
at s=sim, is too low or too high compared 
with the correct value of <(s), a ripple with 
the period 2z/si"“* may appear in the calcu- 
lated u(r) curve. This may be noticed most 
distinctly in the range r<d. The same is 
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true of s;”“. Therefore, it may be said that 
the ripple appearing in Fig. 6a was caused by 
a too low estimation of the value of the second 
maximum at s,”¢* in the Zo or zs) curves. 
This circumstance is seen clearly from the 
comparison of Fig. 6a with Fig. 6b showing 
sin s,””r and sin s,;”**7 respectively. In order 
to approach the condition (9) more, the second 
peak of J, must be lowered and accordingly 
the background Joacx must be corrected: to a 
little higher value in the range near s=s,2, 
By repeating this process we can obtain the 
a(s) curve improved throughout. the whole 
range of s. The zu(v) curve calculated with 
the improved z(s) is showh in Fig. 6c, in which 
we can see that the ripple has almost dis- 
appeared. 

The radial distribution function shown in 
Fig. 7 (§ 5) are calculated with the intensity 
curves refined by the above procedure. 

We have no systematic method to elliminate 
the error which might come from inaccuracy 
of. the modulation function, in particular 
when liquid bismuth is dealt with. Also the 
influence of the error accompanying the photo- 
metry may not be negligible. However, we 
can say that the above procedure of refining 
the intensity curve simultaneously mitigates 
effect of the errors due to these sources to 
some extent, though not satisfactorily. 


b) Termination effect 

The upper limit of the s-value adopted in 
the present study is s=8, as the magnitude 
of z(s) falls to the order of experimental error 
for larger values of s. For the purpose of 
testing whether or not the termination of the 
integral in (1) at s=8 gives rise to spurious 
maxima or minima in the calculated distribu- 
tion curves, we computed the integral by 
using z(s) multiplied by a damping factor™® exp 
(—as*). By means of the convolution theo- 
rem such an integral is related to o(7) as 
follows: 


[ens*si exp (—as?)ds= [1/2(za)!/2] 


x ie 2n°#[o(t)—po] exp [—(r—2)2/4a]dz. 


(10) 
In order to keep the half breadth! of exp[—(7 
—t)?/4a] small enough compared with those of 
peaks present in the radial distribution func- 
tion, the value adopted for the constant a was 
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a=0.0145 A, thence exp(—as?)~1/2.5 at s=8. 

The calculations carried out on a few 
selected examples showed that the radial 
distribution curves remain almost unchanged. 
From this evidence we can conclude that the 
termination effect is small and does not give 
rise to any extra peaks. 

That the effect of the termination is negli- 
gible can be endorsed also from the following 
consideration. Since the density function 0(7) 
for monatomic liquid distributes over a wider 
range of 7 and since it contains broader peaks 
compared with the density function of gas 
molecules, the intensity function z(s) of liquid 
(being the Fourier transform of o(7)— 0) must 
damp with s more rapidly than the intensity 
function of gas molecules. This explains why 
the termination effect is less important for 
monatomic liquid than for gas molecules. 


§5. Result and Discussion 


By using improved values of 2(s), the integ- 
ral in (1) up to s=8 was calculated with the 
aid of punched cards and a Remington Band 
machine. For z(s) in the range from s=0 to 
s=1.3 the extrapolated value was used. Fig. 
7 shows the obtained radial distribution func- 
tions 4z7’o(r) for bismuth films of about 50 A 
in mean thickness at 400°C, 271°C (the ordi- 
nary melting point), 175°C, 130°C and 110°C 
(a little above the solidification temperature 
of the film). 

In Fig. 8 our distribution curve at 271°C is 
compared with the curve at 310°C obtained 
by neutron diffraction by Chamberlain®), 
Though the temperatures are different, the 
change in atomic distribution in liquid above 
the melting point is negligible for such a 
small temperature difference. The similarity 
in both curves and the systematic change of 
the radial distribution curves with tempera- 
tures support the validity of our result in spite 
of difficulties accompanying the electron dif- 
fraction method as mentioned in § 3. 

Moreover, we can show that the influence 
of systematic errors of the modulation function 
(§ 3a) on the final result is not so important. 
Let us denote the correct modulation function 
for the film concerned by @’. @’ will be re- 
lated to ® used in the present calculation as 
&’=m(s)-0, where m(s) is a monotoneus 
function. The difference between @ and ’ 
mainly results from the neglect of the dyna- 
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4xr®P (1) 400°c a 
20 Ae. 9) 
10 Vesiker 
O for 400°%c 1302650 
O for 271°c toa e 
O for 175° 
O for 130° 
° 
O tor |10°%c 3 ‘ 
solid Bi | 
6 
simple cubic | | | g 
is 1 
\2 6 24 12 
close-packed | ‘fi ifAesi h 
O 2 4 6 8 10 
r in A 
Fig. 7. a~e. Obtained radial distribution function 4x720(7) at 400°C, 


971°C, 175°C, 130°C and 110°C. 
f. Atomic shells in solid B;. 


g. Atomic shells in simple cubic structure. 
h. Atomic shells in close-packed structure. 


mical effect which is negligible at large s- 
values and is conspicuous at small s-values. 
The deviation of intensity at the position of 
(111) rings from films of metals such as silver 
or lead is at most about 10% as was described 
in §3 a. Therefore m(s) is approximately 
equal to unity but increases slightly as s-value 
decreases and may attain to a value~1.1 at 
s=2 (the position of (111) ring). The correct 
value of z(s) for the film, which we denote 
here by 7(s), is related to i(s) as 2’(s)~as) 
/m(s). Thus the integral in (1) for the film 


should be [sv sin vs ds, while in the present 


calculation the integral [sits sin 7s ds, or 


[s<s)on sin vs ds, has been used instead. 


According to the convolution theorem, this 
integral can be written as the convolution of 
the Fourier inversion of sz’(s) and of m(s). 
Because of the monotonous nature of m(s) as 
mentioned above, the Fourier inversion of m 
(s) will have a dominant peak only at the 
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Table II. Position of peaks in the radial distribu- 
tion curves and the number of atoms (shown in 
parenthesis) under each peak. 


position of peaks and the number of atoms 
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400°C) 3.6 A (8) BLOLA. We cee 
271°C118.3 A (8) 4.8A 6.5A 
175°C, BSA 6) 44 A56)  522A,(8), &6.44 
180° C1833 ANG), 4,3°A6), 1 5.2.8.0) Jer 
110°C| 3-34 (6) 4.54 (10) 5.6A(8) 65A 


4nr®P(r) 


20 


ie) Ge 4 8 10 


7 ° 
rin A 


Fig. 8. Comparison of a obtained distribution 
function with that from other experiment. Full 
line shows the distribution curve at 271°C in 
this experiment, and broken line shows that at 
310°C with neutrons by Chamberlain. 


origin and no other serious ripples at larger 

distances’, thus the integral | sz’(s)m(s)sinrsds 

will differ not greatly from the integral 
sz’(s) sin rs ds. 


The distribution curves can be divided into 
peaks as are shown by broken lines in Fig. 7. 
Numerals inscribed are the number of atoms 
under the peak concerned. The positions of 
the peaks and the number of atoms under each 
peak are summarised in Table II. 

Solid bismuth has the rhombohedral struc- 
ture with the cell dimension a=4.736 A, a 
=57°14.5’, containing two atoms in the _posi- 
tion uuu; uuu, where u=0.237. This structure 
is a sort of distorted simple cubic structure; 
when a=60° and w=0.25, it is a simple cubic 
structure. The distribution of atomic shells 
in solid bismuth and that in a fictitious 
structure which is a simple cubic arrangement 
of atoms with the same atomic volume as 
bismuth are shown in Fig. 7f and 7g, respec- 
tively. The distribution of the fictitious close- 
packed structure of atoms with the same 
atomic volume is also shown in Fig. 7h. The 
feature of the radial distribution curves at 
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each temperature are described below in de- 
tail. 


Supercooled state 


i) 110°C (0.2°C above the solidification 
temperature) (Fig. 7e). Four peaks are observ- 
ed at 3.3 A, 4.54,5.5A and6.5 A. The number 
of atoms under the first, second and third 
peaks are 6, 10 and 8, respectively. At this 
temperature, both the position and the number 
of atoms under each peak are almost the 
same as those in the structure of solid bismuth 
(Fig. 7f) or in the above mentioned simple 
cubic structure (Fig. 7g). 

ii) 130°C and 175°C (Fig. 7d and 7c). The 
positions of peaks are at about 3.3A, 4.44, 
5.2 A and 6.5A. The number of atoms under 
the first, second and third peaks are 6,6 and 
8 respectively. The second and the third 
peaks at 130°C and 175°C are nearer the 
origin than the corresponding peaks at 
110°C. The three curves at 110°C, 130°C and 
175°C show that the sharpness of the peaks, 
hence the deviation from the mean atomic 
distribution 47729) is more conspicuous at 
lower temperatures. 


Above the melting point 


271°C and 400°C (Fig. 7b and 7a). The posi- 
tion of peaks at 271°C are 3.3A,4.8A and 
6.5 A, and those at 400°C are 3.6A, 5.04 and 
7A. The number of atoms under the first 
peak at these temperatures is about 8. The 
second peak corresponds to the unified peak 
of the second and the third peaks observed at 
110°C, 130°, andelia7G: 

From the above result we can see that 
the nature of homopolar binding persists in 
the liquid state of bismuth. The fact that 
the number of atoms under the first peak 
is 6 in the supercooled state indicates that 
the shell structure in this state is almost 
the same as that of solid. At 110°C, not only 
the first but the second and the third peaks 
are also related to the corresponding atomic 
shells in the solid structure. At the melting 
point the number of atoms under the first 
peak increases from 6 to 8 and the position 
of the peak shifts outwards slightly. The 
positions of the first and the second peaks 
above the melting point tend to the positions 
for the fictitious close-packed structure (Fig. 
7h), suggesting a tendency towards the close- 
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packed structure. 

For mercury, Harasima!”) showed as an 
application of his theory that the peak value 
of the first maximum is inversely proportional 
to V T, where T is absolute temperature. 
The same trend is observed in the present 
experiment in the supercooled state. In Table 
III the maximum value of the first peak 477? 
O7)mar and also 427?0(7)maz-V T are tabulated. 
We can see in it that the latter value remains 
almost unchanged for the supercooled state. 


Table III. 
| 4rr?0(7) max 4n70(1) max? VT 
MADE, 7.4 16x10 
TS02G 8.0 16 x 10 
LIO8C | Sau, 17 x 10 


The result of the present study shows that 
the application of the electron diffraction 
method is quite useful for study of the liquid 
state of metals. The merits exclusive to this 
method are the feasibility of treating the 
supercooled state over a wide temperature 
range. On the other hand, the most important 
weakpoint of this method is found in inevit- 
able limit in the accuracy of the intensity 
measurement. The accuracy of the photomet- 
ric or Geiger counter determination of the 
intensity of X-ray pattern is superior to the 
photometric determination of the intensity of 
electron diffraction pattern, mainly because 
of higher background and of larger intensity 
range in the electron diffraction pattern com- 
pared with those in the X-ray patterns. 
This defect in electron diffraction method can 
be lessened to some extent with the use of 
rotating sectors which have been applied in 
the study of gas molecules. It will be interes- 
ting to extend the present study to other kind 
of metals with such an improved method of 
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intensity measurement. 


In concluding the present article the author 
wished to express her sincere thanks to Prof. 
S. Miyake for his kind advices throughout this 
work and also to Prof. A. Harasima and to 
Mr. S. Takagi for discussing this paper with 
me. The author’s thanks are also due to 
Prof. Y. Morino for allowing me to use 
punched cards and to Mr. K. Kuchizu and 
Mr. E. Hirota for their advices and _ for 
laborious work in computing integral in the 
formula (1) with punched cards and machines. 
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We have done a new arrangement which allows us to bomb a sample 


with ions and at the same time examine its structure. 


In these conditions 


we obtain a progressive scouring of the superficial coats; electron dif- 
fraction gives information about the structure so laid bare. 

In this paper we first describe the experimental method and give an 
example referring to the study of the gold coats laid down on different 


props. 


between the prop and the metal laid down in various conditions. 


So it’s possible to study continuously the relations of epitaxy 


Then 


we point out the limits of that method and the causes of error. 


Si. 


On sait que l’impact d’un faisceau d’ions 
positifs sur une cible métallique peut provoquer 
Varrachement de particules du métal; c’est le 
principe méme de la pulvérisation cathodique, 
qui a été utilisé par divers auteurs pour 
Vattaque ou l’amincissement des préparations 
destinées a la Microscopie électronique 
(HEINDENREICHY, CASTAING et LABO- 
RIE»). Récemment FERT® a montré qu’en 
utilisant un “canon a ions” approprié, il était 
possible de bombarder un échantillon en cours 
d’observation en microscopie ou diffraction 
électronique, et d’explorer ainsi la structure 
de l’échantillon en fonction de la profondeur, 
par arrachement des couches successives de 
la surface. 

Les observations de FERT laissent entrevoir 
un champ d’applications considérable pour 
lVétude des structures superficielles et des 
phénoménes d’épitaxie, sous la condition 
formelle que l’action du faisceau d’ions ne 
donne pas lieu a des phénoménes parasites 
(contamination, action chimique, échauffement 
etc.). Or, nous avons montré que ces actions 
pouvaient parfois étre importantes et qu’il 
était donc nécessaire de bien préciser les 
limites et les possibilités de la méthode de 
bombardment ionique associée a la diffraction 
électronique (J. J. TRILLAT). 


Introduction 


Le but du présent travail est précisément 
d’étudier en détail une application du décapage 
ionique dans un cas caractéristique, celui d’un 
dépot métallique orienté par son support. 
Pour cela, nous avons choisi un métal non 
oxydable et chimiquement inerte, l’or, et des 
supports variés, cristallisés ou amorphes. De 
plus, nous avons cherché, a cette occasion, a 
perfectionner la technique et a l’appliquer non 
seulement aux’ examens par réflexion, mais 
aussi aux examens par transmission. 

§2. Méthode Expérimentale 

Le schéma du canon a ions que nous avons 
utilisé est représenté sur la figure I; cet 
appareil, construit dans notre laboratoire par 
H. GERVAIS, permet de réaliser lionisation 
d’une petite quantité d’air ou de gaz raréfié 
(argon, azote, etc.) entre une anode pouvant 
étre portée jusqu’a 27 Kilovolts et une cathode 
mise au sol et servant de diaphragme. 

L’isolement électrique est assuré par un 
double manchon en verre Pyrex. Les parties 
métalliques sont en lation recouvert d’une 
couche de nickel; le diaphragme de sortie 
(cathode) est constitué d’une pastille d’alumi- 
nium ou de molybdéne percée d’un trou. (Fig. 
2) 

L’alimentation haute tension continue est 
fournie par un générateur du type employé en 
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Télévision, mais modifié pour permettre* de 
disposer a la sortie d’une tension variable a 
volonté entre 2 et 27 Kilovolts; le débit total 
dans le circuit est de l’ordre de 200 vA; il est 
fonction de la quantité de gaz admise dans le 
canon, qui est elle-méme réglée au moyen 
d’une soupape du type Induni, utilisée dans 
le diffractographe électronique Trib-Tauber. 
Dans les conditions usuelles, en employant 
pour le vide la pompe moléculaire Holweck 
qui équipe ce diffractographe, (4 a 5 litres/sec), 
on obtient un vide de l’ordre de 10-* m/m Hg, 
qui peut étre abaissé a 3.10°*m/mHg par 
Vemploi d’une pompe a débit plus élevé (120 
litres/sec.). 

La mise au point et les perfectionnements 
apportés au canon ont eu pour but essentiel 
déviter ou d’atténuer un certain nombre 
d’inconvénients, portant en particulier”, sur 
la stabilité de fonctionnement”, sur la con- 
tamination des échantillons sous l’action des 
ions, 3) sur la formation d’un cratére au point 
d’impact du faisceau ionique, 4) sur l’échauffe- 
ment de la préparation. 

1) La stabilité de fonctionnement est avant 
tout fonction des caractéristiques géométriques 
des diverses piéces constituant le canon 4a ions, 
et en particulier des dimensions du diaphragme 
de sortie. Ces dimensions ont dt étre déter- 
minées par des tatonnements successifs; pour 
le diaphragme, les meilleurs résultats ont été 
obtenus avec un canal de sortie de 1m/m de 
diamétre et 1m/m, 5 de longueur. Le fonc- 
tionnement de l’appareil est trés stable entre 
2 et 27 Kilovolts. 

2) La contamination des échantillons ap- 
portée par le faisceau ionique est bien connue 
et a été signalée par CASTAING et DES- 
CAMPS” a propos du microanalyseur a sonde 
électronique. L’un de nous a montré an- 
térieurement qu’elle se produit également sous 
l’action d’un faisceau d’électrons  rapides 
(TRILLAT et MERIGOUX)® et qu’elle est dtie 
alors A un dépdt de carbone provenant de la 
décomposition des traces de vapeurs hydro- 
carbonées présentes dans le diffractographe. 
Dans le cas du canon a ions, nous avons été 
amenés a remplacer les parties en plexiglass 
par du verre et a supprimer les joints de 
caoutchouc susceptibles de s’échauffer; la con- 
tamination est ainsi fortement diminuée et 
devient méme négligeable grace au _perfec- 
tionnement indiqué dans le paragraphe suivant. 


ie ffe | 
lcoupeCD 


U 


Canon a ions 
seer 


Fig. 1. Schéma du canon a ions. A,B,C, dis- 
positif d’oscillation. 


= 

Fig. 2. Réalisation et montage du canon 4 ions, 
avec dispositif d’oscillation, sur un diffracto- 
graphe électronique Trtib Tauber. 


Reflexion 


Fig. 3. Balayage ionique et diffraction élec- 
tronique par réflexion. 
© électrons @) ions positifs 
1. direction du faisceau d’électrons primaire. 
2. direction du faisceau d’électrons non dif- 


fracté. 
3. direction d’un faisceau électronique diffracté. 


4. faisceau d’ions oscillant. 

5. Préparation par réflexion, avec le canal 
creusé par le balayage ionique. 

6. Canons 4a ions. 


3) La formation d'un cratére au _ point 
d’impact du faisceau d’ions sur la préparation 
s’observe trés rapidement lorsque le faisceau 
ionique et |’échantillon sont immobiles. Le 
faisceau d’électrons qui, dans la méthode par 
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Trace du faisceau d’ions sur un cristal 
NaCl recouvert d’une mince couche d’or. 

La région balayée par le faisceau apparait en 
blanc sur la photographie. 


Fig. 4. 


Transmission 


Rica 5s ionique et diffraction 


lectronique par transmission. 
. faisceau électronique primaire. 
faisceau électronique non diffracté. 


g Bombardement 

é 

1 

2. 

3. faisceaux électroniques diffractés. 
4 

5 

6 


Direction du faisceau d’ions. 
préparation. 

= Ganon) ai dons: 

7. plaque photographique. 


réflexion, est sensiblement paralléle a la sur- 
face de l’échantillon et perpendiculaire a la 
direction des ions, cesse donc bientdt d’y 
pénétrer, et toute observation par diffraction 
devient impossible. Si en outre il s’est formé 
un dép6t de contamination tout autour du 
cratére, la faisceau électronique rencontre ces 
parties contaminées et le diagramme de dif- 
fraction devient celui de l’impureté. Pour 
remédier a cet inconvénient, nous avons 
réalisé un systéme de balayage de la surface 
Suivant une direction qui conincide avec celle 
du faisceau (Fig. 3); ce balayage est réalisé 
mécaniquement, avec l’amplitude et la vitesse 
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désirées, par l’emploi d’une came en coeur 
venant déformer un tube flexible étanche au 
vide et portant a son intérieur le dispositif de 
production d’ions. Le décapage ionique creuse 
dans ces conditions un fin canal dans lequel 
le faisceau d’électrons peut toujours pénétrer 
et se diffracter (Fig. 3). Le tube flexible est 
muni de vis de réglage qui permettent de 
pointer le canon et d’amener exactement la 
trajectoire des ions 4 rencontrer le faisceau 
d’électrons. 

La figure 4 montre la trace du décapage 
ionique obtenu avec ce dispositif oscillant pour 
un dépdt d’or sur une lame de verre; l’é- 
chantillon est décapé sur toute sa hauteur (5 
mm), sur une largeur d’environ 1mm. 

Les principaux avantages de ce systéme de 
balayage sont la suppression du cratére et 
donc la possibilité d’examiner la surface d’une 
préparation sur une profondeur notable (quel- 
ques microns au moins), la suppression du 
dépét de contamination le long du trajet des 
électrons et enfin la réduction de 1’échauffe- 
ment superficiel. 


4) L’échauffement de la préparation, si le 
faisceau ionique est immobile, est en effet 
notable, surtout si l’énergie des ions est grande 
(au-dessus de 20 KV). En recevant un faisceau 
dions de 20KV (débit total 200A) sur 
la soudure d’un couple thermoélectrique dis- 
posé au foyer d’un paraboloide en platine, 
nous avons trouvé, a l’équilibre, une tempér- 
ature de l’ordre de 200°C. Cette température 
varie naturellement avec le débit des ions, la 
tension d’accélération, la nature et les dimen- 
sions de la cible; elle peut étre localement 
encore plus élevée. Or, a une telle tempér- 
ature, des métaux oxydables comme le fer, le 
nickel, le cobalt, etc. peuvent déja subir une 
légére oxydation superficielle grace A la 
présence de l’oxygéne résiduel, comme nous 
avons montré antérieurement (J. J. 
TRILLAT)®. C’est d’ailleurs la raison qui 
nous a fait choisir l’or dans cette étude, de 
facon a éliminer cette cause d’erreur. 

Le dispositif de balayage provoquant un 
changement incessant du_ point d’impact, 
permet de réduire considérablement |’effet 


thermique, comme on peut le vérifier au 
thermocouple. 


Méthode par transmission. 


Nous avons pu également adapter la techni- 
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que du bombardement ionique aux examens 
par transmission. Pour cela, la préparation, 
d’une épaisseur de l’ordre de 100 a 500 A, est 
disposée a 45° du faisceau d’électrons et du 
faisceau d’ions (Fig. 5); le faisceau d’ions la 
traverse au méme point que le faisceau 
d’électrons et s’y diffracte. Les préparations 
résistent bien en général a l’action du faisceau 
ionique et, malgré la diminution progressive 
d’épaisseur, permettent un examen _ prolongé; 
cette technique est a rapprocher par certains 
coétés de celle décrite par CASTAING et 
LABORIE» pour l’examen des métaux au 
microscape électronique. 


La méthode du bombardement ionique ainsi 
améliorée nous a donné des résultats intéres- 
sants dans de nombreux cas et elle peut étre 
généralisée pour l’étude d’un grand nombre 
de problémes de structures superficielles. 
Nous |’avons appliquée ici a l’examen de la 
structure des couches d’or déposées par 
évaporation thermique sur différents supports. 


§3. Etude des Couches d’Or Déposées sur 
Différents Supports 


Des couches d’or d’une épaisseur de 2.000 A 
sont déposées, par évaporation thermique dans 
un vide de 10-‘mm Hg, soit sur des supports 
amorphes (lames de verre ou de plexiglass), 
soit sur des supports parfaitement cristallisés 
(plan de clivage (001) d’un cristal de NaCl). 

Le dépét est effectué de deux fac¢ons dif- 
férentes suivant que les supports sont main- 
tenus a la température de 20°C ou au con- 
traire chauffés A une température de 400° a 
450°C. Selon les cas, la méthode du décapage 
ionique conduit comme nous verrons, a des 
résultats différents. (J. J. TRILLAT, N. 
TERAO, L. TERTIAN et H. GERVAIS)®. 

Nous donnerons d’abord les résultats expéri- 
mentaux que nous discuterons ensuite. 
Dépots sur supports froids (AOC). 

Si l’on examine des couches d’or de 2000 A 
d’épaisseur, le diagramme initial obtenu avant 
bombardement ionique est toujours un dia- 
gramme de Debye-Scherrer (Fig. 6), indiquant 
une structure microcristalline désordonnée de 
la surface métallique. 

En bombardant le dépdot par le faisceau 
d’ions, avec le dispositif de balayage, on cone 
state l’apparition rapide d’une structure 
fibreuse (Fig. 7) qui se précise aprés quelques 
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Fig. 6. Couche d’or de 2000 A déposée sur NaCl 
froid, examinée par réflexion avant le bombarde- 
ment ionique. 


Fig. 7. Méme préparation que sur figure 6, aprés 
quelques minutes de bombardement ionique (Au 
orienté). 


_ pase _— 
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Fig. 8. Schéma correspondant a la figure 7. 


minutes d’attaque. La disposition GeESmaKcss 
dont les indices sont donnés sur la figure 8, 
correspond a une orientation privilégiée des 
microcristaux d’or autour d’un axe [110] per- 
pendiculaire a la surface et a son support. 
Cette orientation est la méme sur support 
amorphe (verre) ou unicristallin (NaCl). En 
continuant l’attaque ionique, le diagramme 
dor fibreux s’affaiblit progressivement a 
mesure que l’épaisseur du métal diminue et 
finit par disparaitre. 

Si le support est amorphe (verre), on observe 
alors quelques halos diffus dis au verre. La 
figure 4 montre l’aspect macroscopique de la 
préparation, sur laquelle le faisceau d’ions a 
marqué sa trace aprés avoir arraché tout le 
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Fig. 9. Méme préparation que sur figure 6, aprés 
décapage ionique plus long (Au+ NaCl). 


Fig. 10. 
aprés décapage ionique prolongé (NaCl). = - 


Méme préparation que sur figure 6, 


Fig. 11. Couche déposée sur NaCl chaud, aprés 
quelques minutes de bombardement  ionique- 
structure monocristalline Au. 

° ° ° 
620 600 620 
fo) fo) ° ° ° 
940 420 400 420 $40 
° ° ° ° ° 
240 220 200 220 240 
Vis, Ee YY Y 
Au 
Fig. 12. Schéma correspondant 4 la figure 11. 


métal déposé. 

Si le support est unicristallin (NaCl), il 
arrive un moment ot la couche d’or étant 
fortement amincie laisse pénétrer les électrons 
jusqu’a la surface du cristal de NaCl. Le 
diagramme de taches de ce dernier commence 
alors a apparaitre et se superpose aux arcs de 
lor (Fig. 9), pour bient6t subsister seul lorsque 
tout l’or a été enlevé par le décapage ionique 
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Fig. 13. Méme préparation que sur figure 11, 
mais aprés bombardement ionique plus long. 
(Au + NaCl). 
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Fig. 14. Schéma correspondant 4 la figure 13. 


(Fig. 10). 


Depots sur supports chauds (400°C). 

Dans ces expériences, le dépét thermique est 
effectué sur les mémes supports amorphes ou 
cristallins que précédemment, mais portés a 
une température de 400-450°C. L’examen de 
la structure de ces dépéts est faite de la meme 
maniére en employant le décapage ionique 
avec balayage. 

a) Sur support verre, les phénoménes 
observés sont exactement les mémes que 
lorsque la condensation de la vapeur métallique 
a leu a froid. D’abord apparaissent des 
anneaux de Debye-Scherrer dais a lor, puis 
une structure fibreuse [110] et enfin les halos 
du verre amorphe. 

b) Sur support constitué par un plan de 
clivage (100) de NaCl, les résultats sont au 
contraire trés différents. Au départ, et avant 
décapage ionique, la structure est encore celle 
de microcristaux d’or disposés au _ hasard 
(anneaux D. S.) (Fig. 6); par contre, le 
bombardement ionique fait apparaitre trés 
rapidement des taches de diffraction trés 
nettes, (et non des arcs), localisées sur certains 
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anneaux et qui bient6t subsistent seules en 
donnant un diagramme typique de monocristal 
(Fig. 11) correspondant a un plan (100) du 
réseau c.f.c. de l’or (a=4,07 A), (voir figure 12 
obtenue a partir du diagramme de la figure 
11); une direction [001] est paralléle au faisceau 


d’électrons. 


Le balayage ionique continuant, le. dia- 
gramme se transforme progressivement, et de 
nouvelles taches de diffraction apparaissent. 
La figure 13 montre l’aspect observé, qui est 
la superposition du diagramme d’or mono- 
cristallin (figures 11 et 12) et du diagramme 
de NaCl monocristallin (Fig. 10), les réseaux 
de l’or et du sel étant disposés parallélement. 
La figure 14 représente schématiquement la 
disposition des taches de diffraction avec 
leurs indices. 


Interprétation et discussion des résultats 


Les résultats expérimentaux que nous venons 
d’indiquer s’interprétent aisément dans le cas 
des dépéts d’or obtenus sur une face de 
clivage de NaCl chauffé a 400°C-450°C. Dif- 
férents auteurs (BRUCK-OGAWA et WATA- 
NABE-SHIRAT) (8) (9) (10) ont en effet déja 
étudié l’orientation des couches métalliques 
vaporisées thermiquement et déposées sur une 
face (100) de NaCl fraichement clivé; BRUCK 
(8) en particulier a montré en examinant par 
transmission des films métalliques minces, 
qu’au dela d’une température critique (400°C 
pour l'or), le support imposait au métal une 
orientation privilégiée, donnant lieu a la 
formation d’une mosaique de petits cris- 
taux tous orientés de la méme facon, ce qui, 
au point de vue de la diffraction électronique, 
est analogue a une structure unicristalline. 
Cette température critique varie pour un 
support donné, avec la nature du métal 
vaporisé. 

Selon BRUCK®, pour les métaux cubiques 
a faces centrées comme l’or, les cubes ont la 
méme orientation que le cube support (NaCl); 
pour les métaux cubiques centrés (Fea), la 
face de contact est tournée de 45° par rapport 
au cube de NaCl. Sans préciser aussi nette- 
ment l’orientation relative de l’or et du sel, 
OGAWA et WATANABE” ont signalé qu’ils 
obtenaient la structure pseudo-unicristalline de 
de l’or, quand le NaCl est chauffé a 400°C au 
moins. C’est la raison pour laquelle nous 
avons adopté la température de 400°C pour 


Application de la Méthode de Décapage Ionique en Diffraction Electronique 


411 


Figure 15. Couche d’or mince (~200 A) sur NaCl 
chaud (par transmission). 


le support, dans la seconde série de nos ex- 
périences. 

La méthode du décapage ionique montre en 
outre que l’orientation imposée par le support 
ne se produit que jusqu’a une certaine distance 
de celui-ci, et qu’elle se détruit progressive- 
ment a mesure que l’épaisseur du dépdt 
métallique augmente, ce qui se traduit dans 
nos expériences (€paisseurs Au=2.000 A) par 
Vapparition des anneaux D. S. de l’or avant 
V’attaque ionique. En utilisant des dépdts plus 
minces, nous avons en effet obtenu, dans les 
mémes conditions de température du support, 
des couches d’or qui, par réflexion comme par 
transmission (aprés enlévement du film d’or 
par dissolution de NaCl dans l’eau), présentent 
la structure orientée ou pseudounicristalline, 
imposée par le support. La figure i5 repré- 
sente un diagramme par transmission d’une 
couche d’or de 150A condensée sur NaCl 
chauffé a 450°C; on peut y vérifier facilement 
que les arétes des deux réseaux Au et NaCl 
sont paralléles en prenant soin de repérer la 
disposition de la couche d’or détachée par 
rapport aux directions [010] et [001] du sup- 
port. Par réflexion, sur des couches d’or de 
150 A, on obtient directement et sans attaque 
ionique, un diagramme tel que celui de la 
figure 13 qui consiste en la superposition des 
diagrammes unicristallins de l’or et du NaCl. 

Dans le cas des couches d’or déposées sur 
NaCl froid, il semble au contraire assez dif- 
ficile de conclure A une action orientante du 
support; on sait en effet qu’une température 
suffisamment élevée est nécessaire pour per- 
mettre aux atomes du métal la mobilité 


Fig. 16. Couche d’or mince (~200 A) sur NaCl 
froid (par transmission). 


indispensable a l’apparition de plages unicristal- 
lines. 

Comment expliquer dés lors l’apparition de 
la structure fibreuse telle que celle de la 
figure 7? Tout d’abord, il faut noter qu’une 
telle structure n’a pu étre observée dans des 
couches plus minces (150A) évaporées sur 
NaCl frotd et examinées par transmission 
(Fig. 16); de méme, elle n’apparait pas 
lorsqu’on amincit par attaque chimique un 
dépdt épais (2000 A) d’or. On serait donc 
amené a penser que cette structure fibreuse 
est due a un effet secondaire du bombardement 
ionique; l’effet thermique seul ne suffit pas, 
car si l’on chauffe a 400-450°C, dans le dif- 
fractographe méme, des couches d’or obtenues 
a froid sur NaCl et qu’on les examine par 
réflexion, sans bombardement ionique, aucune 
orientation n’apparait. On peut alors provisoire- 
ment faire l’hypothése que l’orientation est 
produite par une action mécanique des ions, 
dont la direction est toujours perpendiculaire 
(ou presque perpendiculaire) a la surface de 
la couche étudiée. 


Enfin, dans le cas d’un support amorphe 
(verre), nous avons vu que les résultats sont 
les mémes si le support est chaud ou froid et 
qu’on obtient les mémes diagrammes qu’avec 
NaCl froid. De plus, quelle que soit l’épaisseur 
de la couche d’or déposée, le diagramme, 
observé par réflexion avant attaque ionique, 
ne montre aucune orientation mais seulement 
une structure microcristalline confuse. 

La encore, ces expériences semblent montrer 
que l’effet d’orientation est dai 4 une action 
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mécanique du faisceau d’ions, Varrachement 
du métal s’accompagnant peut étre d’effets 
mécaniques susceptibles d’orienter les cristaux 
sous-jacents; nous rappellerons a ce sujet les 
expériences faites dans notre Laboratoire par 
COURTEL™ qui a montré que par abrasion 
dans le vide, les cristaux sont fortement 
orientés A chaque passage de la meule. Mais 
bien entendu notre hypoth3se demande encore 


x 


a étre confirmée. 


$4. Cenclusion 


Ces résultats et leur discussion indiquent 
qu’il est parfois nécessaire d’interpréter avec 
prudence les diagrammes qui apparaissent 
pendant le décapage ionique, et qu’il est 
toujours indispensable de contréler avec soin 
toute action possible (chimique, thermique, 
mécanique) die aux ions. Ces causes d’erreurs 
étant connues, la méthode du décapage ionique 
combiné a la diffraction électronique est sus- 
ceptible d’apporter des renseignements ex- 
trémement intéressants pour de nombreux 
problémes relatifs aux structures superficielles. 
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The Visco-elastic Properties of Network Structure 
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Many kinds of amorphous high polymer substances show the non-ideal 
rheological behaviours even in the “static” observations. In this paper, 
the general stress-strain-time relation and energy of dissipation of these 
systems are treated by adopting the modified rubber-like network model 
in which the junctions connecting the polymer chains break up and 
reform continually. The probability of the breakage of the junction, 
namely the breakage of the chain, per unit time is not a constant but 
a functions of both the number of segments which construct the chain 
and the end-to-end distance of the chain. It is assumed that the velocities 
of deformation of the system and of the change of the situation of 
network structure are extremely slower than those of the micro-Brownian 
movements of polymer segments. Therefore the statistical mechanical 
considerations of equilibrium states may be used to derive the stress- 
strain-time (S—S-7) relation at each “instance” of macroscopic observa- 
tions. From our general expression of S—S-T7' relation it is pointed out 
that, in the case of small deformation, the S—S—T7' relation is essentially 
similar to that of the phenomenological generalized Maxwell model and 
the reciprocal of the probability of chain-breakage corresponds to the 


relaxation time of each Maxwell element. 


§1. Introduction 


Remarkable progress has been made in the 
field of the statistical mechanics of the high 
polymer systems, particularly in the problems 
of rubber-like elasticity and of dilute polymer 
solutions. The basic molecular model used in 
these investigations is the so-called “random 
flight chain”, i.e., the chain constructed from 
the volumeless “statistical chain-segments ” 
which can rotate freely around each of their 
bonds, and the statistical properties of which 
are generally characterized by the mean length 
and the total number of segments in the chain. 
In the case of the rubber-like elasticity, the 
chains involved in the system are permanent- 
ly connected with each other at their end 
points, “junctions”, by primary chemical 
bonds, such as -S-S- bonds, to form a three 
dimensional network structure. It is usually 
assumed that, besides the liquid-like isotropic 
interactions, these chains mutually interact 
only at their junction points and that the 
effects of the external force upon any part of 
the system instantaneously spread over all 
parts of the network through these junctions. 
In this respect, these systems may be con- 
sidered to have an infinite value Of uthe 


coupling parameter. On the other hand, in 
the case of dilute polymer solutions, each 
chain molecule seems to be almost indepen- 
dent of others, so the value of the coupling 
parameter may be zero. In the latter case, 
many authors have had interests in the mean 
extension and shape of a chain molecule, and 
the coefficient of the osmotic pressure, the 
intrinsic viscosity coefficient, etc. have been 
calculated in various ways. 

Contrary to the above cases, fairly con- 
centrated high polymer solutions and melts 
show various anomalous rheological properties 
which cannot be seen in the dilute solutions 
or bulk rubbers: for instance, visco-elasticity, 
structural viscosity (which depends upon the 
rate of deformation), spinnability (formation 
of liquid thread), Weissenberg effect (anomal- 
ous pressure distribution in the system), etc. 
From the rheological point of view, these 
properties are very interesting, but their 
molecular theoretical explanations have been 
seldom given because of the difficulties due to 
the existence of the complicated mutual 
interactions between the chain molecules. 
Here, it is necessary to consider these systems 
having the finite value of the coupling para- 
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meter in the above sense. They are too com- 
plicated to be attacked by any direct method. 
However, there seems to be two different ways 
of approaching this problem. One is that, start- 
ing from the dilute solution, the mutual interac- 
tions between two or more chain molecules 
are taken into account successively in just the 
same manner as those in Mayer’s imperfect 
gas theory. 

The other approach is that of Green and 
Tobolsky”. They start from the rubber-like 
system, and assume that in these substances 
the rubber-like network structure is formed 
not by the primary chemical bonds but by the 
entanglements in the physical sense or by the 
secondary bonds, such as the hydrogen bonds, 
between the chain molecules. The connection 
between the chains at these junctions is rather 
weak and supposed to break up and reform 
continually. Consequently, the system can 
deform and flow in the liquid-like manner. 
Green and Tobolsky derived the phenomenologi- 
cal Maxwell equation of visco-elasticity by 
considering the shearing deformation of the 
system and also obtained the viscosity coef- 
ficient; but, owing to the assumptions used in 
their theory, they failed to derive the structur- 
al viscosity. Recently, Scott and Stein” have 
examined this model, treating the breakage 
and reformation processes of junctions in more 
detail, and found that the stress relaxation 
phenomenon has the relaxation time, which 
is slightly different from that of molecular 
mechanism. 

In this paper, we shall formulate the 
statistical mechanical theory of the same 
system in a more general form. The chains 
involved in our system are permitted to have 
the arbitrary free energy function depending on 
the degree of their elongations. It is assumed 
that the probability of the chain-breakage is 
the function of the tension caused by the chain 
itself. We shall derive the stress-deformation- 
time relation and the energy of dissipation in 
the case of the arbitrary deformation tensor. 
It will become clear that our model corres- 
ponds phenomenologically to the “generalized” 
Maxwell model. 

On the basis of our results, the anomalous 
rheological properties of such system will be 
discussed in a next paper. 
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§2. Rubber-like Network Model 


In this paper we shall treat the rubber-like 
network as the model of concentrated polymer 
solutions or melts. The following assumptions 
will be used in our calculations to be develop- 
ed here: 

(i) Although the processes considered here 
are neither stationary nor reversible, but are 
irreversible, we shall assume that the velo- 
cities of the change of macroscopic condition 
(for example, the rate of deformation) are 
sufficiently slower than those of the micro- 
Brownian movements of the segments and also 
of the breakage and reformation processes, So 
that the equilibrium statistical mechanical 
theory can be applied at each instant of 
macroscopic measurements. 

(ii) The free energy of single chain-molecule 
in the system is a function of the total number 
of segments of the chain and of its end-to-end 
distance. 

(iii) The free energy of the whole network 
consists of two parts; the sum of the free 
energies of individual chains involved and the 
liquid-like internal energy caused by the 
interactions between the segments. The latter 
is assumed to depend solely upon the density 
of the segments. 

(iv) Brownian movements of the junctions 
are here neglected. The junctions are assum- 
ed to be always at their most probable posi- 
tions. Furthermore, their distribution is 
assumed to obey the “requirement of pro- 
portionality ”. In other words, when the whole 
system is deformed, the displacements of the 
junctions are proportional to the bulk deforma- 
tion of the system. 

(v) The origin of the dissipative mechanism 
is ascribed to the breakage and reformation 
of the junctions. The probability of breakage 
of a chain at a junction is dependent on the 
number of segments and on its end-to-end 
distance, but independent of the time. 

The assumption (i) is introduced as the first 
approximation to the problem of the present 
irreversible phenomena. It should be noted 
that the assumption (ii) does not necessarily 
mean the Gaussian chain-network. The 
requirement of proportionality in the assump- 
tion (iv) has never been proved in general 
cases except in the Gaussian ’ networks. 
Without this requirement the calculations 
would become very complicated and one could 
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not gain an insight into our problem because 
of the lack of the detailed informations con- 
cerning the situation of network structure as 
a whole. With this requirement, however, 
one needs no longer any knowledge other than 
that of the distribution of chain length. 
Finally, some comments must be made 
about the assumption (v). In the actual 
network, the breakage of the chain is caused 
-by that of the junction. For example, in Fig. 
1, if the breakage of the junction P occurs, 
the chains AP, BP, CP and DP disappear, and 
the new chains AB and CD are reformed. 
Therefore, the probability of the breakage of 
a chain may be influenced by the situation 
of the surrounding chain. However, owing 
to the same reason as that in the assumption 
(iv), it is necessary to adopt this assumption 
on the average. This assumption does make 
difference between the Green-Tobolsky’s theory 
and ours. They assumed the constant probabi- 
lity of breakage of the chains. As will be 
shown in the next paper, their assumption of 
the constant probability is the main reason 
why they could not succeed to derive any 
non-linear rheological behaviour. Our more 
general assumption (v) is just sufficient to 
explain the essential feature of anomalous 
rheological properties of the systems. 


§3. Free Energy of Network, Stress Tensor 


Under the assumption (ii), the free energy 
of a chain ¢(|h|,.N, 7) is a function of the 
end-to-end distance h=(&, 7,0), number of 
segments N and the temperature T. ithe 
chain is assumed to be a Gaussian chain with 
N segments of the length a, this energy be- 
comes 

o(|h|, N, T)=(BkT/2)(\AP7/e@N). (1) 
Owing to the assumption (iii), the free energy 
of the network per unit volume can be 
written in the form 


OT, v)= 2 o(|h, N, T) +E) 


= Sw (foant, N, T)F(h, N, #)\dh+ Eo), 
(2) 


where E(p) is the internal energy depending 
on the density p of the segments in the 
network, and F(h, N, Zz) is the number of the 
chains per unit volume which consist of NV 
segments with end-to-end distance h and 
which actually construct the network at the 
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time 7¢. Hereafter we shall call F(h, N; 12) 
“ chain-distribution function ”. 

In order to obtain the stress tensor, we con- 
sider the change of the free energy due to 
the (small) virtual deformation e’, of the 
sample, assuming that there are no breakage 
and reformation of junctions although in the 
actual deformation some of the junctions may 
break and reform. Namely, differentiating the 
free energy, which depends on e’, through 
F(h, N,t), with respect to each component of 
e’, and taking the limit e’,—1, we have the 
stress tensor at the time 7: 

s=2v(|\inm be Me ) 

r dr r= lhl 
xF(h, N, t)dh+FP1, 
where (fh) is a tensor: 


(3) 


ei OG. 
(hAh)=| 7& 7 | (4) 
GTR 


and the “inner pressure” P comes from the 
internal energy (0). This inner pressure 
should be determined by the suitable boundary 
conditions as in the case of the theory of 
rubber-like elasticity. In our formalism, the 
stress tensor is always accompanied with the 
inner pressure, but we are interested only in 
the term which essentially depends upon the 
network structure. Therefore, in this paper, 
we shall consider the quantity: 

Sn=s—P1 CBs) 
where subscript 2 indicates the “ network ”. 
As is easily seen, the factor dé(r, N, T)/dr in 
the integrand of s» is the tension of the chain 
in the direction from one end to another, and 
when multiplied by the factor (1/r)(hh) it is 
the contribution of this tension to the total 
stress Sn of the network. 

In order to obtain the stress-deformation- 
time relation in the concrete form, it is 
necessary to know the explicit form of chain- 
distribution function in terms of the (actual) 
deformation tensor e(¢) and the time #. 


§ 4. Chain-distribution Function 


Let us consider a volume element of the 
sample, the shape of which at the initial time 
#=0 is the rectangular parallelepiped whose 
edges Az, Jy) and 4% are parallel to the ex- 
ternal coordinate axes x, y and z, respectively. 
In this volume element, the chain-distribution 
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function at ¢=0 is expressed by /y(h, N)= 
Fi(h, N,0). This volume element changes in 
general not only its shape but also the volume 
with the time. This change is characterized 
by the deformation tensor e(¢), which is the 
unit tensor at ¢=0: e(0)=1. The relative 
coordinate dr=(dz, dy, dz) of the two points 
in this volume element at the time ¢ is given 
by 


dr=e(t)dry (6) 


where dry is the initial relative coordinate, 
and the volume of this volume element is 
Je(t)| Aavdyo4z%. It is to be noted that this de- 
formation e(Z) is rather large, and the classical 
procedure of symmetrization cannot in general 
be applied. 

In this section we derive the equation of 
motion of the chain-distribution function in 
both the integral and differential forms. Let 
us begin with the expression of the former. 

Suppose that a chain has N segments and 
its end-to-end distance is A at ¢. If the junc- 
tions do not break, according to Eq. (6), one 
has Ayp=e(Hh where Ao=(A)t-o. More 
generally, 

(h)i-v=h =e eth . (7) 
Actually, the chain has a chance to break 
during the time interval from ?# to ¢#. If 
F’(h, N,t) is the number of the chains at ¢ 
with A and WN per unit volume which construct- 
ed the network at the initial time ¢=0 and 
which have not broken until ¢, the number of 
such chains in our volume element is f’(h, N, 2) 
=F'(h, N, t)\e(t)| dapdyod4z.. The number of 
such chains which break in the time interval 
t~t+4t can be written by the assumption (V). 
as Bh, N)f'(h, N, f)4t. Bh, N), the “ chain- 
breakage coefficient”, is the probability of 
chain-breakage in unit time interval and is 
considered as the function of hk and N. It 
will become clear afterwards that S(hk, N) has 
the meaning of the reciprocal of the relaxa- 
tion time. Comparing the values of f’-func- 
tion at # and ¢’’=?’ +41’, one has the following 
equation: 
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f(h’, N,¢)=[1—-BW’, N) at f(b’, N, ¢). 
WH=et)edh, h’=et eh. (8) 
Taking the successive products of such equa- 
tions from #=0 to #’=#, and carrying out the 
limit process 4¢’-0, we obtain 
(t// =t) , 
fh, N, d)=lim TT [1—Ble(te (ah, N40] 
At’>0 At’ 
(t/ =0) 
xfole'@)h, N) 
t 
=exp | -| Bete (Oh, Node | 
0 
xfoletDh, N) , 
Fo(h, N)=F(h, N)dA2a4yo4Zo é 
This is the number of chains that construct 
the network with A and WN at ¢, which were 
certainly involved in the network at ¢=0. 
In order to obtain the total number of the 


chains at ¢, we must consider the effect of the 
reformation of the junctions. Let 

g(h’, N, t’)4t =G(h’, N, t')| et’) | AxodyodZz4t’ 
be the number of chains h’, N in our volume 


element reformed in the time interval #’~?’+ 
Mt’. It contributes 


get’ eh, N, t’) 
xexp| —[" alee en, Nae” [ae (20) 


(9) 


to the real distribution function /f(h, N, 2). 
Summing up these quantities from ¢’=0 to 
t’=t and adding it to Eq. (9), we obtain the 
actual number of chains at f: 


Sth, N, 2)=file t@h, N) 
eck | [Ae eon, Nyae | 


+ [ ete e-WOh, Nt) 


xexp| —[" Bele” er*e)h, N) dt av (an) 


Or, in terms of the chain-distribution function 
F and the chain-reformation function G, 


le(2) |F(h, N, t)=Fy(e Oh, N) 

ese |- | (eee, Nya | 

+ let) |Glee eh, N, 2) 

EXD | |) Ble ree, N) av’ lav (12) 
This is the integral form of the equation 


satisfied by the chain-distribution function. 
In order to obtain the differential form, we 
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may differentiate Eq. (12) with respect to 7. 
After some elementary tensor calculations, 
we have 


OF(h, N,t)_ Gem 
OL = —pFth, N, ¢) “ue e 
ily CHNAless 
a See FE Ly ’ 
fel a (h, N, t) 


+G(h, N, t)—B(h, N)F(h, N,t). (18) 
The meaning of the right-hand-side of the above 
equation is easily seen as follows: The first 
term gives the change of distribution function 
due to the change of the shape of the sample. 
The second term corresponds to the volume 
change. These two terms are the same as 
that appeared in the general theory of rubber- 
like elasticity. The third and fourth terms 
are due to the chain-reformation and _ the 
chain-breakage, respectively. They are new, 
and, as will become clear afterwards, it is 
these two terms that are responsible for the 
dissipative processes in our system. 


§5. Stress-Deformation-Time Relation 


Now, we have a chain-distribution function- 
deformation-time relation in both the dif- 
ferential and the integral forms. Substituting 
these relations into Eq. (3) or into its time 
derivative, we can obtain the stress-deforma- 
tion-time relation in both forms. 

We shall consider at first the differential 


form. If Eq. (12) is substituted into the time 
derivative of Eq. (3): 
dsn 1 do OF (h, N, t) 
— hh){ —— 2 - “gh, 
nee \\\O Sa eam 88 
(14) 
and after some tensor calculations, we find 
dsn_ de 64, par Niet dens 
i amadiond ta ries, pea 


+2v(({aun( h (ae) h) 
A Ee fe & - i Mae peel 
(ay 
CF) {NN arc, 


x [G(h, N, )—Bih, N)F (A, N, t)|dh . (16) 


where e* is the transpose of e. In this ex- 
pression, the first three terms on the right- 
hand side express the change of stress due to 
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the deformation only, and the last term 
(ds»/dt)’»” gives the effect due to the change 
of the situation of the chains in the network. 
If the chains are the Gaussian, (d/dr)(d¢/rdr) 
vanishes and the third term does not appear. 
In this case, the tension-stretching relation of 
a chain is exactly the Hookeian and this 
characteristic will be kept even in the net- 
work. Actually, in the first two terms on the 
right-hand side of Eq. (15), the factors e7'sn 
or sne*! have the meaning of the elastic 
modulus. Thus these terms express the 
Hookeian law and the third term gives the 
deviation from the “linearity”. It should be 
noted that the effect of volume-change does 
not appear explicitly, but it is involved impli- 
citly through both the chain-distribution and 
the reformation functions. Indeed, in the case 
of ideal rubber-like elasticity, in which 
Gth, N,ij=0, Bh, N)=90 

and the chains are the Gaussian, the isotropic 
volume-change does not at all affect the stress 
tensor. This fact is understood as follows: 
On the one hand, the increase in volume 
decreases the number of chains per unit 
volume and, on the other hand, this change 
produces the increase of the tension of each 
chain, and these two tendencies balance each 
other. 

Next, the integral form is obtained by sub- 
stituting Eq. (12) into Eq. (3). After exchang- 
ing the order of integration, we have the 
integral stress-deformation-time relation: 


Sn=e(t)Se*@) , eu) 


St) = sy)+| ene )1e tet )at’, (18) 
0 
; 1 db Fi(h, N 
S(o= sw \cnn( x ee ee 


ep | —\ sewn, N) a |an (19) 


Tt, t= >v\ \cin( 1 dé 


iS Ni eee 
t 
GUN, tex] —| Beet et) h, Nyat Jan : 
7 
(20) 
S(z) is nothing but the stress at 7 when the 
deformation is suddenly removed at that 
instant. If the chain-breakage and the chain 
reformation had not occurred, and the chains 
are Gaussian, it would be proportional to the 
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unit tensor. In the actual case, however, 
because of the above effect, S(¢) becomes a 
complicated tensor, and consists of two terms: 
One is the contribution from the chains which 
constructed initially the network, and the other 
that from the newly formed chains during the 
course of the deformation. It should be noted 
that, unlike the case of the differential form, 
the deviation from the “linearity ” does not 
appear explicitly. 


§6. Energy of Dissipation 


In a similar manner to the integral stress- 
deformation-time relation, it is possible to 
obtain the free energy of the network per 
unit volume as the function of the time. 
Substituting Eq. (12) into Eq. (2), we have 


On=9—E\o) 
= (t)+ ac t)dt . (21) 
v(2)= sw) lo le(h|, N, T)Fi(h, N) 
ceRD | - [| aeem, Node lat (22. a) 


PE, t)= aC leZe1(t)h|, N, T)G(h, N,?’) 


. exp] — | Ble) , Nat’ Jen _ (22) 


Green-Tobolsky called @, the “strain free 


energy”. Differentiating this with respect to ¢, 
we obtain the rate of change of the strain free 
energy 
ani. Win, (ded) ee 
oe male: S)e*(t) | 
+7 89| eos 2 |_ 9 eas 
where 
OW 
de 72" local, T) 


Now, we may consider the physical meaning 
of the right-hand side of Eq. (23). 

The work done by the external force is 
given essentially by the product of the three 
factors: The first is the stress sp, the next 
is the area e~!, and the last is the deforma- 
tion-length de/dt. Thus, remembering Eq. (17), 
the first two terms on the right-hand side are 
the work done by the external force. As is 
well known, the change of the free energy in 
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the isothermal processes is the sum of the 
work done by the external forces and the 
negative of the heat generated within the 
system through the dissipative mechanisms. 
The third term on the right-hand side of Eq. 
(22) is, therefore, considered to give the energy 
of dissipation. 

Actually, Eq. (24) shows that the dissipa- 
tion arises from the chain-breakage-reforma- 
tion processes. This result is consistent with 
our basic assumption (v). The viscosity 
coefficient can be calculated from this energy 
of dissipation, as will be shown in the next 
paper. 


§7. Small Deformation 

As was mentioned in §2, the deformation 
of our system is in general large and the 
procedure of the symmetrization of the de- 
formation tensor cannot be taken into the 
theory. These circumstance have made the 
results rather complicated. However, if the 
deformation is sufficiently small, these dif- 
ficulties will no longer occur, as will be shown 
in this section, and the (differential) stress- 
deformation-time relation is expressed in a 
simpler form. Furthermore, this relation is 
essentially equivalent to that of the pheno- 
menological generalized Maxwell model and 
the chain-breakage coefficient corresponds to 
the reciprocal of the relaxation time of this 
model. 

In the case of the small deformation, we 
can introduce “prime” quantities as follows: 


e(t)=1+€e’(Z) , (25) 
Sp(Z) =8n,9+€s'n(t) — Pol +&s' =P OL) > 
(26) 


G(h, N, t)=Go(h, N)+&G'(h, N, 2), (27) 

Fh, N, t)=Fy(h, N)+&F'(h, N, 2) , (28) 
where € is the parameter characterizing the 
order of magnitude of the deformation. In 
these expressions, the zeroth order quantities 
are those of the natural state, in which e(Z) 
=1,s=0. After substituting these expressions 
into Eq. (13), we can equate the coefficients 
of equal powers of & on both sides: 


Gh, N)=B(h, N)Fi(h, N) , 

OF’(h, N, t) 
at 

=—pF ih, N) Se h—Fih, N) asp) 


(29) 
+ B(h, N)F’(h, N, t) 


+G’(h, N, t). (30) 
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Eq. (29) is the relation between the chain- 
distribution function and the chain-reformation 
function in the natural state, as expected. Eq. 
(30) gives the correction of the chain-distribu- 
tion function due to the small deformation 
e(t), when F\(h, N) and G’(h, N) are known. 
Hereafter, we assume that Gy(h, N), &(h, N) 
and then also Fy)(h, N) are spherically sym- 
metric. Because of the fact that in the natural 
state the system is isotropic, this assumption 
is quite reasonable. Substituting Eqs. (29) 
and (30) into Eq. (3) and carrying out the 
elementary calculations, we have 


ds'n 3 d (eu 5 von) 


dite -Aadt 
dv‘(t) ORS NOE 
PASE 
ees bles) ne 


ds/n \?" ‘1 d¢ 
Lhe eg a dia 
( dt ) x \\fcw, r dr ces 


x[G’(h, N, t)—B(h, N)F'(h, N,2)|dh . (32) 
b wade (1 46\dFir,N) , 
Se ta sal ro(— sa dr Wate) 
Pe” 3ran(re(— ay Ear, N)dr, (34) 
3 ry ar 


where e’;(t)=3(e’(¢)+e’*(Z£)) is the symmetrized 
deformation tensor and 

1+&v’(H=1+6€ Sp e’(t)= |e) | =v(2) (35) 
is the volume of the volume element which 
was the unit volume at ¢=0. Owing to the 
fact that the quantities having the subscript 
0 in Eq. (29) are independent of time, the 
primes in Eqs. (31) and (32) can be removed. 
The first two terms on the right-hand side of 
Eq. (31) give the change in the stress due to 
the deformation of the network. 4x(dv/d?)1 
is the effect of the volume-change through the 
deformation of the network, and « has the 
meaning of the elastic modulus. The third 
term shows the effect of the volume-change 
in the sense of hydrodynamics and 
corresponds to the hydrostatic pressure. The 
last is the term due to the irreversible 
processes. 

In order to simplify further the stress- 
deformation-time relation, we consider the 
re-construction of the network. Let us pick 
up from the network all the chains which 
constitute the network at time 7? with a 
common value of B(h, N). (They may have 
various values of N and h.) Using these 
chains we re-comstruct a new network which 
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extends over the same volume and shape as 
those of the original network. This “ sub- 
network” is characterized by the magnitude 
of 8. We shall call it @-subnetwork. In a 
$-subnetwork, by definition, the chain-breakage 
coefficient 8 is constant and their deformation 
tensor is just the same as that of the original 
one i.e. e(¢). Although these subnetworks may 
not always be “ networks” in the true sense 
of the word, it will make no difference in the 
following discussions. In the mathematical 
speaking, the chain-distribution function of the 
B-subnetwork is 
o(B(r, N)—B) 

( grad A(r, N) pate eee 
where F(h, N, ¢) is the distribution function of 
the original network. 

If we characterize by the parameter 8 the 
contributions from the $-subnetwork, we have 
the following equations instead of Eqs. (31)~ 
(34): 


(36) 


Sn = [e(a)d8 ’ (37) 


dsn(P) des 1 dv dv 
“dt =n (8) od 1)+PiB) iio 
+ -Ar"® _B6,(8), (88) 
where 
=. 208i (1 db\ dFo 
BO kets ve a |re( Yr = dr 
a(B(7, N)—B) ( 
< grad B(r, N) GD) 
1d 
P\(B)= aaa lal | 
(Br, N)—B) 
xFi(r, N) radish dr, (40) 
dsn*(B)_ » 1 dbo, 
| oO) s0(\{ an) LB GW,N,D) 
_6(B(7, N)—B) | # Al 
grad B(7, N) |r= in wer ee) 


The last equation gives the change of the 
stress caused by the chain-reformation. 

If the chain-reformation function G(h, N, Z) 
is independent of e and Zz, Eq. (38) becomes”: 


des 1 dsn(P) i 1 
(42) 


dv 
+ (8) ae srs 


where “— 
*) Since ds*,,(8)/dt becomes a constant scalar, it 
can be put into the hydrostatic pressure in Eq. (5). 
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H(B)=(«(B)+2P(B))/2n(B) , (43) 
9(B)=«(B)/B , (44) 


From these expression we can see that x«(), 
7(B) and “(8) have the meaning of elastic 
modulus, viscosity coefficient and compres- 
sibility, respectively. If there is no volume- 
change, i.e. dv/dt=0, Eq. (42) is equivalent to 
the equation of the so-called Maxwell model 
of visco-elasticity. We can conclude, therefore, 
that a single ®$-subnetwork just corresponds 
to the above model and that the whole net- 
work is equivalent to the “generalized” 
Maxwell model. 

Here a remark may be added on the general 
and rather large deformations. As was 
mentioned previously, on the right-hand side 
of Eq. (13), e-1s» has the meaning of modulus 
and the third term expresses the deviation 
from the linearity between the stress and the 
deformation by the irreversible processes. We 
assume as before that Gh, N, Z) is spherically 
symmetric and separate the last term into two. 
The one is due to G(h, N,?#) in Eq. (14) and 
this can be included into the P1 term of Eq. 
(5). The other part is due to the chain- 
breakage and, if we consider a single B- 
subnetwork, this term becomes —§sn(8). Now 
we define the “mean chain-breakage coef- 
ficient” Band the “mean elastic modulus” 
K: ([K-(de/dt)|=(the first three terms on the 
right-hand side of Eq. (13)), Bsxn=S@sn(8)dB. 
They are in general non-scalar but tensor 
quantities. Then Eq. (13) may be written as 


(45) 


This equation has the same form as the 
Maxwell model. But, K and Bare non-scalar 
quantities and are the functions of ¢ and e(Z). 


§8. Comparison with Green-Tobolsky’s 
Theory 


Green-Tobolsky’s formulae can be derived 
from our results subject to the following 
restrictions: 

a) The chains are the Gaussian ones. 

b) The number of the chains involved in 
the network is a constant: 

sy\\\ra, N, t)dh= M=const . (46) 


c) The probability of the chain-breakage 
is independent of the state of the chain: 
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B(h, N)=B=const. (47) 
d) The chain-reformation function is in- 
dependent of the deformation: 

Gth, N, t)=BF(h, N) 3 (48) 
where F\(h, N) is the chain-distribution func- 
tion in the natural state. 

For example, let us consider the differential 
stress-deformation-time relation. Define the 
scalar quantity Q: 


SRDS. wel [\\ammun. wydn=ar. (49) 


—_N- 


@ N 
and Eq. (15) becomes 
de* 


ds _ del t peg iG@ed | 
a + ps= Ue s+se Fe 


(4 +8Q+8P)I (50) 


dt 


This equation may be compared with Green- 
Tobolsky’s equation (B.7), namely: 


ds _ de 7 ropes} de 
dt +Bs ae.” s+se ee 
Sp(s(ds/dt)) 38 | )r “4 
( Sp (s7!) Sp (s-?) oy, 


The quantity in the round bracket of this 
equation can be obtained by rewriting that of 
Eq. (50) by means of the boundary conditions. 
In their Eq. (51), there is no term correspond- 
ing to the quantity in the square bracket of 
Eq. (50). Without this quantity, however, the 
well-known stress-deformation relation of the 
rubber-like elasticity can not be derived even 
if the breakage and reformation of the chains 
do not occur. 


§9. Conclusion 


For the purpose of the molecular theoretical 
explanation of the visco-elastic behaviours 
displayed by the amorphous high-polymeric 
substances, we have made the statistical- 
mechanical studies of the modified rubber-like 
networks. In this paper, the general forma- 
lisms have been given to the stress-deforma- 
tion-time relation and the energy of dissipation. 

The main assumptions adopted in our 
treatment are as follows: 

a) The application of the theory of equili- 
brium rubber-like elasticity to the derivation 
of the stress in each “instant” in which the 
measurement is carried out, 
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b) The application of the requirement of 
proportionality to the displacements of the 
junctions. 

As was mentioned in §2, the first one is 
allowed as the first approximation to the 
treatment of our irreversible processes, if the 
rate of the deformation is small. In the case 
of rapid deformation, it becomes essentially 
important to consider the irreversible “ relaxa- 
tion phenomena” of the micro-Brownian 
movements of the molecular segments. The 
molecular theories of this case are statistical- 
mechanically formulated by Kirkwood, Rouse, 
and others®. The second one may be correct 
in the case of the rubber-like network in which 
the Gaussian chains permanently connect with 
each other. In our case, however, this is 
nothing but the assumption. Although it will 
be very difficult, one of the prospective im- 
provement of the theory may be carried out 
by the removal of this assumption. 

It was shown in §7 that our network model 
is phenomenologically equivalent to the 
generalized Maxwell model. As is well known 
in the phenomenological theory of visco- 
elasticity, there are two types of the so-called 
“ mechanical” models, i.e. Maxwell type and 
Voight type. The general excitation-response- 
theory shows that the models of these two 
tppes are essentially equivalent. In the view- 
point of the application, however, there is a 
difference between these models. The model 
of the Voigt type is in general convenient to 
obtain the deformation under the knowledge 
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of the stress. On the other hand, from the 
given deformation, the stress is calculated in 
a simple way by the model of Maxwell type. 
In our study of the network model, we derive 
the stress tensor assuming that the deforma- 
tion tensor is given. This analogy seems to 
be the reason why our network model 
corresponds not to the generalized Voigt model 
but to the Maxwell one. 
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The Quadrupole Moment of V51 
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The hyperfine structure (hfs) of the spectrum of V I was investigated. 
From the hfs of 44851 the quadrupole coupling constant of the ground 
level 3d34s?4F';;, was deduced. Assuming that the screening correction 
for the d-electron of V I is 13, the quadrupole moment of V5! was cal- 
culated to be (0.2,+0.15)10-24cm2, in which the polarization correction 
due to Sternheimer is taken into account. The indicated probable error 
does not include the uncertainty of the screening correction of the d- 
electron, In addition to the hfs of 44851, the hfs of 24 4881, 4875, 4832, 
4594, 4330 were measured, and the interval factors of the quartet levels 


3d348? 4F and of 3d34s4p 4Gy1/. were obtained, 


§ 1. Introduction 

The quadrupole moment (Q) of V® is worthy 
of special investigation, because the current 
shell model of the nucleus predicts negative 
Q(V*), whereas the regularity among the 
actual @’s of numerous nuclei leaves a slight 
amount of room for positive Q(V). In view 
of this interest, Kamei and the author» 
studied some years ago the hyperfine structure 
(hfs) of the spectrum of VI and deduced @ 
(V*")=(0.30.2) x 10-*%cm?. The investigation 
of the screening correction of the d-electron2) 
gave the author an opportunity of studying 
again the hfs of VI; the result of this study 
will be reported in the present paper. 

Kopfermann and Rasmussen”) had previously 
studied the hfs of the spectrum of VI, but 
they detected no deviation from the cosine 
interval rule in any level of VI. The accuracy 
of the interval factors given by them is not 
sufficient enough to allow us to investigate 
the regularity of the hfs contribution of the 
3d-electron. It is therefore necessary to 
investigate the hfs of several lines (having 
d°s’*F as the final level) in addition to that 
of 24851. 

In the present work the hfs was studied by 
means of a liquid-air cooled hollow cathode 
discharge tube and a Fabry-Pérot etalon. 
The classification of the spectrum of VI was 
taken from the work of Meggers and Russell”. 


§2. Hfs of the Spectrum of VI 


As shown in the previous work), the hfs 
of 244851 is the most suited for deducing Q 
(V%). In the present work this line was 
again studied, and the result of measurement 


is given in Fig. 1; this is essentially the same 
as the previous work”, with the exception that 
this time the splitting of the upper level was 
detected. Fig. 2 is a reproduction of the hfs 
of 44851 taken with a 15mm etalon. The 
first row of Fig. 1 shows the result of measure- 
ment on patterns in which the components } 
and ¢ are recognized to be resolved (although 
not so sufficiently). The position of the comp- 
onent d is difficult to measure and was there- 
fore calculated. The hfs scheme deduced 
from the resolved structure has, however, 
only an accuracy sufficient for determinig the 
interval factor of the levels, but insufficient 
for determining the quadrupole coupling con- 
stant. The second row of Fig. 1 shows the 
result when the hfs was measured, assuming 
that the components & and ¢ are not resolved. 
Denoting the interval factors of the final and 
the initial levels of 24851 by A and 0/4 res- 
pectively and the quadrupole coupling constant 
of the final level by B, we get from the 
second row of Fig. 1: 


1 
A——-6=0. ie 
12 0.02073 cm7! , 


B= —0.004y x 10-3 cm-}. 
Since 6=—0.014cm7}, we get 
A=0.0195 cm7!, 


The hfs of 24330 is shown in Fig. 3. De- 
noting the interval factors and the quadrupole 
coupling constants of the final and the initial 
levels of 24330 by A, Band A’, B’ respectively, 
we get from Fig. 3: 
me 

15 


A A’=0.0180 cm-1,_ A=0.0195 cm=! 
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5 B’=—0.002=10-*cm=!. 


In this case the accuracy of measurement is 
not so good as in the case of 44851. More- 
over the wave function of the upper level 3d? 
4s4p‘4F’37, is not pure and therefore difficult to 
calculate accurately. However it could be 
probably concluded that the measured hfs of 
24330 does not contradict with the negative 
value of B. 

In order to investigate the interval factors 
of the term 3d? 4s?4F, the hfs of 424881, 4875 
and 4832 were investigated. The results of 
measurement are shown in Figs. 4, 5 and 6. 

The interval factor of the level 3d?4s4p 
*Gii/2 can be deduced from the hfs of 24594 
(Fig. 7). The experimental material for this 
line is not much different from that of Kop- 
fermann and Rasmussen”, but the hfs splittings 
of both the initial and the final levels given 
by them are different from those of the 
present author. 

Finally, the hfs of 24646 is shown qualita- 
tively in Fig. 8. Since another line lies very 
close, it was difficult to measure the hfs ac- 
curately. In order to isolate 24646, a large 
grating (instead of a prism spectrograph) 
would be needed. The interval factor of the 
final level must be small, and therefore the 
hfs of 24646 could be used as a check for Q 
(V*') if this could be measured accurately. 


§3. Calculation of Q(V%) 


Before calculating Q(V%) from the value of 
B(3d* 4s’ *F 5/2), it is necessary to find the value 
of the effective charge for the 3d electrons of 
VI. For that purpose the interval factors of 
the term 3d*4s?4F (see Table I) could be 
used. Since this configuration of VI is of a 
typical ZS-coupling, we can use the LS-coupl- 
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ing formulas that were derived previously”: 
A(d? 4F’9/2) =(8aa’ + aa’ +8aa"’’)/9, 
A(@ *F 1/2) =(281aa’ +34aa’’ +128aa’”)/315, 
A(d *Fs/2)=(712aa +163aa’’ —424aa‘’’)/875, 
A(@ *F'3/2)=(59aa’ + 66aa’’ —368aa’’’)/125, 
da’ =A(ds5/2), Aa’ =a(d3/2), aa’’’ =a(ds/2, 3/2). 
3 Fy i 


2 tt 
da , Ga 


=— -a 
 S6 16 Ff," 
each of the above formulas, we can calculate 


Putting a@a’= 


aa’ from the observed value of A of each 
level. The value of a(d3/2.) calculated in this 
way is shown in Table I. 

Finally the configuration 3d°4s4p is also of 
good ZS-coupling, so that the level 3d*4s(°F) 
4p*Guj2 should obey the ZS-coupling formula: 


Al @sCF)p *Gu 2] 


9 1 

= eae Fo 1 a ‘ 54 Q pat 348 oh b 
110 a(s)+ 550°" aa +04aq"' + au’) 
+ sie (13ay/ +849” —32ay"””) 


Putting F(relativity correction factor)=1.07, 
1—d(finite volume correction factor)=0.994, Z 
=23, (dn*/dn)/n™,;=0.44, u/T=1.4709 in the 
modified Goudsmit-Fermi-Segre formula, we 
get a(4s)=0.091 cm“ for VI. Putting this value 
in the above formula, we get a(ds/2)=0.015 
cm. The actual wave function for 3d? 4s 
(?F)4p *Gy/2’ would contain a slight amount of 
3@4sCF) 4p4Gij2, so the above-mentioned 
value of a(d3/2) would have to be slightly cor- 
rected. 


Table I. Interval factors of the levels of V I. 
Level A cm-l a(dzy.) cm71 
3d2492 4 Fry 1, | 0.0064 0.015 
4B jy 0.0074 0.016 
* Fs) 0.0103 0.018 
43) 0.0195 0.021 
3d#48OF)4p 4G «0.0142 -~=0.015 


From Table I it is apparent that the values 
of a(dsj.) calculated in this way are not 
satisfactorily consistent. A simple calculation 
shows that the electrostatic interaction 
with 3d‘4s‘F can not be made responsible 
for this inconsistency. We would therefore 
leave this question undetermined, and assume 
that the screening correction for the d-electron 
of VI is 13, a value obtained by extrapolation 
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from heavier elements. 
We can now calculate Q(V*!) from the level 
3d’ 4s? 4F’3,2. For this level the following ZS- 


coupling formula is valid according to Schmidt” 
and Kamei®. 


(d* 4F’3723/2|3 cos?@— 1\d? 4F'3/.°/?) = os (13 Re,’ 
+14 R,’’—12S,). 

Putting Z*7=23—13=10, Rs’~S.:=1.00, Ro” 
=1.004, in the above formula, and putting 
€3a=158, 4 (polarization correction due to Stern- 
heimer)=0.23, H,=1.00, J=7/2 and B=—0.004 
x 10-*cm™ in the modified Casimir’s formula 


a AH L+4) 
€<>1(3 cos?0—1) > ay 
x I(2IT—1) J (2J —1)1.988, 

we get finally 


Q(V*) =(0.2¢+0.15)10-2cm?. 


Q= 


The indicated probable error does not include 
the uncertainty of the screening correction of 
the d-electron, because it is impossible to 
estimate the maximum error of Z—Za*. 

V* is the only nucleus whose Q comes out 
with an opposite sign in the calculation of 
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Horie and Arima”. However, their calculation 
shows that by assigning a suitable configura- 
tion to V* it is possible to obtain a positive 
Q. The theory put forward by Moszkowski 
and Townes®) and Moszkowski” predicts a 
positive @ for V™. 

The investigation of the hfs of the spect- 
rum of vanadium will be continued, and it is 
hoped that a more knowledge will be gained 
of the effective charge for the d-electrons. 
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Phosphorescence of Sodium- and Potassium-Acetates 


By Kikusaburo OSADA 
Faculty of Engineering, Nagoya University 
(Received November 18, 1955) 


Sodium- and potassium-acetates emit green light for a few seconds, 


after excited im vacuo with radiation of 254 my. 


Their spectra are com- 


posed of green band with a maximum at 530 my and blue one at 465 mp. 
The phosphorescence is quenched by oxygen adsorbed in molecular state, 
and the initial intensity is inversely proportional to the pressure of 


oxygen, 


intensity is also changed by the treatment of the crystal. 


but water vapour and hydrogen do not affect at all. The 


The activa- 


tion energy calculated from the temperature dependence of the lifetime 
is 0.034eV. Their ultraviolet absorption spectra are also measured in 
aqueous or acetic acid solution to 220 mp with a quartz spectrophotometer. 


From these results, 
due to imperfections of crystal. 


§1. Introduction 


The luminescent phenomena of organic 
compounds, @.g. acetic salts, dyes etc.”, have 
been known by many works, but nothing 1s 


it may be considered that the phosphorescence is 


known for sodium- and potassium-acetates. 
However, we could observe green phosphores- 
cence of the latters after excitation of ultra- 
violet radiation 77 vacuo. 
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Fig. 1. Apparatus for observation of 


phosphorescence. 
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Fig. 2. Phosphorescence spectrum of acetic salt. 
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Fig. 3. Block diagram of apparatus for observa- 


tion of afterglow of phosphorescence. 


To investigate the mechanism of this 
phosphorescence, we observed with an ocillo- 
scope how the intensity and the decay of the 
afterglow depended on temperature, pressure, 
and kinds of ambient gas. Further, their 
ultraviolet absorption spectra were measured 
to 220 my in aqueous or acetic acid solution, 
as it was difficult to measure the spectra in 
solid state. 

From these results, the mechanism of this 
phosphorescence is considered. 


§2. Phosphorescence Spectra 


Specimens used were sodium- and potassium- 
acetates (NaOAc and KOAc), and the former 
was one of commercial reagents of the special 
grade and the latter of the first grade. They 
were powdered and cooled at about —50°C with 
the mixture of dry ice and amyl acetate in 
the apparatus shown in Fig. 1. Temperature 
was measured with a _ copper-constantan 
thermocouple inserted in the specimen. They 
emitted green light for a few seconds after 
illumination of a germicidal lamp. 

The spectra of the afterglow were photo- 
graphed by using panchromatic photographic 
film (super-XX), and small glass spectrograph 
whose dispersion is 10myz/mm at 400 my and 
70myz/mm at 600myz. The density on the 
film was measured with microphotometer. 

The spectrum of every specimen is composed 
of green band with a maximum at 530 my and 
blue one at 465my. One of the results is 
shown in Fig. 2. 

When they are excited with the light of the 
lamp passed through a plate of sodium glass, 
the afterglow can not be observed. So this 
phosphorescence should appear only by the 
excitation of radiation of the mercury line at 
204 my. 


§3. Afterglow of Phosphorescence 


The decay of afterglow of the phosphores- 
cence was measured with an apparatus as 
shown in Fig. 3. The light of afterglow is 
sent to a photomultiplier tube (RCA 931 A) 
supplied a_ stabilized high voltage». The 
photo-current is amplified with a d.c. amplifier, 
and is fed to a cathod-ray tube which is 
sweeped with a single sweep generator. Trace 
on the cathod-ray tube is photographed by 
camera. The instrument is so adjusted as the 
deflection is proportional to the intensity of 
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light. The germicidal lamp is operated with 
a constant d.c. voltage. To separate the 
green band from the blue one, two filters were 
used; one transmits the light whose wave- 
length is shorter than 500m (Matsuda V- 
C1B), and the other longer than 490 my (Matsu- 
da V-Y1A). 

The features of decay of both bands are of 
exponential type: 

I=, exp (—i/t) 
where rt is lifetime, J) the initial intensity and 
I the intensity at time 7. 

We have produced the monochromatic light 
of 254myz to excite the emission from the 
specimen by passing the filter, but the inten- 
sity of monochromatic light was too weak to 
observe any emission from both specimens. 
So we could not use the monochromatic light, 
and it was difficult to measure experimentally 
the initial intensity. We were able to estimate 
its value only by the extrapolation of the 
decay curve. 

Effects of temperature, pressure, and kinds 
of ambient gas on the phosphorescence were 
measured. 


(a) Effect of Temperature 

The lifetime and the initial intensity were 
measured from room temperature down to 
about —50°C. 

The intensity increases with decreasing 
temperature. The lifetime of NaOAc is shor- 
ter than that of KOAc, and that of the green 
band is longer than the blue one in both cases. 
The results obtained are shown in Table I 
and Fig. 4. 

The well-known relation between the life- 
time and the activation energy F: 

ct 4t=sexp(—E/kT) 
where s is a constant, 7 absolute temperature, 
and k Boltzmann’s constant, also holds in this 
case well. 


From the slope of the lines in Fig. 4, we 
obtained & as 0.034 eV in all cases. 


(b) Effect of ambient Gas 

To observe how the quenching of phos- 
phorescence depends on pressure and kinds of 
ambient gas, three kinds of gas were used: 
hydrogen gotten from Kipp’s generator and 
passed through solution of potassium perman- 
ganate and potassium hydorate and traps of 
calcium chloride, wet air passed through 
water pool, and dry air passed through calcium 
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Table I. Lifetime of acetic salts. 
Specimen | Temp. ‘Green Band | Blue Band 
Na(CH;CO,)! 14.5°C | 1.29sec. | 1.09sec. 

cs 1.75 1.46 
| 
K (CH3CO,) | 10 il, Tat 0.99 
| =38 eo, 1.35 
-0.6 


—OGEG 


S5 4.0 4.5 
rie lO ue ay) 
Fig. 4. Temperature dependence of lifetime of 
NaOAc (——) and KOAc (-—-). (®: green 
band, x: blue band) 
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Fig. 5. Quenching by gas of phosphorescence of 
NaOAc. (©: green band, x: blue band) 


chrolide trap. The pressure were changed 
from 10-? to 4mmHg. 

The initial intensity and the lifetime decrease 
gradually with increasing pressure. Quench- 
ing by the dry air is remarkable, and the 
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Fig. 6. Absorption spectra of NaOAc (@) and 
KOAc (x) in solution. 


green band is more quenched than the blue 
one. This recovers at once when gas is 
pumped out. This phenomenon is reversible. 
The results for NaOAc are shown in Fig. 5, 
and KOAc behaves in a similar way. 

Dry air contains oxygen and nitrogen, but 
as nitrogen is inactive, the quenching by the 
dry air must be due to oxygen. Quenching 
by wet air is smaller than dry air. Although 
humidity of the wet air was not measured, 
partial pressure of oxygen in the former is 
lower than in the latter. So the degree of 
quenching by water vapour may be very 
small. Quenching by hydrogen is also very 
small. This is due to oxygen contained in 
the residual air. 

Here, we shall consider the relation between 
initial intensity and pressure of oxygen. As- 
suming that oxygen is adsorbed in molecular 
State, the following relation is known as Lang- 
muir’s isothermal adsorption formula: 


pli? 2 
PotDd 
where p is pressure, f) a constant, 0 a 
covering factor. If we assume that the inten- 
sity is proportional to (1—6), the following 
equation is derived from the previous one: 


Po ) 
Poth 


I/I=1+b]/Do 


where J, is the intensity at zero pressure, and 
J at pressure p. 

We can see from this equation that (Lo/D) 
changes linearly with pressure. This relation 


I=11—0)=1{ 


and 
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can be confirmed by the experiments as shown 
in Fig. 5. This is also similar to the formula 
for the quenching by oxygen of fluorescence 
of organic compounds in solution”. 

From these consideration, we can conclude 
that the phosphorescence is quenched by 
oxygen adsorbed in molecular state, but water 
vapour and hydrogen do not affect at all. 
The initial intensity is inversely proportional 
to the pressure. 


§4. Ultraviolet Absorption Spectra 

As it was difficult to prepare transparent 
films of specimens, their characteristic ultra- 
violet absorption spectra could not be measured 
in solid state. So we measured their spectra in 
aqueous or acetic acid solution to 220 my with 
the quartz spectrophotometer of Hitachi Co. 
Their solutions are contained ina cell of lcm 
thickness and their concentration is 0.1 g/cc. 
The results obtained are shown in Fig. 6. 

In the aqueous solution, absorption edge 
appears at 245 my. In the acetic acid solution, 
edge appears at longer wave-length than 245 


mys and absorption increases gradually as the 
wave-length becomes shorter. It was difficult 
to measure the absorption below 250 my as 
the absorption of acetic acid is very large in 
this region®. 

The reasons for the dependence of the 
absorption on solvents are as follows. In the 
aqueous solution the solutes dissociate almost 
into metallic- and acetic-ions and the interaction 
between them is small or nearly negligible. 
But in the acetic acid solution a metallic ion 
is surrounded with acetic ions, and as there 
are no other kinds of interaction, they interact 
mutually very strong. Therefore, in the latter 
case the absorption near 250m becomes 
very large. 

From these results, their absorption spectra 
in solid state should also be similar to ones 
in acetic acid solution. 


§5. Discussion 


Phosphorescence of the acetic salts appears 
wm vacuo under the excitation of radiation at 
254my and is quenched by oxygen adsorbed 
in molecular state. From the absorption 
spectra of solution, the wave-length of this 
radiation should be in the region of their 
fundamental absorption spectra. The mecha- 
nism of their phosphorescence may be inter- 
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preted as follows. 

From many results of the phosphorescence of 
organic compounds, it has been supposed that 
the emission is due to impurities, triplet state, 
or imperfections of crystal. The phosphores- 
cence of dyes” in rigid medium originates 
from the triplet state. Some organic crystals®, 
e.g. anthracene, naphthalene etc., phosphoresce 
also for a few minutes. Their emission is not 
due to the triplet state, but to other causes. 

Biacetyl vapour®*® phosphoresces emitting 
green and blue band under the excitation of 
ultraviolet or violet radiation. The lifetime 
of the green band is longer than the blue. 
The former band is quenched by oxygen, but 
the latter is not affected. Aceton vapour!)' 
shows also a similar behaviour. It is not yet 
concluded whether a band is due to the singlet 
state and the other the triplet one or both are 
the triplet ones. But these phenomena seem 
due to the double bond between oxygen and 
carbon. NaOAc is also found to have the 
similar bond from its infrared spectrum™), 

The following experiments were carried out 
to determine whether the phosphorescence of 
the acetic salts originates from impurities 
or not. In order to purify NaOAc, we make 
it triply recrystallized and dried hanging over 
calcium chloride in a desiccator. This speci- 
men emits very weak light. After being left 
alone in air for some time, it is put instantly 
im vacuo. The intensity of its emission is as 
strong as the commercial one. On the other 
hand, when it is dried again in the desiccator 
before put zz vacuo, its emission becomes 
very weak again. On account of deliquescence, 
the specimen adsorbs water vapour while it 
is exposed in air, but the water adsorbed may 
vaporized again when it is put z” vacuo or 
desiccator. Speed of vaporization in the 
former case is faster than in the latter. Owing 
to the different speed, crystal of specimen in 
the former case may be more imperfect than in 
the latter. The commercial one which is 


Phosphorescence of Sodium- and Potassium-Acetates 


429 


dried in the desiccator, also emits weak light. 

If the phosphorescence of the acetic salts 
is due to the triplet state or impurities, the 
intensity of the emission may not depend on 
the treatment of the crystal. But this assump- 
tion leads to the contradiction to our experi- 
ments. Moreover as the activation energy is 
small, the phosphorescence may be due to 
imperfections of crystal rather than the other 
causes. 


§6. Conclusion 


Green phosphorescence of sodium- and potas- 
sium-acetates is observed 7% vacuo for a few 
seconds by excitation of the radiation whose 
wave-length lies in the region of their funda- 
mental absorption spectra. The emission 
must be due to imperfections of crystal. 
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On the Absorption of Light by Colour-centres in the 
Region between F-band and M-band 


By Hisao YAGI 
Department of Physics, University of Kyoto 
(Received December 20, 1955) 


When the absorption coefficient of F-band of coloured alkali-halide 
crystal is about 2cm-}, six new bands called Ry, Re, Ry, Rs, Re and Re 
respectively are observed in the region between F-band and M-band. 
On the other hand, however, Molnar’s R-bands (A, and Rs) are observed 


when the absorption coefficient of F-band is about 20cm7}. 


The 


characteristic properties of our new bands are similar to those of 


Molnar’s A-bands. 


Introduction 


§1. 

As is well known, Molnar? has observed 
M- and R-bands in coloured alkali-halide 
crystals in the ‘region of longer wavelength 
than that of the F-band and has reported that 
the R-bands (R, and R,) are very stable and 
have no_ photoconductivity. Based upon 
Molnar’s report, Seitz?» has regarded the two 
R-centres as “F,” and “F.*” respectively. It 
has been pointed out by Pringsheim®, how- 
ever, that contrary to Molnar’s report, the 
R-bands are not sufficiently stable. Also, it 
has been remarked by Oberly and Burstein” 
that not only the R-bands but also the M- and 
N-bands have all photoconductivity. Thus, it 
may be said that the absorption of light by 
colour-centres in the region between the F-band 
and the M-band is not yet well understood. 

In our laboratory, six bands called Ra, Re, 
Ry, Rs, Re and Re respectively have been 
newly observed» in the said region, and to 
the precise description of these bands the 
present paper is mainly directed. 


§2. Formation of R-bands and Measure- 
ment of their Absorption 

Seitz considered that the R-centres are 
observed only in crystals coloured by X-rays, 
but Petroff has observed the R-bands, 
together with F-, M- and N-bands, in addi- 
tively coloured crystals. 

In our experiment, we have coloured alkali- 
halide crystals by following methods. In 
order to subject crystals to electrolysis, they 
were mounted in a furnace in a manner as 
shown in Fig. 1. (This is called “ pointed- 
electrode method”.) A crystal was supported 
between two iron rods which served as a part 


of electrical circuit supplying the current for 
electrolysis. The one rod (A) is pointed 
sharply at its end and acts as cathode. The 
other (B) contacts the crystal with the carbon 
plate covered with platinum foil and acts as 
anode. All parts except the furnace can be 
evacuated. Current is supplied by a 450 volts 
power supply with a 500 K© resistor. 

After inserting a crystal in the furnace, the 
temperature of the furnace was first raised 
up to 450°C-500°C, and the current was 
supplied, and coloured cloud was made elect- 
rolytically in the crystal. (This coloured con- 
dition is called “ F-coloured ”.) Then the tem- 
perature of the furnace was brought down to 
350°-400°C, and the coloured cloud in the 
crystal was removed by reversing the polarity 
of the current. (This coloured condition is 
called “K-coloured”.) 

For the irradiation with X-rays, a Mazda 
Sealex tube, operated at a voltage of 30KV 
D.C. and a current of 8mA, was used. During 
the irradiation the crystal was kept in dark 
and at room temperature. 

NaCl, KCl, KBr and LiF crystals used in 
our experiment were prepared in our labora- 
tory? by Kyropoulos’s method. The crystals 
used were always freshly cleaved on all sides 
at the last possible moment before starting ex- 
periment. 

The absorption spectra of the crystals were 
obtained with a large apertured glass-prism 
spectrophotometer with 1.5 meter focal length 
objective, and a quartz spectrophotometer of 
medium size. Monochromatic light from the 
exit slit was measured photoelectrically by 
Sb, Rb or Cs photocells and a Dolezaleck 
quadrant electometer (sensitivity: 1,500 D/V) 
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Fig. 1. Arrangement for subjecting crystals to 
electrolysis. 
A: cathode, B: 
E: thermocouple, 


anode, C: crystal, D: holder, 
F: furnace. 


connected as shown in Fig. 2. 

For light source, a projection lamp (10 volts, 
80 watts) was used for visible region, while a 
hydrogen discharge tube (6,000 volts, 1 Amp.) 
was used for ultraviolet region. RCA _ photo- 
multiplier tubes 1P-28 and 1P-22 were also 
used in place of photocells. A Beckman 
Quartz Spectrophotometer Model DU was also 
used. 

In our experiment, six bands called Re, Re, 
Ry, Rs, R: and Re respectively were obtained 
in every crystal in the region between the F- 
band and M-band, as shown in Fig. 3. Wave- 
lengths of absorption maxima of these bands 
are given in Table I, the numerical values 
having been obtained at room temperature. 
These R-bands appear conspicuously when a 
crystal is coloured by X-ray irradiation, but 
in crystals coloured by electrolysis they are 
only observed when the crystal is K-coloured. 

In the region between the F-band and the 
M-band, there are Molnar’s R-bands (R, and 
R,), which were observed in our experiment 
when the absorption coefficient of F-band was 
more than 20cm and the temperature of 
crystals was about —180°C, while our R-bands 
were remarkable when the absorption coeffi- 
cient of F-band was about 2 cm7! and enhanced 
with the increase of F-band. Since the in- 
crease of the absorption coefficient of F-band 
is always accompanied with enhancement of 
its tail, we cannot discriminate between our 
R-bands and the tail of F-band as regards 
these enhancements in the same region. But 
our R-bands and Molnar’s R-bands show 
similar behaviours as described below, and so 
we wonder whether these bands can be attri- 
butable to the same kind of centres. 


§3. Characteristic Properties of R-bands 


A. Classification 
Numerical values of wavelengths of absorp- 
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Fig. 2. Arrangement for measuring absorption. 
A: light source, B: Ist slit, C: collimator 
mirror, D: prism, E: 2nd slit, F: photocell, 
R: 10!2 ohms, Q: quadrant electrometer. 


1 


em 


Wavelength 


Fig. 3. Absorption of R-bands of X-ray 
coloured NaCl. 


tion maxima of these bands as shown in 
Table I are in agreement with those obtained 
from the empirical formura due to Ivey*. 
Empirical formulae calculated from the values 
of absorption bands of NaCl, KCl, KBr and 
LiF are shown in Table II. 

Moreover, among these R-bands, a peculiar 
wavenumber relationship of the following 
form holds approximately, namely: 


* Tvey’s empirical formula is given by®) 
Amax=cd*, 
where Amax is wavelength of absorption maximum 
of each band, d is the lattice constant of each 
crystal, ¢ is a certain constant and x is a certain 
exponent. The latter two vary from band to band. 
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Table I. R-bands of alkali-halide crystals. 


Cir vassteaults 
Absorption oS a : . = 
NaCl KCl KBr LiF 
bands | i =e ine 
| mp eV my eV mu eV mp | eV 

Ra | 660 1.87 782 1.56 847 1.46 408 3.02 

Rp 620 1.99 738 1.67 795 Wes) 377 SAL 

Ry 596 2.07 700 eo 780 1.58 355 3.47 

Rs | 572 PWS 671 1.84 741 1.66 338 3.65 

R: | 552 | 2.23 | 635 | 1.94 | 704 1 joni Sloane son 

Re 526 2.34 608 203 669 1.84 297 4.15 

Table II. Empirical formulae. 4 

=> a 1 oe = ar aa a4 Fok — X-rayed KBr 


Amax = 1330 x di55 


Ra 4, 

Rs 1263 x d+-5# 
Ry 1227 x 1°53 
Rs 1165 x d}-54 
Rz 1124 x 1°54 
Re 1071 x d!"54 
F 724 x d}:80 

Va—Yp _ ve—Ve 


This means that our six bands may be 
classified into two groups, namely, Group A 
including Re, Rs and R;, and Group B includ- 
ing Ry, Rs and Re. From the results of 
measurements at different temperatures, it 
has been found that Group A is enhanced at 
higher temperatures, while Group B at lower 
temperatures (see Fig. 3). At lower tempera- 
tures, the absorption coefficients of F-, R-, M- 
and N-bands increase and their wavelength 
maxima shift to shorter wavelength side. 


B. Phototransformation 

When the coloured crystals are irradiated 
by the light in any one of our R-bands, all 
the other R-bands are reduced at the same 
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Fig. 4. Changes of K and K’ absorption bands 
after R-bleaching. 


time with the illuminated R-band, and M.-, 
F-, K- and K’-absorptions are enhanced sud- 
denly for a while and then decrease, approach- 
ing final equilibrium values. Therefore, 
the light lying in any one of R-bands was 
used to irradiate crystals. Similarly, in order 
to observe prosperity and decay of R-bands 
irradiated by the light lying in any one of the 


Table III. #-bleaching in NaCl. 


Centres 


Bleaching 

time in = 

minutes F | Ro | Rs | Rs | Rs | Re M N 
1 Sohes Sa eer epee a: 0 tee NaN 
3 =Be9 20). diieasts 17 16°, “a4 3 15 
5 dS, Meee 8 8 Seiten 7 1 15 
10 5 |e egg e845 5 5.3 on =a 7 
20 210. Swhmaeds a3 0 5 2 =i eee 
30 ~12.2 | =i os 5 Ziipeolia Bi lowes’ 


The values in this table are [(K—Ky)/Ko]*100, where Ky is initial absorption coefficient 


and K absorption coefficient after bleaching. 
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Fig. 5. Thermal transformation of the absorption bands of coloured 


KBr crystal. 
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Fig. 6. Electronic levels of R-bands. 


other centres, only one of the R-bands was 
practically measured. This also suggests 
strongly that all six R-bands are attributable 
to a single kind of centre. 

When a crystal is irradiated by the light 
lying in the K- and M-bands respectively, the R- 
absorptions are enhanced. But, when irradiated 
by the light in the F-band, the M-band is at 
first enhanced and then reduced, and R-bands 
are enhanced (see Table III). 

Hence, the F~M-—-R transformation may 
be a photothermal transformation. This is 
the case in the R->K-—K’ transformation, that 
is, when a crystal is irradiated by the light 
lying in the R-bands, the K-absorption is at 
first enhanced and then the K’-absorption is 
enhanced after the K-absorption is reduced 
(see Fig. 4) 

When a crystal is irradiated by the light 
lying in the N- and K’-bands respectively, the 
R-absorptions are invariable. 


C. Thermal Transformations 

When coloured crystals are heated at 250°C 
in the case of NaCl, at 200°C in the case of 
KCI and at 130°C in the case of KBr respec- 
tively, the R-bands are reduced and the F- 
and K-bands are enhanced remarkably (see 
igae))): 


§ 4. Discussion 


According to the experimental results des- 
cribed above, new six R-bands may be attri- 
butable to a single kind of centre. It is 
highly probable that each of the two groups 
(A and B) is due to the transition between 
each of the two lower electronic levels and 
common three higher electronic levels as 
shown in Fig. 6. 

In conclusion, the writer wishes to express 
his cordial thanks to Professor Y6éichi Uchida 
for his kind advices during the course of this 
work. 
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A Divergent Shock Tube for Obtaining Supersonic Flows 


By Fumio TAMAKI 


Institute of Industrial Science, University of Tokyo 
(Received November 18, 1955) 


A shock tube having a divergent low pressure chamber just downstream 
of a partition diaphragm is presented as a simple method for obtaining 


supersonic flows of fairly high Mach numbers. 


Flow character in the 


divergent channel is examined both theoretically and experimentally. 
Interferometric studies of the flow past a double-wedge profile are 
presented for Mach numbers of 4.0 and 6.0. At M=6.0, pressure dis- 
tribution on the wedge surface deviates considerably from theory due 
to the thickening of the boundary layers. 


Introduction 


§1. 


A method of generating a hypersonic flow 
in a shock tube having a diverging section 
was first presented by Hertzberg’. In his 
method, hypersonic flow is obtained by the 
expansion into the divergent channel of the 
hot air compressed by the primary shock. 
The method has the advantage over the con- 
ventional blow-down tunnel in that the air- 
liquefaction after the expansion can be 
avoided due to the high temperature of the 
air prior to expansion. However, in order 
to obtain a steady flow of sufficient duration, 
a long channel of constant cross-section is 
necessary between the diaphragm and the 
divergent channel. 

In this paper, a shock tube having a divergent 
low pressure chamber just downstream of the 
diaphragm is presented as a simple device 
for obtaining a flow of Mach number near 5, 
in which the problem of air-liquefaction is 
considered not to be serious. In this shock 
tube, supersonic flow is obtained by the ex- 
pansion of the cold air, that is, the air which 
effuses from high pressure chamber after the 
rupture of the partition diaphragm. Although 
low air temperature after the expansion is 
inevitable, the method has some convenience 
in that the total length of the tube can be made 
very short and the initial pressure difference 
between high and low pressure chambers 
can be made comparatively small. 

The use of this type of shock tube may be 
extended to higher Mach numbers, if the air 
in the high pressure chamber is heated by 
some means, say, by a shock wave. A 
double-diaphragm shock tube, consisting of a 
high and a medium pressure chamber of equal 


cross-section and a low pressure chamber 
with narrow inlet and large area-divergence, 
seems to be a practical device for such a 
purpose. Investigation of this type of shock 
tube is now being carried out as a continua- 
tion of the present work. 

It should be noted here that the flow of 
high Mach number can also be realized in 
the cold air in a conventional shock tube 
with constant cross-section, provided that 


sufficiently large pressure difference is 
applied to the diaphragm. In this case, 
however, the length of the low pressure 


chamber must be made long in order to get 
sufficient duration of the steady flow, and a 
rather delicate control of the initial pressure 
ratio is necessary in order to secure repro- 
ducibility of the Mach number of the flow. 
As the main object of our work was to 
examine the possibility of the present method 
for comparatively high Mach numbers, ex- 
periments were mainly carried out for the 
cases of Mach numbers of 4.0 and 6.0. Appli- 
cation of the same shock tube to lower Mach 


numbers were subsequently made by C. S. 
Kim». 


§2. Shock Tube and Optical Equipment 


After some preliminary experiments, a shock 
tube shown in Fig. 1 was set up at the 
Institute of Seience and Technology, Univer- 
sity of Tokyo. High pressure chamber has a 
length of about 60cm and a cross-section of 
1x6cm?. Divergent channel in the low pres- 
sure chamber are made of wooden walls in- 
serted inside the tube of 14 x 6cm? cross-section. 
Two kinds of straightly diverged channel 
were used in the experiments. 
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The first channel has an initial section of 
1x6cm’, the same size as the high pressure 
channel, and a final section, situated 28.2 cm 
downstream from the initial section, is 116 
cm?. A cellophane diaphragm which sepa- 
rates high and low pressure chamber is 
situated 5mm upstream of the initial section. 

The second channel has a length of 28.7 cm, 
with initial and final section of 0.56 and 
14x6cm2, respectively. In this case, there 
is an area constriction at the inlet of the 
divergent channel. A short converging duct 
made of steel is attached to the inlet in order 
to improve the condition of inflow and to 
protect wooden walls from the impact of 
high pressure air. 

Compressed air at 4~6 atms. abs. was 
supplied to the high pressure chamber from 
a reservoir of 0.7m? volume. Low pressure 
chamber was evacuated by a 1/4 horse-power 
rotary pump to the pessure of 5~10mmHg. 
A long steel needle with a trigger mechanism 
fitted to the end of the high pressure cham- 
ber was used for breaking the diaphragm. 

This shock tube was set vertical in order 
to facilitate the use of Mach-Zehnder inter- 
ferometer. 

As will be shown later, Mach number of 
the quasi-steady flow obtained at the end of 
the divergent channel is related to the ratio 
of the area of that section to that of the 
inlet by the usual relation of steady isentropic 
flow. The first channel has the area-ratio of 11, 
corresponding to M=4.03. The value M=4.0 
was actually obtained in the experiments. In 
the second channel, the area-ratio is 28, which 
corresponds to M=5.1. However, much 
higher Mach number was obtained in the ex- 
periments. This seems to be partly due to 
the viscosity effect which acts to decrease the 
mass flow at the throat, and partly due to the 
imperfect removal of the diaphragm, which 
in this case forms a strip of too small a width 
to be broken uniformly. From these reasons, 
Mach number of the flow depended on the 
initial pressure ratio across the cellophane, 
and it was necessary to adjust the preesure 
ratio to a constant value in order to get a 
constant Mach number. Mach number of 
6.0 was obtained when the pressures in high 
and low pressure chamber were 6 atms. abs. 
and 5 mmHg, respectively. 


For the measurement of density in the 
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Fig. 1. Shock tube and divergent channels. 


flow, a Mach-Zehnder interferometer with 
glass plates of 21cm diameters was used. 
Windows of the test section and the com- 
pensater plates were of 16cm diameters. A 
spark discharge through magnesium electrodes 
of a 0.5 uF paper condenser charged at 6kV 
was used as a light source, and monochro- 
matic light of 4481 A was obtained by using 
two glass filters. 

A pair of spherical concave mirrors, each 
having 20cm diameter and 4m radius of 
curvature was used for collimating and 
focusing the light beams. 

The same optical system was used for 
schlieren observations, by wholly cutting off 
the light rays on the compensater side. 

Timing of the spark discharge was effected 
by the method of Hertzberg and Kantrowitz». 
Through a small orifice on the channel wall 
at the position 5cm downstream from the 
inlet of the divergent part, the pressure of 
the primary shock was conducted into a glass 
tube having a metallic contact unit at its end. 
This unit is made of thin aluminum leaf 
faced with small clearance to the plane brass 
surface. Contact of the two metallic surfaces 
due to the pressure wave induces, via thyra- 
tron and automobile ignition coil, a high 
voltage pulse in the third electrode placed 
near the cathode of the spark unit, and 
initiates the main spark. Glass tubes of 
various lengths were used for varying the 
time of spark discharge. 


§3. Theoretical Considerations 


Assuming that the flow in the channel is 
one-dimensional, the unsteady flow after the 
rupture of the diaphragm can be calculated 
by the method of characteristics in) the nz:2 
plane. Graphical method described by Os- 
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watitsch® was used in the present calculation. 

Fig. 2 shows a typical wave diagram for the 
divergent channel for M=4.0, when the flow 
behind the primary shock is supersonic at the 
inlet of the divergent part. Actual channel has 
a parallel part at the test section, but this was 
omitted for simplicity and a simpe divergent 
channell was considered in the calculation. 
Further, between the diaphragm and the inlet, 
a parallel part of 5mm was assumed. Such 
an entrance region is necessary in theoretical 
calculation, in order to determine the flow 
state prior to expansion into the divergent 
channel. Experimental channel has also such 
an entrance region, but, owing to the deflec- 
tion of the cellophane due to pressure, actual 
length of this region is nearly zero. 
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In Fig. 2, x is the distance along the chan- 
nel axis from the initial section, and ¢ the 
time measured from the instant of removal 
of the diaphragm. In the diagram, ¢ multiplied 
by a: is used, where ai is the sound velocity 
corresponding to the initial temperature. 
Pressure ratio ~o/p1, where pp) and ~; denote 
the initial pressures in high and low pressure 
chamber respectively, is assumed to be 304, 
which corresponds to ~fp=4x760 and p,=10 
mmHg. Flow Mach number just behind the 
shock is 1.29 at the inlet. 

The diagram shows that: (1) the primary 
shock weakens gradually as it advances 
through the divergent channel, and the flow 
behind it becomes subsonic at a certain dis- 
tance from the inlet, and (2) a secondary 
shock appears behind the contact surface. 

In Fig. 3, flow Mach number at 7=28.2cm 
is plotted against az. It is shown that 
nearly steady flow of M=4.0 is established 
for at larger than 25cm. As the flow at 
«=(Q is nearly sonic except for small values 
of ait, Mach number of the quasi-steady flow 
at the test section can be calculated approxi- 
mately from the ratio of its area to the 
inlet area, by using the relation of one- 
dimensional isentropic steady flow and assum- 
ing M=1 at the inlet. This gives M=4.03. 
Values of M for large at agree with this value 
within the errors in the graphical solution. In 
the actual channel, the diaphragm bursts nearly 
at the inlet, so the assumption that the flow is 
sonic at the inlet will be a good approximation 
to the real flow. 

As already mentioned, the channel consider- 
ed in the calculation differs from the experl- 
mental channel in that it has no parallel part 
at the test section. As the flow behind the 
shock is subsonic near the test section, the 
existence of this parallel part affects the states 
upstream and slightly modifies the velocities of 
contact surface and secondary shock. However, 
the above simplified calculation seems to be 
sufficient for roughly estimaing the time neces- 
sary for the establishment of the steady flow. 

Next, a brief account will be made of the 
flow temperature in this channel. 

Flow states in the high pressure chamber are 
given by the equation of unsteady isentropic 
expansion: 


[2(r—llatu=[2/(r—1)lao, 7=1.4 
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or 5+M=5a,/a (a) 
where @, wand M aresound velocity, flow 
velocity and Mach number, 7y is the specific 
heat ratio and subscript 0 denotes the state of 
rest in the high pressure chamber. Assuming 
that M=1 at x=0, and using asterisks for the 
quantities at the sonic condition, we have 
a,./@o=0.833. As a is proportional to the square 
root of absolute temperature T, we have T,,/Ty 
= 0.694. 

Relation between the temperature of the flow 
at M=4.0 and that of the sonic condition is 
given by the equation of steady isentropic flow: 


(1/2)2e? +-¢»T=const.=(1/2)ay?+Cy Ty, 
or 1+0.2M?=1.2T,/T (2) 


From this we get T/T,,=0.286 for M=4.0, 
whence we have 7/T,=0.198. This is lower 
than the corresponding value in the blow-down 
tunnel, in which the whole process is considered 
to follow the equation of steady flow. In this 
case, we have T,/7T,=0.833, so that T/T% 
=(0.238. At any rate, there is no fear of air- 
liquefaction yet. 

The channel for M=6.0 has a throat at the 
inlet, and the diaphragm is broken nearly at 
this position. Flow at the throat becomes sonic, 
provided that the initial pressure ratio is 
sufficiently large, and the wave diagram 
downstream of the throat is of the same 
character as explained above. However, the 
condition upstream of the throat is somewhat 
different. Acceleration from rest to sonic 
condition is considered to occur in two stages: 
unsteady expansion to a certain Mach number 
M' and a steady expansion from M’ to sonic 
condition. M’ is determined by the ratio of the 
cross-section of the high pressure chamber to 
that of the throat. As the effective throat 
area is estimated to be 1.58cm?”, the area-ratio 
is 6/1.58=3.8, so that M’=0.15. Writing T’ for 
the corresponding temperature, we have T;/T” 
=0(.837 from Eq. (2), and T’/T)=0.943 from 
Eq. (1), so that we have T,/T)=0.789. 

Temperature T ofthe flow at M=6.0 is given 
by Eq. (2) as T/T,.=0.146, so we obtain finally 
T/T.=0.115. This value is slightly lower than 
the value 0.122 for the case of the blown-down 
tunnel. 

Assuming 2I)=295°K, we obtain TPS BOK. 
This is lower than the air-liquefaction tem- 
perature, which is estimtated to be nearly 
45°K, when T)=295°K and po=6 atms. abs. 
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However, the effect of air-liquefaction may be 
considered not to be serious in the present 
experiments, since a ceetain degree of super- 
saturation may be expected to occur and 
the expansion of the flow to high Mach num- 
ber takes place in a very short length in our 
channel. 


§4. Experimental Results and Discussion 


Schlieren photographs showing the flow histo- 
ry at the test section of the channel for M=4.0 
are given in Fig.4. These photographs were 
obtained under the condition p,=5 atms. abs. 
and ~:1=10 mmHg. A double-wedge profile 
with a wedge-angle of 10° and with 4 cm chord 
and 6 cm span was placed in the stream. A 
thin supporting ring was soft-soldered to the 
mid-span of the airfoil. Photo. (a) shows the 
primary shock advancing toward the airfoil. 
Photo. (b) shows flow near the contact 
surface. Instead of a sharp contact surface, a 
wide zone appears in which a strong mixing 
of hot and cold air takes place. Photo. (c) shows 
the flow near the secondary shock, which too 
appears as a wide band of compression. This 
shock is accompanied with the boundary layer 
separation. After the passage of the secondary 
shock and the separated region, a quasi-steady 
flow of M=4.0 is established with a time dura- 
tion of about | millisecond. 

Similar flow character was observed in the 
channel for M=6.0, though a little higher 
pressure ratio fo/pi=6x760/5 was necessary 
for establishing the steady flow of this Mach 
number. 

Mach number of the steady flow was deter- 
mined by two methods, i.e., by the inter- 
ferogram and by the measurement of Mach 
angle. For the latter purpose, several strips 
of thin cellophane tape were sticked to the 
wall surfaces upstream of the test-section, 
so as to give weak waves in the flow. These 
waves can be considered safely as Mach 
waves, so Mach number is obtained from the 
measurement of the angle between wave 
fronts of two families. Both methods agreed 
in giving the values, M=4.0 and 6.0, for the 
two cases considered in the experiments. 

Fig. 5 shows the interferograms of the steady 
flows past the double-wedge. Pressure dis- 
tributions on the surface obtained from the 
fringe shifts from the free stream states are 
given in Figs. 6 and 7, where p is the pressure 
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Fig. 4. Flow history at the test section. 
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Fig. 7. Pressure distribution on 10° double-wedge (M=6.0). 
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on the surface, p. the pressure in the free 
stream, x the distance from the leading edge 
and ¢ the chord length. Theoretical values 
based on the shock-expansion theory are given 
in broken lines. Reynolds numbers based on 
chord length are 6.6x10° and 4.7x10° for 
M=4.0 and 6.0, respectively. 

Photographs show that the thickening of the 
boundary layer becomes considerable at high 
Mach numbers. Its effect on the pressure 
distribution along the surface can be clearly 
seen in Fig. 7; pressure near the leading edge 
is higher than the theoretical value, and the ex- 
pansion at the ridge-lines becomes incomplete. 
These facts agree with the results obtained by 
McLellan using a hypersonic tunnel of a 
larger scale. 
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a Circular Cylinder 
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Experimental studies using shock tubes are presented of the mixed 
type flow around a circular cylinder placed normal to the general flow 


or Mach number d- cbs 1802.7, 3.5, 4.0, and! 6.0. 


With the Mach- 


Zehnder interferometer and schlieren method the followings were meas- 


ured: 


a) shape of detached shock wave, b) distance d of shock wave 


from the cylinder nose, c) pressure coefficient Cy on the surface of the 
cylinder, d) density distribution behind the detached shock, e) streamlines 


in subsonic region. 


§1. Introduction 


The flow field of velocity greater than that 
of sound, in which a circular cylinder is 
mounted, is very much complicated, because 
a detached shock wave is originated ahead of 
the cylinder and behind it a rotational flow 
field of mixed type, that is, containing super- 
and subsonic regions, appears. Theoretical 
approach of the problem is very difficult 
because the governing equation of the flow 
field is of a mixed type and the boundary 
between sub- and supersonic regions is not 
given a priori. So all the existing calculations 
except Uchida’s graphical solution [1] are 


based on the assumption of a certain shape 
of the detached shock. Further, in most of 
the earlier works [2] the flow behind the 
detached shock is assumed to be irrotational 
and incompressible. Recently more laborious 
calculations have been reported by Lin and 
Rubinov [3], Kawamura [4] and Hida [5] tak- 
ing into account the vorticity behind the 
shock wave. 

Experimentally, the distance between the 
detached shock and the cylinder nose has 
been measured by Alperin [6] in the range of 
Mach number 1.3 to 2.0. As to this distance, 
some discrepancies are found between theories 
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and experiments; the cause for these discrep- 
ancies is as yet not clarified. Therefore it 
seems to the author that the detailed measure- 
ments of the whole flow field are necessary 
for the full understanding of the problem. 
Experiments at higher Mach number range 
may be also necessary in order to study the 
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effects of compressibility, vorticity and heat 
conductivity. 

In the present paper, the results of experi- 
ments are given for the Mach number from 
1.35 to 6.0, and the reason for the disagree- 
ment of theories and experiments is discussed. 


§2. Experimental Methods and Equipments 


Two types of shock tubes, straight and 
divergent, were used for the experiments. 
Experiments at Mach number of 1.35 were 
carried out with a straight shock tube of 
the Institute of Industrial Science [7], having 
a cross-section of 6x15cm? (Fig. 1, a)). Cold 
air, that is, the flow behind the contact 
surface, was used for the experiments. A 
divergent shock tube designed by Prof. 
Tamaki [8] and installed in the Institute of 
Science and Technology was used for the 
experiments at higher Mach numbers. In this 
shock tube, a cellophane diaphragm is situated 
just in front of the divergent part of the 
channel, and high Mach number flow is ob- 
tained by the expansion of the cold air in the 
divergent part (Fig. 1, b)). High pressure 
chamber has a section of 1x6cm?, and com- 
pressed air at 4~6 atms. abs. is supplied 
from the compressor. Low pressure chamber 
has a_ section of 14x6cm?, and wooden 
divergent walls corresponding to each Mach 
number are inserted in it. The pressure in 
this chamber is lowered by a vacuum pump 
to 5~10mm Hg. Flow history after the rup- 
ture of the diaphragm was studied in detail 
by Tamaki [8]. In the test section situated 
at the end of the diverging walls, a quasi- 
steady flow whose duration is of the order 
of 1 millisecond is obtained after the passage 
of the primary shock, contact surface and the 
secondary receding shock. Optical equipments 
used with the divergent shock tube are shown 
schematically in Fig. 2. Mach-Zehnder inter- 
ferometer with glass plates of 21 cm diameter 
was used for the measurement of density 
field. Magnesium spark was used as a light 
source, and the timing of the spark discharge 
was effected by the method of Hertzberg and 
Kantrowitz [9]. Detailed description of the 
optical equipments will be omitted here, as it 
is found in Reference [8]. 

In the experiments reported here, circular 
cylinders made of brass with diameters of 4, 
6, 8, 10 and 12mm were used. To realize 
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two-dimensional flow, i.e., to avoid the end 
effects of the cylinder and the interaction 
between boundary layer and shock wave, the 
cylinder was mounted in the test section 
parallel to the light path leaving clearances 
of 0.4~0.7mm between both ends of the 
cylinder and the glass windows. In order to 
investigate the effects on the flow of the as- 
pect ratio of the cylinder, cylinders of various 
lengths were also used for schlieren observa- 
tions. As shown in Section 3, schlieren photo- 
graphs taken when the axis of the cylinder 
is set normal to the light beam give good 
information as to the end effects of the cylin- 
der. 


§3. Results and Discussions 


z) Distance between the detached shock and 
the circular cylinder 


At the first stage of the experiments, the 
distance d of the shock wave from the cylin- 
der nose was observed for various aspect 
ratios 7/D at constant free stream Mach 
number M;, where / is the length and D is 
the diameter of the cylinder. 

The distance d was determined from the 
schlieren photographs taken by setting the 
cylinder axis perpendicular to both air stream 
and light path. Such photographs are given 
in Fig. 3, a) and b). When the aspect ratio 
is larger than 5.5, there exists a region in 
which the shock front is straight and parallel 
to the cylinder. In the case of small aspect 
ratio, shock front is curved as a whole (Fig. 
b)), so the shock distance in the central sec- 
tion was adopted for d. Fig. 3, c) and d) 
are the photographs taken by setting the 
cylinder axis parallel to the light beam. 
When the aspect ratio is large, detached shock 
does not appear as a distinct line (Hiss 1c): 
However, when the aspect ratio is small, the 
shock appears as a sharp line as shown in 
Fig. d); in this case the shock distance coin- 
cides with that of the central section of Fig. 
b). 
The relation between d/D and //D is given 
in Fig. 4 in the case of Mi=4.0. The same 
character was obtained in the cases of M, 
—27 and 6.0. The results show that two- 
dimensionality is obtained at the aspect ratio 
1/D larger that 5.5 in the Mach number 
range of our experiments M,=2.7~6.0. Sugi- 
moto’s [10] experimental data which were 
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obtained in the case of Z/D=1 agree well with 
our experiments of the same aspect ratio. 
But the results obtained in such a low aspect 
ratio do not satisfy the two-dimensionality as 
is shown in Fig. 4. 

In order to determine the Mach number 
M, of the main stream in the divergent 
shock tube, strips of thin cellophane tape 
were sticked to several positions on each 
divergent wall; waves originating from the 
edges of these tapes are very weak, and its 
inclination to the main flow can be considered 
with a good approximation as the Mach angle 
of the flow. So the Mach number was deter- 
mined by measuring the angle between the 
wave fronts originating from the two opposite 
walls. 
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author considers that this is due to the facts: 

3.0 | a) the shape of the shock wave assumed in 

“ the theory is not adequate, b) the effects of 

compressibility, thermal conductivity and 

viscosity are neglected in the theoretical 

ls analysis. It should be noted here, that 

: ae Uchida’s [1] graphical solution for M;=2.0 by 

2.0} | the flux analysis gives a good agreement 
with our experimental results. 


) 


tt) Isopycenics and streamlines 


1.5- Tamada (Theory) : ; . 
St Ti Hida ( 4) In Fig. 7 the isopycnics (contours of constant 
° . E . A 
: see on density) in the whole flow field for M,=4.0 
S . . . . 
Coe a “Uchida [blake Grolels) are given. Streamlines in the subsonic region 


are also shown in the same figure. As the 
flow behind the shock is rotational, there is 
no simple way to calculate the values of 
pressure, temperature and velocity in this 
region. However, the values of the density 
in the whole field can be determined from 
Mi the interferograms and one is able to calculate 
the streamlines at each point step by step by 
using the well-known gasdynamical relations. 
The simplest way is to use the equation of 


Inve 5 GLUON NaS. AYE 


_— Tamada 

ak ee en continuity, Apz = const., where A is the 
aes Kawamura area between adjacent streamlines, o the 
e Alperin density and wz the velocity. Of course, the 
0 Present Exp product Apu has a fixed value in front of the 


shock. To draw the streamlines behind the 
shock, the shock is replaced by several 
straight tangential segments (in our case it 
is replaced by five segments between the 
point A on the z-axis to the sonic point B on 
the shock wave). Then, the entropy change 
and the stagnation pressure are calculated 
from the inclination of the segment to the 
main stream. In this procedure, the following 
relations are used: 


01 2 il (ies! 
Oye awn 2 ii oy 
0; = a a . ror 7 U2.=U1 Sina 
Fig. 6. 1/6 vs. M. pee AE 1 seuh fi): je He 
Fig. 5 shows the relation between d/D tan?a |= Gay | ; 

and M;, and Fig. 6 shows the relation i 
between b=(D+2d)/D and M;. In these (2) 
figures, we have also included Alperin’s Sle eam 
results obtained for M:=1.3~2.0 in a contin- 8 =tan™ eae! CED ihe (3) 
uous running supersonic wind tunnel. The M? cos? a 2 


agreement between our results and Alperin’s where suffixes 1, 2 denote the values in front 
is very good. These results show some dis- of and immediately behind the shock wave 
crepancy to the theoretical values. The respectively, a is the shock wave angle, and 
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B is the deflection of :the stream. “Then the 
velocity at each point behind the shock wave 
is obtained from the measured p-values by 
the use of the adiabatic relation and the 
gasdynamic equations. Now, the continuity 
condition for each flow passing through the 
segment must also be satisfied, and this con- 
dition determines the cross sectional area A 
of stream tubes, the boundaries of which are 
equivalent to streamlines. 

In flows where the deflection of the stream 
is considerably large, as in our experiment, 
the approximations involved in this method 
become rather poor theoretically. Moreover 
to expect good accuracy for the determination 
of streamlines a large number of fringe shifts 
should be read (about 400 points were read 
by comparator in our experiment). Neverthe- 
less, the followings may be concluded 
a) Streamlines in the subsonic region 
behind the shock are nearly straight and 
parallel to each other except in the vicinity 
of the cylinder. This suggests that, in sub- 
sonic region, the vorticity just behind the 
shock conserves its intensity along each 
streamline. b) Sonic line curves inward in the 
neighbourhood of the shock. It is not clear 
whether this is the essential feature of the 
phenomena, or due to the fact that shock 
wave has some breadth which is caused by 
the effect of the boundary layers on the test 
windows. 


aii) Pressure coefficient 

As the flow on the cylinder surface comes 
from the normal portion of the shock wave 
ahead of the cylinder, the pressure coefficient 
Cy can be obtained from the following equa- 
tion: 


2 Dp ) 2 Ho) (A s/e } 
it Sei) a La) cee 1 
See 7M," \\ 01 J 


(4) 
where Cy is the specific heat at constant 
volume, s is the entropy change across the 
normal shock. 

In Fig. 8 pressure coefficient against 9 are 
shown in full lines for Mi=1.8, 2.7, 4.0, and 
6.0. In the same figure the stagnation pres- 
sure coefficients calculated from the normal 
shock relation are given by broken lines at 0 
—(0°. Also in the same figure, the vacuum 
pressure coefficients, which are calculated 
from the Eq. (4) by putting p=0, are given 
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Fig. 7. Isopycnics, streamlines and sonicline 
for M,=4.0. 
2.00 


= — +7 Cp= 2Cos@ (Newtonian) 
Se 


— — —Cp for Pitot-tube 
pressure 


=—"—-— Gp: tor vacuum: 


M.= 0.70 


| 
-1.5 
R > Reri 
-2.0 
Cp= 1-4 Sin’® 
-2.5 (Potential flow) 
-3.0 


Fig. 8. Pressure coefficient and sonic point. 


by chain lines at 6=180°. From this figure, 
we can see that the pressure at G=0° agrees 
very well with the theoretical stagnation 
pressure. The pressure coefficient behind the 
separation point decreases as My; increases, 
and at M,=6.0, wide region at the rear of 
the cylinder is nearly in the state of vacuum. 
The dotted line in Fig. 8 shows the New- 
tonian theoretical curve Cp=2cos?@, based on 
the principle of collisions of fluid elements on 
a body. Experiments show that in the neigh- 
bourhood of the stagnation point, the pressure 
coefficient approaches the Newtonian theo- 
retical value asymptotically as M, increases. 
For comparison, the pressure coefficients of 
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Fig. 9. Density distribution along the z-axis. 
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Fig. 10. The shape of the detached shock wave. 


subsonic potential flow and of real subsonic 
flows are also shown in the same figure. In 
summary, there seems to be no significant 
change in the pressure distribution on the 
cylinder, moving with supersonic velocity, 
from that of high subsonic case. 


The density distribution along the 
Z-AXIS 

As is pointed out in the previous section, 
disagreement of the experimental shock dis- 
tance with the available theories is probably 
due partly to the fact that the effect of com- 
pressibility of the air flow is not accounted in 
the theory. Density distribution along the 
z-axis seems to be useful for the examination 
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on this effect. Fig. 9 shows such distributions 
for Mi=1.8 and 4.0. In this figure, it is note- 
worthy that the density distribution for MM, 
=1.8 is more steeper than that for M,=4.0. 


v) Separation region and sonic point on 
the surface of circular cylinder 

It is difficult to determine the separation 
point by optical measurements. This is be- 
cause of the fact that the observed separation 
point changes with the sensitivity of schlieren 
method, and that the separation phenomena 
themselves are likely somewhat unstable. 
Nevertheless, a number of data obtained 
ascertain that: a) the separation point 
moves downstream as M, increases, b) the 
area of separation region decreases as M, 
increases, and c) the minimum cross _ section 
of the wake also decreases and the location 
of this minimum cross section approaches the 
cylinder as Mach number ™, increases. 

The sonic point 0* on the cylinder, where 
the flow speed becomes equal to the sound 
speed, can easily be calculated from the pres- 
Sure coefficient. The values of 6* for various 
Mach numbers are given in Fig. 8. This 
shows that 6* decreases gradually as Mi in- 
creases. 


vi) The shape of the detached shock wave 
Fig. 10 shows the shapes of the detached 
shock wave in front of circular cylinder at 
M,=1.35, 1.8, 2.7, 4.0, and:.6.0... For compari- 
son the shape of shock wave assumed by 
Tamada is given for M,=4.0 in the same 
figure. Here, Tamada assumed that the most 
effective element for determining the shock 
distance is the shape of the shock wave near 
the x-axis. But the author considers that the 
disagreement of the assumed wave form with 
the real one, as in Fig. 10, is one of the 
causes of the discrepancy between the 
measured and the theoretical values of d/D. 


vit) Supersonic flow around a cut circular 
cylinder 

Fig. 11 shows the variation of the shock 
distance when the cylinder is cut at 0=+6,°, 
parallel both to cylinder axis and to wind 
tunnel axis. If the angle 0; is decreased from 
90° continuously, we can expect that, the 
shock wave distance from the cylinder does 
not change until the value of @; reaches some 
critical value, say Oo, and with the value 
9:<Oeri, the distance will decrease. The value 


1956) 


i a 


Variation of detached shock wave for 
cut circular cylinder (M;=4.0). 


Rigel. 


of Qere must coincide with the foot of the last 
Mach line. The cases of 6:=42°, 30°, and 
16.5° were experimented for Mi=4.0 (the 
sonic point on the full cylinder is located at 
g*=44°), 

In Fig. 12 the relation between d/D to 9: 
is given, where Qcri=48° is obtained. In this 
figure the value of @crs turned out to be 
slightly greater than the value of #* deter- 
mined by means of either pressure coefficient 
in Fig. 8 or interferogram in § 3. ii), although 
both giving almost identical value. This fact 
gives a fairly quantitative justfication to our 
previous experiments including those of pres- 
sure coefficient, isopycnics, sonic point, M, vs. 
d/D etc. 
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Fig. 12. d/D vs. 4 for M,=4.0. 
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In this paper a number of approximate methods are applied to study 
the two-dimensional high subsonic flow of the adiabatic gas past a family 
of profiles given by Tomotika and Tamada. 

The velocity distributions over the profiles are calculated by means 
of Karman-Tsien’s, the WKB, the M?-expansion and Meksyn-Imai’s 
methods, and are compared with Tomotika-Tamada’s exact solutions as 
well as with Naruse’s results by the thin-wing-expansion method. The 
convergency and validity of the above-mentioned methods are discussed. 

It is noticed that there exists certain amount of discrepancy between 
Tomotika-Tamada’s results and those of the present calculation, which 
might be considered as being due to the'difference between the character- 
istic of the hypothetical gas assumed in Tomotika-Tamada’s study and 


that of the adiabatic gas. 
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A great many investigations have been 
made with various approximate methods for 
the study of the compressible flow past bodies 
such as circular and _ elliptic cylinders, 
Joukowski aerofoils sphere, ellipsoids of 
revolution, etc. 

But, on account of the nonlinearity of the 
fundamental equations in the physical plane 
the studies of the flow past a body of pre- 
scribed shape have necessarily relied on 
perturbation methods or on certain approxi- 
mations in the fundamental equations, so that 
in spite of the numerous investigations we 
might say that little is known about the 
validity of the results and the actual flow 
patterns near the sonic speed. 

On the other hand, it is well known that 
the difficulty of the nonlinearity in the equa- 
tions can be removed by means of the hodo- 
graph transformation if we give up the study 
of the flow past a profile of prescribed shape; 
in fact, certain examples of exact solutions 
of the transonic flow past a cylindrical body 
have been obtained by the hodograph method 
{1} {13}. 

These exact solutions are considered to be 
of great importance, not only because they 
have shown the existence of the continuous 
transonic flow past a body, but also because 
they may serve as the tests of various approx- 
imate methods. 


Introduction 


The flow past a profile appearing in one of 
Cherry’s exact solutions has already been 
studied by the present writer with a number 
of approximate methods [11]. On account of 
the existence of the supersonic regions in the 
flow this example was not quite adequate as 
the criterion in the above-mentioned sense, 
but it was found that Cherry’s solution might 
probably correspond to a flow which cannot 
be obtained by increasing the free stream 
Mach number continuously from zero. 

Also in this paper, a number of approximate 
methods, such as Karmén-Tsien’s, the WKB, 
the M?-expansion and Meksyn-Imai’s methods, 
are applied to study the compressible flow past 
a family of profiles for each of which an 
exact solution of continuous transonic flow has 
been obtained by Tomotika and Tamada [13]. 

We shall first calculate the velocity distri- 
butions over the surfaces of these profiles by 
the above-mentioned methods, and compare 
them with those of Tomotika-Tamada’s exact 
solutions as well as with Naruse’s numerical 
results by the thin-wing-expansion method [10]. 

Thus we shall see, quantitatively to some 
extent, how these approximate methods lose 
their accuracy and applicability when the 
sonic speed is approached in the flow. Further 
we shall notice certain amount of discrepancy 
between the values of the velocity obtained 
by the present calculation and those in 
Tomotika-Tamada’s solutions; which might be 
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regarded as being due to the difference be- 
tween the characteristics of the adiabatic gas 
and the hypothetical gas used in Tomotika- 
Tamada’s investigation. 


§2. Tomotika-Tamada’s Exact Solutions 


By means of the hodograph method Tomo- 
tika and Tamada [13] have obtained a family of 
exact solutions of two-dimensional continuous 
transonic flow past a cylindrical body for a 
certain hypothetical gas which approximately 
satisfies the adiabatic gas relation. 

Further, by numerical calculation, they have 
given three examples of transonic flow past a 
thin profile. The shape of each profile, only 
slightly different from those of the other two, 
is symmetrical with respect to the direction 
of the oncoming flow, and has a finite angle 
at the leading edge and a cusp at the trailing 
edge. The Mach numbers of the undisturbed 
flow are 0.717, 0.745 and 0.752 respectively. 
For convenience’ sake we _ shall designate 
these profiles as P,, P, and P; (Figs. 1(a), (b) 
and (c)). 

Of these three, the flow past P; seems to 
be most important for the purpose of the 
present paper, since in this flow the sonic 
speed appears just at the points of the maxi- 
mum velocity on the surface, while in the 
others supersonic regions show themselves 
adjacent to the profiles so that it is anticipated 
at the outset that the approximate methods 
which will be employed here are invalid in 
these regions. 


§3. The Mapping Functions for Tomotika- 
Tamada’s Profiles and the Incompres- 
sible Velocity Distributions 


Let P be a profile in the z(=«x+72y)-plane, 
and we can map the region outside P con- 
formally onto the region outside the unit 
circle Z=e® in the Z-plane by an analytic 
function of the form: 


LM dd ae re 


z=trltots 4) 


In practice the coordinates of the profile 
(wp, Yr) are evaluated as functions of @# con- 
yeniently by means of Imai’s iterative method 


[2] [11]. 


His procedure rests on the following relation 


between wp and Ye: 


Fig. 1 (a). The profile P, and the velocity dis- 
tribution over its surface (M=0.717). 


: vas 
x 
Fig. 1 (b). The profile P, and the velocity dis- 
tribution over its surface (M=0.745). 


(0) 
IG 
Fig. 1 (c). The profile P3 and the velocity dis- 
tribution over its surface (M=0.752). 
_.-.— Tomotika-Tamada’s exact solution, 
Karman-Tsien’s method (simplified), 
the WKB method (simplified). 
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er(O)= {1 i sve) +5 ve} cosd-+yr*(0) 


5 we*O) 5 yeX(n), 
where yp*(@) denotes the conjugate Fourier 
series associated with yp(0). 

In the following we calculate the values of 
(wp, ye) and also the velocities for 0=(27/40)k 
(k=0, 1, 2,---,39), which may be sufficient for 
our purpose. 

For P, the 0th approximation is taken to be 
«p,(@)=cos 6, and after three steps of itera- 
tion the final values of zp,(@) and yp,() are 
obtained. On the other hand, by taking xp,(8) 
as the 0th approximation, it is found that only 
one step is sufficient for P, and P,, which 
shows how favourably the iteration proceeds 
if we have already known the values of the 
mapping functions for approximately the same 
profile as the original one. 

The velocity qin. on the surface for the 
incompressible flow is calculated as 


1 bee ane 
oe a ad rs 
SSH ¢ 


ue / (ty +( Sy 
do do 
(3.2) 


where Uine is the velocity of the undisturbed 
flow with its direction parallel to the z-axis. 
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§4. The Karman-Tsien Method 
From the incompressible flow velocity we 
can calculate the velocity g for the compres- 
sible flow approximately by means of KarmAan- 
Tsien’s formula [14]: 
1—2 


ea dine z - | 
U Wie 1—a{ dine i 


ine 


(4.1) 


where U is the velocity of the undisturbed 
flow with Mach number M and 
yal -—V1- 


1+V1—M © 

The velocity distributions for the three 
profiles are shown in Figs. 1(a), (b) and (c). 
(In order to show the transonic character of 
the flow, g/c, are plotted against the chordwise 
length x, c, being the critical sound velocity 
corresponding to the free stream Mach number 
M.) 

Strictly speaking, however, the velocity given 
by the formula (4.1) corresponds to the flow 
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past a different profile from the one in ques- 
tion. But it can be shown that if the thickness 
of the original profile is small, the deformed 
profile is almost similar to the original one 
[5]. 

In fact, the variations in the thickness 
ratio are quite small for the present examples. 
They are shown in Table I together with 
other examples. In our case only very small 
corrections will be expected for the velocity 
distributions even if the effect of the defor- 
mation is properly taken into account. 


§5. The WKB Method 


According to Imai’s WKB method [6] the 
problem of the compressible flow is reduced 
to that of the incompressible flow just as in 
Karman-Tsien’s method. 

The velocity q for the compressible flow is 
calculated from the related incompressible 
velocity Q by the following formula: 


y) q “iE es 
— = ff itt 2k 
Santor Cats 
1 ‘ 
x(1+ay)/4¢—— , Sales 
( ) rgity (5.1) 
where 
ie( dation ye 
baie 
and 
qisaclamel . 
(pap ll 


Practically, by using the numerical table 
[7] for Eq. (5.1) we may proceed as follows: 

(i) Calculate U/c, from the free stream 
Mach number M. 

(11) Calculate Q.. from the numerical table. 

(iii) From the incompressible velocity Q/Q.. 
(=Qine/Uine in §3) calculate Q=(Q/Q..) xQ... 

(iv) Again by means of the table we ob- 
tain q/c, from Q. 

The velocity distribution thus obtained does 
not correspond to the flow past the original 
profile P as is also the case in K4rmén- 
Tsien’s method. 

The coordinates (Ep-, yp) of the deformed 


* It is assumed here that the profile is sym- 


metrical with respect to the w-axis and cuts it at 
the points (1,0) and (~1, 0). 

** In Imai’s original paper [6], g is referred to 
the critical sound velocity so that q/¢ in Eq. (6.1) 
corresponds to q in [6]. 
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Table I. 
| | be : : | 
P | P. Circular cylinder Cherry’s profile 

\ ce. te ; pe 3 | ie | (Tamada [12]) nat) 
M 0.717 0.745 ORf52 0.40 rial p i 0.51 + 

to 0.107 0.111 OF 112 1.00 0.93 

t 0.109 0.113 0.114 1.07 1.05 

0.019 0.018 0.018 0.07 On13 


(t-to)/to | 


| 


tg: thickness ratio of the original profile. 


Fig. 2. The‘velocity distribution over the surface 
of the profile P; near the’point of the maximum 
velocity (M=0.717). 

Tomotika-Tamada’s exact solution, 

——-— the @-procedure (2nd approximation), 

---=-- the Y-procedure (2nd approximation) , 


the @Y-procedure (2nd approximation), 
se Meksyn-Imai’s method, 
—__— the WKB method. 


profile P’ are given by 
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The velocity distributions for the three pro- 
files are shown in Figs. l(a), (b) and (c)*. 
The velocity in the supersonic region cannot 
be calculated by this procedure since too large 
a value of Q@ does not give a real q as can 
be seen from Eq. (5.1). 

Especially for the profile Pi, for which no 


K'/tdyp , 


where 


t: thickness ratio of the deformed profile. ; 


Fig. 3. The maximum velocity on the surface of 
the profile P; for M=0.717. 


supersonic regions appear in the exact solu- 
tion, we can calculate the velocity distribution 
over the whole surface by properly taking ac- 
count of the deformation of the profile. 

The iterative procedure for this purpose is 
performed in almost the same way as in the 
Karm4n-Tsien method [11], except that this 
procedure is made somewhat complicated by 
the occurrence of the seeming supersonic 
speed in the course of the calculation. 

The velocity distribution thus obtained is 
shown in Fig. 2. 


§6. The M’-Expansion Method 


Now the M?-expansion method is applied to 
the flow past the profile P,. The velocity 
distributions are calculated for M=0.717 and 
0.500 to the order of M* by means of Imai’s 
@-, V- and O¥- procedures [3] [4] [11] (Figs. 
23, 4- anda). 


1.40. 


* Oth 
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BG Tomotika- lamada 


Fig. 4. The velocity at a point on the surface 
(w=0.8) near the trailing edge of the profile 
IE AOE NERO TA 


§7. The Meksyn-Imai Method 


Meksyn-Imai’s method [9] [8] [11], as a 
variant of the usual M?-expansion method, has 
also been shown to be useful for the study of 
the high speed flow. 

Calculation is made for P, with M=0.717 
and 0.500 (Figs. 2,3, 4 and 5). 

The critical Mach number above which the 
method fails is evaluated to be 0.888. 


§8. Numerical Results and Discussions 


CO Woe Jee 

(i) M=0.717. As is clearly seen from 
Figs. 2 and 3, none of the approximate methods 
gives a satisfactory result in the high speed 
region. 

Numerical results by the M?-expansion 
method suggest that the iteration will diverge 
in the neighbourhood of the maximum speed 
near this Mach number, so that the critical 
Mach number 0.888 calculated by the Meksyn- 
Imai method seems to be too large to be re- 
garded as the Mach number below which the 
M?-expansion method is valid. 

Such an over-estimation of the critical 
Mach number has already been seen in the 
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Fig. 5. The maximum velocity on the surface of 
the profile P, for M=0.500. 
B Tomotika-Tamada’s exact solution, 
a Meksyn-Imai’s method, 
8 Karman-Tsien’s method (simplified) , 
O the WKB method (simplified) , 
Oo) the WKB method, 
—-—x-—-~— the thin-wing-expansion method 
(Naruse), 
——- ——. the @-procedure, 
- ---.. the W-procedure, 
—— -—— the @W-procedure. 


examples studied by Meksyn [9] and by the 
present writer [11]. 

Considering that the convergency of the 
iterative method will become poorer and 
poorer as the critical state is approached, 
this bad estimation of the critical Mach num- 
ber is rather a matter of course. Thus the 
merit of Meksyn’s procedure is to be found 
in its qualitative description of the probable 
flow pattern at high Mach number. 

On the other hand, the results of the ap- 
proximate methods seem to be reliable in the 
relatively low speed region (Fig. 4). But it 
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must be noted that there exists some discrep- 
ancy between the value of the exact solution 
and those obtained by the present calculation. 
Its magnitude, though small, cannot be con- 
sidered as being within the range of the 
errors due to the approximate methods; rather 
we might regard this as a measure of the 
deviation of the characteristic of the gas 
assumed in the exact solution from that of 
the adiabatic gas. 


this problem and has guided and encouraged 
him throughout this study. 
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Imai’s transonic thin-wing-expansion method is applied to the compres- 


sible flow past a Kaplan bump. 
fourth approximation. 


Calculation is carried out as far as the 
The results are compared with those obtained by 


means of the usual thin-wing-expansion method which is based on the 


exact equation of motion, 


and then with those deduced from von 


Karman’s similarity hypothesis for the transonic flow, showing that 
Imai’s method is more adequate than von Karman’s; the former presents 
satisfactory results over a wider range of the free stream Mach number. 


§1. 
Recently, as an extension of von Karman’s 
transonic similarity rule, Imai? has suggested 
an approximate treatment for the two-dimen- 
sional compressible flow. His idea is based 
on the fact that, when the free stream Mach 
number is considerably large in the subsonic 
range, the usual thin-wing-expansion method” 
is capable of being subjected to some analyti- 
cal simplification. In contrast to von Karman’s 
similarity theory®) which starts from the two 
assumptions that the perturbation velocity 
caused by the presence of an obstacle is 
sufficiently small and the free stream velocity 
is close to the sound velocity, Imai’s method, 
here called transonic thin-wing-expansion 
method, is based only upon the assumption 
of small disturbance to the main flow, without 
any restriction about the free stream Mach 
number. In other words, Imai has succeeded 
in extending the conception of the similarity 
law for the transonic flow to the compressible 
flow at an arbitrary speed, taking exactly the 
second order perturbations into account. 
Here, in connection with a previous paper), 
the author will investigate the transonic flow 
past a Kaplan bump, using the transonic thin- 
wing-expansion method. Attempts are made 
chiefly to calculations of the velocity distribu- 
tion over the surface and to appreciation of 
the accuracy of the present method superior 
to that of the usual similarity theory. Com- 
parison with the results of the usual, or 
complete, thin-wing-expansion method which 
have already been obtained exactly up to the 
third approximation by Kaplan® and the pres- 
ent author’? independently, indicates that 


Introduction and Summary 


our procedure yields satisfactory results over 
a wider range of free stream Mach number 
than the ordinary similarity theory does. 
Further, based upon our results including 
the fourth approximation, we point out 
Kaplan’s overestimation for the critical Mach 
number above which the continuous potential 
flow ceases to exist. Whereas he guessed this 
value to be about 0.83 for a Kaplan bump of 
thickness ratio 0.1, our results show that it 
may be a little less than 0.8. But it is still 
open to question whether or not the continuous 
mixed flow containing both the subsonic and 
supersonic regions actually takes place. 
§2. Outline of the Transonic Thin-Wing- 
Expansion Method 


For convenience, a brief account of the 
transonic approximation method due to Imai 
will be given here. 

The two-dimensional irrotational flow of a 
compressible fluid is governed by the equa- 
tions 


ae 2 1/(y-1) 
! =|1- > e( a) ee 


where (z, v) are the component velocities in 
the z- and y-directions, g is the magnitude of 
velocity, o the density, o.. the density of the 
undisturbed fluid, ® the velocity potential, ¥ 
the stream function, U and M are the mag- 
nitude of velocity and the Mach number of 
the undisturbed flow respectively, and 7 is the 
ratio of specific heats. The assumption of 
small disturbance velocity leads to 
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O=2+€¢, V=y+&d, (2.3) 
where € is a certain constant of small quan- 
tity, and U has been taken as unity. Further, 
let us introduce the following quantities: 


C=E+iy, C=E-iy, (2.4) 
1=b/ a; G=$¢+i%, G=¢—ix, (2.5) 


where u=V1—M?. Then (2.1) and (2.2) can 
be combined and expressed in terms of the 
complex variables as 


G6 ae) hae Coe) te): 
(2.6) 


E=a2, 7=ny; 


which, on integrating, gives 
of GS & 0¢6\? 5 
G= mS.) C-O+ neat ya 


dg 0g 
noe Ht (2.7) 
we 
where f is an arbitrary analytic function of €, 
and 


— 4M ,.7tli Mm 
y= AML Soe (2.8) 

In most cases we are interested only in the 
state of affairs on or near the surface of the 
body, where €—€=—2i7=O(ut), t being the 
thickness ratio. As for the parameter €, it 
is favourable to assume that €=O(¢/) in view 
of the similarity hypothesis. This will be 
clarified later in §38. Therefore, neglecting 
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the terms of O(&?/2) in (2.7), one is led to 
the basic equation for the present method: 


9G _E / 49 
Og 14 bless i 
6G 0G 0G 8G 
~8(o¢ +96 tee toe)» 2) 
where 
the} 
B= 6” (2.10) 


Noting that the perturbation velocity poten- 
tial is the real part of €G and G is of O(1), 
we find that the error caused by the adoption 
of (2.9) in place of (2.1) and (2.2) is of O(€?/p?) 
=O): 

Since B=O(z) for a moderate subsonic flow, 
G(f, ©) may be expanded as 

G=G,+ BG,4+ B?G3+ B°G,+--- (2.11) 
Then substituting (2.11) into (2.9) and inte- 
grating successively, we obtain* 


Gish); 
Gey fe [Fat +0006) 


(2.12) 
(2213) 
Gs=10f 2f +29 F446 f' +2F'F? 

+1ap (Fb rar G+ uF rg | Feat 


Gin 70 4420 on 420s F + 420F 24 26F | FAC LAS ONT + LOT” 


ae (arr +12] f dG 205 FOE LD ALE I +S PAL FG 


+2 Fo'dt +ox0) (2.14) 
HOOPS 4292 PASS VFI AOS +1290) FE + OF 24 2600 
anf F \7 Forde Af FFP+ + f! [Feats 247" [Fade +2f G+ 20F fF 
lg eee ran ae (2.18) 


+A4f f’ ga + 


slr 


where f, 92, 93, and g, are arbitrary analytic 
functions of € alone which should be deter- 
mined in compliance with the boundary con- 
ditions; and the primes denote differentiation 
with respect to € or € and the bars denote 
the complex conjugates of the designated 
variables. It is to be noted that in the above 
formulae (2.13) to (2.15) the terms multiplied 


by the factors (€—f)" have been neglected 
since they become small near the surface of 
the aerofoil. 


* These formulae were given in reference (1) in 
more refined forms. Here we have reproduced 
them with some modification, correcting an error 
in the original expression corresponding to (2.15). 
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es 


Fig. 1. Profile shapes in the x-y and ¢-y planes 
(left) and unit circle in the Z-plane (right). 


§3. Boundary Conditions 


In calculating G, the above-mentioned arbi- 
trary functions f and g, should be chosen 
according to the following conditions: 

(i) @G/Of is one-valued and continuous in 
the field of flow, 

(ii) OG/O€ vanishes at infinity, 

(ii) Im(€+€#?G)=0 at the boundary sur- 
face. 

The last condition corresponds to the fact 
that the velocity vector at the surface is 
tangential to the profile contour. 

Now consider a Kaplan bump of thickness 
ratio ¢ at zero incidence (Fig. 1). Then the 
analytic function which maps the flow region 
in the €-plane onto the region outside the 
unit circle in the Z-plane is given by” 


(2)=5 (247) + 4 (1p) 24 Ome, 


Z) A 2 
(3.1) 
Therefore, by virtue of the relation 
Im (Z2+27)=0 
at the surface, the condition (ili) can be 


written in the form 


ib ff dk oa | ' r on 
Im] 6+ 2 1 4(-z+z) +O} |-0.6.2) 


Hence, if we let 


Sly iD < 
‘is Gieigaltes r9) (3.3) 
with R=t/Ex , (3.4) 


all the conditions (i) to (ili) are satisfied to 
the first approximation. The foregoing assump- 
tion that €=O(¢/) is then deduced from the 
requirement that /(€), and hence k, be of 
O(1). 

In the present case the mapping function 
€(Z) can be expressed only in a series expan- 
sion; nevertheless, it is favourable to regard 
as if the condition (iii) would be strictly 
satisfied by equation (3.3), because we are in- 
terested in the results based on the similarity 
law. Thus, the conditions to be satisfied by 
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the remaining Gn (w>2) are as follows: 

(i’) 0G,/0€ is one-valued and continuous 
in the field of flow, 

(ii’) @G,/0€ vanishes at infinity, 

(iii) ImG,=0 at the surface (7=2,3,4,:---). 
In other words, the above statement corre- 
sponds to applying the prescribed boundary 
condition to an aerofoil whose thickness is 
vanishingly small, as is often effectuated in 
the usual transonic similarity theory. 


§4. Calculation of the Velocity Potential 
If we put 
Re €(e*)=€(8), Re GrlE(e), C(e7)]=Gn(9), 


then the velocity potential at the surface is 
expressed in a non-dimensional form 


O(0)=E(0)+E{b1(8)+ Bo2(0) 


+ B763(9)+ B°64(A)} . (4.1) 
Now, from (3.1), there follows 
E(9)=cos 0 (4.2) 


for a vanishingly thin profile. Further, taking 
the real part of (8.3), one obtains 

#(0)= 26 cos 6—cos 30) . (4.3) 
As for the higher order terms in (4.1), cal- 


culations of G, are necessary. Thus, substi- 
tutions of (3.3) into (2.13) leads to 


Cie i! yc 
Gis Pal Z-z:) 


3 il 3 
= 8 A. eye tm) ) 


which, by virtue of the relation ZZ=1 at the 
surface, becomes 


ne 


Coes 
2 8 eS 


22 422— 2) +0x6) 
If we assume that 

oe ee :) 
Vb SAS VPS If 
the conditions (i’) to (iii’) for 2=2 are satisfied. 
Thus, 


a2 
WO= (4.4) 


$(8)= : re(2 cos 6—cos 36+ : cos 50). (4.5) 


The expressions for $3(@) and ¢,(@) can be 
obtained in a similar manner. The results 
are as follows: 
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b9(0)= (12 Coe “ cos 38 


ive cos 50—8 cos 70) ; (4.6) 
5 if 
$,(0)= ae cos g—388 cos 30 
5 +) 
+e cos 50—27 cos 70+21 cos 90) AOSD) 


(Reference (4) should be referred to concerning 
practical procedure.) 


§5. Velocity Distribution 


If ds denotes the line element of the profile 
contour measured in the positive sense, the 
flow velocity at the upper surface is given 
by 


oi 5 
OO isis D9) . (5.1) 


Now, provided that the departure of the pro- 
file shape from a straight-line segment is 
negligible, it follows that 

—ds—dz=dcos 0) . (22) 
Hence, from (4.1) together with (4.3), (4.5), 
(4.6), and (4.7), differentiation of @(@) with 
respect to cos @ leads to 


3) Ds 


t | 3 
=1+—| ——> be cpa eal a 46 
qQa)=1 it 9 cos 2 t35 3 (1+3 cos 44) 


ae (“yar cos'20-+15 cos 68) 
320 \ 1 


3 vt \ 
ee Nl 7 160LCOS. 20 

a ar a, ee 

4.548 cos 40-+315 cos 86) | (6.3) 


or, in terms of x(=cos 9), 


t 3 3 vt 
= zo? - —" (6a —6a?-+1 
if 9 (ee +3 Oe Gell) 


ee le )(4802°— 72008 +3062?—29) 


723 


ie (77) cas20 —s0d0st-+ 3424et 
640 \ u 


— 8842? + 55) | : (5.4) 
In deriving (5.3), the dummy parameter & thus 
far employed has been automatically elimi- 
nated owing to the relations Ek=t/p and 


Bk=vt/16. 
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§6. Comparison with the Results of the 
Complete Thin-Wing-Expansion 
Method 


For simplicity, we write equation (5.3) in 
the form 
qg=1+1ta,(6)+Pa(0)+Fas(0)+---. (6.1) 
On the other hand, the rigorous result in- 
cluding the terms of O(2*), obtained by means 
of the complete thin-wing-expansion method, 
can be written in a similar form; namely, 
g=14+ tAi(e)+PAWO)+P Axed) , (6.2) 
where #, unlike 0, is exactly equal to cos 42, 
and the coefficients A, are known functions 
of the free stream Mach number as well as 
3. Then, comparison of (6.1) and (6.2) shows 
that a,(8)=A,(v); but that a@.(0)+<A2(e), be- 
cause the loose boundary condition (iii’) for 
m=2 has been applied. Therefore, in order 
to make a correct estimation of the validity 
of the transonic thin-wing-expansion method 
on the basis of equation (2.9), we should 
prefer 
g=1+tA,(v)+PA) 
+£a3(0)+Ha(e)+::- (6.3) 
to (6.1). Thus, if the boundary conditions are 
strictly fulfilled, the error involved in the basic 
equation (2.9) is reduced to the difference be- 
tween #a;(8) and #A;(8). In fact, putting 
o=7/2, say, we have 


5 (ae 87 / M Me , Me 
ONIN ai aa hd (a yy Peas 
a(7/2)= 369 48 = 20 (Ge en = 
(6.4) 
tS RE M:* 
(n/2) =: es "(13 -162n)2 = 
Arie 16 6a 040 Ls + 49) ke 
D1 / MP, ONES | 36 jon v7 jE Se 
% (= +k mf \ 59 L726) i sr ra 
(6.5) 
: iL 
with ea rated) j 


whence the difference between #a,(z/2) and 
£A;(z/2) is of O(#/#°), as was expected in 
§2. In general it can be conjectured that both 
a, and A, contain an equal dominant term 
of OU/z3"-) for M close to unity and their 
difference is of O(1/#3""*) for m2. 

Fig. 2 shows how the curves of a3(7/2) 
approximate that of A3(7z/2) with increasing M. 
In Fig. 3, the maximum velocity Ones = Tle) 
is plotted against the free stream Mach number 
for three values of the thickness ratio. These 
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Fig. 2. Comparison of the coefficients of the 
maximum velocity expanded in ¢ (y =1.405). 


Vig. 4. Chordwise velocity distribution for Kaplan 
bump of thickness ratio 0.1 at M=0.83 (r= 
1.405). 


1.0 


are ea cab Asan, 
ee 1 tt Dae rtastt*ay, 
——._ | +tAr ta,tt A; , 

[+t Attar 


08 


06 


0.4 


(@y2 


10) 
04 0.6 08 10 O6 O?7 wy 08 0.9 1.0 


Fig. 3. Maximum velocity distribution vs. free Fig. 5. 
stream Mach number, where q,, denotes the 
critical speed of sound. 


Two transonic similarity parameters: 
Imai’s (solid lines) and von Karmén’s (broken 
lines), for 7=1,4. 
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curves present some information with regard 
to the critical value of the free stream Mach 
number. For instance, when ¢=0.1, this value 
presumably does not exceed 0.8. In this re- 
spect the value 0.83 which Kaplan conjectured 
from the result including O(¢*) due to the 
complete method, seems too large. In fact, 
the velocity distribution curves for M=0.83 
(Fig. 4) do not enable us to expect its con- 
vergence, at least, at the mid-chord point. 

A recent study of the transonic flow past 
an infinite sinusoidal wall® has presented a 
plausible inference concerning the critical state 
of the continuous flow: “ Once the local Mach 
number exceeds unity at the ridge of the 
wavy wall, the smooth symmetrical potential 
flow is no longer possible to exist.’’ Our 
results seem to show, though not affirmatively, 
that the same statement is also valid with 
the Kaplan bump, for its shape can be re- 
garded as an isolated single wavy wall without 
stagnation points. 


§7. Relation to von Karmdn’s Transonic 
Similarity Rule 
In the limiting case M-1 and ¢-0, the 
similarity parameter vz/ utilized in the fore- 
going sections is reduced to 


(7 +1)¢/1—M?)3” . (7.1) 
This combination composed of free stream 
Mach number, thickness parameter, and adia- 
batic index is well known in von Karman’s 
transonic similarity theory. In Fig. 5 these 


two parameters are compared for four values 
oF f. 
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From the consideration that the equation 
on which von Karman’s theory is based can 
be looked upon as an alternative form of the 
basic equation (2.9) of the present method 
(see Ref. 1), the results due to the latter can 
be converted into those due to the former mere- 
ly by replacing vz/ with the parameter (7.1). 
Thus, the velocity distribution (5.3) is trans- 
formed into 

g=1+41ta,(0)+Pa(0)+hax(0)+---. (7.2) 
Again, a,(z/2) and a;(z/2) are plotted with 
broken lines in Fig. 2. Then it will be con- 
cluded that the present analysis due to Imai 
yields more excellent results in comparison 
with von Karman’s theory, provided that the 
boundary condition is satisfied correctly up 
to the second order in thickness ratio. 

The author wishes to express his sincere 
thanks to Professor Isao Imai for his valuable 
suggestion and continual guidance throughout 
this work. 
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A nonlogarithmic direct reading counting rate ratio meter was con- 
structed, which proved to be more stable and precise than the logarithmic 


one using diode character. 


A counting rate fj; of channel 1 was applied to the rate meter which 
is very similar to the conventional meter only with an alteration in the 
charging circuit of the pumping condenser, which is made to give the 
charge modulated by a D.C. voltage proportional to 1/f; (f2 being the 


counting rate of channel 2). 


Thus arranged, the out-put of the rate 


meter became proportional to fi/f2, namely the rate ratio. 
The D.C. voltage propotional to 1/f: was generated by utilizing a low- 


pass filter and a saw-tooth generator. 


The height of the saw-tooth voltage 


was made to be proportional to the pulse interval, 1/f, by controlling 
the start and stop of the saw-tooth voltage with a pair of adjacent pulse 


from channel 2. 


The statistics of the 1/f2 D.C. voltage and the rate ratio was also 


described. 


Introduction 


on 


The counting rate ratio meter is a direct 
ratio indicating instrument of two radiation 
counting rates. Some approximate ratio indi- 
cating devices have been reported, but theore- 
tically, precise ratio figure and wide ratio 
range could not be obtained. 

Logarithmic indication?» was also reported, 
but lability in diode character is inherent. 
The present ratio meter includes two parts. 

(1) The voltage generator, the out put of 
which is proportional to the inverse of the 
counting rate. As the inverse of the counting 
rate is proportional to the mean pulse time 
interval, the output of a sawtooth voltage 
generator, whose starting and quenching time 
of the sawtooth voltage is controlled by the 
impulse from the counter, led through a 
low-pass filter indicates a voltage inverse to 
the counting rate. 

(2) The ordinary counting rate meter. Its 
electric charge associated with each pulse is 
proportional to the voltage described in (1). 

Statistical considerations of the inverse vol- 
tage and a practical circuit construction are 
also given in §3 and §4, respectively. 

§2. Voltage Proportional to the Inverse 
of the Counting Rate 


Each count (Fig. l-a) is converted into a 
sharp pulse. This pulse triggers a flip-flop 


circuit, the out-put of which is a series of 
rectangular pulses with uniform amplitude and 
various duration. The moment of rise and 
fall of the rectangular pulse is determined by 
the incoming pulse (Fig. 1-b). 

The rectangular pulses (b) control the saw- 
tooth voltage generator. The voltage in the 
low level period of (b) swings the tube Vi 
(Fig. 3) beyond cut-off. This actuates the 
sawtooth voltage generation, the out put of 
which is as Fig. l-c. 

A proper low pass filter smooths out the 
sawtooth voltages and gives a D. C. voltage 
proportional to the inverse of the counting 
rate, namely, the pulse interval. 


§3. Statistic of the ‘‘ Inverse’’ Voltage 


A series of sawtooth voltage pulses as shown 
in Fig. 2(a) is fed to a simple R C integrating 
net-work as shown in Fig. 2 (b). 

The D.C. voltage component is easily found 
to be 


Atm 

Eg Fi Gis) 

where zn is the mean pulse interval and a is 

a proportional constant between amplitude and 

pulse interval (Fig. 2). The pulse interval, 

however, is distributed according to Poisson’s 

law, and consequently, the sawtooth are not 

uniform. Hence the D.C. voltage component 
varies with time. 
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Assumed that only the D. C. component Ey 
can pass the RC net work, we can determine 
the out put voltage Ez as follows. 

The effect of voltage pulse (£4 in height, 
4t in duration) at a time ¢ in the past to the 
present time f) is (See, Fig. 2 (c)) 


At to—t 
4E3= E,-— ws 
B A RC exp( ae 


At ty—t F 
-e aa 2, 
ree? Rey wae 
When £4 is assumed to have a standard 
deviation o E,4 at time #, the standard devia- 


tion o&, at present time fp is obtained in the 
same manner, 
ees 


oly =|" | ols Roe"(— Be 

The observed pulse interval can be deter- 
mined by observing the elapsed time between 
m pulses. The probability Wr” with which 
the 2th pulse comes between time T and T 
+4T, is 


t 
25=\ : 4Es=\" Ey 


— co 


—o 


Tr-} df. 
W. nv — = pees 
; maa in) 


Where ¢m is the mean pulse interval. The 
mean (T) of time T is 

T=ntw, . 
and the standard deviation (or) of T is 


ata\ TP WdT—-T =(V 7 tn)? 
0 


Thus, the observed pulse interval (Z) is 
Ae eae De 
n n Vn 
Hence, the standard deviation of the pulse 
interval (o tm) observed during 4¢ is 
tm 


Ce 


From equations (1), (3) and (4), we derive the 
standard deviation (ons) of the out-put voltage 
ER 


Bb? 


BOR C ta 


a) 


oF 2? 


Sep 2S txt (5) 
Equation (5) gives the fractional standard 
deviation of a single observation of pulse in- 
terval. 
The fractional standard deviations of 
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Hicks ale 
V. lt Ye | , 
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A ¢ 
E, errs: 
(b) 


tee ato 


(Cc) 
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B 
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observations and continuous observation can 
be obtained similarly and are found to coin- 
cide with the case of counting rate meter 
obtained by R. D. Evans and L. I. Schiff. 


$4. Practical Construction and Moduration 
by the “Inverse Voltage ”’ 


A practical circuit diagram of the important 
parts are shown in Fig. 3. 

A counting rate ratio f/f: of two channels 
is considered. Each counting channel of fi 
and f, has a system of a preamplifier and a 
Schmidt type voltage discriminater. Channel 
fz has a scale of two circuit, the out put of 
which is rectangular in wave form and is 
applied to a sawtooth generator comprised of 
Vis, Viz, Vio through an impedance converter 
Vir. The sawtooth voltage is fed into a low- 
pass filter, and the “‘ inverse” D. C. Voltage 
is obtained across the resistor R79 (between 
point (a) and (b)). 

The out-put of the discriminater of f; system 
triggers a scale of two circuit, the out-put of 
which is rectangular in shape and is fed 
to pulse height limiter Vs whereby the lower 
level of the pulse is fixed at 150V D.C. (b) 
and the higher level is also caught at the 
voltage level of the point (a). Ars is to com- 
pensate for the D. C. voltage produced by the 
leaking current through R7 while point (c) 
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Fig. 


lies at a higher voltage than point (a). This 
effect can be minimized by altering the pre- 
ceeding scale of two stage to the univibrater 
circuit, the out put of which being fixed at a low- 
er level than (b) while no triggering occures. 
The reduction of the internal 
between (a) and (b) is also effective. 

The rectangular pulses synchronized with /; 
and modulated in height by the voltage E(a~b) 
which is proportional to 1/f, are fed to 
ordinary rate meter circuit. 

The D. C. out-put appearing across the RC’ 
tank circuit is 


V=£F; CR: fa where Ez=a-l1/fy 


oo af et 

mies fs ears aed i 

This voltage is read by a vacuum tube volt 
meter Vy, and V,; in ratio figure. 

Practically, f2 or f; can also be measured 
by selecting the switch position of s3 (See Fig. 
3. INPUT SELECT, S;). In this case S, acts 
as the range selecter (10 c/s to 3000 c/s, See 
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Fig.03. RANGE S3): 

S; should be placed to an apropriate position 
according to the f; value and a multiplication 
facter M, should be remembered associated 
with the position (See Fig. 3. f; RANGE, S,). 

When S; is turned on to the position Filfe 
S, acts as a range selector (M,=1 to 1/100). 
If meter reading gives the value K (See Fig. 3 
RATE RATIO), the ratio is obtained by 
maltiplying M, and M, with K. 

Ratio=K.-M,-M, 

With a proper combination of M, and Mz, 
it is possible to realize a wide range of 100 to 
1/100. S, functions as a time constant selector 
(See Fig. 3 TIME CONST.). The time con- 
stant ranges from 0.1 to 50sec. 

Experimental data showed an accuracy of 
+2%. Some error occured in too high a 
counting rate for a specified switch positions, 
because the 1/f voltage decreases in high fr 
value until it conceals itself under the noise 
level. In too low a counting rate for a speci- 
fied switch positions, the linear rise of saw- 
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toothwave form cannot hold in such a long 
pulse interval so that some error were 
introduced. 

These characters were investigated in con- 
stant ratio figures of 1.0 and 0.027. In the 
former, the same signal from an audio 
frequency oscilator was applied to both chan- 
nels. In the latter, two thin metal discs, each 
with different number of slits (the difference 
being 2.7%) on the periphery, were attached 
to a common rotating axis. This device, 
with the aid of light source and a photo-cell, 
produced an electrical signal of two frequen- 
cies that corresponded to the R. P. M. of 
the axis and number of slits. The beat 
frequency of the two signals was applied to 
channel 1. One of the original frequency was 
applied to channel 2. The R. P. M. of the 
D. C. motor way controlled by the rheostat. 
In this way we could vary the frequencies 
while keeping the ratio constant. 

To avoid the nonlinear rise of the sawtooth 
voltage, proper selection of switch position 
was necessary, but the accuracy described 
above was held for specified positions in about 
2 decades of frequency range. 


§5. Statistics of the Rate Ratio 


Now we consider two quantities A and B, 
and assume that they have statistical fluctua- 


tions. A has the mean value of A, standard 
deviation of o A and the probability of WA) 
-4A with which A lies between A and A+4A. 
As for B, we can define similar expression 


B,o B, W(B)-4B. 
Some relationships as follows are too obvi- 
ous. 


A=\a Weta: B= (2. Wi AB. 7) 
(oA)? = \(4-4)" Wen AA= [AW AA Ae, 


(6Byi= | B-ByW a 4B | BW cw ABB 
(8) 
Then we consider the product of two 


quantities A and B. The mean value of AB 


can be obtained from the next eq. (9). 
AB= [\42Weoda. WeedB 4. 09) 


As A and B are quite independent of each 
other, eq, (9) becomes 


A Direct Reading Counting Rate Ratio Meter 
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AB= \4 Wad. - [BW 4B=A-B 


(5) 
Similarly, the standard deviation of AB can 
be obtained. 


(AB) =| \(AB—AB) Wed. W'undB 
=|\ aE Wend. W’ «i» 4B—AB? 


=| 4 Wend. : | BW cmdB—A Be 


From eqs. of (8) and (9°), 
(s AB) =(0.A2+ A®)-(¢B?+ B»)— A? B? 
~gA?-B?+0B°A? . 


Dividing the both side of this eq. with AB? 
= A?-B?, 


Caneoncs 
AB/] \A B ) j 
Hence, from eqs. (6) and (10), we obtain the 


fractional standard deviation of the rate 
ratio output. 


(FYB EEY 


As the scale of two of channel 1 cannot 
change the statistical nature of f;, the statis- 
tics of the quantity CRfi/2 of eq. (6) can be 
obtained from the statistics of the ordinary 
counting rate meter output V}!(£2= const, 
without scale of two). 


(10) 


(11) 


ACR 
2 > 


Vi=Exz-C-R-fi=B (8=Const.) 


afiCR/2. oV? = OL 
frCR/2— VEY Oey’ 
Where 1, is the time constant of the tank 
circuit. 
As seen in $3 eq. (5), the ‘inverse ” vol- 
tage of the counting rate f, has the fractional 
standard deviation of 


“Be / if 
Ez 202 fo % 


Where cr, is the time constant of the filter 
circuit of the ‘‘inverse’’ voltage and fo=1/tm. 

From egs. (11), (12) and (13), we obtain the 
fractional standard deviation of the counting 
rate ratio fi/f. 


ofilfa 
filfr 


(12) 


(13) 


+ ae (14) 
/ 2rufi 7 27 fr 
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This is an expression for a single observation. 

For 2 observations (at equal time interval 2) 
and continuous observation (overall time, 7), 
we can derive respective expressions from 
eq. (10), eqs of the fractional standard devia- 
tion corresponding to the ordinary counting 
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rate meter given by R. D. Evans et. al. 
and the eqs. of the ‘‘inverse’’ voltage des- 
cribed in §3. 

For 7 observations, whose time interval of 
observation is uniform and equal to ¢ sec, 


ofilfe a 


EE re te ae PY ESSA (15) 
Silfa [L+(2—1)(1—e G7) P25 fy" [14+ (m—1)(1 —e-@/72)) 2c, fy 
For continuous observation, whose overall -time is Ih, 
ofilfs = + (27 ei) tz Files) (16) 
Sil, L+7/ty)?2t1-f. © 1+ T/r2)?2t2 fy 


$6. Conclusion 


The result was satisfactory and proved to 
be more stable than the rate meter using 
logarithmic diode character and a difference 
amplifier. 

Radioactivity measurement, however, needs 
background correction, and thereby some 
error might be introduced to the reading if 
the counting rate of both channels is low. 
However, the intensity is ordinarily much 
higher than the background count, so the 
error will be negligible. If f, is not high, 
but f high, the correction can be made easily. 

Statistical considerations of the rate ratio 
was made exactly and proved to coincide 
with the approximate expressions for the ratio 
of two quantities. 

This will be useful in nuclear experiments 
where the ratio figure is important and the 
absolute value is not so important, such as in 
the determination of angular distribution of 
scattering, or in the X ray analysis using 
Geiger tubes, which suffers intensity variations 


from power supply fluctuations; and in the 
radioisotope tracer experiments of physical 
and chemical researches, especially when short 
half life isotopes are their tools. 

This rate ratio meter was initially const- 
ructed with the financial support of the fund 
of Aide for Engineering Development of the 
Ministry of Transportation for the purpose of 
constructing the radiation defect detector or 
the radiation thickness gauge of casted irons 
and welded steel sheets of a ship and her 
engines. The author wishes to express his 
gratitude to the persons concerned. 
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Specimen Contamination in 
Electron-microscope 


By Y. MIZUSHIMA, S. HIROTA 
and H. NOAKE 


Electrical Communication Laboratory, 
Nippon Telegraph and Telephone 
Public Corporation, Tokyo, Japan 

(Received January 9, 1956) 


In the course of a study of evaporated gold films 
by an electron-microscope, a curious effect due to 
electron-bombardment was observed. Pure gold 
black deposits were evaporated onto a substrate, 
which was mounted on a mesh, in an 
atmosphere of purified argon. Substrates 


inert 
were 


Photo 1. Before ieradiation® Photons. 


irradiation, 30 mA/cm’. 


«@ 


After 20 min. 


evaporated glass films of 100 angstrom thickness, 
collodion films, or evaporated thin films of germa- 
nium. The electron-microscope was evacuated by 
a diffusion pump using silicone oil. The specimen 
was subjected to the irradiation of a fine electron 
probe of relatively low intensity (80 mA/cm?). The 
temperature rise due to absorbed heat caused by 
the electron impact at the black particles is estimat- 
ed as less than 50°C. 

During the observation, the specimen changes its 
shape as shown in series of Photographs 1~4. The 
contamination of the sample occurs only at the 
electron-bombarded area within a hole of the mesh. 
Other area shows no change. Several features 
observed in this phenomenon are as follows: 

1) Contamination spreads roughly proportionally 
to the bombarding time, independent of the size of 


“ 2 
Photo 3: 


irradiation. 


ee e- 
Wa aoe 


: (es * a. we 
Photo 4. After 60 min. Photo 5. Shadow-cast b Photo 6. After the 1 hr. 
germanium. heat-treatment at 350°C. 


irradiation. 


Photo 7. After the treatment 
with KCN solution. 


the smoke particles. 

2) The contamination is independent of the 
nature or the conductivity of the substrate. 

3) Electron-diffraction of the contaminated region 
shows strengthened background, probably due to 
the formation of some organic material, while the 
pattern of gold is weakened as the contamination 


grows up. 
4) The contamination occurs even by the bom- 
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bardment of low-voltage (1 to 5kV) electrons in 
an usual kinetic vacuum chamber of about 107° 
mmHg. 

5) It has been reported that contaminations 
produced by a discharge method in an organic 
vapor such as benzene» or di-butyl-phtalate are 
formed as continuous layers covering all over the 
substrate. While, shadow-cast micrograph (Photo- 
5) Ose lave contaminated specimen reveals that the 
contamination, which is translucent for 50kV 
electron, has rather sharply defined edges, and is 
formed only at the particles. 

6) Though it has been confirmed that the black 
changes its shape remarkably by sintering at above 
200°C2, the contaminated specimen persists in its 
original shape even at 350°C. (Photo-6) 

7) Heat-treated blacks show the contamination 
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very little. Also, the vacuum-evaporated films do 
not suffer any obvious trace of contamination. 

8) Electron-impact at the copper part of the 
mesh has a slight but positive influence on the 
production of the contamination. 

9) When the contaminated specimen is etched in 
a solution of KCN, gold blacks dissolves away and 
there remain only shells of the contamination. 
(Photo-7) 

Some considerations have been so far reported on 
the nature of the contamination®?), The above 
evidences seem to indicate that the electron beam 
in a kinetic vacuum induces unknown interaction 
with residual organic gas molecules only on metal 
blacks, probably due to a special activity of a 
metal black and, or, the sucessively contaminating 
layer on it. 
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On the Elastic Scattering of Electrons 
observed in Kikuchi Patterns 


By Hatsujiro HASHIMOTO 
Kyoto Technical University, Matsugasaki, 
Sakyoku, Kyoto 
Eiji YODA and Hiroshi MAEDA 


Kyoto University, Kitashirakawa, 
Sakyoku, Kyoto 


(Received December 30, 1955) 


Boersch showed with the use of the electron 
filter the fact that the Kikuchi lines in electron 
diffraction are due to the inelastic scattering of 
electrons, in accordance with the interpretation 
originally given by Kikuchi?). The present authors?) 
formerly studied Kikuchi lines from the cleavage 
surface of zinc-blende by using a net-type electron 
filter) inserted between the second specimen 
holder and the second projector lens in our micros- 
cope). By this experiment it was revealed that 
the Kikuchi lines contain a certain amount of 
elastically scattered electrons besides the inelastic- 


ally scattered part. The similar conclusion has 
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been subsequently obtained also for Kikuchi lines 
in transmission patterns from molybdenite. During 
the progress of our study, Watanabe®) reported an 
energy spectrum of Kikuchi lines which contains 
clearly the conponent of no energy loss. His result 
coincides exactly with our observation. In the 
present paper the results on molybdenite is report- 
ed. 

We observed the transmission electron diffraction 
patterns from a thin film of molybdenite containing 
the Kikuchi pattern and the Kossel-Mollenstedt 
(K-M) pattern simultaneously. The K-—M pattern 
is useful for the investigation of the elastic and 
inelastic scatterings, because it has been considered 
that the K-M pattern consists of elastic scattering 
of electrons, while the Kikuchi pattern consists of 
inelastic scattering. 


incident electrons 


voltages 
BV measured from 
i GV cathode 
av. 
= 2v patential 
Ov 
2v 


cross section 
of net 


‘ 
passed electron 


Fig. 1. Potential distribution in 


electron filter. 


(a) (b) 
Fig. 2. Kikuchi lines (mark |) and K-M patterns 
which passed through electron filter. 
(a) Av=180 volts. 
(b) Av=2 volts, Kikuchi lines can be still 
observed. 


The effective potential for filteration is not the 
same as the potential applied to the net as shown 
schematically in Fig. 1. Let us denote the voltage 
difference between the net and the cathode by aV, 
and that between the effective potential for filter- 
ation and the cathode by Av, then in general Av>aV. 
In our study nets having 50 spacing (with 60% 
transmission coefficient) and 1504 spacing were 
used. It was confirmed that for these nets Aav= 
(AV +8) volts and Av=(AV+17~18) volts, respec- 
tively. 

The patterns through the electron filter varied 
with the variation of the potential of filter as 
follows: 
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1) By the change of Aw from 200 volts to 20 
volts, the intensity of Kikuchi patterns decreased 
little by little, but they were still observed clearly. 

2) At values of Av lower than 20 volts, Kikuchi 
lines become very weak but were still observed. 
However, a part of Kikuchi lines far from a spot 
of K-M pattern faded away. 

3) In certain specimens, in spite of Kikuchi lines 
having been observed for Av=10 volts, they dis- 
appeared for Av=8 volts. 

4) In other specimens, Kikuchi lines were still 
observed even for Av=2 volts, as shown in Fig. 2. 
At the value of Av=0, all Kikuchi lines as well 
as K-M pattern disappeared completely. 

From the above observations we can see that in 
certain specimens Kikuchi lines consist of an 
inelastic scattering of electrons whose energy loss 
is more than 20volts or 8volts, while in other 
specimens they contain, besides inelastic part, 
electrons whose energy loss is less than 2 volts. 
The existence of electrons of such a small energy 
loss seems to show that Kikuchi lines are partly 
due to the thermal scattering or the elastic scatter- 
ing at imperfections in the crystal. It is probable 
that the parts of Kikuchi lines far from the spots 
of K-M pattern are solely due to the inelestic 
scattering, because it is supposed that when elec- 
trons change their directions greatly, they may 
suffer inelastic scattering at least more than once 
during the process of multiple scattering. 

The authors wish to express their sincere thanks 
to Prof. K. Tanaka of Kyoto University for his 
kind guidance. They are also grateful to Prof. R. 
Uyeda of Nagoya University for his advice to take 
up this problem. 
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Note on the Ferromagnetism of CoTe 


By Enji UCHIDA 
Department of Physics 
The University of Osaka Prefecture 
Naniwa University 


(Received January 10, 1956) 


In a previous paper on the magnetic measure- 
ments of CoTe, the experimental data were so 
interpreted that CoTe would be a ferrimagnetic 
substance. At the annual meeting of the Phys. 
Soc. of Japan, Oct. 12th. 1955, at Tokyo, Professor 
T. Hirone suggested, however, that CoTe, (1.005 
e<1.20) might be an eutectic mixture of metallic 
cobalt and a nonmagnetic compound CoTei.20 and 
that the magnetic transition observed at 1003°C 
could be explained on this basis. The author made 


Room temp. 


OD a 6 B10 12 
—~rx 
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Fig. 1. Dependence of the magnetization of CoTez 
(0<a#<1.00) on temperature. 

Fig. 2. The molar magnetization of CoTe, as a 
function of molar content of tellurium. Plots 
in the region 1.00<#=<1.20 are reproduced from 
the data in the previous paper. 
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Fig. 3 (a). Hypothetic phase diagram of CoTe; 
(0<a#<1.20). 
(b). Hypothetic phase diagram of CoTex, 
suggested by Dr. Lotgering. 
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magnetization measurements on samples CoTe, 
with 0<#<1.00 and also detailed x-ray investiga- 
tions on CoTe}.99 and CoTe;.29, the results of which 
will settle the question raised above. These results 
are as follows. 

Samples of CoTe, (0<#<1.00) were prepared by 
the same procedure as mentioned in the previous 
paper. The temperature of heat treatment in the 
present case was 1200°C. In the case of «=0.3~ 
0.7 a precipitation of cobalt was clearly detected 
in the upper part of the products. In order to 
give a homogenous composition to the samples, 
they were ground into powder and were once more 
subjected to a heat treatment at 900°C for 10 hours 
in yacuum. 

The temperature dependence of the magnetiza- 
tion of these powder samples is shown in Fig. 1. 
The magnetization curves for ~=0.3~0.9 show a 
sharp drop at 1003°C and their ferromagnetic Curie 
point is near that of metallic cobalt. In Fig. 2, 
the molar saturation magnetization is plotted against 
“, i.e. the molar content of tellurium. Its values 
distribute along a straight line, which starts 
approximately from the molar saturation magnetiza- 
tion of Co and ends at CoTej..9. This seems to 
show the presence of two phases, Co and CoTe}.20, 
in samples of CoTe,z with 0.1<¢”<1.20. That the 
present observed value of the saturation magnetiza- 
tion for «=0 is smaller than that observed by 
Sucksmith”) (¢..9=163.9 gauss/g) would mainly be 
due to a large demagnetizing effect in powder 
samples. 

Careful x-ray investigations of CoTey.o9 and 
CoTej..9 were performed in cooperation with Prof. 
Shimomura of our University. The Debye-Scherrer 
diffraction pattern obtained with CoTe}.29 conforms 
to that of the NiAs-type structure both in arrange- 
ment of lines and in intensity distribution, with 
lattice spacings a=3.88 A, and c=5.37 A, which 
are in full accord with those previously reported 
by Oftendal®) for CoTe;.9. However, the pattern 
for CoTe.9) showed the presence of three addition- 
al lines (@=25.9°, 45.5° and 56.9°). These three 
lines were so weak that they could scarcely be 
detected without taking a special care. It appears 
that they are coincident in 6 with those of metallic 
cobalt, the corresponding planes being (0002), 
(1120) and (1122), respectively. The writer has 
prepared single crystals of CoTej,..9 and CoTe}.59 
(both about 2mm x 2mm x4mm), and a precise x-ray 
study of them is now being carried out by Prof. 
Shimomura. 


The results obtained in the present experiment 
support Professor Hirone’s suggestion. A hypothetic 
phase diagram shown in Fig. 3 (a) can interpret 
all the experimental data, in particular the magnetic 
transition at 1003°C, a small jump of o at this 
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temperature, and a temperature hysteresis of the 
transition (Fig. 1 and Fig. 3 of the previous paper). 
In the course of preparing this note, I have 
received a letter from Dr. F. K. Lotgering of the 
Philips Research Laboratory in Netherlands, who 
suggested a similar interpretation. He assumed a 
decomposition of CoTe,.99 into metallic cobalt and 
CoTej.29, with a similar hypothetic phase diagram 
shown in Fig. 3 (b). He supposes the phases «a, 9 
and y to have NiAs structures, « having the com- 
position v=1.2, 8 a composition x >1.2 (for example 
v=1.3) and 7 the composition «=1.0' (or 7<T.0). 


The writer is much obliged to Professor T. 
Hirone for kind suggestions, to Professor T. 
Nagamiya and Professor Y. Mashiyama for kind 
discussions, to Professor Y. Shimomura for his 
cooperation in a-ray study and to Messrs. M. 
Kojima, S. Saito, H. Kondoh and N. Fukuoka for 
their eager assistance. The writer also wishes .to 
express his thanks to Dr. Lotgering for his kind 
communication. 
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On the Electroluminescence in ZnS 
phosphor 


By Morihiko KIMATA and Tsutomu NOMURA 


Department of Electrical Engineering of 
Waseda University Tokyo 


(Received February 10, 1956) 


An investigation has been made of the properties 
of electro-luninescence of ZnS phosphor doped with 
Pb and Cu). The powder phosphor is imbedded 
in Lucite, which is sandwiched between a conduc- 
tive glass and an alminium plate, before Lucite 
solidifies. Luminous light outputs are received by 
the photomultiplier, amplified and observed by a 
two beam oscilloscope. 

At low voltage two peaks were observed per half 
cycle of the external field. One was almost in 
phase and the other appeared at the maximum of 
time derivative of the external field. This is the 
well known experimental result of many authors. 
But increasing the voltage, a third peak was found 
at the time of exact maximum of the external field 
(Fig. 1, a). For the sake of simplicity we named 
these peaks P, C and I in the order they were 
referred above. Simultaneous results were obtained 
with samples using the same phosphor not imbedded 
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in Lucite, but sandwiched between two conductive 
galses (Fig. 1, b). The reason for this was to 
eliminate any possible blocking of the electrode 
caused by the use of Lucite. In this case the I- 
peak did not show a smooth form on the oscilloscope 
pattern, but exhibited a rugged form. Considering 
the shape and the stability of this peak, it is not 
reasonable to conceive that the peak is caused by 
discharge light. 

When DC bias is superposed on the AC field, the 
different characteristics were induced for three 
peaks. (Fig. 2) 

1) I-peak was strengthened at the maximum of 
the field and weakened at the minimum. 


= a i 
Pp P Pp 
YN Tinaeal 


Pp 
NX 
(a) (b) 

Fig. 1. (a) Sinusoidal voltage (1800 V/mm) and 
light output. I,P and C-peaks are seen, but 
I-peaks do not always appear twice a cycle. 
(b) Light output shape is identical with those 
of the above. The I-peak does not appear in 
this figure but was observed to have a rugged 
shape. 


(a) (b) 
Fig. 2. Bias effects. (a) No bias. (b) 
(AC. 1800 V/mm, DC. 400 V/mm) 
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Fig. 3. DC bias was on, at t=0 and off at ¢=140 
sec, The decreased light gradually recovered 
after the bias was removed. (AC. 800 V/mm, 


DC. 1200 V/mm) 
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2) The behavior of the P-peak was very interest- 
ing in contrasts with I-peak. This peak was 
weakened at the maximum of the field, and 
slightly strengthened at the minimum field. 

3) Change in the C-peak is not distinct because of 
the effects of the others, but this is not likely 
to be affected by the DC bias. 

From these observations we can conclude that 
these three peaks were induced by quite different 
mechanisms. 

From the result 1) the I-peak can be explained 
by the impact model”), But from 2) the P-peak 
cannot be explained by this mechanism, because, 
if it is so P-peak should have to increase by the 
increased field. The P-peak may be closely related 
with the polarization of the phosphor. To explain 
this effect, a more elaborate experiment must be 
devised. 

From the result 3) in which C-peak is independent 
of the field intensity but depends only on the field 
change, the C-peak cannot be explained by the 
recombination at 0 field2). We prefer to explain 
the C-peak as having arisen from the effect of field 
changes. Such mechanism may be obtained by the 
release of the carrier at the trap by abrupt change 
of the field. 

The total light output is lowered by the DC bias 
and its time dependence is shown in Fig. 3. 

The authors wish to thank Prof. H. Tsutsumi 
for his encouragements and invaluable comments. 
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On the Correlation between Screw Dialoca- 
tions and Twin Structure in 
WoO, Crystal 


By Terutaro NAKAMURA 
Department of Physics, University of Tokyo 
(Received January 25, 1956) 


Recently S. Tanisaki) observed growth spirals 
on the tungsten trioxide crystal, indicating that 
screw dislocations imerge on the surface. This 
substance was reported to have ferro- or antiferro- 
electric properties’) and to posses twin structure”). 
The present note suggests that the screw disloca- 
tions parallel to [001] axis may affect the twin 
structure. 
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It is well known that the crystal is composed of 
domains (90° domains), twinned on (110) plane. 
Furthermore, each domain contains a number of 
repeated twins (180° domains), twinning plane being 
(100), as showh in Figs. 1 and 2%). Unit cell is 
monoclinic with lattice constants:3) a@=7.27 A, 
b= Meo0 Ae e=3.82,Ay B= 90256) M(Risas2): 

Some of photographs by Tanisaki indicate the 
existence of screw dislocation parallel to c-axis). 
These dislocations must cause stress Zz, whereas 
each (100) type domain has spontaneous strain Zz. 
Therefore, stress Z, may affect (100) type domain 
structure. 

Suppose a screw dislocation parallel to c-axis in 
a domain characterized by positive 2, strain, then 
in the vicinity of the dislocation a portion of 


Fig. 1. Twin structure of WO; according 
to Ueda and Kobayashi. 


zs 
On On 


Fig. 2. 180° domain structure according 
to Ueda and Kobayashi. 
2x 


Fig. 3. The 2,—Z, characteristic curve, 
assumed, 


negative zz strain must be existing. It is possible 
that this negatively polarized portion provides a 
nucleous of new domain which may grow when a 
mechanical stress is applied. 

The information on the size of the nucleous of 
the domain can be roughly estimated as follows. 


. 
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Strain z, due to a screw dislocation situated in a 
positive domain is: 


bY 


Ona? +y9 28 io 


Ad 


provided for brevity that elastic constants are 
isotropic, and that z,—7%, characteristic curve is 
as shown in Fig. 3; where z;; denotes spontaneous 
strain @—(n/2)=1.6x10-7, and 6 denotes the 
modulus of Burgers vector. If Burgers vector is 
equal to the lattice constant in [001] direction, 
3.82 A, the nucleous of opposite domain fixed to 
the dislocation can be roughly estimated from Eq. 
(1) as a circular cylinder of radious 50A in the 
order of magnitude. The nucleous of the domain, 
therefore, cannot be detected by microscopic study. 
There is, however, a possibility that stress 7; 
applied by a certain treatment may produce obser- 
vable domains at the screw dislocations parallel to 
the c-axis. 

If the z,;—Z, characteristic shown in Fig. 3, is 
not the case, (1) is not correct, hence the nucleous 
of the domain will not be circular cylinder. The 
estimation of the size, however, will be roughly 
the case. 
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The Effect of Frequency on the Fatigue 
of Metals 


By Alan K. HEAD 


Aeronautical Research Laboratories, 
Department of Supply 
Melbourne, Australia 


(Received January 27, 1956) 


In the theory of fatigue fracture of Yokobori) 
one of the predictions is that the number of 
cycles to cause fracture is proportional to the 
frequency of the applied stress. Recent fatigue 
tests in these laboratories on 24 S-T aluminium 
alloy and pure annealed copper have not shown this 
predicted frequency dependance. Fig. 1 shows the 
S-N curves for 24 S-T at frequencies from 21 to 
12000 cycles per minute obtained by Mann and 
Table I is a summary of the results obtained by 
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Mann and Finney for copper. 

Some care is necessary in this type of experiment 
to ensure that the characteristics of the testing 
machine do not vary with frequency ; for instance 
the reported variations with frequency in X-ray 
diffraction patterns from copper tested in push-pull 
fatigue3) have since been shown‘) to be mainly due 
to the characteristics of the fatigue machine used. 
All the tests in Fig. 1 and Table I (a total of 
250 specimens) were run in the same standard 
A.R.L. 12,000 c.p.m. rotating cantilever fatigue 
machine®), For the lower frequencies a reduction 
gear box and pulleys were used between the motor 
and the machine. Full details of the experimental 
given in reference). The S-N 
1 have been drawn through the 


procedure are 
curves in Fig. 
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Table I. 
Stress Fatigue Life 7 Fatigue Life 
Drseis at 2ilVcspsins at 6000 c.p.m. 
20,000 Sep LOA eS e-41'02 
16,000 2.5x10° 9 x105 
14,000 a102 DR soy 
50,- = 


iia 


SL 
(®) 


30 


STRESS -1000 PS.L| 
w 
oO 


25 


es B. hot. Se [her 
CYCLES TO FAILURE -N 


S-N CURVES AT DIFFERENT TESTING SPEEDS 
lekeg, ily 

logarithmic means of groups of test points since it 
has been shown® that the scatter of fatigue tests 
is approximately log-normal. When the testing 
frequency is increased from 21 c.p.m. to 12,000 
c.p.m. the theory of Yokobori predicts that the 
fatigue life should be increased by a factor of 571. 
From Fig. 1 it will be seen that the factor is 
actually from 1 to 3, depending on the stress level. 
For the results in Table I the measured factor is 
from 3 to 4 while the predicted increase is by a 
factor of 286. 

This theoretical prediction that fatigue life should 
be proportional to frequency is actually composed 
of two parts. Firstly it is assumed that the initial 
formation of a crack is a rate process of nuclea- 
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tion and it is then shown that the number of 
cycles to nucleate a crack is proportional to 
frequency. It is then assumed that this nucleation 
takes the major part of the fatigue life and it then 
follows that the fatigue life will be (approximate- 
ly) proportional to frequency. As the above ex- 
perimental results do not show this proportionality 
the following alternatives exist: — 

(i) If the number of cycles to initiate a fatigue 
crack is the major part of the fatigue life then the 
formation of the crack cannot be by the mechanism 
described by Yokobori. 
or (ii) If the number of cycles to initiate a crack 
is only a small part of the fatigue life then Yoko- 
bori’s mechanism could be correct but it is not 
then possible to compare the theory directly with 
experiment as done in reference (1). 

Of the three stages of the fatigue process, the 
first (the initial work hardening) is very short 
compared with the total fatigue life. It appears’8)9) 
that the crack is formed early in the fatigue life 
and that the growth of the crack takes the major 
part of the life. Although there have been no ex- 
periments on the effect of frequency on the growth 
of the crack, a theory of the rate of growth of 
fatigue cracks), which is in reasonable agree- 
ment with experiment, would predict frequency 
independent growth. Thus it may be permissable 
to analyse the fatigue life as the sum of a frequency 
dependent part (the nucleation of the crack) and a 
frequency independent part (the subsequent growth 
of the crack). However if this is done for the 
data of Fig. 1 the dependence on frequency does 
not appear to be linear. 
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The Crystal Structure of Stannous 
Selenide SnSe 
By Atsushi OKAZAKI 
Depariment of Physics, Faculty of Science, 

Kyusyu University, Fukuoka 

and Ikuhiko UEDA 
General Education Department, 
Kkyusyu University, Fukuoka 

(Received January 30, 1956) 


In connection with its semi-conducting proper- 


ties), the crystal structure of stannous selenide 


was determined. 

Stannous selenide was prepared by heating a 
mixture of tin and selenium in stoichiometric 
proportions. Single crystals were grown from the 
melt by slow cooling in a crucible being covered 
with rock salt powder. 

X-ray diffraction data were obtained mainly from 
oscillation photographs taken with nickel-filtered 
Cu K-radiation. The crystal belongs to the orthor- 
hombic system and the dimensions of the unit cell 
containing four chemical units, SnSe, are 


a=4.46, b=4.19, and c=11.57A. 
The observed reflections conformed to the follow- 
ing rules: 
hkl present for all, 


hkO present only for h+k even, 
Okl present only for J even. 


These rules are satisfied only in the two space 
groups, D2,1°—Pemn and C»9—Pc2n. If all the Yy 
parameters of the two kinds of atoms in C,,9— 
Pe2\n are equall to +1/4, these two space groups 
give the same results. The results obtained by 
the application of Wilson’s method favour Dop6 — 
Pemn, and after determination of 2 parameters 
shown below it is found that the intensities of the 
Okl reflections are in good agreement, within the 


. 
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probable experimental error, with y=1/4. Thus 
the most probable space group is found to be 
Dopp} — Pemn. 

The intensities of the Okl, hOl and hk0 reflections 
were estimated visually from oscillation photographs 
which were taken by the multiple film technique. 
Since the linear absorption coefficient is 1.10 x 10% 
cm-!, it was necessary to correct for the absorp- 
tion effect ; the method suggested by Grdenié”) was 
followed. 

The signs of about five-sixths of all F(A0l) were 
at once determined from the coordinates given by 
the Patterson peaks. By successive approximations 
using the two-dimensional Fourier syntheses and 
structure factor calculations, the following atomic 
coordinates for the two kinds of atoms were 
obtained: 


Zz z 
Sn 0.103 0.118 
Se 0.479 0.855 


The reliability index R= >)||Fo|—|F'e||/o|Fo| has 
the value 0.27 including all the non-observed re- 
flections. If they are excluded R becomes 0.24. 

It is found that this structure is of a distorted 
NaCl type, isomorphous with GeS and SnS3), The 
Sn-Se distances in SnSe and the Sn-S ones in SnS 
are as follows: 


Sn-Se TM 5 Pay) 5 BS Ny Soe iL) 
Sn-S 2:62(1)):2..68(2), 3.27(2), 3,390). 
Numbers in the brackets show the number of the 
Sn-Se or Sn-S bonds corresponding to the ones 
between the nearest neighbours in NaCl. Distances 

are given in A. 

The full paper will be soon published in the 
Memoirs of the Faculty of Science, Kyusyu Univer- 
sity. 

The authors wish to thank Dr. T. Watanabe and 
Dr. M. L. Huggins for their kind discussions. 
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Second Virial Coefficient of Helium 
from the Square-well Potential* 


By Shobu KANEKO and Taro KIHARA 


Depariment of Physics, Faculty of Science, University of Tokyo 
(Received January 12, 1956) 


The second virial coefficient of helium at low temperatures has been 


investigated by use of the square-well model of the 


intermolecular 


potential for a systematic set of potential parameters. 


The notion of depth parameter introduced 
by Blatt and Jackson” for nuclear potentials 
can also be applied to the potential U(7) be- 
tween helium molecules, 7 being the inter- 
molecular distance. Let us choose a dimen- 
sionless positive number, s, in such a way 
that the reduced potential, s-'U(7), gives a 
resonance at the zero energy and no discrete 
energy level. The number s is called the 
depth parameter. If one or more discrete 
levels exist in the two-body system, s is 
greater than unity; if no discrete level exists, 
s is less than unity. 

In the case of the unit depth parameter, 
the low temperature limit of the second virial 
coefficient of helium, He‘, is independently of 
the shape of the intermolecular potential, 

Arh? /2 
at mkT ie 2 
where # is Planck’s constant divided by 27, 
m is the mass of a helium atom, k is the 
Boltzmann constant, and T is the temperature. 
The second virial coefficient at low tempera- 
tures does not sensitively depend on the shape 
of the intermolecular potential so far as the 
depth parameter is close to unity. 

In fact, it has been known that the depth 
parameter of He‘ is very close to unity». 
For He‘, therefore, a highly idealized model 
of the intermolecular potential can be used, 
especially for the purpose of deciding whether 
or not the two-body system of helium has a 
discrete energy level. 

The calculation of the second virial coeffi- 
cient at low temperature is relatively simple 
for the intermolecular potential 


= (1) 


oo for ~7< 6 
U(n=4—€ for o<r<go (2) 
0. for sg6<— 7; 


where €>0, o>0 and g>1 are three model 
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constants. The depth parameter for this 
model is given by 


= (7 Po) me. (3) 


The second virial coefficient B of Het, which 
obeys Bose-Einstein statistics and has zero 
spin, is expressed in the form”? 


4h 
B= 
aaa 
where summation is to be taken over even 


quantum numbers /=0,2,--- of the angular 
momentum. The B; is given by 


eg as _ Fn 
oe eon | 28 ) 
+1 ex (— 2 ge aE |, (5) 
7 Jo 


in which y is the phase shift defined by the 
asymptotic form 


R(n)~sin («r—atlx+m) for 1-0 
of the regular solution of 


+2 >) QI4+)DB:., 


even 1 


(4) 


(6) 


Ee a uy" |Re=0 (7) 
where 

=mE|h , (8) 

Eun, Eu,:+: (<0) being discrete energy levels, 
if any. 


For the square-well potential (2) the phase 
shifts can be expressed analytically by means 
of the spherical Bessel functions 

jul) =(10/2a)/?Jr+1/2(@) : 
The function R in (7) with the asymptotic 
(6) is given by 
R=xcr{cos yijller)+(—1)! sin mj -1-1(e7)] 
for r>go, while the solution which vanishes 
at ak may be written as 


4 A part of ‘this article has been published in 
Revs. Modern Phys. 27 (1955) 412 and, as a short 
note, in J. Phys. Soc. Japan 10 (1955) 314. 
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=50 
Fig. 1. Phase shift 7, for He*He* coilisions 
calculated from the square-well potential with 
G3) cand Se 
R=const «'7[j-1-1(e’ a) jue’ 7) 
—ji(e'o)j-1-1(e'7)| 
for o<ir<go, where 
cK? = K+ mE/h? 
or, by use of (3) 
(«’a)?=(Ko)?+7s/4(g—1)? . 
The requirement that R and dR/dr be contin- 
uous leads to 
(—1)? tan M1 = Aju-s(9x5)— jugro) 
Aj-i(gko)—j-1-1(gKo) 
Acc ® Fr-ule! aj ge! o)— juli’ 0)j--a(ge'6) 
K’ f-1-1(#0)j1-1(9e 0) + jr(e’o)j-(gK'a) 
for 7=0,1,2,---. Here relations 


a” 
b 
c 


Fig. 2. Reduced second virial coefficient of helium 
calculated from the square-well potential ws. 


T/T, Tz being the Boyle temperature. 


Curve 


@ is for g=3/2, s=1.00; curve 6 is for g=3)/2, 
s=1.05; curve ¢ is for g=3/2, s=1.10. Broken 
curve a* is for g=2, s=1.00; broken curve a- 


LSet OL = 4) SS le Oe 


have been used. The phase shifts 7, for s=1 
and g=3/2 are shown in Fig. 1 as an example. 

For s slightly greater than unity there exists 
only one discrete level, Ey), which is calculated 
for any g to be 


Eyo/€=—0.00145 for s=1.05, 


fOGeS—eOm 


The expression (4) with (5) for the sequare- 


[a!*7,(w)] =a? +2 j,_4(a) : 
d : F : 
= [a?*29_1_(@) = —a*17_1(2x) 
iG) stor ia) ton 
G =2 Gea Bie 
s=1.00 S=100 
0 — 0.5625 —0.5625 
One —0.384 —0.380 
0.75 — — 
1 —(0).453 —0.422 
7 — 0.535 —0.522 
1, exe —0.456 —0.551 
6 —0.202 —0.423 
8 0.153 —(0.174 
10 0.600 0.152 
ie iL ilitil 0.559 
14 165 1.059 
16 ei: 1459 
18 2.93 PAPA} 
20 3.69 2 
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a) Siok FG for Sc). tor 
As G=3)2 G=a/2 
s=1.00 Sa! 0H SeaeO) 
—(0.5625 — © — co 
—0.377 — 0.483 — 0.667 
— 0.390 —0.495 —0.648 
—().412 — 0.525 —(.670 
—0.512 —(.646 —0.791 
—(0.579 —0.711 —(0.872 
—0.516 —().597 —0.783 
—0.342 —().373 — 0.568 
—(0.078 —0.055 —0.253 
0.257 0.350 ORI 
0.642 0.821 0.584 
LOG 1.34 1.110 
Is 6il 1.96 1.68 
2.18 72 il 


2.56 
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Fig. 3. Reduced second virial coefficient of helium 
vs. T/Tz, Tp being the Boyle temperature 26.0° 
K. Curves a and b are for the square-well 
potential with g=3/2, s being 1.00 and TOS) 

. respectively. The broken curve is for Lennard- 
Jones (61,2) potential with s=1. Experimental 
results are compared with these curves. 


well potential then assumes, for each g and s, 
Arh? \3/? m°skT 
B= (FT Fe) where rag aye» (9) 
the function f being given in the table. 
Curves of (mkT/4xh?)*/? for ordinary helium, 
He‘, are shown in Fig. 2. The dependence 
of these curves on the depth parameter s is 
conspicuous, while that on the “ width para- 
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meter” g is very slight at low temperatures. 
For smooth, less idealized models of the in- 
termoleculer potential the calculation of the 
second virial coefficient at low temperatures is 
laborious; and at present there is no other 
result for a systematic set of potential para- 
meters. 

In Fig. 3 experimental results» for He* are 
compared with two curves for the square- 
well potential with g=3/2 and a curve for the 
Lennard-Jones (6,12)-potential with unit depth 
parameter. The latter has been drawn taking 
account of recent calculations by Kilpatric et 
al®. in the case s=0.99, slight modification 
being made by virtue of Fig. 2. From the 
comparison we know that the depth parameter 
for the two-body system of He*-He* is very 
close to, probably a little greater than, unity. 
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Dielectric Breakdown and Pulse Conduction 
of Silver Halide Crystals 


By Tokuo SuITA and Noriaki ITOH 


Department of Electrical Engineering, College of Engineering, 
Osaka University 


(Received January 9, 1956) 


Several experiments on the dielectric breakdown of silver halide crystals 
were made, concerning about the effect of illumination and temperature. 
The temperature dependency of the breakdown strength of silver halide 
crystals seems to be similar to that of alkali halide crystals. The 
photographic silver specks in the crystals, which were made by illumina- 
tion and then by being kept in the dark, are found to raise the break- 
down strength. The effect of illumination are dependent on the interval 
between illumination and breakdown and on the repetition rate. These 
effects seem to be explained by photoelectrons, positive holes, ions and 
their space charge. Electrical conductivity of pulse electric field was 
also measured, showing that the ionic current is predominant even in 


such a short pulse field. 


Introduction 


$1. 

We have been studying the dielectric break- 
down of alkali halide crystals for several years 
and have found that the actual dielectric 
breakdown is too complex to be treated by 
simple theories which mainly concern about 
ionization by electron collision in the crystal». 
There seem to be still many other factors, 
besides this main mechanism, which determine 
actual breakdown phenomena; for example, 
space charge of electrons, holes and ions, 
conditions of the contact surfaces of electrodes, 
kind of the applied electric field, and mechani- 
cal stress or annealing conditions of the speci- 
mens. 

To clarify some of these second effects we 
have used silver halide crystals which seem 
to show some convenient properties for the 
studies of contact conditions, impurity contents 
and mechanical stress owing to their photo- 
chemical reaction. 

On the other hand, in manufacturing photo 
films there are some damages due to surface 
electric discharge when the films are rolled. To 
prevent these phenomena it is necessary to 
know about dielectric beakdown of silver halide 
or gelatine itself. 

First we tried the dielectric breakdown of 
AgBr and AgCl crystals under a non-uniform 
electric field in order to know qualitatively 
about some photchemical effects on their 
dielectric breakdown. Next we used a uniform 


electric field and applied both electrical and 
optical pulses on the specimens with variation 
in time interval between the two pulses. 
Finally the pulse conductivity was measured 
at various temperatures and then the activation 
energies were calculated. 


§2. Experimental Procedures 


The specimens were single crystals manu- 
factured by Kyropoulus method such as alkali 
halides and well annealed. Recrystalization 
of the parent crystals was necessary to get 
good specimens. The crystal blocks were cut 
by a metal wire with emery to roughly proper 
dimensions. For non-uniform field the speci- 
mens were flat plates (10x10x1mmi) and for 
uniform field they were recessed plates (10x 
10x0.3mm). To prevent mechanical stress 
in the recessed specimens we used the following 
process. The flat crystal plates were first 
coated by paraffin except their center part of 
radius 1.5mm on the one side of the crystal, 
and then dipped in sodium thiosulphate solution 
for several hours until the desired thickness 
was obtained. Finally they were washed with: 
distilled water and then well annealed again. 

The electrodes used for the non-uniform field 
were a platinum needle and painted aquaduck 
plate, and for the uniform field they were 
evaporated gold and painted aquaduck. All 
these preparatory works were done in the 
dark. 
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Owing to the high ionic conductivity of 
silver halides, any D. C. dielectric breakdown 
experiments could not be carried out, and 
therefore we used (1) non-uniform pulse 
electric field of normal wave form (1x40 4 
sec) and continuous illumination, (2) uniform 
pulse electric field of rectangular wave form 
and pulse illumination. The breakdown voltage 
was measured by sphere gap meter and oscillo- 
scope. Photochemical change of the specimens 
was produced by a ordinally 100 watt tungsten 
lamp which was placed 20cm apart from the 
specimens. We use insulating oil as an ambi- 
ent medium to prevent surface discharge of 
the specimens. 

The pulse conductivity was measured by 
the use of the same rectangular electric field 
at various temperatures. The voltage across 
a small series resistance to the specimen was 
amplified by a transient amplifier? and the 
conduction current was calculated. The 
specimen had a guard ring in order to eliminate 
the effect of leakage current. 


§3. Experimental Results and Discussions 
(1) Non-uniform Electric Field 


Some experimental results concerning about 
AgBr will be shown. In a non-uniform field 
there are many combinations of the electrode 
arrangement and the illuminated surface, which 
we will explain later. 

Fig. 1, 2 and 3 show the results of the 
cases in which the specimens were illuminated 
for a given time and then kept in the dark 
for about 12 hours, and at the breakdown the 
pointed electrode was placed upon the illuminat- 
ed surface. Even in sucha case there are two 
different relative position, the negative and 
the positive needle. 

Fig. 1 indicates relation between the break- 
down voltage and the illuminated period. It 
is very interesting to see that in the case of 
the negative needle the effect of the illumina- 
tion raises the breakdown voltage very rapidly 
in a first few minutes and then gradually 
decreases, but in the case of the positive 
needle the breakdown voltage rather decreases 
at first and gradually increases with illumina- 
tion. Therefore the effect of the illumination 
makes much difference in the both cases. 

We studied the temperature dependence of 
the breakdown voltage of 20 minutes illuminat- 
ed specimens under the same conditions. The 
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Fig. 1. The curves of the dielectric breakdown 
voltage of AgBr vs illuminated period at 32°C, 
the specimens being 1mm thick and kept in the 
dark for 12 hours after illumination. 
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Fig. 2. The temperature dependence of the 
breakdown voltage of AgBr, positive needle, 1 
mm thick, illuminated for 20min. and kept in 
the dark for 12 hours. 
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Fig. 3. The temperature dependence of the 
breakdown voltage of AgBr, negative needle, 
1.2mm thick, 20 min., 12 hours. 


results are indicated in Fig. 2 and 3. 

In the case of the positive needle the break- 
down voltages are almost independent of the 
temperature and the effect of the illumination 
is also very small, while in the case of the 
negative needle the breakdown voltages de- 
crease with temperature and the effect of 
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1mm thick. 
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Fig. 5. Partial breakdown effect of AgBr, 
32°C, 1.2mm thick. 


Table I. The effect of illumination on the break- 
down voltage in non-uniform field. Specimens 
are illuminated for 20 min. and kept in the dark 


for 12 hours. Thickness 1mm. Temperature 
Zone 
Treatment and | Non- illuminated 
illuminated a : 
side | illuminated _ Needle | Plate 
| side side 


Negative needle | 3.2kV | 4.0 kV | 4.8 kV 


Positive needle 3.8 kV | 3.6 kV | 3.6 kV 


illumination is large and nearly constant in 
the whole temperature range. This dependence 
of breakdown voltage upon temperature seems 
to be similar to that of alkali halides above 
WSOC 

Next we examined the breakdown voltage 
under various combinations of the electrodes 
and the illuminated surface at room tempera- 
ture. The results are shown in Table I. It 
is very easy to note that in the case of the 
positive needle the illumination effect is negli- 
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gible in all positions, but in the case of the 
negative needle the effect is very large 
especially in the case where the illuminated 
surface coincides with the plate electrode, or 
the illuminated surface is placed under the 
lower field intensity side. For that reason we 
are much interested in the case of the nega- 
tive needle from the standpoint of dielectric 
breakdown. 

Another factor which seems to play an 
important role upon the breakdown is the 
period during which the illuminated specimens 
were kept in the dark, in other words, the 
time elapsed between the illumination and the 
breakdown. 

The result concerning about this time effect 
in the case of the negative needle are shown 
in Fig. 4. The specimens used in this ex- 
periment were illuminated for 20 minutes and 
kept in the dark for different time intervals 
after light was cut. It is very interesting to 
note that this time effect is quite different in 
the both cases, that is, in the case where the 
negative needle and the illuminated surface 
are on the same side the breakdown voltage 
decreases with time, while in the other case 
it gradually increases and therefore after 
several hours the order of magnitude is invert- 
ed from the beginning. These results show 
that some internal changes may occur in the 
illuminated crystal even in the dark and the 
breakdown voltage depends on the nature of 
these created impurity centers. 

In a non-uniform field something like partial 
breakdown may easily occur in the crystal. 
We tried to study the effect of light produced 
by the breakdown itself upon the following 
breakdown of the same crystal. The speci- 
men was rectangular as shown in Fig. 5, and 
the breakdown took place in order of A, B, 
C, Deandse progressively, so that E was most 
influenced by the preceding breakdowns. 

The curve taken at the room temperature 
shows clearly that the preceding breakdowns 
raise the following breakdown voltages by the 
effect of the light produced by the breakdowns 
themselves. From these facts we can conclude 
that any partial breakdown may influence the 
following perfect breakdown by the illumination 
effect of the partial breakdown. 

Our results of non-uniform field can be 
summarized as follows. 


1. Light illumination has much effect on 
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the dielectric breakdown of AgBr crystal. 

2. Especially in the case of the negative 
needle the breakdown voltage increases rapidly 
with illuminations. 

3. The illuminated AgBr crystal changes 
its electronic properties even in the dark. 

4. The breakdown voltage is influenced by 
its partial breakdown. 


(2) Uniform Electric Field 


Fig. 6 shows the temperature dependence 
of the dielectric breakdown strength of AgCl 
in the dark under rectangular pulse field. 
The repetition rate was 30 cycles/sec. 

It is clearly seen that there exists a critical 
temperature at which the temperature coeffi- 
cient of the breakdown strength changes even 
in such a pulse field. In AgCl the critical 
temperature was about 50°C. The pulse length 
has an important role in the temperature 
dependence of the breakdown strength especial- 
ly at higher temperatures, which is very 
similar to that of the breakdown behavior 
of alkali halide at temperatures higher than 
about 150°C. 

To clarify the effect of photochemical 
changes of AgCl on the dielectric breakdown 
we used both optical and electrical pulses 
with variation of the time relation between 
the two kinds of the pulses. In addition the 
breakdown strength with a single optical and 
a single electric pulse was also tested about 
the same crystal. Our results under various 
conditions are given in Table II. Each value 
corresponds to the average value of about 20 
specimens. 


Table II. The effect of pulse illumination on the 
breakdown strength of AgCl in pulse uniform 
field. Light pulses of 120 sec duration and 
voltage pulses of 70sec duration are syn- 
chronized and the maximum point of each light 
pulse coincides to the start point of the corres- 
ponding voltage pulse. Temperature 25°C. 


Experimental == Non -jlluminated | Iluminated 
condition | 
single pulse | 65 kV/cm 60 kV/cm 
repeated pulse, | 
30 cycles/sec | od if ee i 
repeated pulse, | 99 3 130 rf 


3 cycles /sec 


From these data we can summarise as 


follows. 
1. The pulse breakdown strength without 
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Fig. 6. The temperature dependence of break- 
down strength of AgCl by rectangular pulse 
field repeated 30 cycles/sec. 
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Fig. 7. The curves of the breakdown strength 
of AgCl vs time interval between illumination 
and breakdown. The repetition rate of both 
pulses is 30 cycles/sec except tT =105 sec where 
it is 10 cycles/sec. ~——~ denotes the dielectric 
breakdown strength in the dark. 


illumination become larger when the pulse 
field is repeated. 

2. The breakdown strength is not much 
affected by illumination when it occurs through 
a single optical and a single electrical pulse 
superimposed. 

3. The breakdown strength is strongly 
affected by illumination when the both pulses 
are repeated. 

The time elapsed between the optical pulse 
and the following electrical pulse seems to 
be important as in the case of the nonuniform 
field and the observed results are shown in 
Biss Cethe breakdown strength is nearly 
constant up to the time interval of 10% sec 
and then increased with increasing the inter- 
val. This time effect also depends on the 


478 


(Ker? 


Conductivity ( U/em ) 
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Yr x 103 
Fig. 8. Temperature dependence of pulse 
conductivity of AgBr. 
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ye x 10% 
Fig. 9. Temperature dependence of pulse con- 


ductivity of AgCl. ©: annealed specimen, @: 
strained specimen, 


temperature as seen in Fig. 7. 


(3) Pulse Conduction 


We measured pulse conductivities of AgBr 
and AgCl, using pulse of length 10 sec at 
various temperatures. 

Our results are shown in Fig. 8 and. 9ait 
is easy to see that logarithm of the conducti- 
vity of AgBr linearly increases with decreasing 
the reciprocal of the absolute temperature, 
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while in AgCl the conductivity has a kink 
point near 1/T=2.3x10-%, and at lower temp- 
eratures than this point it is structure sensitive 
and depends an the anealing process or other 
second conditions. 

The activation energy for AgBr is 0.80ev 
and for the insensitive point of AgCl it is 
0.8lev. It is of interest to see that these 
values are almost coincident with D.C. values 
of Koch and Wagner. Therefore we may 
conclude that even in such a pulse field Ag* 
positive ions would play an important roll in 
the conductivity as in D. C. field. 

It is evident that our present experimental 
data on the electrical properties of the silver 
halides is not adequate to provide a complete 
interpretation of the mechanisms responsible 
for their intricate behavior. 

It seems very likely that electron avalanches 
play an important role in the dielectric braek- 
down of silver halides like in that of alkali 
halides. 

In addition, photochemical reaction and dis- 
location in silver halide seem to be essential 
factors to determine the breakdown. The 
illuminated silver halide crystal has many 
silver specks, or some neutral silver atoms 
due to the trapping of the photoelectrons by 
interstitial silver ions near crystal imperfec- 
tions, on the other hand, the positive holes 
produced by the light may migrate to the 
surface by thermal diffusion». 

Judging from the experimental data on the 
pulse dielectric breakdown of mixed crystals, 
any imperfection makes the breakdown 
strength higher than that of the pure crystals, 
Moreover in the silver halides, the ionic 
conductivity is so large even in the pulse field 
that the breakdown field seems to be much 
modulated by silver atoms deposited near the 
cathode which can be seen from the data in 
Table. II. 

From the facts that in the case of single 
optical pulse or high repetition rate the increase 
of breakdown strength due to the ionic con- 
duction seems to be cancelled by illumination 
and shows the minimum value, we can there- 
fore speculate that positive holes produced by 
illumination migrate toward the cathode and 
recombine with the neutral silver atoms 
resulting in the formation of silver ions, or 
positive holes prevent the silver ions from 
going toward the cathode to take electron from 
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it by space charge effect of the holes. 

It is interesting to note that at the low 
repetition rate the illumination effect is very 
large which suggests that some gradually 
changing factors in the dark come into the 
breakdown phenomena. This means that, 
according to the present assumption, about 
two seconds interval between the optical pulse 
of one pair and the electrical pulse of the 
following pair seems to be sufficient to produe 
neutral silver atoms or their aggregates by 
recombination of the silver ions and thermally 
released electrons which had been created by 
illumination and trapped in imperfections, 
probably near the surface. 

In order to clarify the mechanisms, it would 
be necessary to carry out further experiments 
on the existence of space charges of ions, 
electron and holes at various conditions. 


§4. Conclusion 


Light illumination has much effect on the 
dielectric breakdown of silver halide crystals 
owing to their photographic sensitivity. 

The dielectric breakdown strength of the 
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illuminated crystals is, in general, larger than 
that of non-illuminated crystals, and its value 
depends on relative positions of the illuminated 
surface and the polarity of electrode, time 
interval between the illumination and the 
voltage application, repetition rate of the 
optical and electrical pulses, and temperature. 

We are now trying to investigate the photo- 
electric conductivity with reference to the 
dielectric breakdown. 

The authors wish to thank to Dr. E. Mizuki 
and other staffs of Fuji Photo Film Co., Ltd. 
for supplying silver halide materials and for 
their valuable discussions. 
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On the Coupled Dislocations along a Grain Boundary 


By Yasutada UEMURA* 


Matsuda Research Laboratory, Tokyo-Shibaura Electric Co. 
Kawasaki City, Japan 


(Received January 14, 1956) 


By analyzing the interesting patterns of the etch-pits due to the 
coupled dislocations along a grain boundary in germanium crystals, the 
direct and quantitative verification of the law of interaction between edge 


dislocations is obtained. 


§1. Introduction 

‘In the course of a study of the dislocations 
in germanium crystals by means of the etching 
process, J. Okada in this laboratory and J. J. 
Oberly» observed interesting patterns of 
coupled dislocations along a grain boundary 
which are shown in Fig. 1 and Fig. 2. 

The aims of this paper are to investigate 
some of the fundamental properties of the 
observed dislocations and to suggest that the 
origin of forces which determine the arrange- 


ment of these patterns is the simple elastic 
interaction between coupled dislocations. 


$2. Qualitative Discussions 


The crystals were grown by pulling in the 
<100) direction, and {100} surfaces perpen- 
dicular to the growth direction were etched 
by C.P.-4 solution. The regular array of 
etch-pits in Fig. 1 and Fig. 2 corresponds to 


* The present adress: Department of Physics, 
University of Tokyo, Bunkyoku, Tokyo, Japan, 
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Fig. 1 Fig. 2. 
(reproduced from Oberly’s paper!) 
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the dislocations in the small-angle-of misfit 
grain boundary. The array runs in the «110» 
direction and has an interval of 1.7 # in Fig. 
Pond pin Fig, 2: 

At first we assume that all dislocations 
discussed in this paper are the edge type 
having the same direction of lines as pulling 
and their Burgers vectors are perpendicular 


to the surface of the observed grain boundary. 
This assumption seems to be supported also by 
the observed characters of these boundaries 
which were reported by J. Okada”. We assume 
further that the arrangement of etch-pits 
along a boundary satisfies the condition that 
the small angle of mis-fit near the coupled 
dislocations is not so different from that in 
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the regular array. In fact we can find the 
“vacancies” of etch-pits in the regular array 
which correspond to the excess pits in the 


form of coupled dislocations near the “vacan- 


cies”. 

What is the condition that detremine the sepa- 
ration of these coupled dislocations? This is 
the main problem treated in this paper, and 
we would like to propose the following inter- 
pretation. The condition is the equilibrium of 
the forces of interaction between dislocations, 
in the direction perpendicular to the boundary. 
These patterns may appear in the case in 
which the temperature is not so high to permit 
the appreciable climbing of coupled disloca- 
tions and they are quenched in their metastable 
positions near the grain boundary. In fact 
the doublet of etch-pits shown in Fig. 1 is 
absorbed into the regular array by heating 
the crystal for 10 hourse at the temperature 
about 850°C. 


§ 3. Simple Models 


In order to verify the above interpretation 
quantitatively, we estimate the separation of 
coupled dislocations by using the simple models 
of doublets, triplets and quartets shown in 
Table I. The equations in Table I represent 
the condition to balance the forces of interac- 
tion between the dislocations along the direc- 
tion of their Burgers vectors. In these equa- 
tions, £ means distance of a dislocation from 
the boundary measured in the unit of length 
w which is the regular interval between etch- 
pits along the array. 

If we regard the crystal as an isotropic 
elastic medium, the functions R(s), S(&) and 
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C(é) are given by the following expressions». 


R(s)=s*(s?—1)(s? +1)? Gilg) 
S@)=7°F sinh-Azx€) (2) 
C(E)=w&? cosh -°(x€) (3) 


The force F, of interaction between two 
edge dislocations shown in Fig. 3A is related 
to R(s) as follows. 

F,=F,£ER(s), s=&y7, E=aw, y=yw. (4) 

The forces Az and B, between a dislocation 
and a regular boundary shown in Fig. 3B are 
described by the functions S¢€)and (G@) ie- 
spectively as follows. 


€5) 


SE)= Sh EE Er nty t= 8 sinh (ae) 


B,=—F€*CE) 


(6) 


Cé)= - Selp-(» +5) a (x +5 i 72E? cosh7*(7&) 


2 


In these expressions, Fy is the unit of force per unit length 


by 


Fj, =b°G(2nw) *\1— Yims 


of a dislocation and is given 


re) 


where b is the length of Burgers vector, G is the rigidity and v is the Poisson’s ratio. 


The total forces appearing in the models of Table I 
In order to solve the equations in 


of F,,Az and By. 


are all described by the combination 
Table I, we employed the graphical 


method using the calculated curves of R(s), S(E) and Cé) which are show in Fig. 4 and 
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Fig. 4, 


(B). 


Fig. 5. In the case of the model Q.B. in Table 
I, we obtained the coupled equations of two 
variables €; and &, and solved it by the self- 
consistent methed. 

The calculated separations are also tabulated 
in Table I, and, roughly speaking, the results 
suggest that our interpretation may hold 
quantitatively in the case of more complicated 
patterns in Fig. 1 and Fig. 2. 


§4. Analysis of Observed Patterns 


To compare the results of calculations with 
the observed patterns in Fig. 1 and Fig. 2 
more quantitatively, we further try to estimate 
the separations of the models in Fig. 6 and 
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Fig. 7. The numbers indicate the ratio of inter- 


vals in the array. Those in parenthesis are the 
observed values corresponding to Fig. 2. 


Fig. 7 which have a better fit of arrangement 
along the boundary than the models in Table I. 
The equation for the doublet of Fig. 6.is 


e[se-a(§)-2]0 


and the coupled equations for the coupled 
dislocations in Fig. 7 are 


(8) 


— 


E,+&, 


(9) 
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If we take the functions (1), (2) and (3) of isotropic case, the calculated separations are 
obtained as tabulated in Table II, and they are about 10% smaller than the observed 


separations. 


What is the main origin of these discrepancies ? 


Now we would like to show that they 


are removed by considering the effect of crystal anisotropy. 


x Sable Il, Table III. 
Models Separations C11’ | 12.98 x10! dyne cm~? 
Gale: | Cale: c | 4.88 19 : 
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! pint 
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In the case of the symmetrical boundary in the crystals of cubic system, Eshelby, Read 
and Shockley*? deduced the expression of the force F,* of interaction between two disloca- 
tions. Instead of (4) for the isotropic case, it is given as follows: 


FA=FAEORMS; B), R*S; #=SE—DS+1?+ Bs 


(10) 


By a simple calculation we can also deduce the formula of the force due to the boundary. 
Corresponding to (5), (6) and (2), (3) of the isotropic case, they are 


A,*=FyEOS*(E; B) 


StE; A= SEXP mE) + wey 


=e) inte (aE fi i 4 ®)—sinh Gar 


Bok Py ONE: 8) 


(11) 
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= mp ee [costr(néy/1+ 4) ae sink*( ie 


In these expressions /y* is not the same as Fy 
in (7), but to determine the separations it is 
not necessary to know the absolute values of 
F, and Fo*. The effect of anisotropy is taken 
into account through the single parameter B 
which is given as follows: 


cee) (Crur+C12) bs Cas’ ) 


Cu C44 


(13) 


where €41, Ciz, C44 and ¢11’, C12’, Cag are the elas- 


tic constants which are referred to the systems 
of the caystal axis <100), <011), <011) and 
(100), <010>, <001> respectively, because the 
Burgers vectors of observed dislocations have 
<011) directions. Using the known values of 
Cir’, C127, Cza’ ptaboulated in Table III» and the 


following relations, 
20s =Ci—C12, Jer! =Cy tei, t 2C44, 


Cy Hey’ =Cuter (14) 
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we can estimate $?=1.506 in germanium 
crystals. 

The calculated curves of R*(s), S*(&) and 
C*(—) are also shown in Fig. 4 and Fig. 5. 
The separations are calculated by solving 
the equations (8) and (9) where we replaced 
R(s), S(E) and C(é) by R*(s), S*E) and C*(€). 
The results are also tabulated in Table II, 
and the agreement with observed data is 
fairly good when we taken into account the 
effect of crystal anisotropy. 


§5. Conclusions 


Above discussions lead us to the following 
conclusions. 

(A) The observed dislocations have the 
edge type and their Burgers vectors have 
<110> directions. 

(B) The arrangement of the etch-pits along 
a boundary satisfies the condition that the 
small-angle-of misfit near the coupled disloca- 
tions is not so different from that in the 
regular array. 

(C) The condition to determine the arrange- 
ment of the etch-pits along the direction per- 
pendicular to a boundary, i.e. to determine 
the separations of the coupled dislocations is 
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the balancing of the forces of interaction be- 
tween edge dislocations. 

Thus we believe that the quantitative 
analysis of the patterns in Fig. 1 and Fig. 2 
is the first attempt to verify the law of inter- 
action between edge dislocations directly. 
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An Electron Diffraction Study on the Plastic Deformation 


of Aluminium Single Crystals 


By Kazuo KIMOTO 
Physical Institute, Nagoya University, Nagoya, Japan 
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Plastic deformation of aluminium single crystals was studied through 
Kikuchi lines of electron diffraction by the introduction of a new 
technique: large angle convergent beam method. By this method the 
irradiated area on the specimen surface can be reduced to 5x20 sq. 
microns and therefore laminar regions and deformation bands can be 
studied seperately. For 99.99% aluminium it was found that in laminar 
regions the distortion is so small that Kikuchi lines are produced even 
at 10% elongation and that in deformation bands it is large enough to 
extinguish Kikuchi lines. For 99.55% aluminium, at any place in the 
crystal the distortion is so large that Kikuchi lines become diffuse at 
about 3% elongation and are extinguished at about 7% elongation. It 
was confirmed in all cases that no rotation occurs in the slip plane. 
The interior of elongated crystals was studied after removal of the surface 
layer by electro-polishing. Irrespective of the purity of crystals, no 
recognizable difference was found in the surface layer and in the interior. 
The order of dislocation density was estimated through Kikuchi line ex- 
periment. The results obtained for 99.99% aluminium are 108 lines/sq. cm., 
107 lines/sq. cm., and 108lines/sq.cm. for well annealed crystals, for 
laminar regions of 10% elongated crystals, and for deformation bands 


of 10% elongated crystals, respectively. 


§1. Introduction 


Heidenreich and Shockley” first applied 
the electron diffraction method to the study 
of slip in aluminium single crystals. According 
to their results, Kikuchi lines from high 
purity aluminium _ single crystals (99.99% 
French aluminium) disappear when they are 
elongated more than several percent. How- 
ever, Heidenreich and Shockley used the 
ordinary reflection method in which the 
electron beam falls upon the specimen surface 
at a grazing incidence. Thus the irradiated 
area of the specimen is rather large; it was 
about 0.1x6 sq.mm. in their experiment. 
The diffraction patterns obtained by them 
represent the state of crystals in the large 
irradiated area. Moreover, if the specimen 
surface is not flat, their diffraction patterns 
would be influenced by the surface topography. 

Recently Fujita, Watanabe, Yamamoto and 
Ogawa” carried out a_ similar experiment 
using the same experimental technique. They 
studied further the interior of elongated 
crystals and found that Kikuchi lines which 
were extinguished by elongation appeared 
again when the surface layer was removed by 


electro-polishing. 

It is generally accepted that the plastic 
state of deformed metal single crystals is not 
homogeneous. Therefore it seems almost 
certain to the present author that the results 
of Heidenreich and Shockley, and Fujita et 
al. are confused because of a large irradiated 
area. Indiscussing Kikuchi lines from strained 
aluminium crystals, careful consideration must 
be given to the dimension of the irradiated 
area and to the surface undulation which in- 
fluences diffraction patterns. 

For that reason we performed an experiment 
similar to that of Heidenreich and Shockley 
but using the large angle convergent electron 
beam method by which the irradiated area 
can be reduced as small as 5x20 sq. microns. 
Thus laminar regions and deformation bands 
can be studied seperately. For high purity 
aluminium (99.99%) we found that laminar 
regions produce Kikuchi lines even at 10% 
elongation, and that deformation bands do 
not produce Kikuchi lines. For low purity 
aluminium (99.55%), Kikuchi lines are ex- 
tinguished at about 7% elongation. We also 
studied the interior of crystals. Contrary to the 
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(11) 


(100) (110) 
Fig. 1. Stereographic projections of the axes of 
crystals used in the present experiment. 
Open circles denote specimens of 99.99% purity. 
Closed circles denote specimens of 99.55% 


purity. 
Table I. 
N Purity _ Elongation Thickness* 
Ng Percent Percent Microns 
1 99.99% | 1% 120) 
2 y 4 | 30 
3) | 4 6 | 100 
Ge" ht 9 70 
5 ” 10 40 
6 Y | 10 90 
Oils ‘| o 5 80 
Tae |* 99755 3 50 
8 ” 3 100 
9 ” 3 | 100 
10 ” | 7 
gt n i 90 


* See text, page 186. 


result of Fujita et al. we found no recog- 
nizable difference between the surface and the 
interior of elongated specimens. The purpose 
of the present paper is to describe our ex- 
periment and to give an interpretation of the 
results. 


§2. Experimental 
(a) Specimen 


In the present experiment two kinds of 
aluminium materials were used, one of 99.99% 
and one of 99.55%. Thin plates of these 
materials 0.5-1.2 mm. thick, 100 mm. long and 


omm. wide, were converted into single 
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crystals by the strain-annealing method, first 
introduced by Fujiwara». Orientation of the 
crystals was determined by transmission Laue 
photographs. Fig. 1 shows the stereographic 
projection of the axes of crystals used in 
this experiment. These single crystals were 
carefully cut into two parts; the shorter 
about 4cm. long and the longer about 6cm. 

Both were polished electrolytically by using 
Jaquet electrolyte (mixture of perchloric acid 
34.5c.c. and acetate anhydride 63.5c.c.) at 
about 5°C until their surfaces became mirror 
smooth. Immediately after the electro-polish- 
ing, the crystals were rinsed in distilled 
water, then in methanol and finally in 
acetone-methanol solution. After being dried 
in the air, they were ready for use. To avoid 
the surface effects pointed out by Brown and 
Honeycombe®, mechanical polishing was not 
applied to the surface. The shorter pieces 
were examined to obtain diffraction patterns 
for non-elongated state. The longer pieces 
were gripped at one end by a fixed vice and 
at the other end by a movable vice. By 
turning a screw on the movable vice manually, 
the pieces were elongated at room tempera- 
ture. After elongation, about 15mm. at both 
ends of the specimen were carefully cut off 
with knippers. Then the middle part of the 
specimen was examined by electron diffraction. 
The degree of elongation for each specimen 
is given in Table I. To study the interior 
of elongated crystals, the specimens were re- 
examined after removal of their surface layer 
by electro-polishing. The thickness of the 
removed layer is given in the last column of 
Table I. 

Specimen No. 0 was furnished through the 
kindness of Dr. F. E. Fujita of The Research 
Institute for Iron, Steel and Other Metals, 
Tohoku University. It was prepared by 
Bridgeman’s method. The cross section and 
the length were 3x3sq.mm. and 100mm. 
respectively. Following the procedure indi- 
cated by Dr. Fujita, this specimen was 
mechanically polished with care to remove 
the coarse surface layer, 0000 and 00000 
emery papers being used; then electro-polished 
to remove the surface layer of more than 100 
microns in thickness and finally annealed in 
vacuum at 630°C for 5 hours. Before the 
examination the specimen was again electro- 
polished lightly. 
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(b) Electron diffraction technique 

In the ordinary reflection method, the elec- 
tron beam is focused on the photographic 
plate and the electron beam falls upon the 
specimen surface at a grazing incidence (Fig. 
2a). If the specimen surface is undulating» 
the electron beam irradiates only the higher 
curves of the undulation (Fig. 3). Consequently 
through diffraction patterns, information is 
obtained from elevations only and none from 
lower bends. Even when the specimen sur- 
face is perfectly flat, the length of the 
irradiated area is considerable, usually about 
3mm. in the direction of the incident beam. 
Since the spacing of deformation bands is 
usually less than 3mm, it is impossible to 
study deformation bands and laminar regions 
separately. 

To reduce the irradiated area, we focused 
the electron beam on the specimen sur- 
face (small angle convergent beam method, 
Fig. 2b) and the length of the irradiated area 
was reduced to about 0.7mm. which is still 
larger than the spacing of small deformation 
bands. For further reduction of the irradiated 
area we deflected the electron beam by a 
small electric magnet so that the beam falls 
upon the specimen surface at a large glancing 
angle (large angle convergent beam method, 
Fig. 2c). Although larger glancing angles 
are more suitable for reduction of the irradiated 
area, Kikuchi lines become weaker as the 
glancing angle increases, and are finally 
invisible on the fluorescent screen. Thus in 
the present experiment we used a glancing 
angle of 15-20°. The irradiated area under 
this condition was approximately 5 microns 
in width and 20microns in length. It is 
worth mentioning here that the geometrical 
arrangement of Kikuchi patterns remains 
fixed in relation to the crystal, independent 
of the method of irradiation. 

Throughout the experiment, the specimen- 
to-plate distance was 40 cm. and the accelerat- 
ing voltage was about 65 kV. 


§ 3. Experimental results 

(a) 99.99% aluminium 

Unstrained crystals produce good Kikuchi 
patterns irrespective of the method of irradia- 
tion (Photos. la, b, c). On the other hand, 
elongated crystals produce Kikuchi patterns 
of varying sharpness according to the method 
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(a) (b) (c) 
Fig. 2. Schematic illustrations of three methods 
of irradiation, 
(a) Ordinary reflection method, 
(b) Small angle convergent beam method, 
(c) Large angle convergent beam method. 


Fig. 3. Schematic illustrations of effective por- 
tions of undulated specimen surface when 
irradiated by the ordinary reflection method. 


of irradiation. When the ordinary reflection 
method (Fig. 2a) is used, crystals which have 
been elongated several percent do not produce 
Kikuchi patterns, as observed by Heidenreich 
and Shockley. When the small angle conver- 
gent beam method is used, elongated crystals 
produce split Kikuchi lines, running parallel 
(Photo. 2b). 

The split lines can be interpreted as Kikuchi 
lines produced by crystal blocks having 
slightly different orientation™. It is certain 
that slightly disoriented blocks exist in the 
irradiated area. The angle of disorientation 
is 20-40’ for neighbouring lines. By the small 
angle method, it can not be made clear 
whether split lines are due to crystal blocks 
connected by boundary walls or to separate 
blocks (Fig. 3). To eliminate this ambiguity, 
the large angle convergent beam method 
was adopted in which it was found that elongat- 
ed crystals produce good Kikuchi patterns 


* Heidenreich and Shockley also observed a 
similar splitting (Fig. 14 of their paper!)) suggest- 
ing that it might be interpreted by using the 
dynamical theory of diffraction. Uyeda, Fukano 
and Ichinokawa™, however, disagreed with 
Heidenreich and Shockley’s interpretation because 
according to Kainuma®) no subsidiary maxima are 
expected in reflection Kikuchi patterns. Uyeda et 
al, advanced the above interpretation, 
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(c) 


Deformation band 


Laminar if f 


region ’ ; Laminar rogior 
4 
Distorted region 
near deformation vand 
Fig. 4. Schematic drawing of irradiated areas. 


(Photos. 2a, 3a) or diffuse Kikuchi bands 
(Photo. 3b) depending upon the irradiated 
position. By this we infer that laminar regions 
produce good Kikuchi patterns and deformation 
bands produce only diffuse Kikuchi bands. 
To prove our inference correct, a specimen 
which had been elongated about 10% was 
examined under a light microscope. The 


Photos. 1. 


Kikuchi patterns from unstrained 
aluminium crystal (99.99% purity. No. 2*). 

(a) Large angle convergent beam method. 

(b) Small angle convergent beam method. 

(c) Ordinary reflection method. 

All these photographs are taken at the same 
azimuthal setting. Photo. (c) is one of the most 
diffuse patterns from unstrained crystals. Most 
of other unstrained crystals gives sharper 
patterns even by the ordinary reflection method, 


See) Dablewieands ica: 
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(a) (b) 
Fig. 5. Microphotometer curves along line seg- 
ments indicated in Photos. la and 2a. 
(a) corresponds to Photo. la. 
(b) corresponds to Photo. 2a. 


surface of the specimen was covered by slip 
bands spaced 3-5 microns apart and also by 
fine deformation bands spaced about 300 
microns apart. This specimen was set in the 
diffraction camera so that the electron beam 
was approximately parallel to the deformation 
bands. Then it was examined by the large 
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Photos. 2. Diffraction patterns from a4% elongat- 
ed crystal (99.99% purity. No. 2). 
(a) Large angle convergent beam method. 
(b) Small angle convergent beam method. 
(c) Ordinary reflection method. 
All these photographs are taken at the same 
azimuthal setting as in Photos. 1. 


(a) (b) 
Photos. 3. Diffraction patterns from a 10% elongated crystal (99.997 
purity. No. 6). 
(a) Laminar region. Kikuchi lines and bands are visible. 
(b) Deformation band, Only edges of bands are scarcely visible, 
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(a) 
Photos. 4. 


(a) 


Unstrained crystal. 


angle convergent beam method. During the 
examination, the specimen was moved slowly 
in the direction normal to the deformation 
bands, the deformation bands and the laminar 
regions being alternately irradiated. On the 
fluorescent screen diffuse Kikuchi bands and 
good Kikuchi patterns appeared alternately. 
Displacement of the specimen for the succes- 
sive appearance of diffuse Kikuchi bands was 
about 300microns in agreement with the 
spacing of deformation bands observed under 
a microscope. Thus the inference was proved. 

Laminar regions produce good Kikuchi 
patterns even though they are covered by 
slip bands, independent of the direction of 
the incident beam as related to the direction of 
slip bands. The microphotometer curves 
along the line segments indicated in Photos. 
la and 2a are reproduced in Figs. 5a and 5b. 
Even when specimens are elongated by 10%, 
the maximum rate of elongation in this 
experiment, Kikuchi lines are always produced 
although the background is somewhat dark. 
When the electron beam is slightly defocused 
on the specimen surface, Kikuchi lines are 
immediately extinguished leaving only diffuse 
Kikuchi bands, especially when the deforma- 
tion is large. 

When the electron beam irradiates laminar 
region A (Fig. 4), good Kikuchi lines appear 
and they do not move on the fluorescent 
screen even when the irradiated area is moved. 
When it irradiates B (Fig. 4), which is in the 
immediate neighbourhood of a deformation 


(b) 
Diffraction patterns from 99.55% aluminium (No. 7). 


(b) 3% elongated crystal. 


band, they fade away leaving only a diffuse 
Kikuchi band. When the electron beam 
moves from B to C, the corresponding Kikuchi 
band jumps to a parallel position and when 
the electron beam moves from C to D, the 
Kikuchi band jumps back again to nearly its 
original position. Sometimes two Kikuchi 
bands appear indicating that both sides of an 
extremely fine deformation band are irradiated. 
From the distance between two bands the 
bending across a fine deformation band is 
estimated to be about 1°. 

Sometimes, even in laminar regions, Kikuchi 
lines split in two (Photo. 6). Since this 
is observed in large angle convergent beam 
method, this means that both sides of a 
boundary wall are irradiated. The disorien- 
tation across the wall is estimated to be 10- 
30’. The sharpness of the split lines indicates 
that neither side is much distorted. 


(b) 99.55% aluminium 

Unstrained single crystals of 99.55% alu- 
minium produce as good Kikuchi patterns 
(Photo. 4a) as 99.99% aluminium. When, how- 
ever, a crystal is elongated about 3% Kikuchi 
patterns become diffuse on the entire surface of 
the crystal (Photo. 4b) even by the large angle 
convergent beam method. At about 7% 
elongation no Kikuchi lines are produced and 
only diffuse Kikuchi bands remain. Under a 
light microscope no distinct deformation bands 
are observed. By electron diffraction no 
alternation of good Kikuchi patterns and 
diffuse Kikuchi bands are observed. This fact 
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Photos. 5. Diffraction patterns from elongated 
crystal after the surface layer was removed by 
electro-polishing. 

(a), (b), (c) and (d) correspond to Photos. 2 4, 
2b, 2c and Photo. 4b, respectively. 


yo 


Photo. 6. Split Kikuchi lines from laminar regions 
of 10% elongated crystal (99.99% purity. No. 


6). 
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is essentially different from that observed in 
99.99% aluminium. 


(c) Study of the interior of crystals 

When the surface layer is removed by 
electro-polishing, no definite change was found 
in diffraction patterns for either 99.99% or 
99.55% aluminium* (Photos. 5a, 5b, 5c, and 
5d). We could recognize no change in sharp- 
ness of Kikuchi lines or in the relative 
intensity of the background. The microphoto- 


* For 99.55% aluminium we had one exception 
in four specimens (No. 8) where no pattern was 
observed before removal of surface layer, but 
diffuse Kikuchi patterns were produced after 
removal. This is probably due to failure in 
electro-polishing before the first examination. 
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meter curves along the line segments indicated 
in Photos. 2a and 5a are reproduced in Fig. 6. 
No remarkable change is found in the width 
of Kikuchi lines. For 99.99% aluminium the 
alternation of sharp Kikuchi lines and diffuse 
Kikuchi bands was also observed. Strictly 
speaking, however, we observed slight changes 
but they did not take definite form; in some 
cases patterns were improved and in other 
cases they deteriorated. Such changes are 
inevitable because the grade of Kikuchi pat- 
terns depends not only on the _ irradiated 
position but also on the surface topography 
and the glancing angle. Therefore it is 
dangerous to draw conclusions by observing 
slight changes which are generally of trivial 
importance. 

Experimental results may be set forth as: 

(1) For high purity crystals, (a) laminar 
regions produce Kikuchi lines even at 10% 
elongation, but (b) deformation bands do not 
produce Kikuchi lines; 

(2) For low purity crystals, Kikuchi lines 
become diffuse at 3% elongation over the 
whole crystal surface. They are extinguished 
at about 7% elongation; 

(3) Irrespective of the purity of crystals, 
no recognizable change occurs when a surface 
layer of about 100 microns is removed. 


(a) (b) 
Microphotometer curve along line seg- 
ments indicated in Photos. 2a and 5a. 

(a) corresponds to Photo. 2a. 
(b) corresponds to Photo. 5a. 


Fig. 6. 


$4. Discussion 

(a) Comparison with the result of 

Heidenreich and Shockley 

According to Heidenreich and Shockley, 
when aluminium single crystals are elongated 
several percent, they have two results: (1) 
Kikuchi lines are extinguished and (2) Laue 
spots become multiple. Although their result 
(1) apparently contradicts our result (la, § 3c), 
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there is no physical contradiction between 
them. The apparent contradiction is caused 
by the difference in the size of the irradiated 
area. Even in our experiment, Kikuchi lines 
are extinguished if the irradiated area is 
increased by defocusing. Heidenreich and 
Shockley’s result (1) is reasonable because the 
length of the irradiated area was more than 
1mm. Moreover, in their experiment the 
irradiated area might include deformation 
bands which extinguish Kikuchi lines. 

Based upon their result (2) Heidenreich and 
Shockley suggested that ‘‘ the slip band is not 
a region where only translation has occurred 
but that rotation about the normal to the slip 
plane occurs also”’. From the splitting of 
Laue spots in their photographs the angle of 
rotation is estimated to be the order of 107? 
radians. Although their suggestion has been 
cited as an experimental evidence of rotational 
slip in authoritative literatures”, our result 
(1) contradicts their suggestion. In our ex- 
periment with large angle convergent beam 
method, a few slip bands are irradiated 
simultaneously because the irradiated area is 
about 5x20sq. microns. Therefore, if there 
was rotation of the order of 10-? radians 
about the normal to the slip plane, Kikuchi 
lines would have split into several lines. 
Since we have never observed such a split- 
ting, we conclude that no such rotation exists. 
Even if the rotation did exist, it would have 
to be less than 10-* radians which is the 
resolving power of the present experiment. 

It is more likely that the splitting of Laue 
spots observed by Heidenreich and Shockley 
is due to deformation bands. The rotation of 
about 10-% radians is the same order of 
rotation due to deformation bands. The 
splitting of Laue spots can be caused by 
random sampling of surface undulations (Fig. 
3) although the bending due to deformation 
band is continuous. Moreover, the splitting 
is better interpreted by rotation about [121]- 
axis which lies in the active slip plane than 
by rotation about [111]-axis which is normal 
to the slip plane. This fact will be described 
in’ (C); 

(b) Slip in pure and impure crystals 

Blewitt and Koehler,!» interpreted result 
(1) of Heidenreich and Shockley to be that 
“the material between successive slip bands 
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contains enough internal strain to cause dis- 
appearances of Kikuchi lines’’. We think 
that their interpretation is not complete 
because they did not take into account the 
size of the irradiated area which is most 
important in the Kikuchi line experiment. 
Their interpretation may be correct for low 
purity crystals* because for these crystals the 
strain is large enough to extinguish Kikuchi 
lines even in the large angle convergent beam 
method. For high purity crystals, however, 
their interpretation can not be accepted be- 
cause according to our result (la) laminar 
regions produce Kikuchi lines in the large 
angle convergent beam method. 

(c) Deformation bands 

It has been made clear that asterism in X- 
ray Laue photographs is due to a large strain 
of deformation band!!)!), The strain of 
deformation bands extinguishes Kikuchi lines 
and a large disorientation across a deformation 
band causes a jump of Kikuchi band. 

We can study the rotation or bending of 
the crystal produced by deformation bands by 
the movement of Kikuchi patterns which is 
described in the next to the last paragraph 
of §3a. This is best shown by a photographic 
plate on which two Kikuchi bands are recorded 
where under such a condition only the (111)- 
band appeared and by analysis it was found 
that the (111)-plane which produced the band 
is parallel to the active slip plane. From the 
distance between the two bands, the angle of 
disorientation is calculated to be the order of 
10-2 radians. The fact that the two bands 
are separated from each other indicates that 
the active slip planes are rotated about the 
axis which lies in the slip plane. If the 
slip planes are rotated about the normal to 
themselves, such a separation can not be 
expected. This is in accordance with the X- 
ray results obtained by Chen and Mathewson! 
and Nishimura and Takamura! which indicate 
that the rotation axis in elongated aluminium 
single crystals is [121] in the slip plane and 
is at right angles to the direction of slip, and 
that this rotation about the [121] is produced 
by deformation bands. Thus it is most likely 
that Heidenreich and Shockley’s split spots 
were given by random sampling of surface 
undulations and that the rotation corresponding 
to the split spots was caused by deformation 
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bands. 


It is noteworthy that we found splitting of 
Kikuchi lines coming from laminar regions as 
described in the last paragraph of §3a. From 
the sharpness of Kikuchi lines we infer that 
the two domain which are disoriented to each 
other about 3x10-* radians are unstrained in 
the neighbourhood of the boundary. There- 
fore, the boundary can be considered to be a 
polygon-wall. Because dislocations are movable 
in high purity crystals, dislocations on fine 
slips may arrange themselves in such polygon- 
walls. This may be the polygonization without 
climb suggested by Mott. 

Heidenreich and Shockley reported that 
Kikuchi lines were extinguished when an 
aluminium crystal was loaded near its yield 
point and simultaneously tapped or brought 
into vibration although no slip bands were 
visible. Kuhlmann-Wilsdorf, van der Merwe 
and Wilsdorf!® explained this phenomenon as 
fine slips (not observed by Heidenreich and 
Shockley) extinguishing Kikuchi lines. How- 
ever, we believe fine slips do not extinguish 
Kikuchi lines as we describe in the next sub- 
section. The extinguishing cause of Kikuchi 
lines in Heidenreich and Shockley’s experiment 
may be weak deformation bands. This 
is supported by observations of Takamura’” 
that in aluminium single crystals weak 
deformation bands appear even for deforma- 
tion so small that no slip bands are visible 
under a light microscope. 

(d) Interior of crystals 

Heidenreich and Shockley observed that a 
lightly tapped surface of aluminium crystals 
after removal of a surface layer of 200-400 
microns in thickness again produced Kikuchi 
lines. Kuhlmann-Wilsdorf at al'® ascribed 
this phenomenon to the location of fine slips 
in the surface layer. Mott’, in explaining 
the appearance of fine slips observed by 
Wilsdorf et al.®, suggested that fine slips 
occur in the surface layer approximately 0.1- 
1.0mm. thick and below which only coarse 
slips occur. Suzuki!) suggested another ex- 
planation for this phenomenon. 

According to the experiment of Fujita et 
al.2) Kikuchi lines were extinguished by several 
percent elongation and appeared again after 
the surface layer had been eliminated by 


* See our result (2). . 
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electro-polishing. They reported that the 
re-appearance of Kikuchi lines took place on 
a rather definite boundary which lies 10-20 
microns below the crystal surface. This 
result contradicts our result (3), and the 
cause of contradiction is not clear. However, 
we should be most careful in drawing any 
conclusion from an experiment of Kikuchi 
pattern because the quantitative study of 
Kikuchi patterns is almost impossible, as 
described in § 3c. 

Fujita et al. suggested that extinguishing is 
due to fine slips. They considered that the 
re-appearance of Kikuchi lines is a proof of 
the fact that fine slips are confined to the 
surface layer. However, we believe that fine 
slips do not extinguish Kikuchi lines. If the 
fine slips extinguish Kikuchi lines, Kikuchi 
lines would have been extinguished in the 
initial stage of elongation. We conclude that 
neither fine slips nor coarse slips extinguish 
Kikuchi lines so far as they are laminar. 
Therefore by this experiment it is impossible 
to test whether or not fine slips are confined 
to the surface layer. 

(e) Estimation of dislocation density 

From our experimental results we can 
estimate the density of dislocations by the 
method described by Cottrell?. Let @ denote 
the total angular spread observed in an 
irradiated area of diameter L. Let 1 be the 
mean diameter of a block in the crystal and 
6 be the mean angle between neighbouring 
blocks. For simplicity we assume that one 
dislocation defines one crystal block, then the 
dislocation density p is given by 


o=1/1? (1) 


If we assume that @ is randomly positive and 
negative, we have 


O=0L/1)? (2) 


Eliminating 1 from (1) by the use of (2) and 
the relation 0=6/1, we obtain 


0=(O/b x L¥?)#/8 (3) 


where 6 is the Burgers vector. Using (110)- 
spacing of aluminium for 6,6=3x10-8cm. 
By the equation (3) @ is estimated if @ and L 
can be measured. 

The measurement of @ and Z in the ex- 
periment of Kikuchi lines is not easy. How- 
ever, it may be adequate to assume that sharp 
Kikuchi lines disappear when the angular 
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spread @ in the irradiated area is about 1 x 10~° 
radians. Therefore, if we measure the value 
of Zo, at which sharp Kikuchi lines disappear, 
dislocation density o can be estimated. In 
our experiment the size of the irradiated area 
can be easily changed by focusing. Although 
we did not carry out exact measurements in 
the present experiment, the order of magnitude 
of dislocation density was estimated as follows. 

Unstrained crystals of 99.99% and 99.55% 
aluminium. Our specimens of unstrained 
crystals produce very sharp Kikuchi lines 
which do not disappear even when the area of 
irradiation is increased to L=7x10-?cm. Thus 
we obtain 

o=6 x 10° lines/sq. cm. 

This result is much smaller than the usually 
accepted value 10®-10'° lines/sq. cm. but is 
in agreement with the more recent value 10° 
lines/sq. cm. obtained by Noggle and Koehler?) 
for well annealed aluminium single crystals. 

Laminar regions of 99.99% aluminium. In 
the laminar regions of 10% elongated crystals, 
Kikuchi lines disappear when the convergent 
electron beam is slightly defocused. Although 
the value of Z) was not measured exactly, it 
was estimated to be the order of 50 microns. 
Thus we obtain 


ocx4 x 107 lines/sq. cm. 


This indicates that the dislocation density 
at 10% elongation increases about ten times. 

Deformation band of 99.99% aluminium. In 
the region indicated by B, C, and D in Fig. 
4, only diffuse Kikuchi bands remain even 
for the irradiated area of 5x20sq. microns. 
From the width of Kikuchi band we may 
assume that @ is about 5 x10’ radians. Taking 
J)=20 microns, we obtain 


o~6 x 108 lines/sq. cm. 


This density is far less than that usually 
accepted value 10! lines/sq. cm. for heavily 
worked metals even when it is taken into 
account that deformation is not very heavy 
in the present experiment. In the above 
value the dislocations on boundary walls are 
not considered. If they were estimated and 
included, the density would be increased. 

Elongated 99.55% aluminium. At 3% 
elongation, sharp Kikuchi lines disappear for 
Ly) of 20 microns. Thus we obtain 


p=2 X 108 lines/sq. cm. 
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At 7% elongation, only diffuse Kikuchi 
bands remain as in deformation bands of 
99.99% aluminium crystals. Thus the density 
is increased to 


06 x 108 lines/sq. cm. 


Although the above is a rough estimation 
of dislocation density, we can recognize the 
fact that the density in laminar regions of 
high purity aluminium is very much smaller 
than that in low purity aluminium. This 
may be due to the good mobility of dislocations 
in high purity aluminium. 


Acknowledgement 


The author wishes to express his sincere 
thanks to Prof. Ryozi Uyeda for his kind 
guidance and encouragement throughout the 
entire course of this experiment. He also 
wishes to thank Dr. F. E. Fujita for his 
stimulating discussions and for his kindness 
in furnishing an aluminium single crystal. 
Thanks are also given to Mr. Y. Fukano and 
Mr. T. Fukatsu for their assistance in the 
early stage of this experiment. 

This study has been supported in part by 
a Grant in Aid for Scientific Research from 
the Ministry of Education. 


References 


1) R. D. Heidenreich and W. Shockley: 
on Conference on Strength of Solids. 
Physical Society, London, (1948), p. 57. 

2) F. E. Fujita, D. Watanabe and S. Ogawa: 

(a) Read before the Spring Meeting of the 
Physical Society of Japan, Tokyo, April, 1954. 

(b) Circular of the Research Association of 
Crystal Plasticity 3 (1954) 10 (in Japanese). 

(c) F. E. Fujita, D. Watanabe, M. Yamamoto 
and S. Ogawa: To be published. 


Report 
The 


Plastic Deformation of Aluminium Single Crystals 


6) 
7) 
8) 
9) 
10) 


11) 


12) 
13) 
14) 


15) 
16) 


17) 
18) 


19) 


20) 


21) 


495 


T. Fujiwara and K. Yamasaki: 
Hiroshima Univ. 11 (1941) 89. 
A. F. Brown and R. W. K. Honeycombe: 
Phil. Mag. 42 (1951) 1146. 

W. Kranert, K. H. Leise and H. Raether: 
Zeits. f. Phys. 122 (1944) 248. 

Z. G. Pinsker: Electron Diffraction. (Trans- 
lated by J. A. Spink and E. Feigl. Butter- 
worth’s Scientific Publications., 1953, p. 373.) 
M. N. Alam, M. Blackman and D. W. Pashley: 
Proc. Roy. Soc. A221 (1954) 224. 

R. Uyeda, Y. Fukano and T. Ichinokawa: 
Acta Cryst. 7 (1954) 217. 

Y. Kainuma: Acta Cryst. 8 (1955) 247. 

A. H. Cottrell: Dislocations and Plastic Flow 
in Crystals. (Oxford University Press, London, 
1952, p. 91.) 


Jour. Sci. 


P. Gay, P. B. Hirsch and A. Kelly: Acta 
Cryst. 7 (1954) 41. 
T. H. Blewitt and J. S. Koehler: Report on 


Pittsburgh Conference on the Plastic Drforma- 
tion of Crystalline Solids, (1950), p. 77. 

N. K. Chen and C. H. Mathewson: Trans. A. 
I.M.E., J. Metals, 3 (1951) 653. 


P. Gay and R. W. K. Honeycombe: Proc. 
Phys. Soc. A64 (1951) 844. 
H. Nishimura and J. Takamura: Tech. Rep. 


Eng. Res. Inst., Kyoto University 2 (1952) 139. 
N. F. Mott: Phil. Mag. 44 (1953) 742. 

D. Kuhlmann-Wilsdorf, J. H. van der Merwe 
and H. Wilsdorf: Phil. Mag. 43 (1952) 632. 
J. Takamura: Private Communication. 

H. Wilsdorf and D. Kuhlmann-Wilsdorf: Zeits. 
f. Angew. Phys. 4 (1952) 409, 418. 


H. Suzuki: Jour. Phys. Soc. Japan 9 (1954) 
536 
A. H. Cottrell; Dislocations and Plastic Flow 


in Crystals. (Oxford University Press, London, 
1952, p. 102. 
T. S. Noggle and J. S. Koehler: 
3 (1955) 260. 


Acta Met. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 5, May, 1956 


The Study on Substances having the Ilmenite Structure I. 
Physical Properties of Synthesized FeTiOzs and NiTiO3 Ceramics 
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FeTiO3 and NiTiO3 ceramics were synthesized, their thermal, electrical 
and magnetic properties were investigated and the results obtained were 
discussed in connection with the crystal structure. Although NiTiO; is 
stable up to high temperatures even in air, FeTiOs; is partially oxidized 
even when it is cooled, being kept in vacuum (10-5 mmHg), to room 
temperature from the maturing temperature (1350°C). Electrical and 
magnetic properties of annealed FeTiO;, therefore, differ greatly from 
those of NiTiO3, but properties of quenched FeTiO3, tend to those of 
NiTiO;. From these facts, it is concluded that the properties of NiTiO; 
are characteristics of the ilmenite structure. . 

In discussion attention was paid especially to the relation between the 
ilmenite structure and its magnetic properties and to the mechanism of 
electrical conduction, and it was speculated, from these considerations, 


what kind of roles Ti+ ions would play in this structure. 


Introduction 


§1. 

Ilmenite (FeTiO;), which is a common con- 
stituent of the igneous rocks has recently 
come to attract special attention of physicists 
in the field of rock ferromagnetism. Its 
crystal structure is nearly equal to that 
of a-Hematite? and natural Ilmenite has weak 
spontaneous magnetization having the Curie 
point at about 100°C”, the origin of which is 
thought to be the same as that of parasitic 
ferromagnetism in a-Hematite. So judging 
from these results some authors have sug- 
gested Ilmenite might be also antiferro- 
magnetic»), 

On the other hand, LiTaO; and LiNbO; 
which have the ilmenite structure have been 
reported to be ferroelectric. It is not easy, 
however, to imagine that the spontaneous 
polarization induced by shifting of Ta or Nb 
ions within distorted oxygen octahedrons 
follows the reversal of external electric field 
in such a low symmetrical structure contrary 
to the perovskite structure which has the 
higher symmetry. Hence Megaw has proposed 
an idea that LiTaO; and LiNbO; do not 
belong to the ilmenite structure strictly. But 
no detailed investigation of the ferroelectricity 
of the ilmenite structure has been done until 
now. 

These facts indicate that this structure is 
interesting from both magnetic and dielectric 


points of view, and furthermore, considering 
the fact that this substance contains ferrous 
ions which have a partially filled d-shell, the 
mechanism of conduction is also thought to be 
worth investigating. 

There have been, however, only a few re- 
ports on the measurement of physiclal pro- 
perties of synthesized Ilmenite. Naylor and 
Cook, and Shomate measured the heat capacity 
in a temperature range between 52°K and 
1800°K®) and Chevallier measured the 
magnetic susceptibility below room tempera- 
ture’), The former reported only a marked 
hump on the heat capacity vs. temperature 
curve at 52°K which, according to the 
authors’ opinion, is not uncommon in the 
ferrous ions componds, and the latter reported 
the paramagnetic property of Ilmenite. In 
both cases, however, the results obtained were 
not fully discussed in connection with the 
crystal structure. 

We, then, intended to synthesize Ilmenite as 
purely as possible, investigate its many physi- 
cal properties and discuss them in connection 
with the crystal structure. At the same 
time, properties of synthesized NiTiO; which 
has the same crystal structure as Ilmenite were 
investigated so that we may clarify the ob- 
scurity in Ilmenite which comes from the 
unstableness of ferrouss ions and may under- 
stand the intrinsic character of the ilmenite 
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strucuture. 


§2. Preparation of Samples 


FeTiO; (sample I) was prepared by stoichio- 
metrically mixing Fe,03, TiO. and Fe powders 
following the equation 


Fe,03 a 3TiO, aR Fe= 3FeTiO; ' 


milling, pressing and sintering the mixture in 
a vacuum furnace (10-° mmHg) at 1350°C for 
six hours, then cooling it down to room tem- 
perature in an hour in this furnace. Quenched 
sample of FeTiO; (sample II) was prepared 
by sealing sample I into a silica tube in 
vacuum (10-° mmHg), heating it again up to 
1250°C and then quenching it. NiTiO; was 
prepared by heating a mixture of NiO and 
TiO, powders in stoichiometric proportion at 
1350°C in air for three hours. 

Fe,0;, TiO, and NiO powders used were 
purified at our laboratory and it was confirmed 
that they contained no detectable impurities. 
Fe powder was carbonyl! iron (99.99% purity). 
Chemical analysis for both iron and titanium 
in FeTiO; prepared indicated the ratio of iron 
and titanium was 0.9945:1, where the lack of 
iron was due to the existence of unreacting 
Fe,0, which was washed out with dil. HNO; 
before this analysis. No other impurities were 
detected. 

The crystal structure of these samples was 
checked by Debye-Sherrer X-ray photographs. 
The lattice constants obtained are given in 
Table [. 


§3. Thermal Expansion 


Thermal expansion was measured in air 
using a simple dilatometer in order to detect 
any anomalies present in these samples over 
a range of temperatures between liquid air 
and 1000°C. No anomalies could be found for 
NiTiO;, but FeTiO; (sample 1) showed an 
anomalous expansion from about 420°C ceas- 
ing at about 800°C, when heated at the rate 
of 2°C/sec. (Fig. 1)... On cooling, the contrac- 
tion followed along a broken line illustrated 
in the figure, which fact indicates this pheno- 
menon is irreversible and seems to be due to 
the oxidation of the sample. 


§4. Weighing with a Thermal Balance 


In order to confirm the anomaly detected in 
the above observation to be due to the oxida- 
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Table I. Lattice constants of synthesized 
FeTiOz3 and NiTiOs. 


Samples | a(&) | a 


FeTiO; (sample 1)| 5.55 (5.52) | 54°23! (54°49) 
NiTiOs 5.44 (5.45) | 54°49" (65°08) 
| — i ——— 


Values in the brackets are due to Wyckoff. 


Thermal Expansi 


Temperature 
Fig. 1. Thermal expansion of FeTiO3 (sample J) 


measured in air. The heating rate was 2°C/sec. 
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Fig. 2. Percentage of increase in weight of 


FeTiO; (sample I) during heaing it at the rate 
of about 4°C/sec in air. 


tion, the increase of weight during heating 
was measured using a thermal balance. The 
heating rate was about 4°C/sec and a powder 
sample of 1g weight was used. The result 
is shown in Fig. 2, where a decrease of weight 
from 200°C to 500°C may be an apparent one 
resulting from ejecting out gases which were 
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measured in vacuum. 


Electrical Resistivity 
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Fig. 4. Direct current resistivity of NiTiO; 
measured in air. 


present in the powder. The increase of weight 
at 1000°C was 4.62% and when keeping it at 
this temperature for a long time it increased 
up to about 5%, but it is still less than the 
theoretical value 5.27% calculated assuming 
all Fe?* in FeTiO; changed into Fe3+. 

We find from these results that F eTiO; 1s 
stable even in air up to about 500°C, ‘so 
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Table Il. The values of op and &. 


Samples | Temperature ranges) 00(Qcm) |H (ev) 
et S| aaa Apes —— 

~ COR, ° -110 249 

FeTiO; Cla 2E 80.3°C |1.45 x 10-10 

80.3°C~ 186.0°C |1.35 x 10-2/0.389 

(samples I) | 186 o°C~ 800°C 18.00 x 10-30.426 
FeTiO; , ~ 180.3°C |7.00 (0.662 
(sample II) | 180.3°C~ 300°C 2.10 x 10-7:0.934 
~ 310°C {1.00 x 105 |0.901 

NiTiO; 310°C ~ 440°C 160 < 1025 i252 

440°C ~1000°C 8.20 x 10-3/2. 83 


measurements can be made in air reproducib- 
ly in this temperature region. 


§5. Electrical Conductivity 


Direct current resistance was measured by 
using a potential probe method on low resist- 
ance samples, or by reading the current 
through a sample using a galvanometer on 
high resistance ones. The dimension of 
samples used in both cases were approximate- 
ly 4mmx3 mm x20 mm. 

FeTiO; (sample I) was measured both in 
vacuum (between liquid air temperature and 
800°C) and in air (from 0°C to 400°C), and 
both results showed no difference. Quenched 
FeTiO;(sample II) was measured only in vacuum 
(from 0°C to 300°C) and it was found we 
could safely repeat the measurement rever- 
sibly in this temperature range. These results 
are given in Fig. 3, which shows the resis- 
tivity obeys the formula p=p) exp (+E/2kT) 
above room temperature and values of 09 and 
& are given in Table II. Fig. 4 shows the 
resistivity of NiTiO; measured in air. The 
values of o) and £ are also given in Table Il. 


§6. Seebeck Effect 


Seebeck effect was measured in order to 
understand the mechanism of conduction. 
Measurements were made in air by putting 
Pt-PtRh thermo-junctions on both sides of a 
sample, and thermo-electric power was measur- 
ed with respect to a PtRh wire. A temper- 
ature gradient was established by putting the 
sample in an eccentric position of a furnace 
or heating one side of the sample by an 
auxiliary heater, and temperature difference 
between both ends was usually about 5°C at 
low temperatures and 10°C at high temperat- 
ures. The results obtained are shown in Figs. 
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Sand 6. It was found that the sign of thermo- 
electric power is positive in both cases. 


§7. Dielectric Constant and Loss 


A sample of 130mm? area and 1.2mm 
thickness with fired-on Ag films on both 
sides was used in the case of NiTiO;. A 
resonance method was adopted and the result 
was shown in Fig. 7. The value of dielectric 
constant at room temperature is about 13, 
which is very small for a substance contain- 
ing Ti‘* ions surrounded by oxygen octahedrons 
and this fact supports the supposition that it 
would be difficult for Ti‘t ions to move 
following the external electric field in this 
structure, as expected previously. Increase 
in permittivity above 200°C is an apparent 
one which is on account of increase in con- 
ductivity. Although we may thus expect this 
structure has little possibility for ferro- 
electricity, D~E hysteresis loop which is 
considered to be the most typical characteristic 
of ferroelectrics can not be observed for such 
a unipolar substance as this, if existed, unless 
we use a single crystal, so we can not say 
any more about ferroelectricity of this crystal 
structure. 

Though dielectric constant of FeTiO; 
(sample I) can not be measured with the 
present method owing to its high conductivity 
and low permittivity, we may expect the same 
situation. 


Table II. The values of C, @ and pes. 
Samples | C/er (0) | = 
FeTiO; (ample 1) ‘| 0.0206 | 65°C | 5.02 
Pees ane 150°C. | 9-021 | 30°C | 5.20 
TEE ep eld from | 0.0260 | 17°C | 5.62 
NiTiO; 0.0096 | 0°C | 3.47 


§8. Magnetic Susceptibility 

Magnetic susceptibility of these samples 
above room temperature was measured using 
a magnetic balance which can detect one 
percent of a milligram. It was found all 
samples obey the Curie-Weiss law y¥=C/T—@ 
in this temperature region and the values of 
C, @ and the effective Bohr magneton number 
calculated from the Curie constant are given 
in Table III. In Table III, we can find the 
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Fig. 5. Seebeck voltage of FeTIO; (sample I) 
measured in air, 
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Fig. 6. Seebeck voltage of NiTiO; measured 
in air. 
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Fig. 7. Dielectric constant and tan 9 of NiTiO; 
measured in air. 


more perfect quenching is the smaller @ and 
the greater “ry become, and this can be ex- 
plained if we consider FeTiO; may be oxidized 
even in the vacuum furnace (10-° mmHg) 
during cooling it, that is, metal vacancies 
produced by addition of excess oxygens de- 


Magnetization 
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Fig. 8. Field dependence of magnetization of 
FeTiO3 (sample I) at room temperature. 
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Fig. 9. Schematical representation of the 
arrangement of ions in IImenite. 


crease the apparent value of effective Bohr 
magneton number and some distortion of 
crystalline field due to the presence of excess 
oxygens or metal vacancies increases the value 
of O as was suggested by Van Vleck. This 
explanation is supported by the fact that 
quenching and annealing did not affect the 
behavior of magnetic susceptibility in the case 
of NiTiO;. The values of the sample quench- 
ed from 1350°C agree well with those of 
Chevallier’s sample which was sintered in the 
hydrogen atmosphere. 

Fig. 8 shows the field dependence of magne- 
tization in FeTiO; (sample I) at room tem- 
perature, which indicates clearly there is no 
spontaneous magnetization in the synthesized 
Ilmenite, and together with the Chevallier’s 
results and that for NiTiO,, we can conclude 
spins in the ilmenite structure are left free 
in the whole temperature region, 
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§9. Discussion 


1. Ilmenite structure and its magnetic 
properties 

According to the X-ray analysis of natural 
Ilmenite, the arrangement of ions in Ilmenite 
can be written schematically as shown in Fig. 
9. In this configuration, Fe?+ ions’ and Ti‘* 
ions’ layers which are perpendicular to the 
c-axis are arranged alternately and each is 
seperated by an oxygen layer. Consequently 
the superexchange interaction which operates 
between spins of Fe** ions through this oxygen 
layer in a-Hematite where Fe?* and Ti‘* ions 
in Ilmenite are all replaced by Fe** ions can 
not operate in Ilmenite because of Ti‘t* ions 
having zero spin. It is, therefore, rather 
plausible that spins of Fe?* ions are left free 
as our experimental results showed and the 
fact that NiTiO; and FeTiO; (unoxidized) have 
very little @ values indicates the dilution of 
Ni2® “ands Ke2*= ions Dye abi“ aonsm iets 
structure is nearly perfect. 

There are, however, two interesting points 
relating to this structure. Firstly, if the 
ordering of Fe?* and Ti‘t ions were disturbed, 
magnetic properties of FeTiO; would be 
greatly changed because of the local formation 
of Fe?*—O?-—Fe?* configuration in it. But 
the fact that the behavior of magnetic 
susceptibility of the sample quenched even 
from above the melting point (1450°C) tends 
only to be perfect paramagnetic shows, to- 
gether with the fact that the heat capacity of 
Ilmenite has no anomaly up to 1800°K in the 
high temperature region, the disturbance of 
the order seems not to occur up to this tem- 
perature. 

Next, when Ti‘* ions are partially replaced 
by other ions having no vanishing spins, it is 
expected the superexchange which operates 
between these ions and Fe?+ or Ni?+ ions 
through oxygen ions might arrange their spins 
antiperallel, then an uncompensating com- 
ponent would appear as a spontaneous magne- 
tization and this is realized in the case of 
solid solutions of NiTiO; or FeTiO; and a— 
Fe,03;,* details of which will be reported soon. 


2. Mechatsm of electrical conduction 


The great difference in conductivity between 


the sample I and sample II of FeTiO; indicates 


* As to solid Solutions of FeTiO3—Fe,O; which 
were produced naturally, see the reference (2), 
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the conduction in these substances is due to 
d-electrons, that is, as stated in the above 
paragraph, metal vacancies produced by addi- 
tion of excecss oxygen contribute to the 
conduction by changing surrounding Fe?* ions 
into Fe** ions and increasing the number of 
Fe?* ions adjacent to Fe** ions, which is 
believed to be the cause of increase of the 
conductivity of d-electrons by many investiga- 
tors. Carriers in this case are necessarily 
holes trapped by these metal vacancies. 

Then assuming only holes are carriers, we 
have the following relations between Seebeck 
voltage @, concentration of carriers ”» con- 
ductivity op» and mobility 4», 


eOL= Ey (ily 
On=NpLype , (2) 
Ny=Nexp(—E/KT) , 433) 


where E denotes the Fermi level measured 
from the filled d-electron level and N is 1.89 
x1022, Fe atoms/cm’ in this case, and the 
kinetic energy term in Seebeck voltage was 
neglected in the equation (1) following Morin’s 
suggestion”. 

Hole concentration computed from the value 
at 20°C given in §§5 and 6, is found to 
be 1.851024 atoms/cm? which is not incon- 
sistent with the increase of weight at high 
temperatures and observed results of magnetic 
susceptibility, and mobility calculated using 
these results is 2,14x15-° cm?/volt sec which 
is very low even comparing with that of car- 
riers in a@-Hematite having the lowest con- 
centration of carriers. This suggests that Ti** 
ions which may not contribute to conduction in 
this substance prevent d-electrons of Fe’* 
ions from overlapping and _ reduce their 
mobilitiy greatly. 

On the other hand, in the case of NiTiO; 
we can expect both holes and electrons are 
contributing to conduction as is usually the 
case with intrinsic semiconductors. Then an 
analysis is not easy but a rough estimation 
shows concentration of carriers is very low 
and mobility is relatively high, so conduction 
is not expected to be that of d levels. We 
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may assume, then, in this case holes which 
were left in the sp. bands of oxygen by jumps 
of their electrons into unoccupied Ni?* levels 
(that is, to Ni** ions) contribute to con- 
duction, which results in high mobility. 
Though the mechanism seems to be com- 
plex because Ti** ions may contribute to con- 
duction in this case, we may safely say con- 
duction in only d levels as in FeTiO; is hidden 
because of low concentration of carriers and 
low mobility. 

In conclusion, we should like to say Ti*t 
ions act always as to dilute the interaction 
between d-electrons of divalent metal ions in 
the ilmenite structure, so properties NiTiO; 
where this dilution seems to be perfect 
are characteristic of the ilmenite structure and 
are to be contrasted with those of a-Hematite 
where there is no dilution of this sort. 
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Single crystals of highly pure aluminium (99.99%) were plastically 
deformed and examined by means of electron microscopy and electron 
diffraction. Surfaces of the deformed crystals produce innumerable slip 
lines of various slip amounts and deformation bands. ‘The latter greatly 
affect the diffraction pattern; Laue spots are split, Kikuchi lines are 
extinguished, and a very high background results, So that, the diffraction 
pattern from the crystal part containing deformation bands becomes 
obscured after only a few per cent elongation. While, the effect of crystal 
imperfections associated with slip lines on the electron diffraction 
patterns appears to be considerably small, Kikuchi patterns being obtained 
from laminar-slip regions in a crystal even after 20% elongation. The 
local distortions expected from the diffraction patterns cannot be ex- 
plained in terms of the rotations about the [111] axis or in the active 
slip planes, but rather consist with the local bendings about the [211] 
axis due to deformation bands. Difference between the state of plastic 
deformation in the vicinity of the surface and that in the interior of 
the crystal is conjectured from the difference between the corresponding 


diffraction patterns. 


$1. Introduction 


Since the first application of electron micro- 
scopy and electron diffraction by Heidenreich 
and Shockley to the study of the slip bands 
on aluminium crystals, quite many electron 
microscopical investigations on the surface 
structures of plastically deformed metal 
crystals have been carried out, and much in- 
formation on the nature of the plastic defor- 
mation of metal crystals by slip mechanism 
was provided as shown in the follwing. 

1. Heidenreich and Shockley» have shown 
that in aluminium crystals the slip band was 
a laminar region resulting from a stepwise 
slip process. The thickness of the laminae 
was about 200A and the amount of slip on 
each step surface was about 2000 &. From 
the multiple Laue spots in the electron 
diffraction pattern they have suggested that 
a relative rotation of adjacent laminae about 
an axis normal to the slip plane should occur 
as well as the simple translation. Kikuchi 
lines were quite sensitive to the state of 
plastic deformation in their experiment; at 
about 5% elongation the lines disappeared 


Some considerations on this point are also made. 


leaving only the spots unless the electron 
beam was parallel to the slip traces. It was 
also found that even the intermittent stress 
application by slight tapping or vibrating 
could extinguish the Kikuchi lines. 

2. Recent works by Kimoto et al.» have, 
however, indicated that when the convergent 
electron micro-beam was focused on the 
specimen, laminar slip regions of plastically 
deformed alminium single crystals produced 
good Kikuchi lines, while deformation bands 
produced only diffuse Kikuchi bands. The 
study was begun in a somewhat different way 
and is still in progress. We deeply owe our 


undertaking of the present investigation to 
their early results. 


3. Brown*®) has confirmed the regular fine 
structure of the slip bands revealed by 
Heidenreich and Shockley, but, soon later, he 
and Honeycombe*) have pointed out that 
this kind of slip bands was typical of alumi- 
nium crystal with the surfaces subjected to 
a certain kind of cold-working, and that 
crystals with the purely electropolished 
surfaces usualy exhibited the irregular — slip 


502 


1956) 


band structures including innumerable fine 
slips when they were stretched. 

4. Wilsdorf and Kuhlmannn-Wilsdorf® have 
reported irregular structures of slip bands on 
polycrystals of aluminium, copper and silver: 
The slip distances varied continuously from 
a few A to 1200A or more but always less 
than 2000A. Especially, a very fine surface 
structure which they called the elementary 
structure was found covering the whole 
surface even at the early stages of deforma- 
tion. 

5. The effect of the surface oxide film on 
the slip band structure was studied by Taka- 
mura® and the effect of the surface abrasion 
together with some other effects by Fujita, 
Suzuki and Yamamoto” for aluminium single 
crystals. 

It may be argued from the above-stated 
that some essential points are necessary to 
be further investigated: For instance, it 
should be noted that the experimental results 
so far obained do not necessarily lead to the 
same conclusion for the state of plastic 
deformation of metal crystals, as the results 
of electron microscopy and electron diffrac- 
tion are various and, in some cases, in- 
consistent with one another. It should be also 
pointed out that such investigations as men- 
tioned above were confined to the observation 
of merely the surface structure of deformed 
crystal, the state of affairs in the interior of 
the crystal being quite unknown. To examine 
the interior of the deformed crystal, the 
electron diffraction method will be very 
powerful if carefully used. 

The first aim of the present study was to 
elucidate the features of plastic deformation 
on the surfaces of metal crystals by using 
ordinary microscopy, electron microscopy and 
electron diffraction simultaneously. aise 
second aim was to search into the deforma- 
tion structures in the interior of the crystals 
by means of electron diffraction and to offer 
some information to the question, whether or 
not the deformation texture of the interior 
of the crystals is appreciably different from 
that of the surface, for which some theoretical 
predictions have been made. 


§2, Preparation of Specimens 
The specimens employed were single crystals 


of high purity (99.99%) aluminium grown 
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Fig. 1. Crystallographic orientations 
of specimens. 
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from the melt in graphite moulds 7m vacuo by 
Bridgeman’s method. The crystallographic 
orientations of their rod axes and of the surfaces 
examined are shown in Fig. 1. The original 
size of the specimens, about 200 mm in length 
and 3mm square in cross-section, was reduced 
in length to 40mm. by cutting and in cross- 
section to about 2.5mm.x2mm. by abrasion 
on a series of emery papers from 0 to 05. 
The distorted surface layer of about 1004 
in depth was removed by electropolishing in 
the Jaquet electrolyte (perchloric acid (S.G= 
1.55) 220 cc. and acetic anhydride 780 Cex) Oe 
in the De Sy Haemers electrolyte (Perchloric 
acid 200cc., ethylalchol 790cc,. and ether 10cc.). 
The specimens were then annealed at 630~ 
640°C for about 5 hours zz vacuo. After 
annealing they were again electropolished 
very carefully in: the Jaquet electrolyte which 
contained more than 3 grams of aluminium ions 
in 1000cc., quickly washed with distilled 
water and dried. The surfaces prepared in 
this manner were sufficiently clean and free 
from sensible oxide film, so they could be 
examined by the electron microscope and 
electron diffraction without any disturbance; 
for instance, sharp Kikuchi lines and Kikuchi 
bands were easily obtained from these surfaces 
even after several hours exposure to the 
atmospheric air. 


$3. Experimental 

(a) Tensile Test and Optical and Electron 
Microscopy 

Seven specimens with the rod axes of four 
crystallographic directions illustrated in Fig. 1 
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Table I. 


Specimen Ic 


Elongation 
Shear strain) 


Surface structure 


Laminar slip lines. 


100B | 1% (2.3%) | 
100 A 5% (11%) | Laminar slip lines. Deformation bands with 0.1~0.5 mm spacings. 
108 A 1% Laminar slip lines. Deformation bands. 
105 | 10% Laminar slip lines. Deformation bands with 0.3~1mm spacings. 
109 10% Slip clusters alternated with very broad non-slipped regions. 
108 B 20% Laminar slip lines. Many deformation bands. 
108 C | 55% Numerous single slip lines. Quite many random deformation bands. 
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Fig. 2. Stress-strain curves of the specimens 
100 A and 100B. 
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Fig. 3. Electron micrograph of the surface struc- 
ture of the specimen 108A after 7% elongation. 


Fig. 4. Relation between some special directions 


and planes. 
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Fig. 5. Schematic representation of vertical 
section of a plastically deformed crystal. 


were subjected to the tensile test followed by 
examinations through the ordinary and inter- 
ferometer microscopes, then electron diffrac- 
tion photographs were taken immediately after. 
Some specimens were also examined by means 
of the electron microscope, collodion one-step 
chromium-shadowed replica being used. Various 
amounts of the ultimate tensile deformation 
cited in Table I were achieved in order to 
realize the effect of the amount of plastic 
deformation on the diffraction pattern. A 
typical stress-strain curve is presented in the 
left of Fig. 2, which is taken from the 
specimen 100A; the critical shear stress is 
about 90 gms/mm2, and the yielding is followed 
by the linear hardening range or “easy glide” 
which extends to a few per cent in shear 
strain, then the range of parabolic hardening. 

All specimens except 109 produced laminar 
slip lines, slip amounts of which varied in a 
fairly wide range as can be seen in Fig 3. 
Well-known locally distorted regions, called the 
deformation bands, were also clearly observed. 
In general, they form a kind of walls about 
0.1 mm. in breadth and nearly in the (011) 
plane that is perpendicular to the slip direc- 
tion [011], where most of slips are arrested 
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and the crystal is highly distorted and 
especially bent to an angle of the order of 10° 
about the [211] axis which is perpendicular 
to the slip direction [011] and lies in both the 
slip plane (111) and the deformation band 
plane (011). The relation between these 
orientations is illustrated in Fig. 4. Con- 
sequently, the original flat surfaces of the 
specimens had a deformed structure in two 
topological seneses, after stretched, as shown 
in Fig. 5, i.e. first the stepwise structure 
due to the slip lines, in which step heights 
varied from less than 30A to about 1000A 
and their separation distances were a few 
hundred A, and secondly the wavy surface 
unevenness in a larger scale due to the defor- 
mation bands, the wave-length of which were 
from about 0.3mm. to about 1mm. and the 
wave-heights were found by the interferometer- 
microscope to be several microns. The 
numbers of slip lines and deformation bands 
and the local distortion associated with the 
latter increased with the increasing deforma- 
tion. 

The specimen 100 B, which produced lami- 
nar slip lines, exhibited no appreciable defor- 
mation bands because of a small amount of 
tensile deformation, i.e. about 1% elongation, 
which was in the linear hardening region as 
illustrated in the right of Fig. 2. The orienta- 
tion of the specimen 109 was not suitable for 
single slip, so its stress-strain curve was very 
steep and parabolic from the beginning. The 
surface produced neither the regular slip lines 
nor the deformation bands, but instead 
another kind of deformation structure, Slip 
clusters”, in which the main slip lines are 
clustered into large groups forming broad 
bands roughly parallel to the active slip plane 
and they are alternated with bands of similar 
width in which slip is almost suppressed. 
These two specimens, 100 B and 109, actually 
presented behaviours remarkably different from 
those of the others in producing the electron 
diffraction patterns. 

The mechanical properties and the surface 
topological structures of the present single 
crystals subjected to the tensile test were in 
good agreement with those of previous ex- 
periments carried out by other investigators. 
As will be mentioned below, these made an 
important role in the interpretation of electron 
diffraction patterns affected by cold-working. 
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(b) Electron Diffraction 


Before and after the mechanical testing, 
all the specimens were subjected to the elect- 
ron diffraction study. A diffraction camera 
with a 309 mm. camera length and the electron 
beam about 100 vu in diameter at the specimen, 
accelerated by finely stabilized high voltage 
of 50KV (common with the electron micro- 
scope), were employed. The glancing angle 
of the incident beam was 2~3° as usual. 
In consequence, an elliptical domain with 
its major axis of about 1mm. long and minor 
axis of about 0.1mm. long was_ illuminated 
on the surface of the specimen and the crystal 
near the surface was traversed by the beam 
to a depth of several 10A. This is of great 
importance in comparing the results of elect- 
ron diffraction with those of the microscopes. 

Before any deformation had occured in the 
crystal, the reflection pattern consisted of sharp 
Laue spots and Kikuchi lines as are seen in 
Figs. 7a, 8a, 8c and 10a. The Laue spots 
were always small and distinct but stretched 
towards the shadow edge presumably due to 
the refraction effect. It was therefore con- 
cluded that the crystal surface was feebly 
undulating but otherwise perfect and flat, so 
the diffraction pattern was substantially of 
the reflection type, not arising by transmission 
of the electron beam through any kind of 
ragged protuberance. Kikuchi lines were 
superimposed on a background originating 
from incoherent scattering in the crystal and 
more or less in the surface oxide. layer. 
Kikuchi envelopes and Kikuchi bands were 
also observed in some cases, the latter being 
of singnificance in this study. 

In the preliminary test, two kinds of nasty 
disturbances were encountered at times; one 
was narrow splitting of Kikuchi lines showing 
existence of a small angle crystal boundary 
likely introduced during the preparation of 
the specimen, and the other was a high back- 
ground indicating that the surface finishing 
by electropolishing had been failed and fairly 
thick oxide film (probably more than 20 A) 
existed on the surface. These unfavourable 
cases were, of course, excluded as much as 
possible. 

Since at first sight the results of electron 
diffraction on the plastically deformed crystals 
were various and rather unsystematic, it seems 
difficult to give an outline of them in the first 
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(d) 


2 t Fig. 6. Electron diffraction patterns and micro- 

= u \ photometry curves of the specimen 105 after 10% 
elongation (beam direction is iis he 

oe oa (a)—original surface. (b)—10~20 » beneath the 

\ surface (the glancing angle is nearly the same as 

. (a)). (b’)—same as (b) but with the glancing angle 

nearly the same as (c). (c)—50~70 » beneath the 

surface. (d)—same as (c) but after annealed 1 

hour at 320°C. (€)—micro-photometry curves 

\ \ taken across the Kikuchi lines of various orders 


My of (111) in Figs. 6c (curve 1) and 6d (curve 2). 
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place. It may rather be adequate to begin by 
describing individually the results obtained 
from each specimen, then to have a general 
aspet therefrom. 

The specimen 105 was first deformed to 10% 
elongation. When the incident beam was 
nearly parallel to the slip traces, the back- 
ground considerably increased, Laue _ spots 
were generally broadened, and Kikuchi lines 
extremely diffused as in Fig. 6a. When the 
beam was normal to the slip traces, the 
changes of the diffraction pattern due to 
tensile deformation were not essentially differ- 
ent from the above case, although slightly 
clearer patterns were obtained. 

From these incipient results some conjec- 
tures were made as follows: There might 
be many local distortions, presumably due to 
the deformation bands, in the crystal, which 
are responsible for the severe changes of the 
diffraction pattern, for instance, such that 
splitting of spots and disappearance of Kikuchi 
lines. If, therefore, the incident beam 
favourably gets in a region which does not 
contain the strongly distorted places, the dif- 
fraction pattern will suffer less disturbance, 
as actually obtained by chance. The fact 
that Laue spots generally split into a few 
and the corresponding misorientations in the 
crystal were of the order of 1° seemed to 
support these conjectures, since the area 
illuminated by the incident beam on_ the 
crystal surface was of such an order as to 
accommodate a few deformation bands in usual 
situations and the misorientation between two 
crystal portions bounded by a deformation band 
was likely to fit the observed value. In order 
to ascertain these, more systematic observa- 
tions were made on the other specimens; for 
instance, the crystal surface was scanned 
with the electron beam, azimuth of the beam 
was taken to be parallel and normal to the 
traces of the deformation bands, the specimen 
without appreciable deformation bands was 
examined, etc. The results thus obtained 
were exactly such as what should be ex- 
pected, which will be mentioned respectively 
in the following. 

A further investigation was intended on the 
specimen 105 to elucidate whether the state 
of plastic deformation in the interior of the 
crystal appreciably differs from that near the 
surface. The surface which produced the 
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obscure patterns as in Fig. 6a was electro- 
polished for about 5 minutes in the Jaquet 
electrolyte which was kept below 10°C; this 
caused removal of metal 10~20 yu thick from 
the surface, the velocity of dissolution of 
aluminium by this method being in thickness 
about 3 y/min. Then, the diffraction pattern 
appeared to become clear slightly, irrespective 
of the beam direction, as in Figs. 6b and 6b’ 
(Fig. 6b should be compared with Fig. 6a 
because of nearly the same glancing angle). 
Further electropolishing was done to expose 
the interior of the crystal to the depth of 50~70 
v, and the pattern became undoubtedly sharper 
than the former ones, as in Fig.6c,(which should 
be compared with Fig. 6b’) in which the sharp 
Laue spots, Kikuchi lines (especially lines of 
various orders of (111)) and Kikuchi bands 
can be seen. It was feared that there might 
have been produced any annealing effect on 
the crystal near the dissolving surface during 
electropolishing. So, the crystal suffering 
removal of the surface to a depth of 50~70u 
was actually annealed 1 hour at 120°C zz vacuo 
and then very slightly electroplished. Although 
this heat treatment was thought to be more 
effective than that conceivable in electro- 
polishing in the prior treatment, no changes 
on the diffraction pattern were presented. 
Whereas, the stronger annealing, 1 hour at 
320°C in vacuo, additionally imposed upon the 
same specimen clearly raised further restora- 
tion of Kikuchi lines, as shown in the diffrac- 
tion pattern of Fig. 6d and the microphoto- 
metry curves of Fig. 6e. Consequently, the 
annealing effect by electropolishing seemed to 
be improbable, and it was supposed that the 
deeper the crystal part from the surface of 
the deformed specimen the more perfect it 
became and correspondingly the clearer the 
diffraction pattern appeared. 

The specimens 100A and 100B having a com- 
mon crystallographic orientation given in 
Fig. 1 were submitted to more PRecisemexs 
aminations. For the former specimen, four 
beam directions were chosen as follows; 
parallel to slip traces, normal to slip traces, 
parallel to deformation bands and normal to 
deformation bands, which we shall denote by 
Wee Dee ie. feustel) 10 respectively. The results 
of the diffraction tests in these four cases 
are given in the following: 

(1) //s. Owing to the unsuitable orienta- 
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(a) 


after ((b), right) 1% elongation. 


tion, Laue spots were not observed whether 
before or after the tensile deformation. After 
the deformation Kikuchi lines from those 
crystal planes which were nearly perpendicu- 
lar to slip planes were barely observable, 
while those of the other kinds were absent. 

(2) ts. Most of the spots split, showing 
discrete relative rotations of various parts of 
the crystal. Very weak Kikuchi lines were 
also observable. 

(3) //a. The spots were multiple, but some 
regions produced single spots during scanning 
of the surface with the electron beam. This 
fact, together with the result obtained from 
the specimen 105, suggested that multiplication 
of Laue spots would not be caused by the 
relative rotations in activated slip planes but 
produced by another kind of rotations in a 
larger scale, probably due to deformation 
bands as illustrated in Fig. 5. The angle of 
the rotation was again of about 1°. The 
Kikuchi lines were diffuse even when accom- 
panied with the single Laue spots, but they 
were not weak. 

(4) La. The spots generally broadened and 
split as well. The spots from the crystal 
planes with certain indices, however, did not 
exhibit appreciable splitting, so that the cor- 
responding rotations should be confined to a 
certain kind, say, the rotation about some 
definite axis. According to the concept that 
these splittings are due to the relative rota- 
tions or bendings between the crystal parts 
sectioned by the roughly parallel deformation 
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(b) 
Fig. 7. Electron diffraction patterns of the specimen 100B before ((a), left) and 


Beam direction is //s. 


bands, the axis of rotation most conceivable 
is [211] which is in the slip plane (111) and 
the plane of deformation band (011) and con- 
sequently perpendicular to the slip direction 
[011] as shown in Fig. 4. No Kikuchi lines 
were visible presumably due to the screening 
effect of surface undulation provoked by the 
deformation bands; as presented in Ihe, 4), 
slipped but otherwise perfect regions between 
deformation bands are generally screened 
from the incident beam by the wavecrests 
where the deformation bands exist, so that 
the greater part of the beam will illuminate 
the highly distorted parts of the crystal and 
produce the exceedingly diffuse Kikuchi lines 
difficult to observe unless the incident beam 
is more or less parallel to the deformation 
bands. This screening effect of the deforma- 
tion band was found to be a general tendency, 
so it should possibly be rejected if the effect 
of crystal imperfections produced by the 
simple slip mechanism on Kikuchi lines is to 
be investigated. 

From this point of view, the specimen 100 B 
which was stretched to only 1% elongation 
was examined to elucidate to what extent the 
Kikuchi lines will be affected by the pure 
laminar plastic fow. As already stated, the 
specimen in reality had laminar slip lines and 
no remarkable undulation, i.e. no appreciable 
deformation bands. Laue spots after the 
deformation did not exhibit any detectable 
change as expected. Hence, the concept that 
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Specimen 105 (10% elong.) 


Depth General aspect of diffraction ee 

Op Obscured pattern with a high pack 

(surface) ground, Kikuchi lines extremely 
diffuse and Laue spots diffuse. 

10-20 pp Slight recovery of Kikuchi lines and 
Kikuchi bands and decrease of back- 
ground. 

50-70 Clearer change of Kikuchi lines and 


Kikuchi bands. Sharp Laue spots. 
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Specimen 100A (5% elong.) 
Depth General aspect of diffraction pattern 
Op Obscured pattern. 7 
1p Much the same obscured pattern. 
lly» | Very slight recovery of some 
Kikuchi lines. Fairly clear Kikuchi 
bands. 

25 Recovery of many Kikuchi lines. 
Clear Kikuchi bands. 
A weak background. 

42 wu Considerable sharpening of Kikuchi 
lines. Clear Kikuchi bands. 
Sharp spots. 

62 A slight further recovery. 

99 pu No more appreciable improvement. 


the splitting of Laue spots is due to deforma- 
tion bands seemed more rigidly confirmed. 
On the other hand, a close inspection revealed 
slight broadening and weakening of Kikuchi 
lines as well as slight increase of the back- 
ground. Both diffraction patterns before and 
after the deformation are to be compared in 
Figs. 7a and 7b. It may, therefore, be stated 
that in general the diffraction pattern is partly 
affected by macroscopic local distortions such 
as deformation bands and partly by somewhat 
uniformly distributed crystal imperfections 
associated with the formation of laminar slip 
lines, the effect of the former being some 
times so preponderant as to thoroughly cover 
that of the latter. We shall call the latter 
effect the intrinsic effect of slip lines on the 
diffraction pattern, and this is one of the 
subjects of the greatest significance in the 
present study. 

The state of plastic deformation in the in- 
terior of the crystal was investigated on the 
specimen 100 A by means of electron diffrac- 
tion like the specimen 105 but more precisely: 
Careful electropolishings were repeatedly 
imposed upon the specimen to expose crystal 
parts at various depths from the surface, 
each depth being measured with a micrometer 
with the error of the order of a few microns. 
The result was much similar to that of the 
specimen 105; 1.€., when the depth of about 
20 wu was reached, the diffraction pattern 
visibly recovered irrespective of the direction 
of the incident beam, and the deeper the 
the sharper the diffraction pattern 


crystal, 
depth of about 50 was reached, 


until the 


However, the patterns obtained at the depths 
of 62 and 99 uw were not appreciably different 
from each other; it might follow from this 
that the situation of deformation does no 
longer undergo a sensible change below the 
depth of about 50 in contrast with the con- 
siderable change taking place at 10~20y. 
The results of both specimens are summarized 
in Table II. 

The specimens 108 A, 108 B and 108 C which 
were extended respectively to 7%, 20% and 
55% elongations as cited in Table I were 
examined in the next place, particular atten- 
tions being concentrated upon the intrinsic ef- 
fect of slip on the electron diffraction pattern in 
respect to the amount of tensile deformation. 
The surface structure, resembling foregoing 
ones, consisted of single slip lines as in Fig. 3 
and almost parallel deformation bands inter- 
secting them. On the specimen 108 C, however, 
deformation bands were no longer parallel but 
randomly intersecting one another as a result 
of the rotation of their own in various 
degrees which had taken place during the 
large deformation. The results of electron 
diffraction obtained from these crystals were 
analogous to those already given in this para- 
graph, and such effects as above-mentioned 
were confirmed. In the following is their 
brief explanation: 

In general, the Laue spots from the crystal 
planes related nearly to the (211) plane, which, 
was perpendicular to the active slip plane 
(111) and containing the slip direction [011], 
were less multiple, and the Kikuchi lines from 
these planes correspondingly remained com- 
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(c) 
Fig. 8. Electron diffraction patterns of the specimen 108A: 


deformation. 
(d)—//a, after 7% elongation. 


paratively sharp. So that, the relative rota- 
tions of various parts most probable in the 
crystal are those produced by deformation 
bands which are the rotations about the [211] 
axis. On the other hand, there existed no 
signs in the diffraction pattern attributable to 
the rotations in the active slip planes or about 
the [111] axis. 

When the direction of incident beam was 
chosen as //a and less distorted crystal parts 
between the deformation bands were illumi- 
nated, the screening effect due to the defor- 
mation band could be avoided to a great extent; 
for instance, Laue spots barely split, Kiku- 
chi lines and Kikuchi bands were fairly sharp 
even if they were from the crystal planes 
necessarily bent by the [211] rotations. Such 
appearances will be recognizable from com- 
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(b)—+45, after 7% elongation. 
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(d) 


(a)—4 5, before 
(c)—//a, before deformation. 


parison between diffraction photographs of 
Fig. 8 taken before and after deformation 
for two beam directions, where the pattern 
for //a remains considerably sharp after 7% 
elongation. Presumably for such reason, the 
specimen 108 B could produce broadened single 
spots and some faint Kikuchi lines in spite 
of the large amount of tensile deformation, 
provided that the condition of the incident 
beam was just as desired. For the specimen 
108C, there seemed no preferential beam 
direction in producing the diffraction pattern 
with tolerable distinctness. The diffraction 
pattern was composed of the blurred Laue 
spots and very high background as shown in 
Fig. 9. It should be noted, however, that the 
beam direction of //s appeared to give the 
pattern with a slightly better contrast than 
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other directions, and even a certain contrast 
which might be referred to Kikuchi lines or 
Kikuchi bands was observed in this case. It 
follows from this that if the screening effect 
of deformation bands were sufficiently excluded 
in higher stages of deformation in the present 
method of investigation, fairly sharp Kikuchi 
bands and Kikuchi lines would be obtained 
and the intrinsic effect of slip lines on the 
diffraction pattern would be estimated to some 
extent. 

By removing metal of various thicknesses 
from the surfaces of these specimens, elect- 
ron diffraction tests to clarify the state of 
deformation in the interiors were repeated; 
the results obtained from the specimens 108 A 
and 108B were much similar to those from 


(a) 


after ((b), right) 10% elongation. 


the specimens 105 and 100A, but from the 
specimen 108C no conclusive result was 
obtained. 

The specimen 109 was examined in the last 
place to elucidate the effect of plastic de- 
formation in case of operation of many slip 
systems in complicated manner, as its structure 
of deformation was the slip-clusters as men- 
tioned in the preceding paragraph. The- in- 
cident beam was made to hit a seemingly 
nonslipped region, in which slip was almost 
suppressed even after 10% elongation and very 
small undulation was observed by using the 
phase-contrast microscope. By means of 
electron microscope, however, it was realized 
that in this region more than one slip system 
were actually activated and mutually in- 
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Fig. 9. Electron diffraction pattern of the speci- 
men 108 C after 55% elongation. Beam direc- 
tion is //s. 


(b) 
Fig. 10. Electron diffraction patterns of the specimen 109 before ((a), left) and 


Beam direction is //s. 


teracted, from place to place, producing 
extremely fine slip lines in various directions. 
The electron diffraction patterns before and 
after deformation are presented in Figs. 10a 
and 10b, there being broadened weak spots, 
a high background and no Kikuchi lines in 
the latter. It may be concluded from this 
result that when many slip systems strongly 
interact with one another, the effect of plastic 
deformation on the diffraction is strong. It 
is worth noticing that the diffraction pattern 
did not yield any noticeable change even 
after removal of a layer of 90 thick from 
the surface of the specimen, in other words, 
the states of plastic deformation near the 
surface and in the interior of this crystal 
were barely different from each other in con- 
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trast with the considerable difference between 
both states in the other crystals as far as 
electron diffraction could perceive. 

A general aspect of the effects of plastic 
deformation on the diffraction patterns which 
was established by the above experiments is 
summarized below: 

1. With increasing plastic deformation Laue 
spots generally become broad and weak, 
showing increase of imperfections of the 
crystal presumably such as relative rotations 
and bendings of various parts of the crystal 
which occur in a minute scale. This is only 
remarkable at fairly high deformation, say, 
several per cent elongation. The other type 
of change of Laue spots associated with de- 
formation, that is splitting or multiplication, 
is very frequently observed as well. However, 
it can be regarded as due to deformation 
bands, where slip is almost arrested and sharp 
bending of crystal occurs, not due to slip lines 
themselves, from the following facts; single 
spots can be obtained when the incident beam 
favourably illuminates a region between de- 
formation bands, the crystals without appre- 
ciable deformation bands do never produce 
multiple Laue spots, and the splitting manner 
actually observed is not such that produced 
by [111] rotations most likely occurring in 
active slip planes but such that expected from 
[211] rotations or bendings taking place at 
deformation bands. 

2. In appearence, Kikuchi lines are very 
sensitive to plastic deformation; for instance, 
only a few per cent tensile deformation can 
sometimes extinguish whole Kikuchi lines. 
However, this phenomenon undoubtedly results 
from the screening effect of deformation bands 
and cannot be referred to the intrinsic effect 
of slip lines. In reality, Kikuchi lines are 
visible even after 20% tensile deformation 
when the electron beam is directed so as to 
avoid possibly the disturbance produced by 
deformation bands. Of course, Kikuchi lines 
become increasingly diffuse and weak with 
increasing deformation even though accom- 
panied with single Laue spots, and we named 
this the intrinsic effect of slip lines on the 
Kikuchi lines. 

3. Kikuchi bands behave in parallel with 
Kikuchi lines but somewhat less markedly in 
regard to the sensitivity to plastic deforma- 
tion, The background always increases with 
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increasing deformation, so that Kikuchi lines, 
Kikuchi bands and weak spots generally dis- 
solve into it at higher stage of deformation. 

4. It is, therefore, concluded that the 
electron diffraction pattern is fairly distinct 
when obtained from a crystal part deformed 
with a single slip system but otherwise per- 
fect, and is very obscure when obtained from 
a highly distorted crystal part such as in the 
vicinity of deformation bands or deformed with 
many slip systems mutually interacting. 

5. Except highly distorted crystals, clearer 
patterns are obtained by removing metal pro- 
gressively from the surface as much as about 
100%; this indicates that the deeper the 
crystal part the more perfect it becomes. In 
particular a noticeable change appears to take 
place at the depth between 10 and 20, and 
there is no longer appreciable change below 
60 yu. 


$4. Discussion 


The observation carried out by Heidenreich 
and Shockley» that the slip bands spaced a 
few microns apart can be resolved into 
clusters of finer lines with the slip distances 
of about 2000 A and separated by distances of 
about 200 A seems nowadays difficult to con- 
sider as a general representation of the 
structure of slip bands on the surfaces of 
pure metals not affected by any kind of 
surface cold-working. All recent studies 
seem to advance that the surface structures 
of deformed pure metals are somewhat finer 
and more irregular than the above as shown 
in Fig. 3. It should be noted that the local 
distortions ‘caused by the deformation bands 
were inevitable for such crystals and played 
a very important réle in producing various 
electron diffraction patterns; this fact had 
perhaps been overlooked by Heidenreich and 
Shockley. Their opinions on the effect of 
plastic deformation on the diffraction patterns 
such that, Kikuchi lines are so sensitive to 
slip that they can be extinguished by only a 
few per cent tensile deformation, and such 
that rotational components of slips possibly 
produced in active slip planes are responsible 
for multiple Laue spots, have so far been 
admitted. Nevertheless, according to the 
present study, these effects are thoroughly 
attributable to the deformation bands as 
stated in the preceding paragraph. It is quite 
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interesting that Kimoto” e¢ al. have recently 
found that when a convergent electron micro- 
beam was used, considerably different diffrac- 
tion patterns were obtained from aluminium 
single crystals plastically deformed. That is, 
the patterns from the laminar slip regions 
were so sharp as to be indistinguishable from 
those produced by the undeformed crystal, 
they suddenly become blurred when the in- 
cident beam entered a highly distorted region 
where a deformation band most likely existed, 
and a discrete jump of the pattern occurred 
when such a region was traversed by the beam, 
indicating a relative rotation of two crystal 
parts bounded by this region. Their result 
appears to correspond with the demonstration 
of Gay and Honeycombe® using an X-ray 
micro-beam that asterisms were not obtained 
unless the beam straddled a deformation band. 
Such results, we consider, substantially accord 
with that of the present study. Reconsidera- 
tion should be needed at this point for the 
widely acknowledged opinion of Heidenreich 
and Shockley. The effect of deformation 
bands is remarkable in our experimental 
results, and its intuitive but convincing ex- 
planation may be given in terms of the disloca- 
tion model in which only the edge dislocations 
are of significance. On the other hand, the 
effect of slip lines or the intrinsic effect is less 
evident both in the experimental results and 
in their interpretation with dislocation model. 
In general, slip lines are considered to be 
not only mere traces but actually containing 
dislocations piling up and anchored against 
obstacles or without obstacles to cause 
hardening of the crystal. If such dislocations 
are almost of the edge type, subsequent 
crystal distortions around them will be bend- 
ings more or less similar to the case of de- 
formation bands. Hence, the axis of rotations 
or bendings should be [211]. On the contrary, 
if screw dislocations are very predominant, 
the distortions will be represented by the 
rotations in active slip planes, the axis of 
which should be [111]. At the present stage 
of study of plastic flow, it seems difficult to 
decide which state is more essential, although 
this is a very important and urgent problem. 
In principle, the electron diffraction study 
should be able to reveal this as Heidenreich 
and Shockley» suggested. That is, apart 
from the effect of deformation bands, if 
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Kikuchi lines from those crystal planes which 
orient near to (111) were sharper than those 
from otherwise orienting planes (this means 
comparative sharpness of the diffraction 
pattern of //s), comparative perfectness of the 
(111) planes would be indicated and, therefore, 
[111] rotations in active slip planes or piling 
up of only screw dislocations would be 
verified. While, if only Kikuchi lines from 
crystal planes of (211) and near kinds remained 
sharp, bendings of active slip planes around 
[211] and, in consequence, piling up of edge 
dislocations would be demonstrated. In actual 
observations, however, it is scarcely possible to 
determine which of the two representations is 
more correct as far as the present method of 
investigation is employed, because the screen- 
ing effect of deformation bands is very intense 
as already stated. Our experimental results 
could only give some evidence for the existence 
of the intrinsic effect of slip lines but no 
further information. It will be noticed that 
Heidenreich and Shockley» have emphasized 
in their report that the diffraction pattern of 
//s was clearer than that of 1s, by which 
fl11] rotations were indicated as well as by 
the multiple Laue spots. In view of the con- 
sideration of the present investigation, how- 
ever, we believe that the result obtained by 
them was rather accidental and seems in- 
adequate to regard as indicating a general 
feature of diffraction patterns affected by 
cold-working. It is of particular importance 
that Kimoto” showed that the intrinsic effect 
was very little in the case of convergent- 
beam electron diffraction. In order to give a 
clear-cut explanation for these outwardly 
contradicted results, it would be necessary to 
have such kind of experiments further repeated 
under various circumstances. Although we 
have above-described the change of diffraction 
patterns associated with plastic deformation 
in terms of local rotations of certain kinds 
introduced in the crystal, there might be still 
other possible imperfections capable of account- 
ing for the diffusing of electron diffraction 
patterns than the rotations or bends; for 
instance, such that the metal is broken up 
into small crystallites 10-°~10-’ cm in dia- 
meters and such that the lattice parameter 
changes from place to place in the crystal. 
These other types of imperfections may be 
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sometimes expected to play a principal part 
at higher stages of deformation, but it seems 
very unlikely that either of them is of any 
importance as far as the simply stretched 
single crystals are concerned. 

Another important problem, i.e., whether 
or not the state of plastic deformation in the 
interior of the crystal sensibly differs from 
that in the vicinity of the original surface, 
appears to be somewhat clear in the present 
experimental results as already mentioned. 
Nevertheless, a little further consideration 
seems to be necessary for the conclusive dis- 
cussion, because there can be some _ other 
causes to produce the increase of sharpness 
of the diffraction patterns with the increasing 
depth: 

(1) One of the possible causes is annealing 
associated with the stepwise electro-polishing 
to remove metal from the surface, which has 
however been found to be ineffective as stated 
in the preceding paragraph. The other 
annealing effect due to the incident beam is 
also unprofitable to induce recovery of metal, 
as known from the fact that the diffraction 
patterns from the deformed crystals were not 
alterd even after fairly long exposure of the 
specimens to the incident beam. 

(2) Difference between the surface topologi- 
cal structures of the deformed crystal just 
prior to and after electro-polishing might 
cause the difference in sharpness of the diffrac- 
tion patterns, the surface after electro-polish- 
ing being lacking in the stepwise structure 
due to the slip lines. However this is very 
unlikely as well from the fact that after a 
slight electro-polishing of the first stage re- 
moving only about ly of metal from the 
original surface but sufficient to extinguish 
the stepwise structure, the diffraction pattern 
exhibited no appreciable change as shown in 
Table II. 

(3) It does not seem unreasonable to ex- 
pect that the surface unevenness brought about 
by the deformation bands is smoothed to 
some extent by electropolishing, and, if so, 
the diminished screening effect of deformation 
bands will permit the clearer pattern to appear 
after a proper electro-polishing. The inter- 
ferometer-microscope, however, revealed that 
such unevenness could not be reduced so 
strikingly as to decrease the screening effect 
even after an electro-polishing removing 
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metal of as much as 100. Moreover, even 
when the beam direction was taken to be 
parallel to the deformation bands in order to 
avoid highly distorted regions, the general 
tendency above-mentioned was not altered. 
So that, it is clear that change of surface 
unevenness can not be considered as the cause 
of the phenomenon in question. 

Consequences of the above considerations 
thus give support to the conclusion stated in 
the preceding paragraph that the observed in- 
creasing sharpness of the diffraction patterns 
with increasing depth is originated from no 
other than the variation of internal structures 
produced by plastic deformation. 

In regard to this point, there have been 
some notable predictions mainly from theoreti- 
cal point of view as follows: Hollomon” 
has pointed out that the dislocation lines 
terminating at the free surface can behave 
just like the Frank-Read sources twice the 
length of themselves when they are subjected 
to the applied stress, so it may be expected 
that much more slips can be initiated at the 
surface of the crystal than the interior. H. 
Suzuki! has postulated that the dislocation 
lines forming fairly regular plane networks 
in the crystal should be unknitted in the 
vicinity of the free surface to sustain the 
mechanical balance between the dislocation 
segments themselves and thus long dislocation 
lines terminating at the free surface should 
already exist in the unstretched crystal, and 
they will give many slips near the surface. 
Kuhlmann-Wilsdorf® has also considered a 
certain type of sources of slip situated at the 
free surface and she has attributed the ele- 
mentary structure to these surface sources. 
The present experimental results appear to 
be verifying these predictions that the dis- 
tribution of slip lines should be much finer 
in the vicinity of the free surface than in 
the interior of the crystal, but the question 
how such difference of deformation structures 
results in the observed difference of sharpness 
in the diffraction patterns stil] remains open. 

Another apparently possible explanation for 
this phenomenon is that an oxide thin film 
presumably formed during electropolishing 
prior to deformation might prevent a part of 
the dislocations produced in the body of the 
crystal from comming up to the surface and 
therefore might cause the excess piling up 


1956) 


of the dislocations near the surface; this will 
have an intense effect on the electron diffrac- 
tion pattern, if actually happens. However, 
it is scarcely conceivable at least in the pre- 
sent experiment, for the oxide film in this 
case is considered as too thin (probably less 
than 304) to arrest sufficiently the disloca- 
tions. In order to elucidate this point, a 
crystal with a suitable orientation was sub- 
jected to anodic oxidation to form a surface 
oxide film a few hundred A thick and was 
stretched to several per cent, but the diffrac- 
tion study was unsuccessful because of mis- 
carriage of subsequent electropolishings to 
remove metal together with the oxide film 
from the surface. 


§5. Summary 


The suitably oriented single crystals of 
aluminium subjected to the tensile deforma- 
tion of various amounts were investigated by 
electron diffraction together with the ordinary 
microscope, interferometer microscope and 
electron microscope. The outstanding results 
are as follows: 

1. Slip distances vary continuosly from 
less than 30A to more than 1000 A, and 
spacings of the slip lines are several 
hundred A. Hence, the stepwise structure of 
such sizes is produced on the crystal surface. 
Further, the deformation bands cause the 
local high distortions and the surface undula- 
tion with spacings of 0.1~1 mm. 

9. The deformation bands strongly affect 
the diffraction patterns by themselves and by 
screening the laminar slip regions; for in- 
stance, Kikuchi lines are extremely diffused 
and extinguished, a high background is pro- 
duced and Laue spots are split as a result 
of existence of the deformation bands. 

3. From the splitting manner of the Laue 
sports and variations of diffusing of the Kiku- 
chi lines it is concluded that the discontinuous 
bending about the [211] axis to the angle of 
the order of 1° should occur at each deforma- 
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tion band. 

4. The intrinsic effect of slip lines other 
than deformation bands on the diffraction 
pattern is also indisputable from diffusing of 
patterns in the absence of deformation bands. 
Especially this effect is remarkable in the 
case of the simultaneous operations of more 
than one slip system. However, rotations of 
crystal parts about the [111] axis or in the 
active slip planes can not be distinguished. 

5. From the increasing sharpness of the 
diffraction patterns with increasing depth of 
the crystal parts examined it is strongly 
suggested that the state of plastic deforma- 
tion in the vicinity of the crystal surface may 
be quite different from that in the interior, 
a plausible interpretation being possible based 
on some theoretical predictions. 

The authors wish to express their hearty 
thanks to Prof. R. Uyeda of Nagoya Univer- 
sity for his valuable discussions and advices. 


References 


cee D2 Heidenreich and W. Shockley: Report 
of a Conference on the Strength of Solids, 
Bristol 1947 (London: The Physical Soc.) 

2) K. Kimoto and Y. Fukano: Read at the 9th 
annual meeting of Phys. Soc. Japan (1954). 
K. Kimoto: Read at the Symposium of Plas- 
ticity in April 1955 held at Nagoya. K. Kimoto: 
J. Phys. Soc. Japan 11 (1956) 485. 

3) A. F. Brown: J. Inst. Metals 80 (1951-2) 115. 

4) A. F. Brown and R. W. K. Honeycombe: 
Phil. Mag. 42 (1951) 1146. 

Dy 1D) Kuhlmann-Wilsdorf and H. Wilsdorf: Acta. 
Met. 1 (1953) 394. 

6) J. Takamura: Report of the Symposium on 
Crystal Plasticity and Dislocation, Nikko, 1954. 

7) F. E. Fujita, T. Suzuki and M. Yamamoto: 
to be Published. 

Sy ea Gay) and R. W. K. Honeycombe: 
Phys. Soc. 64A (1951) 844. 

9) J. H. Hollomon: Report of 9th Solvay Con- 

ference, 1952, 576. 

H. Suzuki: J. Phys. Soc. Japan 9 (1954) 53k. 


PLO: 


10) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 5, May, 1956 


Intersections of {301}, {101} Twin Bands in Tin 


By Saiyu MARUYAMA 
Department of Physics, Osaka Women’s University 


and Hiroshi K1Ho 
Department of Physics, Kyoyo-bu, Kyoto University 
(Received September 14, 1955) 


In the course of impact tests on single crystals of 6-Sn, we found twin 
bands of the type {301} and its reciprocal {101}, intersecting each other. 
The intersections were investigated with reflecting microscope, and it was 
observed that crossing twins were accompanied by at least one of the 
three types of additional twinning process, namely, secondary twin, 
bouncing twni, and the broadening or narrowing of crossed twin. Here 
are given our interpretation for the mechanisms of these additional 
twinning processes obtained from the results of shear strain measurements 


around intersections. 
in detail. 


Sith 


The mechanical twin plane {301} in @-Sn 
is well-known. The twin plane {101}, other 
than the well-known twin plane {301}, was 
recently found by several investigators”), 
The twin plane, and the second undistorted 
plane are usually denoted by ied ie, 
The direction of the twinning shear, and the 
intersect of Ky on the shear plane are denoted 
by 4: and y respectively. When KA, and 7, 
of a twin are found to have the same indices 
as K, and 7, of the other twin, the twins are 
said to be “‘reciprocal’®. In the case of 


B-Sn, 1, % and K, of (301) twin are [103], 
[101] and (101), while those of (101) twin are 


[101], [103] and (301). Therefore, (101) twin 
is the reciprocal twin of (301) twin, although 
the reciprocal twin is rarely found in metals. 
The atom movements are similar in both 
{301} and {101} twins. The magnitude of 
the twinning shear strain is 0.119 in either 
case. 

The {101} twin bands are hardly produced 
by the usual impact tests, while {301} twins 
are easily produced. But when {301} twins 
were prevented from further broadening by 
external constraint, {101} twin can be produced 
usually in a form of narrow band. 

In our work, normal impact stress was ap- 
plied on a single crystal of tin constrained in 
a glass tube, in order to produce {101} twins 
as many as possible. The numerous {301} 
and {101} twin bands thus produced were 
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Several photographszare added with explanations 


scarcely broader than 0.1mm and they inter- 
sected each other. At these intersections 
various additional twins were produced. 
These . intersections attracted our attention, 
and we tried to interpret their mechanisms. 

For Bi and As, Gough and Cox®®) demon- 
strated photographs of the intersections of 
twin bands and the secondary twins; and for 
Neumann bands in Fe, Smith, Dee, and Young 
did the same”, 


Recently, R. W. Cahn®, in his excellent 
paper on “‘ Plastic Deformation of a-Uranium’’, 
mentioned the two necessary conditions for 
secondary twin formations, as follows: 

1. The traces of A and C in the kK, plane 
of B must be parallel to each other. 

2. The direction, magnitude and sense of 
shear must be identical in A and C. 

Note: A, B and C show, respectively, 
crossing, crossed and secondary twins. 

In our work on B-Sn, as might be easily 
seen crystallographically, none of the secondary 
twins in 6-Sn has the shear direction indentica] 
with that of the incident one. Therefore, 
Cahn’s first condition holds good, but the 
second does not. Our methods of treating all 
the additional twinning processes at twin 
intersection are given in the following. 

After Cahn’s work, P. L. Pratt examined 
the twin intersections in single crystals of 
zinc®), and found that there were secondary 
twins which did not satisfy even Cahn’s first 
condition. 
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§2. Experimental Methods 


Rod single crystals of tin, about 4~5mm 
in diameter, were prepared in glass tubes 
following a method similar to Czochralski’s. 
A seed single crystal, X-rayed in advance and 
covered in a glass tube, was put in the melt. 
The lower end of the crystal was immersed 
in it, while the upper end was cooled by 
water continuously. Then the system was 
raised slowly from the melt, producing rod 
single crystal with the same orientation of 
the seed. As the glass tube was constricted, 
the narrowest diameter being about 1 mm, and 
bent at some angle, the crystal below the 
constricted part took the orientation different 
from that of the seed. By this means, we 
prepared specimens with any desired orienta- 
tions suitable for our experiment. Fig. 1 
shows these orientations determined by light 
figure or X-ray methods, which varied within 
about 5° from specimen to specimen. 

Leaving each specimen in the glass tube, 
impact shocks were applied. The glass tube 
was dissolved in hydrofluoric acid and the 
specimen was etched chemically. Then it 
was observed that {301} twins had been 
prevented from broadening, {101} had been 
stimulated and intersections of these twins 
had been produced. The twin lamellae were 
so narrow that the conventional X-ray 
method failed in verifying twin relations. 
But, by measuring the angles of twin 
traces on the specimen surface with respect 
to a system of coordinates of specimen, the 
indices of twin planes were determined 
without confusion, because there are wide 
differences in orientations (at least 30°). .bet- 
ween any types of twin planes. 

The intersections of these twin traces were 
photographed by reflecting microscope with 
oblique illumination. The photographs are 
magnified about 70 times. 


§3. Results of Observation and Discussion 


In these photographs, we observe various 
additional twins generated from the intersec- 
tions. These are classified into the following 
three types. 

Type 1). Secondary Twin: In the crossed 
twin band, the secondary twin succeeds 
the crossing one (as shown in Plates 5, 
6 and 8). 


Type Il). Starting from 


Bouncing Twin: 
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Fig. 1. Orientations of specimen axes, 
©. pole of twin plane 
x direction of specimen axis. 


the intersection, the bouncing twin is 
reflected in the matrix region (as shown 
in Plates 1, 2, 3 and 5). 

Type Il). Narrowing or Broadening of the 
Crossed Twin: Narrowing or broadening 
of the crossed twin is promoted on either 
side of the intersection, as a result of for- 
or backward boundary movement (as shown 
in every Plate). 

As is seen in every plate, the intersection of 
twin bands is not composed of only two bands, 
as in the case of slip bands, but of several 
more twin bands which start from there. 
Sometimes each twin band has sides keeping 
parallel up to the intersection (as shown in 
Plates 1, 4 and 5, and under part of Plate 2), 
while sometimes it takes the lenticular or 
tapering shape in the vicinity of the intersec- 
tion (as shown in upper part of Plate 2, and 
Plates 3,6, 7 and 8). These complicated 
figures of the intersections may be interpreted 
as follows. A crossing twin band impinges 
upon a crossed twin. Here, the former car- 
ries the macroscopic twinning shear strain 
into the intersection, and promotes the various 
deformations by which the strain may be 
accomodated, e. &. generation of new twin 
bands, broadening or narrowing of the crossed 
twin, (we may call them additional twinning 
processes), slipping, kinking, cracking, etc. 
When crossing twin band tapers in front of 
crossed twin, the strain carried by the former 
is not accomodated perfectly at the intersec- 
tion, but has been accomodated gradually 
before crossing, accompanying presumably 
slipping, or kinking. We attended to the case 
in which each twin band has sides keeping 
parallel up to the intersection, and tried to 
estimate the degree of accomodation which is 
made only by additional twinning processes. 

The net twinning shear displacement around 
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Table I. The Observed Values of d (in micron). 
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Fig. 2. Method of calculation of the true 
thickness d from the apparent one d’. 


Fig. 3. Twinning shear vectors around intersec- 
tion referring to Eq. (1). 


the intersection is represented by vector sum 
>» Sidi , 
1) 


where S; denotes the shear displacement per 
unit thickness of z-th twin band. Its sense is 
the one which appears when we encircle the 
intersection in one sense, as illustrated in Fig. 
3, and the magnitude S in {301} and {101} 
twins is 0.119 in either case. Next, d; denotes 
the thickness of the 7-th band. In the case 
where the twin plane is not perpendicular to 
the specimen surface (e. g. Plate 4, 5, 6 and 
7), we calculate the true thickness d; from 
the apparent one d;’ on the specimen surface 
by the following relationship: 


sin 0 
a—=ai — 
; sin 6” 3 


where @ represents the angle between the 
specimen axis and the twin plane, and 06’ 
between the specimen axis and the twin trace. 
on the plate (as shown in Fig. 2). 

The values of §} Sid; are listed in Table I. 
Subcolumns in each twin plane show the 
values of d; in both parts of the intersections. 
Residual means the magnitude of \Sid; around 
the intersection, which is very small consider- 
ing that the shear displacement carried into 
the intersection is of macroscopic scale. It 
may be worth noting that the residual 
always increased when we tried to neglect 
any one of the additional twins. 

As a result, when the sides of each twin 
band were parallel, we found that the shear 
strains carried by the twins were nearly per- 
fectly accomodated around the intersections, 
only by additional twins without accompanying 
any other deformations. 

The net shear displacement takes the form, 
different from the above mentioned, including 
the Burgers vectors of twin dislocations”, 


oy Sidi= > Midi, , 


where 2; denotes the total number of twin 
dislocations carried in the z-th band. Follow- 
ing the above result, the residual twin 
dislocations in the intersection are rare, or 
even if they remain, the total vector sum of 
the Burgers vectors piled up in the intersection 
is very small. 

From the above result, we may proceed to 
interpret the mechanism of additional twinning 
processes. A twin band is crossed by another. 
For the reduction of Sid; brought about by 
the latter around the intersection, one of 
additional twins which implies shear strain S 
holding the relation 


(SiS)<O , 


may be expected to generate. Here again the 
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Table II. 
conditions, in the specimen axes 1 and 2 in ig, Il 


S. MARUYAMA and H. KIHo 


@QVolie 


pba) 
Plate 8. 


List of additional twin planes selected by the aid of our two 
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sense of the shear strains is assigned as before. 
This relation corresponds to Cahn’s second 
condition which does not hold in our case. 

The shear strain carried by the crossing 
twin would not be accomodated only by the 
above single additional twin, without any 
other ones. These other additional twins 
should accomodate not only the strain carried 
by the crossing twin, but also the strain car- 
ried by the additional twin already generated. 
Therefore, some additional twins might be 
generated which satisfy the relation (SiS)=0 
in the limiting case. 


§4. Interpretation of Photographs 


Taking the two conditions described above 


Additional twin plane clearly seen in plate. 
Additional twin plane indirectly seen from the offset of crossing twin. 


into account, the additional twin planes in 
the specimens of orientation 1 or 2 in Fig. 1 
are selected and are listed in Table II. Of 
course, only simultaneous inversions of signs 
of indices in each row from {h01} to {h07} are 
admitted. By the way, (031), (031), (011) and 
(011) twin bands are not found in these 
specimens, because (1) the normal impact 
stress has not the component in the twinning 
shear directions on these twin planes, and (2) 
any twin planes having these indices do not 
satisfy the first condition in the cases listed 
in Table II, and cannot be produced by ad- 
ditional twinning processes. All additional 
twinning processes shown in Plates Ltos5 
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having the specimen axes of orientation 1 are 
consistently interpreted using Table II. 


In Plate 1, (301) twin crosses (301) twin, 
reflecting (101) twin in mother crystal, generat- 
ing (101); secondary twin in crossed twin 
(here subscript ¢ means that the indices should 
be taken with respect to the crossed twin 
orientation), and causing forward movement 
of the left part of (801) twin boundary. 
Further, (101); twin in crossed twin generate 


again (301) secondary twin in mother crystal 
(which is twin region with respect to (301) 
twin band), and cause backward movement of 
the left part of (301) twin boundary. As a 
result, the left part of (301) twin band gets 
narrowing relative to the right. 


In Plate 3, two (301) twins impinge upon 
the opposite sides of (101) twin, reflecting 
(301) twins and promoting (101) boundary 
movements. Consequently, the section of (101) 
between both intersections becomes narrower 
and narrower and gets finally out of sight. 
(We observed the quite similar configuration 
to Plate 3, except that the section of (101) 
twin was just disappearing.) 

Secondary twins in Column 4 of Table II 
are often indistinct, but we can find some of 
them by slightly changing the direction of 
the illumination, and confirm without fail 
their existence by the offset of one twin just 
before and after crossing over another. It 
should be noted that this offset is due to the 
secondary twin formation in crossed twin, 
and is not due to the stress concentration 
‘‘ without any true secondary twin’’ as cited 
in, the .book by E..O. Hall, . Here, for 
reference, we show Plate 5 (orientation 1 in Fig. 
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1), 6 (orientation 3) and 8 (orientation missed), 
in which secondary twins are clearly seen in 
the crossed twins. 

It is unsuccessful to find that the crossing 
twin dislocations are resolved into or composed 
by new additional twin dislocations produced 
at the intersection. It seems better to consider 
that new twin dislocations independent of 
transported ones are produced at the inter- 
sections by the aid of shear stress of crossing 
twin. 

We express our cordial thanks to Prof. 
Kenzo Tanaka, Kyédto University, for his 
constant interest in and encouragement to our 
work, and to A. Aitani, Y. Mitsunari, T. 
Takahashi and E. Zen, students of Osaka 
Women’s Univ., for their helpful assistances 
in the present experiment. This work was 
performed by a grant-in-aid of the Ministry 
of Education. 
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Electron Microscopic Study on the Structure of Mosaic 


Boundaries in Ni—Mn Single Crystal 


By Tadami TAOKA and Shoichiro AoOYAGI 
Institute of Science and Technology, University of Tokyo 
(Received February 6, 1956) 


For the purpose of studing the structure of mosaic boundaries in an 
alloy, observation of etching pits on the (110) plane of a Ni-Mn single 
crystal has been made by an electron microscope. The results obtained 
are summarized as follows: i) Mosaic boundary is composed of a set 
of parallel edge dislocations which are regularly spaced on a crystal 
lattice plane, as shown by Burgers, model. ii) These edge dislocations 
are along <112> crystallographic direction with Burgers vector a/2<110>, 
or along <100> direction with Burgers vector a <100> as suggested by 
Frank. iii) The dislocations are regularly spaced on {110} or {100} plane 


respectively which are perpendicular to its Burgers vector. 


Introduction 


§1. 

The structure of real single crystals, 
either metals or minerals, is very different 
from the ideal one in which the lattice planes 
have the same orientation in all parts of the 
crystal. The microscopic studies as well as 
the examinations by X-ray diffraction method 
have shown that real crystals are composed 
of small blocks with slightly different orienta- 
tions. This structure is called the ‘‘ mosaic 
structure’’, and the boundaries between the 
small blocks are called the ‘‘ mosaic boundary ”’ 
or ‘‘low angle boundary’’. Up to the present, 
the structure of the mosaic boundaries have 
been represented by the transition layers 
between two neighbouring crystal blocks 
inclined at small angles to each other, which 
may be possible by considering a suitable 
array of dislocations which is dealt with in 
this paper. 

Models of grain boundaries in terms of 
dislocations were first proposed by Burgers” 
and Bragg”. Read and Schockley® have 
later developed the model in detail and derived 
the expression for the relationships between 
the boundary energy and the angle between 
the axes of two crystals. The experimental 
results of Aust and Chalmers for lead‘? and 
tin> are found to be in good agreement with 
their theory not only at low angles, but also 
at large angles where the theory is less reliable. 

According to the model, the boundary 
consists of a sheet of parallel edge dislocations 
of the same sign, parallel to the z axis and 
are spaced at intervals h=b/6 along the y 


axis as shown in Fig. 1, where 6 is the 
appropriate lattice transition vector and @ is 
the angle between the two crystals. In advance, 
this was demonstrated in the two-dimensional 
crystals of bubbles by Bragg and Nye”. 
Some evidence for supporting this model has 
been offered, chiefly in the observations on 
the etching pits formed on a surface of single 
crystals?®. Recently, Vogel and his colla- 
borators succeeded to show directly the 
clear-cut correlation between k and @, on the 
basis of microscopic and X-ray studies carried 
out on germanium single crystals. 

The present work aims to study the structure 
of the mosaic boundaries, especially to find 
the crystallographic directions of the dislocation 
arrays within the transition layers by the 
electron microscopic observations on the etch- 
ing pits formed on the surface of Ni-Mn 
single crystal. 


§2. Specimen and Experimental Procedure 


Single crystals of Ni-Mn alloy were prepared 
by solidifying slowly the melt of electrolytic 
nickel and metallic manganese in vacuum. 
The sample was then annealed at 1200°C for 20 
hours. A specimen was cut to obtain a surface 
approximately parallel to (100) plane with an 
area of about 2cm?. After deep etching, this 
was annealed at 900°C for 3 hours, and then 
slowly cooled to room temperature, especially 
very slowly in the temperature range from 
700°C to 300°C for 12 days within pure hydrogen 
atmosphere. After this heat treatment the 
alloy was chemically analysed and was found 


922 


1956) 


to contain 22.0 atomic percent Mn. Low 
specific electrical resistance of this specimen 
was considered to be an evidence that Ni and 
Mn atoms were in ordered state. The diffuse- 
ness of Laue spots, taken by back reflection, 
showed that the specimen was composed of 
mosaic blocks with the maximum deviation of 
their orientations 2~3 degrees. 

The procedure finally adopted as a standard 
preparation for the electron micrography of 
this alloy is as foliows: 

1, Carefull polish using conventional metal- 
lographic technique. 

2. Electropolish with a current of 2.0 amp. 
/cm? at 40°C for 2 minutes in an electrolyte 
containing 100-cc phosphoric acid and 100-cc 
ethylalcohol. The cathode is a copper plate 
of large area. 

3. Wash specimen in distilled water, rinse 
in ethylalcohol and dry rapidly. The surface 
of the specimen which is nearly parallel to 
(110) plane, is then ready for the preparation 
of a replica after the method developed by 
Fukami®. 

4. Formation of the collodion replica film 
using a solution of 0.5% collodion in amylace- 
baer 

5. Formation of the reinfore film using a 
solution of 2% Ethocel in trichlorethylene. 

6. Striping the replica film in hot water at 
G0LC: 

7. Shadow casting by paradium. 

8. Dissolving of backed Ethocel film in 
trichlorethylene. 

9. After volatilization of the solvent the 
collodion reprlica films, ahered to a mesh, are 
ready for examination. 

Observations have been made on the whole 
area of the specimen using one replica film. 
Some examples of the electron micrographs 
thus obtained, as well as the interpretation of 
their patterns will be given in the next 
section. 


§3. Observation and Discussion 


Some examples of the electron micrographs 
of low magnification are shown in Fig. 2 (a), 
(b) which show that the single crystal is 
composed of small blocks with dimensions of 
the order of 1~50 4. The boundaries between 
blocks consist of straight arrays of pits or 
ridges with fine structure, which can clearly 
be seen in the micrographs of high magnifica- 
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Fig. 1. A simple set of three low angle boundaries 
passed through one point which is composed of 
parallel edge dislocations. 


henna 


(b) 


Fig. 2. Examples of electron micrographs of 
mosaic boundaries at low magnification. 


tion as shown in Fig. 3 (a), (b) and (c). The 
individual pits which compose the boundaries 
are of sharp conical form, as shown in Fig. 
3(a), (b), and they are regularly spaced along 
straight lines. The ridge is seen to be com- 
posed of closely overlapping conical pits, as 
shown in Fig. 3(c). In view of the tendency 
that etching pits will be formed around crystal 
defects such as dislocations, these observations 
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Fig. 3. Examples of electron micrographs of 
mosic boundaries at high magnification. 


Fig. 4. Examples of electron micrographs 
of mosaic boundaries, 


Wal, 
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Fig. 5. Distribution of observed values of angles subtended between mosaic 


boundaries on (110) plane. 


suggest that the mosaic boundaries are arrays 
of parallel edge dislocations which may be 
regularly spaced on some crystallographic 
plane. This possibility will be confirmed from 
the experimental fact that the maximum 
orientation diference between neighbouring 
crystal-blocks calculated from X-ray measure- 
ment (about 2~3 degrees) is in good agreement 
with the estimation from the separation of 
_ pits, as already described in § 2. 

Next, we will concentrate our attention on 
the values of angles subtended between mosaic 
boundary lines which meet at one point on 
the observed plane. 

Some examples of electron micrographs are 
represented in Fig. 4 (a), (b), (c), (d) and (e). 
In Fig. 4 (a), two boundaries at the right side 
are almost parallel, while the angle between 
the two left boundaries is 57 degrees. Fig. 4 
(b) shows three parallel boundaries and two 
of them change their directions with same 
angle 57 degrees. Fig. 4 (c) shows the 
micrograph near the intersecting point of two 
boundaries. The angle between these bound- 
aries is 114 degrees and the transition from 
one to the other is not smooth but zigzag. 
Fig. 4(d) shows three mosaic boundaries 
intersecting at one point with angles of 68, 
113 and 179 degrees. Fig. 4(e) shows a 
triangle composed of three boundaries which 
intersect with angles of 73, 57 and 50 degrees 
respectively. 

The angles subtended between two linear 
boundaries have been observed in 170 cases, 
and the result is plotted in Fig. 5 where a 


small rectangle represents one observation 
which corresponds to the angle represented 
by the abscissa. It seems that the observed 
values are not distributed at random, but 
make groups around several particular values. 
For the purpose of making the situation more 
clear, the angles from 90 to 180 degrees are 
replaced by their supplementary angles. Each 
small circle shown in the figure represents 
the number of observations, in which angles 
are contained within the range of -+-5 degrees 
of the value specified by the absissa. The 
graph shows five peaks at 0, 35, 55, 70 and 
90 degrees. 

Interpretation of these five peaks would be 
given as follows: We may consider that dis- 
locations are in the most stable state after 
prolonged annealing, especially after the an- 
nealing for the formation of superlattice. 
Frank™ has given a simple criterion for the 
possibility of a dislocation-formation on the 
basis of the assumption that the energy of a 
dislocation is proportional to the square of its 
Burgers vector. The shortest lattice vector 
in a face-centered cubic lattice is a@/2 <110> 
where a is lattice constant. The next shortest 
vector, a <100>, can be decomposed into two 
shortest vector, a/2 <110>, but there is no 
gain of energy when this occurs. Then the 
Burgers vector of a stable perfect edge dis- 
location may be a lattice vector @/2 <110> or 
a <100>. 

Let us assume, as shown in Fig. 6 (a), that 
the dislocations along the direction <112> with 


Burgers vector a/2 [110] on (111) plane are 
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Fig. 6. Stable dislocations and boundaries composed of parallel edge disloca- 
tions (a), and patterns of boundaries on (110) plane (b) in face-centered 


cubic crystal. 


stable and are regularly spaced on (110) plane 
which is perpendicular to Burgers vector a/2 


[110] and (111) plane. The pits of a set of 
parallel dislocations on the observed plane 
(110) should be represented on the intersection 


of (110) and (110) plane. i. e., EF as shown 
in Fig. 6(b). In the same way, the pits of 
sets of parallel dislocations along <121> with 


Burgers vector @/2 [101] and <211) with Burg- 


ers vector a/2 [011] appear along AC and DB 
respectively on the observed plane. Moreover, 
if we assume that the dislocations along 


[100] or [010] with Burgers vector a [001] 
are regularly spaced on the (001) plane, the 
pits of these parallel dislocations on the 
observed plane are represented along BC 
which is the intersection of (001) and (110) 
plane. In the same way, the pits of set of 
parallel dislocations along <100> with Burgers 
vector a [010] appear along DC on the observed 
plane. Thus the mosaic boundaries composed 
of stable parallel dislocations may be observed 
along only EF (DC), AC, DB and BC on the 
(110) plane, as shown in Fig. 6(b). Thus the 
angles subtended between any two among 
four kinds of boundaries are 0, 35, 55, 70, 90 
degrees and their supplementary angles which 
really correspond to five peaks as shown in 
Bigemor 

The plausibility of this interpretation can 
be confirmed by checking the relation among 
the three orientation differences of crystals on 


Table I. Relation among orientation differences 
of crystals on both sides of three boundaries 
passed through one point on (110) plane. 


Photograph | 0, | 0, Oi, +65 Q 
No. degrees | degrees | degrees| degrees 
65b3 0.028 | 0.050 |} 0.078| 0.081 
98a3 0.11 0.15 0.26 0.28 
101b1 0.13 | 0.09 | 0.22 | 0.23 


both sides of the three boundaries, passed 
through one point as shown in Fig. 1. The 
dislocations shown by the pits along DB and 
AC intersect the observed plane (110) with 
the same angle 35 degrees and have the same 
appropriate transition vector. Then the rela- 
tion @,;+0.=8@ should be satisfied among three 
orientation differences of crystals on both sides 
of three boundaries along DB and AC, as seen 
in Fig. 4(d). The relation has been checked 
by measuring the pits spacings on the bound- 
aries. The result is in agreement with this 
expectation within a experimental error, as 
listed in Table I. 


§4. Conclusions and Acknowledgement 


The electron microscopic studies on the 
mosaic boundaries in a Ni-Mn single crystal 
lead to the following conclusions. i) The 
mosaic boundary is composed of a set of paral- 
lel edge dislocations which are regularly spaced 
on some crystal lattice planes, as shown by 
Burgers, model. ii) The edge dislocations 
comprised in the mosaic boundary are stable 
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in the crystal, as suggested by Frank. iii) The 
dislocations are regulary spaced on the plane 
which is perpendicular to the Burgers vector. 

We wish to express our hearty thanks to 
Prof. S. Kaya for his kind guidance throughout 
this work. We also wish to thanks Messrs 
H. Noda, A. Fukami and S. Sakata for their 
suggestions and guidance in the electron 
microscopic technique. 
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Low Temperature Specimen Method 
for Electron Diffraction and Electron Microscopy 
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and Kazuhiro MIHAMA 


Japan Electron Optics Laboratory, Ltd., Kami-renjyaku Mitaka, Tokyo 


(Received February 18, 1956) 


Techniques of low temperature specimen method for electron dif- 
fraction and electron microscopy were developed. Convenient low 
temperature specimen holders were constructed with a sufficient number 
of freedoms to adjust specimen settings for various observations. The 
temperature of specimen support could be varied within a range from 
liquid nitrogen temperature to +200°C. Contaminations of specimen 
caused by condensation of residual vapours, which usually occur con- 
siderably below —80°C, were practically eliminated by improving the 
vacuum of the apparatus and by the use of a special shield around 
specimen. 

Results of preliminary studies on ice and mercury were briefly described: 
For ice, the contribution of hydrogen atoms to the diffraction pattern 
of ice was recognized; for mercury, the solid-liquid phase transition was 
studied by electron diffraction and the growth of hair-like mercury 
crystallites was observed by electron microscopy. 


fication of 
of electron diffraction 


ice was discovered by Konig”. 
However, as yet the low temperature method 


method to specimens at low temperatures was 
reported by Gen et al. and other workers. 
By this method, for example, the cubic modi- 


of electron diffraction is not in as general use 
as the low temperature method of X-ray 
diffraction. Until recently no report has been 
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Table 1; 
Mode ee movement Mectanen | Range 
ie Translation pet pend icniarte to the Glide of io on G +5mm 
plane of Fig. 1 
2. Translation along X Y-axis Glide of F.N in Z (The movement is 7 ath 
made by turning M against N.) 
3. Rotation around the axis perpen- Glide of % on the cylindrical surface +6° 
dicular to the plane of Fig. 1 | of H. 
4, Rotation around X Y-axis | Rotation of cylinder # in & +30° 


amid 


cmt es 


Fig. 


published concerning a similar method for 
electron microscopy. 

The present authors have constructed con- 
venient low temperature specimen holders for 
electron diffraction and electron microscopy 
and have applied the low temperature method 
to the studies on ice and mercury. Details 
of the techniques and preliminary results of 
these studies are reported here. 


§2. Specimen Holder 


One of the difficulties in constructing low 
temperature specimen holders is the require- 
ment that the holder must carry a refrigerant 
reservoir of considerable size. Because of this 
difficulty, previous workers have designed only 
transmission specimen holders with restricted 
freedoms to adjust settings of specimen. Since 
the reflexion method also was required for 
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our study, a holder was constructed which 
could work for both methods. 

Photo. 1 shows arragement in the specimen 
chamber and Fig. 1 gives the detailed const- 
ruction of our holder. R is the refrigerant 
reservoir to be filled with liquid nitrogen or 
other refrigerants. The reservoir is essencially 
a vessel of double walls, the space between 
the walls to be evacuated as well as the 
specimen chamber. The vertical inner and 
outer walls were made of brass tubes of 
thickness 0.5 and 1 mm, respectively, and they 
are as long as about 25cm. Thus the vessel 
is provided with a_ sufficient capacity (about 
60. cc.) and good thermal insulation (see, § 4). 
Wilson vacuum seal B and sylphon bellow D 


give allowance for the specimen movements 
as tabulated in Table I, 
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The range of the rotation 3 is sufficient to 
change the glancing angle of a reflexion 
specimen and the range of rotation 4 is 
sufficient to change the azimuthal angle of a 
reflexion specimen. 

Detail of the part around specimen C are 
shown in Fig. 2 and Photo. 2. S is a cylindrical 
shield against radiation and contamination (Cf. 
§3). Shutter W with throats T and T’ can 
be rotated around shield S by a loosely coupled 
hook K which can be controled from the 
outside of the specimen chamber by nob Q 
(Photo. 1). During observation the windows 
of the shield are opened for the electron beam, 
while the windows can be closed (see, §3) by 
turning the throats to positions as indicated 


Liquid | 
Nitvogen Trap __ tA 
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Fig. 2. 


Arrangement around specimen. 


Fig. 


by dotted line in Fig. 2b. Part d in Fig. 2a 
is the support of reflexion specimen and e is 
an additional shield. For transmission speci- 
men, d and e of Fig. 2a are replaced by d 
and e of Fig. 2c. Heating coil # has a power 
about 20 Watts. A copper-constantan thermo- 
couple is attached to e. The lead-wires for 
the heater and the couple are connected to 
terminals such as P in Fig. 1 through tunnels 
a and Bb. 

The specimen holder for electron microscopy* 
(Fig. 3) is similar to that for electron diffrac- 
tion but much more compact since the stage 
L of Fig. 1 is omitted. Thus the rotation 3 


to be evaporated 


Objective lens 


of specimen (Table I) is not possible. Boiling 
of a refrigerant such as liquid nitrogen caused 
irregular specimen vibration of amplitude of 
about lv. To eliminate the vibration, the 
part connected to the specimen was clamped 
to E by apiece of cork. In this way electron 
micrographs of electron optical magnification 


* This was designed for use in E. M. type 5 of 
Japan Electron Optics Laboratory, Ltd. in which 
the object plane is in a position about 4mm above 
the top of objective pole piece. With slight 
modification, it can be also used in any electron 
microscope of conventional type in which a 
specimen is inserted into the throat of objective 
pole piece. 
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electron diffraction. 


ore 


Photo. 2. Shield around specimen. 


as high as 10,000 can be taken without much 
difficulty. 


§ 3. Contamination of Specimen 


One of principal difficulties of the low 
temperature method which must be overcome 
is the contamination of specimens due to 
materials condensing from residual vapours. 

In preliminary experiments carried out under 
conventional vacuum of 5 x10-!~1x 10-°mmHg 
of electron diffraction camera and electron 
microscope, we found that the condensed 
materials were negligible above —80~—100°C 
but below these temperatures we found them 
to be considerable to the extend that within 
several minutes they cover the specimen sur- 
face so thickly that the diffraction pattern due 
to specimen is concealed behind the pattern 
of the condensed material (Photo. 3). 

Oily vapour has been considered the main 
source of contamination, but water vapour 
may be more likely, because the larger part 
of residual vapours is usually water vapour. 
The above mentioned findings correspond to 
the fact that dew points of water vapour of 


G. Honjo, N. KiTaAmuRA, K. SHIMAOKA and K. MIHAMA 


Specimen chamber arrangement for low temperature method of 


pressures 4x10-* and 1x10-°>mmHg are at 
—80~-—100°C. Konig identified the condensed 
material with cubic ice and we have confirmed 
his identification (Photo. 3b and see, § 5(a)). 

By the use of the kinetic theory of gas, the 
number of water molecules impinging onto 
the specimen through the windows of. shield 
is calculated as 

n~3 x p-a x10” 
molecules per cm? per minute 

at room temperature, where p is the pressure 
of the water vapour in mmHg. and a is given 
by a=sin 0, @ being the effective semi-aperture 
angle of the windows. If all the molecules 
were condensed on the specimen at low 
temperatures, it would result in a deposition 
of ice at a rate of thickness increase given by 

dh/dt=n-m/o~1Xp-a cm per minute. 
(The mass m of a water molecule is 3.0 x 10-23 
gr. and the density o of ice at —100°C is 0.92 
gr./cm’.) When a is the order of 1/10, as» at 
was in our experiment, dh/dt is 5,000~100A 
/min. for p of 5x10-*~1x10-5mmHg. and 
thus it seems natural that contamination 
occurs as rapidly as stated above. 

Contamination of another nature occurred in 
our preliminary electron microscopic experi- 
ments. Although this contamination also 
became remarkable below —80~—100°C, it 
remains on the specimen even when it is 
rewarmed up to +200°C in the apparatus 
(Photo. 4). It was proved that this contamina- 
tion is caused by electron irradiation and that 
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(d) 


Micrographs and diffraction patterns of ice condensed from residual vapours of 
pressure of the order of 1x10-*mmHg. 
magnification of x5,000 with exposures of about 5 seconds. 


Micrographs were taken at electron optical 
Diffraction patterns were 


taken by the method of three-stage microscope. 


(a) Zinc oxide smoke covered by ice within several minutes after the charge of liquid 


nitrogen at —80°C. 


(b) Ice condensed on collodion film at —80°C (The temperature was measured at the 
specimen support. Thickness and radius of the film were 400A and 5», respectively). 


Diffraction patterns (c) and (d) correspond to (a) and (b), respectively. 


All the rings 


can be indexed by the structure of cubic ice found by Konig. 


(b) 


Photo. 4. Contamination on collodion films produced by electron irradiation for several 
minutes at liquid nitrogen temperature in conventional vacuum of the order of 1 x10-+ 
mmHg. These micrographs were taken after the films were rewarmed upto +200°C. 


the amount of deposit depends on dosage of 
electron irradiation. It produces an electron 
diffraction pattern of only two diffuse halos 
at. sin 0/A=0.24 and 0.44A-!. The origin and 
nature of this product have not yet been 
studied, but it is very likely that this conta- 
mination is similar to that which occurs in 
ordinary electron microscopy and which is 
considered as a product of hydrocarbon vapour 
decomposed by electrons». The rate of 
deposition seems to be considerably accelerated 
below —80~—100°C by the condensing water 


vapour. 
In order to reduce contaminations, we can 


minimize @ down to 1/100. Since, however, 
a larger aperture of the order of a~1/10 is 
desirable in practice for the sake of wider 
freedom of observation, we tried to reduce 
the contamination by (i) shutting out the 
contaminating vapour from specimen by keep- 
ing the windows of shield around specimen 
closed except during observation, and especially 
during the procedure of cooling down the 
specimen to desired temperatures, and (ii) 
with special precautions, improving the work- 
ing vacuum as far as possible. The actual 
procedure of the experiment was as follows: 

First, the apparatus is evacuated up to 1~2 
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Photo. 6. 
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Photo. 5. Electron diffraction patterns from aluminium film of about 200 A thick. 

(a) at room temperature before cooling. 

(b) after 30 minute continual observation at liquid nitrogen temperature. 
Photo. 6. Electron diffraction patterns from cleavage face of zincblende. 

(a) at room temperature before cooling. 

(b) after 10 minute continual observation at liquid nitrogen temperature. 
Hhoto. 7. Electron micrographs of collodion film of about 400 A thick. 

(a) at room temperature before cooling. 

(b) after 45 minute continual observation at liquid nitrogen temperature. 


system and for electron microscope (Fig. 3) 


zi 8 it is attached just above the specimen part. 
8 Then, after the window shutters are closed, 
er 6 (A) refrigerant is poured into the reservoir to cool 
= down the specimen. At this stage the vacuum 
5 4 of the specimen chamber becomes about 1~2 
= x10-°mmHg. Finally the shield is bombarded 
& p by the electron beam for several minutes and 
s then the shutter are opened to the electron 
(a) oO beam. 


This procedure efficiently reduced contami- 


* It was possible to attain to this vacuum 


(b) within one-half hour after each recharge of photo- 
Ol O2 Osh (A) graphic plates. The pumping system utilized in 

SiNO@/y, Our experiments was a 3-inch oil diffusion pump 

Fig. 4. Intensity plot of the diffraction pattern backed by a phosphorus pentoxide trap and a 
GE Photo. Sb 150//min. oil rotary pump. Inside walls of all parts 


of the apparatus were throughly cleaned and baked 


x10-°mmHg*. Next, a li aiden before assembling them. Only well-dried air was 
8 d nitrogen trap let into the apparatus when the vacuum was 


is charged. For electron diffraction camera broken. Photographic plates were well-dried be- 
the trap is attached to the top of the pumping forehand in another vacuum system. 
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(a) (b) 


Electron diffraction patterns from two modifications of ice. 


Photo. 8. 


(a) Hexagonal ice, (b) Cubic ice, 


(c) Magnified reproduction of (b). 


(c) 


Pay attention 


to (222)-reflexion in (b) and (00,4)-reflexion in (a). 


Table II. 


Index of sin@/a (in A-}) | Relative intensity* 


Ice 


ring Al | Ice | Al | 

111 @.214) |, 01136 |. 100. .| 38 
ZONE eOL2 ag emer eb 37 = 
220 0.350 | 0.222 1is— | 418 
S11 0.261 14 G 


0.410 


* The intensity was calculated by the formula 
T=k-d/v?-q-F'nxi/(sin 6/4)®, where k is a con- 
stant, d; the thickness of the film, qg; the mult- 
iplicity factor and v; the unit cell volume. For 
the structure factor for cubic ice, see § 5. 


nations. Photo. 5(a) and (b) reproduce electron 
diffraction patterns produced from an alumi- 
nium film of thickness of about 200A; (a) was 
taken before cooling at room temperature and 
(b) at liquid nitrogen temperature after a 
continual observation for 30 minutes. Curve 
(A) of Fig. 4 gives the intensity plot obtained by 
photometry of the pattern Photo. 5(b). Calcu- 
lated relative intensity and values of sin @/A 
of Debye rings are tabulated in Table II for 
aluminium and cubic ice films of the same 
thickness. 

The intensity peaks of curve (A) in Fig. 4 
can be analysed into curve (B). The intensity 
peak of (111)-reflexion of ice does not exceed 
one-half that of (200)-reflexion of aluminium. 
We can safely say, therefore, that deposition 
of ice on the aluminium film was less than 
100 A and, according to the above estimation 
of the rate of deposition of ice, the pressure 


of residual water vapour must have been as 
low as a fraction of 1x10-°mmHg. 

Since in practice the necessary observation 
time is less than 30 minutes, the contamination 
is quite negligible. 

Photo. 6 (a) and (b) reproduce electron dif- 
fraction patterns from a cleavage face of zinc 
blende; (@) was taken before cooling at room 
temperature and (b) at liquid nitrogen temp- 
erature after a continual observation of 10 
minutes. In these patterns no appreciable 
effect of contamination is found. It may be 
worth noting here that the contaminating 
effect on diffraction patterns should be nearly 
the same for reflexion specimens as for trans- 
mission specimens, because in the reflexion 
method the aperture of the shield is inclined 
towards the specimen surface and consequently 
the rate of deposition is reduced by the factor 
by which the effect of contaminations is 
multiplied. 

Photo. 7(a) and (b) show a pair of electron 
micrographs of a collodion film of about 400A 
thick; (a) taken before cooling at room temp- 
erature and (b) at liquid nitrogen temperature 
after a continual observation of 45 minutes. 
There is no appreciable change in the contrast 
between the film itself and the holes, proving 
that contaminations were completely elimi- 
nated. 


§4. Temperature of Specimen 


The temperature of the specimen support e 
(Fig. 2) can be varied within a range from 
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Micrographs and diffraction pattern of hair-like crystals of mercury. 


Photo. 10. 
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various temperatures. 


* 


(C) 


(a) Hair-like crystals formed by condensing mercury vapour at about —100°C. 


(b) Two minutes after (a). 
within a fraction of a second. 


The crystal indicated by the arrow completed its growth 


(c) Diffraction pattern corresponding to (b), taken by three-stage method. 


(a) 


Photo. 11. Micrographs of mercury droplet. 


(a) Liquid state, 
polygonization in (b). 


the temperature of liquid nitrogen to +200°C. 
The lowest temperature can be maintained 
for 20 minutes by one charge of liquid nitrogen 
without further supply. It is not difficult to 
maintain a desired temperature within a 


(b) Solid state, crystallized at about 


(b) 


—100°C. Pay attention to 


fluctuation less than a few degrees for an 
observation period of as long as an hour. 
The electron irradiation, however, produces 
a temperature difference between specimen 
and the specimen support. Although an exact 
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estimation of the temperature difference is 
difficult to make, the following discussion may 
be valuable. 

As already noted, it was observed by electron 
microscope that water vapour condenses on a 
specimen surface when it is ina coarse vacuum. 
By this phenomenon we were able to prove 
that the temperature rise due to electron 
irradiation is not so large as that predicted 
by Borries and Glaser, They gave a formula 


to calculate the temperature ¢ at the centre of: 


a film spanning on a circular aperture of radius 
y for a given temperature 7%) of the support 
and for a given specific specimen load (Objekt- 
belastung) 47. According to their formula, 
the calculated temperature ¢ turns out as high 
as —40°C for a collodion film of thickness 
400A and r=50y, provided t,=—80°C and 
and 47,=0.05 Watt/cm?. The values of thick- 
ness and radius adopted here are those of our 
experiments (Photo. 3b). Although the specific 
load is difficult to estimate, the value 0.05 
Watt/cm? adopted here is the lowest possible 
value for electron microscopic observations 
according to Borries and Glaser. If the calcu- 
lated temperature is actually the real one, no 
ice would be deposited on our collodion film 
at t=—80°C. However, we did observe the 
deposition at 7-=—80°C (Photo. 3b) under a 
moderate irradiation (Photo. 3b). ‘This discre- 
pancy may be due either to failure in estimation 
of specific load or to some change in thermal 
conductivity of the film because of irradiation. 
In any event, our observation proves that the 
specimen temperature must be kept very low 
contrary to the openion of Borries and Glaser. 

In ordinary electron diffraction, the specific 
load is more than one hundred times less than 
that in electron microscopy. For example, 
for the former the load is 5x10-*Watt/cm? 
(total current~1x10-!Amp. for specimenn 
area~(0.1mm)?*®). Thus, even according to 
Borries and Glaser, the temperature rise is 
only a fraction of a degree at ¢)=—200°C for 
collodion film of the same thickness and radius 
as above (400A; 7=50 2). 


§5. Application of the Low Temperature 
Method 
Some results of preliminary studies on ice 
and mercury are briefly described below. 
(a) Study on ice 
As mentioned before, Konig identified the 
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material condensed from residual vapour as 
ice of new modification of a diamond-type 
structure with the lattice constant @=6,.36 &. 
This structure is closely related to the well- 
known hexagonal structure of ice (a=4.50 and 
c=7.34A; the relation is similar to that between 
cristobalite and tridimite. 

Since in our experiment the condensation 
of residual vopour was eliminated, the vapour 
was supplied from a prepared source to form 
ice. In the glass tube J in Photo. 1 we enclosed 
small pieces of silica gel which had absorbed 
a suitable amount of water vapour. By 
opening the cock 0 the water vapour from the 
gel was ejected from the jet J onto collodion 
film at low temperatures. 
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Fig. 5. Comparison of the observed and caiculat- 


intensities of cubic ice. Plain circles, black 
circles and crosses represent, the observed 
intensity, the calculated intensity taking account 
of hydrogen atoms and the calculated intensity 
neglecting the hydrogen atoms, respectively. 


Photo. 8 (a) and (b) reproduce electron 
diffraction diagrams produced from ice; (a) 
was produced from ice formed above —80°C 
and then cooled down to —150°C and (b) from 
ice formed at —150°C. Diagrams (a) and (b) 
can well be indexed, respectively, by hexagonal 
and cubic structures of ice. The ice formed 
below —160°C was found to produce only 
diffuse halos, indicating that the crystal growth 
is poor at these temperatures. When the 
specimen was warmed up to —150°C, the 
halos developed rapidly into sharp rings ap- 
propriate for cubic structure. 

Although Konig could not detect (222)-re- 
flexion from cubic ice, we were able to find 
the reflexion and the corresponding reflexion 
(00,4) for hexagonal ice. If the scattering of 
electron by hydrogen atoms were negligible 
as supposed by Konig, these reflexions would 
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not appear. Actually, electrons are scattered 
appreciablely by hydrogen atoms, and the 
observed intensity of our diffraction diagrams 
deviates considerably from the value calculated 
by neglecting the scattering by hydrogen 
atoms (Fig. 5). If, however, the scattering 
by hydrogen atoms is taken into account, the 
observed intensity agrees very well with the 
calculated value (Fig. 5). In the calculation 
we assumed Pauling’s positions for hydrogen 
atoms”? and adopted Weinstein’s scattering 
power. Further studies concerning the 
structure of ice is now in progress. 


(b) Study on mercury 

Liquid and solid states of mercury were 
studied by electron diffraction and electron 
microscopy. Our interest was directed to this 
study by the following reasons: (i) Previous 
electron diffraction studies which belong to 
earlier dates of the developement of electron 
diffraction method gave results contradicting 
to each other even about the types of diffrac- 
tion patterns®. (ii) The characteristic crystal 
growth ‘‘whiskers’’ has been suggested for 
mercury by Sears®). (iii) It was expected that 
the temperature rise of specimen caused by 
electron irradiation could be checked by 
observing the liquid-solid phase transition. 

Mercury evaporated onto a rigid substrate 
such as cleavage face of crystal produced 
clear electron diffraction patterns of solid and 
liquid phases without ambiguities as reported 
by previous observers. 

Photo. 9 reproduces a series of diffraction 
patterns of mercury at various temperatures; 
Pattern (a) is ordinary Debye-rings of solid 
mercury. When the specimen warmed, the 
ring pattern changed to pattern (b) of fibrous 
orientation at about —100°C. Degrees of 
orientation were improved at higher tempera- 
tures as shown by pattern (c). Pattern (c) 
changed to halo pattern (d) exactly at the 
melting point -—39°C. When the speci- 
men was cooled, the halo pattern remained 
down to as low as —100°C (e), indicating a 
remarkable supercooling, and changed to 
ordinary Debye-rings (f) at lower temperatures. 
Solid patterns showed sometimes fine structures 
(Photo. 10c), suggesting the characteristic 
crystal growth. 

Electron micrographs revealed a conspicuous 
hair-like growth of mercury crystals (Photo. 
10). It was noteworthy that the growth of 
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hair-like crystallites completed themselves 
within a fraction of a second as could be 
observed on the fluorescent screen. The 
thickness and length of crystallites differed 
considerably according to the temperature and 
supply rate of mercury vapour. 

The two micrographs in Photo. 11 show that 
a droplet of liquid mercury was polygonized 
through crystallization at about —100°C. 

Unless electron irradiation was made un- 
necessarily heavy, the solid state of mercury 
could be maintained under electron micro- 
scopy up to %4~—40°C without appreciable 
effect of the irradiation. Thus, for the reflexion 
specimens of above observations, the tempera- 
ture rise due to electron irradiation was not 
significant. If mercury particles were dispersed 
on collodion film well-separated from each 
other, the temperature rise might be consider- 
able. But we could not prepare such mercury 
specimen and could not check the temperature 
rise for this more interesting case. 

In conclusion, the authors express their 
sincere appreciation to Professors Shizuo 
Miyake and Ryozi Uyeda for their interest and 
helpfull suggestions. Credit is due Mr. Kenzi 
Kazato, Dr. Kazuo Ito and technical staffs of 
Japan Electron Optics Laboratory, Ltd. for 
providing facilities used in this research. 
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Magnetic After-Effect in NisMn Alloy 


By Tadami TAoKA 
Institute of Science and Technology, University of Tokyo 
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In nickel-manganese alloy with stoichiometric composition Ni3Mn, very 
remarkable magnetic after-effect has been found. The after-effect (i) is 
large at the intermediate state of order of the alloy, (ii) is most notice- 
able at the steepest part of the magnetization curve, (ili) is comparatively 
temperature insensitive, and (iv) is not affected by mechanical deforma- 
tion. The experimental formula of the phenomenon is well expressed by 
an analytical form derived by Street and Woolley on the basis of the 
concept of thermal activation process of single domain particles. It has 
been confirmed by electron microscopic study that the alloy with remark- 
able magnetic after-effect is composed of innumerable number of small 
particles of prolate ellipsoidal form embedded in matrix. The dimension 
of these particles is of such a order of magnitude that is occupied by only 


single magnetic domain. 


Introduction 


Sls 
In our previous paper? on Ni;Mn alloy, we 
have reported some preliminary observations 
on the anomalously large and long magnetic 
‘‘after-effect’’ or ‘‘viscosity’’ which was 
observed in the alloy having intermediate 
state of order, but the mechanism of this 
anomalous effect has remained unsolved. 

Formal theories have been developed to 
express the various types of the phenomena 
observed on many materials since Preisach” 
and Richter®. Recently, some investigators 
have proposed various hypotheses concerning 
the physical origin of the phenomena. 

Snoek!? has assumed that the magnetic 
viscosity is due to the retarded rearrangement 
of impurity atoms following the movement of 
domain walls. This theory has been recently 
extended by Néel®, and further, Snoek and 
independently Tomono® have confirmed the 
theory by experiments carried out on low 
carbon steel. 

There are another types of magnetic after- 
effect which was called ‘irreversible after- 
effect’? by Néel”. He has proposed two kinds 
of mechanisms to interpret this category of 
after-effect. Firstly, he® has investigated the 
magnetic properties of fine powders which are 
small enough for each one to contain only a 
single elementary Weiss domain. In his 
theory, he takes account not only of the usual 
rotations of the domain orientations produced 
by the application of magnetic field against 
the different forces of anisotropy: anisotropy 


of form, magnetocrystalline anisotropy etc---, 
but the spontaneous rotations due to thermal 
fluctuations which provoke a kind of magnetic 
Brownian motion. This concept has been 
applied to the interpretation of the thermore- 
manent magnetization of lavas and clays. 
Secondary, Néel®) has considered the magnetic 
after-effect due to the thermal activation of 
domain walls. On activation, the domain 
boundary wall sweeps through a certain 
volume which corresponds to a Barkhausen 
discontinuity. He applied this theory to the 
results obtained by Barbier on an Alnico 
specimen. 

Street and Woolley» have carried out a 
mathematical treatment on magnetic viscosity 
based on activation energy concepts, and ap- 
plied the results thus obtained to the pheno- 
menon occuring in materials in which bulk 
magnetization proceeds by the rotation of 
each single domains. Experiments have been 
made in detail on specimens of Alnico main- 
tained at various temperatures and its results 
have been shown to be in agreement with the 
theoretical analysis. 

In spite of these extensive investigations, 
there appears to be no experiment which leads 
to an unambiguious confirmation of the unde- 
lying physical origin except for the case in 
which the after-effect is caused by diffusion 
of impurity atoms. The observed phenomena 
on different materials may probably be attri- 
buted to the different mechanism. 

In this paper the magnetic after-effect 
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observed on the virgin magnetization curve 
of NisMn alloy is reported in detail. The 
phenomenon is affected by the strength of the 
applied field, the temperature and especially 
the degree of the material. 

The present observations will be compared 
with the previous experiment results, as well 
as with the results expected from the theories 
described above. Finally, a physical mechanism 
is proposed in connection with the stages of 
development of ordered phase within the alloy, 
which have been comfirmed by the electron 
microscopic study. 


§2. Specimen, Apparatus and Method 


The specimen used in this study was a rod 
of NisMn alloy of length 214 1m. and diameter 
1.5mm with the demagnetizing factor D 
=0.00251. This is the same specimen described 
in the previous paper. 

The heat treatments necessary for the for- 
mation of the superlattice of appropriate 
degrees of order have been made after the 
suggestion described in the paper put for- 
warded by S. Kaya». Different states of 
order were obtained by quenching the speci- 
men, in the course of slow cooling from 700°C 
(disorder), 530°C, 520°C, 500°C, 480°C, 420°C 
and room temperature (perfect order) respec- 
tively. The dependence of the saturation 
induction on quenching temperature has been 
shown in Fig. 2 of the previous paper. 

The arrangement of the apparatus is shown 
in the schematic diagram of Fig. 1. The 
specimen was placed inside a search coil in 
an oil bath which could be maintained at any 
constant temperature between 10°C and 100°C 
within about 1°C during measurement. Ex- 


XXX 


Schematic diagram of apparatus. 


ternal magnetic field was applied by means of 
solenoid of length 90 cm, of which temperature 
could be maintained constant by supplying 
water of constant temperature. The required 
stability of the magnetic field (about 0.2%) 
could only be obtained by supplying the cur- 
rent to the solenoid from a 12V battery of 
large capacity. The search coil of 4100 turns 
was connected, through a suitable variable 
resistance, to be ballistic galvanometer of 
period 10sec. The galvanometer deflection 
was 1.0 2m when the intensity of magnetiza- 
tion of the specimen changed by about 2.0 
gauss. 

In order to keep the temperature of the 
specimen exactly constant during the very 
long course of measurements, minute precau- 
tion has been added to the procedure of the 
measurement. At first, a constant magneti- 
zing current of desired strength was supplied 
to the solenoid for a long time until a thermal 
equilibrium was established between specimen 
and its environment. The procedure from 
hereon was as follows: 

The battery circuit was opened and the 
specimen was carefully demagnetized in alter- 
nating field. Then the field of previous 
strength was again applied through the battery 
circuit. After a desired interval of time, 
the circuit of the electromagnet, by which a 
weight was suspended, was suddenly opened, 
immediately after the galvanometer circuit 
was closed. Then the search coil was con- 
sequently pulled out by the dropping weight 
from the specimen, and the galvanometer 
made a deflection, which corresponds to the 
induction of the specimen at this instant. This 
measurement of induction was repeated at 
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various interval of time after the application 
of the magnetic field. Thus the intensity of 
magnetization of the specimen was observed 
as a function of time after application of the 
field, from 1 sec. up to one day or week. 
Special attention was paid to the construction 
of the apparatus and the arrangement of the 
circuit, in order to avoid mechanical and 
magnetic shock, which would be added to the 
specimen during the measurement. 


§3. Experimental Results 


The experimental results so far obtained 
are as follows: 
i) Magnetic after-effect curves 


A typical result from a set of measurements 
is shown in Fig. 2, which represents the 
variation of magnetization as a logarithmic 
function of time ¢ measured from an instant 
of application of external field of various 
strength (the ‘‘ magnetic after-effect curve’’). 
The measurement were made at 50°C for the 
specimen quenched from 500°C. The main 
parts of these curves can be represented by 
straight lines with different inclinations. 
Similar after-effect curves at 20°C for the 
specimen quenched from 460°C are shown in 
Fig. 3(@ and for the specimen with perfect 
order in Fig. 3(0). As can be seen in these 
figures, the length of the linear portion depends 
on the strength of applied field, temperature 
and the degree of order of the specimen. 
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Fig. 3. Variation of magnetization as a loga- 
rithmic function of time, (a), for the sp2cimen 
quenched from 460°C, and (b), for the specimen 
with perfect order which are measured at PACS 
The applied external fields are indicated on the 


curves. 
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Fig. 5. Variation of S and y as a function of 
applied field at 50°C for the specimen quenched 
from 500°C. 


Fig. 6. Variation of S as a function of applied 
field at 20°C for the specimen with various 
degrees of order. The quenching temperatures 
are indicated on the curves and the arrows on 
each curves represent the field correspond to 
maximum value of y. 


Generally speaking, the regions of straight 
lines have a tendency to extend longer with 
a decrease of applied field, as well as with 
the decrease of temperature and the formation 
of the superlattice. 

In general, these curves can be expressed 
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fairly well by 
I(t)=Slogt—yt-+const . Gls} 


where S and y are independent of time but 
depend on the intensity of applied field, 
temperature and the degree of order of the 
specimen. In order to examine the experi- 
mental formula (1), the variation of J(¢)—Slog¢ 
—const. as a function of time ¢ is show in 
Fig. 4, referred to the curves represented in 
Fig. 2. Linear relationship over a wide range 
of time, as shown in this figure, indicates that 


200000 ¢ scaéthe observed curves are represented well by 


equation (1), except for short time intervals 
between ¢=1~10 sec. 

Both parameters S and x are to be considered 
as important characteristic factors for the 
after-effect studied here. Firstly we will study 
how S is affected by the variation of experi- 
mental conditions. 


Effect of applied field 


The dependence of S on the intensity of 
applied field is shown in Fig. 5 for the same 
specimen as in Fig. 2. The susceptiblity x is 
also plotted on this same figure against the 
field, and it will be seen that the maximum 
value of S occurs within the experimental 
error where x has the greatest value. Similar 
variations of S against the external field are 
shown in Fig. 6 which was measured at 20°C 
for the specimens with various degrees of order. 
It shows that the maxima of S and yx are 
reached on the same field irrespective to the 
change of conditions in case of measurements. 


ii) 


ili) Effect of temperature 

The temperature dependence of S will be 
shown quite simply by the relation between 
the maximum value of S shown in Fig. 5 and 
6 and temperature. Fig. 7(a) is a plot of 
Smax as a function of the absolute temperature 
for the specimens with various degrees of 
order. It shows that Sax is represented ap- 
proximately as linear function of the temper- 
ature, and also that the inclinations of the 
lines change its sign from negative to positive 
with the formation of the superlattice. In 
order to take into account the dependence of 
the saturation magnetization on temperature, 
as well as on degree of order, the maximum 
value of S was replaced by Smax/Zs where J, 
is the saturation magnetization. Fig. 7 (8) 
shows a plot of Swax/Js against the absolute 
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Fig. 7. Variation of (a) S and (0) Smax/Is asa 
function of absolute temperature. The quench- 
ing temperatures are indicated on the curves. 


temperature for the specimens with various 
states of order. The fact, that the straight 
lines roughly pass through the origin of 
temperature axis, shows that Smax//s is propor- 
tional to the absolute temperature for the 
various states of order. The value of the 
inclination of the line decreases with the 
formation of superlattice. 
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Fig. 8. Variation of Smax/Z; and formation heat 
of superlattice as a function of quenching tem- 
peratures. 
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iv) Effect of degree of order 


The dependence of Syax//s on the quenching 
temperature is shown in Fig. 8, together with 
the change of heat of formation of the super- 
lattice with quenching temperature measured 
by Kaya and Nakayama™. The values of 
Simax/Zs decrease rapidly with the decrease of 
quenching temperature. It can be seen that 
the after-effect is closely related to the for- 
mation of superlattice and become most 
remarkable at the intermeniate state of order. 


v) Effect of mechanical deformation 


In order to study the dependence of the 
after-effect on mechanical deformation, studies 
have been carried out for the specimen which 
had been streched by a tension of the strength 
2.1 Kg/mm? for 24 hours before the measure- 
ments. This strength of the tension will 
be considered to be on the transition point 
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from @ region to @ in the initial creep rate 
curves. The result obtained for the specimen 
quenched from 480°C, measured at 20°C, is 
shown in Fig. 9. It can be seen that the 
values of S and the range of linearity are 
independent of the mechanical deformation. 
However, a slight parallel displacement of the 
curves to lower field can be acknowledged as 
the consequence of the deformation. 


§4. Discussion 


We can summarize here the experimental 
results thus obtained as follow: 

i) In general, the magnetic after-effect 
curves can be well expressed by the experi- 
mental formula (1). 

ii) The maximum value of S occures at 
the magnetic field where y has the greatest 
value. 

ili) Smax/Zs is always protortional to the 
absolute temperature for every states of 
order. 

iv) This phonomenon is closely related to 
the formation of superlattice and is most re- 
markable at the intermediate state of order. 

v ) Mechanical deformation has no sensible 
influence on this phenomenon. 

These five facts, especially iv), must be 
explained by assuming a reasonable physical 
model. One of the mechanisms by which a 
quantitative explanation has been given on the 
magnetic after-effect is the diffusion of the 
impurity atoms such as carbon or nitrogen in 
iron. However Richter’s measurements seem 
to indicate that the variation of S with 
temperature in soft iron is essentially different 
from that shown in the results iii). In the 
former case, S appears to be substantially 
independent on temperature. Moreover, the 
crystal structure of Ni;Mn alloy is different 
from that of iron, and the magnetostriction, 
the existence of which is the cause of rear- 
rangement of impurity atoms in case of change 
of magnetization, is very small” in this alloy. 
This mechanism, therefore, may not be applied 
in the case of Ni;Mn alloy. As was described 
in the previous section, Néel has proposed 
two mechanisms for the irreversible magnetic 
after-effect: the one is the rotation of the 
magnetization in isolated single domain and 
the other is the displacement of the domain 
walls, both of which are to be activated by 
thermal fluctuation. In these cases, the 
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analytical forms are expressed by S log f, 
same as the first term of the equation (1). 
In the former, S is proportional to T in the 
first approximation within a certain range of 
time, but in the latter S is proportional to 
xi T'/? where y; is the irreversible differential 
susceptibility at the temperature concerned. 
A precise comparison between Néel’s theories 
and the present results may be difficult because 
of the ambiguity on the assumption in the 
theory as well as of the lack of data of x. 
Moreover, both mechanisms suggested by 
Néel can not be applied to our results, because 
the 2nd term —yt, whose existence is clearly 
comfirmed by our experiment, could not be 
derived from his treatments unless some 
auxiliary assumption will be introduced on the 
distribution of activation energy of single 
domains or walls. 

Street and Woolley have also treated the 
isolated single domain model and derived the 
analytical form similar to the experimental 
formula (1). They assume that fine particles, 
the dimention of which are smaller than the 
critical value for the formation of domain 
walls, are embedded in a less ferromagnetic 
matrix. 

Thus, at time ¢ after the sudden application 
of fiield, let the number of particles assigned 
by activation energies lying between E and 
E+dE be f(E)dE. The time rate of change 
of f(#) dE due to thermal activation at con- 
stant temperature will be given by 


2) =—Cf(E)dE exp(—E/kT) (2) 


assuming that successive activations do not 
produce additional states in the same range of 
&. If at time ¢=0, the value of WiC) 1S 
constant p within the energy range from 0 to 
£, and is equal to zero outside this range, the 
required formula is given by 


I(¢)=ipkT (log t— 2ot) + const. (3) 
where z is an average component of the 
Magnetization of the particles in the direction 
of applied field, and 

Ay=Cexp (—Eo/kT) (4) 


The equation (3) is identical with the experi- 
mental formula, if we put 


S=ipkT (5) 


and 


7=AS (6) 
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Table I. 
quenching temp. C 500 | i 480 ¥ A460 
ut} tat} . hed) 5 fi = bal saad Pa - ae 
external field, Oe. 5.46 | 6:28 S65 tileruse2s 1) eG 8.65 
a ee ater th _ Sa ee ere = [as ey =i ; = 
Ey 10” erg 1.6 | 1.6 | 1.4 Ie, | 130 0.58 
logio C 10.0 gl | 
S gauss at 50°C 19.9 22.4 


Prior to the comparison of this theory with 
the experimental results, we must consider 
the influence of the changes of the effective 
magnetic field while the experiments are made 
using specimens with demagnetizing factor 
other than zero, since the effective field acting 
in the specimen varies continuously with time 
under the constant value of the external field. 
Street and Woolley have given, semi-experi- 
mentally, the variation of S for the same 
material having different demagnetizing factor 
D by 


1 1 g Xrev 

soot) 
where S, is the value of S in the case D=0, 
g is the proportional factor, with which the 
domain activation energy changes proportional- 
ly with changes of field strength, and Zrey is 
the reversible susceptibility concerned. When 
D is small, the influence of changes of effec- 
tive field will be small. If the numerical 
values in the present measurements are sub- 
stituted in the expression, the difference of S 
and S, will be shown to be less than a few 
percent, and may be neglected in the following 
discussions without considerable error. 

Thus the comparison of the experimental 
results with equation (3) may be summarized 
as follows: 

1) The magnetic after-effect curves, except 
for short time interval immediately after the 
application of extarnal field, can be well 
expressed by equation (3), which includs the 
2nd term, the existence of which was not 
comfirmed in case of Alnico V. 

2) USL hewit 16s replaced by S, is propor- 
tional to the absolute temperature as expected 
from equation (5), and shown in Fig. 7 (b). 

3) The relations between log A, and 1/T 
within the range of observed temperature from 
20°C to 100°C measured under constant field 
are shown in Fig. 10 for the specimen quenched 
from 480°C. The slopes of these straight 
lines give, according to the equation (4), the 
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Fig. 10. Variation of Smax/Z; as a function of 
1/T. The applied fields are indicated on the 
lines. 


maximum values E, of activation energies of 
the small particles. 

The numerical values of 2, logC and S 
are summarized in Table I which shows slight 
decrease of EK, and rapid decrease of C with 
the formation of superlattice. 

Thus the experimental results seem to be 
well explained by Street and Woolley’s theory 
using the isolated single domain model. If 
we assume the existence of such particles 
contributing to the magnetic after-effect in 
Ni,Mn alloy, the maximum volume of these 
particles can be estimated as follows. The 
energy required to reverse the magnetization 
of single domain of volume v would be roughly 
expressed by 

Bead be 8 begs (8) 


where Hi; is the coercive force. Putting /s=270 
gauss, H,=12.5 Oe and £)=1.6 x10-” ergs 
which are the observed values of the specimen 
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quenched from 500°C, we obtained v=4.7 
x 107!°em and the linear dimension d=1 10-5 
cm, assuming a spherical shape. 

On the other hand, in a material with a 
low magnetic anisotropy, we can estimate 
the critical diameter d; of the single domain 
of uniform spontanious magnetization by the 
following expression derived by Néel® 

»_ 3Na ds_ 
da 38 (108 0.307) (9) 
where N is the coefficient of the molecular 
field (36,000 for NisMn) and a is the distance 
between magnetically active neighbours. For 
the'same specimen, we obtain d;= 1x 10-%em in 
agreement with the above estimated value. 

In case of Alnico V, it has been concluded 
by Heidenreich and Nesbitt!) from electron 
metallographic study that the high values of 
both coercive force and anisotropy are caused 
by very finely divided precipitation produced 
by the permanent heat treatment. If we take 
these fine precipitates into consideration, the 
influence of heat treatment on the magnetic 
viscosity in Alnico V investigated by Street, 
Woolley and Smith™ can easily be understood. 

Now, in the Ni;Mn alloy, question will be 
raised as to the existence of single domain 
particles such as those in Alnico V. In this 
alloy, the ferromagnetic Curie point increases 
with the formation of superlattice, and more 
ordered phase has more stronger intensity of 
magnetization. It seems plausible that small 
particles of more ordered phase are embedded 
in a less ordered matrix. Two kinds of 
studies have been carried out directly to 
examine the above hypothesis. 

One of them was the domain pattern obser- 
vation on the alloy with various degrees of 
order using the technique developed by H. J. 
Williams and his collaborators!®. In the 
perfect ordered state, large, simple do- 
mains were observed, whereas the size of 
domains decreases with the decrease of degree 
of order, and in the intermediate state 
of order at which the magnetic after-effect 
was most remarkable, the fine colloid particles 
of magnetite were distributed at random, 
showing no distinct figure. 

The other was the electron microscopic 
study, carried out on six specimens with 
various ordered states. The electron micro- 
scopic observation was made on the surface 
of the disks of the polycrystalline Mi;Mn 
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alloy. 

The procedure finally adopted is as follows: 

1) Careful abrade by usual metallographic 
technique. 

2) Electropolish for about one min. with 
current density 1 amp/cm? in an electrolyte 
containing one part of phosphoric acid and 
one part of ethylalcohol at about 40°C. 

3) Rinsing in distilled water and ethylal- 
cohol, and rapid drying. 

4) Preparation of the negative Pd-shadowed 
collodion replica using the technique developed 
by Fukami®, 

The replica thus obtained have been examin- 
ed under electron microscope. Some examples 
of the electron micrographs are shown in Fig. 
11. As can be seen in the photograph (a), no 
speciality exists in perfectly disordered state, 
while the photograph (c) for the specimen 
quenched from 500°C clearly shows that there 
exists the ordered phase of elliptical form, 
the dimension of which is less than about 7504 
for the short axis and 3500A for the long 
axis, which is the same order of magnitude 
estimated from equation (8). In the course 
of superlattice formation, these ellipsoids are 
gradually formed, and again become undis- 
tinguishable in the perfect ordered state. 

For the’ purpose of examining the relation 
between the highly preferred orientation of 
the ellipsoids and crystal axes, the same 
electron microscopic observations have been 
made on the (110) plane of a single crystal of 
Ni-Mn alloy. Unfortunnately, the specimen 
was richer in Ni content than the alloy of 
stoichometric composition of Nis3Mn by 3 per- 
cent. In this alloy, the ordered phases can 
easily be distinguished from the disordered 
region after chemical etching for about 5 
minutes in a mixture containing 10 gr. ferric 
chloride, 30-cc concentrated HCl and 120-cc 
distilled water at room temperature. This 
will be ascribed to the difference of composi- 
tion in the ordered and disordered phases. 
The replicas were made after quenching the 
Same specimen from different temperatures. 
The electron micrographs show in Fig. 12 
illustrate the change of the structure with the 
formation of superlattice, 

The following conclusions are drawn from 
these results: 

1) As can be seen in Fig. 12 (db), the elong- 
ated ordered phases exhibited themselves at 
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Fig. 11. Electron micrographs of Pd-shadowed 
collodion replica of Ni;Mn alloy quenched from 
(a) 700°C, (b) 520°C, (e) 500°C, (d) 460°C, 
(e) 400°C and (f) room temperature. 
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Fig. 12. Electron micrographs of Pd-shadowed 
replica on (110) plane of single crystal of Ni- 
Mn alloy, which contains 22 atomic percent Mn, 
quenched from (a) 700°C, (&) 510°C, (e) 360°C, 
(d) room temperature and (e) its interpretation. 
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intermediate state of order and their long 
axes are parallel to <110> directions as illust- 
rated in Fig. 12 (e). 

2) The ordered phases become undistinguish- 
able when the superlattice formation made 
progress, and mutually parallel valleys along 
two <111> directions in (110) plane gradually 
appear, as shown in Fig. 1l(c). In the 
perfectly ordered state, rod-like structure, the 
dimension of which is about 0.55 4x2~5y, 
can be clearly observed as shown in Fig. 11 
(d). It seems that the precipitates are elongated 
to the <111> directions. Quite similar pheno- 
mena was found by Nesbitt, Williams and 
Bozorth™. 

Moreover the measurements of magnetic 
anisotropy’ carried out by using the disk of 
the single crystal of the alloy have showed 
that the anisotropy energy has the same order 
of magnitude as the magnetostatic energy 
caused by free poles of the ordered phase 
within the specimen, which can be expressed 
by 

En=(1/2)N(41i5)2V0— V) (10) 
Where WN is the demagnetizing factor of the 
ordered phase, 4/; is the difference of the 
Magnetization of ordered phase and matrix, 
and V is the volume proportion of the ordered 
phase. If the values /;=300 gauss, V=0.9, 
N=0.75 which is estimated from the photo- 
graph, we obtain an anisotropy energy of 
about 310% erg/cm? which is in agreement 
with the observed value. 


$5. Summary and Acknowledgement 


Now, it can be concluded that the after- 
effect observed in Ni,;Mn alloy with intermediate 
state of order is ascribed to the thermal acti- 
vation process, which causes relaxed rotation 
of magnetization of the ordered phase of 
ellipsoidal form from the direction having an 
obtuse angle with the applied field to one having 
an acute angle. The experimental results can 
be explained as follows: 

i) The assumptions to derive the equation 
(3) are that number of particles per unit 
energy range is a constant within some energy 
range and successive activations do not produce 
additional states in the same range. The 
second assumption is understood plainly on the 
proposed mechanism. The first one could not 
be accepted after the above experimental 
results, however, unless f(E) at t=0 varies 
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as steeply with E as does exp(—AT), the 
logarithmic form of ¢ at equation (3) cannot 
be profoundly affected where 2=C exp (—£EZ 
/kT). The existence of maximum activation 
energy £) is ascribed to the critical size of 
the single magnetic domain. 

ii) The relation of xy and S is reasonable. 

iii) The value of Syax/ZskT which is pro- 
portional to the volume of one of domains 
contributing to the after-effect is not affected 
by the temperature. 

iv) It was pointed out by the electron micro- 
scopic study, that the most distinguished 
magnetic viscosity is associated with the 
formation of small ordered region of ellipsoidal 
form within the matrix of disordered phase. 

v) The absence of the influence of 
mechanical deformation on the phenomenon 
is also reasonable, because the direction of 
magnetization in the ordered phase cannot be 
changed easily by longitudinal tension. 

The author wishes to express his hearty 
thanks to Prof. S. Kaya for his kind guidance, 
to Mr. Y. Tomono for his kind discussion 
throughout the course of this research. He 
also wishes to thank Prof. Y. Tani and Mr. 
A. Fukami for their guidance, and Messrs. S. 
Sakata and S. Aoyagi for their assistance on 
the techniques of the electron microscopic 
study. 
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Note on the Paramagnetic Susceptibility and the Gyromagnetic 
Ratio in Metals 
By Ryogo Kuso and Yukio OBATA 
Department of Physics, University of Tokyo 
(Received February 17, 1956) 
Although the orbital magnetic moments of the electrons in metals are 
“ quenched” by the crystal field, their contribution to the paramagnetic 
susceptibility for partly filled degenerate bands is shown to be of the 
same order of magnitude as the Pauli spin paramagnetism. 
tribution corresponds to the so-called “temperature 
frequency term” in the theory of the paramagnetic susceptibility of 
atoms. Due to this contribution, the gyromagnetic ratio is reduced by 
an appreciable amount. 
§1. Introduction 


In the usual treatment of the susceptibility 
of non-forromagnetic metals, paramagnetism 
has been considered to be entirely due to the 
unpaired spins of electrons. The contribution 
of the orbital magnetic moments to para- 
magnetism has been neglected for the reason 
that they are queched by the crystal field. 
Pauli’s expression is used for theoretical 
estimation, and the discrepancy between 
theory and experiment is attributed to the 
exchange and correlation effects. 

The purpose of the present note is to point 
out that, for metals with partly filled non-s 
bands, the orbital magnetic moment con- 
tributes to the paramagnetic susceptibility 
through the second order perturbation, the 
order of which is in general not negligibly 
small compared with the Pauli spin para- 
magnetism. In connection with this, it is 
shown that the gyromagnetic ratio, 9’, of 
non-ferromagnetic metals is smaller than 2 by 
an appreciable amount. 

The reasoning to the above conclusion is 
as follows: In the case of paramagnetic 
salts, where the magnetic electrons are well 


localized, the orbital contribution* through the 
second order perturbation is of the order of 
y2/4, where » is the Bohr magneton and 4 is 
the mean separation of the energy levels 
connected by the orbital angular momentum. 
This is negligibly small compared with the 
spin contribution, which is of the order #?/kT 
at room temperatures. In the case of metals, 
however, the spin paramagnetism is reduced** 
by the factor T/T», where To is the degener- 
acy temperature. The orbital magnetic mo- 
ment is also partly quenched by an effective 
crystal field which comes from the itenerant 
character of the electrons. The orbital para- 
magnetism of free atoms will thus be reduced 
in the metal to the fraction T/T, that is, the 
ratio of the thermal and the hopping energy. 
Therefore the orbital paramagnetism in metals 
with degenerate bands can be an appreciable 
part of the total paramagnetism. This is only 
because the spin part is greatly reduced. As 
an illustration of this idea, an estimation of 


* Apart from the first order term pwPA[kTA 
through the spin-orbit coupling. 

**k For rare earth metals, the 4f electrons are 
localized rather than itenerant, so this reduction 
does not take place, 
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the effect is given in §3 for a much simplified 
p-band model, which is followed by some dis- 
cussions in § 4. 


§2. General Expressions for the Suscep- 
tibility and the Gyromagnetic Ratio 
Throughout the present paper we shall use 
the one-electron approximation. For a single 
electron in a metal subject to an external 


E (kx) 


kx 


k, Tq 
Fig. 1. 
magnetic field H, represented by the vector 


potential A, the Hamiltonian may be written 
in the form, 


= —F 44 V+ 44a 
2m 2mc* 
zeh eh 
Sore Ai Sgt ek Ce 
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where V is the electrostatic potential in the 
metal and A is the spin-orbit coupling operator. 
We shall divide this Hamiltonian into two 
parts 


GE =F ot Fo 1, 
where 
hr e? ; 
Sy eee — —A?, 1 
Bo app ae Sap ( a) 
___ teh ch yy. 
FO" mc aa EL > 
= H(L+28) , (1b) 


in which the usual gauge A=(Hxn)/2 is 
used. 

A is linear in electron coordinate and is not 
a small perturbation in the usual sense. 
Using Peierls’ technique?», however, we can 
get rid of this difficulty. 

The susceptibility of the metal is given by 


Or 
20d 2 
. (ae i onna B50 ( ) 
F=NE+Tr o(#), (3) 


where 

KF )=—kT log (1+exp (€-H”)\/kRT). (4) 
Since #, is digonal in the wave vector k in 
the tight binding approximation», Tr 9(#) 
may be expanded in powers of #, as 
follows; 


Tro A+ Hy)=Tr KA )+ > I (Em)<m| FF 1|\m> 


1 
zy 


m m/ 


Ps 7 (Em) — 9 (Em?) |<m| F71|m'>|?+---, 


(5) 


En—En: 


where the representation in which Y4 is diagonal is used. The first term in the right-hand 
side of the Eq. (5) was discussed by Peierls for a single-band case. The contribution from 
this term to the susceptibility* will be denoted by za. The second term vanishes except 
for ferromagnetic metals. From the third term the paramagnetic susceptibility yp» is obtained. 
Since we are interested in the terms of the order of H*, we can substitute for E,, the value 
in the absence of H. Thus, the susceptibility is given by 


X=Vat%o ’ 
with 
dk f(En(k))—f(En(k)) 
= 12 at 4 F sad 
ara 3, |p Te ea nh 24 8 oe pl OS nies eR 
where 
SF (2)=9(z) 
={exp («—)/kT+1}" , C7 
is the Fermi distribution function. 
%» consists of three contributions: 
* In the presence of the spin-orbit coupling, the expression given by Peierls may be modified. In this 


paper, however, we shall not discuss this point in detail, 
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; _,. 5 (dk flEnlk))—fEn(k) ; cane | 

i) ish | (on)? ExA(k)—Ex(k) <nk|2S|n’k><n'k|2S|nk>~21?n(€) , (8) 
where 2(€) is the state density at the Fermi surface. This is the well-known Pauli spin 
paramagnetism. 

ac TiiHs dk Sf En(k))—f(En(k)) 

ii so= ——— ant ‘k A 

eS ee Eni) SHIELD <r’ k128 | mk> 


| +<nk|2S|nk><wk|L\|nk>} . (9) 
This term is smaller than ys by the factor of 2/4, where 2 is the spin-orbit energy and 4 
is the mean band width. This is usually unimportant. 


dk f(En(k))—f(En 


ill) a 2) 


) <n) En ><a | L\nk> 


Mat a E,Ak)—Ex(k) 


nn’ 


(10) 


This is the term which comes from the second-order effect of the orbital angular momentum. 
It is a polarization effect and is always paramagnetic. The magnitude of this term is of 
the order 7/4. 


The expression for the gyromagnetic ratio g’ is given by 


Fe f(Enlk))—f(En(k)) 
# __ mnt (27)? Enk)—Enlk) 


Rie iuidk toi ie Werf pat ye dal we 
5a (22)8  En(k)—En(k) <nk| L+28|\vk><wk| L+S|nk> 


Xs tXsot Xo 


<nk|L+2S|\vk><wk|L4+2S|nk> 


1 3 
> Visita 4 Xso+ Xo 


3s W1+xsolxs+xolxs) 21+ x0/%s) 
14+3x50/2xst+2x0/xs  1+2x0/xs © 


(11) 


Thus it is clear from the above expression 
(11) that 2—g’ can become quite appreciable 
in those metals which have partly filled degen- 
erate bands. 

It should be ncted that orbital paramagnetism, 
represented by %o, has little to do with the 
deviation of the spectroscopic splitting factor, 
g, from 2, since g is determined by the first 
order Zeeman effect. Therefore, for para- 
magnetic metals* the following inequality is 
generally valid, 


g—2<.2-9' . 


§3. Simple Model 


- For the numerical estimation of yo, detailed 

knowledges of the band structure and wave 
functions are necessary. Even when these are 
at hand, calculation for actual metals would 
be laborious. So, in this section, we shall 
consider a much simplified model. 

For a rather fictitious case of p electrons 
in a simple cubic lattice, without spin-orbit 
coupling, we can give a little more explicit 
forms for ys and %. In this case, the matrix 


element of Z and S are independent of k, so 
the expression (10) is greatly simplified. If the 
magnetic field is applied in the z direction, we 
have 


1s = 2H), a2) 
and 
yah ak fk) FUE) 
ed Co aa 


where E.(k), E,(k) are given in the usual 
text-books®. 

Even in this case, the numerical calculation 
would be tedious. As seen from Eqs. (11), 
(12) and (13), we get the following relations 


1 ORE 
7 alitee (14) 
E=olXs 

~ [mom ; (15) 


Let us simplify the above model further, and 


* Of course, the statement made here does not 
apply to the ferromagnetic substances. 


consider one-dimensional case (which corres- 

ponds to (100) cut in the k space). The band 

energy will be written in the form 
E,=A(1+cos kza) , 
E,=2A+B(1—cos ka) . 

In this case, as easily calculated, the suscep- 

tibility is given by 


=2y? 16 
as SH A ee a . me) 
and 
il fue 

= af 
Sa gr iy?) naa he si 

where 

C=ERRD 


The ratio of the two contributions is given 
by 


Xo 


== 1+cos kia 
. X8 =a BF 4 Shy 
Since A is much greater than B, we have 
E~l+cos ha. 


§4. Discussions 


Although the model in the preceding section 
is too much simplified, it is an illustration of 
the importance of yz when the distribution of 
electrons is given by the Fermi distribution 
function. Therefore, if one wishes to calculate 
the absolute value of the paramagnetic sus- 
ceptibility or gyromagnetic ratio for para- 
magnetic metals, one should, except for alkali 
metals where electrons are almost s-like take 
into account the orbital contribution besides the 
corrections due to exchange and correlation 
effects. The exchange and correlation effects 
usually almost cancel each other. Their effects 
on % are also expected to be small. 

If the experimental data of the electron spin 
resonance, static susceptibility, g and 9 of a 
metal are at hand, we can get a measure of 
each of the three contributions to the para- 
magnetic susceptibility, ys, ys9 and %. There- 
fore, it is highly desirable that measurements 
on the electron spin resonance and gyro- 
magnetic ratio are carried out for paramagne- 
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tic metals. 

Often the experimental value of the para- 
magnetic part of the susceptibility is larger 
than the calculated ys, using the state density 
obtained by some other kinds of experimental 
data. In such cases the contribution of the 
orbital paramagnetism may be important. 

The interband contribution to the suscep- 
tibility has already been considered by A. H. 
Wilson® and N. E. Adams». Wilson obtained 
for the susceptibility the expression (35) of 
his paper, beside the Peierls susceptibility. If 
the Fermi distribution is used instead of 
Boltzmann’s, it may be written in the form 


SL dk OPUuRn* Otten 
Tae ef at Eu da Ok? Ok, 


eer OPURn On 0? Ukn de 
Oky? Oke? Ok2Ok, OkzOk, ) °° 
In the case of tight-binding this term repre- 
sents the difference of gauge factor for ajacent 
atomic functions and becomes zero in the 
limit of isolated atoms. The physical meaning 
of this term is not clear. 
Adams obtained a paramagnetic term 


42 GMO EY 1)> : 


which is connected to the presence of the 
orbital angular momentun. This is, however, 
different from the effect we considered. This 
is important only for the case in which 
orbital momentum has nonvanishing diagonal 
elements. 

In both Wilson’s and Adams’ calculations, 
the orbital contribution is not fully taken 
into account. 
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Magnetic anisotropy induced by magnetic annealing was measured for 
NizFe single crystal by means of a high temperature-torque magnetometer. 
It was found that the magnitude of anisotropy depends upon the crystal- 
lographic direction of the field which is applied during annealing. It 
was largest for <111>, next for <110> and smallest for <100>. It was also 
found that the minimum of the anisotropy energy lies not in just the 
same direction as that of annealing field, but in the direction nearer to 
the neighboring <11l>. These facts could be explained qualitatively by 
Néel-Taniguchi-Yamamoto’s formula. Quantitative discrepancy between 
them could be attributed to the nature of face-centred cubic lattice that 
some of the nearest neighbors of one atom are also in nearest neighbors 


of one another. Influence of ordinary order was also investigated. 


§1. Introduction 


It was first found by Kelsall that the 
presence of a magnetic field during heat 
treatment of the iron-nickel alloys causes a 
large increase in maximum permeability. 
This phenomenon can be interpreted as a 
result of appearance of the magnetic anisotro- 
py, which has its stable direction parallel to 
the annealing field. Many investigators have 
studied the mechanism of this anisotropy, to 
which reference was made in the foregoing 
paper”. 

The author has investigated this phenomenon 
on a single crystal of Ni;Fe for the purpose 
of studying the details of this anisotropy. A 
part of this result has been referred byisS. 
Kaya®) in his report. Recently L. Néel® and 
independently S. Taniguchi and M. Yamamoto” 
carried out the detailed calculations on this 
anisotropy and showed that their result is in 
good agreement with the observation of the 
present author. 

In this paper the author will give a full 
report on the details of the experiment and 
will make a comparison with the theory. 


§2. Apparatus and Specimen 


Measurement of magnetic anisotropy was 
carried out by means of the torque magneto- 
meter as shown in Fig. 1, which was specially 
constructed for the purpose of this investiga- 
tion. This apparatus is characterized by a 
high sensitivity and high temperature uses. 
Specimen O mounted to a quartz disk Q is 


suspended freely under the elastic string P 
without any mechanical bearing for the purpose 
of avoiding any frictional forces. The hori- 
zontal displacement of the specimen could be 
avoided by using the generallized Helmholtz 
coil C, which is designed to produce an 
accurately uniform field. The coil constant 
of this coil is 107.4 Oe/amp. The current is 


eft 


Biome Construction of high temperature torque 
magnetometer. P: elastic string, G: grip for 
fixing the top of P, Mi, Mp: mirrors, T: auto- 
collimation telescope, S: circular scale, J: 
metal joint, C: large Helmholtz coil, FB: 
electric furnace, @Q: specimen holder, O: 
specimen, K: junction. 
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limited within 6amp. By using a small 
electric furnace F set in this coil, the specimen 
could be heat-treated under the presence of 
a magnetic field. This furnace is also useful 
for the measurement of torque curve at 
elevated temperature. In order to protect the 
specimen from oxidation, the specimen to- 
gether with the suspended system is confined 
in a hydrogen atmosphere. 

The upper part of the apparatus, separated 
from the lower part at a ground metal joint 
J, is rotatable around vertical axis together 
with the suspended system. The orientation 
of the specimen can be determined by the 


Fig. 2. The profile-projection of the specimen 
disk. 


mirror M,, which is attached to the suspended 
system. The torque exerted on the specimen 
can also be determined by the twisted angle 
of elastic string P, which is equal to the angle 
between M, and Mk, the latter being the mir- 
ror attached at a rotatable part. Both mirrors 
were previously adjusted to be parallel when 
no torque exerted on the specimen. The 
direction of the mirror was determined by 
means of the autocollimation telescope T, 
which is movable around the circular scale 8S. 
Accuracy of the measurement of the angle 
was about +0.05°. The sensitivity of the 
elastic string can be altered by changing the 
fixing point of the string by means of the 
grip G, which is movable vertically along the 
elastic string by the externally controlled 
action of mechanism. The sensitivity for each 
grip was 11.3, 27.9, 91.8 and 341 dyne-cm 
/degree respectively. 

The specimen used was an oblate of NizFe 
single crystal having a surface parallel to 
(110). On account of the low intensity of the 
magnetic field, a demagnetizing factor of 
specimen must be limited within the value 
smaller than 0.3. Moreover, since the aniso- 
tropy in question is as small as 10°erg/cc, 
specimen must be made in an accurate shape, 
otherwise a slight deviation would cause a 
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disturbing anisotropy. 

The preparation of the specimen in such a 
thin and accurate shape was the most difficult 
task in this experiment. Various methods 
were tried on twelve specimens. The method 
finally adopted was as follows: The crystal 
was firstly cut into an accurate circular plate, 
the size of which was 0.445+0.001mm in 
thickness and 14.005--0.001mm in diameter. 
This shaping was made by means of a small 
grinder lathe. This plate was then attached 
by magnetic means to a rotatable axis made 
of M. K. magnet and was electropolished 
with about 20amp (40volt) by dipping an 
under half of the plate into the electrolyte and 
by rotating it with a high speed of 2000~4000 
r.p.m. Sometimes the plate was reset to an 
optical projector and its profile was compared 
with a standard elliptic form. The depth of 
the dipping was sometimes altered so as to 
fit its shape to a required one. This operation, 
however,’ need not be very delicate, because 
the shape of the plate tends to approach to a 
nearly ellipsoidal form, if it is done without 
careful adjustment. The rotational motion 
must be maintained at high speed, because it 
was found that a low speed polishing results 
in a slightly deviated shape having a cyrstallo- 
graphic symmetry. When the speed was 
lowered down to 100~200 r.p.m., © the 
resulting fluctuation of diameter was about 1 
%, which is large enough to arise the aniso- 
tropy 0.510? erg/cc. The reason why a 
high speed rotation has a good effect is not 
clear, but it may be related to the following 
fact: When the speed is increased, it is found 
that the electrode resistance increases and 
the electrolytic efficiency is largely decreased. 
Accordingly the voltage difference between 
electrodes could be largely increased, while 
maintaining the current within relatively small 
value. 

The final shape of the specimen was 
13.698=+0.005 mm in diameter and 0.452 mm 
in thickness at the center. The projection is 
shown in Fig. 2. A calculated demagnetizing 
factor was 0.288. 


§3. Details of the Experimental Method 


After the specimen was set in a torque 
meter, the heat treatments and torque measure- 
ments were repeated without removing the 
specimen from the apparatus, 
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600 Oe 
Hex 


Fig. 3. Dependence of the torque upon intensity 
of a magnetic field. 


The process of the magnetic annealing is 
as follows: Firstly the specimen is heated 
up to 650°C and annealed for 30min., then 
it is cooled at a controlled rate down to room 
temperature in a magnetic field. The intensity 
of the field is 320~4300e, which is large 
enough to magnetize the specimen parallel to 
the field. During this treatment the suspended 
system is fixed by the grip G and the orien- 
tation of the specimen relative to the field is 
accurately determined by using the mirror 
M, and the telescope. 

After cooling the torque curve is measured 
at room temperature. The intensity of the 
magnetic field in this case is 430 Oe, which is 
also large enough to induce the saturated 
intensity of the torque. The dependence of 
the torque upon intensity of the field is shown 
in Fig. 3 for the present specimen. It is seen 
in this figure that the torque saturates at 
about 3000e, which is nearly equal to the 
calculated intensity of the demagnetizing field 
NIs=260 Oe. If the specimen were in a shape 
of circular plate, as is usually the case, the 
torque would increase gradually with an 
increase of the field intensity. In such a case 
the true torque value must be determined by 
the extrapolation to H.z=27/s. It was, how- 
ever, unnecessary for the present specimen. 

It should be added here that a very small 
change in the torque (positive or negative) 
was observed in the high field region. The 
magnitude and the sign of this change depend 
upon the crystallographic direction of the 
field. In the case of Fig. 3 it was negative. 
In other words, there is a small field-depend- 
ent anisotropy, whose curve form is different 
from the fundamental one. Since this 
anomalous anisotropy can be reduced by the 
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Fig. 4. The torque curves in (110) plane of 
NizFe crystal observed after cooling in a 
magnetic field, the direction of which parallel 
to (a) @=0° (<100>), (b) @=90° (<110>), (ce) = 
54.8° (<111>), and (d) @=10°. 
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Fig. 5. The energy curves H calculated from Fig. 
4 by integration. (a), (b), (c) and (d) correspond 
to that of Fig. 4. H is analyzed into crystal 
anisotropy ;, and uniaxial anisotropy H,,. The 
circles means the sum of EH, and H,,. 
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thermal treatment, it may be caused by the 
residual strain. After annealing it becomes 
smaller than 50dynecm/cc, which was negli- 
gibly small as compared to the fundamental 
one. 


§ 4. Experimental Results 


Some of the torque curves obtained after 
cooling ina magnetic field are shown in Fig. 
4 for various crystallographic directions of 
annealing field. In order to make the inter- 
pretation easier, the torque curves were 
converted to energy curves as shown in Fig. 
5 by integrating the torque values with respect 
to the angle. The integration was made by 
summing the torque values at each five 
degrees, the calculation of which introduces 
the error less than 0.1%. 

It will be natural to consider that the 
anisotropy energy thus obtained consists of 
the usual crystal anisotropy &, and the 
uniaxial anisotropy Ey induced by magnetic 
annealing. The anisotropy energy in (110) 
plane will then be given by 


E= Eyt+Eu 
= K,(sin‘0/4+sin20 cos?0)+ Aysin*6cos?6/4 
— K,, cos*0=8p) , (1) 


where AK, and A, are the usual constants of 
crystal anisotropy, K, is the constant of 
uniaxial anisotropy and @ is the direction of 
intrinsic magnetization as measured from <100> 
direction. 

The experimental curves in Fig 5 could be 
analyzed into several terms in Eq. (1) by 
means of the Fourier analysis. This calcula- 
tion was easily carried out by summing up 
the products of energy values and sin 20, cos 
20, sin 40, cos 40, sin6@ or cos6@ at every 15 
degrees in 0, where the values of sin or cos 
at these angles are limited into one of 1.00, 
0.866, 0.500 or 0.00. For the present specimen 
the A, term was found to be less than 1% of 
Ki term, so A, term can be _ reasonably 
neglected. EL, and &, terms thus analyzed 
are shown in Fig. 5, together with sum of 
these terms (Shown by circles), which agrees 
well with original curves. 

By comparing the Ey, curves, in Fig. 5 one 
may find that the depthes of the minimum, 
namely K,, are considerably different with one 
another. It is noticed, further, that when the 
direction of the annealing field does not coinside 
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with the principal crystallographic directions 
(Cf. Fig. 5 (d)), the minimum in £, lies not in 
just the same direction as that of the annealing 
field, but in the direction nearer to the neigh- 
boring <111> direction. The angle of deviation 
will be denoted by 40 hereafter, which is 
given by 

40=0,—86: , (2) 
where @; is the direction of annealing field. 

The values of A,; K, and 40 are plotted 
as a function @; in Figs. 6 and 7 for various 
cooling rate. 

It is seen in Fig. 6 that A, depends upon 
the crystallographic direction of the annealing 
field, being largest at <111>, second at <110> 
and smallest at <100>, while the A, is fixed 
at a constant value. The value of K, increases 
with decrease of cooling rate as seen in the 
same figure. This is due to the development 
of ordinary order. Since the development of 
the ordinary order means a decrease of B-B 
pairs, the K, value can be interpreted as an 
indication of a decrease of B-B pairs. (K is 
negligibly small at disordered state iene <a 
present composition Cf. Fig. 10). On the other 
hand, since K, can be interpreted as resulting 
from the unbalanced distribution of B-B pairs 
Cf. §5), we can regard K, versus A, curve 
as indicating the variation of the unbalanced 
B-B pairs as a function of total number of 
B-B pairs. Fig. 8 shows such a variation of 
K, as a function of Ay, together with the 
variation of 4@. In this case the direction of 
the annealing field, 0:, was fixed at ils, 
where 46 takes the maximum value as seen 
in Fig. 7. It is seen that Ky increases at 
first with order formation, but it decreases 
with an approach to perfect order. It is quite 
natural that the unbalancing of B-B pairs 
vanishes with vanishing of B-B pairs. The 
variation of 4 will be interpreted in §5. 


§ 5. 

Néel and independently Taniguchi and 
Yamamoto’ carried out the calculation on 
the anisotropy induced by magnetic annealing 
in terms of directional order and dipole 
coupling between atom pairs. They showed 
that their result is in good agreement with 
the preliminary result” of the present author. 
The same mechanism has independently been 
considered by the present author” in order to 
interprete the variation of K,, with composition 


Interpretation of the Result 
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Fig. 6. K, and K, as a function of 6, (direction 
of annealing field). A: Neel-Taniguchi-Yama- 
moto’s formula, B: Experimental formula with 
key/k =8.5. 
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of iron-nickel system. 

Now we shall briefly follow their calcula- 
tion: Firstly it is assumed that in binary 
alloy of A-B system the dipole-dipole interac- 
tions between neighboring atoms are different 
between different sorts of atom pairs A-A, 
B-B and A-B. Since the distribution of A-A 
or B-B pairs are necessarily determined by 
the distribution of B-B pairs, we may keep 
our attention exclusively on B-B pair by 
regarding it as having the energy 
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n= (Laatloz—2lan) COS?G;, 
=1 COS? , G3) 
where J44, lee and yz are the coefficients of 
dipole-dipole interaction of A-~A, B-B and A-B 
pairs and g; is the angle between k-th bond 
direction and the intrinsic magnetization. 
When the alloy is annealed in a magnetic 
field, since the energy of B-B pair depends 
upon its bond direction relative to the field, 
the number of B-B pairs having k-th bond 
direction, Nx, will be proportional to the 
Boltzman factor exp (—w,;/kT). After the alloy 
is cooled down to room temperature, such an 
unbalanced distribution of B-B pairs (called 
directional order) shoud give rise to the 
anisotropy energy, which is given by 


Ei 2 Nirox 
k 
= (7 )Sexp(—orlkDov’, (4) 


where w;’ is the energy after cooling, Np is 
the total number B-B pair contained in lcc 
and z is the number of nearest neighbors. 
Putting Eq. (3) and 

On’ =V COS Gx’ . (5) 


into Eq. (4), we have approximately 


Eu= i > COS*P;,COS*Gx" . (6) 
After summing up over all bond directions, 
we have 
By=— 7 (i dX Biritkhe >) BiBirirs ) 

kT Hi 5 

C7) 

where #; and y: are the direction cosines of 

intrinsic magnetization and the annealing 

field. The values of k, and k, are given in 
Tab. I for various crystal type. 


Table I. 
crystal type ky ky 
face-centred cubic 1/12 4/12 
body-centred cubic 0 4/9 
simple cubic 1/3 0 


We shall call the formula (7) together with 
Tab. I as Néel-Taniguchi Yamamoto’s formula 
(N.T.Y.). When the intrinsic magnetization 
lies in (110) plane, Eq. (7) becomes 

1) pen kG cos*(0—G,) , (8) 


where 


u'= K7(po+ Di cos 20; tP2z COS?20;) (9) 
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Dom 5 (Ae + Meshes + 1s! 
b= s5(l2 ky?—4 kik, —k,?) 
b= F002 hy2-+4 Ryk,—5ho®) , (10) 
and 
cot 269’ = q; cosec 20;+q2 cot 20; (11) 
with 
FAs il a. 
mary 
eee es 
Qa 2 aE 4h,” (12) 


By using the values of Rk, and k& for face- 
centred cubic lattice (Tab. I), we can have 
the theoretical relations K,.(@:) and 40 (0:) 
from Eqs. (9) and (11). They are graphically 
shown as curve A in Figs. 6 and 7. It is 
seen that qualitative features of the experi- 
mental curve can be well explained by these 
theoretical curves. 

Now we shall determine the values of k, 
and k, so as to fit the formula (7) with 
experiment. By analysing the experimental 
curves of Figs. 6 and 7 by Fourier analysis 
and comparing it with Eqs. (9) and (11), we 
have the values 

Dok ?=147.6 x 104, 


pK? = —22.6 x 104, 
p.K?= —115.6 x 104; ; 


a=—0.191, z= 0.427 (13) 
for the case of cooling rate 14°/min. From 
these values we can easily have 

hk, K=2.8, x 102, k,K=23.8x102. (14) 


It is seen in Figs. 6 and 7 that the formulas 
with the values of (14), shown graphically by 
the curve B, well represent the experimental 
plots. We have from Eq. (14) 

ke[ky=8.5 (15) 
aS a experimental value, while we have 
obtained the theoretical value 

ke/ky=4 

as seen in Tab. I. 

Now we shall consider the origin of this 
discrepancy between theory and experiment. 
It was found that it can be reasonably attri- 
buted to the nature of face-centred cubic 
lattice. In this lattice some of the nearest 
neighbors of one atom are also in nearest 
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neighbor of one another. When, therefore, 
two B-B pairs enter into the neighboring 
bonds belonging to the same atom, the third 
B-B pair is necessarily produced, thus making 
the trigonal B-B-B group (4 B group) as 
shown in Fig. 9. It is easily proved that 4B 
group has an energy—(3/2)/ cos? %, where 7 is 
equal to that of Eq. (3) and ¢ is the angle 
between magnetization and the normal of 4B 
plane. Thus the 4B group is equivalent to 
the atom pair having its bond direction 
parallel to <111> direction and will behave 
similarly to the atom pair in body-centred 
cubic lattice. Accordingly it may induce the 
magnetic anisotropy of body-centred cubic 
type. Then the magnetic anisotropy induced 
by B-B pair and 4B group is given by 

nega 


N ssgr,+(Mo4 nw eo 
RT | 12 Dearc+( 3 +N’) = BiBsrir se 


(15) 


where N’ is the total number of 4B group 
and N is that of B-B pairs which are not 
belonging to 4B. Then 

k,/ky=4412 NIN . (16) 
In order to explain the experimental value 
8.5, N’=0.375 N, which may not be unreason- 
able value. 

Now we shall consider the meaning of the 
variation of 40 in Fig. 8. For small value of 
K,, 40 remains at a constant value which 
correspond to k,/ki=8.5. This means that 
the number of 4B group, N, decreases at 
first almost proportionally to the number of 
B-B pairs. It is seen, however, that when 
the alloy approaches to perfect order, AO 
decreases gradually to about 10°, which is 
nearly equal to the value of N. T. Wercurve 
(at 13.5°) in Fig. 7 and accordingly corresponds 
to k/ki=4. This means that the number of 
4B groups decreases more rapidly than that 
of B-B pairs. It will be reasonable, because 
the development of order would reject the 
presence of 4B group more severely than that 
of B-B pair, as being expected from the 
cooperative nature of the phenomenon. In 
short range ordered state, however, the 
cooperative effect is so weak that the rate of 
decrease of 4B group would not largely 
differ from that of B-B pairs. 

Fig. 10 shows the variation of Ky, as a 
function of duration of the order treatment 
observed for the other specimen of Ni3Fe. 
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Fig. 9. Two types of the assembly of B atom in 
(111) plane of face-centred cubic lattice. 
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Fig. 10. Variation of A, with duration of order 
treatment (at from 490° to 430°C) for Ni3Fe 
crystal. 


It is interesting that the first increase of Ay 
corresponds to the range where 40 remains 
unchanged. 

It should be added that the influence of 
second nearest neighbor may not be important, 
because such pairs have the bond direction 
parallel to <100> and would induce the aniso- 
tropy of simple cubic type which increases 
k, instead of k, (Cf. Tab. | 


§6. Conclusions 
It was shown that the characteristics of 
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the magnetic anisotropy induced by magnetic 
annealing observed on Ni;Fe single crystal 
are well explained qualititavely by Néel- 
Taniguchi-Yamamoto’s formula. Qualitative 
discrepancies between them can be interpreted 
by the nature of face-centred cubic lattice. 

This research was supported by the research 
grant of the Ministry of Education. 


References 


1) G. A. Kelsall: Physics 5 (1934) 169. 


Soshin CHIKAZUMI 


QViolmelae 


2) S. Chikazumi: J. Phys. Soc. Japan 10 (1955) 
842. 

3) S. Kaya: Rev. Mod. Phys. 25 (1953) 49. 

4) L. Néel: Compt. Rend. 237 (1953) 1613; J. 
Phys. et Rad. 15 (1954) 225. 

5) S. Taniguchi and M. Yamamoto: Sci. Rep. 


Res. Inst. Tohoku Univ. A6 (1954) 330. 
S. Taniguchi: Sci. Rep. Res. Inst. Tohoku 
Univ. AZ (1955) 269. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 5, May, 1956 


The Forces Acting on Two Equal Circular Cylinders placed 


in a Uniform Stream at Low Values of Reynolds Number 


By Hiroomi FuJIkAWwA 
Junior College of Engineering, University of Osaka Prefecture 
(Received December 8, 1955) 


The steady slow motion of a viscous fluid past two parallel circular 
cylinders of equal radius with their axes in one plane perpendicular to 
a uniform flow is discussed on the basis of Oseen’s linearized equations of 


motion. 


Expansion formulae in powers of Reynolds number R for the forces 
acting on one of the cylinders are obtained correct to the order of R, 


the lowest order terms being O(R-}). 


After detailed numerical calculations, it is shown that the drag on 
one cylinder decreases as the distance between the two cylinders decreases 
and also that each cylinder experiences a repulsive force. 


Sil; 

The steady flow of a viscous fluid past an 
obstacle at small Reynolds numbers has been 
discussed so far by many authors on the basis 
of Oseen’s linearized equations of motion. 
From these investigations it can be seen that 
the disturbance due to the obstacle spreads to 
a great distance at small Reynolds numbers. 
Therefore, it is expected in the case of flow 
past several obstacles that the interference 
effect would be very conspicuous. 

In the present paper, the writer treats the 
steady slow motion of an incompressible vis- 
cous fluid past two parallel circular cylinders 
of equal radius with their axes in one plane 
perpendicular to a uniform stream. Expansion 
formulae in powers of Reynolds number for 
the forces acting on one of the cylinders are 
obtained up to the second term. Making use 


Introduction and Summary 


of these formulae, detailed numerical discus- 
sion is made for several cases when the dis- 
tance between the axes of the two cylinders 
is equal to 10, 50, 100 and 500 times their 
diameter, the Reynolds number of the flow 
varying from 0 to 1.0. 

Thus, it is found that, on increasing the 
distance between the two cylinders, the drag 
on one cylinder increases and approaches the 
value for a single cylinder in an unlimited 
stream. Also, it is found that each cylinder 
experiences a repulsive force in the direction 
perpendicular to the uniform stream. 
$2. Fundamental Equation and its 
Solutions 


We consider two infinitely long parallel 
circular cylinders C,, Cz, of equal radius a, 
set in a steady uniform stream of velocity U 
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of an incompressible viscous fluid in such a 
manner that their axes lie in a plane per- 
pendicular to the uniform stream. 

Let Oz, Oy be the rectangular co-ordinate 
axes in the plane of fluid motion, the axis of 
x being taken along the direction of the 
uniform stream and the origin coinciding with 
the centre of the cylinder C,. The centre of 
the other cylinder C2 is situated on the y-axis, 
its coordinates being denoted by (0, —2h) 
(Fig. 1). 

As is well known, the Navier-Stokes equa- 
tions for the two-dimensional steady motion 
of an incompressible viscous fluid are written 
in a single equation as: 


Needs OW, w) 
v O(a, y) (2.1) 
o=—AY, 


where w is the vorticity, ¥ the stream func- 
tion, v the kinematic viscosity, and A stands 
for the operator 62/02?+6?/0y?. 

Now we may regard the flow under con- 
sideration as consisting of two parts, namely 
the uniform flow of the velocity U and the 
perturbation due to the presence of the cylin- 
ders. Thus, denoting the perturbation stream 
function and the perturbation velocity com- 
ponents by ¢ and u,v respectively, we may 
write 

v=Uyt, (2.2) 
u=O0~/0y , v=—0¢/0z . (2.3) 
Inserting (2.2) into Eq. (2.1) and neglecting 


n= ay log +49 + > 7-"(An COS NO + An SiN 10); 
n=1 
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Bice sels 


the second order terms in ¢, we arrive at 
Oseen’s linearized equation of motion: 


0 Sj 
A(A-2k5. \o=0 ; 
k=U/2» . (2.5) 


From (2.4), it will be seen that & may be 
separated into two parts, namely harmonic 
and unharmonic parts : 


(2.4) 


where 


b=dnrt+ du , (2.6) 
ite Ave 2.7) 
ane (A—2k5,}ou=0 (2.8) 


For the case of a single circular cylinder 
placed in an unlimited uniform flow, the 
appropriate solutions of (2.7) and (2.8) which 
satisfy the boundary conditions at infinity 
have been given by Filon in the forms; 


(2:9) 


6 
kbu= Bye*Kulkr)+Do| kr{ Ky(kn)+ Kol kr) cos yer" cos °d@ 
0 


tek 3 Kn(kr)(Bn CoS 2O+bn sin 29) , 
nm=1 


where z=rcos0, 


(2.10) 


y=rsing , 


ae. an, bn, Bn are arbitrary real constants, and Kn(k7) is the modified Bessel function of the 
second kindt. Also the condition that ~ must be one-valued throughout the field of flow 


requires an additional condition 


bo[k= —1o « 


(2.11) 


Let us here introduce the conjugate complex velocity 


W=u—tV 


for the perturbation flow, which is related to # in the form: 


(2.12) 


The definition of the modified Bessel function used here is identica 


1 with those in G. N. Watson’s 


«“ A Treatise on the Theory of Bessel Functions ” (Cambridge, 1922). 
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w= Py tie =24P zZ=a+1y, Z=2—Ly . (als) 


Sea 
z 


Then, after some calculations, it can be seen that 


W=WrtWu , 
Wi= “14 + be Shece eters ome ‘ 
Va! 
a= | (By— 5 By Kehr) +: 7 BiK (kere vy) 
+(Bo- ; B,) Ki(kr) e+ B Kil kre * + ne ; 
where Ay=ay+tay , Ay=Q,—tay, trees (2.15) 
By =bo +78 ’ B,=6b,+76, an On eae . 


Now it may be observed from (2.9) and (2.10) 
that the perturbation flow due to the obstacle 
is composed of the harmonic and the un- 
harmonic singularities (multiplets) situated at 
the origin. Therefore, in the present case in 
which the two circular cylinders are placed in 
the other-wise uniform stream, the perturba- 
tion flow may also be represented by the two 
systems of the fundamental singularities men- 
tioned above, each being situated at the centre 
of the respective cylinder. 

Thus, we may take the perturbation velocity 
w in the form: 

W=WrY) + Wu +WrO+Wu , (2.16) 

with 


+ (Bry Bi \ Kilkee 47 BKilhrdet04 oo I, 
* * 
W)D= Ay* oe eens ; (2517) 
*K K 


Wy = e| (Bit B* ) Kolker) +, BAK (kre 


= — — 
+(By*— 5 Bi* \ Kir) e-'% +5 Bit Kalery)e-¥e4 Shave le sie | 3 


where 


Zy = 7,0'%= 242th . 


The flow ned under consideration must be symmetric with respect to the straight streamline 
y=—h, i.e. S(w)=0 along y=—h. This condition yields immediately. the following relations 
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between the constants in (2.17): 


(2.18) 


§3. Fulfilment of the Boundary Conditions on the Cylinders 


We now proceed to consider the remaining boundary conditions, namely the conditions at 
the surfaces of the two cylinders. The flow is symmetric with respect to the streamline 
y=—h and since the solution (2.16) together with (2.17) and (2.18) already satisfies this con- 


dition, it is sufficient to consider the fulfilment of the condition on one cylinder C, (z=ae’®) 
only. 


The resultant velocity U-++w must be zero on the surface of the pune so that the 
required boundary condition is written as: 


(W)r-a= —U.. (3.1) 


In order to apply this to w as given by (2.16), we expand w in a Fourier series in @ on the 
surface (y=a) of the cylinder C,. 


wr has already the required form: 


Ay ae A tes ze ~e7 2204 saxehel ie ; (3.2) 


(Wi) rma = 
Making use of the formula 
err = eo cals > Inlhre® , (3.3) 
Wu) can be easily expanded in the form: 
(18 )raa= BuloKo+ Bh Ki, Bio Ko— =i, Kya 5 BibKs— LEK:) 
fi | BoliKo+ BoloK —5BiLKy-LK;) “suk jae ai 
x | Bol Kot Bulk : 5-Bi(loKs—- LK.) 1 BLK LK)" | 


+ | Bol, Ko+ Bol Ki, = 5 BilsKo- BK) — 5 BL. K— LK) porte 


pee Oe : (3.4) 
where the argument ka of the modified Bessel functions Jn, Kn has been omitted for sim- 
plicity. 
Further, assuming that h>a, w, may be immediately expanded as: 
I ge i ose az 2a = PA 
( = esley’, WA Uae PAA oy EE ea oh BE ee e 
ea Osa | EE 2 oryen 
AW dishes ce sx a'="> ; (3.5) 


where the condition (2.18) has been taken into account. a, 
Finally, we proceed to obtain the expansion of wS. Making use of the addition theoremt 
of the modified Bessel functions, we get 


Ki(kr,Je= > ite (hr)Ks-o(2kh)e' . (3.6) 
$=-—0o 


Therefore, combining this with (3.3), we obtain the expansion 


+ See, for example, G. N. Watson, A Treatise on the Theory of Bessel Functions (Cambridge, 
1922), $11.3, p. 361. 
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oc 
[e®*Ko(R7,.)e°°"*] a= Dy, pega” ’ 
N=-—0 


co Sal 
Gig Sy a8*+°];(ka)Is-n(ka)Ks-c(2kh) 5 ( ) 
Ga) ZEllg Se. 
Obviously it follows 
y ieee TEN (3.8) 


Using (3.7) together with (2.18), we finally obtain the expansion of the function wu in 
(2.17) in the following form: 

fora 3 | dn oBrt 5 Ona Bn Bi dey xBy 5 Ansa dn, Bt «bere, 8.9) 
Substituting (3.2), (3.4), (3.5) and (3.9) into (2.16), we arrive at the Fourier expansion of the 
solution w on the circular cylinder r=a. 

According to the boundary condition (3.1), every coefficient of e’”®(m=0, +1, +2, ---) in 
the expansion should vanish except for the constant term (#=0), which must be equal to 
—U. Thus, we obtain a doubly infinite set of linear algebraic equations for determining the 
constants A,’s and B,’s. Namely, for ~=0, —1,1, —2,---, we have 


(WoKo+ 49,-1) Bo t+ (hAi+ ea eis 
il —_ 
$5 Ki TpKo+ 2oy-2—2ay-)Bit . (ERATURE ee 


(1, Ko+ 4-1,-1)Bo+ (hha + 7 Seay 


1 i 
a p (ERK ot hay daa Bt Ba DK tan Aa) Bt aie ia 
peo. Se bce ss =() 2 

a 


=. (3.10) 
(L.Ko+ 41,-1)Bot eka + 41,0) Bo 


il 2s 
+ 5 (loi — Li Kot Ai,+2— 41,1) Bi +5 Ke hKi+ Ain hi0)Bi+ Soe 
a = UGE a 
————— —— 
(2th °  (2ihys* 
(InKo+ A-2,-1)Byt (LEi+A-2,0)Bo 
il = 
+5 eli —hKot daa haya) Bi tS Ie. Kit han 2-2,0) Bi + see 


where the argument ka of the modified Bessel functions has been dropped for simplicity. 


§4. Approximate Solution for the Case ka<1, (kh)-!=O(1) 


The system of simultaneous equations (3.10) for determining constants An’s and B,’s 
having been derived, we can obtain, the required solution satisfying all the boundary con- 
ditions. But, it is difficult to solve the equations (3.10) exactly. Since, however, we are 
mainly interested in the flow at small Reynolds numbers, i.e. the flow for which ka takes 
small values, where the Oseen approximation is applicable, we next proceed to find out the 
approximate solution valid for such small values of ka. 
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Eliminating A,’s from (3.10) and separating real and imaginary parts, we obtain the system 
of equations for determining B,=bn+7Bn: 


C119 + C289 +C 3 (01/2) +Cy4(Bi/2) ++2++++ tial OM 
Cibo + Ci2Bo + Cis (01/2) +Ces (81/2) +++-+> =0 (4.1) 


(i=2, 3, 4, +++). 


The coefficients C;; are given as follows: 


Ci = IpKo+Q1.Ky+20,0+P0, -1+(a/2h)(q-1, 0+9-1, -1) 


+(a/2h)(InKo aie ky +P-2,0t+P-2, =i) , 


Ci2= — qo, -1+ (a /2h)(T,Ko — 19K — p-1,0+P-1, -1) +(a/2h)2(q-2,0-—-2, -1) ; 
C13 = InK2 — InKo+P0,1+Po0, -2+(4/2h)(q-1,1+9-1, -2) 


+(a/2h)?(3 Ky — InKo+ Inks — Ki +p-2,1+p-2, -2) , 


Cis=0,1— G0, -2+(a/2h)(I2Ky — 1, Ko — 1 K24+-InKi~— p-1,1+P-1, -2) 


+(a@/2h)*(q-2, 1— 7-2, 2) , 


C21 = 40, -1 + (1/2kh) — (4 /2h)(q-2,0+9-2, -1) » 

Cx = InKo — 1. Ki — Po, 0+ Po, -1—(a/2h)*(IgKy— 1. Ky — p-2,0+P-2; -1) 5 
Crs = 90,1 +90, -2— (@/2h)?(Q-2,1 +9-2; -2) » 

C4 = 2D, Ky — 1nKo— InK2— P0,1+Po, -2 


— (a/2h)P3Kq — InKo— InK2+ Ki -p-2,1+P-2, -2) , (4.2) 


Cy =QKot+hKi +p1,0+P1, -1—(1/2khPka +2(a4/2h)3(q-2,0+9-2, -1) » 
C= %15,0-H, =] +2(a/2h)3(IoKo- 1.1 — p-2,0+P-2; -1) , 


C33 = Ink — 11 Ko 


+ I3Ko— [2K +71,1+P1, -2+2(4/2h)3(G-2,1+9-2, -2) 


C34=91,1— Ny -2 +2(a/2h)3(13 Ky — InKo — InK2+ LK —p-2,1+P-2, -2) ; 
Cu =, 0+, -1+(@/2h)?(G-1,0+9-1, -1) +2(a/2h)3(12K0+hAi+P-2,0+P-2, -1) » 
Ci= L).Ko— Ki —P1,0+291, -1+(4/2h)(1Ko- Lok —p-1,0+P-1, -1) 


+2(a/2h)3(q-2,0--2; -1) » 


C13 = 1,1 +1 -2 +(4/2h)?(G-1,1 + 9-1, -2) 


+2(a/2h)3(I3Ky — IoKo+IpKo—- Ki +P-2,1+P-2, -2) » 


Cy = Ih —LKo- 13Kk2.+1hKi— p1,1+P1, -2 
+(a/2h)*(IoKy — I, Ko— L.Ko+InKi —p-1,14+P-1, -2) +2(a/2h)3(q-2,1- 9-2) -2) » J 


where we have put 


Any0 


=Dn,0+79n0 ’ Ans -1=Pn) atk +19n, Sly (4.3) 


Anyi —4Any0= Prt +lIns1 » Any —2— Ans -1= Pn -2FUIns -2 9 88? 


Pnyo and Qn,o being all real. 


In the first place, let us consider the case where (kh)-1=O0(1) T and ka<1. In this case the coef- 
ficients C;; given by (4.2) can be expanded as follows: 


Cu= Hy, +{(1/4)+2Ko+H, +N} (ea/2)?+O(kia*) , 

Cy= —M-2{M-(1/kh)1+H)} (ka/2? +OlKa%) , 

Ci3= (3/4) - Hy +N {(1/6)+2(Ko+Hy)— (1/kh)(Ki — M)} (ka /2)? +OUea*) , 

Cu= —(1/2kh)(1 +4) (ka /2 +O(Kia*) , 

Cn = M-2Ki(ka/2+O(ka4) , 

Co =H + {(11/4)+2K24+3H +N} (ha /2? +O(kia4) , 

Co3 = 2K + (5K — K3)(ka /2)? +-O(k4a4) , 

Cx =(1/4) -H+N — {(10/3) +(1/2k2h?) +4(Ko-+H)} (ka /2P + O(Kias) , 

Cx = — {0 /4) Hy +N} (ka/2)+ {(1/3)+ Ko +H} (Kea. /2)3 + O(ke5a*) , (4.4) 
Cy = 2K (hea /2) + (1/2) {5Ki — Kg — (2/k3h3)} (ea /2)3 +O(K%a*) , 


1 Akh =2Uh |v is a Reynolds number yeferred to the distance 2h between the two cylinders. 
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Ca3=(1/2)(ka/2)-1+2{(5/12) —- Ke—-H,} (ka/2) 
—(1/2){(31/24) +4Ky — Ky +5H,} (ea /2)3 +OK a5) , 
C34 = —(2N/Ieh)(ea 12) +-(4/ Kh) {K+ (1/4k2h?)} (ea /2)3 + O(K%a5) , 
Cy =(1/kh){Ky+(2/kh)M} (ka/2)8 +O(k5a*) , 
Cip= {(1/4) +H — N} (ka/2)+2{(13/12)+2K,+H+N+(A/k*h?*)} (ka /2)3+O(h a) , 
Cig =(2N kh) (ka /2)—(4/kh) {Ko +(1 /42h?)} (ea /2)3 +-O(Kea) , 
Cia = (1/2)(ka /2)-1— 2 {(5/12) + Ky + H} (ka/2) 
—(1/2)[(185/24) — (3/keh)K3+(1 22h?) + (Ka +H) {7 +(4/F2h?)} | (oa /2)3 + Oa*) , 
where H=S-1-K), H,=S+Ky, M=(1/2kh)—Ki, N=(1/2k?h?)-K., 


(4.5) 
with S=(1/2)—y-log (ka/2) , 


7 being the Eulerian constant, and the argument 2k of the modified Bessel function Kn ’s 
has been omitted for brevity. 


Inserting (4.4) in (4.1) and solving for bo, Bo, b:, Bi etc., we obtain, after some straight- 
forward calculations, the result as 


b= — 7h ( Sehle rer yaaa 4 eae ota’) 


4 4 H 
pju= {1+ le; EN 2 sees 1 )ea? +0(ka a}, 
b,/U= -2( Het * (ka)? +-O(kta') , (2-0) 
B/U=— "(4 tH-N \(ka)?+O(bat), 
where 4=HH,+M?, A 
ag Soe: ~_ Mie 5 oa ) ’ 
Om 55 Na) (4.7) 
T= 5 AA +H+H,)—HI ; ; (H—H,,.) 7 (N+ ; )t 


5 1 1 Ba) M 
——— N— = 1 : 
+ Fe 8 Akh? ae 5 ( 4 ) f Akh * ae 4(H, +N) } 


Further, solving the second equation of (3.10) for Ay=a)+za) and separating the real and 
imaginary parts we get 


@/a=—byfka , 


a/a= —2q-1,000—(hKo—hki—2p-1,0) Bo (4.8) 
1 5 
— 4-1] 5 Kilo Koh+ Ki Kolh) ~ ban bBt on 


where the argument ka of the modified Bessel function has been again omitted. 
noted that the first relation in (4.8) is nothing but the condition in (2.11). 


Inserting (4.6) into (4.8) and expanding as before the right-hand sides for small values of 
ka, we get 


Here it is 


a ioe 5} 1 
Ua kad i+ iS a 2 H+N— Fp ——7 \(ba)?+ Oa) Pe 


a M 1 _ TT, 3—8S+4N 


8khM 
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where the functions S, H, H,, M, N, P, T, 4 are given by (4.7). 

In a similar manner, the fourth equation in (3.10) determines the constant A,=a,—7a. 
It is, however, unnecessary for the calculation of the forces acting on the cylinder and 
therefore its explicit expression is not given here. 

§5. Calculation of the Drag and Lift 

The total drag D acting on the cylinder C, (r=a) may be considered as composed of the 

pressure drag D, and the frictional drag D; in the form: 
ps i od aa ee —a\’ pbcos6d0,  D,= —ap\ "0 sin 040 , (5.1) 
0 Alt) 


where ?, 0, w are the pressure, density and vorticity on the surface 7=a respectively. 
Similarly, the lift Z may be expressed as follows: 


20 2Q7 
j bid Be Bae Ly=~al\ psin dé , L,=ap»\ wo cos 6d6 . (52) 


0 0 


Combining (5.1) and (5.2), we have 
L—iD=a\ “p+ pveo)etdd . 65.3) 
0 
In the Oseen approximation, it can be shown that 
p=—0Um, , w= —Ady=2kvu ) (5.4) 


where z, v denote as before the x, components of the perturbation velocity and suffices h, u 
indicate the harmonic and unharmonic parts respectively. Since v=vn+v.=0 on the surface 
of the cylinder, we may also write 


wo=—2kvp . (5.5) 
Inserting these expressions in (5.3), we get 


L—iD= — 0 WAZ . (5.6) 


Since, by (2.17), 
Wr=WiO + w,O = s {Anz-"-! + An*(2+2ih)-"""} ; 
n=0 
we obtain a general formula 
L—=iD=—2nipUA) , (5.7) 


or 
Erol an, D=2r0UqQ . (5.8) 


Therefore, by using (4.9), we can finally obtain expansion formulae for the drag and lift. 
Thus, correct as far as terms of the order of R, we have 


on 

mtn {1+ relat H+ N— - _--)R+00R)} 65.9) 
oye 

adn {+ ra i tH tN z Ao Ro} (5.10) 
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where as before 


il R 
Pee ao tees 
S oh og( 3 ), 


H=S—1—K,(R;,/2) , 

H,,=S+K,(R,/2) , 

M=2/R,—K,(R,/2) ’ 

Ne 8/R,?2— K2(R,,/2) ? 

ighaen cee (5.11) 
5 aoa LNG 

Pa— 5 +0/R,)—8MIR) +L (wt, 


1 Sheen 1 1 ' 
Ae +H) =) ee eee 
T= HH,(1+H+H,) He 3 Hy) a 5) 


+H: —O/R +5 (NI ) | -CMpRa +408, +N) , 
and 
Heel 1/R,=O(1) , 


Rand R, being the Reynolds numbers referred respectively to the diameter 2a of the 
cylinder and the distance 2 between the two cylinders. 


It may be mentioned here that when the distance 2h tends to infinity, i.e. Rp—-oo, all the 
modified Bessel functions A,(R,/2) (2=0, 1, 2, ---) tend to zero, and the above formulae 


reduce to 
x= Aisles a fe Be 
ee eae S (s D Se 32 ; (5.13) 


C0 . 


As should be expected, the former result is in perfect agreement, up to the first two terms, 


with the formula obtained by Tomotika and Aoi” for the case of a single circular cylinder 
in an unbounded stream. 


§6. Approximate Solution for the Case ka<1, kh<l 

The preceding analysis depends upon the assumption that (kk)-'=QO(1). However, when 
kh<1 for sufficiently small k, the values of (kh)-” and Kr(2kh) (n=0, 1, 2,---) in (4.2) become 
very large and therefore the analysis for small values of & should be reconsidered. 

Detailed examination? of the coefficients Ci; in the equations (4.1) shows however that the 
correct expansion for this case just agrees, up to the order of (a[h)?, with the one which is 
obtained by considering formally the case kh<1 in the preceding results (5.9) and (5.10). 

Thus, making use of the expansions: 


H=«—(S—r)(Rp/4)2-+O(R24) , 
H,=2S—r—1+(S—)(Rr/4)?-+O(R,*) 


> 


M=(S—r Us » )Ra/d) + 5 (S— pe ; )(R/4)°+O1R) 


id 1 
Noy (S824 00R 4), 


eee ee 9 


+ Detailed discussion for this fact will be given elsewhere, 
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we obtain the results 


=a 

R2S— 

ax h es Le 

Dente FSS} 
i 


enlog (2H) 1 
a DF 


It may be noted here that (5.13) gives 


Cp i aE 
RilogR 
for the value of Cp* of a single circular 
cylinder in an unbounded stream at sufficiently 
small Reynolds number. But, from (6.1), we 
obtain a different value 


ie +O0(a*/h')} , 


ae 
ALN fg 


C;=— 


where 


(6.2) 


lim Cp — _ 2a ‘ 
ae RiogR 


The limiting value of Cy depends upon the 
order of the limiting processes R-0 and hoo. 
Besides, the value of C; given by (6.1) in- 
creases as h increases. This result should 
also be accepted under the restriction that 
kh<l. 


§7. Numerical Discussions 


Making use of the formulae (5.9), (5.10) and 
(6.1), the writer has calculated the values of Cp 
and C, for various values up to unity of the 
Reynolds number R (=4ka) as well as for 
various values ranging from 10 to 500 of the 
ratio h/a. These results are given in Tables 
I~VIII and are also shown graphically in 
Figs. 3 and 4. 

Further, the values of Cp for a_ single 
circular cylinder in an unbounded stream 
have been calculated from (5.13) and tabulated 
in Table IX for the sake of reference. In 
these tables, values of the first and second 
approximations with respect to powers of R? 
are separately given in order to see the conver- 
gence of the successive approximations. 

From these tables and figures, it will be 
seen that, as the Reynolds number increases, 
the value of Cp for a given distance ratio h/a 
decreases monotonously and the interference 
effect becomes imperceptible. 

As for the variation of the drag coefficient 
Cp with the ratio h/a for a given Reynolds 
number, we see that the value of Cp increases 
monotonously with the increase of the ratio 
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(6.1) 


G hz ow 
he 
4 =50 
60 
h 
30 
fe) 


0.0! 


first approximation, 
— second approximation. 


Fig. 4. 


h/a and tends to the values for the case of a 
single circular cylinder in an unbounded 
stream. These results are also showngra phi- 
cally in Figs. 5 and 6. 

On the other hand, the variation of the lift 
coefficient Cz with the distance ratio h/a is 
somewhat complicated. When the Reynolds 
number is not so small, it decreases with the 
increase of the ratio k/a and ultimately tends 
to zero. But, when the Reynolds number be- 
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Table II. Values of Cp (h/a=50). 


OpR loge 
SSS 
| calculated by calculated by the 
R the expansion formula (5.9) 
Ee formula (6.1) 1st approx. 2nd approx. 


0.0001 7255 
0.0005 1782 


0.001 988.3 
0.005 264.7 
0.01 155.0 153.8 153.8 
0.02 91.40 91.39 
0.04 55.25 55.24 
0.06 41.27 41.25 
0.08 33.54 33.52 
0.1 28.54 28.51 
0.01 0. R 0.2 17.29 17.22 
Fig. 5 0.4 10.73 10.60 
0.6 8.32 8.12 
0.8 7.04 6.78 
1.0 6.26 5.94 


Table Il. Values of Cp (h/a=100). 


038 ——— 


FR lst approx. 2nd approx. 
0.01 166.2 166.2 
ess He ae! ie weal sR 0.02 98.59 98.58 
oxey 0.1 | R 0.04 58.51 58.49 
ost 0.06 42.96 42.94 
0.08 34.45 34.42 
Fig. 6. ~~~ - first approximation, 0.1 29.07 29.04 
——— second approximation. 0.2 17.37 17.30 
0.4 10.75 10.61 
0.6 8.33 8.13 
Table I. Values of Cp (h/a=10). 0.8 7.06 6.79 
ar ae = = ae 1.0 6°27 5.95 
calculated by calculated by the Bl Tipp ahvoes “Wie deel 4 a7 é 
R the expansion formula (5.9) 
formula (6.1) 1st approx. 2nd approx. 
0.0001 6639 
0.0005 1600 Table IV. Values of Cp (h/a=500). 
0.001 877.3 
0.005 296.3 FR lst approx. 2nd approx. 
0.01 129.3 129.2 129.1 0.01 187.8 187.8 
0.02 75.19 75.18 0.02 105.9 105.9 
0.04 44.88 44.87 0.04 60.11 60.10 
0.06 33.64 33562 0.06 43.47 43.45 
0.08 27.62 27.60 0.08 34.67 34.64 
0-1 23.79 23.76 0.1 29517, PDS} 
0.2 15.29 15.24 0.2 17.38 Wicca 
0.4 10.11 10.01 0.4 10.76 10.62 
0.6 8.03 7.88 0.6 8.33 8.13 
0.8 6.87 6.66 0.8 7.06 6.79 
ad 6.14 5.87 1.0 6.28 9.95 
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Table V. Values of Cz (h/a=10). 


calculated by 


calculated by the 


R the expansion formula (5.10) 
formula (6.1) 1st approx. 2nd approx. 
0 6.24 
0.0001 5.40 
0.0005 5.23 
0.001 Daal 
0.005 4.81 
0.01 4,60 4.67 4.60 
0.02 4.42 4.34 
0.04 4.07 3.99 
0.06 3.82 3.74 
0.08 3.61 Broo 
0.1 BAe 3.34 
0.2 Detless 2.68 
0.4 2.02 1.88 
0.6 1.59 i g@lil 
0.8 1535 deo 
1.0 Zt 0.895 
Table VI. Values of Cz (h/a=50). 


} calculated by 


Cane by the = 


R the expansion formula (5.10) 
formula (6.1) lst approx. 2nd approx. 

0 19.12 

0.0001 14.59 

0.0005 13.05 

0.001 12.95 

0.005 10.85 

0.01 9.44 ORO 9.56 
0.02 7.87 7.86 
0.04 a A) Dahil 
0.06 4,46 4,45 
0.08 3.54 ota 
0.1 2.87 2.85 
0.2 1.30 12M 
0.4 0.560 0.528 
0.6 0.367 0.325 
0.8 0.288 0.235 
1.0 0.250 0.184 

Table VII. Values of Cz (h/a=100). 


R lst approx. 2nd approx. 
0 BP B23 
0.01 ip 19 12.18 
0.02 8.73 8.72 
0.04 5.13 SAlZ, 
0.06 By cokes Bscov4 
0.08 3%) 2032 
0.1 Weaz Aral. 
OEZ 0.662 0.650 
0.4 0.279 0.263 
0.6 0.183 0.163 
0.8 0.144 0.118 
1.0 0.125 0.092 


Table VIII. Values of Cz (h/a=500). 


FR lst approx. 2nd approx. 
0) 122.6 122.6 
0.01 11.04 11.04 
0.02 4.23 4.23 
0.04 1.42 1.42 
0.06 0.757 0.755 
0.08 0.490 0.488 
0.1 0.353 0.351 
0.2 0.133 0.131 
0.4 0.056 0.053 
0.6 0.037 0.033 
0.8 0.029 0.023 
120 0.025 0.018 


Table IX. Values of Cp*. 


R lst approx. 2nd approx. 
0.01 190.1 190.1 
0.02 106.2 106.2 
0.04 60.16 60.14 
0.06 43.48 43.46 
0.08 34.68 34.65 
ORD 29.18 29.14 
Ong 17.39 WB 
0.4 10.76 10.62 
0.6 8.33 8.13 
0.8 7.06 6.79 
1.0 6.27 5.95 


comes sufficiently small, the values of Cz 
increases first and then decreases. 

As for the sign of the lift, we see that it 
is always positive, i.e. the cylinder C, ex- 
periences a repulsive force from the second 
cylinder C,. Further, for each case of the 
distance ratio h/a, the value of Cz decreases 
monotonously as the Reynolds number in- 
creases. 
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On the Viscous Shear Flow around a Circular Cylinder 
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The shear flow of a viscous fluid around a circular cylinder has been 
studied to Oseen’s approximation and has been compared with the 


author’s previous results of Stokes’ approximation. 


The formulae for 


the drag and the lift have been obtained neglecting the terms of orders 
O(Re), O(aRe-), O(a2), and it has been shown that the drag is not affected 
by the presence of the shear and the direction of the lift is the same 
as that for the inviscid shear flow within the order of our approxima- 


tion, 


§1. Introduction 


The shear flow of a perfect fluid around an 
obstacle has been rather fully investigated, 
and it is well known that the lift acts upon 
the obstacle in the direction of positive y-axis 
when the velocity (U, V) of the shear flow at 
infinity (e>:to) is represented by G=U1 
+ay) and V=0 where U, and a are positive 
constants. As far as the author is aware, 
there have been few works which treated 
such problem in the case of viscous fluid, and 
we have no knowledge concerning the lift 
which may act upon the obstacle submerged 
in a viscous shear flow. 

Strictly speaking, we cannot realize such a 
viscous shear flow of which region extends 
infinitely, since the magnitude of velocity 
becomes infinite as |y| tends to infinity. 
Nevertheless it may be useful as a two-dimen- 
sional model for the following problems, i.€., 
to study the force which acts upon a body 
submerged in a boundary layer, or that acts 
upon a body in the Poiseuille (two- or three- 
dimensional) flow, etc. 

In a previous paper [1]*, the author studied 
the viscous shear flow past a circular cylinder 
to Stokes’ approximation, and showed that 
the lift acts in the same direction as in the 
case of perfect fluid. To Stokes’ approxima- 
tion, however, we cannot satisfy the boundary 
condition at infinity, so that in {1] the condi- 
tion was replaced by the requirement that 
viscous and perfect fluid solutions should be 
smoothly joined with each other on a circle 
r=R (R being large but finite). The appro- 
priate value of R cannot be given theoretically, 
and the author suggested two simple relations; 


(i)R=A/Re, (ii) R=B/V Re where Re is the 
Reynolds number and A and B are constants. 
Thus, there remained some ambiguity con- 
cerning the results of [1]. 

In this paper, the same problem is studied 
to Oseen’s approximation, but it is far difficult 
for us to obtain the exact solution of Oseen’s 
approximate equation in the case of shear 
flow. So, assuming the smallness of the rate 
of shear a**, we expand the solution in power 
series in aw and obtained an approximate solu- 
tion neglecting the terms of order a?. 


§2. Fundamental Equation and Boundary 
Conditions 


For the two-dimensional steady motion of 
an incompressible viscous fluid the Navier- 
Stokes equation is written in the form 


SAD) eh 9 
O(a, Y) Re 
02 02 
sree tal 
where ¥ is the stream function from which 
the components of velocity U, V*** in the 


positive z and y directions are given as 


Ov Ov 
~ Oy , On , (2.2) 


and Re is the Reynolds number U,Ly/» where 
* This paper will be referred to as [1] in the 
following lines. 

** In the course of this study, it became clear 
that « must be small compared with the Reynolds 
number Re. 

*** Tn this paper, we use U, V for the w-, y-com- 
ponents of velocity in rectangular coordinates, and 
u, v for the 7-, @-components in polar coordinates, 


(2.1) 


U: 
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Uy and Ly are the characteristic magnitude of 
velocity and the diameter of circular cylinder, 
and y is the kinematic viscosity. In our pa- 
per, the velocity at infinity on the z-axis and 
the radius of the circular cylinder are taken 
as the units of magnitude of velocity and 
length respectively. ‘ 
We have boundary conditions: 


(YS Y=) ait pai 


(on the surface of the cylinder), (2.3) 
aS as 7 00 (2.4) 
V-0 


for our problem, where @ is a constant which 
shall be called the rate of shear and we may 
assume that a is positive without loss of 
generality. 


§3. Stokes’ Approximation 

In this section, the resumé of [1] will be 
given for the sake of convenience. 

In polar coordinates (7, 8), Eq. (2.1) can be 
written as 


__ Re 1 OY”, 4,¥) 


AA = 3.1 
i 2 r oO7, 4) Gb) 
where 
0? 10 il Ge ; 
—e ese. eee Ee 
Ae Ojebion Or a? OP ee? 


Then we expand ¥ in a power series of Re, 
1.€., 


VY=V,4+Re¥,+--- (Si3) 


assuming that Re is sufficiently small. Intro- 
ducing (3.3) into (3.1) and equating the terms 
of the same power in Fe to zero, we have 


T=(R —2) sin oral (4 R?+8 lees \- u (R 7) 008 26 


Ov i! : 1 S 
= ed 
AR (1 +7) sin o+al (5 +B 


Solving (3.4) and (3.5) subject to boundary 
conditions (2.3) and (3.7), we obtained 


Y,=918in 0+ a(fots2 cos 26) , (3.8) 


V,=a(F cos) + F; cos39) + Gysin20 + a?G,sin46, 
(3.9) 


where gi, fi,Gi, and Fi are functions of 7 


which depend on the parameter R but not on 


aX, 
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Sam aCEIEA y 
2 ieee 
> a Ie 
=a | P(r,0) 
[Sore | / 
oO: Wi 
>! / eo 
lo=l | Bais 
Sees | 
Oo); i 
a i 
= an j 
Sia prtere 
erat J 
Pigs 
4A 1=0 , (3.4) 
1 1 041, 4,¥) 
44,2 = —— — 35 
: Der O00, 6).. © (3.5) 


which are linear differential equations for ¥,, 
(RES 

Exact boundary conditions for our problem 
are (2.3) and (2.4), but we cannot satisfy (2.4) 
to Stokes’ approximation as was noted in §1, 
so we must find approximate conditions which 
replace (2.4). We choose the requirement 
that viscous and perfect fluid solutions should 
be smoothly joined with each other on a 
circle v=R (R being large but finite). Since 
the solution for the shear flow of perfect fluid 
around a circular cylinder is already known 
as 


1 qt 1 1 
VY »=(7 —— }sin 8+ — l ay 
3 (7 , si al(4 +Blogr 4 
il 


: | 
— il) 69s eh : 


where § is a circulation constant, we have 
the condition which replaces (2.4) as 


(3.6) 


4 4\ 


il 1 
9 (R + pa)es 261 


Ate 7a 


(3.7) 


Thus we can determine the moment, the 
drag, and the lift coefficients as follows 


(3.10) 


8x(1—R-?) 


Co= Rad +R)log RAR? OND 


oF Their full functional forms were given in [1]. 
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= (3.12) 
48(11—R-?)*[((1+ R-*) log R—(1—R-*)}? 
where N=24(4—17R-?—63R-*—23R-°— R-*)R-*(log R)? 
+4(—21+37R?+298R-*—241R-°+45R-8)(1—R-?) log R 
+(6R?+ 49—293R-?—215R-4—141R-°—6R-8)(1—R-2)? , (3.12a) 


Determination of R: 


So far, we have treated R as an arbitrary constant. 


It is, however, 


shown that the forces depend not only upon the Reynolds number but upon the parameter 
R. So we must seek for some relation between R and Re, but we cannot find it theoretical- 


(i) R=A/Re (A is a constant). 
The drag coefficient (3.11) then becomes 


ly. We can only guess its general tendency that R will increase as Re decreases. There- 
fore, two rather arbitrary, but mathematically simple relations are suggested; 
87{1—(Re)?/A*} on (3.13) 


«= Rel(1+ (Re)'/A2\(log A—logRe)—(1—(Re}*/A)] 


We determined the constant A as 20.13 by the condition that the drag coefficients from 
(3.13) and Oseen’s approximation in the case of no shear [2] should coincide with eath other 


in the limiting case of Re—0*. 


(ii) R=B/V Re (B is another constant) . 
The drag coefficient (3.11) then becomes 


87(1—Re/B?) 


We determined the constant B as 14.92 by 


Re((1+Re/B*)(log B —} log Re)—(1—Re/B?)] (elf) 
2R(1+- ery) AAV =0 , (4.4) 
x 


the condition that the drag coefficients from 
(3.14) and experimental study [3] should coin- 
cide with each other in the case of Re=4. 

The drag, the lift, and the moment coefficients 
thus calculated are shown in Figs. 3-5, and 
compared with the results to Oseen’s approxi- 
mation. 


$4. Fundamental Equations in Oseen’s 
Approximation 


In this and following sections, we shall 
seek for the solution for our problem to 
Oseen’s approximation. 

We can rewrite (2.1) as 

py 
04 1, AY il AAW 


ee Pram og Ce 


(4.1) 


where 

k=Re/4 . (4.2) 
According to Oseen’s approximation, U and 
V in the left-hand side of (4.1) must be re- 
placed by the undisturbed values at infinity, 

1e33 
U.=1+ay , 
Thus, (4.1) becomes 


Va=0: (4.3) 


which is the fundamental equation for our 
problem. It is, however, too difficult to seek 
for exact solution, so we expand ¥ in a power 
series of a: 


P=(y+ di) +a0(ay?+ be) + O(a?) , (4.5) 


assuming that the rate of shear a is suffi- 
ciently small. Introducing (4.5) into (4.4), and 
equating the terms of O(1) and O(a) to zero, 
we have 


Ope aA Ao (4.6) 
Ox 
and 
op ote Adge: —2ky Odd, (4.7) 
Ox Ox 


which are the linear differential equations for 
¢1 and ~. respectively. 


* It is easily seen from (3.11) that the drag 
coefficient is not affected by the presence of shear 
within our order of approximation. 
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§5. First Approximation 


§5.1. Equations of Motion, Boundary 
Conditions 


Equation (4.6) can be replaced by a system 
of differential equations: 


a 
(4- 2k 5 )or=0 ; 


oi=—Ad, 5 (5:2) 
where w; is the first approximation for the 
vorticity w. 

Boundary conditions for the first approxi- 
mation are shown as 

UL= Vo) Ble 7a, 

U,>1 , 
from (2.3) and (2.4). 
It is easily seen that equations (5.1) and 
(5.2) with the boundary conditions (5.3) and 
(5.4) are identical with those in the case of 
no shear for which the solution was already 
obtained [2]. It should be noted that Imai 
recently gave an ingenious method for solving 
Oseen’s equation which enables us to obtain the 
solution for the flow past a simply-connected 
obstacle of general shape [4]. Since in the 
treatment of the second approximation in § 6, 
we shall use his method, we shall here cal- 
culate the first approximation for the sake of 
reference in §6, although it is the same as 
the solution for the case of no shear and has 
already been known. 


(5.1) 


(5:3) 


Vi-0 as roo (5.4) 


§5.2. Integration of (5.1) 
If we put 
C=O YM) ¢ (5.5) 
and introduce it into (5.1), we have the equa- 
tion for Ay(a, y): 
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Further putting 


(x, y=Ri(O,(8) 5 GO) 
we can separate the variables; 
0, +m?O,=0, (5.8) 


Ry) RY G 77, )Ri=0 , (69) 


where m is a constant. 
It is well known that general solutions of 
(5.8) are 


sin m@ and cosm@ ; or em, (5.10) 
where 7 must be an integer as w, must be 
single-valued in the region considered, and 
that general solutions of (5.9) are 

InlR7) and Kinlk7) 5 sl) 
where Imn(kr) and Knikv) are the modified 
Bessel functions. It is shown that only An(k7) 
is appropriate to our purpose considering that 
In(kr) and Km(kr) behave as e*” and e-*” as 
To, 


Thus, we have 


aR 3 Cue®*Ka(keror'® (5.12) 


as the solution of (5.1), where denotes ‘‘ the 
real part of ’’, and Cn is a complex constant. 
It will be shown later (cf. (5.20)) that there 
must be a relation 


RS Cr=0 
m=0 
between C,’s. 


§ 5.3. 
If we define the complex velocity 
2 

W,=U,-iVi= 90s ’ 

Oz 


where z=a+iy, z=2—iy, Eq. (5.2) can be 


Integration of (5.2) 


(5.13) 


(4—k*?)H,=0. (5.6) transformed as 
OW i, 
ate se 
=— : | = Grex hepa > Cre! Kn(kerjenn® | (5.14) 
nm=0 n= . 


Integrating (5.14) with respect to z, we have 


Z 


(5.15) 


= oo c ; d 
W.= Sill Cre Klee + > es a nur es 
4 n=0 n=0 dz 


where fi is an arbitrary function of z alone. As it is easily shown that 


&Ky(hrdereda = — > ob 5: 0K n(ler)+ [eKilerid2 | 
m=0 


(5.16) 
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m=1 


[etXu(erie-*az ~~ ek Ss e morn RT) 4 eRe . GA, 
R 
the first term on the right-hand side of (5.15) is evaluated as 


ype | AaKolbr)+ > (Ans 16%! — Ane-"®\Kalkr)} 4 (Aart Ae) eal ber , (6.18) 
n=1 


where A, are the complex constants defined by 


FS ul ON (5.19) 


m=n 


Since [et*Ko(hra is not single-valued, its coefficient in (5.18) must be zero, i.e., 


7 (Act AJ=RA HERS Ca=0 , (5.20) 


m=0 


which was referred to at the end of § 5.2. 
Thus we have 


Wi= 5014, Kall) +S (Anger? — Ane") Ku( er) + 2 (6.21) 


for the complex velocity. 


§ 5.4. Determination of Coefficients A, 
The coefficients An’s must be determined from the boundary conditions (5.3) and (5.4). 
(5.4) is easily satisfied by putting 
fi(z)-2z+0(1) as Zg-0o, Gy., 
since the first term on the right-hand side of (5.21) becomes vanishingly small as 70, and 
(5.3) gives 
W,=0 at.e2— le Gea) 


Now if we put 
An=R?"-\(dny+B°Gng + oe -) > 
fi=khfiotkfiut::-), (5.24)° 


and expand the exponential and Bessel functions in (5.21) into the power series of k, (5.23) 
gives, after equating the terms of the same power in & to zero, 


eae Ss (5.25) 
1 2 
Li tis >) fu! Giscae 5 AG +n) ; (5.26) 
fala F(a S = ) ju == = (e+ =) he! 
2 z 8 Zz 
ot a 2A + mos sal = 5 Jan ee (ez) 


* In the most general case, the expansion for A, must be of the ne 
An =k" (ini +hn: +h2Ang +++), 
but in our special case of a circular cylinder, it will be clear that the expansion (5.24) is legitimate. 
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pl Leas b\ eels LY 
13 =5(e+ > fe Ber = Fu 2 +o) fa! 


ZW il = = 5 2 1 
+5 | gO bdart saz 22a, Tt — 5g Oat “ ay, ; (5.28) 
where s=log (4k)+7,7 being Euler’s constant (0.57721--:). 
If we write (5.26) as 
pea 1 tae ee 
fi aye >) fw — 5 (ans = “ain =0 , (5.29) 


the terms of each power in z must be zero. Considering the fact that f,,“=1+O(z"1), and 
fro’ = O(z3)(cf. (5.22)) and (5.25), we can determine aj; as 


Q,= 44/(2s—1) > (5.30) 


from the condition that the constant terms in z in (5.29) must be zero. Introducing (5.30) 
into (5.25) we have 


2 i 
a 5.31 
fio 2s—1 20 ( ) 

In the same way, we have, from (5.27) 

. As—l 
Se arts 5.32 
CEs ba ie 

4s+1 1 
ee vee 5.33 
Se a a 
and from (5.28) 
. 3s—l . 4s+3 

=a ae = _ 5.34 
Urea ey he NORE Tey Ce) 
foi 16885 +5 1 idomeiegl (5.38) 


8(2s—1)? z  3(2s—1) 2° 


§ 5.5. Results of §5 
Thus, we have for A; and /fi’(z) 


. 4 4s+3 p 
= i pak? 
Ay in| 25 1 A(2s bp” 4 ( ) ’ 
: 4s—1 , 
Av 32 | OCR), 
: Ua 2(2s—1) ee 


3s—1 
= OCR) , 
12(2s—1)" R') 


A; = tk° 


Ai= O(k*?) (é=4) , (5.36) 


and 


Lat! Z 1 Ag—= i Al ee : 1 = tour) : (5.37) 
fla at etl magcnas ee 2 TIS # 
Introducing (5.36) into (5.12) we have for «1; 


o =e SS CaKn(hr) sin 00 , (5.38) 
n=l 
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where 
or er _k ON Sy toe 
C= tO), 
ovata 
C=008") G4). (5.39) 


Although we can easily determine the drag from these data, its determination will be 
postponed until §7. 


§6. Second Approximation 
§6.1. Equations of Motion, Boundary Conditions 
The fundamental equation for the second approximation is (4.7) which is rewritten as 


0 0 
(4-2 me) os=2hy BO , (6.1) 
The boundary conditions are 
d.+3y?=0 at all : (6.3) 
O(f2+4y?)/Oy=0 
d.—0 as 70, (6.4) 


§ 6.2. Integration of (6.1) 
Using the explicit form (5.38) for w,, the right-hand side of (6.1) can be written as 


2ky Oot eS Ca| — 5 BrK ako) cos (%—2)0+k?7Kn(kr) cos (u—1)0 
—nkKn( kr) cos n0O—k?7Kn( Rr) cos (4+1)0+ 5 R?7rKu+i(kr) cos (4+2)0 
SB04G2A WD) (say). (6.5) 


Then putting 
o2,=e™ Aya, y) ’ (6.6) 
and introducing it into (6.1), we have 


Oo H. il 0 H. 1] oe H. A 
+4 — A ao kebo— OF . (6.7) 
The general solution of the homogeneous equation 


CAEL SISO Relea i 
pa pa . 


Or y Or ss Pr OO 
has already been obtained in §5.2 as 
Ht 2 Drkinlker en? ; (6.9) 


where Drs are real constants in our case (in general they are complex). The particular 
solution of (6.7) can be rather easily obtained, and for the general solution of (6.7) we have 
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by aR 3 Dre*Knl knew —1 pet S c,| 5 be Kalkr) Cera Dp 
n= n= 


— [BPE nahn cos(n—V)o ae ; nrKn-(Rr) cos nO 
+7 k-Kn-(k1) cos (n +1)0 -5 krKn(kn) cos (m-+2)0 ; (6.10) 


where —1 is added to w, considering (6.2) and (6.4) and the fact that a constant is a solution 
of the homogeneous equation derived from (6.1). 


§6.3. Integration of (6.2) 
As in §5.3, we define a complex velocity Ws, as 


OV’, 


W,= U,—iVs=2i-, (6.11) 


Fe 
Then, W. can be obtained as 


ee —* [nae (6.12) 


The integration on the right-hand side of (6.12) can be performed separately. The inte- 
gration of the first term in (6.10) was already made in (5.18) as 


_ ok [ExKolho) + S (Ena yer — Eye”) Kn( kn) | 5 mil et Xilrda + a SHE GT3) 
nel 


where En= 3 D» and fz is an analytic function of z. In the next place, the integration of 
m=n 


—1issimply —z. The integration of the remaining terms of (6.10) is elementary but cumber- 
some, and the results are given in Appendix. 
Thus, we have for W, 


Wi= 5, et | EK(hr)+ 3: (Ens 1e™?—Ene-”’?) Kathir} 5 Bale Kel kerid 
n=1 


an . Zz +4 SOC.F., 0) (6.14) 
n=) 


where 


ig? ’ , 
Py, =" C8? L King 20 O80 — Kn gO 10 #999 — King 20 tt Keng 10 0? 
— Kye -20 + Kn -get-900 + Kn_2et 9 — Kn E89} 


4 LES (64 DK gt HO Eng OMDB sO Me 0M} 
wf is ek® YR nt 2a get C2) Kane O70 (2+ n+ 2) = Kmei™ 


Gre) Kye'"®—2n(na 1) Kennet + inert) |e" Kode (6.15)* 
m=() 
where the summation "SY Kein must be taken as 0 when 2—3<0, i.e., m=1 or 2. 
m=0 


§ 6.4. Fulfilment of the Boundary Conditions 
The boundary conditions (6.3), (6.4) can be written as 


ra The argument kr of K,(kr) is omitted in (6.15) for the sake of simplicity. 
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Cay) W.=0 a gil, (6.16) 
(ii ) W.-y+00) as roo (6.17) 
in terms of W,. It is also clear that 


(iii) W, must be single-valued throughout the field of flow, for the solution to have phys- 


ical meaning. 
In the first place, we consider the condition (iii). On the right-hand side of (6.14), the 


terms which are not single-valued are the terms multiplied by |e Kobra (Note that 


there are such terms also in F,(r, 0).) Equating these terms to zero, we can determine Ey 
as 


By= 5 elle O de: (6.18) 


Secondly, we examine the condition (ii). It is readily shown that the first term is of 
O{(kr)-/?} if we remember [5] that 


tN ds 4 abe AI) A) =a 6.19 
Bae es c E Bkr + 8kr? Ce 


as kr-oo, Since the last term S CrFn(7, 0) has the form re" K,(kr)(m<2), only the exami- 
1 


nation of the region 0~0 becoties important. The terms which correspond to TN ea 
F,(6.15) (excluding the last term which is already cancelled) become as ~O{(1/1)'} as roo, 
From the remaining terms we have 


Ge. 2 
a Z+O(1). (6.20) 


In the next subsection, we shall determine En and f, by the condition ()). 


§6.5. Determination of Coefficients En 


The determination of coefficients E,’s is performed in the same way as in §5.4 but more 
tedious. Here we give only the results neglecting the details for want of space: 


Fo= Cy + k(Cy24+-3Cy1) + O(R!) ’ 
Se ee ee 1 3(16s?—20s+7) _ 4s+5. es, ips j 
ee Cth ’ Cnt 9.1 Cul +004), 


2(2s-+1) 16CseT2 5) oe sao. 
a 2 POSS 4 
Ey= Fel OoEy Cu f +008, 


Ey 


IW Gs222 4511 
Bee oe 6 
4 kd 4 48(2s+1) Cu} +008), 
E,=O(k?*-?) (i>4) , (6.21) 
and 
foes pet is Sel il 1 3 = i 
fo ee ge abn oo cas oe Cu} 2 
+{—pe+ ( 1 _—(64s*—80s?+40s—15 ore _8s+1_ Lisa iy 
bre 4(2s+1) 32(2s-++1)2 22841)" "jig kes je 
_(1_, 6s?+4s—1 es) 
Gro ae at from, (6.22) 


where s=log(3k)+7,7 being Euler’s constant, and Cym is the coefficient of her)" TA the 
expansion of C,(5.39) in powers of Ry, Lex 
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4 16s?—16s—1 
CQ,=—— CQ,.= —-—— 
7 Os 1 ‘i 4(2s—1)2’ 
4s—1 3s—1 
C33= —— C31= — a 
eee BGs= 1)" Ce 
§7. Hydrodynamic Forces 
§ 7.1. Oseen’s Equations in Polar Coordinates 
Oseen’s equations in rectangular coordinates (2, y); 
0U op 1 
1 ee ee A 
(1+ ay) Dx ae a (7.1) 
OV. Oop, tl 
14 —— = —~ AV : 


where # is the pressure, can be transformed as 


: - , Ou sin@? Ou . sind Opa u 2°00 
ee 0 [Se cee Be in I ij) 
(l+arsin \(cos Or ym tag ate oF, ) aa aa 4 La ae ae 5 (7.3) 
: Ov sin@ Ov sin@é i oye Il v 2 0u 
1 6 pate sR Seed — S10 Yd Dues. ao (ve nag 
ers \(cos Or r 00 r w) r 06 ' ral rp a 


(7.4) 


in polar coordintes (7, 0), where 4, is the operator defined by (3.2), and (a, v) are the 7-, and 
6-components of velocity. 
Since w=v=0 on the surface (v=1), (7.4) can be written on the surface: 


Op ,» 1/070 Ov : Ov 
ee 8)cos 6-2 =1, 5 
a0 me A =) (1+ asin @)cos ay ze =I (eS) 
Integrating it we have for the pressure over the surface: 
°T 1/0» Ov : Ov 
a i ee (ec tet md es (sad do , 7.6 
p—Po ical aw (1 +a@sin @) cos en al (7.6) 


where fy» is the pressure at the point (1, 9). 


§ 7.2. Expression for the Velocity near the Surface 


If we introduce (5.36) and (5.37) into (5.21), and expand it in powers of k considering the 
smallness of kr near the surface 7=1, we have 


Peat a ey eee ys?) 
TST Tos anes raree ne 
4s—1 it T1OS 7 ) to 1 |r 4s—] + | 5 
a seis) em es 0 te ee Ge ee +O(k?) , 
+H | Brea 3) D521 he * 4@Qs—1) r 7 ( 


(7.7) 


which is zero at r=1 as should be expected from the boundary conditions. Since (7.7) has 
a form 
Wi=d grr er? , 


we have by separating real and imaginary parts, 
ea On) COS M0, Vi=—Dgn(7”) sin 76 . 


Thus we have for 7 
V1:= —D'9n(7) sin (2+1)6 , 
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bees Zilos re on Mies rlog r SB sia el Isin 20--O(8?) 
n=| Tw Cae aera yafsin d+ hf 251 le eyes 
(7.8) 
Differentiating (7.8) with respect to 7, and putting v=1, we have 
Oty) enh ee (7.9) 
OF = pees 25— 
Oey F508, Reeary iy el 25s leona (7.10) 
O72 Wea 2s—1 2s—1 


Similarly we have for W, near the surface 


3 3 1 ) { 3 
1 Ts Bees ee em es 210 == rlogr 
ae a fe Tet iat hapa tied ae 


_8s?—5 (- +7 Jer 
4(4s°—1)\" or 


4(s—1) 1as—85-1/7 i | aged {3r + B= 8_ 2d —D) 504 008), 
+4 Ags Se 8 Ne aaa > 4(4s?—1) r r 
(7.11) 
which is also zero at the surface as should be so. From (7.11) we have for v., 
1 6 3 ign ase) | Se eee 7) 
ae ei 08 7 rem ya) feos oF ghey. 08 Lage Waray r 
+ yr bert atc va) feos 20-+01R) . (7.12) 
Differentiating (7.12) with respect to r, and putting r=1, we have 
Ov, Lee 6s—5  8s?—1 
= = : ers ——— 20 O(R) , “(hl3 
Sele k gage 8+] er, ee } #) Hist 
OV» 16 = 24 3(2s—1) 3(8s?—3) | 
Pees =e r : ———— 20 |+O(R) . Gd 
Be iM paige a+] Isto Ak CA ee ee 


§7.3. Drag, Lift, and Moment 


Introducing (7.9), (7.10), (7.13), (7.14) into (7.6), and performing the integration, we have 
a formula for the pressure distribution over the surface; 


Ik As+1 


r-1—Po=-|- —— cos 0+ ST * cos 264 
Pr=-1—Po h ds—1 oS oes cos 20+O(R) 
ale Gag: ‘eae 841 |. 
oF 0 4-—_4 — t - at ; 
a ete ee Oe os Sas a 1 +00) |+-0(e#) (7.15) 


Since there is a term which is proportional 
to @ in the second term of O(a), (7.15) is not 
single-valued which contradicts the physical 
explanation*. However, if we retain only the 
first term in O(a), (7.15) will be single-valued. 
In the calculation of the hydrodynamical 
forces, we shall retain two terms for O(a’), 
and one for O(a). 

When there is shear in the undisturbed 
flow, we have another difficulty that the 
pressure on the surface becomes infinite if 
we take the pressure at infinity p. as the 


standard of the pressure. So we take the pres- 
sure at a point (y=1,9=0) as the standard. Fol- 
lowing these assumptions, we have calculated 
the pressure distribution over the surface for 
the cases of Re=1 (k=0.25), and a=0, 0.1. 
The pressure distributions thus calculated are 


* Jn regard to this difficulty, the author cannot 
give adequate explanation. It may be that this 
difficulty originates from the fact that we cannot 
give finite value for the pressure at infinity (7-0) 
for the whole value of 6(2n=>0>0), it being the 
very reason that we cannot construct a viscous 
shear flow extending over the entire region, 


1956) 


(upper) 
c=0.1 


Fig. 2. Pressure distribution over the surface of 
circular cylinder, Re=1, «=0, 0.1. 


given in Fig. 2, where C, is the coefficient 
of pressure defined as 
_ b—Po 
x0U," ’ 
where U,) is the undisturbed velocity at 
infinity on the z-axis. 
The drag, the lift and the moment are 
given respectively as follows: 


(7.16) 


Db 


a \e {[Prelror COS O—[ Porjrni Sin 9}d6 , 
0 


(7.17) 
z=\" {[Drr]r=1 sin 0+[ Por|r—1 COS 0}d6 , 
0 
(7.18) 
ed (7.19) 
0 
where 
[Pre] = —[D]r=1 ’ 
oa Lal 
[ Der]r-1= PN Or i 
Thus, introducing (7.15), (7.9), (7.13) into 
(7.17), (7.18), we have 
4x 
O(ak-!)+ O(a?) 
Cy — eee aoe salieg (ak-1)+ Ce 
(7.20) 
= us )4-Ola?). (7.21 
Crm Os 5 =H +O(ak)+O(a?). ( ) 


As far as our approximation is concerned, 
the drag is given from the first approximation 
and is not affected by the presence of shear, 
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\ Re 


0.1 | 10 
Fig. 3. Drag coefficient: 
tion (i), Ss», Stokes’ 
Oseen’s approximation. 


S1, Stokes’ approxima- 
approximation (ii), Os, 


0.1 | 10 
Fig. 4. Lift coefficient; S;, Stokes’ approxima- 
tion (i), S», Stokes’ approximation (ii), Os, 


Oseen’s approximation. 


the fact coinciding with the results of Stokes’ 
approximation. On the other hand, the lift 
is given only from the second approximation, 
and its direction coincides with that for the 
inviscid shear flow. The moment cannot be 
given in terms of our approximation since it 
is of the order-@k-'. é 

The drag and the lift coefficients thus 
calculated are given in Figs. 3-4 where the 
results to Stokes’ approximation are also 
given. It will be seen that the results of 
Oseen’s approximation and one of Stokes’ 
approximation (§3. (i)) coincide with each 
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Cu fo 


es a eres Ee — 


0.1 \ 10 


Fig. 5. Moment coefficient ; S, Stokes’ 
approximation (i), (ii). 


other fairly well. 


§8. Summary 
The shear flow of a viscous fluid around a 


circular cylinder has been studied to Oseen’s 
approximation and has been compared with 


—+\ ShCuPK (hero cos (%—2) Odz 


bo 
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the results of Stokes’ approximation [1]. The 
formulae for the drag and the lift have been 
obtained neglecting the terms of orders O(Re), 
O(aRe-'), O(a”), and it has been shown that 
the drag is not affected by the presence of 
the shear and the direction of the lift is the 
same as that for the inviscid shear flow 
within the order of our approximation. 
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Appendix 


The integration of the last term of (6.10) 
can be performed separately, by using the 


formula for the modified Bessel function: 
K1(2)—Kvn@)=-2 K@) (A.1) 


and the results of §5.3(5.16), (5.17), as fol- 
lows: 


. 3 
2 al Lae | Kiene ve 3 Kol krnern'e} etal tr) da 


2 
fle Fe 3: Ke erermo 22\ eK, (kn) dz Je 


=i ae 2atet = Kolderieme—aihl ot Ky (enndz|C, 


16 


+5eKy (kr) —— y \eeKoleridz —22l et Kalen lc, 


(m=1), 


(n=2), 


5 3 
al A pee | > Knlhrjenm'? + Ki (herent | -2tal em aera 


(2=3) , 


° n n—-5 
ae oc groke 12 Di Kn(kr)e-™? = Kou(erjene| —2h| et K(hr)dz 


4(n—1)(n—2) 
k? 
4(n—2) 
k 


ae ek os KG r(Rrjem?o — 


+- 


2(n—1)(n—2) 


= 2) pie = Kn(knen®—2(n— 2a( ot K( kr) di |o 


{er rcera 


(n>4); (A.2) 
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a5 [af ROK cos (n—1)6dz 


I 


= | ate i. DS, Knllerie-mel + bel e Ko (kr) aa | C (n=1) , 


m= 


I 


ah zee! 3 & Knlkerjem+ K(krje-} + kato Kehr 

422 [erauen da— je" Kalkr) +4 Velde |c, (n=2), 
=! | zee| 3: Kn(hr)e-m— = Koltrdem} + hate Kerdz 

se Oa NE ge Sela gece a. 


at 1) ek yt K; (Rknjemet — Ae z ek Ki(kr)dz | (n=3); (A.3) 


-3\3 nCnre’™ Kn- (kr) cos nbdz 
is laa Peon (ees io 
Pele eke | = Kmn(knen® — © Knllrdern —nz [evr(eria2 


aS LU oe e Kn(lereme+ = i \enKolbryd | (A.4) 


=\4 g Bone Kna(hy) cos (n+ 1)bdz 


‘ +3 
=i [ eer {3 S Knlkeriente— 'S! Ku(hrde-m'e| — het ony krd2 


sie o's Koalbre-m'e42alar+ 1) e Keri 


— Ak Vora" Kea (kererm— me Ml eer eryde |e; ee) 


= le —hCyre K(k) cos (n fr 2)0dz 


m=0 


-i[ae{-3 Kulhen® 3! Koller 9} + he!| ot Ka ler) dz 


m=a=1 


Ep fore) 20'S Khoo —2 (n+ 2)a| eh Ko(kr)da 


A Ant rt, ok cs Kn(kre-m0 4 22+ Te \eeKotbrid2 [cs (A.6) 


where the notation % indicates the summation from m=a to b when a<8, while it is zero 
m=a 


when a>d. 
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Reflection of Shock Waves-1 Pseudo-Stationary Case 


By Ryuma KAWAMURA and Haruo SAITO 
Institute of Science and Technology, University of Tokyo 
(Received February 7, 1956) 


Results of theoretical and experimental investigations on shock reflec- 
tion at a fixed wall are reported in this paper. In the region of regular 
reflection, agreement of theory and experiment is found to be good except 
for the fact that experimental points extend a litter bit beyond the 
theoretical limit. A theoretical investigation of the flow characteristics 
is made on Mach reflection cases with the conclusion that a singularity 
would appear at the triple point, and hence, the reflected shock angle 
would not coincide with the theoretical one when the flow is subsonic 
behind the reflected shock. This theoretical prediction is fully confirmed 
by the results of shock angle measurement in schlieren pictures obtained 
by the experiment. In case of a strong incident shock, angle of the 
reflected shock decreases discontinuously at the transition from regular to 
Mach reflection as expected from the theory. In case of a weak incident 
shock, on the other hand, its change is continuous against the ordinary 
three-shock theory. It is found in the experiment that the boundary 
between these two cases takes place approximately at =0.42, where é 


is the pressure ratio across the incident shock. This is in good agree-| 


ment with the theoretically predicted value, §=0.433, above which the 
Mach reflection with a singularity at the triple point would appear. It 
corresponds to the condition of the stationary Mach reflection. Compa- 
risons of theory and experiment are also made in this paper on the 
condition at which the flow behind the incident shock is just sonic 
relative to the triple point and on the angle of the Mach stem. Throughout 


the present study experiment was made by use of a shock tube. 


Introduction 


Sue 


It is well known that there exist two types 
of reflection of shock waves at a fixed 
boundary. The one is called the regular 
reflection and the other the Mach reflection. 
Wave patterns in the two cases are shown 
schematically in Figs. 1 (a) to (d). 

Let us first consider the case where an 
incident shock moves forward in still air 
and strikes a wedge at zero angle of attack 
(Fig. 1 (c) and “(d)). SIE? the wedge angle is 
sufficiently large, a regular reflection takes 
place at the wedge surface. In case of a 
small wedge angle, on the contrary, the 
reflection point detaches the wedge surface 
and another shock, called the Mach stem, is 
issued from the reflection point to the wedge 
surface. This is the Mach reflection. Hence, 
two shocks intersect at the reflection point in 
the former type of reflection, while three in 
the latter. The similar wave patterns appear 
at the exit of a supersonic jet when the 
ambient pressure is higher than that of the jet. 
The transition from two- to three-shock 


configuration takes place when the ambient 
pressure is increased up beyond a certain 
limit. 

Theory of two- and three-shock interactions 
at one point has already been exploited by 
Taub», Bleakney»» and other investigators. 


(¢) (d) 
Fig. 1. (a)(b) stationary 
(c)(d) non-stationary. 
There is no significant difficulty in the 
development of the theory as far as the 
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treatment is limited to the local problem 
around the reflection point since it is simply 
an application of the shock wave theory. 
Moreover, the theory can be applied in all 
the sawe way to the stationary case as well 
as to the pseudo-stationary one _ provided 
definition of velocity is changed in a proper 
way according to the cases. 

In applying the two-shock theory to the 
above shock-wedge interaction problem, one 
finds that solution does not exist for wedge 
angles larger than a certain critical value 
which varies according to the incident shock 
strength. The same thing can also be said 
in the stationary case such as the above 
supersonic jet. Even beyond this critical 
state, possible solutions can be obtained in 
the three-shock theory. Hence, it is a reaso- 
nable expectation that transition from the 
regular to the Mach reflection would take 
place at the above mentioned critical state. 
The experimental verification of this 
theoretical prediction was first given by the 
senior author® for the stationary case. Later 
in 1949, detailed experiment of shock reflection 
was made by Bleakney and others at Prin- 
ceton University»: by use of a shock tube 
and the theory was found to be correct even 
in the pseudo-stationary case as far as the 
transition was concerned 

The experimenal results obtained by the 
Princeton group show good agreement with 
the theory in case of regular reflection, while 
in Mach reflection, substantial disagreement 
between theory and experiment was found to 
appear when strength of the incident shock 
was weak. In analysing their results, it seems 
that the inconsistency first appears at a shock 
strength somewhere between 0.4 and 0.5 in 
terms of the pressure ratio across the incident 
shock. Bleakney and Taub” attributed the 
discrepancy to the existence of a singularity 
such as an infinite curvature of the reflected 
shock at the intersection point which could not 
be found from the ordinary schlieren pictures. 

The present study has been started with 
the primary intention of getting a deeper 
understanding of the phenomena mentioned 
above and also of accumulating more experi- 
mental data on shock reflection on which no 
reliable ones other than those obtained at 
Princeton have been available. Experiments of 
the stationary and the pseudo-stationary cases 
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have been carried on in parallel by use of 
supersonic jets and a shock tube, respectively, 
in which only the latter is reported in this 
paper. The results of the stationary case and 
comparison of the two cases will be reported 
later in another paper. 


§2. Analysis of the Existing Data and 
Theoretical Investigation 


In order to get a rough idea about shock 
reflection problem, it is of convenience, es- 
pecially in the steady case, to make use of 
shock-polar diagram in a p-@ plane, where p 
is the pressure and @ the flow angle. Fig. 1 
(a) shows a typical shock configuration of a 
regular reflection in the stationary case. The 
incoming supersonic flow along the wall is 
deflected down by the incident shock, OJ, and 
again deflected up by the reflected shock, OR, 
so that flow behind the shock OR is parallel to 
the wall surface. The pressure is increased 
at each time when the flow passes through a 
shock. The shock polar diagram in the hodo- 
graph plane is popular in gas-dynamics. In 


8 


[miveje. Hg 


this case, however, it is of more value to 
express the shock polar in the p—@ plane as 
is shown in Fig. 2. Here, the abscissa is the 
pressure divided by the stagnation pressure 
in the region ahead of the incident shock and 
the ordinate is the flow angle 6 measured from 
the initial direction. The curve ABCDA is 
a shock polar corresponding to the Mach num- 
ber of the flow in front of the incident shock. 
If once we are given any one of the charac- 
teristic quantities of the incident shock such 
as its strength or its inclination, we can fix a 
point, say Z in Fig. 2, on the shock polar 
which represents p and @ in the region behind 
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the incident shock. Now, in case the point J 
lies on the supersonic part of the shock polar, 
we can draw the second shock polar JEFGI 
starting from the point 7. The state of flow 
behind the reflected shock, OR in Fig. 1, has 
to correspond to any one point on the curve. 
The determination of the correct position of 
the point is easily made by applying the 
hydrodynamical condition that the flow has to 
be parallel to the wall surface. It means 
that the point must lie on the p-axis where 
6=0. In the ordinary case, there are two 
intersection points of the second shock polar 
with the p-axis. These are shown by the 
marks R and R’ in Fig. 2. Though both of 
them are the correct solutions to the problem, 
the point, R’, corresponding to a higher 
pressure is usually discarded by analogy to 
the acoustic theory. 


lo 


Now, let us examine what would happen 
if the strength of the incident shock is 
increased while the Mach number of the 
incoming flow is unaltered. The more the 
point Z gets away from the point A in Fig. 
2, the smaller becomes the second shock 
polar and finally it shrinks to a point when 
I reaches the sonic point of the first shock 
polar. Hence, it is clear that the intersection 
points R and R’ disappear beyond a certain 
critical state. This critical condition would 
correspond to the limitation of existence of 
regular reflection. Even in case of the non- 
stationary case the same thing can be said 
provided velocities are measured relatively to 
the reflection point. The critical point can be 
computed algebraically by applying the shock 
relations to the incident and the reflected 
shocks. 

Experimental evidence of the theory con- 
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cerning the critical condition of regular reflec- 
tion was given by the senior author®) in steady 
case and also by Bleakney and Taub” in 
pseudo-stationary case. In examining these 
experimetal data, one finds that the above 
theoretical prediction is clearly verified by the 
experiments within the experimental accuracy. 
A slight doubt seems to remain yet on whether 
the transition takes place either at the maxi- 
mum deflection point of the second shock polar 
as the above theory predicts or at the sonic 
point. When the flow behind the reflected 
shock is subsonic, the flow behavior at the re- 
flected point may be affected by downstream 
condition. Therefore, the state where the 
sonic point on the second shok polar falls on 
the axis of 6=0 may be a possible critical 
one. However, since the sonic point and 
maximum deflection point are quite close to 
each other on a shock polar, it is almost 
impossible to make discrimination between 
them by experiment and the difference does 
not seem to be of significance in the problem. 

Fig. 3 shows a schematic diagram of shock 
polars in case the incident shock is strong 
enough to cause a Mach reflection. In the 
physical plane, the flow behind the triple 
point is divided into two parts by the 
slip-stream. The one passes through both 
of the incident and the reflected shocks and 
the other only the Mach stem. Therefore, 
the former has to correspond to one point on 
the second shock polar and the latter to that 
first one. The two flows have a common 
stream-line, the slip-stream, behind the triple 
point, and because of the hydrodynamical 
condition, their pressures as well as flow 
directions have to be identical to eacho ther. 
It means that the flows behind the triple point 
are represented by the intersection point of 
the first shock polar with the second one in 
the £-9 plane. The points are marked by M 
and M’ in Fig. 3. The number of the 
intersection point is either zero, one, two or 
three according to the cases. In case more 
than two intersection points exist, the one 
on the branch JEF of the second shock polar 
is thought from physical consideratons to give 
the correct solution to the problem. Since 
the Mach stem, OM in Fig. 1(b), must be 
normal to the wall at its root M, the flow 
just behind OM is represented by the segment 
MC on the first shock polar in Fig. 3. 
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The same kind of treatment can be done 
in the pseudo-stationary case, though in this 
case, it is more convenient to take the 
strength of the incident shock as a parameter 
instead of the Mach number in the stationary 
case. 

Now, Figs. 4 (a) and (b) show two typical 
examples of the shock polar diagram at the 
transition from the regular to Mach reflection. 
In these figures, the points R and M represent 
the flow behind the reflection point in the 
regular and the Mach reflections, respectively 
and the point C corresponds to the root of 
the Mach stem. The essential difference 
between these two diagrams is that the 
position of Mis on the weak shock part of the 
second shock polar in Fig. 4 (a), while it 
is on the strong shock part in Fig. 4 (b). 
Neglecting the narrow subsonic part between 
the sonic point and the maximum deflection 
point, these shock polar diagrams show the 
fact that, at the initiation of Mach reflection, 
the flow behind shock is either supersonic in 
the case shown in Fig. 4 (a) or subsonic in 
Fig. 4 (b). At a certain condition, where 
the so-called “stationary Mach reflection” 
appears in the physical plane, in which the 
Mach stem is a straight line normal to the 
wall, the triangular region CMR in Fig. 4 
degenerates into one point. The condition of 
the stationary Mach reflection is computed 
from the shock reflection theory and _ is 
given as follows: The Mach number of the 
flow in front of the incident shock is 3.203, 
the pressure ratio across the incident shock 


is 0.433, and hence, the angle of the 
incident shock measured from the wall surface 
is 41.5 deg. 


The first type of transition shown in Fig. 
4 (a) always takes place when the incoming 
Mach number is higher than the above 
mentioned critical value in case of shock 
reflection in a supersonic flow and also 
when the shock strength is higher than the 
above in case of reflection of a moving 
shock in still air. In other cases the type 
of transition is as shown in Fig. 4 (b). These 
two types of transition would be clearly 
discriminated by measuring the change of 
angle of the reflected shock at the transition 
if they do occur as the theory shows: in 
the first type of reflection, the angle between 
the reflected shock and the wall would 
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decrease discontinuously at the transition, 
while in the second, it would show a sudden 
rise. 

Here, let us make examination of the 
existing experimental data in order to check 
whether or not experiment agrees with 
theory on this point. Fig. 5 is the reproduc- 
tion of the one given in the paper by 
Bleakney and Taub” on shock reflection. 
Their experiment was made by use of a 
shock tube. The special feature seen in this 
figure is the fact that experimental results do 
not show substantial deviation from the 
theoretical curves in case of £=0.2, while 
they do in case of £=0.8, where € is the 
pressure ratio across the shock. The transition 
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from the regular to the Mach reflection seems 
to occur almost continuously in case of the 
weaker incident shock in spite of the theory 
indicating an appreciable jump of the angle 
of the reflected shock at the transition point. 
More detailed data of the same experiment 
can be obtained in the paper by Smith”, in 
which one finds that theory and experiment 
agree well with each other for & smaller 
than 0.4, while qualitative disagreement 
always appers for € larger than 0.5. Hence, 
there arises a doubt if the inconsistency 
between theory and experiment might occur 
in Mach reflections of the type shown in 
Fig. 4 (b). 

Let us now make considerations about the 
flow behavior behind the triple point near 
transition. In case the flow is supersonic 
behind the reflected shock, it is determined 
totally by the local conditions without being 


Fig. “6: 


influenced by downstream disturbances. In 
such a flow a possible singularity of the flow 
at the triple point, if it does exist, should be 
the one called the Prandtl-Meyer flow which 
gives an angular variation of flow parameters 
around a point. However, it was already 
demonstrated theoretically that the Prandtl- 
Meyer flow cannot exist in any angular 
regions around the triple point in both of the 
stationary and the pseudo-stationary cases”. 
Moreover, the senior author® has shown 
that the curvatures of the reflected shock and 
the Mach stem have to vanish at the triple 
point in case of a supersonic flow behind 
the reflected shock. In another word, the 
flow behind the triple point is locally uniform. 
Under these circumstances, it is reasonable 
to expect that agreement of experiment with 
theory would be realized. 

Now, what would happen when the flow be- 
hind the reflected shock is subsonic as is shown 
in Fig. 4 (b)? Fig. 6 is a shock polar diagram 
showing the state just after the transition. The 


R. KAWAMURA and H. SAITO 


(Vol. 11, 


segments CM and MR” correspond to the 
Mach stem and the reflected shock, respec- 
tively. The lines issuing from CM and MR” 
are stream-lines behind the shocks. The dotted 
line corresponds to the slip-stream. As we can 
see in this figure, stream lines are dense near 
R’’, the maximum deflection point of the second 
shock polar, and they are rare in the triangular 
region CMR”. The substantially same thing 
can be said in the corresponding diagram on 
the hodograph plane. In 1949, Busemann intui- 
tively pointed out that, in case of a subsonic 
flow, a region on the hodograph plane where 
stream-lines are crowded corresponds to a near- 
ly uniform flow field in the physical plane, 
while that where stream-lines are rare in the 
hodograph to a narrow field of rapidly chang- 
ing flow. In applying the theorem to the 
present case it can be said that the triangular 
region CMR” on the p~-0 plane in Fig. 6 
would shrink to a very narrow field in the 
physical plane. Hence, region CMR’ would 
degenerate to one singular point in the actual 
flow field just after the transition and the 
quantities at the triple point measured in the 
experiment would be those corresponding to 
the point R’’, not to the point M, in Fig. 6. If 
it is the case, a seemingly continuous transition 
would take place in case the flow behind the 
reflected shock is subsonic. The singularity 
mentioned above is quite similar to the one 
which appears at the detachment of a bow 
wave from a wedge tip. 

The above statement is correct only when 
the flow field in question is subsonic. Accord- 
ingly, the boundary of the two cases, in one 
side of which experiment would agree with 
theory and in another would not because of 
the appearance of a singularity, would be 
determined by the condition where the intersec- 
tion of the line 6=0 with the second shock 
polar coincides with its sonic point in the p-O6 
plane. However, since the sonic point and 
the maximum deflection point are quite close 
to each other as stated before, it seems 
almost impossible to make clear distinction 
between them by experiment. 

The conclusion of the above discussion con- 
cerning the transition from the regular to the 
Mach reflection is as follows: there would exist 
two types of the transition. The one would 
occur when the flow behind the reflected shock 
is supersonic. In this case the angle of the 
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reflected shock would decrease discontinuously 
at the transition. The other one would take 
place when the flow behind the reflected shock 
is subsonic. In this case, a_ singularity 
would appear at the triple point and a seem- 
ingly continuous change at least of the reflect- 
ed shock angle would occur at the transition. 
The critical point between the two cases would 
be near the stationary Mach reflection condi- 
tion. 


§3. Experiment 


An experiment on shock reflection was made 
by use of a shock tube in order primarily to 
check the above theoretical investigation. 

The 5x15cm. shock tube at I.S.T. was 
used througout the present experiment. The 
details of the tube itself as well as the 
measuring equipments such as the spark unit 
and the shock velocity measuring counter are 
described in Ref. (7). 

A wedge of 10 deg. vertex angle is set in- 
side the testing chamber as shown in Fig. 7. 
The angle, of attack is changed by means of 
the screw from out side of the shock tube. 
Series of tests were made by changing the 
wedge angle at each run with the strength 
of the incident shock being kept constant. 
Pictures such as shown in Plate 1 were taken 
by the instantaneous schlieren method on 
standard size movie films. The strength of 
the incident shock was computed from the 
shock velocity measured by the electronic 
time counter in the upstream part of the 
testingh chamber at each run. The relation 
between the incident shock strength, & (pres- 
sure ratio of the gas in front of and behind 
the incident shock), and Mach number of the 
incident shock M, (the shock velocity divided 
by the velocity of sound in the stagnant field 
ahead of it), is given in the following form: 


ak 
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where 7 is the ratio of the specific heats of 
air and is assumed to be 1.40 in this paper. 
In one-dimensional shock-tube theory, & is 
connected to the initial pressure ratio, Po/Pi, 
of the expansion and the compression cham- 
Neglecting viscosity and heat conduc- 
the following relation is 


bers. 
tivity of air, 
obtained. 
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Hence, from the above two equations, relation of 
M to P,/P, is easily computed. The theretical 
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result is shown in Fig. 8 by a solid line. 
Experimental results are also shown in the 
same figure. They show a systematic deviation 
from the calculated curve which is thought to 
be caused by viscosity and heat conductivity. 
Anyhow, we could almost regulate the shock 
strength by setting the initial pressures in 
the two chambers accurately at the pre- 
determined values. 

In the experiment € was changed from 0.3 
to 0.9 at an interval of 0.1. A series of 
tests was added at €=0.35. Angles of shocks 
were measured by the following way: the 
developed film was projected on a_ white 
paper and the shock fronts and wall surface 
were traced near the reflection point. These 
traced curves were approximated by 5-th order 
polynomials and the slopes at the triple points 
were computed by differentiation. 

At the initiation of the transition from the 
regular to the Mach reflection, the length of 
the Mach stem is very short. Therefore, the 
occurrance of the transition cannot accurately 
be made distinct by the Mach stem. In case 
of a strong incident shock, the existence of 
the slip-stream behind the reflection point is 
a nice measure of making sure of the occu- 
rrance of the transition. In such cases, the 
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slip-stream is seen clearly almost on the wall 
surface before the Mach stem is distinguished. 
In case of a weak incident shock, the slip- 
stream is faint on the schlieren picture and 
the determination of the transition becomes 
less accurate. 


$4. Experimental Resulats and Comparison 


with the Theory 


Examples of mesured shock angles are shown 
in Fig. 6 for cases of €=0.8 and 0.3. The 
definition of angles, w and a’ is illustrated in 
Fig. 5. Theoretical curves of the regular and 
Mach reflections for the two cases are also 
given in solid lines. The boundary of the 
two types of reflection, or the critical value 
of w at the transition, determined by obser- 
vation of the schlieren pictures is marked by 
dotted lines. 

In examining the figure one finds that ex- 
perimental points agree farely well with the 
theory as far as the reflection remains 
regular. Even in this case, experimental 
points extend a little bit beyond the theoreti- 
cal limit. The reason of the discrepancy is 
not clear for the time being. Very gradual 
growth of the Mach stem after the transition 
might make it impossible to make clear deter- 
mination of the boundary by the picture 
observation method. This was already 
pointed out by White®). Since not only these 
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two examples but also other experimental 
data show the same tendency, we can con- 
clude that there is no essential deviations 
of the experimental results from the theoreti- 
cal ones in the regular reflection. 

Now, let us turn to the case of Mach reflec- 
tion. The greatest difference between the case 
of €=0.8 and 0.3 seen in Fig. 9 appears at the 
transition. In the former, w’ changes almost 
continuously as w increses through the transi- 
tion point, while in the latter, it decreases 
discontinuosly. Moreover, deviation of the ex- 
perimental results from the calculated ones 
are enormous in the weak shock case (&=0.8). 
When the incident shock is strong as is the 
case of £=0.3 in Fig. 9, such a substantial 
disagreement does not.exist between theory 
and experiment. These results seem to give 
an experimental evidence of the validity of 
the theoretical discussion mentioned in § 2. 

Fig. 10 shows the rate of growth of the 
Mach stem as w is increased. The ordinate is 
the ratio of the distance from the triple point 
to the wall (roughly the same as the length 
of the Mach stem) to the length from the 
wedge tip to the triple point. The points 
surrounded by a circle on the w-axis are the 
transition points calculated by the theory. 
Though only two curves for €=0.4 and 0.6 
are given in Fig 10, it is a general tendency 
that the curves obtained by the experiment 
seem to be tangent to the w-axis. It shows a 
very gradual growth of the Mach stem at 
the initiation of the Mach reflection. Because 
of this character of the Mach stem, accurate 
determination of occurrance of the transition 
by observation of the schlieren pictures is 
quite a difficult problem as mentioned beofore. 

In case of a strong incident shock, the angle 
of the reflected shock, w’, takes two different 
values for one w-value at the transition as is 
seen in Fig. 9. The one corresponds to the 
regular reflection and the other to the Mach 
reflection. The former is always greater than 
the latter. We use the notation 4m’ to ex- 
press difference of these two angles. 

Fig. 11 shows the relation between Aw’ and 
& obtained by the experiment. As mentioned 
before, the discontinuity never appeared for 
& greater than 0.5. Three points in Fig. 11 
which give finite values of 4’ make it pos- 
sible to draw approximte curve showing the 
variation of 4w’ with &. It is shown by a dotted 
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line in Fig. 11. The curve intersects with the 
&-axis approximately at &=0.42. Discontinu- 
ous change of the reflected shock angle at the 
transition would not take place for € greater 
than this critical value. It coincides very well 
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with the one corresponding to the stationary 
Mach reflection case (&=0.433) already 
mentioned in §2. Hence, it may be said that 
full experimental evidences are given to the 
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theoretical prediction stated in § 2 concerning 
the Mach reflection. 

At the final stage of Mach reflction (large 
w) it happens that passage of the triple point 
does not change as the angle of attack of the 
wedge is decreased, and thus, both of w and 
w’ remain unaltered. This corresponds to the 
state where the Mach number of the flow 
behind the incident shock measured relative 
to the triple point is just unity. This Mach 
number, M,, is easily calculated from the 
strength and the angle of the incident shock 
obtained in the experiment. The M, values 
thus computed for the terminal points of 
o—w’ curves are shown in Table I. These 
values deviates slightly from unity. The 
deviation shows the accuracy of the’ present 
experiment. 

Fig. 12 also shows comparison of theory 
and experiment on the angle of the Mach stem 
at the triple point. Since we can measure 
the Mach number of the flow in front of the 
incident shock relative to the triple point and 
also the direction of the slipstream there, we 
can compute the theoretical shock angle by 
applying the simple shock theory to the Mach 
stem. On the other hand, the angle can be 
measured in the schlieren pictures. These 
theoretical and experimetal shock angles are 
compared in Fig. 12. In case complete consis- 
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tency exists between them, the experimential 
points must lie on a line of 45 deg. with the 
axes shown by a solid line in the figure. The 
agreement of the experiment with the theory 
is mostly good for & equal to 0.3 and 0.6. 
Greater deviation is seen in case €=0.8 than 
the other two cases, which is mainly caused by 
inaccuracy of the angle measurement due to 
the faintness of the slip-stream in the schleren 
pictures. It must be noted, however, that such 
an agreement between theory and experiment 
does not necessarily mean non-existence of 
singularity at the triple point. A singularity 
such as an infinite curvature of the shock 
could not be found by these angle measure- 
ments if it does exist. 


§5. Summary 


Theoretical and experimental investigation 
has been made on shock reflection at a fixed 
wall. Theoretical analysis of shock polar 
diagrams on pressure-flow-direction plane has 
led us to a conclusion that the type of Mach 
reflection of weak incident shock would 
differ qualitatively from that of strong ones. 
The prediction has been fully confirmed by 
shock angle measurement in schlieren pictures 
obtained in shock tube experiment. Com- 
parisons of theory and experiment also has 
been made concerning the terminal point of 
the Mach reflection and slope of the Mach 
stem. 

In the end the authors’ thanks are due to 
Prof. H. Oguchi for his stimulating discus- 
sions on the subject and also to Mr. K. Wa- 
tanabe for his faithful assistance throughout 
the present study. Mrs. I. Noguchi helped 
the authors in preparing the manuscript. 
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In order to make clear the non-sag nature of tungsten lamp filament 
its recrystallization behaviour was studied by means of microscopic 
scrutiny and X-ray diffraction. 

Filament having sag nature begins the recrystallization in a preferred 
orientation related to initial fibre direction at temperature about 1000°C. 
This orientation is destroyed at about 1300°C, leading to an ordinary non- 
preferential polygon structure. 

The subsequent grain growth is very slow even at considerably higher 
temperatures. On the contrary, with non-sag wires this oriented recrystal- 
lization is maintained up to 2000~2100°C, followed by the abrupt 
coarsening, in which the coarsened crystals encroach directly the remain- 
ing fibre structure. Thus, the coarsened crystals tend to occupy the 
whole cross-section of the wire, and the filament becomes finally to form 
a successive chain consisting of single crystals. 

This phenomenon was interpreted as the inhibition dependent coarsen- 


ing advocated by Beck and others in 1949, 


This inhibiting action in 


tungsten filament is most likely caused by the minute quantities of 


doped materials. 


§1. Introduction 


It has well been established that the minute 
impurities doped into the tungsten metal for 
filament wire, such as SiO,, Al.O; and alkali 
metals, have dominant effects upon the recry- 
stallization behaviour, which is supposed to 
govern the sagging property of filament wire. 

Smithells) brought forward many relation- 
ships between the minute doped materials and 
the recrystallization of tungsten filaments. 
He observed the recrystallization of the 
filaments annealed for various periods at a 
fixed temperature (2570°C), which had been 
instantaneously attained by direct application 
of over-voltage to the filaments. Consequently, 
his paper unfortunately lacks the description 
of intermediate stages of the recrystallization 
and their relation to the sagging properties of 
the filaments. 

In Wulff’s text book of powder metallurgy 
Wretblad” discussed these problems, presuming 
that when additives of the proper amounts are 
used in conjunction exaggerated grain growth 
may occur ina preferred direction, because 
during the drawing of wire the inhibiting 
materials have been distributed as stringers 
parallel to the wire axis, thus preventing 
lateral diffusion. Thus at elevated tempera- 
tures diffusion and grain growth persist in 


the longitudinal direction, therefore grain 
boundary surfaces tending to favour an acute- 
angle orientation with respect to the wire 
axis. The anti-offsetting property of filament 
in subsequent use was supposed to be due to 
this geometrical configuration. Above inter- 
pretation, however, is rather illative, and has 
not been replaced with a more exact elucidation 
even in the recent text books*”. 

Another paper treating these problems was 
written by Robinson», who measured quanti- 
tatively the grain growth velocities after 
recrystallization by the cylindrical electron 
emission microscope. He proposed the small 
grain hypothesis, according to which the 
mechanism of recrystallization is pictured as 
follows: 

Fibre—> small grain— large crystals. 


Nishidoi and Kasamatsu®™ studied the recry- 
stallization of tungsten filaments at the 
stepwisely elevated temperatures. They showed 
that with non-sag wires the exaggerated grain 
growth commenced at temperature about 
1400°C, and the grain growth velocity obtained 
by them was in qualitative agreement with 
Robinson’s results. 

In the mean time, since the beginning of 
this decade the studies of secondary recry- 
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Fig. 1. Sag versus temperature curves. Sag was 
measured after 5min keeping at each tem- 
perature. A slight concave bent in curve A is 
indicated by an arrow. 


stallization or coarsening have become active, 
chiefly by the group of Kronberg and Wilson” 
and of Beck, Sperry and Hu®). They proved 
the existence of the inhibition dependent as 
well as texture dependent coarcening. Since 
these theories are based upon the experiments 
on the high purity aluminium or copper 
crystals, where the orientation dependencies 
were clearly determined, we have as yet very 
little information as to the interpretation of 
recrystallization of sintered material such as 
tungsten filament on the line of these new 
theories. 

The purpose of the present study is to 
elucidate the mechanism of recrystallization 
of non-sag tungsten filaments by the picture 
of oriented recrystallization and coarsening, 
adopting the microscopic scrutiny and X-ray 
diffraction analysis as experimental methods. 


§2. Experimental 
1) Specimens 

Ammonium-paratungstate, refined from 
wolframite of Takatori mine, was reduced to 
oxides and then re-reduced to metal powder 
in hydrogen stream. 

Before the final reduction, materials so-called 
insoluble in tugsten, SiO,, Al,O3, and soluble 
alkali metals, potassium, sodium, in the form 
of silicates or chlorides, were doped into the 
oxides simultaneously. 

To compare the recrystallization properties 
of filament wires of sag and non-sag nature, 
the specimen filaments were prepared in the 
following way: for non-sag ones 0.03% 
and for sag ones 0.11% of alumina were 
doped into the oxides, while the other materials 
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were doped as usual in equal quantities for 
each series of specimens. These powders 
were pressed, sintered and worked under the 
same conditions to about 8 MG (about 0.05 mm 
in diameter) filament wires for single coiled 
60 Watt hous lamp. 


2) Apparatus 


Heat treatments of specimen and measure- 
ments of sagging were carried out in a hard 
glass bulb of 10cm in diameter, through 
which passed the hydrogen gas. The coiled 
filaments were supported in every time with 
the same span as in 60 Watt lamps. The 
sagging magnitude of each filament was 
measured on the optical image of the incandes- 
cent filament focused by a fixed camera. 
Temperatures of the filaments were roughly 
measured by the optical pyrometer without 
precise calibration, since only relative temp- 
erature difference between specimens sufficed 
the present purpose. 


§3. Results 
1) Sag increase with temperatures 


The sag of filaments was measured at each 
temperature in the following way: after 5 min 
keeping at any desired temperature, which 
had been attained in about 3sec from room 
temperature by the sudden application of an 
a c voltage. The reason for choosing 5 min 
as a duration of keeping at desired temperature 
is that the recrystallization of non-sag wires 
completes usually in this period. Although 
the recrystallization of sag wires is slow, the 
above 5min keeping seems to afford a suffi- 
cient measure for comparison between the 
two types of filaments. 

In Fig. 1 the obtained sagging magnitude, 
represented by percentage scale, versus temp- 
erature curves are shown, where curve A, 
which has a slight concave bent at 1400°C, 
represents the nature of sag wire. This curve 
shows a linear increase of sagging with 
temperature above 1400°C, saturating by no 
means in the present temperature range; this 
is the general feature of the sag wires. 

With the non-sag wire, the Sag curve, @.g. 
curve B, shows a quite different feature; 
z.e., there is no bent point in the neighbour- 
hood of 1400°C, the sag being very little in 
this region, then it increases until the satura- 
tion at 1900~2000°C, This situation that the 
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Ser ies A. 


Photo. la. 1300°C ‘ Photo. 2a. 2000°C 
Series 


Photo. 1b. 1300°C Photo. 2b. | 2000°C 


Photo. 3b. 2000°C Photo. 4b. 2000°C 
(fibre) (single) 
Rite, 2, (x 1000) 


Recrystallization textures of coiled filaments. 
Series A represents the textures of sag wires, and 
Series B the non-sag ones. The temperatures 
of treatment are given at the bottom of each 
photographs. The thickness and the longitudinal 
direction of the specimen wires correspond practi- 
cally with the vertical length and the traverse 
4 direction of each photographs respectively. 


Z 


Photo. 5b. 


2000°C 


non-sag wire exhibits actually a certain when these filaments are heated in the gas- 
sagging in the present condition is most filled and sealed-off lamps, the sagging is 


likely ascribed to the probable deformation of almost negligible. 
filament due to the evapolation of tungsten Be the matter as it may, the radical 
jnto the flow of the hydrogen stream. In fact, difference between the sagging tendencies of 


Photo. 1. 1800°C 


9 


Ricameor 


A back reflected Debye-Scherrer pattern, and a 
series of a change of one of the diffuse spots on 
the (321) ring with temperatures, of non-sag 
tungsten wires. The discete small spots, repre- 
senting the recrystallized fibre texture, become 
larger at the expnese of their decrease in number, 
while their distributed area remains approximate- 
ly constant. This tendency is corresponding to 
the proceding of oriented recrystallization and to 
the persistency of the tolerance of fibre orienta- 
tion. 


two sorts of filaments has been pointed out 

in these experiments. 

2) Microscopic scrutiny of recrystallization 
textures 


In Fig. 2, two series of photographs re- 
present two types of the recrystallization 
textures of coiled filaments. Series A cor- 
responds to curve A in Fig. 1, of sagging 
nature, and series B to curve B, of nonsag- 
ging. 

Photos. la and 1b show the fibre textures 
of specimen wires, heat treated at 1300°C for 
omin. In Photo. 1b slightly broadened fibre 
crystals of non-sag wire are seen, while in 1a, 
among the appreciably broadened fibre crystals, 
the newly formed crystallites are observed. 

This phenomenon is regarded as the beginn- 
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“as drawn” 


Photo. 2. 


Photo. 3. UWAOOXE 


Photo. 4. 2000°C 


ing of recrystallization in ordinary meaning, 
corresponding most likely to the concave bent 
point of the curve A in Fig. 1 of sagging 
wire. By further elevation of the temperature 
these recrystallized new cryslallites increase 
in number, while the fibre orientation becomes 
less predominant. Above 1800°C the fibre 
orientation completely disappears, while the 
slow grain growth proceeds until the non- 
preferential structure, such as encountered in 
molten metals is formed (Photo. 2a of heat 
treated at 2000°C). Even at 2300°C, the grain 
growth does not proceed so extensively as to 
occupy the whole cross-section of the wire in 
the present experimental procedures. 

With non-sag. wire, on the contrary, the! 
fibre orientation remains completely up to 
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1900°C, and it does remain partly even at as 
high as 2000 to 2100°C (Photo. 2b), although 
the fibre texture becomes coarser with in- 
creasing temperature. This behaviour clearly 
corresponds to the increasing region of curve 
B in Fig. 1. Then abruptly are formed the 
large crystals occupying the whole cross-section 
of the wire (e. g. Photos. 3b and 5b), so that 
the wire becomes to form a successive chain 
consisting of single crystals. The crystal 
growth under this condition is so rapid in 
spite of the very gradual temperature rise that 
we could find no germs, which usually be 
generated at inter-fibre boundaries. 

For this reason this phenomenon should be 
assumed as the so-called ‘‘ coarsening ’’, which 
was observed with aluminium or copper 
crystals by Beck and others in 1949”. If this 
assumption is valid, the structural change 
preceding the coarsening must be an inhibited 
recrystallization in Beck’s meaning, which is 
illustrated as the thickening of fibres in 
Photos. 1b and 2b, and will be shown more 
clearly by X-ray diffraction in the next para- 
graph. 

Now, taking into account the fact that the 
less the quantity of doped alumina the more 
increases the possibility of coarsening, while 
the undoped pure tungsten wires have no 
sign of coarsening, and that the recrystalliza- 
tion temperature of sag wires is lower than 
that of non-sag ones, the nature of coarsening 
is appropriately regarded as an_ inhibition 
dependent one. To realize the coarsening it 
seems necessary to combine several doping 
impurities in optimum quantities. 

Then, turning to the configuration of coarsen- 
ed crystals, they usually grow directly at the 
expense of residual fibre crystals, as shown 
in Photo. 4b, where the bright right half isa 
single crystal and the left side is a residual 
fibre structure. Therefore the boundaries, 
encroaching the fibre texture, are reasonably 
expected to proceed along the inter-fibre 
boundaries, which are parallel to the wire 
axis. Accordingly, after this coarsening 
process, considerable large parts of the newly 
formed grain boundaries are to be oriented 
parallel to the wire axis at the expense of the 
former fibre texture (Photo. 5b). 

Thus we have put forward a new interpre- 
tation for formation of the anti-offsetting 
longitudinal grain boundaries in terms of 
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inhibiting oriented recrystallization and coar- 
sening. 


3) X-ray diffraction analysis of non-sag 
wires 

Back reflected Debye-Scherrer rings from 
characteristic ray of Cu Ka recorded on flat 
films and a series of one of the spots on the 
(321) rings are reproduced in Fig. 3, where 
the temperatures of treatment are given under 
each photographs. ~ 

Photo. lisa tipical pattern of fibre texture, 
showing the appreciable oriented recrystalli- 
zation promoted by the heat treatment of 
1800°C. And, in order to show a detailed 
feature, a change of one of the spots with 
temperatures is shown in Photo. 2 to 4. The 
diffuse spots of ‘‘as drawn’’ wire (Photo. 2), 
caused by the preferred orientation of thin 
fibres, tend to form aggregates of discrete 
small spots as the temperature rises, then the 
small spots become larger at the expense of 
their decrease in number. This tendency 
corresponds to the proceeding of oriented 
recrystallization, 7. e., to the thickening of 
fibre crystals, as shown in Photos. 3 to 4, and 
has also been shown in the series B of Fig. 
2 in the preceding papagraph, e.g., Photos. 1b 
and 2b. The area, over which the discrete 
small spots are distributed, remains approxi- 
mately constant irrespective of treated temp- 
eratures, showing that the tolerance of fibre 
orientation is not changed by this oriented 
recrystallization*. 

At higher temperatures, z. e. 2000 to 2100°C, 
besides these discrete small spots, the spots of 
a new kind reflected from the coarsened large 
crystals appear (corresponding to those in 
Photo. 4b of Fig. 2, where the fibre texture 
and the coarsened large crystals are in co- 
exsistence). 

These results from X-ray study are in good 
agreement with those from microscopic scru- 
tiny, by which alone the persistency of the 
tolerance of fibre orientation has not been 
proved. 


* Besides this, the doublets due to the Ka and 
Kay radiations as well as the splitting of the spots 
of other kind are seen. These were mentioned 
and discussed in detail by Becker®). Nevertheless 
the detailed description of this kind.is ommited 
here, because it has no relation to the essential 
proceeding of present argument. 
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§4. Discussion and conclusion 


In regard to inhibition dependent coarsening 
of non-sag tungsten wire, the picture offered 
by Robinson, 

Fibre—> small grain——large crystals, 


should be replaced by new one, i. e. 


inhibiting coarsened 
Fibre — > oriented —> large 
recrystallization crystals. 


Coarsening temperature of non-sag wire, 
formerly called ‘‘ germinative”’ or ‘‘ exaggerat- 
ed grain growth”’ temperature by the prece- 
dent researchers, generally ranges between 
1700° and 2000°C, and the higher this 
temperature the surer the non-sag characte- 
ristics are garanteed. 

Now turning to the problem of sagging, it 
has been generally said, the sagging is supposed 
to result from a slip of inter-crystalline 
boundaries. If so, for preventing the sagging 
there is no remedy but to reduce the slipping 
boundary area by the breaking out of coarsen- 
ing. This coarsening also contributes to the 
easy formation of the anti-offsetting longitudi- 
nal boundaries in the way described in 
preceding section, where the encroaching 
behaviour of coarsening crystals against the 
fibre texture has been elucidated. 

Thus, the present paper has clarified several 
essential points underlying the sag and non- 
sag natures of tungsten filaments. 
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Spark Ignition of Flowing Gases 
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Department of Aeronautics, Faculty of Enginezring, 
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Spark ignition of flowing gases is investigated experimentally at room 


temperature and atmospheric pressure. 
flammability of flowing gases increases with gas velocity. 


Under laminar condition the in- 
This is due 


to the tendency of initial flames to escape from the quenching effect of 


electrodes under the influence of gas flow. 
the inflammability of flowing gases 


velocity. 


Under turbulent condition 


decreases with increasing gas 


This is ascribed to the increased eddy diffusivity and is in 


accordance with the result of Swett’s experiment under turbulent condition 


at reduced pressures. 


§1. 


There have been many investigations on 
spark ignition of gas mixture. Nevertheless, 
the phenomenon of spark ignition could 
not be understood properly till recent years 
owing to its complex nature connected with 
spark characteristics, reaction kinetics, quench- 
ing effect of electrodes, etc. In practical 
problems, as in internal combustion engines 
and jet engines, there exists additionally the 
relative motion between gas mixtures and 
spark electrodes more or less. 

There have been Swett’s report (1) about 
spark ignition of flowing gases. He performed 
the experiment at pressures ranging from 2 
to 4 inches mercury absolute under turbulent 
condition and concluded that the spark energy 
required for ignition increased with gas 
velocity. 

The investigation described below is per- 
formed over the wide range of gas velocity 
including laminar and turbulent conditions at 
atmospheric pressure. 


Introduction 


§2. Apparatus and Procedure 


City gas-air mixtures are used. In the ex- 
perimental arrangement shown in Fig. 1, 
orifices 1 and 2 are used for measuring 
mixture ratio, and orifice 3, for mass flow in 
the ignition unit. Gas velocity can be re- 
gulated by a control valve from 0 to 80m/s 
at the spark gap, where the pressure of a 
flowing gas is almost atmopspheric. 

Two kinds of ignition units are used. In 
the case of the ignition unit A shown in 
Fig. 2, the mixture flows with a nearly 


uniform velocity profile in the bakelite nozzle, 
which supports the spark electrodes, and issues 
out into atmosphere. The ignition unit B is 
essentially a glass piping of 5mm inner dia- 
meter as shown in Fig. 3. The spark gaps 
of both ignition units are made up of two 
iron wires of Ilmm diameter with ends 
rounded off into a hemisphere. 

A mercury-switch with a parallel condenser 
of 0.4 microfarad is used to break the primary 
current of the ingition coil. In this paper, 
the ignition coil spark which is not modified 
is called “normal spark”, and the spark, 
which is produced with a condenser of suffi- 
cient capacity connected across the spark gap, 
is called “ capacity spark ”. 

When ignition occurs in the ignition unit A, 
a stationary flame is established outside the 
nozzle in the case of gas mixtures used, and 
in the ignition unit B, a flame is seen to 
propagate in its glass part. 

For the purpose of photographing initial 
flames by the schlieren method, the park gap 
is located just outside the nozzle of ignition 
unit A. The time interval between ignition 
spark and light source spark of the schlieren 
method depends upon the time constant RC 
of the cyratron circuit shown in Fig. 4. 


§3. Results and Discussion 


Figs. 5-9 show the ignition percentage versus 
gas velocity relations for different values of 
the primary break current of the ignition 
coil. The ignition percentage is determined 
by ten or more trials of sparking. In these 
experiments the ignition unit A is used, and 
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O : Orifice 
C : Compressor 
S : Surge tank 


Fig. 1. 


6 cm 


Fig. 2. Ignition unit A. 


700 cm 


Fis. 3: 


Ignition unit B. 


Wimshurst 
Signal from machine 
ignition spark 


Indu oe Light source 
coi spark 


Bt 
Fig. 4. Electronic system for instantaneous 
schlieren photography. 


the gas flow in the nozzle is kept laminar 
always. The ignition percentage for zero gas 
velocity is obtained from experiment with a 
quiescent gas mixture in a closed vessel con- 
taining the nozzle piece in it. Detailed ex- 
perimental conditions are written in the notes 
of the figures. Figs. 8 and 9 show the case 
of needle electrodes and the case of capacity 
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Mixing pipe 


to atmosphere 


Ignition unit 


Mixture control system. 


~ 
S 
Q) 


Co 
jo) 


Ignition percentage 


Gas 


Fig. 5. Inflammability vs. gas velocity for 
different break current. 
34% by volume city gas, 
0.4mm gap width, normal spark. 


velocity, m/sec 


100 


Q 
Ss -9 


a 
S 


Ignition percentage 


0 1 2 3 4 5 
Gas velocity, m/sec 


Fig. 6. Inflammability vs. gas velocity for 
different break current. 
See 0.7mm, normal. 
100 
a | 
soo oe ae 
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© 60+ - 
& 1.1A e 1.0A 
Q 
4 = 
. gene ew a | | 
= 20 ~ + } 
& 
25 1 2 3: 4 5 
Gas velocity, m/sec 
Fig. 7. Inflammability vs. gas velocity for 


different break current. 
38%, 1.0mm, normal. 


sparks, respectively. It is found that the in- 
flammability is the lowest in the quiescent 
state and increases with gas velocity. 

--For the experiment ranging from laminar 
to turbulent condition the ignition unit- B is 
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Ignition percentage _. 
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Gas velocity, m/sec 
Fig. 8. Inflammability vs. gas velocity for 
different break current. 
36%, 0.7mm needle gap, normai, 
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Fig. 9. Inflammability vs. gas velocity for 
different break current. 
36%, 0.7mm, capacity. 
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Fig. 10. Inflammability vs. gas velocity. 


30% by volume city gas, 
0.58mm gap width. 


used. Fig. 10 shows the influence of the gas 
velocity on the inflammability of flowing 
gases. In these experiments the relative in- 
flammability is expressed by the critical pri- 
mary break current of the ignition coil for 0 
or 100 percent ignition. 30 percent by volume 
city gas-air mixtures are used and the spark 
gap is held at 0.58mm width. It is found 
that the incendivity of a normal spark is 
greater than that of a comparable capacity 
spark in the same manner as in the spark 
ignition of quiescent gas mixtures (2). 
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Fig. 11. Heat dissipation vs. gas velocity. 


Fig. 12. Measuring system for discharge current. 


Ls 


Measuring system for discharge voltage. 


igre: 


When gas velocity is low enough for laminar 
flow, the inflammability increases with it 
similarly as that described above. But the 
inflammability decreases with increasing gas 
velocity above 5 m/s. 

In order to find the transition point from 
laminar to turbulent flow, heat dissipation 
from a hot wire is measured. For this pur- 
pose a platinum wire of 0.0mm diameter 
and 5mm length is inserted into the ignition 
unit in place of the spark gap, its tempera- 
ture being kept constant (at 250°C). The 
result of measurement shown in Fig. 11 
reveals that the transition velocity is about 
5 m/s, suggesting some unfavourable effect of 
turbulence on spark ignition. 

Figs. 12 and 13, respectively, show the 
measuring systems for the discharge current 
and voltage of the ignition coil sparks by 
means of a Braun-tube oscilloscope. Examples 
of oscillograms are reproduced in Fig. 14. 
Fig. 15 shows the duration and current of the 
inductance component plotted against gas 
(air in this case) velocity. In this figure the 
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1.0 m/s 2.5 m/s 


Fig. 14. Discharge current and voltage vs. gas velocity. 


0.6mm gap width, 2.5 A break current. 
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Fig. 15. Effect of gas velocity on spark 02 Sani in 
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. : ike IG), ili . gas velocity. 
current means the height of the mean line Fig : Inflammability vs. gas y 
5 ni ; . 30% by volume city gas, 
about which the initial oscillations occur. 


: 5.0mm gap width. 
Gas flows have some effects on the spark 


characteristics, especially in normal sparks as 
shown in Figs. 14 and 15. When gas velocity 
is low, its effect on a normal spark is not so er- 


markable, except that the duration is shortened 
and the voltage trace rises towards the end 
of discharge. As gas velocity increases, the 


1956) 


Normal 


Capacity 


0.47 ms 0.82 


Fig. 17. 
2.9m/s gas velocity, 


Normal (Misfire) 


0.94 


0.47 ms 
Fig. 18. 


1.41 


Initial flames in misfire. 


spark begins to segregate into successive 
parts, the number of which increases with 
gas velocity. The first part is the most ener- 
getic, and the energy of the following parts 
decreases gradually. So it may happen that 
they are scarcely available for ignition. But 
it is reasonable to suppose that the increased 
turbulence is the essential cause of hard 
ignition on the basis of the fact that the in- 
flammability decreases with increasing gas 
velocity under turbulent condition with capa- 
city sparks also. 

As a special case, the spark gap is widened 
until the ends of electrodes are just on the 
inner surface of the ignition unit B. The 
spark energy is controlled by changing the 
series water resistance inserted into the 
the seconday circuit of the ignition coil, since 
the incendivity of this spark cannot be varied 
to the desired extent by adjusting the primary 
break current. From the result shown in 
Fig. 16, it is noted that the inflammability 
remains exactly constant under laminar con- 
dition. This is to be expected from the fact 
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40% by volume city gas, 


1.4 m/s, 40%, 
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1.76 


Growth of initial flames. 


3.5mm gap width, 1.8A break current. 


1.88 


2.39 


1, Sam, 


WEN, 


that the cooling effect of electrodes is masked 
by that of the pipe wall of the ignition unit. 
Under turbulent condition, the inflammability 
decreases with increasing gas velocity similarly 
as in the case shown in Fig. 10. 

Figs. 17 and 18 are the examples of the in- 
stantaneous schlieren photographs cf initial 
flames under laminar condition, the latter 
being the case of misfire. The initial flame 
at any instant is shifted downstream according 
to gas velocity on these photographs, and 
this suggests the reduction of cooling of 
initial flames by electrodes. 


§4. Conclusion 


The inflammability of gas mixtures is the 
lowest in the quiescent state and increases 
with gas velocity under laminar condition. 
The most appropriate explanation of this 
fact is probably that the initial flame is 
shifted downstream under the influence of 
gas flow and thereby the cooling effect of elect- 
rodes on it decreases with increasing gas 
velocity. The fact that the inflammability of 
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flowing gases under turbulent condition 
decreases with increasing gas velocity is pos- 
sibly due to the suppression of ignition by 
the increased eddy diffusivity. 
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Quite recently, Bozorth et al.) have studied the 
effect of magnetic annealing in single crystals 
of cobalt zinc ferrite (Coo.3»Zno.24 Fes. 1304) and found 
that the induced uniaxial anisotropy, F’, can be ex- 
pressed as follows; 

F=— Ky (20:8: , (1) 
where K,, is the anisotropy constant of the order 
of magnitude of about 106 erg/cm3, and «;’s and 
B;’s are the direction cosines of magnetic field 
present during annealing and of magnetization 
vector, respectively, with respect to the crystallo- 
graphic axes. It seems, at first sight, that such 
magnitude and _ orientational dependence of the 
uniaxial anisotropy is Puite different from those 
proposed previously by us?) and by Néel3) for 
metallic ferromagnetic solid solutions. However, 
they can also be interpreted by our theory modified 
slightly so as to be appropriate to the case con- 
cerned here, which will be shown in this note. 
Now, ferrites, which have so far been found 
responsive notably to magnetic annealing, are those 
containing cobalt ferrite. Cobalt ferrite of the 
stoichiometric composition, however, shows a very 
small induced anisotropy), especially in the state 
heat-treated in vacuo), indicatiing that the presence 
of cation vacancies may be responsible for the 
induced uniaxial anisotropy as Suggested by lida 
et al.) Moreover, in cobalt zinc ferrite, non- 
magnetic Zn2* ions, which may be regarded as the 


Notes 


important discoveries 


The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 


Same as cation vacancies magnetically, distribute 
on 8f sites and some of them probably distribute 
on l6c sites, too. So, we may consider, for sim- 
plicity, a mixed ferrite of the type 
Ng Min Nong Moa ng) , 

where WN denotes a non-magnetic cation or cation 
vacancy, M a magnetic cation, and wy and Ne are 
the concentrations of N on 8f and on 1é6c sites, 
respectively. 

Let us consider the anisotropic distribution of M 
and WN in the equilibrium state at a temperature, 0, 
below the Curie point. The probability w,; Gi= 
c,f) finding N on one of j sites in the nearest 
neighbors of N on 7 sites is given by 
wij =(L/ess)exp {— €15Cij Bi(O)B;(O)(1—3 cos*he)/kO} , 

(2) 
where a constant of dipole interaction, Ci, iS) ex= 
pressed as Cuy=Curya, + Cv w ~(Cuw,+Cusr,), 
and a numerical factor ij is +1 for t=7 or —1 
for 757. Moreover, 2;; is the number of nearest 
neighbors in j sites of N on 7% sites, de the angle 
between magnetization vector at the temperature @ 
and a nearest neighbor direction, i Boltzman’s 
constant, and B;(@) the averaged magnetization for 
a sites at the temperature 0. Then the induced 
uniaxial anisotropy, ii, “le 2 temperature, T, is 
given by 
BS (1/2) zijn 5045815013 Bi(T)B (TY —3cos*dr), (3) 
where >” denotes the summation over all of the 
nearest neighbors on 7 and on j sites around all 
of N on 7 and on j sites. 

Since the large anisotropy of ferrite containing 
cobalt ferrite may be caused by a contribution from 
the interactions between 16c and l6c as well as 
between 16c and 8f sites, we can neglect in Eq. (3) 
the summation over t=j=f, Expanding «,;; (Eq? 
(2)) into power series of Ci5/kO, retaining only first 
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order term of Ci;, further assuming reasonably 
Ne ~Nyz(=N), Cee? Ce °(=C?) and B,(O)B.(T) 
~ Bs(@)B (T)(= B(@)B(T)), we have the following 
expression: 
F=- (5697 /242)(Nimnn?C2BQ)BXT)/k@) 
x {(24x4Bi)? — (174/633) 220 98iBs} » (4) 


where NV, is the number of molecules in unit volume. 
Evidently the second term in Eq. (4) is negligibly 
small. Thus we have got the induced anisotropy 
F of the same form as Eq. (1). Moreover, the 
calculation of the magnetocrystalline anisotropy 


energy using the above model has shown that the 


induced uniaxial anisotropy and the magneto- 
crystalline one are the same in the order of 
magnitude. 


Eq. (3) indicates that the orientational dependence 
of the uniaxial anisotropy depends on both the 
concentration of N distributed among 16c and 8f 
sites and the kind of magnetic cations responsible 
for the anisotroy, so that it may vary with the kind 
of ferrites. For example, if the uniaxial anisotropy 
is caused by the anisotropic distribution of Mand 
NN on 16c sites alone, which may probably be the 
case of iron cobalt ferrite, the orientational de- 
pendence becomes the same as that of metallic 
face-centered substitutional solid solutions. It is 
to be added, further, that the occurence of a 
maximum of uniaxial anisotropy in iron cobalt 
ferrite solid solutions)") can also be explained in 
terms of Eq. (8). 
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Electron Bombardment Conductivity 
in Silver Bromide Single 
Crystal I 
By Chiyoe YAMANAKA, Hidetsugu SAKAI 
and Tokuo SUITA 
Colledge of Engineering, Osaka University 
(Received December 26, 1955) 
We have reported the experimental results) con- 
cerning the motion of electrons and holes in single 


crystals of silver chloride. At the same time the 
electron mobility in AgCl®3) was independently 


Short Notes 


605 


investigated by F. C. Brown. 

Now we have studied the behaviors of electrons 
in AgBr single crystals at low temperatures by the 
method of electron bombardment. 

The experimental apparatus for induced con- 
ductivity were almost same as reported before!*), 
With a field applied across a specimen a pulsed 
electron beam was focused to the front electrode. 
The induced current due to the excited electrons 
was amplified and detected by a distributed am- 
plifier and a syncroscope. 

Single crystals of AgBr were made by Kyro- 
poulos method. Recrystalization was repeated 
five times, but it does not seem to be perfect. The 


(c) (d) 
Fig. 1. Induced current patterns and electron 

beam form 

(a) Sweep duration 2.1 ys; at 90°K, 660 V, 
0.388 cm; 4=221 cm?/sec. V. 

(b) Sweep duration 2.1 ys; at 90°K, 1150 V, 
0.390 cm; »=159 cm?2/sec. V. 

(c) Sweep duration 5.5 ys; at 195°K, 410 V, 
0.380 cm; ~=129 cm?2/sec. V. 

(d) Sweep duration 2.1 ys; electron beam form. 


ed 


| yAgClL HALL MOBILITY (BROWN) 4 


300/ = AgCl (BROWN) 1 
¥ 
x Ww 4 


200/ 

Nw gBr 8 
CYAMAKAWA) 
100F 8 


e 
eC NeaiaaNe 
(HAYNES- SHOCKLEY) 


MOBILITY (Cr?/ VOLT SEC) 


1/7 


=3 
2x10 
fl 


— 
300 


10 


- co 


6 4 
ie as L 
30 195 
TEMPERATURE 


Electron mobility in AgBr single crystal. 


CK) 


levee, 2 


dimensions of AgBr specimens were about 15x15 
x5mm%, These specimens were kept in just below 
the melting point for about 24 hours and then 
gradualy cooled to room temperature in a period 
of 48 hours. Thin silver electrodes were attached 
to the specimen using silver-conducting paint. 
Fig. 1 shows typical patterns of the induced 
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current due to 10 KV electron beam at the various 
temperatures and the electron beam form. From 
these patterns we can estimate the electron travers- 
ing time, during which the excited electrons go 
through the specimen. Electron mobility computed 
from the traversing times is shown in Fig. 2 with 
some reference data”)#). The computed mobilities 
at the liquid oxygen temperature are rather scatter- 
ed. This may be caused to some internal strains 
which were formed in the cooling process. These 
results, as Brown”) pointed out, do not agree with 
a theoretical calculation®) with the assumption of 
electron scattering by the optical mode of lattice 
vibration. Our result shows that the electron 
mobility does not increase so remarkably at low 
temperatures as the theory predicts. This may be 
due to the fact that electrons are ~ dominantly 
scattered by ionized impurities in this low tem- 
perature region. Space charge effect was also 
noticed when the electron beams were applied 
repeatedly. Hole pulses were observed in the 
reversed applied field. But they were too small to 
give a reasonable estimation. 

Electron mobility in AgBr is almost of the same 
magnitude as in AgCl. Now we are studying the 
electron behaviors in more purified crystals avoid- 
ing the strain as possible. 
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Electrical Conductivity of Iron Sulfides 
Single Crystals at the Temperature 
Range of a-transformation 


By Takahiko KAMIGAICHI 


Physical Laboratory, Faculty of Education, 
Hiroshima University, Hiroshima, 


Tadamiki HIHARA, Hideo TAZAKI 


Department of Physics, Faculty of Science, 
Hiroshima University, Hiroshima, 


and Eiji HIRAHARA 


Department of Applied Physics, Faculty of 
Engineering, Hiroshima University, 
Hiroshima 
(Received January 9, 1956) 


In spite of many studies on the magnetic, the 
crystallographic?) and the thermal3) properties of 
iron sulfides in «-transformation at about 140°C, 
the nature of this transformation has been still 
remained unexplained. One of the authors) has 
found an anomaly of the electrical conductivity in 
the synthetic polycrystal sample at the temperature 
of a-transformation (Ta), and his results show the 
same behaviors as those of the magnetic and the 
thermal measurements. 

Recently, we could make a single crystal of the 
substance and measured the electrical conductivity 
for the differently oriented samples, obtaining a 
remarkable anisotropic property. 


The single crystals were prepared as follows; 
first, pure iron (prepared by E. Merk) and pure 
sulfur (distilled from carbon bisulfide solution) 
were sealed in an evacuated terex tube, which was 
heated at about 600°C in a furnace, making a lump 
of the compound iron sulfide. 

The lump was ground into powder and sealed in 
an evacuated thick silica tube, which was slowly 
moved in a furnace keeping the temperature at 
1200°C. 

Laue diffraction patterns of samples Nos. 3 and 
5 are shown in Fig. 1. In each photograph, a 
beam of X-rays was parallel to the longitudinal 
axis of samples, along which an electric field would 
be applied in the measurement of the conduction. 
From the analysis of the patterns, it was found that 
the longitudinal axis of No. 3 aws parallel to c-plane 
(perpendicular to c-axis) and maked an angle 28° 
to a-axis of the sample and the longitudinal axis 
of No. 5 was parallel to c-axis. 

The results of the measurements on electrical 
conductivity for the above mentioned samples were 
as follows (see Fig. 2). An electric field being 
applied along the length or the longitudinal axis of 
the sample, the sample No. 3 with the length 
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(b) 
Laue diffraction patterns of samples No. 
3 (a) and No. 5 (b). 
In the (a) a beam of X-rays was parallel to the 
c-plane of the sample and in the (b) was parallel 
to the c-axis. 
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parallel to the c-plane showed high conduction and 
a little anomaly at the temperature Ta and the 
sample No. 5 with the length parallel to the c-axis 
showed low conduction on the low temperature side 
of Ta and high conduction on the high temperature 
side, showing a remarkable anomaly at ices 

The anomaly obtained above corresponds to those 
of the magnetic, the thermal and the crystal- 
lographic properties. The samples measured above, 
however, are nearly stoichiometric ones and the 
samples containing various amount of excess sulfur 
are now being prepared. The further measure- 
ments of the conductivity and of the magnetic 
susceptibility are ready now. 

This work has been done by the financial aid of 
the Educational Ministry. 
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Fig. 2. Electrical conductivities of single cry- 
stals. Electric field was applied parallel to c- 


plane for the sample No. 3 and to c-axis for 
the sample No. 5. 
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On the Lithium Resonance in Lithium 
Sulfate Monohydrate Li,SO;-H,O 


(On the Quadrupole Effects) 


Ay Miyuki MURAKAMI and Eiji HIRAHARA 


Department of Applied Physics, Faculty of 
Engineering, Hiroshima University, 
Hiroshima, Japan 


(Received February 6, 1956) 


In the experiment on lithium-resonance in the 
single crystal of the substance, Pound) observed 
already the triplet structure, rotating a crystal 
around the axis perpendicular to the bc-plane. As 
shown in Fig. 1, however, we have observed the 
five components structure of the Li-resonance line 
for this substance, in contradistinction to Pound’s 
result, in the similar experimental condition. 


608 


Taking into account the X-ray analysis of the 
crystal structure, the Li-resonance lines of Li-ions 
lying close by water molecules are expected to be 
split by the electric field of the strongly polarized 
water molecules. 

Assuming, for simplicity, the rotational symmetry 
of the mentioned electric field with the symmetry 
axis along the line jointing the Li-ion and the 
oxygen of water molecule (Li-O line), the conven- 
tional procedure of the first order perturbation 
gives, for the energy level splitting of Li with 
HBP, 

GQ 


Aé= — 5 pH + = {3 cos? cos*(¢ — go) — 1} 


where g is the angle between the magnetic field 
and the reference line, gp the angle between the 
reference line and the projection of the Li-O line 
on the plane in which the magnetic field sweeps, 
and @ the angle between the Li-O line and its 
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Fig. 1. The five components structure of the Li- 
resonance line. ‘[he sample is rotated around 
the axis normal to the dc-plane. 
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Fig. 2. The line pair separations when the crystal 
is rotated around the axis perpendicular to the 
bc-plane. 


projection mentioned above. 

One of the results obtained is shown in Bicee2s 
in which the crystal was rotated around the axis 
perpendicular to the plane be. In the figure the 
abscissa represents the angle of rotation with 
respect to the magnetic field, and the ordinate the 
line pair separation of satellites appearing on both 
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sides of the main Zeeman line which is represented 
by the middle horizontal line. The points in the 
figure denote the measured, values and the 
curves the calculated ones by the use of relation 
(1) for quadrupole splitting with suitable values 6 
and 0. 

The orientation of an assumed symmetry axis of 
the surrounding electric field may be determined 
0 and go, derived from the best-fitting of relation 
(1) to the experimental data in Fig. 2; and the 
result is shown at the upper right corner in the 
figure. The results obtained for § and gp on rotat- 
ing the crystal around the various axes, however, 
are slightly at variance with each other. Con- 
sequently it seems to be clear that there are two 
different directions of the symmetry axis in the 
crystal, and the present results seem to favour the 
X-ray result by Ziegler?) rather than the result by 
Larson and Helmholz?). 

In view of our experimental accuracy of +2° for 
angles, the disagreements among the values of @ 
and gp in the various rotations seem to be mainly 
due to the incorrectness of our assumption for the 
rotational symmetry of the surrounding electric 
field. In order to make clear this point, we are 
now continuing the measurements together with the 
calculations without the assumption of the rota- 
tional symmetry, which will shortly be reported in 
this journal. 

We wish to thank to Prof. T. Muto of Tokyo 
University for his kind discussions. 
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On the Low Temperature Conduction 
Phenomena in Semiconductors 


By Shigeharu KosHino 
Department of Physics, Kyoto University, Kyoto 
(Received March 12, 1956) 


Recently Fritzsche) observed the complicated 
phenomena on germanium with the order of 1016 
gallium atoms per cm3 at very low temperature, 
that besides the usual two different temperature 
ranges there exists the intermediate range between 
them. They can not be interpreted by using the 
simple impurity band model presented by Hung.2) 
In this note, we shall show that aboye mentioned 
phenomena as well as the usual phenomena can be 


1956) 


interpreted phenomenologically by using the excited 
bands model which was first suggested by 
Erginsoy.®) 

We consider only -type sample which contains 
also the small concentration of acceptor atoms, and 
assume it has two excited donor bands. Let FH, 
EH, and #3 denote the energy differences between 
the donor level and the lower edge of the first 
excited band, the second one, and the conduction 
band, respectively. If the distribution of electrons 
is governed by Boltzmann’s law and the condition 
Na>Na>m+%+%N3 is satisfied, the concentration 
of electrons in the 7th band, 7, is: m=AK; 
xexp (H;/kT), where A=Na/Nag, Nag is the con- 
centration of the donor atoms, Na the acceptor 
atoms, & is Boltzmann’s constant, 7 is the absolute 
temperature and K; is the slow function of J and 
Na. 
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Electrical resistance, 9, and Hall coefficient, FR, 
in the sample with three bands may be generally 
expressed: 

0 =(1/e)(myp1 +2242 +23 K43)~* 
914 [12 +. 7 yMofoy” +1 32313" 
; e(mu1 + NoM12 + M3p3)" 
by analogy with the case of two kinds of carrier, 
where e is the electronic charge, 7;=pi/ai, “i, and 
py, are the drift mobility and Hall mobility, re- 
spectively, of electrons in the ¢th band. If there 
exists the temperature range in which mop. /1 
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+33, then the curve of logo versus 1/T’ can be 
diveded into three lines, and two maxima appear 
on the curve of log Rversus1/T. Such behaviors 
are shown in Figs. 1 and 2 with Fritzsche’s ex- 
perimental curves.) In the calculation of our 
curves, we have assumed that the values of K;’s 
and y;’S are approximately constant because of 
their slow variation, and the values of parameters 
are determined as follows. 


M=T2=73=1, Hy=1.0x10-3eV., 
F,=2.9x10-%eV., H3=6x10-%eV.,, 
(1 =10 cm? (volt sec)-}, 
pvo=1.6 x10? cm? (volt sec)-}, 
3=2x 104 cm? (volt sec)-}, 
ki, =7x10!cm-3, Ko=1.5x10!6 cm-3, 
Kk3=3.6 x 105 cm-3., 
It has been shown experimentally on Ga-doped Ge) 
that the size of the intermediate range decreases 
with the value of Na and it disappears at Ng= 
2x10!® atoms/cm. It is expected from the theore- 
tical point of view. As the impurity concentration 
increases, the breadth of the second band and the 
mobility of electrons in it increases faster than 
those of the first band. Therefore the increase of 
pK. will be faster than that of Ky. 

The effects of other excited bands can not appear 
without much larger value of Ng. Practically, 
before reaching to this value the overlapping of 
bands will occur, then the effects of them will be 
impossible to appear. 
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Fermi Part 7, of the TF Function for Free 
Positive Ion* 
By Shigehiro KOBAYASHI 


Department of Physics, Kagawa University, 
Takamatsu 


(Received March 14, 1956) 


According to Fermi) the TF function for free 
positive ion @ can be approximated by that for 
free neutral atom go, as 


(x) = Po(&) +7 0(2) , 
nom SW aay 
0 3 0 


where k is a constant depending upon the ioniza- 
tion degree g roughly, as k= —0.083 g. 


’ 
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Table I. 


Exact values of the Fermi part 70 
of the TF function for free positive ion. 


we 


10. 
Hate 


SSSSS SS SMO NOMS SuWSCMSuIOCON SuSowS Homo SCS MO MOL NS OO kN OS SD ANS oman Mime 


bo 
N 
i 


70 Ho! 
0.00000 | 1.00000 
0.10123 1.03060 
0. 20686 1.08460 
0.31862 | Ie YAEL 
0.43778 | 1.23208 
| 
0.56536 WoZlOs 
0.70228 1.41873 
0.84938 1.52464 
1.00747 | 1.63843 
WSC 1.75991 
1.35969 1.88895 
1.7650 2.1696 
PG | 2.4805 
2.7593 2.8222 
3.3605 3.1954 
4.0396 3.6012 
4.8032 4.0406 
5.6582 4.5149 
6.6116 5.0253 
7.6708 Save) 
8.8434 6.1594 
10.137 6.7858 
11.561 7.4538 
13R2Z 8.1646 
14.829 8.9198 
16.693 9.7208 
22.094 11.933 
28.679 14.466 
36.618 17.342 
46.084 20.589 
BY PAS} 24 .230 
70 .385 28.294 
85.641 32.807 
NOSE 2G 37.797 
123.52 43.293 
146.66 49 .322 
172.94 55.916 
202.67 63.105 
236.15 | 70.918 
273.69 79 .387 
ST5e65 88.54 
362.35 98.42 
414.20 109.05 
471.53 120.47 
534.30 LSD (ale 
604.40 145.80 
680.74 159.79 
764.33 174.69 
855.59 | 190.57 
955.04 | 207.44 
1063.2 225.43 
1180.6 244 34 
1307.7 264.43 
1445.2 285 .67 
1593.6 308.11 
WSS 85 331.78 
1925.6 356.72 
2110.4 382.97 
Zoo? 439 57 
2991.5 501.92 
Sil Ml 570.4 
4134.4 645.2 
4819.9 727.0 
5590.7 815.8 
6454.1 MAY 
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u 70 720 
28.0 | 7417.9 | 1016.6 
29.0 8489.8 1129.3 
30.0 9679.0 1250.7 
31.0 10994. | 7381.9 
32.0 12445. 1521.3 
34.0 15791. 1831.8 
36.0 19801. 2185.5 
38.0 | 24563. | 9586.3 
40.0 | 30179. r 3037. 
45.0 48650. 4412. 
50.0 74960. 6188, 
60.0 | 160240. 11220. 
70.0 307520. 18710. 
80.0 544700. 29300. 
90.0 ' 906200. 43700. 

100.0 1434000. 62670. 


The values of 70(x) and 7/(x%) were given pre- 
viously by Fermi, Miranda”), Amaldi3) and Gombas®). 
The present author has recalculated them anew 
using the exact values of g¢o and gp’ obtained 
recently by us), The results are listed in Table I. 
The values obtained have slight discrepancy with 
those given by Miranda, as 7 (Kobayashi) <or> 
yo (Miranda) for w <or> ca. 4.5 respectively. 


The author wishes to express his sincere thanks 
to Professors Gombas and Umeda for their sugges- 
tion of this calculation. 
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The Temperature Dependence of the Optical 
Absorption of Zine Selenide 
By Hirosi TuBoTA, Hiromichi SuzUKI 
and On MATUMURA 


General Education Department, 
Kyushu University 


(Received March 17, 1956) 
By melting zinc and selenium together in 


stoichiometric proportions in an evacuated quartz 
tube at about 1350°C for about one hour, an yellow 
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polycrystalline compound was obtained. According 
to X-ray analysis, the compound has the crystal 
structure of the zinc blende type and its lattice 
constant is 5.65 AD, 

The optical absorption of the film of the selenide 
evaporated on a quartz plate (thickness of the film 
is about 1) was measured by using a combination 
of a quartz spectrograph of a medium size and a 
“ Spekker ” diaphragm photometer. It was proved 
by X-ray analysis that this film has also the same 
crystal structure as that of the original material. 

From the absorption edges, the energy gaps (H@) 
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were determined for several temperatures. The 
results are shown in the following table: 

T(°K) Absorption Edge (A) Eg (ev) 

295 4780 2.59 

398 5050 2.47 

496 5230 2.38 


Assuming that the temperature dependence of 
the energy gap is given by the formula Eg =Eeo 
+aT', we also obtained the values of 2.9 ev for the 
energy gap at 0°K Ego, and —0.001ev/°K for the 
temperature coefficient «. These values may be 
considered to be in good agreement with the ones 
obtained by Bube”) from the photoconductive effect. 

We should express our hearty thanks to Professor 
Atuyosi Okazaki for suggesting this work and for 
placing research facilities at our disposal. We are 
also indebted to Mr. Atsushi Okazaki for taking 
X-ray photographs. 
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Note on Rayleigh’s Problem for a Circular 
Cylinder with Uniform Suction and 
Related Unsteady Flow Problem 


By Hidenori HASIMOTO 


Department of Physics, Faculty of Science, 
University of Tokyo 


(Received March 17, 1956) 


Recently, Stewartson)), Glauert and Lighthill”) 
have made very interesting studies on the asymptot- 
ic boundary layer over a long circular cylinder, 
and have shown the utility of the solution for the 
corresponding unstead flow known by the name 
of Rayleigh’s problem. 

Continuing a series of studies on Rayleigh’s 
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problem®), the author has obtained the solutions of 
this problem (B) for a circular cylinder with uniform 
suction and the related unsteady flow problem (A). 
In this note we want to give the outline of them. 

(A) With cylindrical coordinates (7,9,2), a 
circular cylinder *=a@ makes an arbitrary unsteady 
motion with velocity W(t) parallel to the z-axis. 
Let the uniform and constant suction velocity from 
the surface be wo per unit area. 

The Navier-Stokes equations of motion and con- 
tinuity for the surrounding viscous fluid possess an 
exact solution for which the radial velocity com- 
ponent w is 

U=—Upr/a , (aD) 
provided that w, the velocity component parallel 
to the z-axis, can be found as a function of 7 and 
t satisfying the equation: 

Ow / Ot = v[O2w/Or2+(K-+1)r-1dw/dr] , 
subject to the boundary conditions 
w(a, t)= Wit) 


K=AUg/v 


(2) 


and w(o,t)=0 


(3) 
(4) 


where 
is the suction Reynolds number. 

This is equivalent to a heat conduction problem 
from a (*«+2)-dimensional hypersphere of radius @ 


and has a solution 


= «2 FD pr Viw/v") oi 
2G Hej Vivo fv) oe 
for WiGicore (6) 


where Hy.) is the Hankel function of order i] 2. 

The solution for the arbitrary functional forms of 

W(t) can be given easily by Fourier synthesis. 
(B) In Rayleigh’s problem 


t<0 (7) 


and the solution is easily given by Laplace trans- 
form”), as follows: 


w=0 for 


w 1 a \«/2 eng Kp V pvt) 

iy GM Na : 8 
W Qnt ( Ue ) lo p Kxph V pv) ( ) 

ay\t 27a vk 
eae 
Wee 5 yb. ys2t 

- ean : Ye pls, AST) CW OF, (9) 

0 J gc jx(8@) + Yx/2(s@) 


where K,/: is the modified Bessel function of the 
second kind, «-l=« or 0 according to x20. When 
r=—1,1,3etc. (8) gives simple formulae®): 


w/W=ErfcR («=-1), =(a/r)Erfc R («=1), 
a “Erte R+ Ce -<) 
xexp {-(1—7/a)+vt/a?} Erfc (R+ Vyt/a) 
(e=3) 110) 
where R=(r—a)/(2Vyt) . 1) 


The quantity of the greatest practical interest is 
the frictional force per unit length D which is given 
by 
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aruW OW Or J wna 
= a a a (12) 
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(ce )} a 


e-L+[2«!-U Ye /2))-1(a/ Vyp)itt+-++ (6>0) 
Be ean («=0) 
Vvt>a. (14) 


They show the effect of the suction on the boundary 
layer growth very well and is in contrast with the 
solution for a flat plate 


D Uo 1 
of eal pee ieyn t 
2nuW 2v a Vavt SEP {Seay} 
|2o| |x! 4) 
+ a Brfe( 2V,)? (15) 
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Note on the Electron Spin Resonance 
of the V,-center* 


— Calculation of the Electronic g-value — 


By Teturo INUI, Susumu HARASAWA 
Department of Applied Physics, Faculty of 
Engineering, University of Tokyo 
and Yukio OBATA 


Department of Physics, Faculty of Science, 
University of Tokyo 
(Received April 7, 1956) 


The recent experiment» on the Vi-center seems 
to persuade us to change its picture that. it is a 
pure antimorph to the F-center. We are led to 
conclude that the resonance patterns obtained are 
to be attributed to a complex consist of two Cl-- 
ions which approach together to form into Clean 
the vicinity of a positive vacancy. As such a 
system has tendency to attract a hole, something 
like a Clz~ molecular ion will result. Calculations 


Short Notes 


(Vol. 11, 


have been made of the electronic g value and hf. 
splittings of the patterns. In this note only the 
result on g value for the case of KCl will be 
stated briefly. 

Though the real circumstance is surely com- 
plicated, being many electron system in the crystal 
with positive vacancies, we assume such a system 
can be substituted by a “pseudo-molecule” Cly-, 
a hole e+ trapped by a Cl-—Cl- pair. 

According to the correlation diagram, the ground 
state of this “ pseudo-molecule” is 


(1s0g)?---(3prg)*(3pax) , 
and the next excited state connected by the spin- 
orbit interactian is 
(18aq)?+-+(3pny)3(3prg)*(3pou)? . 

We shall use LCAO-MO approximation. 
ground state function is of the form, 
Do=(1/ V2(1-+a%))[{p2(A)+p2(B)} —a{S(A)—S(B)}] 

(1) 
and the excited state wave functions are given by 
Oxz=(1/V 2 )[p2(A)+p2(B)] , (2) 
Oy =(1/V 2 )lpy(A)+p(B)) . (3) 
Treating the spin-orbit coupling as a perturbation, 
the wave functions belonging to Kramers’ doublet 
are calculated to be 
Yi=[1 ko] Doe +2iDzB+tioDyB , | (4) 
Y2=[1—£07]DoB-hO2a+ttoDya 
where « and # are the usual spin functions, and £o, 
&, and t, are given by the following: 
£0? = [A?/8(1 +a?)][1/ar2+1/a,?] , 
& =[4/2V1+ a2ai][1+a/2a9] , 
& =[4/2V] + a*Ag][1+4/2a)] , 
in which A is the parameter of spin-orbit interac- 
tion, and Aj, A» are the energy differences of the 
first two excited states from the ground state 
respectively. 

Using Peierls’ technique”), all the matrix elements 
of the Zeeman energy needed are reduced to those 
of purely atomic ones. Thus we get the following 
results for g-values; 

92=90—[¥/(1 +a) ]f (go/2)(1/ar2-+1/a52) — 1/AiA2] , 

(6a) 


The 


(5) 


Gx =9o—[2d/(1 +-a?)Ag] 
~ [4/1 +-4?)][(g0/2)(1/ar2)-+1/ara2] , (6b) 
Jy =Go-[2a/(1 +a2)ay] 
— [47/1 +4) ][(go/2)(1/A2?) + 1/ay Ao] . (6c) 
The above results show that Og9z is of the second 
order in 4/a, while 09x and gy are of the first 
order. So far as the experimental results are con- 
cerned, Og and O9y are equal, i.e. the g-tensor 
has an axial symmetry. Hence we can put Ai=As 
=A. The experimental result that 09/;=0 and 
091 =0.04 is well fitted if we set 


1956) 


—A/A=0.029 , (fs) 
where we put the degree of s mixture, a?/(1+a?), 
equal to 0.3 after Kéanzig. The transitions be- 
tween the ground and these excited states are 
optically forbidden. However the order of 
magnitude of A will not differ very much from the 
peak wave number of the V; band. The latter 
taken from the experiment is 28100cm~-1!.3) The 
order of magnitude of 2 may be given by the 2/3 
of the doublet separation of (3s)2(3p)5 state of Cl 


atom which is 88l1cm~7!. Thus we have 


—*/A=0.021 , 
which is to be compared to (7). 
In conclusion, we should like to thank Professors 


M. Ueta, T. Nagamiya and Y. Uemura for their 
valuable discussions. 


(8) 
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Errata 


Decrement of Blast Wave 


By Akira SAKURAI 
J. Phys. Soc. Japan 10 (1955) 1018 


In figure, A=3 (1—1.92) must be A4=3 (1—1.92y), and the indications 
of the Goldstine and von Neumann and of the Approximate theory 


curves should be interchanged. 
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Lattice Theory of Liquid State 


By Ikuro SHIMOSE 


Faculty of Literature and Science, Yamaguchi University 
(Received November 30, 1955) 


We develop the lattice theory of liquid state by using the cell model 


of lattice type with interstitial sublattices. 


The free energy, the pressure, 


and the quantities at the critical point are calculated in the degree of 


quasi-chemical approximation. 


The degree of agreement of the calculated 


values of T;, V_¢/Vo and p,v/é with their observed values is considerably 
improved as compared with those calculated values for the cell model 


of lattice type with no sublattice. 


Introduction 


§1. 

We shall mention the two principal methods 
by which the liquid state of the system con- 
sisting of many inert gas atoms (molecules) 
or saturated molecules can be statistically 
dealt with. One is the method of molecular 
distribution function developed by Kirkwood 
and his co-workers”, Green”, Rodriguez*), and 
others. In this method there exist the follow- 
ing defects; (i) the use of the so-called 
‘‘ superposition approximation’’, and (ii) the 
necessity of the enormous evaluation to solve 
the integral equation determining the distribu- 
tion function. The other is the model-method 
(lattice theory or cell method) elaborated by 
Lennard-Jones and Devonshire®, Cernuschi and 
Eyring®, Ono”), Peek and Hill®, Rowlinson 
and Curtiss”, and others. By this method we 
are able to reach without great difficulty to 
the results, which can be compared with the 
observed values. However, all of the values 
of te, Ye/Vo and p.d/E (these quantities will be 
defined in the later articles) calculated by the 
above method are not in good agreement with 
their observed values. Then, the assumption 
about the structure of liquid state is intuitively 
introduced in this method. Furthermore, since 
the solidlike structure of crystal is used in this 
method, we may not be able to deal with the 
three phases (that is the vapor, liquid and solid 
phases) by this method. However, the work 
of Kirkwood has recently made clear how to 
reach to the model-method by the fundamental 
theory of statistical mechanics. By his work 
the model-method ‘has come to be more and 
more promising. Then the existing theories 
for the improvement of the model-method are 


In the first place, Mayer 


given as follows. 
10) 


and Careri™ generalized Kirkwood’s theory 


and developed the model-method (cell method) 
on the basis of the statistical mechanics. 
Nevertheless, the values obtained by them are 
in great disagreement with the observed 
values. Next, Janssens and Prigogine™”, 
Pople’, and others extended the theory by 
using the cells, in which 2 molecules can exist. 
However, they did not give special considera- 
tion to the influence of the neighboring cells 
upon the cells including 2 molecules. 

Recently, Kikuchi! concretely calculated 
the equation of state for a lattice gas (trian- 
gular lattice type) with 3 interstitial sublattices 
in the degree of Bragg-Williams’ approxima- 
tion, and showed that the liquid phase, 
together with the vapor and the solid phases, 
can exist in this system, though the inter- 
molecular potential used was unnatural. Then 
we!) numerically calculated the equation of 
state of a lattice gas (square lattice type) with 
more sublattices by another method in the 
degree of Bragg-Williams’ approximation’, 
and showed that the stable liquid phase results 
from a natural potential between molecules. 

In this paper, we extend the lattice theory 
developed by Ono™,” and others to the case 
for the cell model of lattice type with inter- 
stitial sublattices. Hereby, we intend to 
improve the degree of agreement of the calcu- 
lated values of the quantities with their 
observed values. 


§2. Partition Function 


We consider a face-centered cubic lattice 
composed of 7°Z lattice points (7 is a integer), 
in which the distance between nearest neigh- 
bors is a/m. We can divide the above ZL 
lattice points into m7 face-centered cubic 
lattices, in each of which the distance between 
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nearest neighbors is a. We define each of 
the n® lattices as ‘‘sublattice’. Then we 
divide all the lattice points into Z groups (or 
cells) so that each group may contain 73 
lattice points, each of which respectively 
belongs to each of m® sublattices and all of 
which either directly or indirectly are connected 
with each other at a distance a/m. Now we 
consider the system composed of N molecules. 
We assume that each of N molecules is con- 
fined to any of the above cells and the distance 
between the centers of nearest cells is a. 

Then we assume the potential energy ¢(r) 
between any two molecules to be of the 
following form, where 7 is the distance between 
two molecules. 

(i) If two molecules occupy the adjacent 


cells, 
vmeel(2)'-(2)} 


(ii) if two molecules occupy the remoter 
cells than adjacent ones, 
g(7)=0, 
where 7) and € are the distance and energy 
characteristics of the potential. Furthermore, 
we assume that any cell does not include more 
than one molecule. Now the partition function 
Z of the system at the absolute temperature 
T is given by 
Z=(2nmkRT/h? 4/2 Zeon , (2) 
where m is the mass of a molecule, k Boltz- 
mann’s constant, # Planck’s constant. Zeon is 
the configuration partition function of the 
system and is given by the following sum of 
integrals over each cells. 


(1) 


Zamn= 5) dv,--- [vy exp (—E/kT) . 


(3) 
The sum in Eg. (3) is over all the possible 
arrangements of N molecules in Z cells. dy; 
is the volume element of the 7th molecule, E 
the total potential energy of the system. 
Then we define a pair of any two molecules 
as ‘molecular pair’’, which respectively be- 
long to two adjacent cells. In one of the 
molecular configurations mentioned above we 
denote the number of molecular pairs by. Ye; 
where z is the number of nearest neighbors 
and 12 for a face-centered cubic lattice. 
Thereupon, we give the total potential energy 
E by 
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N 
E=¢(AYa+ Simi, (4) 


where mw: is the value of the potential energy 
of the zth molecule at any position in its cell 
above the center of its cell. As the approxi- 
mate value of mw: we use the value of the 
potential energy of the zth molecule surrounded 
by the neighboring molecules at the centers 
of their own cells. We write 

|, exp (—2i/RT)dui=sin®r, , Gay) 

i 

where vz; is the volume per a lattice point and 
is given by a@?/\/2n3, si is a parameter for 
the free volume. Then Zon is given by 
Len 


= (730,)* 2: G(Z, N, e. exp(—¢(a)Ya/k T) “IIs: 


(6) 
G(LZ, N, Y) means the number of the possible 
cases where N molecules are distributed among 
L cells in such a way that the number of 
molecular pairs is Yz. And the relation 


DOL,N, Y)== (7) 


holds. Then we write i Si=s* and assume 
that s depends on x and Yy, where 2 is mole- 
cular density and is defined by «=N/Z. 

We can calculate the value of Zeon in Eq. 
(6) by the ‘‘ quasichemical method ’!”. Cor- 
responding to the ordinary configuration 
partition function Zon for given N, the (con- 
figuration) grand partition function & for given 
absolute activity 2 is given by 


=> UG(L, N, Y)Eus* gu? , (8) 


where &4=m5v,A and ya=exp(—¢(a)/RT). If 
we denote the greatest term in Eq. (8) by &* 
and NV, Y,s in this term by N*, Y*, s* res- 
pectively, we have 


B= 5*=G(L, N*, Y*Es*)""y,F"2, (9) 
Then, denoting the average values of IN -AYGRS 
in the grand canonical ensemble by N, Y,s, 
respectively, it follows that N=N*, Y=Yy* 
s=s*, Further, if we write 
I~ N* L—(o*)N* 
& S ? So (s ) ’ (10) 
7 =GE. N*, xy : pilalesy me 
in Eq. (9), we have 


e=5*= 7 tEL soi y G/L 


(11) 


1956) 


Now, if we regard assembly as a pair of two 
neighboring cells, in a field due to the remain- 
ing cells, we have 


B= 8%, = {(qO)P2@-D 4.28 s*E (ym) 2-1 
POS eu IOP pa} 


« Jeg eg DIN suid! : 


(12) 


Here, 7 is the geometric mean contribution 
to the facter 7/4? in &*, of a pair of the neigh- 
boring ceils, of which the first is not occupied; 
7, the above contribution, when the first cell 
is occupied. 06, and 6, are parameters de- 
pending on the molecular configuration in the 
two neighboring cells. For the cell model 
of the lattice type with sublattices, the rela- 
tion 0,7>0, holds from the form of intermole- 
cular potential (Eq. (1)), though 0,7=6, for 


the cell model with no sublattice. From Eq. 
(12) we obtain 
SD eNeY). on. Nr 2X. 5 
(y®)2@-1)  26iS*Eq(qQOnm™)e3 
= 0o(S*)7Eq2(QOMPE—Dapg, 
(13) 
If we write X=N—2Y in Eq. (13), we have 
xX? 1 
- SSS 14 
(E-N—X\N—X) ~ Ona’ te) 


where 6=0,/0,7(<1). 
Applying Fowler-Guggenheim’s method’, 
we obtain 


! 
Lon = FE NY (13v18)% 
| a(B+1—2z) be ee 
(1—a) (8—1+ 22) (8+1—2s) 
(15) 
#=1—4e(1l—x)a , (16) 
AaA=1—O0%u . (17) 


Here, a depends on 2 for the cell model with 
sublattices, though does not depend on x 
for the cell model with no sublattice. From 
Eqs. (2) and (15) the Helmholtz free energy 
(per mole) A of the system is given by 

A ii 3-108 ( zane) 


+1 log v+(1—2) log (1—2)} 
wv 


Es Ah log (72s) 
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2h B-1+22 
woe {log (B41) 
B+1—2z 
aGh 2) loge ee 
C=) loa ey) i 


where R is gas constant (per mole). 


§ 3. Pressure, Second Virial Coefficient, 
and Quantities at Critical Point 


From Eq. (18) the pressure ~ of the system 
is given by 


DVO I (20s \, hae 
Cr ce oeeee 
=—2 ue logs 
Ox 
ls a Z B+1—2e 
is {lost 2) oy OB ere 
_2e(l—x) | 0a (19) 


~ (l-a)(B+1) Ox ’ 
where V is the volume (per mole) of the sys- 
tem. For sufficiently small density (or 2), 
when we neglect the infinitesimal terms of 
higher order than x, we have 


B is the second virial coefficient and is given 
by 


B= Now| 1+za—2 a log s— 
2 Ox 


where z=N/L=Nwq/V and m=’. 
At the critical point of the vapor-liquid 
transition the following two conditions are 


satisfied. 
0 a es 91 
Vibes RV (21) 
VOPR om a= 22 
taps blued Dg 4) 


Po, Te, Ve (respectively the values of p,t (Ie) 
v(=V/N) at the critical point) are determined 
from Eqs. (19), (21) and (22). 


§4, Values of s and 0 

For «=0, we obtain s=1 from the fact that 
all the neighboring cells of any molecule are 
vacant. For x=1, all the neighboring cells 
(the number is z) of any molecule are occupied. 
By using the procedure of Lennard-Jones and 
Devonshire”, we obtain 
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Table I. 
‘ 7 Te V_/Vo Pcol/E DeVel Te | o 
BO Gpscrca olue 128 3.09 0.121 0.293 
| 
Lennard-Jones and Devonshire 1.30 1. 0.434 0.591 | 0.000 
Cernuschi and Eyring 2.74 2.00 0.469 0.342 0.455 
| 
Ono | toy ot | 2.00 0.128 0.342 0.455 
Peek and Hill ogy 418 B25 0.261 0.719 0.175 
This paper 1.35 3c3Saer inihao.iB0 0.296 0.593 TT 


iP This value is calculated by considering the interactions with the remoter molecules than 


nearest neighbors. 
Tr s=0.600, d=0.728. 


GS), mony 2 is y’? exp | Aa tey)—2- nly) ; 


y=P {a , 


nmy)=(1+y)1—y)-#-1, 
q=a)/reVY 2, 


where it is assumed that ? (the number of 
sublattices) is sufficiently great. Then, from 
Eq. (14) we obtain 


(24) 


where z@ is the average number of vacant 
cells around any one molecule. Hereupon, we 
assume the relations 


S=(S)e-1+(1—(S)2-1)0 (25) 


and 
sO=s—2(1—(S)2-1)/z . (26) 
From Eqs. (16), (17), (24), (25), (26), we can 


evaluate the values of s, a, 8,6 and & for the 
given value of x and r. 


§5. Numerical Calculation 


For the values of 7 and a we use respec- 
tively 3-83x2-G/®A and 4.044 (the values of 
argon). These values were already used in 
Ono’s theory®:”,. The above value of a (4.04 
A) is determined from the molar volume of 
liquid argon at 88°K, where the cell model of 
lattice type with no sublattice is assumed. 
Using these values, we obtain q=1.174 from Eq. 
(23). Thus we can evaluate the values of To, Ve/Vo, 
and pev/E from Eqs. (19), (21) and (22). The 
values obtained are given in TableI. Herein are 
tabulated also the observed values!®) of Ges 
Ue/Vo, PeVo/&, Peve/ET. (the mean values for Ne, 
A,N), and the calculated values obtained by 


Yo=u(3/4aV 2 )?/*=0.3054 , 
Ly) = (1+12y425.2y?+12y8+y4)\(1—y)- 1 , 


(23) 


the methods of Lennard-Jones and Devon- 
shire, Cernuschi and Eyring®, Ono, Peek 
and Hill®. We shall see from Table I that 
all the calculated values by the method of this 
paper are in good agreement with the observed 
values. Then the value of the second virial 
coefficient (at the critical temperature) calcu- 
lated from Eq. (20) is B/(2/3)zNr3=—2.12. 
The above value calculated from the exact 
formula! is —1.63. The above valuesttt 
calculated by the methods of Cernuschi and 
Eyring, Ono, Peek and Hill are between —1.0 
and —1.2. Accordingly, the method of this 
paper for the second virial coefficient shows 
little sign of improvement in the degree of 
agreement of the calculated value with the 
exact value. Probably this means that the cell 
method is not so adequate for gases of rather 
small density. 


§ 6. 


For the lattice theory of the liquid state we 
used the cell model of lattice type with inter- 
stitial sublattices. This model has the pos- 
sibility of realization of the three phases (that 
is the vapor, liquid, and solid phases), though the 
cell models heretofore in use may realize but 
the two phases. The degree of agreement of 
the calculated values of rte, Ve/Vp aNd PeWo/E with 


Conclusion 


ttt These values were calculated by Rowlinson 
and Curtiss9), 


1956) 


their observed values was considerably imp- 
roved as compared with those calculated values 
for the cell model of lattice type with no 
sublattice. Of course, it is to be desired that 
the purely statistical method should be used 
as Mayer and Careri!® did. However, also 
the improvement of the lattice theory by 
such an intuitive model as shown in this 
paper may have some meaning in the 
transition period before the time when the 
good agreement with the observed value will 
be able to be obtained by the above purely 
statistical method. 

The author wishes to express his sincere 
thanks to Professor A. Harasima, Tokyo 
Institute of Technology, for his valuable dis- 
cussions. 


References 
1) J. G. Kirkwood, V. A. Lewinson and B. J. 


Alder: J. Chem. Phys. 20 (1952) 929. 

2) H.S. Green: Proc. Roy. Soc. A189 (1947) 
103. 

3) A. E. Rodriguez: Proc. Roy. Soc. A196 
(1949) 73. 


4) J. E. Lennard-Jones and A. F. Devonshire: 
Proc. Roy. Soc. A163 (1937) 53; 165 (1938) 
1; 

5) F. Cernuschi and H. Eyring: J. Chem. Phys. 
Wal939) 047: 


Lattice Theory of Liquid State 


6) 


7) 


8) 


18) 
19) 


619 


S. Ono: Memoirs Fac. Eng. Kyushu Univ. 10 
(1947) 190. 
T. Sato and S. Ono: J. Phys. Soc. Japan 4 
(1949) 103. 
T. Sato and S. Ono: J. Phys. Soc. Japan 6 
(1951) 410. 


Hy Ma Reek and aL Hill: 
18 (1950) 1252. 

H. S. Rowlinson and C. F. Curtiss: 
Phys. 19 (1951) 1519. 

J. G. Kirkwood: J. Chem. Phys. 18 (1950) 380. 
J. E. Mayer and G. Careri: J. Chem. Phys. 
20 (1952) 1001. 

G. Careri: J. Chem. Phys. 20 (1952) 1114. 
P. Janssens et I. Prigogine: Physica 16 (1950) 
895. 

J. A. Pople: Phil. Mag. 42 (1951) 459. 

R. Kikuchi: J. Chem. Phys. 19 (1951) 1230. 
W. L. Bragg and E. J. Williams: Proc. Roy. 
Soc. A145 (1934) 699. 

I. Shimose: J. Phys. Soc. Japan 10 (1955) 
860. 

R. H. Fowler and E. A. Guggenheim: 
“ Statistical Thermodynamics” (Cambridge 
University Press, London, 1939) 246-53, 358-64, 
437-43. 

International Critical Tables. 

J. E. Lennard-Jones: Proc. Roy. Soc. A106 
(1924) 463. 


J. Chem. Phys. 


J. Chem. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 6, JUNE, 1956 


Growth Spirals on Crystals of WO3 


By Sigetosi TANISAKI 
Faculty of Literature and Science, Yamaguchi University 
(Received December 22, 1955) 


Growth spirals were observed on the (001) and {111} surfaces of WO3 
crystals which were prepared by sublimation. Spirals on (001) are of 
‘circular symmetry’, but spirals on {111} are of a characteristic shape 


which is explained by crystal structure. 


It was found that in any one 


region of the crystal the dislocations were not only predominantly of the 
same sign but also had the same strength. The movement of disloca- 


tion has been illustrated. 


Besides these spirals the layer formation 


from edges or corners of crystals was observed. 


Introduction 


§ 1. 


The growth spirals, which were predicted 
by Frank’s theory” on crystal growth by 
screw dislocation mechanism, were observed 
on the crystal faces of beryl, carborundum, 
cadmium iodide and other materials». Similar 
observations on crystals of wolfram trioxide, 
WO;, which is one of the ferroelectric 
materials», are to be reported in this paper. 
With relation to the ferroelectricity the 
crystal structure of this material was studied 
by several workers®. WO, has monoclinic 
structure in room temperature, and _ this 
structure changes to an orthorhombic form 
at 350°C and to a tetragonal form at 750°C. 
There is a transition point at 910°C. but “the 
crystal has still the tetragonal form in the 
temperature range up to 1200°C. The crystal 
Structure has not been determined above 
1200°C. Besides these, another transition 
near —50°C is known. This material has the 
domain structure in room temperature, whose 
boundaries are (110) and (100) twin planes. 
As the crystal cools through the transition 
temperature at 750°C and 350°C, the twinning 
takes place in the (110) and (100) planes 
respectively. 


$2. Preparation of Crystals 


Powder of purified wolframic acid was 
heated in silica tube above 1300°C for several 
hours in the electric furnace as shown in 
Fig. 1 and cooled down in furnace. The 
temperature of the sample was known by the 
correction of reading of the thermocouple. 
Then the powder of wolframic acid changed 
to WO; crystallites and on the surface of 
lump of these crystallites the green crystals 


with surfaces of area 1~2 mm? were obtained, 
which were ascertained to be WO; by the X- 
ray powder method. These WO; single 
crystals seem to have grown by sublimation 
on account of the temperature gradient caused 
vertically in the silica tube by the structure 
of furnace. Fig. 2 shows an example of such 
crystals. This crystal has a rectangular (001) 
plane and several {111} planes, and on {111} 
the domain boundaries, (110) and (100), are 
observed. The habits of the crystals depend 
on the temperature of crystal growth. At 
relatively low temperature (below about 1400 
°C) the crystals with the predominant {111} 
surfaces were obtained while at higher tem- 
perature the crystals grew usually into forms 
of thin platelets having only (001) surface 
well developed. These indices were deter- 
mined by X-ray rotation photographs and the 
measurements of facial angles. 


$3. Observation and Discussion 


On (001) and {111} surfaces of such crystals 
several types of growth spirals were observed 
by the metallurgical microscope. The growth 
spiral was not observed on the crystal sur- 
faces of other kinds. In WO;:, most of 
spirals are of dotted curves which are com- 
posed of many spots, perhaps pits, along the 
edges of the growth layers. Such cases were 
already observed on other crystals”, 

a) Spirals on (001) 


The typical spirals as shown in Fig. 3 and 
4 were observed on (001). Several straight 
lines on crystal surface of Fig. 3 are (110) 
domain boundaries and many faint parallel 
lines in Fig. 4 are (100) boundaries. In these 
photographs spirals develop across the domain 
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Fig. 1. 


Structure of electric furnace. 


(a) (b) 


Fig. 2. Example of a single crystal. 


AS 


Fig. 3. Spirals and (110) domain Becndarics 
on (001). 


boundaries, and this shows that the domain 
structure was built up after the growth of 
crystals. Fig. 5 shows many dislocations of 
the same sign appeared on the surface of a 
thin tabular crystal which had grown in the 
following state. This crystal grew on the 
(001) surface of another larger crystal with 
a rotation of 38° about the common c¢ axis. 
It seemed that the above mentioned disloca- 
tion pattern was caused by the strain which 
had been appeared in the crystal on account 
of this special condition of growth. 


b) Spirals on {111} 


An example of the growth spirals observed 
on {111} is shown in Fig. 6. Fig. 7 shows 
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Fig. 4. Spiral and (100) domain boundaries 
on (001). 


Fig. 5. Many dislocations of the same sign 
on (001). 


the interaction of spirals originating from 
three dislocations of the same sign at a dis- 
tance of separation greater than the radius 
of critical nucleus o-. Fig. 8 shows many 
screw dislocations of the same sign at a 
distance of separation less than fe. The for- 
mation of closed loops due to two dislocations 
of the opposite sign has not been observed. 
It seems to be characteristic in general on 
WO, crystals that in any one region of the 
crystal there is a large predominance either of 
right handed or left handed screw disloca- 
tions. Such observations were reported only 
on SiC®. The closed loops, produced by the 
movement of dislocation from the centre of 
the spiral before growth ceased, are illustrated 
ge 1. G). 

Besides these spirals the layer structure as 
shown in Fig. 10 was sometimes observed on 
{111}. This layer structure seems to be 
related to crystal growth as observed in ionic 
crystals” and sintered metal oxides®. But it 
is characteristic in WO; that layers always 
start, not from the centres, of faces, but from 
the edges or corners of crystals. The layer 
edges are roughly semicircular on small 
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Fig. 6. Two spirals observed ona {111} 
surface. 


Fig. 7. Interaction of spirals originating from 
three dislocations. 


Fig. 9. Closed loops produced by the move- 
ment of dislocation. 


Fig. 10. Layer structure spreading from the 
edge of a crystal. 


Za 


faces. But when large crystals were observed, 
the development of each layer was irregular 
and relatively wide layers were observed. In 
such cases the growth spirals described above 
were observed on relatively wide layers as 
shown in Fig. 11. Therefore the crystal 
growth seems to proceed by two mechanism, 
the layer formation and the spiral growth of 
each layer. The formation of layer structure 
depends on the conditions of temperature, 
impurities and others, but it was not studied 
in this experiment. 


c) Shape of spiral 

The WOs; single crystals prepared by the me- 
thod mentioned above seem to grow from the 
vapour by sublimation, and so the polygonal 
spiral has not been observed. The growth 
spiral on (001) has ‘ circular symmetry ’, but 
the shape of spirals on {111} is so character- 
istic that the orientation of the crystals can 
be determined approximately from this shape 
only. The spiral on {111} is elongated in 
[110] direction and the distances between two 
neighbouring steps in [112] direction from the 
centre of spiral are always Narrower than in 
[112]. Fig. 6 is a good example of this form 
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of spirals. This characteristic shape of 
spirals on {111} is to be explained from the 
crystal structure ia the temperature of growth. 
Three structures of this material in the tem- 
perature range between room temperature 
and 1200°C, monoclinic, orthorhombic and 
tetragonal, can be described as a distorted 
cubic structure of the ReO; type. The 
structure in the temperature of crystal growth 
has not been known, but judging from the 
structure in lower temperature it may be 
assumed that it is also approximately a cubic 
structure of the ReO; type. The ideal cubic 
form would contain one molecule per unit 
cell. In the monoclinic form there are four 
molecules per unit cell, and each of the a 
and b axis lengths is approximately twice the 
length expected for a in the cubic cell. The 
c axis length is approximately the same in 
all lattices. In this paper all the indices of 
planes and directions refer to this monoclinic 
lattice for convenience. Then the assumed 
structure is represented as being built up of 
the atomic layers parallel to {111}, one of 
which is shown in Fig. 12. Each layer is 
stacked upon another with the displacement 
shown by the arrow in this figure, and one 
period of this stacking contains six such layers 
and the repeated distance is about 9.2 A. 
Accordingly, the stacking of atoms in [112] 
direction is different from that in [112], and 
so the velocities of advance of the growth 
steps differ in each direction. This results 
the above characteristic shape of spirals. 


d) Step height 

The successive arms of the spirals originat- 
ing from any two dislocations can join with 
each other only if the step heights of the two 
spirals are the same, 7.¢., the two dislocations 
are of the same strength. This is the general 
behaviour of the spirals on WO; crystals as 
shown in Fig. 3, 5, 6 and 7. This shows 
that the dislocations of the same strength 
tend to appear in any one region of the 
crystals. 

For the measurement of the step height, 
the multibeam interferometry has been widely 
used in other crystals. The same method 
was tried preliminarily to this crystal, but the 
shift of Fizeau fringe at an individual step 
could not be observed, and the method of 
determination of the average step height from 


Growth Spirals on Crystals of WOs 


623 
(= 0, —O 
® @ ® ’ a 
° (rO--=S-F == 0 C110) 
@ @® 2 1 ~- = 
wT eed! ob ae aan tore 
© | @2ie ° 
° iis ee Ae aie 
Me 2 V @ @ J 
@ e@ a @ ut 
fe} ° fo} OY 3 Ox 
® ® ® 
O————_0. ro ro) 9.0m 
Fig. 12. Elementary atomic layer parallel to 
{111}. W and Oj is in one plane, Om is in 


another plane. The latter is d/12 higher than 
the former, where d is the repeated distance of 
{111}, about 9.2 A. 


the bend of fringe could not be applied to 
WOs, for the crystal surface is not flat but 
zigzag on account of its twin structure, 
especially the fine (100) twinning. 


In conclusion the author wishes to express 
his hearty thanks to Prof. K. Tanaka. of 
Kyoto University, Prof. S. Shimose and Prof. 
M. Tokuhisa of Yamaguchi University for 
their continual interests and encouragements, 
and to Mr. Y. Shinnaka for his helpful dis- 
cussions. His thanks are also due to Prof.. E. 
Takahasi of Yamaguchi University for his 
kindness to have allowed him to use the 
microscope in his laboratory. 
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The effect of the condition of crystallization on the domain pattern was 
studied by a polarization microscope. Slow crystallization at the tem- 
peratures between two Curie points gave domains parallel to the b-axis, 
whereas above the upper Curie point they were parallel to the c-axis. 
On raising temperature through the upper Curie point, monoclinicity 
decreased gradually, without any change of domain width, until the 
domain pattern disappeared at 24.25°+0.2°C, where a marked pyroelec- 
tricity and a maximum of permittivity were observed. The pyroelectric 
effect continued to exist up to a temperature a little higher. Annealing 
crystals in the atmosphere of appropriate humidity had no effect on the 
domain formation. This fact, together with the fact that the crystalliza- 
tion between two Curie points brought about the splitting into domains 
seems to show that the domain formation is mainly governed by elastic 


energy rather than electrostatic energy. 


phenomena are presented. 


Introduction 


§1. 


By a simple analogy to ferromagnetism, 
rochelle salt crystal was supposed to split up 
into ferroelectric domains between two Curie 
points, since the early days of the study. It 
was first predicted theoretically by Jaffe) 
that domain structure must actually be 
existing in rochelle salt. His careful analysis 
of the physical properties of rochelle salt 
crystal led him to the conclusion that in ferro- 
electric temperature range it must belong 
to monoclinic symmetry P2;, although it 
“appears” to posses the orthorhombic sym- 
metry P2,2,2 as in non-ferroelectric range, 
His hypothesis was that every domain has 
the monoclinic Symmetry and has spontaneous 
strain y., but, as a whole, crystal appears to 
show orthorhombic symmetry by forming 


laminated twin structure. X-ray studies by 


Miyake» and Ubbelohde*®) presented experi- 
mental suppots of Jaffe’s theory independently, 
Furuichi and Mitsui observed domain struc- 
ture directly by the use of polarization 
microscope, Providing the conclusive evidence 
to Jaffe’s theory. 

A theory about shape and size of the ferro- 
magnetic domain was discussed extensively 
by Kittel®, concluding that the domain 
structure which minimizes exchange energy, 
anisotropy energy, magnetoelastic energy, 
and magnetostatic energy must be realized. 
The ferroelectric domain structure, however, 


Explanations of observed 


cannot be discussed in parallel. The most 
important differences between ferromagnetic 
and ferroelectric cases lie in the following 
two points. Firstly, there is the possibility 
of charge neutralization by means of free 
charges in the atmosphere in the case of 
ferroelectrics. Secondly, piezoelectric effect or 
electrostriction of ferroelectrics is considerably 
larger than the values of magnetostriction of 
ferromagnetic materials. It is consequently 
very likely that the formation of ferroelectric 
domains is largely governed by elastic energy, 
rather than electrostatic energy, whereas the 
formation of ferromagnetic domains is 
governed by magnetostatic energy. 

It is also very likely that the imperfections 
on surfaces and in the interior give remarkable 
effects on domain structure. These situations 
are much complicated, and the problem seems 
to be beset with difficulties in understanding 
the phenomena conclusively. The present 
study was designed to secure informations 
about ferroelectric domain formation as 
possible, and several points of interest have 


come to light during the course of our ex- 
periments. 


§2. Variety of Domain Pattern 


A variety of domain patterns, as already 
reported®), can be observed using polarization 
microscope. Domain patterns can be assorted 
into five types as follows: 
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(1) Laminated domains parallel to a- and 
C-axes. 
(Let us call them c-axis domains or simply 
c-domains in the present paper.) 

(2) Laminated domai s parallel to a- and 
b-axes. 
(Let us call them 6-axis domains or simply 
b-domains. ) 

(3) Co-existence of b-axis domains and c- 
axis domains. 

(4) A part of crystal forms a large domain. 

(5) Peculiar types of domain structure. 

Domain patterns were studied by controlling 
temperature or controlling speed of crystalliza- 
tion. Crystallization was done by both eva- 
poration method at constant temperature 
using drying agents and cooling method at 
constant speed of crystallization utilizing the 
temperature dependence of solubility. Observa- 
tion were made on a-plate crystals, which had 
grown from seeds of a-plate placed between 
parallel glass plates immersed in the saturated 
solution, so that the domain structure of the 
crystal, just grown, was able to be observed 
without applying mechanical stresses resulted 
from cutting. Domain patterns were also 
studied by applying some physical treatments. 


§2.1. b-axis Domain, c-axis Domain, and 


their Co-existence. 

According to simple analogy to ferromagne- 
tism, ferroelectric crystal must split up into 
domains, making the electrostatic energy 
small. If this is the case, it must be inferred 
that a crystal which has been crystallized at 
temperatures between two Curie points should 
give a single domain crystal, because the 
crystallization is carried out in the conductive 
solution and electrostatic energy will be 
Zero. 

Experiments turned out that crystallization 
at temperature between two Curie points also 
gave poly-domain crystals, supporting the view 
that the formation of ferroelectric domains is 
largely governed by elastic energy, rather 
than electrostatic energy. 

Crystallization at temperatures between two 
Curie points gave domains parallel to the b- 
axis, whereas the crystals which were 
crystallized above the upper Curie point gave 
domains parallel to the c-axis when cooled 
down to temperatures between two Curie 
points. Crystallization started at 26°C, com- 
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pleted at 22°C gave the crystal of the 
domain pattern rather complicated. Namely, 
the part crystallized at temperatures above the 
upper Curie point was composed of c-axis 
domains, the part crystallized in ferroelectric 
temperature range b-axis domains, and the 
transient part b- and c-axis domains coexisting. 
These facts clearly indicate that for rochelle 
salt crystals, which have grown at tempera- 
tures above the upper Curie point, c-axis 
domains are more stable, whereas for crystals 
grown below the upper Curie point b-axis 
domains are stable. It was also found that 
b-domain crystals yielded a tendency to change 
into c-domain crystals in the long time. 
Possible explanations of the phenomena will be 
presented later in § 5. 

Cracking a b-domain crystals with a knife 
edge also caused c-axis domains co-existing 
with b-axis domains due to a high mechanical 
stress. Coexistence of b- and c-axis domains 
was also observed near flaws, which were 
present in the portion where the crystalliza- 
tion had taken place rapidly. 


§ 2.2. 


Large domains of the order of magnitude 
1mm? are sometimes observed in crystals 
which are supposed to have been subject to 
high internal stress in the course of crystal 
growth. The width of large domains is some 
hundreds times as large as that of usual 
domain. The large domain splits up into 
usual c-axis domains, when craked by a knife 
edge. 


§ 2.3. Peculiar Type of Domain Structure I. 


Large Domains 


Observation with microscope revealed that 
the flaws present in a rochelle salt crystal 
was composed of nearly spherical small holes, 
the order of magnitude (1/100)mm in diameter, 
which were filled with saturated solution. 
The existence of the liquid in the hole was 
deduced from the bubbles observed in the 
hole. Peculiar type of domain structure as 
shown in Fig. 1, as has been reported™, is 
frequently observed around a small hole, 
which composes the flaw. It will be shown 
in §5 that this type of domain structure 
must be due to stress concentration around 
the hole. 


§2.4. Peculiar Type of domain Structure II. 
Another peculiar type of domain structure 
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Fig. 1. Peculiar type (I) of domain structure 
around a hole filled with saturated solution. 


Fig. 2. Peculiar type (II) of domain structure 
around a group of fine crystals, which has been 
crystallized by a certain treatment. 
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Fig. 3. Stable region of rochelle salt crystal in 
relation to temperature and humidity. Dotted 
line shows the boundary for effloresced crystals. 
(according to Kawai®).) 


as shown in Fig. 2 was observed around a 
group of fine crystals produced by a treatment 
described below. In the first place thin a- 
plate crystals of rochelle salt were kept at 
40°~45°C in a humidistat, of which humidity 
was kept constant by CaCl, for about one 
day, resulting in the roughness of the sur- 
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structure disappears (on heating), 
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(II) A. & the temperature at which pyroelectric 
effect ends (on heating), 
and (II) w the temperature at which pyro- 
electric effect starts (on cooling); 
where solid symbols denote the 
applying an a.c. field. 


cases of 


face by efflorescence, as can be understood 
from Fig. 3. A close observation of the 
surface by the use of a microscope, lines 
parallel to c-axis were observed, in agreement 
with results obtained by Sakisaka®, indicating 
that cracks in c-direction exist. The second 
process followed, keeping the crystals at 
also 40°~45°C in the humidistat, which con- 
fines the air of humidity 70% at 10215 °C 
for several days. The surface then underwent 
deliquescence to a small extent, as can be 
assumed from Fig. 38. The aquous solution 
of rochelle salt resulted from deliquescence 
will fill the crack, and will crystallize in the 
crack forming a group of fine crystals in 
decreasing temperature. Around the group 
of fine crystals this type of domain structure 
was observed. It will be shown in §5 that 
this type of domain structure must be due 
to stress distribution around the crack filled 
with group of fine crystals. 


§3. Pyroelectric Effect ; Temperature 
Dependence of Domain Structure 
and Permittivity 


It is well known that a marked pyroelect- 


@) PAO 
Figs. 5. 


ricity is observed in rochelle salt, in raising 
temperature from the ferroelectric temperature 
range through the upper Curie point. It is 
clear that there should exist a close relation be- 
tween the domain structure and pyroelectric 
effect as has been pointed out by Jaffe. 
However, two possible processes are con- 
ceivable, by which the domain structure dis- 
appears at the transition point, being accom- 
panied by pyroelectric effect: Firstly the 
process that domain width varies in accor- 


dance with pyroelectric effect, and at 
Curie point domain structure disappears 
abruptly; secondly the process that the 


domain width and domain distribution are 
indepedent on temperature, but the monocli- 
nicity, i.e. the deviation from the orthor- 
hombic symmetry, decreases gradually in 
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Temperature dependence of domain pattern. 


accordance with pyroelectric effect, until the 
domain structure becomes invisible. In order 
to determine which process actually takes 
place, temperature dependence of domain 
pattern was observed, and the measurement 
of pyroelectric effect was also carried out 
simultaneously, raising temperature from 
ferroelectric range through the upper Curie 
point. 

On the surface of a-plate crystals of the 
rectangular shape lemx2cm with thickness 
0.6 mm, cut out from large 
crystals, silver foil of thickness of the order 
of magnitude 0.08 4 was applied by means of 
absolute alcohol. At the center of the foil, 
a hole of area of the order of magnitude 
1mm? was made, and domain pattern of that 
portion was observed. Under and over the 


which were 
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Fig. 6. Temperature dependence of permittivity 
and pyroelectric effect. 


silver-foiled crystal two thin metal electrodes 
with circular holes were placed. Whole 
system of the microscope was set in a 
thermostat. The temperature of the specimen 
was measured by copper-constant an thermo- 
couple, placed in the vicinity of the specimen, 
held between plates of rochelle salt crystal 
of the same size as the specimen, and covered 
by the same metal plate as electrodes. 

The temperature, at which the domain 
structure disappears, have been plotted against 
the rate of raising temperature in Fig. 4, 
curve I. The temperature, at which the 
pyroelectric effect ends, have been also plotted 
against the rate of raising temperature in 
Fig. 4, curve II. Fig. 4 summarizes the 
results for good many specimens. It should 
be noted here that the temperature, at which 
the domain structure disappears, and the 
temperature, at which the pyroelectric effect 
ends, largely depend on the rate of raising 
temperature, as can be seen by curves I, II 
in Fig. 4. The rate of raising temperature 
lower than 0.04 deg/min. gave essentially the 
Same temperature for the domain structure 
to disappear. 

The domain patterns at various temperatures 
are shown in Figs. 5, the rate of raising tem- 
perature being 0.03 deg/min. In raising tem- 
perature from about 10°C very slowly, no 
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change of domain pattern was observed at 
first, and pyroelectric effect was also scarecely 
deteced. In raising temperature furthermore, 
pyroelectric effect increased gradually, 
whereas domain pattern showed no change 
until 22°C was reached. Above 22°C, difference 
of the brightness between adjacent domains 
decreased, indicating that the monoclinicity 
decreased. Simultaneously large pyroeletric 
effect was observed, indicating that decrease 
of monoclinicity evidently corresponds to 
pyroelectric effect. The pyroelectric effect 
v.s. temperature has been plotted in Fig. 6, 
curve I. The domain pattern became invisible 
at 24.25°+0.2°C, whereas pyroelectricity con- 
tinued to exist up to a temperature a little 
higher. 

The temperature dependence of permittivity 
was also studied, observing domain pattern 
simultaneously. Permittivity measurement 
was made using a bridge circuit at frequency 
700 cps, applying 5 volts/em. In Fig. 6, curve 
II permittivity has been plotted against tem- 
perature. In raising temperature very slowly 
(heating rate <0.04 deg/min.), the temperature 
dependence of domain pattern was just the same 
as shown in Figs. 5, anda peak of the permit- 
tivity was observed at the critical temperature 
for the domain structure to become invisible. 

The a.c. field applied in measuring permit- 
tivity may affect the temperature at which 
domain structure disappears or the tempera- 
ture at which pyroelectric effect ends. Our 
close studies showed that the temperature at 
which domain — structure disappears was 
affected by the a.c. field as shown in Fig. 4, 
curve III; i.e. transition occurred at lower 
temperature than without a.c., when the rate 
of raising temperature is larger than 0.04 
deg/min. The Pyroelectrity, however, also 
continued to exist up to a little higher tempera- 
ture than domain structure disappearance, even 
when the a.c. field is applied. Thus it seems 
to be concluded that the application of a.c. field 
makes it easy for the transition to occur, 
whereas it has no effect on the temperature 
at which pyro-electric effect ends. No proper 
under standing of this phenomenon is not 
yet reached. 

§4. Effect of Electrostatic Energy on the 
Domain Formation 


As mentioned above, the formation of ferro- 
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electric domains seems to be mainly governed 
by elastic energy, rather than electrostatic 
energy. This view is supported by our finding 
that crystallization in ferroelectric temperature 
range never shows a tendency to become single 
domain crystal but gives poly-domain crys- 
tal. However, Mitsui and Furuichi® reported 
that a specimen, which had been kept at a 
high temerature for a long time and then 
cooled down to a temperature between two 
Curie points, showed a domain structure 
largely different from the initial one, i.e. 
domain width is markedly smaller, the rela- 
tion between domain width w and thickness 
D was represented as w=kYD. This ex- 
perimental data led them to conclude that 
the formation of the ferroelectric domains is 
governed also by electrostatic energy. 

This experiment by Mitsui and Furuichi, 
however, did not pay satisfactory attention 
to the effect of humidity. Therefore, similar 
experiments controlling not only temperature 
but also humidity were carried out. Specimens 
of thickness 0.6mm were kept at 40°~45°C 
for 2 or 3 days ina humidistat. As Fig. 3 
shows, at thése temperatures a crystal 
undergoes efflorescence at relative humidity 
lower than about 40% and it undergoes 
deliquescence at relative humidity higher 
than about 80%. 

Experiments were carried out with the 
results as follows. In the case, where CaCl 
was used for keeping the humidity constant 
in the humidistat, domain width markedly 
decreased in agreement with Mitsui and 
Furuichi’s result; the crystal effloresced a 
little, surfaces were rough, number of small 
cracks parallel to c-axis were present, and 
many powders of dehydrated rochelle salt 
were observed on the surfaces. In the case 
of using H.SO, of concentration 37.5%, which 
keeps relative humidity 649% at, 50°C, there 
was no notable change in domain width, the 
crystal surfaces were smooth, in contrast 
with the result of experiments in dried air. 
This clearly shows that domain formation is 
not governed by electrostatic energy, for 
stable crystals in a atmosphere of relative 
humidity 64%. 

For understanding the decrease of domain 
width in a dried atmosphere, two main 
possibilities will be conceivable. First, in 
dried atmosphere, the electrostatic energy 
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may prevail, so that “annealing” should cause 
domain structure of notably decreased width; 
second, the efflorescence of the crystal may 
affect the domain structure, resulting in the 
decrease of domain width. 

Similar experiments with short-circuited 
crystals were carried out, by holding crystals 
in mercury, or wrapping them with tin foil, 
or wrapping silver-foiled crystal with tin foil, 
the surface of the crystal being dried in the 
atmosphere of the relative humidity lower 
than 35%. High electric field, if existing in 
the space between the crystal and the elect- 
rodes, is confined within a very small space, 
resulting in low electrostatic energy as 
a whole. 

The experiments turned out that domain 
width decreased markedly in agreement with 
the results in the case of the crystals, which 
were not short-circuited in a dried atmosphere, 
the surface being rough by the dehydration. 
It seems likely that the decrease of domain 
width in a dried atmosphere should be 
attributed to the efflorescence of the crystal 
surface. 

This series of experiments supports the 
view that domain formation is not governed 
essentially by electrostatic energy. 


§5. Theoretical Analysis and Discussion 


In the present section interpretations of 
peculiar types of domain structure as Figs. 1 
and 2 are presented in the first place. 

The first type is observed around holes 
which are filled with saturated solution. Stress 
distribution around the circular hole, in which. 
hydrostatic pressure Pp is existent, can be 
obtained as two dimentional problem of elastic 
body, by finding a suitable Airy stress func- 
tion F, provided for brevity that elastic con- 
stants are isotropic. This stress function 
must satisfy the differential equation: 


d i i d 1d ) 
ae === ea a fh t — y =F E 
( aye ry ar )( dr. Y a oe”) 


and must yield stresses or displacements 
which satisfy the boundary conditions of the 


problem. The stresses are given by the 
following relations: 
OF or OF 
te ee a) eee ee bez 
mer Oydz Oy? ee. 


The Airy stress function appropriate for the 
problem is: 
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Fig. 7. The sign of Y,-stress field around a 
hole filled with saturated solution. 


Fig. 8. The sign of Y,-stress field arounda 
crack, filled with a group of fine crystals. 


F=¢, logr+c7 , (5.3) 
constants ¢1, C, are determined as: 
C= 0D 
C5) 
by means of boundary conditions: 
Or-=—p at r=a 
or=0 at 11> 


where a denotes the radius of the hole. 
Thus stress Y, is obtained as: 


(5.4) 


The absolute value of Y, dies off inversely as 
the second power of the distance from the 
conter of the circle and the sign of Y, is 
shown in Fig. 7. 

If a crystal is cooled from above the 
upper Curie point under the influence of 
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stress Y, expressed by (5.4), it must split up 
into domains, so that the portion subject to 
positive Y, should have positive y, and vice 
versa, resulting in the peculiar type of domain 
structure shown in Fig. 1. 

The second type is observed around a group 
of fine crystals which have been crystallized 
by the treatment described in §2. Fine 
crystals are situated in a crack, of which 
shape can be approximated by very thin 
ellipse. Stress distribution of the similar 
problem as the previous one can be obtained 
by the use of elliptic coordinate: 


y=c sinhé sin y 
z=ccoshE cosy. 
The Airy stress function F must satisfy the 
differential equation: 
dar =( , (5.5) 
and yield stresses which satisfy the boundary 
conditions: 
Tey =0, 
oc=0 


at the boundary £=0 
at E00, 


O¢———p, 


where the equation of boundary §=a was 
put €=0, because a=0. These boundary 
condition were adopted because the group of 
fine crystals crystallized in the crack will 
result no shear stress but normal stresses. 
The Airy stress function appropriate for this 
problem is: 


F'= A(e-*§+- cos 2)+ BE , (5.6) 


where integration constants A, B are deter- 
mined as: 
B cp? 
A=—=——+_ |, 
2 4 


Y. is obtained as: 
2 Dp 


4 ~ 4(cosh?£—cos?y)? 
x[o(&, 7) sin 4y+9(€, 7)sin 27] , (5.7) 
o(E,2)= -+ (1+) sinh 2£, 


P(E, »)= —e-*€ sinh 2E + e-2€~sinh 2——1 
—2R sinh &e-* sinh E—cosh &—sinh &) , 
where 
R= (cosh?£+cos?7) (cosh? —cos?y) . 
Amount of stress Y, near both ends of major 
axis of very thin ellipse must be extremely 
high and dereases in increasing the distance 


from the group of the fine crystals, and the 
sign of Y, is shown in Fig. 8. 
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If a crystal is cooled from above the upper 
Curie point under the influence of stress Y, 
expressed in (5.7), it must split up into 
domains, so that the portion subject to 
positive Y, should have positive y, and vice 
versa, resulting in the peculiar type of domain 
structure shown in Fig. 2. 

Now we are on the step to give tentative 
explanations for the phenomena that rochelle 
salt crystals which have grown at tempera- 
tures above the upper Curie point give c-axis 
domains when cooled down to ferroelectric 
temperature range, and that b-domain crystals 
show a tendency to change into c-domain 
crystals. 

Observation of the crystal by throwing 
light at a certain angle of incidence yields 
large number of groups of fine lines. As 
reported by Sakisaka’® those are cylindrical 
fine holes, parallel to crystallographic c-axis, 
the order of magnitude 1~10 in diameter, 
hollow or filled with saturated solution. It 
may be noted here that those fine holes are 
present even when the crystallization is carried 
out in the best condition, whereas flaws which 
has been remarked in § 2.1 take place at the 
portion where speed of crystallization is too 
high. If a domain wall intersect cylindrical 
fine holes parallel to c-axis, the energy of the 
domain wall will be small”. Therefore, it may 
be inferred that the existence of cylindrical 
fine holes parallel to c-axis prefers c-domains 
rather than b-domains, when cylindrical holes 
are existent in a certain distribution. This 
may provide one of possible explanations of 
the facts cited above. 

There appears to be another possible ex- 
planation to account for the phenomena. Let 
us suppose that crystals contain great num- 
ber of screw dislocations especially parallel 
to c-axis. This assumption may be not found 
unreasonable, because, according to Frank, for 
a dislocation of large Burgers’ vector there 
exists a state of equibrium in which the core 
of the dislocation is an empty tube! and then 
cylindrical fine holes parallel to c-axis is 
possible to be dislocations with large Burger’s 
vector. Provided that there are great many 
screw dislocations in c-direction, there should 
exist stress field in the vicinity of them. 

Let us first consider the crystal at a tem- 
perature above the upper Curie point. The 
strain component yz at a point (7,8) is given 
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Fig. 9. Contours of strain y, around a screw 
dislocation, above the upper Curie point; solid 


line denotes positive, dotted line negative 
strain. 
by 
b joe 
Y= = — COS 0; (5.8) 
2mr 


provided for brevity that elastic constants are 
isotropic, where @ denotes the angle measured 
from a-axis in (001) plane, 7 denotes the dis- 
tance from the screw dislocation parallel to 
c-axis. Our discussion is only confined to the 
region 770, where 7% is critical radius for 
which the theory of elasticity applies. Con- 
tours for the stain y, are circles in Fig.9, as 
can be seen from (5.8). A portion near the 
screw dislocation is largely polarized even 
above the upper Curie point, because the 
strain y, must be accompanied by polarization 
according to Mueller’s theory». The region, 
in which the polarization is larger than 
spontaneous polarization P, (=2.5 x10 cou: 


lomb/cm? at 0°~10°C), is obtained from 
(5.8): 
b 
1 cos 0 , (5.9) 
2TYzs 


where ys shows the spontaneous strain at 
0°~10°C: 
Wo X10 

The region expressed by (5.9) is a circular 
cylinder of diameter 0.12, provided that 
the modulus of the Burgers’ vector D is 
equal to the lattice constant in c-direction, 
6.17 A. 

Cooled through the upper Curie point, 
crystals must split up into domains. Then, 
the portions in the vicinity of dislocations, 
which have been largely polarized at tem- 
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peratures above the upper Curie point, may 
provide nuclei of domains, which will grow 
into c-axis domains. This is another possible 
explanation of the phenomena. 


§6. Summary and Conclusions 


Effect of the condition of crystallization on 
the domain pattern was studied, temperature 
dependence of the domain pattern and its 
relation to pyroelectric effect and to permit- 
tivity were also studied. What governs the 
formation of ferroelectric domains was 
investigated. 

The findings are summarized in the following. 

(1) Crystallization at temperatures between 
two Curie points gave domains parallel to 
b-axis. (b-axis domains) 

(2) Crystallization at the temperature above 
the upper Curie point gave c-axis domains. 
The b-axis domains yielded a tendency to 
change into c-axis domains. 

(3) On raising temperature through the upper 
Curie point, monoclinicity decreased gradually 
until the domain pattern disappeared, without 
any change of domain width. This process 
showed good correspondence with pyroelectric 
effect. The domain pattern became invisible 
at 24.25°-+-0.2°C, the peak value of permittivity 
being attained at the same temperature. The 
pyroelectric effect, however, continued to 
exist up to some higher temperature. 

(4) Annealing crystals in the atmosphere, 
where rochelle salt remains stable, showed no 
effect on domain structure. The effect of 
annealing crystals short-circuited in dried 
atmosphere was quite similar to that of 
annealing free crystals in the dried atmos- 
phere. These results, together with the fact 
that the crystallization in ferroelectric tem- 
perature region, immersed in the conducting 
solution, brought about the splitting up into 
domains, may support the view that the 
domain formation is mainly governed by 
elastic energy, rather than electrostatic energy. 

(5) It was revealed that the peculiar types 
of domain structure as shown in Figs. 1 and 
2 were due to stress distributions around a 
hole filled with saturated solution and around 
a crack filled with a group of fine crystals, 
respectively. 
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(6) If a domain wall interesects cylindrical 
fine holes parallel to c-axis, the domain wall 
energy will be small, giving a possible ex- 
planation of the phenomena, described above 
in (2). 

(7) Suppose the existence of screw disloca- 
tions parallel to c-axis, then some portions in 
the vicinity of them should be largely 
polarized. Therefore, on cooling through the 
upper Curie point, nuclei of domains may be 
formed, which will grow into c-axis domain, 
giving another possible explanation of the 
phenomena cited above in (2). 
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Electronic Structure of the Exciton 
I. Localized Exciton in KCl 
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The present situation of the exciton problem is discussed briefly. The 
localized excitons of KCl in both optical and X-ray absorption have been 
worked by using Wannier-Slater’s equation for the perturbed lattice, 
which may be considered to essentially correspond to the quantum- 
analogue of von Hippel’s semi-classical model of the exciton. The 
perturbing potential fields in Wannier-Slater’s equation are evaluated 
numerically by the use of Hartree’s data and then the best-fit analytical 
functions are constructed with fair accuracy. The solutions of the equa- 
tion are worked by the variational method. The result for the optical 
exciton is observed to be in fair agreement with the experiment. As for 
the X-ray exciton, the quantitative comparison with our results can 
hardly be carried out at present, since the position of the bottom of 
conduction band can not be measured accurately on the X-ray absorption 


spectra. 


On the basis of our results for X-ray exciton, however, some 


discussions on the characteristic structure near the absorption edge in 


KCl are presented. 


§1. 

As is well-known in the ultraviolet absorption 
in alkali halide crystals, the first absorption 
band without photocurrent can not be appro- 
priately taken into account by the usual band 
theory of solids, but has been ascribed, by 
Frenkel”, to a new electronic state, i.e., the 
exciton state, in which an ejected electron by 
an incident photon has been bound in the field 
of a positive hole left after the light absorption 
and, further, a coupled pair of electron and 
positive hole, i.e., a quasi-neutral atom in 
excited state is capable of wandering from 
one cell of the lattice to another throughout 
the crystal. Recently, the detailed behavior 
of such exciton, i.e., its mobility in colored 
alkali halides has been actually measured by 
Taft and Apker” in their beautiful experiments 
of the external photoelectric effect. Further- 
more, Inchauspe® has successfully found some 
experimental evidence about the exciton 
localized near a vacant lattice site or a F- 
center in alkali halides. In the present article 
the exciton consisted of an electron coupled 
by a positive hole in the state of a valence 
band shall be called ‘optical exciton’’ for 
the reason that it has been usually observed 
in the ultraviolet absorption. In fact, such 
exciton states have actually been observed, 


though qualitatively, not only in the ultravio- 
let absorption of many insulating crystals”, 
but also in their X-ray absorption and emission 
spectra according to the recent experimental 
observations. As was already stressed by 
Mott and Cauchois® and Parratt and Jossem® 
in their interpretations of X-ray spectra of 
the alkali halide crystals, the appearance of 
the remarkably sharp peeks in both X-ray 
absorption and emission spectra in the insula- 
ting crystals seems to provide strong support 
for the existence of the different kind of 
exciton states from those in the optical region, 
just below the bottom of both conduction and 
valence bands, in which an ejected electron by 
a photon is trapped in the field of a positive 
hole left in the X-ray level. Such kind of 
exciton shall be called ‘‘ X-ray exciton’”’ for 
the reason that it has been observed experi- 
mentally in the X-ray region. Furthermore, 
Friedel has discussed theoretically the pos- 
sible effect of an optical exciton upon the 
ultraviolet absorption in metallic crystals, 
according to which whether the effect of an 
exciton is observable or not seems to be essen- 
tially governed by the amount of screening 
of a positive hole by the nearby crystal 
electron during the electronic transitions. In 
view of the above situations both experimental 
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and theoretical, the exciton may be considered 
to make its appearance, to a more or less 
amount, quite generally in almost all the 
crystals with or without lattice defects, and, 
to provide a useful data for elucidating the 
detailed structure of electronic states in the 
crystal which can not be satisfactorily dealt 
with by the usual band theory, particularly 
allowing for the situation that the band theory 
can hardly be proceeded, at present, along 
Hartree’s original procedure of self-consistent 
field method developed in atomic structure. 
Among the theoretical investigations of the 
exciton problem which have been carried out 
so far, we have two different approaches to 
this problem the inter-relation of which 
seems not to be worked out from a unified 
standpoint; one is due to von Hippel®, 
de Boer® and Dexter! whose works did con- 
cern with a localized exciton, and another due 
to Frenkel’, Peierls!, Slater and Shockley!® 
who have dealt with the moving exciton or 
excitation wave. In the former work the 
energies of localized excitons in alkali halide 
crystals have been quantitatively computed on 
the basis of classical, atomic model in which 
an electron is removed from a halogen ion to 
a neighbouring metal ion. They have obtained 
good agreement with the experiments on the 
position of the first absorption bands in alkali 
halides. Dexter™ has discussed the transition 
probability to a localized exciton state through 
ultraviolet absorption by the use of his pertur- 
bation procedure developed in the F-center 
problem but not worked the energies of the 
localized exciton. On the other hand, the 
characteristics of a moving exciton or excita- 
tion wave have been qualitatively discussed by 
the mentioned authors only for the oversimpli- 
fied crystal model but, for the actual crystals, 
the quantitative work about exciton seems to 
be still lacking at present in spite of the 
rather accumulated data in the experimental 
observations. Generally speaking, the theore- 
tical treatment of a moving exciton is 
considered to become essentially many electron 
problem in which the configuration interaction 
plays decisive role as shown in Slater and 
Shockley’s work}, whereas, the idea involved 
in von Hippel’s classical treatment of localized 
exciton seems to be based upon one electron 
problem. The mutual relation between both 
treatments of exciton seems to remain still 
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unclarified, at least quantitatively, though it 
is intuitively speculated. 

In view of the above mentioned situations 
of the exciton problem, it seems to be highly 
desirable to attempt to work quantitatively 
the electronic structure of excitons, appearing 
in both optical and X-ray absorptions. Now, 
in the present article (Part I), the electronic 
states of the localized excitons in both optical 
and X-ray regions shall be dealt with for KCl 
by the use of Wannier-Slater’s equation for 
the perturbed lattice, the content of which 
may be considered to correspond to a quantum- 
analogue of von Hippel’s model of a localized 
exciton. The quantitative discussions of the 
moving exciton or excitation wave in KC] shall 
be worked out in the next paper (Part ID), 
taking into account the configuration inter- 
action based upon the basic set of Bloch 
orbital or its modified form, together with the 
discussions on the relation to a localized ex- 
citon treated here and the interaction with 
lattice vibration. 


SZ. 

According to Slater-Koster’s theory’ of the 
perturbed lattice, the wave function Ohman 
electron in the perturbed periodic field is 
described in terms of the complete set of 
Wannier functions, 


P(7)= 3 Yn(R)an(7—R) , (1) 
in which Gn(7—R3) represents Wannier func- 
tion, around a lattice point Ry belonging to 
a band ». The unknown coefficients ¢n(R;) 
and the energy of the perturbed state are 


determined by the Schrédinger wave equation 
of an electron in the perturbed periodic field, 
1.€., 

(Bot VAY N=EV(Y) , (2) 
where V(r) is the perturbation to the unper- 
turbed Hamiltonian Hy of the periodic field 
problem. Putting (1) into (2), the conventional 
manipulation leads to the difference equations 
to be satisfied by the coefficient Dn(R3). The 
differential equation approach to such set of 
difference equations has been shown to arise 
from considering the coefficients as a continuous 
function of space variable + under the assump- 


tion that the perturbation V(r) varies rather 
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slowly over the spread of Wannier functions 
and, further, the perturbation do not result in 
mixing of the Wannier functions of different 
bands and different unit cells, that is, the 
perturbed states are mainly determined by 


the diagonal components of the matrix of Vir) 
with respect to Wannier functions belonging 
to a single band under consideration. che 
derived differential equation to be satisfied by 


Lr) can be written as 


E(—ipoN+VALHN=EOY), (3) 
which is called Wannier-Slater’s fundamental 
equation for the perturbed state. E,\(—ip) is 


obtained by replacing wave number vector k 
by the operator —zp in the energy band £, 


(k) of the periodic potential problem, i.e., the 
eigenvalue of unperturbed system Hy. The 
merit of Slater-Wannier’s equation lies in the 
fact that the solution for the energy of per: 
turbed levels can be easily obtained without 
the explicit use of Wannier functions of the 
periodic field as in the case of the ordinary 
perturbation theory and all the effect of expan- 
sion into the Wannier functions are concisely 
involved in the differential operator EF, (—ip). 
Now, according to Tibbs and others!, the 
levels in the lower part of the conduction 
band of alkali halides have been shown to 
become of s-symmetry, on account of which 
we may safely suppose for E,(—ip) to take 
the following form near the band bottom. 
. De PA? 0? 0 
E,(—ip)=2o— - ( Ox? + ay? il : 

(a) 
where E, represents the energy of conduction 
band bottom and m* the effective mass of an 
electron in its neighbourhood. The substitu- 
tion of (4) into (3) leads to 

| 


= 5 ge tort VAPHN=E VO) 


+ 


(5) 


where E’=E—E)j, i.e., the energy of perturbed 
state measured from the conduction band bot- 
tom. Our next task is to solve Wannier- 
Slater’s equation (5) by introducing the explicit 
form of the perturbation potential Vin) appro- 
priate for our exciton problem. 


§ 3. 
As is well-known, the optical exciton is 
produced by removing one 3p electron from a 
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chlorine ion Cl and the X-ray exciton 
appearing in the K-absorption by removing one 
1s electron from a chlorine ion Cl” or a potas- 
sium ion K*. To find the potential function 
Vir) for each removed electron, it will be 
instructive to proceed in the following way. 
The Hamiltonian of an additional electron 
introduced into a perfect crystal of KCl is 
Hy. Then, removing a 3p electron from a 
chlorine ion Cl- for the optical exciton and a 
ls electron from a chlorine ion Cl” or a 
potassium ion K* for the X-ray exciton, we 
shall investigate how the potential field for the 
additional electron is changed, which change 
in the potential represents V(7) in Eq. (5) of 
our exciton model. The additional potential 
field will be consisted of three parts, 


VN=Vin+VAA+Vl7), (6) 
where, for the optical exciton, Vicente 
negative of the potential field due toa 3p 
electron of a Cl- ion, and V, arises just from 
the changes in the wave functions of the 
other electrons in the chlorine atom. V3 1S 
due to the changes in the wave functions of 
all the surrounding electrons, assuming the 
short times of electronic transition compared 
with the necessary for the surrounding nuclei 
to move according to the Franck-Condon 
principle. Vs ; can be taken into account ap- 
proximately by introducing the effective 
dielectric constant « into Vit V2. V.veani pe 
approximately neglected for the optical exciton 
since the outer screening by an electron may 
reasonably be supposed to become quite small 
compared with the inner screening of the 
atom. 

By using Dexter’s wave function for the 
Cl- 3p electron, 

day(7) = [7/(24)42(A/2)°7(e-7/4 23.2077) CH 
(A=ay/1.1, B=a,/8 and @,=Bohr’s radius) 
which have been found by curve-fitting to 
Hartree’s data, we are able to compute V, 
V+ Va itor’ the optical exciton as follows. 


Viin=Vit Vat Vs= 1 darter ae lr 
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Fig. 1. Potential V(~) for both optical and X-ray 

excitons, which is computed by using the 
Hartree data. 


in which the atomic units are used and 


N= (24) CL/2.2)979)-%, 


a=11x2, 8=1.1+8, 7r=8 x2, 
@=23.2x2, b=(23.2)2, 
a=6a"!, b=18a-?, c=24a-3 
a =6p-1, b’=188-?, c’ =24p-3, 
a’ =67"!, bY’ = 187-2, e7=247-3 (9) 
The general behavior of (V,-++ V,+V3) is des- 


cribed graphically in Fig. 1. 
For the X-ray exciton around a Cl atom, 
we have, along the similar reasoning as above, 


V,+V2=the potential due to a Cl- ion lack- 
ing one 1s electron minus the 
potential due to a Cl-. 


In the chlorine ion lacking one 1s electron, 
the wave functions of electrons outside of ls 
orbit will be affected considerably due to the 
increase by one unit of the effective nuclear 
charge and the resulting potential field may 
be reasonably supposed to resemble the poten- 
tial field within the neutral argon atom A. 
In the inside of 1s orbit, however, the poten- 
tial field will be mainly governed by the 
electric charges of both the remaining 1s 
electron and the chlorine nucleus. Along the 
above considerations, (Vi+V2) in the outside 
region of 1s orbit is assumed to be approxi- 
mately given by the difference of the Hartree 
fields of a neutral argon atom A and chlorine 
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ion Cl-, while, in the inside region of 1s orbit, 
to be governed by the minus of the potential 
determined by the charge distribution of the 
remaining 1s electron in the chlorine atom. 
The behavior of (VitV.) is graphically re- 
presented in Fig. 1 by using the Hartree 
data™. Since we shall adopt the variational 
method to solve the Wannier-Slater’s equation 
(5) for our model of X-ray exciton, the 
following set of analytical forms of potential 
functions has been constructed by curve-fitting 
to the numerical data described in the figure. 


V,+V2=a+br+cr3+ drt, for 0<7<0.1, 
=@74+04+Cr 4d r-, for 0.1<7<1.0, 
=A° +b" 7+ 4d re, for 1.0<7r<2.0, 
=—1ta’' (7 — ri B71} +e (7 —, 

for 2.0<7r<7.0 


=—s7 1, for 7.0<7, (10) 
in which the atomic units are used as above. 

a=—17, b=2625.6, 
c=—13040, d= —18156.3, 


@’=—0.21315,. b’ =0,31320, 
c’ = —0.37904, d= —0.02102, 
bb’ =0.498, 


c’’ = —0.128, da” = —0.2307, 
a” =5.41808.10-4, b’”’ =2.068515.10-4, 
C= 11559511075, k=0.67465. (11) 
Taking account of the effect from V,; 
through introducing the effective dielectric 


constant « in the above expression, we have 
finally 


a’ = —0.552, 


Velr=—(Vit V2), (12) 


as a potential function in our model of X-ray 
exciton around a chlorine ion, 
Similarly, for the X-ray exciton around a 
K* ion, we have 
V,t+V.=the potential due to a K* ion lack- 
ing one ls_ electron minus the 
potential due to a K* ion. 
Following the quite similar reasoning as 
above, (VitV,) in the outside region of 1s 
orbit of a K atom is assumed to be given by 
the difference of the Hartree fields of a doubly 
ionized calcium ion Catt and a singly ionized 
potassium ion K+, whereas, in the inside 
region of ls orbit, it is determined by the 
minus of the charge distribution of a remain- 
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ing ls electron within a K+ ion. The behavior 
of (Vi+V2) is shown graphically in Fig. 1, 
using the Hartree data”) and the best fitted 
analytical functions to, the curve in the figure 
are found to become of the following form in 
atomic units. 


VitV2.=d+br+tr+dr', 
=@ r+ 407 4dr, 


TOT OS7S001, 
for 0#= 75.1.0, 


=a r+b", for 1.0<r<3.5, 
SS Pe fo s:5 <7) 
and (13) 
a=—19, b=1938.25, 
t=2750, d= —108125, 
@ =0.50685, b= —0.74780, 
¢c’ = —0.27364, d’ =—0.03742, 
a’ =0.1068, 6’ =—0.6588. (14) 


Allowing for the contribution from V3, we 
get, for the X-ray exciton around a potassium 
ion Kt, 

Va(n=(/e)\Vit V2). 


In (10) and (13) the accuracies of the curve- 
fitting to the numerical data are observed to 
lie within the limit of five to one percent in 
all ranges of 7. 


(15) 


§ 4, 

Since the mentioned potential field of an 
electron trapped in an exciton is taken to be 
spherically symmetric, the exciton levels are 
classified as s,~,d,---as usual. In addition, 
the energy values £” in (5) are measured from 
the bottom of conduction band according to 
the Wannier-Slater’s approximation. In order 
to solve (5) by variational method, we have 
attempted to evaluate the energies of the 
ground and first-excited states assuming the 
following trial functions of s- and p- symmetry. 


p\n=NZ)e"4/"x for the ground state, (16) 


and 
b(n =N(Z)re-"4/*a for the first-excited state, 
(17) 


respectively, in which the variational paramet- 
er is taken to be an effective nuclear charge 
Z and NZ) the normalization factor. Besides 
Z, the effective mass m* near the bottom of 
conduction band and the effective dielectric 
constant « are regarded as adjustable parame- 
ters. According to the available data, the 
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effective mass near the bottom of conduction 
band of alkali halides seems to become of 
about (0.6~1) times electron mass, whereas, 
the value of effective dielectric constant seems 
to be highly questionable since the values 
depend sensively upon the spacial extent 
of the wave function and the time required 
for the electronic transition as was frequently 
discussed in the literature. Generally speak- 
ing, however, the concerned value of effective 
dielectric constant for our exciton model will 
presumably lie in the range of the normal 
bulk value for the high frequency region 2.13 
to unity, or it may be a little closer to unity, 
allowing for a rather limited size of exciton 
wave function and the short period of the 
absorbed radiation. In view of the above 
situation we have numerically worked the 
energy values E” corresponding to a number 
of different values for the effective mass and 
the dielectric constant for both cases of ground 
and excited levels of optical and X-ray exci- 
tons. 

The substitution of (16) and (17) into (5) 
leads to 


jpe |v] - a A+ Vor) Jo@av 


2 3 (co 
z | Via ies az. 
0 


"26" 


(in atomic units) (18) 
for the ground state and 
=F tig |, VOneear 
(in atomic units) (19) 
for the first-excited state, respectively, * 


being replaced by o-m. The variational pro- 
cedure to solve the equation (5) has been 
proceeded as follows. After the explicit calcu- 
lation of the above energy integral by putting 
each of the potential functions (8), (12) and 
(15) into (18) and (19) (refer to Appendix), the 
numerical calculations of £’(Z) corresponding 
to each of the assigned values of m* and « 
have been carried out, some of which are 
represented graphically in Fig. 2. The required 
energies of both ground and first-excited states 


of the excitons are determined by the minimum 


positions on the energy curves, the results of 
which are given in Tables I and II. 
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a) Ground state of optical exciton. 

b) Ground state of X-ray exciton around a 
potassium ion. 

c) Ground state of X-ray exciton around a 
chlorine ion. 
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The ultraviolet absorption spectra of the 
alkali halides have been extensively investi- 
gated by Hilsch and Pohl and their collea- 
gues, and by Schneider and O’Bryan?), the 
absorption coefficient being very large, of the 
order of 10° to 10®°cm-! for wave lengths for 
which the absorption reaches its greatest 
value. For the case of KCl, the absorption 
curve has been observed to consist of two 
peaks in the long wave length side, which are 
usually considered respectively the series limit 
(1310 A) and the exciton peak (1620 A). Inthe 
absorption of light in the region of the series 
limit, an electron is considered to be taken 
from the filled valency band and set free in 
the conduction band, thus the positive hole 
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Table I. Ground State Energies of Excitons. 
a) Optical Exciton, F’;'(Z) (ev) 
el K \ > —SEhe tates = 7 — = ae — — 
ae 1.0 bee) Zuo 4.68 
0.5 
: —1.23(0.20) —0.29(0.11 
oe —4.86 (0.33) —2.54(0.27) = 1.41(0.21) Shey Nets 
‘ —1.57 (0.23) —0.39(0.14 
n8 —~5.62(0.40) —3.02(0.315) = 720/27)  OkatO 185 
: —1.86(0.28 —0.4 wi 
RO) —6.23(0.45) —3.40(0.36) = T6710 303 ett 174 
" b) X-ray Exciton around K*, H,’(Z) (ev) 
0.5 : i 
; —1.31(0.20 
ae —5.52(0.40) —2.79(0.295) | SEL On 
a | —1.70(0.25) 
oe —6.57(0.49) —3.39(0.37) | —1.88(0.285) 
v0 —2.04(0.31) | 
, ~7.43(0.55) —~3.92(0.415) | OPr19 (0433) __4| 
| | 
c) X-ray Exciton around Cl-, #;'(Z) (ev) " a. oeeny 
0.5 | | | ) 
. —1.10(0.16 
0.6 ~3,99(0.29) | —2.15(0.23) | Eero | 
; | | —1.36(0.205 
0.8 —4,53(0.33) | ~2.51(0.27) Bion 
0.9 | —1.57(0.24) 
1.0 ~4.90(0.36) | —2.78(0.30) | —1.66(0.25) 
*=2.13 and 4.68 represent the bulk dielectric constants for high frequency- and static 
fields, respectively. 
Table II. -State Energies of Excitons. state of the exciton band ‘is allowed by selec- 
a) Optical Exciton, E,y/(Z) (ev) tion rule and further the observed broadenings 
Ne 15 2.13 25 show very sensitive dependencies upon temp- 
. erature. 
ne a SB iccas a eae Looking at Table I, the observed value of 
1.0 |-1.44(0.31) |—0.73(0.22) |—0.54(0.20) the exciton ground state from the band bottom 


| 


b) X-ray Exciton around Kt, H,/(Z) (ev) 
—0.33(0.11) 


0.6 |—0.90(0.20) |—0.45(0.145) 
0.8 |—-1.19(0.265) |—0.60(0.185) |—0.42(0.16) 
1.0 |—1.48(0.315) |—0.74(0.23) |—0.54(0.21) 


c) X-ray Exciton around Cl-, E,'(Z) (ev) 


0.6 |—0.88(0.19) |—0.44(0.14) /—0.33(0.13) 
0.8 |-1.14(0.245) |-0.58(0.18) |—0.44(0.16) 
1.0 |-1.39(0.30) |-0.72(0.22) |-0.53(0.20) 


being created inside the crystal which will be 
responsible for photoconduction together with 
the conduction electron. On the other hand, 
the first peak or the exciton peak in the 
fundamental absorption is considered to give 
rise to the electronic transition from the filled 
valency band to the exciton level. Therefore, 
the energy difference between two peaks of 
the fundamental absorption, i.e, 9.4 ev—7 .6ev 
=1.8ey is interpreted to give the energy 
difference of the exciton level from the bottom 
of a conduction band. According to Abraham, 
the broadening of the peak seems to be mainly 
ascribed to the thermal effect since only one 


is found in between those corresponding to ™* 
=0.8m and m*=-0.9m with «=2.13 and, con- 
sequently, our interpolated value, 1.83 ev of 
the ground state energy of an optical exciton 
corresponding to m*=0.85m and «=2.13, is 
found to be fair agreement with the observed 
value mentioned above. The assigned values 
of m* and « seems to be quite reasonable 
allowing for the other physical data. 

In Table II, the first exciton level of p-type 
is seen to lie at 0.6~0.7 ev below the conduc- 
tion band, corresponding to the same values 
of m* and x, although the electronic transition 
to such excited level of an optical exciton has 
not been observed with sufficient intensity in 
the absorption band. The situation may be 
qualitatively understood as follows. The wave 
functions of the exciton states become, accord- 


ing to (1), (16) and (17), 
Vv (*)=N(Z) > €-28j/*na(r—R;) (20) 
et) 


for the ground state and, for the first excited 
state, 
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Potassium 


K Absorption 
l0ev 


-32 O ase Electron Volts 


1388 1147 -413-090 Electron Vbits 


Fig. 3. Experimental results of X-ray absorption 
and emission spectra in KCl. 
(L. G. Parratt and E. L. Jossem: 
97 (1955) 916. 
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P(r) =N(Z) >, Rye 7" sl X5/Rsas\7—R)) 
(21) 


respectively, in which as(r—R;) represents the 
Wannier function belonging to the conduction 
band. Thus, the wave function of an exciton 
in ground state behaves strongly concentrated 
around the chlorine ion in which a positive 
hole is localized, whereas, the wave function 
corresponding to an excited state is a little 
pushed away from the same ion compared with 
the former, the dominant portion being located 
somewhat outwards. Such different behaviors 
of the respective wave functions will be sup- 
posed to lead to the different overlappings of 
both wave functions, belonging to an upper 
state (exciton level) and a lower state in the 
valency band in the electronic transition, 
giving rise to sensitive influences upon the 
transition probabilities. The quantitative com- 
putations of the mentioned transition proba- 
bilities, however, shall be postponed in the 
next report since it is required, for such 
problem, to calculate the wave functions of 
both conduction and valence bands in KCl. 
Next we shall proceed to discuss the com- 
parison of our results with Parratt and 
Jossem’s observation of X-ray absorption 
spectra in KCl. In the Fig. 3 which is the 
reproduction of the experimental results, the 
strong peaks are clearly observed near the 
edge of the absorption spectra in both chlorine 
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and potassium ions, which structure seems 
not to be explained by the conventional band 
theory of solids, but to be reasonably ascribed 
to the X-ray exciton level below the conduction 
band, as was discussed qualitatively by Par- 
ratt and Jossem. Since the position of the 
bottom of a conduction band is not entirely 
recognizable in the observed contour for either 
chlorine or potassium, the relative locations 
in energy of the exciton peaks from the band 
bottom can not be determined on the reliable 
basis. In addition, the following complicated 
situation seems to happen to occur in deter- 
mining experimentally the location of the 
band bottom as was stressed by Parratt and 
Jossem. If the band bottom in KCl is supposed 
as the bottom of 4s chlorine band, the pottas- 
sium ls electron may go happily to the bottom 
of this band because of the symmetry exchange 
effect, but the chlorine 1s electron may prefer 
to go to a higher level having p-symmetry 
near the chlorine ion. Hence we may expect 
the ls absorption continium for potassium to 
be a little lower than for chlorine, and con- 
sequently the shapes of the absorption spectra 
may be considered to be different in the two 
Cases as was observed experimentally. In spite 
of the above situation, Parratt and Jossem 
have tentatively taken the energy position of 
the band bottom as 4.13ev and 3.2ev as 
measured from the first absorption peaks for 
the chlorine and potassium, respectively. 
Strictly speaking, their choice of the band 
bottom seems not to be convincing as far as 
the experimental data concern. 

On the other hand, on comparing our results 
with the experiments, a highly questionable 
parameter in our calculation is the effective 
dielectric constant responsible for the polari- 
zation of the surrounding medium. Unfortu- 
nately, the reliable computation of the electric 
polarization due to the local change of charge 
distribution seems to be lacking at present. 
For the X-ray exciton, the mentioned effective 
dielectric constant will presumably become 
closer to unity in comparison with that of the 
optical exciton mainly due to both the rather 
limited spread of the corresponding wave 
function and the extremely short period of 
X-ray radiation, Taking tentatively 0.8 m for 
the effective mass and 1.5 for * according to 
the above consideration, the energy position 
of a X-ray exciton around a potassium ion 
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will become 3.39ev as measured from the 
bottom of a conduction band, as shown in 
Table I, which should be compared with the 
experimentally assigned value of 3.2ev as 
mentioned above. If our assumed value of « 
were approximately correct, the position of 
the bottom of a conduction band might be 
situated near a B peak of the absorption 
contour in the potassium (Fig. 3). The 
mentioned values of parameters will lead to 
about 2.5 ev for the position of X-ray exciton 
around a chlorine ion as measured from the 
band bottom, in contradistinction to 4.13 ev, 
the value assigned rather arbitrarily by Parratt 
and Jossem. In the absorption contour in 
chlorine, therefore, the band bottom might be 
expected to be located near the valley between 
A and B peaks in Fig, 3. The remarkable 
difference between the shapes of the absorption 
spectra near the edge in both cases, i.e., the 
reversed intensity-ratio of A and B peaks in 
K* compared with that in Cl” will presumably 
make plausible our assignment of the bottom 
mentioned above, together with the above 
consideration of the symmetry character of 
wave functions near the bottom of conduction 
band. Furthermore, the transition to the 
excited p-type level of X-ray exciton will be 
supposed to become sufficiently small accord- 
ing to the similar considerations to the case 
of optical exciton, allowing for the observed 
result that there is no peak between A peak 
and our assigned band bottom. The observed 
B peak on the absorption contour (Fig. 3) will 
presumably be ascribed to the state density 
fluctuation in the conduction band or to the 
energy dependency of transition matrix in- 
volved. 

According to Parratt and Jossem, the 
remarkably sharp peaks in the XeT aye 
emmision bands are reasonably attributable 
to a X-ray exciton appearing just below the 
valency band, which will be dealt with in a 
similar way to the case mentioned above 
through expanding the wave function of a 
perturbed lattice into the Wannier functions 
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belonging to the valency band. 

Regarding the validity of the assumption (§ 
2) involved in the derivation of the Wannier- 
Slater’s differential equation, it should be 
remarked that the slowly varying portion of 
the perturbing potential (Fig. 1) for both 
optical and X-ray excitons has actually given 
dominant contribution in determining the 
wave functions and the corresponding energies 
of our exciton problem, which shows the ap- 
proximate validity of the assumption of 
slowly varying V(7) for the differential equation 
approach. 

Finally, a few words should be added on 
the criticism of our treatment of a localized 
exciton. In fact, our present calculation of 
a localized exciton has been worked in terms 
of a one electron picture by using Wannier- 
Slater’s equation, the result of which seems 
to show favourable agreements with the 
experimental observations as described above. 
In aone electron approximation, however, the 
exchange interaction of an electron trapped 
within a localized exciton with the remaining 
electrons in a valency band has been appro- 
ximately disregarded. In order to correct 
for such situation, we must start with many- 
electron treatment of a localized exciton in 
which the determinantal wave functions are 
set up, corresponding to the configurations 
consisting of one electron ina localized exciton 
state and the remaining electrons in a valency 
band having one hole, and the configuration - 
interactions are taken into consideration in 
the usual way. The actual computations of 
these problems are now in progress and, since 
the mentioned procedure is closely related 
with that of a moving exciton, we shall, in 
the next report, come to this question in 
connection with a further discussion of both 
localized and moving excitons. 
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Calculation of the Cohesive Energy of Zincblende* 
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The cohesive energy of zincblende has been calculated quantum 
mechanically by introducing a covalency correction into the usual pure 
ionic binding. The cohesive energy per ion-pair thus obtained is 1.46 
in atomic unit which is very near the observed value 1.36 derived by 
means of Born-Harber’s energy cycle, and is certainly greater than the 
value calculated for purely ionic binding by about 60%. 

This method of calculation would be generally applicable not only for 
sphalerite-type crystals but also for wurzite-type ones. 


Sn WF 


According to the current view, covalent 
binding coexists with ionic binding in ZnS- 
type crystals**. This is evidenced by several 
well-known experimental facts: For example, 
their crystal structure belongs to Ta-group 
or Cg-group, which is not familiar with 
purely ionic crystals; the cohesive energy 
which is calculated by using Born-Mayer’s 
equation is, in general, smaller than that 
which is derived from Born-Haber’s energy 


Introduction 


cycle; the electronic polarizability of the 
anion in these crystals varies in a wide range 


* The fundamental idea on which the calcula- 


tion of this paper is based was briefly reported at 
the regular meeting, held at Tottori in July, 1955, 
of the Chugoku-Shikoku-Branch of the Physical 
Society of Japan. 

** The term “ZnS-type crystals” is used here in 
a broad sense that it covers not only cub- and 
hex-ZnS but also all the sphalerite-type and 


wurzite-type crystals, for example, ZnSe, CdS and 
CdSe etc. 
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with the kind of the partner cation»; the 
effective charge of the constituent ions in 
them are estimated to be considerably smaller 
on account of relatively small differences 
between the experimental values of their 
static and optical dielectric constants*. 

Here in this paper, the cohesive energy of 
zincblende, which is one of the most typical 
ZnS-type crystals, is calculated by adding a 
covalent bond to the usual ionic binding. 


§2. Formulation of the Wave Function 


In totally ionic state the electron configura- 
tions of the constituent ions in zincblende 
Mens to5'op Sy) and’ Zn2*Gad" 3 4S,). -In 
totally covalent state it will be assumed that 
the electron configurations of the constituent 
ions are S?2+(3s!13p3:°S) and Zn?-(3d'°4s14p:°S), 
their polarities being interchanged*, and that 
the valence orbitals sp? of each of them form 
four lobe-like orbitals jutting out tetrahedrally 
as shown by Slater-Pauling theory», the two 
electrons in two overlapping lobe-like orbitals 
between adjacent ions form a covalent bond. 
Although the free Zn?--ion cannot be realized, 
the above assumption in zincblende might be 
supported by the experimental fact that a 
Zn-atom can form complex ions, such as 
[Zn(NH3)s]2* and [Zn(CN),]?- etc, which have 
the tetrahedral structure®. The real state of 
the crystal may be assumed to be _inter- 
mediate between the two extreme cases of 
the totally ionic and totally covalent states. 

Similary to the case of diamond, whose 
cohesive energy has been calculated by in- 
troducing an ionic state correction into the 
totally covalent bonding state”, the nor- 
malized two-electron wave function constructed 
from the two bonded lobes may be assumed 
to have the following form: 


gi(k, N= -{ui(k) ui(Z) 


vie 
[1+2A2]1/2 
+ Aluid(k)v;(1)+0j(k)ud2)]} 


x 75 Lath) B0)—B(RAXD) (2.1) 


where wm and vj are the space parts of the 
lobes of S- and Zn-ions respectively, @ and 
8 spin-functions, and the arguments ee ane? 
designate the kth and /th sets of the electron 
coordinates respectively. The quantity given 
by the first term inside the curly brackets 
corresponds to the totally ionic state, in 
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which the two valence electrons are on the 
S-atom, whereas that in square brackets 
corresponds to the covalent state, in which 
the two valence electrons are shared by the 
two lobes forming a bonding pair. The 
adjustable parameter A measuring the relative 
proportions of these two states will be so 
determined as to minimize the energy for 
the observed value of the lattice parameter. 
The space parts of the two bonded valence 
orbitals will be taken to be the orthogonalized 
ones*. Each core-orbital of S- and Zn-atom 
(1s, 2s and 2p orbitals in S-atom and 1s, 2s, 2p, 
3s, 3p and 3d orbitals in Zn-atom) is regarded 
to be filled with two electrons of opposite 
spins. 

Let us designate the space parts of the 
ion-core orbitals of S-atom by wu,° and those 
of Zn-atom by w° with w°=u;° and vii =v), 
the corresponding wave functions ¢,;’s of the 
two electrons are given by 


pik, N= ui(kuDlak)ROY)-BRaADVV 2, 
gidh, l=vi(k)v (2) [al(k)RD—BR ADV 2 - 
(2.2) 
We note that ¢’s defined by (2.1) and (2.2) 
are antisymmetric with respect to the in- 
terchange of their electron coordinates, that 
is, 
gis k, D=—Giill, k) . (2.3) 
They also constitute an orthonormal system, 
since 
(vil, 2)| Gs(R, 1) =1; 
(vik, 1) | Girs(k, 12) )e=0 , 
pair z, j2<pair 2’, 2’ , 


(2.4) 


WSSe Biel WSS? , 


where the double subscript k,/ means the 
integrations over the kth and Zth electron 
coordinates and the subscript k the integra- 
tion over the &th coordinate only. 

The total electronic wave function of the 
crystal, %, may be written in the form 

UY =I-N' 2S ( —1)”P1,2(1, 2)¢3,4(3, 4) 

---Oyr-yw(h’—1, N’), (2.5) 

where N’ is the total number of the electrons 
(including ion-cose electrons) in the crystal. 
The permutation should be made only for the 


electron coordinates. Because of the antisym- 
metry of the g’s, each factor in ¥ is repeated 


% The orthogonalization is made in the way to 
be described in § 4. 
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2N’/2 times by operating all the permutations, 

so that, by multiplying by the factor 2-*””, §3. Energy Expression 

Y can be given as a sum of 2-4’? N’! in- The spin-independent Hamiltonian for the 
dependent terms. zincblende lattice is given by 


H= ¥ Osh) +S. 3 Ouh, N+ 3S Oalk n)+ 3, 3, Oslo m) 


i oy O\(m)+ = i: Z,Z1||Ri—Rx| , (Sa) 
where, in atomic unit, 
1 NN /4 
O\(k)= — g Ae > Z| | re—R_| ) (352) 
O.(k, 1)=1/|re—ri| , (3.4) 


where r; and mn are the vectors specifying the kth and the /th valence electron coordinates, 
Rz and R. the Zth and L’th lattice points, and rn and rm the mth and the mth core- 
electron coordinates. Z, is the nuclear charge at the Zth lattice point, ie. Z2=16 or 30 
according as the atom located there is S or Zn. WN is the total number of valence electrons 
in the crystal. The subscripts on the operators O, and O, mean that they involve coordinates 
of one or two electrons. 


Using (2.1)-(2.5) and (3.1)-(3.3), we obtain the following expression for (VY \|A\PY/E |). 


VAY) |Y) 


20+A2 v @ ee 
=* 53 o bs (ui |Oy | 201) + = 2a “CG; nn) — > yt Cen ni)| 
oA rai vQ) N/2 N/- 
+o | 2 MslOlod+ & EKO maa =, On: ni) | 
4A XE v @) we 2.N/-N 
tebe] 2 lO +S D3 “Cj; mn), at Clin; nj)| 
Vee Oy) 2 At” NS Oa ne 
rere > Cai; a) + 13d? oH [C(ez; 77) + Caz; 77)] 
4A N/2 © 
T4194? i x Clit; 77) 
4A2(1+ A? ee 
Maveate a S| cai fie kk)— 5 Cl; li) Ck; ki) | 
8A(1+ A?) & 2 “bs bi 
+ ayy 22 = E | on ni) 2 Cuk; 
8 A3 
EC [oui he yt 
asi j) 
40+ AP 
+ (142A?) a 2 ee: m3 Set mi | 
if ; 4At N/2 
pea eee nee m= cn; Hi) | 
116A? Xk ®| 
a (EG: > »y | cuss Rl) —4 Ch li) — Fy; ba | 


NV /4 ® N/4 ® 


Tiere 
+ Part 3 Ss (3.4) 
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Since the integral of the type (uittx |Oo|v;0r) 
can be considered as the Coulomb integral be- 
tween the charge densities ww; and mv, it is 
denoted by C(zj; kl). The subscripts z and k 
are used for lobes, w’s, belonging to S-atoms, 
while the subscripts 7 and 7 are for lobes, 
v’s, belonging to Zn-atoms. The subscript » 
is used for ion-core orbitals, disregarding 
whether they belong to S-atoms or Zn-atoms. 
The indices 7 and j, when they appear in the 
same summand, designate a bonded pair, and 
the same is for the indices k and 7. So the 
summation should be extended only over all 
the sets of bonded pair orbitals (zj) or (ki), 
even when 7 or k stands singly under the 
summation sign. The upper limit N’—N for 
summations means that the summations are 
taken over all the ion-core orbitals in the 
crystal and summations whose upper limit is 
N/2 are to be extended over all the w-lobes 
or v-lobes. I’zz- denotes the interaction be- 
tween the ion-cores* at the Zth and L’th 
lattice points. Sz; is the self-energy of core- 
electrons of the atom at the Zth lattice 
point; however, we need not calculate the 
values of Sz,’s by selecting the reference level 
of the cohesive energy appropriately, so that 
the last term in (3.4) will henceforth be 
omitted. 

When A=0 (purely ionic state), only the 
first, fourth, tenth and thirteenth terms take 
non-zero values and the other terms vanish. 
When A assumes a non-zero value, that is, 
when covalent bonds are introduced, we can 
take the point of view that new charge 
densities 


W/2 Wie 

pa= > Oij= a [4A/(1+2A?)]uw;, (3.5) 
N|2 N [2 

0z= > 53 a [2A?/(1+2A?)]u7?, (3.6) 
j= j= 


appear, while the charge densities 


N /2 N /2 


0s°= >) 0uw°= DS 2? 
i=1 i=1 


on u-lobes in the totally ionic state decrease 
to 


N/2 WN [2 
ps= Si pu= > QA+A21+4+2A%)u2, (3.2) 
t=1 t=1 


and the terms in (3.4) give the energy asso- 
ciated with these new charge densities. Since 
u; and v; were assumed to be mutually 
orthogonal, the net charge of i; i.e. pa is 
zero. 
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The first part of the first term consists of the 
kinetic energy of the valence electrons be- 
longing to S-atoms and the Coulomb inter- 
actions between the nuclear charges and the 
charge densities ps. Similarly the first part 
of the second term gives the kinetic energy 
of the valence electrons added to Zn-atoms 
by covalency correction and the Coulomb in- 
teractions between the nuclear charges and 
the charge densities p,.. The first part of the 
third term gives the change in kinetic energy 
resulting from covalency correction and the 
Coulomb interactions between the nuclear 
charges and the charge densities o4. The 
second parts of the first, second and third 
terms give the Coulomb interactions between 
the core-electron charges and 0s, oz and 0a, 
respectively. The Coulomb interaction be- 
tween two different charge densities of the 
type ou is included in the tenth term, that of 
03; in the eleventh term, and that of pi in 
the twelveth term. The Coulomb interaction 
between the two of the three charge densities 
Os, Oz and, oa, excluding the interactions be- 
tween the charge densities on the same bond 
such as C(t; 77), C(e; #7) and C(j7; 27), is 
involved in the seventh, eighth and nineth 
terms. 

As regards the interactions between the 
charge densities on one pair of bonded lobes, 
the fourth term, the first part of the fifth 
term, and the sixth term correspond to the 
Coulomb interactions between the charge 
density pii°/2=u:? (which is still adhered to 
the S-atom even in the totally covalent state 
(A=co)) and the charge densities 


«0 
03; and gi; respectively. The remainder of 
charge density, pu”, after subtracting u,? 
from pi: on a w-lobe has no interaction 
with the charge densities oi; and jj. 
Likewise ;; has no interaction with j;. 
Accordingly we may regard the charge 
density pi; as interacting with charge densities 
Oxe’S and px’s in the crystal, except that the 
S-atom and Zn-atom adjoining gi; have holes, 
cut into their outer electronic charge densities, 
through which pi; can “see” some of the 
ion-core charge of these two atoms. The 
* The ion-core hereafter means the core-electron 
and nucleus altogether. 
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charge density 9;; is also in similar situation 
for the electronic charge densities of the S- 
atoms. The interaction between pj; and the 
ion-core charge of the adjacent S-atom is 
attractive. According to calculation, the in- 
teraction between oi; and the core-charge of 
the adjoinig S-atom is also strongly attractive, 
countervailing the slightly repulsive interac- 
tion between pi; and the core-charge of the 
Zn-atom adjoining it. In this way, oj and 
os; tend to bind the adjacent S- and Zn-atoms 
together, as far as the interaction of oi; and 
0;; with their ion-core charges is concerned, 
although new positive Coulomb interactions 
between 9;; and pxx’s occur by the covalency 
correction. 

The above situation may be visualized as 
follows: If the double summations in the 
first and second parts of the seventh term, 
and the first parts of the eighth and the nineth 
terms are extended so as to included the 
interactions between the charge densities on 
the same bond such as C(zz; jj), Cla; 27) and 
C(jj; 77), and if the new added terms are 
subtracted from the first part of the fifth 
term and the sixth term, then we obtain 

2A? 


s 


~ (142A?) ¢ Cit; 77) 
a 
~ (1+2A2)? 3 Ci ij) 
8A? eee os Oo 
G4 2dae AO: ij) . 3.8) 


The first term in (3.8) corresponds to the 
Coulomb interactions between 9;;'s and the 
holes (—pi:®’s) in the electronic charge densi- 
ties on the S-atoms adjoining them and the 
second term to those between 9:;’s and these 
holes. The third term corresponds to the 
Coulomb interactions between 9i;'s and the 
holes (—9;;’s) in the electronic charge densities 
on the Zn-atoms adjoining them. (Calculation 
shows that C(z;77) has a relatively large 
positive value, and C(zz; 27) and C(j7; 27) have 
also small positive values.) 


§4. Energy per Ion-pair 


In actual calculations, it is convenient to 


lp 2(1 +A?) (w 4 
oc uu |— 
4 1+2A? 2, 


wi) Z, (mi - 
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derive the energy expression per ion-pair from 
that for the total energy. In this process, the 
following approximations will be made. 

We regard the Coulomb interaction between 
two atoms, the distance between which is 
equal to or larger than that from a particular 
atom to its next nearest-neighbour, as the 
interaction between two points having charge 
€s or @z, which are the effective charges of 
the constituent S-atom and Zn-atom in the 
crystal, respectively and are given from (3.6) 
and (3.7) by 


(4.1) 


Further we may neglect the Coulomb interac- 
tion between two different charge densities 
oi;, such as C(zj; kl), because each of these 
charge densities has zero net charge. The 
Coulomb interactions between gi; and atoms 
located at distances equal to or larger than 
the distance from a particular atom to its 
next nearest-neighbour, may also be omitted. 
Applying this approximation, all the Coulomb 
terms in (3.4), except those between the 
nearest-neighours, can be combined together 
into a single term by using the Madelung 
constant. 

Among the exchange or exchange type 
integrals in (3.4), the following four kinds 
are taken into account: C(¢j; jz) in which 
valence orbitals z and 7 make a bonded pair. 
C(tk; kt) or C(jl; lj) in which valence orbitals 
z and k (j and 7) belong to a same S- (Zn-) 
atom. C(im; mi) or C(jm; mj) in which core 
orbital 2 (7) and valence orbital z (j) belong to 
a same S- (Zn-) atom. C(zm; mz) or C( jn; nj) 
in which core orbital 2 (m) belongs to the Zn- 
(S-) atom towards which the valence orbital 7 
(j) of the adjacent S- (Zn-) atom points. And 
all other exchange and exchange type inte- 
grals are completely negligible according to 
order estimation. : 

Allowing the above simplification and neglec- 
tion, we can express the energy per one ion- 
pair, Ey, in the following form; 


m+ Teai?, & (an0(0))) 


ui) al b I [u:?, py (Um rp’ ))?|— pia J | 
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Z z 1 eae 1 i 
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ale facia het tt) +4 ACUt; 27) +2 A*[Ciat; 77) +-CG7; io | 
Gaara @.9.) py. 
ond coal i Ss 8) 5 ea : bb 
(1-+2,A2) | Ce kk) 9 C(tk; ra | 
6A! Peri Oppiog nye! 
Se ez 51; ii) | 
RAE A es, gh ge Satya 
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+ 42a? | (w 2a 05) 2 2 (w Ya 0-2. (1 Te v) 
4 4 
+ = Hus, > (tn*(Ta))?] + Tuiv;, Dy onttrs | 
CA ee ye ay ORY, 
ERY OS | Ce Ii)+ = Cit; loly) + C7; kk) + PROOEE hy) | 
10) 
1-24?" 4—aw 
cleesat ) Ta (4.2) 


We call two atoms, a S-atom and a Zn-atom 
constituting given ion-pair, the “central S- 
atom” and the “central Zn-atom” respectively, 
and the line joining the two central atoms 
the “central axis” of the ion-pair. rand r 
in (4.2) are the vectors pointing respectvely 
from the central S-atom and Zn-atom to the 
running point of integration, while ra and rp’ 
the vectors pointing respectively from one of 
the neighbouring S-aloms and Zn-atoms sur- 
rounding the central Zn-atom and S-atom to 
the running point. (Then n=r, m’=r’. cf. 
Fig. 1) The summation >i(#»,°)r))? and 
S(vn(r’))? extend over all the orbitals of the 


core-electrons in S-atom and Zn-atom respec- 
tively, and the arguments of these expressions 
automatically indicate to which atom the core- 
electrons belong. The notation 


Tui’, ds (Um (re ))”] 
denotes the Coulomb integral of the type 
[oun > Sum (re"))?/12 * drdrs’ 5 


where 7, designates the distance between the 
two running points of integration. The in- 
dices ¢ and j or lobes # and v; correspond to 


Fig. 1. Sketch of an ion-pair surrounded with six 
nearest-neighbours in the lattice of zincblende. 
(2): Central S-atom [2]: Central Zn-atom 
(1), (3) and (4): Non-central S-atoms 
[1], [3] and [4]: Non-central Zn-atoms 
Line (2)-[2]: Central axis of ion-pair. 


the bonded pair on the central axis. The 
indices k and 7 designate one of the other 
lobes belonging to the central S-atom and Zn- 
atom respectively. The indices ky» and J» 
correspond to one of the lobes on the neigh- 


bouring three non-central S-atoms and Zn- 
atoms, respectively. The summations with 
respect to p should be extended over four lobes 
belonging to one of these non-central atoms. 
The summations with respect to a and # are to 
be taken over the four neighbouring S-atoms 
and Zn-atoms surrounding the central Zn-atom 
and S-atom respectively. Jia and Jja are the 
exchange integrals between w: and the core- 
orbitals in the central S-atoms and between v; 
and core orbitals in the central Zn-atom, 
whereas Jig and Jja are the exchange integrals 
between 2; and the core-orbitals in the central 
Zn-atom and between v; and core-orbitals in 
the central S-atom respectively. J’as is the 
Coulomb interaction between the ion-core of 
the central S-atom and that of the central 
Zn-atom. It consists of two negative Coulomb 
interactions between the nuclear charge of 
one atom and the core-electron charge of 
another atom, and vice versa; and two positive 
Coulomb interactions between the core-electron 
charges and between the nuclear charges. 
Z:(=16) and Z({=30) are the nuclear charges 
of a S-atom and a Zn-atom respectively, am 
is the Madelung constant (=1.6381) for a 
zincblende-type crystal, and d the lattice 
parameter i.e. the length of the central axis 
(222.33 A): 

The lobe-like four w’s on the central S-atom 
and the four v’s on the central Zn-atom in 
the crystal may be written in the forms, 


=3[98+92?—Gu?—g2"] 

=3[9 +92? +9? +92") 
pees Ju” —Jy? +92" 

= 39°92? +90” —92"] , 


(4.3) 


and 
v= 3[R° etre 
V2= 3[k°—Rz? — —k,*} 
aihee ser kz” (4.4) 
= 3[k8+ ke? —ky? +k2”] 
respectively. Where 9°; gz”, Jy” and gz” are 


the 3s-orbital and the three 3f-orbitals on the S- 
atom, and k*; k.”, ky” and kz” the 4s-orbital and 
the three 4p-orbitals on the Zn-atom in the 
crystal. As is shown in Fig. 1, the suffixes 
of 21, M2, uw; and wu, indicate the number of the 
neighbouring four Zn-atoms towards which 
the lobe of S-atom wm, points, and just the 
same for v;. So the lobes w and v, form a 
bonded pair. 
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In deriving (3.4), it was assumed that the 
u’s and v’s are all mutually orthogonal, and 
this condition is fullfild if g’s and k’s are so. 
We may construct a set of mutually 
orthogonal g’s and k’s from the non-orthogonal 
orbitals f’s (3s- and 3p-orbitals of a free 
S2--ion) and h’s (4s- and 4p-orbitals of a virtual 
Zn2--ion in free state), by applying the orthogo- 
nality correction first given by Landshoff® 
and later generalized byLowd in®. According 
to Landshoff, orthogonality correction is given 
by 


Cuz 6] 1+ 25 (Sua)? |= Dia aSe ’ 


1 a= 4.5 

Suv=(Gu|bv)—Onuy ; Ouy= 0 ie ae 
MASY 

where the g’s are mutually orthogonal 


orbitals constructed from the ¢’s, which are 
non-orthogonal. ¢’s are normalized (if the ¢’s 
are) to terms of order (S,,)? and are mutually 
orthogonal to the extent that 3/4-SiaSyeSe, and 
higher order terms are negligible. In our case 
y’s are to be identified with g’s and k’s, and 
¢’s with f’s and h’s. 

It should be noted that, by introducing 
these orthogonality corrections, the orbitals in 
the crystal, g’s and k’s, are distorted in 
obedience to the lattice symmetry and belong 
to certain irreducible representations of the 
point group Ta, as was pointed out by 
Schmidt”. 

Unfortunately, we could not find the 
Hartree’s self-consistent solutions for free 
states except the 4s-orbital h* of a free Zn- 
atom!®), so the orbitals of a free S*--ion, f* and 
f®’s, were derived from those of a free Cl--ion!», 
and 4p-orbitals, h?’s, of a virtual free 
Zn2--ion from those of a free As*-ion by 
means of scale changes of radial coordinates’, 
using the screeniging constant given by 
Pauling-Sherman!*), 

For the sake of simplicity, it is assumed 
that the orbitals of the core-electrons of a S- 
atom and a Zn-atom in the crystal are com- 
pletely indentical with those in the free atoms. 
That is, the orbitals of the core-electrons are 
subjected to negligible deformations by being 
brought into the crystal. Accordingly, for 
the core-orbitals of the both atoms the wave 
functions of the free atoms are used without 
any modification. The core electron wave 
functions of a free Zn-atom could be find in 
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the cited reference and those of a S-atom 
were derived from those of Cl--ion™ by the 
above mentioned procedure. 

All the terms in (4.2) may be numerically 
evaluated. The details in numerical calcula- 
tion will shortly be published in the Research 
Notes of the Department of Physics, Faculty 
of Science, Okayama University. Restricting 
ourselves to only main energy contributions, 
we may give the following description of the 
situation with increasing A value. 

A large increase of a positive energy with 
increasing A value occurs from the nineth 
term in (4.2), which corresponds to the 
Coulomb interactions between the new charge 
densities 0;;’s added by covalency correction 
and pxx’s remaining on the w-lobes. But the 
eighth term contributes a negative energy. 
With incresing A value, the magnitude of 
this negative term increases rapidly and then 
decreases slowly, passing through a peak point. 
This depression of the energy overcomes the 
increase of the positive energy chiefly ascri- 
bable to the nineth term, in a range of com- 
. paratively small A value. 

As the resultant effect, EH, given by (4.2) 
has a minimum at A=0.22. The energy 
depression from the totally ionic state which 
is given by putting A=0 in (4.2) is —0.52 in 
atomic unit. (1 atomic unit of energy equals 
27.07 eV or 623.96 Kcal/mol.) Fig. 2 shows the 
dependence of the energy per ion-pair upon 
the parameter A. 


§5. Conclusions 

The ion gas state which consists of free 
S?--ions and free Zn?+-ions is selected as the 
reference level of the cohesive energy. It 
corrresponds to the case that A=0 and d-co 
in (4.2). The energy per one ion-pair at the 
reference level, Zy., is given by 


<-E ym =) | (w al Ui ) —2,( mi 


2 
+ Tu?, (ten)! Jia | 


: ) 
Ui 
iP 
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In this expression, for #: and w, the valence 
orbitals on a free S?--ion which are given by 
replacing g’s with f’s in (4.3), are to be used. 
The value E>. is evaluated to be —13.35 in 
atomic unit*. The energy of the reference 
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Fig. 2. Dependence of energy of zincblende upon 
the parameter A. 


(1): Reference Level (S?-, Zn?*) 

(2): Monatomic Gas Level (S, Zn) 

(3): Totally Ionic Level (S?-+Zn?+) A=0 

Ey: Level obtained by the present model 
(A=0.22) 

E;: Level derived from BH energy cycle. 

H.,: Level calculated by using BM equation. 
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level is above the totally ionic level [A=0 and 
d is finite] by 0.94 in atomic unit per ion- 
pair. The total energy depression from the 
reference level at A=0.22 amounts to —1.46 
in atomic unit per ion-pair. 

The observed cohesive energy of zincblende 
derived by means of Born-Haber’s energy 
cycle is 1.36 in atomic unit per ion-pair 


* As is easily understood, Hy. is the total 
energy of eight electrons in the M-shell of a free 
S2--ion and should be compared with the ioniza- 
tion energy /; required to strip these electrons. 
FE; is however equal to 9.76—0.13=9.63 in atomic 
unit, where 9.76 is the ionization energy to remove 
the six electrons from a neutral S-atom™ and 
—0.13 the electron affinity of a S?--ion.5) This 
discrepancy will be due to the fact that the states 
of the core-electrons remain fixed to those in the 
free S?-ion in the calculation of #’,., whereas the 
former must be greatly altered from the latter, in 
reality, as a result of ionization. 
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(=851 Kcal/mol)!, and that calculated by 
means of Born-Mayer’s equation is 1.31 (=816 
Kcal/mol)! as shown in Fig. 2. Besides, the 
energy level of the monatomic gas state 
(=—1.37/atom-pair, in atomic unit, below the 
reference level) calculated from the ionization 
voltage 33.6leV (Zn—Zn?*) and the elect- 
ron affinity of a S?--ion —3.44eV'® is shown 
in the same figure. The effective charge on 
the constituent ions which is calculated from 
(4.1) by putting A=0.22, is 20.83 in atomic 
unit. This is considerably larger than 2 x0.48, 
which is estimated from the theory of dielectric 
constant of ionic crystals». The calculated 
energy difference between the reference level 
and the totally ionic state (=—0.94), that is, 
the energy depression due to purely ionic 
binding, is nearly comparable to the cohesive 
energies of predominantly ionic alkali-earth 
sulphide crystals. For example, the calculated 
cohesive energies per ion-pair of CaS, SrS and 
BaS are equal to 1.17, 1.09 and 1.03 in atomic 
unit, respectively’”. 

The above comparison between the calculated 
and the observed values seems to show that 
our model for ZnS-type crystals would be 
reasonable. The eighth term in (4.2), which 
consists of the change in kinetic energy 
resulting from the covalency correction and 
the Coulomb interactions between charge 
density pi; and the ion-core charges of the 
nearest-neighbouring four S-atoms and four 
Zn-atoms, contributes conspicuously to the 
depression of energy, and then renders the 
crystal more stable than predominantly 
ionic crystals. It should be noted that this 
effect may appear first by introducing 
covalency correction into the usual ionic 
binding. Owing to this stability the crystals 
of this type have been used as a durable 
host-crystal of phosphor. 

In order to clarify thoroughly the true 
aspects in the zincblende lattice, it is necessary 
to know the numerical factor of each energy 
term in (4.2) at various values of the interionic 
distance 7 and to determine A so as to mini- 
mize the energy at every particular value of 
y. Survey of the physical meaning of each 
energy term stated in §3 and its energy 
contribution at the observed value of 7 (v=d), 
suggests that the most important energy con- 
tribution to the binding in crystals of this 
type can be classified in the following three 
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main parts, provided we assume that the 
variations of the forms of the valence orbitals 
and of A minimizing the energy are negle- 
gible for a small change of 7, compared 
with those of the main energy parts which 
are explicitly dependent on 7*. 

(1) The total Coulomb interaction between 
constituent ions in the crystal. Its magnitude 
is considerably decreased owing to the decrease 
of the effective charge on them, compared 
with that in the case where the crystal is 
assumed to be purely ionic. This long-range 
interaction may be expressed approximately in 
the form —ay(Zes)?/r, where s indicates the 
ratio of the effective charge to the usual 
ionic charge. 

(2) A short-range type interaction which 
may be expected to be strongly attractive. 
It originates from the interactions between 
the charge densities pij;’s and the charge 
densities on the neighbouring ions around 
them, and from the negative change in kinetic 
energy caused by the covalency correction as 
well as from the interactions given in (3.8). 
(Although :;’s interact with the charge densi- 
ties on all the ions in the crystal, we may 
regard this interaction as effective only in 
short range because of zero net charge of each 
oi; aS Stated in § 3.) Setting aside the ques- 
tion of the 7-dependence of this negative 
short-range type interaction, it amends the 
above-mentioned decrease in the magnitude of 
the negative long-range Madelung term. 

(3) A short-range exchange interaction be- 
tween the electrons of a particular ion and 
the ion-core electrons of the neighbouring ions 
around it, which is involved in the third parts 
of the first and second terms in (3.4). This 
interaction will operate repulsively and may 
be expressed approximately in the form ae~’" 
or bry-” as in the usual manner. 

In trying to deal with the problems on the 
ZnS-type crystals phenomenologically by means 
of an equation analogous to the Born-Mayer- 
type one, the former would be obtained by 
modifying the latter so as to be suited for the 
above-stated features. 

The method of the calculation used in this 
paper would be generally applicable not only 
for the other sphalerite-type crystals but also 


* An energy term in which the orbitals belong- 


ing two different ions are concerned is called here 
“explicitly dependent on 7”. 


————— 
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for wurzite-type ones by modifying the ex- 
pansion forms of wave functions in accordance 
with the crystallographical symmetry Cg» 
instead of Tu. 
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Effect of Self-diffusion on the Ortho-para Conversion 


in Oxiygen Contaminated Solid Hydrogen 


By Kazuko MoTIzUKI and Takeo NAGAMIYA 
Department of Physics, Osaka University 
(Received March 2, 1956) 


When self-diffusion takes places rapidly in solid hydrogen contaminated 


with oxygen, the ortho-para conversion rate is enhanced. 


The ortho- 


concentration follows the diffusion equation including the effect of the 
oxygen; by finding the steady state solution of this equation and using 
values of the relaxation time, t, associated with the self-diffusion, which 
were measured recently by Rollin and Watson, we can conclude that below 
4°K the effect of the self-diffusion is negligible and above 8°K the self- 
diffusion is so rapid that it smoothes out the ortho-concentration around 


each oxygen molecule. 


The rate of ortho-para conversion above 8°K is 


calculated assuming a uniform ortho-concentration throughout the crystal. 


In our previous report” the ortho-para con- 
version rate for pure and oxygen cotaminated 
solid hydrogen was calculated assuming the 
effect of self-diffusion to be negligible. Rollin 
and Watson” have recently measured the 
width of the proton magnetic resonance in 
solid hydrogen as a function of temperature 
and found an appreciable narrowing of it in 
the neighbourhood of 10°K, which indicates 
an increase in the self-diffusion. They esti- 
mated the life time, +t, which a molecule 
spends on one lattice site before jumping to 
another, to be as follows: 


TCR As 4° 10° 
t(sec) 7.510% 7.5 10° 310-6 
| i Ie 
Oo OS eI 6 >a Oe! 


If self-diffusion takes place rapidly enough 
in solid hydrogen contaminated with oxygen, 
ortho-molecules diffuse into the action spheres 
of the oxygen molecules, change to para, and 
leave the spheres, so that the conversion rate 
must be greatly enhanced. 

Consider the case where the ortho-para con- 
version due to the mutual interactions among 
ortho-molecules are negligible and the crystal 
lattice can be replaced by acontinuum. The 
ortho-concentration c(7,#) (ry is the distance 
from a given oxygen molecule) follows the 
equation. 

c(r, 2) 

Ot 
where D is the diffusion constant and is ap- 
proximately equal to a?/4t, @ being the inter- 


= DAc(r, t)—Roxy,(r)e(7, £) , (1) 


molecular distance in the lattice, and Roxy. 
(rv) is the rate of conversion due to an oxygen 
molecule; this was calculated in our previous 
paper and was found to be b/7'? (6=250 per 
hour when 7 is measured in units of a). 
We transform the variables 7, 7 into 7’, #’ by 


1/61 b \ 1/10 
= t = ¢ 2, 
: Be) ae ip) ee 


and find 


Oc(7’, t)_ 


2 Pie i 
TF) dels’, t) Ge) c(r’,t’). (3) 


It is not easy to solve this equation completely. 
However, the steady state solution can be 
found easily in the form of a path integral, 
taking (1/7”)!° as a new variable instead of 7 
(see Appendix). The solution which vanishes at 
y =0 can be expanded in inverse powers of 7” 


as 
1 1 10 il 1 20 
1 = sie 
sige a SET Hee, ie | 


1 1s algo 
SU Ey a 
7 =I ae) i ii (4) 
or, approximately 
b\i/10 4 
1 saad Gs ) de (5) 


The value of 7 determined by putting (5) equal 
to 1/2 gives a measure of the radius at which 
the ortho-concentration becomes appreciably 
different from its value at infinity (or, within 
which one finds practically para-molecules 
only). This value of 7 is calculated to be: 
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via=20 for t=1.1x10"sec T=3.5°K ca 


4.9 Meow HOP 4° 

2 Ll<O2 ay ca 
1 iL Os< tO 6° ca 
0.5 VG 07% Sica 
0.2 i tx<.1072 iY aan er1 


Since values of 7 smaller than @ are meaning- 
less, we are in such cases in the situation 
that the self-diffusion is rapid enough to 


smooth out the ortho-concentration around the’ 


oxygen molecule. On the other hand, if the 
value of 7 is greater than 2.7a, which measures 
the distance at which the conversion rate due 
to the oxygen molecule equals that due to the 
mutual interactions among ortho-molecules (see 
our previous paper), the effect of diffusion can 
be neglected; in such a case our previous 
calculation can be applied. Looking at the 
above table, we see that the former cases 
occur above 8°K and the latter cases below 
4°K, 

We now go over to calculating the rate of 
ortho-para conversion above 8°K. The ortho- 
concentration can be assumed to be uniform 
throughout the crystal. It can be found by 
solying the equation 

dc 


= ee a>i(b/ ri” \c—Rpyar€? ; 


dt (6) 


where @ is the molar concentration of oxygen 
and the summation is to be extended over the 
lattice points surrounding each oxygen mole- 


cule. The solution of this equation is 
= 
acy > (0/7) 
[a (6/r%) + Cobnsar.lexplaG/1?)4]—coknsar. 


(7) 


Solid curves in Fig. 1 show this function of ¢ 
for normal hydrogen (co=75%) with a=0.1% 
and a=0.01%; the corresponding broken 
curves are for the case where the diffusion 
is negligible. The values of 6 and Rpyar. used 
for this calculation are those obtained theore- 
tically in our previous paper. 


(cy=initial ortho-concentration) 


Appendix Steady state Solution of Eq. (3) 

Writing (1/7’)!=, the steady state equation 
symmetrical around the oxygen molecule can 
be written 


Effect of Self-diffusion on the Ortho-para Conversion 


655 


100 


D 
[e) 


—» para concentration 
(3)) 
{e) 


20 &=0.01% 


——> wt 


hour 


Fig. 1. The average concentration of para- 
molecules in normal hydrogen as a function of 
time for various values of the molar oxygen 
concentration, «. Full curves were calculated 
with the use of Eq. (7), broken curves are the 
results obtained in our previous paper. 
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Fig. 2. Integration paths. 
a’c dc 
1002— +90—-—c=0. 
dx? dx 


The solution of this equation can be found in 
the form of a path integral 
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— exp( lk sone) 


where the path C can be any one of the three 
shown in Fig. 2. Path C, gives the required 
solution since it gives a vanishing value of the 
integral at w=infinity, or 7”=0. On the other 
hand, integrals along paths C, and C; can be 
expanded in powers of 2: 


-11/10 gy 21 1 
ih s exp( att 100 pe )a 
1 
= ())1/10 
= 2) sin}, Gane ee Te (aa) 
il 
x(1 +99 w+ 


1 
-11/19 ayn ( x Ie 
le a ee (« +100 -) . 


1 22 ee 
90 x 380" a7 4 


eT 1 
Be Sieg 
2Sin 10 ( Ti 
a1 + De ee 
110 
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Now, the integral along C, is a combination 
of the integrals along C, and C;: 


Thus we find (4), where 0.71 is the value of 
sarah 
a. aay 
(100)1/197° be : al 
10 
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Errata 


Theory of the Ortho-para Conversion in Sclid Hydrogen 


There are a number of printer’s errors in our first paper entitled as above 


By K. MOTIZUKI and T. NAGAMIYA 
J. Phys. Soc. Japan 11 (1956) 93 


» of which 
some might lead to misunderstandings. They are: 
page column line incorrect correct 
95 left 19th of one of If one of 
95 right 3rd in units of in units of # 
95 right 4th Var Vz 
97 right 30th motion mention 
98 left 20th same sum 
98 Eq. (4.3) > [1—exp (—koxy) Rito >» [1 —exp (—Koxy(R,)t)] 
98 right 15th (6.6) if (4.5) is 
99 caption to Fig. 1. Eq. (4.4), Curve Eq. (4.3), Curve B 
C Eq. (4.9). Eq. (4.4), Curve C 
Eq. (4.8). 
99 caption to Fig. 2. (5.11) (4.11) 
99 right 3rd Dr. Yoshida Dr. Yosida 
103 Eq. (B.11) EE fay [i sin eb 
Fow/v Fyw/v 
103 6th line from Eq. (B.11) hw,/k 
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The Soft X-ray Spectroscopy of the Solid State 
by the Electronic Differentiating Method : 


Aluminium L3 


By Gunji SHINODA, Tatsuro SuzUKI and Susumu KATo 


Laboratory for Applied Physics, Faculty of Engineering, 
Osaka University, Higashinoda, Osaka, Japan 


(Received January 23, 1956) 


A method was developed of observing soft X-ray emission spectra 
directly on the screen of a cathode-ray oscilloscope. Soft X-rays emitted 
from metals were detected by a photoelectric device which works under 
retarding voltages having saw-tooth wave form. The photoelectric 
current was differentiated three times by electronic differentiating circuits. 
The saw-tooth wave voltage corresponds to the reciprocal of wavelength, 
while the differentiated photoelectric current represents the intensity of 


soft X-ray emission. 


Using this method we obtained the emission spectra 


in about 1/100sec. exposure without serious contamination of the 


anticathode. 
of Al was studied. 


§1. Introduction 


The soft X-ray spectroscopy of solids has 
been developed by many investigators, for 
instance, Siegbahn and Magnusson”, O’Bryan 
and Skinner» and recently by Piore, Harvey, 
Gyorgy and Kingstone® and Rogers and Chalk- 
lin®. All of their works have been carried 
out with spectrographs having diffraction 
gratings, although in some recent works the 
photographic plate has been replaced by a 
photomultiplier or a Geiger counter. 

There is another method of soft X-ray 
spectroscopy, which does not use gratings but 
is based on the photoelectric effect of X-rays. 
This method was tried by several workers 
(Compton and Thomas”, and Skinner®,) about 
thirty years ago, but was not successful be- 
cause of the inevitable inaccuracy in the 
process of graphical differentiation of observed 
curves. When, however, we apply electronic 
differentiating circuits to this method, the 
above-mentioned inaccuracy may be eliminated, 
and moreover we may gain even some advan- 
tages because the contamination of the X-ray 
source may be completely avoided by virtue 
of the very short time required for the ex- 
periment. 

The present authors previously reported on 
a measuring system of this kind, in which the 
electronic differentiation was applied to the 
change of photoelectric current with the 


As an example, the structure of the Z3 emission spectrum 


change of bombarding potential of the X-ray 
tube”. In the present paper a different sys- 
tem is reported in which the electronic dif- 
ferentiations are carried out on the change of 
photoelectric current with the change of re- 
tarding potential against photoelectrons while 
the bombarding potential of the X-ray tube 
is kept constant. As an example of application, 
the structure of the emission line of Al Z, 
was studied. 


§2. Experimental Procedures 


Fig. 1 shows the X-ray tube used by us. 
When we apply a retarding potential V_ bet- 
ween the photoelectric surface and the collector, 
the photoelectric current J detected by the 
collector will be given by Fowler-DuBridge’s 
formula®®) for the monochromatic incident rays 

I=aAT$(a) , a, 
where 

a: a constant proportional to the intensity 

of X-rays, and dependent on the photo- 
electric yield, 

A=4nmk?/h' , 

¢(x): Fowler’s function given by 


6@)= Ey (en Se) 


657 


658 


SHIELD FOR PRIMARY 
ELECTRONS AND IONS 
SHIELD FOR !ONS 


COLLECTOR OF 
PHOTOELECTRONS 


PHOTOELECTRIC 
SURFACE 


> ANTICATHODE 
FILAMENT 


GLASS ENVELOPE 


F) 5 10 «0 PUMP 


Fig. 1. Soft X-ray tube. 
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Fig. 2. Curves representing I, 07/dx, 02I/dx? 
and 0°7/éx3, 


and #=(Vm—V)e/RT, Vm being given by Ein- 
stein’s formula Vne=hy—ge. m,e,h and k are 
electronic mass, electronic charge, Planck’s 
constant and Boltzmann’s constant, T the 
absolute temperature, ¢ the work function of 
the photoelectric surface, 
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Fig. 3. Resolving power of the differentiating 


method at 7=293°K (a), and the diffraction 
grating method by Skinner!) (b). 


The photoelectric surface and the collector, 
shown in Fig. 1 shall be plane parallel. 
Moreover the photoelectric current should not 
be saturated. These are the fundamental as- 
sumptions for Eq. (1). 

The first derivative of Eq. (1) 0Z/Oz gives 
distributions of the ‘‘normal energy’’* of 
emitted photoelectrons, and the second deriva- 
tive 0°2/Oz? gives the distribution of normal 
components of velocities of photoelectrons, 
and the third derivative 


= \ 2, 
OT =aAT$"@)=aAT} are z) \ 
Ox? (ae 
tor v= 0 (2) 
= 9 ves Cope 
wAT HG Ll 
for 2#<0 
gives the function shown in Fig. 2. This is 


an even function of z At2#=0, the height of 
the curve is proportional to the intensity of 
the incident rays. Thus, the photoelectric 
current differentiated three times can repro- 
duce the spectral intensity curve of X-ray 
lines. If we apply a potential due to this 


* If the collector has a potential V, negative to 


the photoelectric surface, only those electrons reach 
the collector which emerge from the photoelectric 
surface with velocity component v,, normal to the 
surface, such that 4mv,?=H,=Ve. E, is called 
for brevity the “normal energy ”. 
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Fig. 4. 


current to the ordinate of a cathode-ray 
oscilloscope and a saw-tooth retarding potential 
to the abscissa we can observe directly the 
spectral intensity vs wavelength curve on the 
fluorescent screen. 

The resolving power of this method, or the 
half-value width of the curve, is given by 


_ 3.25 kT 2B 
ee 


Ah (3) 
where 2 is the wavelength of the incident X- 
rays, c the light velocity. Fig. 3 shows the 
resolving power of this method in comparison 
with that due to a diffraction grating’. We 
can see that on the short wavelength side the 
resolving power is superior to that of the dif- 
fraction grating. 


§3. Electronic Circuit 


Fig. 4 shows the electronic circuits used. 
The preamplifier has two 6AK5 tubes. For 
the first stage of the preamplifier a tube having 
the smallest grid current was selected and this 
was used with a sufficiently low anode voltage. 
The electric power was supplied by several 
dry cells. In this way an electric current as 
low as 10-42 ampere was amplified satisfac- 
torily. According to the recent study of 
Hinteregger and Watanabe’, the photoelectric 
yield of Ni, Pt and W for 1000A is fairly 
large and attains to about 1071, and in fact 
we have obtained fairly large photoelectric 
currents of about 10-* ampere for an X-ray 
tube current of 10mA. 

The main amplifier has satisfactorily high 
gain with low distortions. The differentiating 
circuits are RC types having cathode follow- 
ers to avoid any distortion in the voltage wave 
form. The negative feed back was inserted 
to improve reliability of this electronic dif- 
ferentiation. 

The saw-tooth wave generator shows good 
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Electronic Circuit of the experiment. 
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Fig. 5. The emission-spectral curve of Al Ls 
observed on the screen of cathode-ray oscillo- 
scope. 


linearity at about 100c.p.s. All the powers 
are supplied through an electronic voltage 
stabilizer. 


§4. The Result of the Experiment for 
Pure Al 


Fig. 5 is the emission-spectral curve of Al 
L; observed on the screen of cathode-ray 
oscilloscope, the photoelectric surface being 
Ni. The bombarding potential was about 800 
V and the tube current was 10mA. The 
purity of Al was 99.99% and the material 
was attached to the anticathode as a thick 
plate. The tube was evacuated by a high 
speed oil diffusion pump and pressures of the 
order of 10-° mmHg could be obtained. The 
emission-spectral curves was obtained within 
multiples of 1/100 sec with saw-tooth waves of 
100c.p.s. The time of exposure was 1/50 sec. 
Therefore, in Fig. 5 two cycles are superim- 
posed. The average empirical band width 
obtained from Fig. 5 and several other photo- 
graphs, which are not shown here, is 13.0+1 
eV and the reduced band width is 10.5 eV. 

The empirical band width obtained from the 
K and ZL, spectra of Al by previous investi- 
gators are 13+1leV, Farineau’”; 11.3222 eV, 
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Karlsson and Siegbahn™; 12.2+2eV, Yoshi 
da; 10+lev, Cauchois! (all from the K 
band), and 13.2+0.4 eV Skinner! (from the Zs 
band). 


§5. Discussion 
(a) 
As stated in a previous section, there are 

two possible types of spectroscopy by the 
electronic method according to whether the 
saw-tooth wave voltage is applied as the 
bombarding potential of the X-ray tube or as 
the retarding potential to the photoelectric 
surface. 

In the first method, the available photo- 
electric current is fairly large because the 
photoelectric collector is kept at a positive 
potential to the photoelectric surface and the 
electronic differentiation is done only once. 
In the second method the photoelectric current 
is produced against the retarding potential 
and the electronic differentiation must be done 
three times. Thus, the trouble due to the 
circuit is much more scanty in the first method 
than in the second method. On the other 
hand, in the soft X-ray region the bombarding 
potential of the X-ray tube in the first method 
is very low, namely at most 100 V, so that 
the electrons cannot penetrate deep enough 
into the material of the anticathode, then the 
results may be affected by the surface condi- 
tion of the anticathode. The M,;, emission 
curves of Cu observed by the first method 
showed two types of emission curves!®, one 
probably corresponding to the energy distribu- 
tion of the higher electronic levels in Solid Cu 
and the other to the surface contamination. 
As in the experiment by Compton and Thomas” 
who observed photoelectric current against 
applied bombarding voltage curves similarly 
to those in our first method, some unexpected 
discontinuities may occur under certain surface 
conditions. In the second method, however, 
the bombarding potential can be taken high, 
namely several hundred or thousand volts, and 
thus these disturbances may be avoided. 
There fore the latter method as described in 
this paper appears to be the more advanta- 
geous one. 

The theoretical value of the resolution of 
the second method is shown in Fig. 3. The 
band width of Al Z; measured from several 
emission curves varies in about 2eV z.e.5A& 
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and is not so good as theoretical one. Per- 
haps it may be caused by the mixing of the 
various energy components besides the ‘‘ nor- 
mal energy ’”’ in the photoelectric current or 
by the secondary electron emission. According 
to the Fowler-DuBridge’s formula, the distri- 
bution function of the ‘‘normal energy ”’ and 
‘total energy’ are very different. The third 
derivative of the former gives the spectral 
intensity curves of incident X-rays, but the 
latter does not. The second derivative of the 
‘‘total energy ’’ has some similalities to the 
third derivative of the ‘‘normal energy ’’ but 
is not symmetrical and the difference between 
them increases with increase of the incident 
wavelength, so it can not represent true 
spectral distribution*. Thus, any mixing of 
various energy components other than ‘‘ nor- 
mal energy ’’ must be avoided. The secondary 
electrons emitted from the collector flow 
reversely to the photoelectrons because of the 
electric field which has been applied by the re- 
tarding potential, so a certain amount of the 
photoelectric current would be reduced by the 
secondary emission. 

In spite of these effects the shapes of the 
emission curves were not influenced seriously. 
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Fig. 6. The N(F) curve for Al. 
(after Matyas!8) 


* An experiment for visible light was reported 


by Sziklai & Schroeder! already. In their method 
the spectra were obtained by differentiating two 
times. To obtain the true spectral distribution 
curves differentiation must be done three times as 
is pointed out here. 
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(b) The L; emission spectrum of Al 


From the band theory of metals we can 
expect that in crystals of trivalent elements 
such as Al there are always considerable 
overlapping from the first Brillouin zone. 
The Zs; emission spectrum of Al shown in 
Fig. 5 clearly shows the sign of this fact. 
The NM) curve for Al has been worked out 
by Matyas!® who took into account the sym- 
metry of the s and p functions of the valence 
electrons. According to his theory, A! is an 
element in which the first zone is nearly filled, 
and electrons, slightly more than one per atom, 
are contained in the second zone. The ME£) 
curve obtained in his work is shown in Fig. 
6. We can see that there is no serious con- 
tradiction between the theory and the experi- 
mental results obtained by us and Skinner}. 
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The change of magnetic properties due to the replacement of tellurium 
by selenium in CrTe, which has NiAs structure, was investigated. 
Ferromagnetism is observed in the concentration range from x=0 to 
w=0.8, where w is defined by Cr(Te;-,Sez). The compounds outside 
this range are para- or antiferromagnetic. In the paramagnetic range 
of temperature the Curie-Weiss law is found to be valid. It was also 
found that the Curie-Weiss constant is independent of concentration in 
the neighbourhood of CrTe and CrSe respectively, and varies abruptly 


at the transition concentration from ferro- to antiferromagnetic state. A 


short discussion are given. 


Introduction 


eae 


Several compounds between the chalcogen 
group and the element of iron group crystallize 
in nickel arsenide type and in such compounds 
various types of magnetism have been found. 
It is considered that the complicated behavi- 
ours of their magnetic properties would be 
attributed to the various possible distribution 
of the magnetic moment of cations in the 
crystals. Such distributions are supposed to 
be caused by the exchange interactions with 
the first, second and third neighbouring cations. 
Therefore, it follows that, in general, a different 
magnetic coupling will occur by replacing one 
component by another kind of atom of the 
same chemical group: in such crystals it is ex- 
pected that a somewhat different type of spin 
ordering will be formed by introducing a dif- 
ferent type of interaction between cations due 
to the replacement of cations or anions by 
another kind of them. From this point of 
view, we intend to investigate the change in 
magnetic behaviour of the ternary system in 
which the cation or anion of the binary sys- 
tem is replaced by another kind of cations or 
anions. In the present paper, as first trial to 
Such cases, experimental results and a short 
discussion of the effect of replacing tellurium 
in CrTe by selenium are given. 


§2. Preparation of Specimens and 
Experimental Procedures 


The specimens used for the measurement 
were made by the solid reaction which was 


always used to prepare such compounds: 
chromium (99.9%) as well as tellurium and 
selenium purified twice by vacuum distillations 
were crushed into powders finer than those of 
100 mesh, and were mixed in such a way that 
the compound Cr(Te;_:Se.) was found, where 


6.0 3.6 


(at 


c a 


(0) 0.2 0.4 06 0.8 1.0 


— Concentration of Se I 


Fig. 1. The curves of lattice constants a,c and 
axial ratio ¢/a as a function of selenium content. 


* This investigation was carried out at Hirone’s 
laboratory of the Institute, and was supported in 
part by the Grant-in-Aid of Fundamental Scientific 
Research of Ministry of Education. The magnetic 
measurement at very low temperature was per- 
formed by using the Collins Helium Cryostat in 
the Research Institute above cited. 
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temperature. 


x was taken as every 0.1 interval from zero 
to unity. The mixtures of the planned com- 
position were sealed respectively in an evacuat- 
ed silica tube and heated at about 1000°C. for 
48 hours or more, thereafter, the products 
were cooled down to the room temperature. 

In order to investigate the solubility of CrSe 
in CrTe, the prepared specimens were examined 
by X-ray analysis. Powder photographs show- 
ed monophase pattern of the crystal structure 
of NiAs type for any concentration of selenium. 
The lattice constants a,c and axial ratio c/a 
are shown in Fig. 1. As is shown, these 
lattice constants and the axial ratio change 
linearly with the concentration of selenium. 
It can be seen from these results that both 
the tellurides and selenides of chromium form 
perfect solid solutions in all proportions. 

The apparatus used for measuring the 
magnetic properties was a magnetic balance 
of automatically recording type. The mass 
of specimens used was several milligrams for 
the measurement of ferromagnetic region and 
several hundred milligrams for the measure- 
ment of para- and antiferromagnetic region 
respectively. In some cases the specimens 
were enclosed in evacuated silica or glass 
capsules to prevent the evaporation of anions 
at higher temperatures. 


§3. Results and Discussions 

It was once reported by Haraldsen and Kowal- 
ski», and by Guillaud®, that CrTe is ferro- 
magnetic, the Curie point of which is at about 


400 500 600 °K 


The curves of reciprocal of the magnetic susceptibility, 1/ya,, versus 


per mol. 


——> _ Magnretisation 


100 


200 400°K 


——— _ Temperature 


Fig. 3. The curves of magnetization per mol, M, 
versus temperature. 


39°C. And for CrSe the susceptibility was 
measured by Haraldsen and Kowalski» in the 
temperature range from the boiling point of 
liquid nitrogen to 630°K. According to their 
results the reciprocal of the susceptibility 
changes linearly with rise of temperature. 
In the present investigation we measured the 
susceptibility at temperatures ranging from 
liquid helium temperature to about 1100°K. 
The reciprocal of the susceptibility, 1/%ar,. is 
plotted against temperature, T, in Fig.2. A 
breaking point was found at about 15°K. The 
origin of this breaking point is not clear but 
it can be considered that the Cr-Se-Cr inter- 
action is small if we assume there exsists the 
antiferromagnetic or ferrimagnetic Curie point 
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Table I. The Curie-Weiss constants, the numbers 
of effective Bohr magneton and the spin 
quantum numbers are indicated as a function of 
selenium content. 


© Cu | Perr | S 
0 (CrTe) 2.08 | 4.08 | 1.60 
0.1 | 

0.2 1-96], 307 “ci 755 
0.3 2.00 | 4.00 | 1.57 
0.4 2.02 | 4.038 | 1.58 
0.5 2.02 4.03 | 1.58 
0.6 2.00 | 4.00 | 1.57 
0.7 1.94 | 3.94 | 1.53 
0.8 2.06 | 4.08 | 1.60 
0.9 2.82 | 4.76 | 1.94 
1.0 (CrSe) 2.88 | 4,83 | 1.97 


0.2 0.4 0.6 08 1.0 


— Concentration of Se 


Fig. 4. Paramagnetic and ferromagnetic Curie 
point. @ and {-]indicate the paramagnetic Curie 
point and x indicates the ferromagnetic one 
respectively. 


below 1°K. Therefore, it may be assumed 
that the Curie point will be lowered by re- 
placing the tellurium of CrTe by selenium. 
Under such an idea we measured the magnetic 
‘properties of every specimen in the tempera- 
ture range from 100°C. to the boiling point of 
liquid nitrogen. 

(I) According to the present measurement 
the magnetic property of CrTe prepared by 
the above mentioned method was ferromagne- 
tic and its Curie point was about 35°C., thus 
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we confirmed the former result of Haraldsen 
and Kowalski”, and Guillaud*. 

In Fig. 3 the magnetization per mol, M, in 
this system is plotted against temperature, I 
ranging from the boiling point of liquid nitro- 
gen to 100°C. The magnetic field used for 
the measurement was 35000e. As can be 
seen from the figure, in this temperature 
range the ferromagnetic Curie point of CrTe 
was lowered, as expected above, with an in- 
crease of the selenium content, and finally 
when the selenium content exceeded 40%, the 
spontaneous magnetization was not observed. 
From the saturation magnetization of CrTe at 
absolute zero, which was determined by an 
extrapolation from the measured thermo- 
magnetic curve shown in Fig. 3, the magnetic 
moment per atom of chromium is obtained as 
2.2 ws. This value lies a little lower than the 
observed data of the former investigators”, 
and smaller than the spin magnetic moment 
of Cr?* (4 ug) and Cr®* (3 yp). 

The magnetizations per mol, M, for, #=0, 
0.1, 0.2 are almost the same value near the 
liquid nitrogen temperature, and it will be so 
at obsolute zero. Hence by replacing tellu- 
rium by selenium, the type of magnetic 
interaction between the chromium ions is not 
changed and only exchange coupling is weak- 
ened by the replacement of tellurium by 
selenium. 

(Il) From the measured magnetic suscep- 
tibility per mol in the paramagnetic region 
we obtained the relation between the reciprocal 
of susceptibility and temperature, as shown 
in Fig. 2. It can be seen from the figure that 
1/x decreased linearly with the fall of temp- 
erature: the susceptibility changes with the 
temperature according to the Curie-Weiss law, 
%u=Cy/(T—O) where —@ is the asymptotic 
Curie point. 

For the tellurium rich side, the paramagne- 
tic Curie point (@) nearly coincides with the 
ferromagnetic Curie point, the concentration 
dependence of which is shown in Fig. 4. On 
the basis of these facts, it should be concluded 
that the type of spin ordering at the tellurium 
rich side is ferromagnetic. The paramagnetic 
Curie point reaches zero at the concentration 
x—=0.8. From the above mentioned coincidence 
of ferro- and paramagnetic Curie points at the 
tellurium rich side, it follows also that the 
ferromagnetic Curie point vanishes at the 
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same concentration x«=0.8. 

At the selenium side paramagnetic Curie 
point takes a negative value, as shown in Fig. 
4. The compound at the selenium side will 
be weakly paramagnetic or antiferromagnetic. 
As shown in Table I the estimated Curie- 
Weiss constant from the l/yw -T relation is 
nearly independent of the concentration in the 
neighbourhood of CrTe and CrSe respectively, 
and changes abruptly at about 2=0.8. This 
behaviour can also be seen from Fig. 4 
directly: the inclination of the lines l/yu -T 
can be classified into two groups, and the 
border content, 2, of the two groups lies near 
0.8. It is also remarkable that this concent- 
ration nearly coincides with the critical 
concentration of ferro- and paramagnetic 
transition. Now we can estimate the number 
of effective Bohr magneton, esr, from each 
value of Cy, assuming the Landé factor, g, is 
equal to two, and we obtain the spin quantum 
number, S, by ferp=V4S(S+1), the values 
being listed in the 2nd and 3rd columns in 
the table. S takes a value near 3/2 for the 
CrTe side, and near 4/2 for the CrSe side, 
the former value does not differ so much 
from a value obtained from the saturation 
magnetization at ferromagnetic side. 
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From the values of S, one could assume 
that at the tellurium rich side the cation took 
Cr3* state and at selenium rich side Cr?* state, 
but this supposition seems to be not valid, 
because it indicates the higher electronegati- 
vity of tellurium than that of selenium. The 
evaluation of S, however, is based upon the 
assumption g=2, and it is desirable for the 
interpretation of this apparent difficulty to 
measure the Landé factors of these compounds. 
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The thermal and X-ray analyses were carried out for iron-selenium 
system from 48.8 to 57.4 atomic percent of selenium, such range being 
previously reported to be ferrimagnetic. It was concluded from the ex- 
perimental results that at room temperature the concentration range from 
48.8 to 53.1% selenium is the two phase region «+ 8; a has the PbO 
type structure and 6 the NiAs type. These two phases transform 
through a eutectoid reaction into a ¥ phase with the NiAs structure of 
slightly different lattice parameters in comparison with those of the 
phase, the eutectic temperature being 350°C. The solubility limit in iron 
side of the phase lies at 53.1% selenium. It is remarkable that the 
substance with stoichiometric concentration (50% Se) does not lie in the 
single phase region of NiAs type. It was also found that the ferri- 
magnetism of this binary system originates from the phase of NiAs type 
(8 phase) and the a phase is weakly paramagnetic or antiferromagnetic. 
The Curie point of the compound containing 53.1% selenium is 174°C 
and the spontaneous magnetization at absolute zero of temperature is 0.20 
Bohr magneton. This magnitude of magnetization is explained by assum- 
ing a kind of the ordered arrangement of ferric ion in the crystal 


lattice. 

§1. Introduction 
The magnetic properties of some of the 
sulfides of the transition elements, such as 
FeS. (pyrrhotite) etc, have been investigated 
by several authors. In these compounds the 
anion in the crystal lattice plays an important 
role to the superexchange interaction between 
the ions of the transition element. Therefore, 
it is interesting to clarify the change of the 
magnetic properties in such compounds due to 
the replacement of sulfer by another kind of 
anions with different electronegativity, such 
as selenium, while the cations remain un- 
changed. From this point of view, we have 
investigated the properties of FeSe, which 
has the NiAs structure similar to pyrrhotite, 
FeS,. It has been reported that, according to 
the thermomagnetic measurements, FeSe,z with 
the composition from x«=1.00 to 1.35 is ferri- 
magnetic as FeS,. However, the result of 
measurement showed a peculiar change of 
magnetism with the Se content, suggesting a 
possibility that some kind of phase change 
occurs in this region. For this reason, we 
investigated the phase diagram of Fe-Se 
system by means of X-ray and thermal 
analyses in the composition region in which 


ferrimagnetism is supposed to occur, and 
found the existence of the two phase region 
a+, in which @ has the PbO structure and 
B the NiAs type, and that the obseved ferri- 
magnetism is due to the latter. The thermal 
and thermomagnetic properties previously re- 
ported give us many clues to the explanation 
of the magnetism of FeSez. In the following 
sections, the experimental results and a short 
discussion on the spontaneous magnetization 
of this system will be given. 


§ 2. 


The specimens of FeSez were prepared by 
the method similar to that in the previous 
paper»; A mixture of the powders of iron and 
selenium with the desired composition was 
enclosed in an evacuated silica tube and 
heated at 1000°C for 24 hours. In the present 
investigation, doubly sealed silica tubes were 
used in order to prevent the oxidation of 
these specimens due to the cracks of the 
silica tubes caused by the volume change of 
the specimens during cooling. FeSe, thus 


Experimental Procedures 


* This investigation was supported in part by 


the Grant-in-Aid of Fundamental Scientific Research 
of Ministry of Education (1955-4022). 
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obtained had a silvery luster. The specimens 
for the measurement of specific heat and 
X-ray analyses were crushed to about 100 
mesh by a mortar. The apparatus for the 
measurement of specific heat was the same 
as that previously reported®. The specific 
heat was measured in the range from room 
temperature to 500°C, with a heating rate of 
1~2 degree per minute. According to the 
results of thermal analysis, a eutectoid point 
was found at 350°C in the composition range 
from x=1.00 to 1.13 and such a_ eutectic 
reaction showed considerable relaxation. For 
the purpose of finding the adequate heat 
treatment three specimens were prepared as 
follows: 
Specimen 1: quenched from a temperature 
above 500°C into water, 
Specimen 2: annealed for 5 
below the eutectoid point, and 
Specimen 3: annealed for 12 hours at the 
same point. 
The specimen 1 had a broad peak at 350°C 
in the curve of specific heat versus tempera- 
ture while the specimens 2 and 3 had a sharp 
one at the same temperature, and the excess 
heat absorption shown in such a peak by the 
specimen 1 was less than that in 2 or 3, while 
the difference between these for 2 and 3 was 
little. These facts show that a high tempera- 
ture phase is predominant in the quenched 
specimens. Therefore, it may be concluded 
that an annealing during 5 hours is sufficient 
to develope the stable phase at the room 
temperature; all the specimens used for the 
thermal and X-ray analyses were annealed for 
5 hours just below the eutectoid point. 


hours just 


§3. The Study of the Phase Diagram 
a) Thermal Analysis 


For the specific heat temperature curves of 
the specimens with compositions from x=1.00 
to. 1.35, a sharp peak was observed at 350 aG 

The absorbed energy under the peak is 
about 200cal/mol at «=1.13, whereas for 2 
greater than 0.13 it rapidly falls down and 
vanishes before x reaches a value 1 GaheL OF. 
the specimens from 2#=1.16 to 1.35, such an 
anomalous heat absorption was not observed 
below 500°C. Another anomalous heat absorp- 
tion was found for the specimens from 
2=1.00 to 1.13, For «=1.00 it occurs from 
350 to 450°C and the absorbed energy reaches 
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Fig. 1. The specific heat versus temperature 
curve of FeSe, from x=1.00 to 1.16 in the 
vicinity of the eutectoid point. 
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Total heat absorption at 350°C. 
Excess heat absorption above 
B50cC: 


750 col/mol and with increasing x it decreases 
linearly and vanishes at about #=1.13. 

b) Phase Diagram 

From the results of the thermal analysis 
above mentioned, a possible phase distribution 
in the measured temperature and composition 
range is proposed, the Rontogenographic con- 
firmation of which will be given in next 
section. An estimated phase diagram is shown 
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Fig. 3. The phase diagram of FeSez system. 
Table I. 
a Cc c/a 
the 8 phase (at room 
temperature) «=1.00 3.548 | 5.733 petals 
the y phase (at about 
500°C) a=1.00 3.610 | 5.928 | 1.642 
according to H. and K. 
(quenched from 500°C)|} 3.618 | 5.927) 1.638 
= 0D 


in Fig. 3. From this figure it is seen that 
the specimens from zv=1.00 to 1.13 «are 
mixtures of two phases, which transform into 
the third phase 7 by eutectoidal reaction at 
350°C. Furthermore, Fig. 2 shows that a 
eutectoid point exists at the close vicinity of 
the iron side solubility limit of the 8 phase. 
The chain line shows a curve of the Curie 
point for various compositions which will be 
discussed in §4. However it seems that this 
phase diagram is not the only one which can 
be deduced from the present data. It is also 
possible that the transformation S@7 is a kind 
of lattice transformation; in this case the 
two phase region B+7 does not exist and the 
eutectoid reaction mentioned above should de- 
generate into the transformation 87. However 
both cases are not easily distinguishable 
because of the narrow existence range of B+y. 

c) X-ray Analysis 

In the composition range from x=1.00 to 
1.13, the observed X-ray diffraction lines 
could be classified into two groups, one of 
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which was attributable to the phase NiAs 
structure, its intensity increasing with 2, and 
another one to the phase of PbO structure, its 
intensity decreasing with increasing x. The 
structure above the eutectoid point in the 
same compounds was also determined by high 
temperature powder photographs and it was 
found that the crystal lattice also has the 
NiAs structure similar to that in the 8 phase; 
but the lattice constants are differnt from 
each other as shown in Table I. It has been 
reported by Hagg and Kindstrém that the 
NiAs structure was found in a wide range of 
composition including stoichiometric ratic 
x=1.00 even at room temperature. According 
to them, the composition range from x#=1.06 
to 1.13 is a single phase region with the NiAs 
structure, contrary to the present analysis. 
In the third column the data for x=1.05 by 
Hage and Kindstrém® is also shown for com- 
parison. It is supposed that specimens used 
by them had a structure which is stable in 
the high temperature range above 350°C, 
since the lattice constants observed by them 
are numerically consistent with our results 
on the y phare. This difference may be due 
to the fact that the specimens used in the 
present investigation were annealed just below 
the eutectoidal point while those in the 
former were quenched from a higher tem- 
perature. In the present case the specimen 
«=1.16 shows a typical line distribution due 
to the NiAs structure. But, for the specimens 
from 2=1.20 to 1.35, some lines split into 
double or triple ones, showing that the degree 
of symmetry decreases as x increases from 
1.16 to 1.35. For example, the c axis of the 
crystal inclines gradually against base plane 
with increasing x. Such a line splitting was 
also comfirmed by Hagg and Kindstrém. 


§ 4. Magnetic Properties and phase 
Diagram 


As reported in the previous paper, the 
spontaneous magnetization of FeSe, at absolute 
zero is 7 gauss for a=1.00 and linearly in- 
creases to x=1.13. Moreover, by extrapolating 
the intensity of magnetization to the low 
concentration side of selenium, it was found 
that the magnetization vanishes at the 
solubility limit of the 8 phase above mentioned. 
In the specimen z=1.23 it reaches 35 gauss, 
about 0,2 Bohr magneton per iron atom. The 
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Curie point takes a constant value 174°C in 
the same composition range, and it gradually 
increases from 174 to 192°C with increasing x 
and then rapidly falls to 40°C at #=1.30. 
This fact shows that the ferrimagnetism of 
FeSe, originates from the 8 phase with the 
NiAs structure and the a phase with PbO 
structure is weakly paramagnetic or antiferro- 
magnetic. The region in which the observed 
spontaneous magnetization changes linearly 
corresponds to the two phase region from «= 
1.00 to 1.13. Moreover, in the investigation of 
specific heat of FeSe, near the Curie point, 
the linear change of heat absorption was 
obtained as shown Figs. 4 and 5, and the 
highest magnetic transformation energy was 
found at #=1.20. 


§5. Discussion 


Now a discussion will be made about the 
origin of the ferrimagnetism of FeSe, found 
in the 8 phase above mentioned. If the Se 
ions in the lattice of such a phase are 
assumed to be doubly ionized, then the cation 
sites are occupied mostly by ferrous and 
partly by ferric ions and vacant sites in 
the phase of excess Se atoms. Since the 
magnetic moment of free ferrous ion is 
4 pz, Up being the Bohr magneton, the Curie- 
Weiss constant for the paramagetic region of 
the substance takes a value ca. 3.00. The 
same constant estimated from the observed 
inverse susceptibility versus temperature 
curve is somewhat greater than the calculated 


value. This difference may be attributed 
to the assumed electronegativity of the 
selenium ions above mentioned. However, 


based on the above mentioned consideration, 
the determination of the possible distribution 
of ferric ions and vacancies which is consistent 
with the observed ferrimagnetism can be 
made. If the notation Fei-y Se is adopted 
instead of FeSe., the number of ferric ion 
and vacancy is expected to be 2yN and yN 
respectively, N being the total number of 
anions. Then, if the lattice points for cations 
can be divided into two equivalent sublattices, 
and if (1) all the vacancies and ferric ions are 
selectively distributed in one of the sublattices* 
and (2) all the magnetic moments in the A 
sublattice orient antiparallel with those in the 
B. sublattice, then the resultant magnetic 
moment per atom is given by 2y /z. Since 
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curve of FeSe, from x=1.00 to 1.35 in the 
vicinity of the magnetic Curie point. 


y takes a value 0.115 corresponding to a 
specimen x=1.13, the magnetization takes a 
value 0.23 4,. This result shows a_ good 
agreement with the experimental value 0.2045. 
Next, we shall consider the specific heat near 
the Curie point. The total heat absorption 
during the magnetic transformation, 4Q, and 
the jump of specific heat at the Curie point, 
4C, can be expressed respectively by 


3 See Ss) 


4Q=- AC 
@=T0 a+s) ‘ 
5S(1+S) 
sez 
S+(1+S)? 


where S is the total spin moment of the 
cations, and A the gas constant. If we put 
S=2, then 4Q and 4C become respectively 


(AQ) cate =900 cal/mol 


(AC)care=4.62 cal/deg mol 
while the observed values are as follows 

(4Q)ons= 250 cal/mol 

(AC)ovs=4.4 cal/deg-mol . 


As for 4C, the agreement is satisfactory, but 
(AQ)ovs is smaller than (dQ)eare. This is pro- 
tae due to the difficulty in the evaluation 


< Such an assumption on the distribition of 
vacancies does not contradict with the experimental 
result obtained by Drs. A. Okazaki and K. Hirakawa 
(Tokyo Meeting of the Phys. Soc. of Japan in 
October, 1955). 
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of the total heat absorption from the specific 
heat curve observed. Also it is to be concluded 
that the ferrimagnetism of FeSe, is further 
confirmed by the thermomagnetic data above 
mentioned and as the ferrimagnetic behavior 
of this compound is found to be similar to 
that of FeS,, the superexchange interaction 
between Fe-Se-Fe has the same order of 
magnitude as Fe-S-Fe in FeS, with antiferro- 
magnetic ordering of spins. 

The authors wish to express their cordial 
thanks to Profs, S. Maeda, N. Tsuya and S. 
Nagasaki for their valuable suggestions and 
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discussions. 
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Nuclear Magnetic Resonance in Molecular Chlorine Compounds 


By Yoshika MASUDA 
Department of Physics, Kobe University 
(Received March 12, 1956) 


We have measured the chemical shifts, the transverse- and longitudinal- 
relaxation times of chlorine nuclear magnetic resonance of such liquid 
chlorine compounds as TiCly, VOCI3, CrO2.Cl,, and SiCl,, of which the 
quadrupole coupling constants were measured by Dehmelt by means of 
the pure quadrupole resonance experiment. Our results were considered 
in view of the correlation to quadrupole coupling constant. Line widths 
are nearly proportional to the square of the quadrupole coupling constant. 
The equality of the transverse relaxation time J, and the longitudinal 
relaxation time 7, has been verified experimentally in these compounds. 
Solomon’s method for the calculation of 7, and T, was applied to a 
quadrupole relaxation. TJ, is exactly equal to 7, in cases where quad- 
rupole relaxation is essential, the molecular surroundings are isotropic, 
and further the extreme narrow conditions are well established. This 
result is identical to Wangsness and Bloch’s. Experimental T; values are 
about ten times larger than the theoretical one and the reason of the 
discrepancy is discussed. In Appendix, estimation of chemical shift by 


d-electron‘is given. 


$1. Introduction 


The nuclear magnetic resonance absorption 
is influenced by its electronic enviropment. 
A difference in the molecular structure in 
different molecules produces a ‘‘ chemical 
shift’’ of resonance frequency. In a heavy 
atom having a large chemical shift, the para- 
magnetic term may be expected predominantly 
large. “Ramsey” pointed out the paramagnetic 
term for the atom represents the contribution 
set up by the orbital motion of the unbalanced 
p-electron. On the other hand, Townes and 


Dailey» pointed out the nuclear quadrupole 
coupling in molecules depends on the way in 
which valence electrons fill the p-type orbitals. 
Accordingly, it is interesting to note the close 
correlation between a chemical shift and a 
nuclear quadrupole coupling constant. This 
relation was examined in such liquid chlorine 
compounds as TiC, VOCIls, CrO;Cl; arid 
SiCl,. 

Pound® discussed the situation in which the 
electric quadrupole interaction causes the re- 
laxation, But there were no experimental 


1956) 


studies of this situation for 
liquid, since a large quadrupole 
interaction in liquid causes a 
relaxation width to such an ex- 
tent as to make the detection of 
magnetic resonance impossible. 
Concerning this point, the chlo- 
rine molecular liquids here ex- 
amined serve as suitable samples 
because they have appropriate 
and known magnitude of e¢Q. 


Calibration Voltage 
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Wangsness and Bloch” predict- 
ed that there exists equality 
between the longitudinal and the 
transverse relaxation time, in 
cases where quadrupole relaxa- 
tion is essential, the molecular 
surroundings are isotropic, e.g., 
as in gaseous and liquid samples, 
and further their characteristic frequencies of 
interaction with the nuclei are large compared 
to the Larmor frequency. The _ predicted 
equality of 7, and J, has been verified 
experimentally, and its value was also estimat- 
ed theoretically using Solomon’s method”. 


§ 2. 


The experimental procedures and equipments 
employed for the measurement of the chemi- 
cal shift have been described®. The chemical 
shift is defined as 

S=(H,—H,)/H; x 10* , 
where H; and H, are the magnetic fields 
necessary for resonance, at a fixed frequency, 
for the sample and reference, respectively. 
The reference was a dilute aqueous solution 
of the sodium chloride. 

The magnetic resonance spectrometer con- 
sists of the autodyne detector, the calibrator”, 
and the vacuum tube voltmeter having the 
three-stage rf amplifier. For the measurement 
of short relaxation time as in our samples, a 
rf voltage as large as 80 volts across the 
sample coil is required and care must be taken 
not to reduce the sensitivity of the detector 
at such a high voltage. We adopted UY-807 
as a detector tube and a choke coil of 100H 
as a plate load. Rf field strength was esti- 
mated from the coil voltage by a standard 
method®) and the saturation curves thus ob- 
tained are shown in Figure 1. Assuming that 
the saturated intensity of the resonance obeys 
a simple 1/(1+2?) law, T, was estimated by 


Experiment 


005 Ol 


0.2 0.5 | 2 5 lO 2c 
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Fig. 1, Saturation Curve. 
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where 2H, is the amplitude of rf field. 


(1) 


§3. Results and Discussion 


i) Chemical Shift 

The chemical shift are plotted against the 
nuclear quadrupole coupling constants measur- 
ed by Dehmelt® at the liquid air temperature 
in Figure 2, where the O-origin of the shift 
was taken at the resonance position of Cl-. 
In these molecules chlorine atom is univalent 
and its bonding is mainly by 3p electron. 
When this orbit is hybridized by 3s orbit to 
the amount of s and moreover the bonding 
contains an ionicity of degree z, the e’gQ in 
the direction of bonding is given by 


e’qQ=(1—s)1—z)e’qoQ , (2) 
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where é?qoQ is the quadrupole coupling of a 
3p orbit in the direction of bonding e.g. 110 
Mc”). 

The chemical shift of univalent p-bonding 
state is given by Ramsey”, Saika and Slich- 


ter® as: 
re 
3 me 1a ay AND, 


where <1/7*>3p is the average of 1/7° for 3p 
electron and 4E is an appropriate mean of 
excitation energy of the molecule. Consider- 
ing s-hybridization and ionicity, the shift is 
multiplied by (1—s)(1—z) and the result is 


ee x10-4 


(3) 


S=—(1—s)(1—2) (4) 
where the value of <1/7*)3» was taken from the 
table of Barnes and Smith’. It is seen from 
Eqs. (3) and (4) that S is proportional to e?q@ 
when 4F is a constant irrespective of the kind 
of molecules. This contradicts to the experi- 
ment as shown in Figure 2 and the reason of 
this discrepancy will be considered below. 
The first is the effect of d-orbital. When the 
bond is hybridized by 3d-orbit to the amount 
of d, the e?gQ is increased by {1+(2/7)d}* and 
the chemical shift by (1+4d). (The deriva- 
tion is given in the Appendix). s-orbit and 
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d-orbit affect to e’gQ and to S in a different 
manner. The second is the difference of 4E 
for various compounds about which we can 
not say much. Aside from the effect of d- 
orbit, we may estimate 4H from e’gQ and S 
leading to the result of 1, 2, 3, and 13 eV for 
TiCl,, VOCI;, CrO,Cl;,, and SiCl,, respectively. 
The third is the difference of e?gQ between 
liquid and solid state to which we will men- 
tion in the next section. 

ii) Transverse and Longitudinal 
Relaxation Time 

The line widths 4H in gauss defined as 
the separation of maximum slope are plot- 
ted in Figure 3 asa function of the molecular 
quadrupole coupling constant e’qQ. 4H is 
nearly proportional to (e?gQ)? and this fact 
indicates that the difference of e’?@gQ between 
liquid and solid state is not so large as to up- 
set the order of magnitude of e’q@Q of the 
compounds in question. The line shape is 
approximately Lorentzian and J, estimated 
from the formula 1/T,=(V 3 /2)r4H are 0.35, 
0.14, 0.092, and 0.052msec for TiCl, VOCIs, 
CrO.Cl,, and SiCl;, respectively. Values of 
T, measured by saturation method are 0.31, 
0.12, 0.08, and 0.046msec for TiCl,, VOCIs, 
CrO.Cl,, and SiCl,, respectively. The estimat- 
ed error of these relaxation times is about 30 
percent which is mainly due to the ambiguity 
of the absolute value of H,. These values are 
also plotted in Figure 3 which shows that T, 
and T, is equal within experimental error. 

Let us consider the relation between 7, and 
T, and also its absolute value when the elect- 
ric quadrupole interaction is dominant. Con- 
sidering the molecular structure of our samples 
it is reasonable to assume that the electric 
field gradient at the Cl nucleus has an axial 
symmetry about its bonding axis. Owing to 
the Brownian motion of the molecule in the 
liquid, the orientation of the bonding axis 
fluctuates at random referring to the spin 
quantizing axis (external magnetic field) and 
thus the quadrupole relaxation will result. 
Transition probability caused by the quadru- 
pole interaction 4’=Q-vE and the lattice 
motion from the state 2; to the state m3, both 

This formula is different from (1 +d) of 
Townes and Schawlow (Reference 1) p..235), Our 
formula includes the effect not only of the 


normalization but also of the e2gQ produced by d- 
orbital, 
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being the eigenstates of J,, is given by 


ote (| mim | ?> 40 
h®  14+(ommjte)? —” 
where wmjm; is the Zeeman frequency between 
m, and mj, te is the correlation time of mole- 
cular reorientation and < 4», means the space 
average. 

In the present case of spin 3/2, we write 
four normalized eigenfunctions of FZ as ¢(3/2), 
g(1/2), ¢(—1/2), and g(—3/2) of which the 
eigenvalues are (3/2)h, (1/2)h, (—1/2)h, and 
(—3/2)h, respectively. Their occupation num- 
bers are denoted by N3/2, Ni/2, N_i/2, and N_3/2, 
respectively. 

We find the only non-vanishing upwards 
transition probabilities to be 


(5) 


On jmj see 


U_s)2, -1/2> U;/2, 3/2 


i? PQQN eT st 
=F( h ) ito%2 02? (6) 
U_3/2, 12> = U_1/2, 3/2 
AL. a ey Te fi 
5 h 1+4w?r,? 


In the extreme narrow conditions (w°r,?<1), 
above probabilities are given by 
2 e? 2 

=U ,=7 ( fe) rel. 
If there are a total number of XN of spin sys- 
tems to be distributed over the four states, 
then the following equations describe the shift- 
ing of the population Nm, , 


(idx) 


Ne py, Un ymj(Nmj;—Nm,)+ const. 


mi 


oye 1 3 
Mi, Nj = Q ’ oP ’ ir fii ’ EROS ‘ 


The macroscopic magnetic moment is pro- 
portional to <Z> which is given by 
(3/2)N3j2+(1/2)Ni/24 (—1/2)N-1/2 

+(—3/2)N-s2=KU>, (9) 

Accordingly, we get: 


(8) 


where K isa constant. 
dT.) /dt= —<I.)(U, + U2) 
+(1/2K)\(N5/2+3Ni/2—3N -1/2—N-3/2)( Ui — U2) 

(10) 
In the extreme narrow conditions, above for- 
mula is simplified as follows: 

where J) is the equilibrium value Otentaen- 
component of the spin Z. This shows that 


+const. 


(11) 
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the nuclear spin J has simple decay with 
relaxation time: 

ey a: or? e’qQ 2 

spe a 4 ( h Nee 

Now let us examine the relation between 

the T, defined by Eqs. (11), (12) and that of 
determined by the saturation factor. For spin 
greater than 1/2, the identity of both Ty’s is 
not self-evident. In the liquid state the Zee- 
man levels are not shifted by quadrupole 
coupling and the transitions between subse- 
quent Zeeman levels have a same _ transition 
frequency vp. When an external radio 
frequency ») is impressed, the transition 
probabilities between the states 2; and #2, are 
given by 


(12) 


V3/2, 1/2= V-1/2, -32=3P, 

Vip, -12=4)p ’ (13) 
where p=(1/4) 72H{2 9(v) and g(v) is the shape 
function. For the time rate of change of the 
population we get the equation analogous to 
Eq. (8) where Un, is now replaced by Umm, 
+Vmjm;- For stationary state the population 
differences of subsequent levels 4m-sm=Nm- 
—Nm in the case of extreme narrowing are 
given by 

A-3/2-+-1/2 = 4-1/291/2= 41/233/2 (14) 
=(N4/D)(4+30 P+36P?) , 
where P= p/U,4 = h»y./kT, and D=16+364 
+ 136 P+ 216 Pd + 264 P? + 216 P24 + 144 P?. 
From Eq. (14) the saturation factor Snom 
which is the ratio of 4inrsm with and without 
rf is given by 
S-1/2>-3/2= S1/2>-1/2 = S3/2>1/2 ; 
=(1+4P)7} (15) 
Therefore the population difference of each 
level has the same saturation factor and the 
T, defined by the Eqs. (1) and (15) is given 
by i 
il = pl au 
dee iD h ay 
The above expression is identical to Eq. (12) 
from which we know the identity of Ty's 
defined by a different way. Next we pass to 
the problem of the 7». 

The eigenfunctions of the transverse com- 
ponents of the spin operator Z, (or Z,) may be 
written as ¥(a), ¥(8), V(r), and ¥(0) which 
have eigenvalues (3/2)h, (1/2)hk, —(1/2)h, and 
—(3/2)h, respectively. They can be expanded 


(16) 
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by eigenfunctions of JZ, as follows: 
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via=),{0(5 )+v 3e(2)+¥ 3 o(-5)+e(-p) 
r@=F va 3)+eo(5)-0(-3)-V3 o(-3)} 
vid=Fe{v 3 o(3)-0(5)-e(-p)+¥3 o(-5). a7) 
VO)=Ss {o( : ) V3 (5 )ev 3 o(- : )-0(-5 )} . 
We calculate the transition probabilities, 
alias ra alaees. 8 RT Sa 
Moan adian ae mak a Te <p le 


In the extreme narrow conditions, above pro- 
babilities are given by 
Wap= Wys= Way= Wes=(1/20h?\(e?GQ)*te= W. 
(19) 
For the occupation numbers Na, Neg, Ny, 
and Ns, of the four states V(a), V(), ¥(r), 
and ¥(6), we proceed with the similar method 
as for the longitudinal component J,. In the 
extreme narrow case, the transverse relaxation 
time is given by 
1 
=2W=— 
lee 5 h 
Accordingly, in the extreme narrow case we 
can see that 7, is equal to T,, and 


tse i oy an? e’?qQ 2 
(eT =e ( h Ve. eh) 


Inserting the measured values of T, and 
e’qQ into Eq. (16), we find the correlation 
time of 0.51 10-", 0.32 x 10-!!, 0.26 10-11, and 
0.29 x10 see for TiCl,, VOCI;, CrO.Cl., and 
SiCl,, respectively. These values will be 
compared with those derived from the well 
known formula!™, 

t=4rya3/3kT , 

where a is the radius of the molecule, and 7 
is the viscosity of the liquid at the tempera- 
ture T. For TiCly, say, the radius @ will lie 
between a, which is the sum of the internu- 
clear distance 2.18A and the single-bonded 
chlorine covalent radius 0.99 A and a, which 
is the sum of 2.18 A and the Van der Waals 
radius of chlorine 1.81 A. Using the value of 
n=9.01 poise we get 

S22 e10F SK 'c(TiICI,) 


27? ey au (20) 


KGa 10s 


Similar consideration gives for SiCl, 
2.7.5 10-8 47(SiGl 9 <5. Ga105 


All these values are about ten times larger 
than those derived from the JT). If this dis- 
crepancy is attributed to the difference of 
e’?qQ between liquid and solid, the quadrupole 
coupling in liquid would be about one third 
of the coupling in solid. One of the reason of 
the decrease of e?gQ in liquid would be the 
molecular dimerization. Analysis of X-ray 
diffraction pattern of liquid CCl, revealed the 
presence of a kind of permanent or temporary 
associated molecules such that they orient 
themselves to each other with each one face 
of CCl2®. This suggests similar situation for 
our samples although there is no _ explicit 
evidence of dimerization of SiCl, and so on. 
For the exact evaluation of the magnitude of 
e’aqQ of molecules in liquid we may need 
further experimental studies. 
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Appendix 


As there has been no reference on the 
chemical shift by d-electron we have given a 


brief account on the problem. First we con- 


1956) 


sider an atom consisting of (closed shell) plus 
(one d-electron) covalently coupled to another 
atom. Taking a coordinate system 86 stl gud 
fixed to the molecule and taking z’ as a bond- 


ing direction, the wave function of the orbital 
part is 


Fen 
B= {Vee(VAQ)+ AMF a2} , (21) 


here d:-, is the d-orbit directed to the z’-axes 
and A is the orbit of the bonded atom. Let the 
coordinate system x,y,z, be fixed in space, z 
be the direction of external magnetic field and 
B be the angle between 2 and z. Transform- 
ing Eq. (21) to the zyz-system and taking the 
expectation value of the ‘‘ chemical shift 
operator ’’)) p> (mz,/7;°)-m2z, we obtain for the 


OY | ara 
INR eee opvsin ses 


Here <1/7*>a is the mean of the 1/7? of the d- 
orbit and 4E is an appropriate average energy 
of the excitation states which have matrix 
element of the operator m- between the ground 
state. Taking the space average of sin?8 the 
final result is 


1 eh? 1 
Sosa eee wa 


If we assume the 4E and <1/7*54 be the same 
as those of p-orbit the chemical shift is three 
times larger than the shift by p-electron. 
Next we consider the effect of d-orbit hy- 
bridized to the porbit as in the case of the 
present problem. Taking the six electrons in 
which four are in the orbit pz-, py, py, and 
py respectively, the fifth in d-hybridized p- 
orbit e.g. (V1—d Vo,-+V d Vaz) and the last 
in the orbit A of neighbouring atom bonded 


chemical shift S 


S= 


(22) 
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to the atom under consideration, we can set 
up a wave function of 6-electron system by 
adding appropriate spin functions to the orbit. 
Calculation of the expectation value of the 
chemical shift operator gives the chemical 


shift of the molecule in random motion as 
follows: 


21 eH /1 
Sere ae ent 


If we assume again 4E and <1/r°> be the same 
as in the case of no hybridization we know 
that the shift is increased by (1+4d). 
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1. Total yield, y, and energy distribution were calculated for electrons 
ejected from BaO by inert gas ions, on the basis of the theory of Auger 
neutralization. The method used here was similar to Hagstrum’s one 
for tungsten. Total electron yield, y, are found to be 0.481, 0.480, 
0.476, 0.474, and 0.471 for Het, Net, Ar*, Kr*, and Xe* ions of several 
electron volts (ev), respectively. The electrons ejected from BaO have 
unexpectedly high energy and narrow distribution in comparison with 
those from tungsten observed by Hagstrum. In the case of Ar* ion, the 
calculated value of total electron yield, y, is in good agreement with the 
Varney’s measurements, and the high energy of ejected electrons is just 
as he expected. 

2. The cathodic phenomena (cathode fall, width of Crookes dark space, 
and current density) in the normal glow discharges were observed for 
He, Ne, Ar, and Xe gases with BaO-coated cathode and tungsten, and 
were interpreted by the von Engel and Steenbeck’s theory using the 
calculated values of y for BaO and the observed one by Hagstrum for 


tungsten. 


§1. Introduction 


Alkaline earth oxides and their solid solu- 
tions have been widely employing as the 
cathode of glow discharge tube filled with Ne 
and Ar gases by main reason of giving lower 
normal cathode fall.. However, not only in 
Ne and Ar gases, but also in He and Xe, they 
give the lower normal cathode fall as shown 
in §6. The same tendency will be expected 
for Kr gas, even though no observation has 
been made up to thistime. We are interested 
in the fact that lower normal cathode fall is 
obtained with alkaline earth oxide cathode 
than with usual heavy metals, for example, 
tungsten and molybdenium. According to 
the theory of von Engel and Steenbeck, the 
cathode materials showing lower normal ca- 
thode fall are to have higher values of + 
(total yield of electrons per ion). Then, the 
calculations of total yield, 7, and the energy 
distribution of electrons ejected from BaO by 
each inert gas ion are attempted. 

There have been two principal theories on 
the mechanism of ejection of electrons from 
cathode by an ion, that is, so-called the 
potential ejection theory and kinetic ejection 
theory. In the normal glow discharges, how- 
ever, the electron ejection from cathode will 
be principally caused by the former mechanism, 


because the ions striking the cathode surface 
are of thermal energy, at most l0ev. As a 
matter of fact, the recent experimental studies 
by Bradley?, Parker», and Hagstrum®-°, 
etc., have shown with various metals that the 
total yield, 7, is nearly independent of kinetic 
energy of incident ions up to several hundreds 
ev. Further the studies of Hagstrum®)») have 
indicated that the values of 7 for tungsten 
increases with the ionization energy of inert 
gas atoms and with the charge and hence 
total ionization energy for each ion of inert 
gases, and the observed values of 7 and energy 
distributions can be almost completely ex- 
plained on the basis of the theory of potential 
ejection. These facts seem to justify the 
mechanism of potential ejection, so our calcu- 
lations should be based on the theory of 
potential ejection. 

Up to this time, the theoretical studies on 


the electronic transition between metal and an 

ion or an excited atom of inert gas, have been 

carried out by Massey”, Oliphant and Moon®, 

Shekhter®, Cobas and Lamb™, and Hagst- 

rum®*, After these studies, four types of 
* 


Among these papers, we can not read the 
Shekhter’s one because there is no one in Japan, 
although we know the same results of his calcula- 
tions quoted in Hagstrum’s paper. And only 
Shekhter and Hagstrum have treated Auger neutral- 
ization up to this time. 
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electronic transition are considered to be 
possible, that is, resonance neutralization, reso- 
nance ionization, Auger de-exitation, and Auger 
neutralization. Which transition will be pos- 
sible, depends on the electronic structures of 
the concerned metal and atom. 

Here we refer to the electronic band struc- 
ture of BaO, the physical state of which will 
be reported in §6. The following model is 
adapted as the electronic band structure: the 
width of conduction band, or electron affinity 
is 0.6ev which is suggested by Narita, the 
energy gap between the impurity level and 
the bottom of conduction band is 0.8~1.0 ev, 
the top of filled band is 5.1 ev or more below 
the vacuum level and the width of it is 6~9 
ev), 

According to this band structure of BaO 
and the ionization and the excitation energies 
of each inert gas atom (refer to Table I), 
even though the latters vary with the distance 
of atom from BaO surface (refer to § 4), the 
only possible process of electronic transition 
is Auger neutrarization for any inert gas ion 
and no other process do play a role. Then, it 
may be assumed through the following calcu- 
lations that both of two electrons in BaO 
concerned with Auger neutralization are con- 
duction electrons. 

In this paper, after the discussions on the 
general theory of Auger neutralization (§ 2) 
and on the explicit expression in the case of 
He+* ion and BaO (§3), we shall calculate the 
total yield, y, and the energy distributions of 
ejected electrons for each inert gas ion using 
the approximate methods developed by Hagst- 
rum (§4), and shall compare the results for 
Ar* ion with the Varney’s measurements (§ 5). 
Next, our observations on the cathode fall, 
the width of Crookes dark space, and the. 
current density in the normal glow discharges 
in inert gases (except Kr) with BaO-coated 
and tungsten cathodes will be interpreted by 
the theory of von Engel and Steenbeck, using 
the calculated values of 7 for BaO and the 
observed one by Hagstrum for tungsten (§ 6). 


§2. General Theory of Auger Neutrali- 
zation 
(a) Auger neutralization caused by an ton 


at the distance, s, from the crystal sur- 
face. 
According to the time independent pertur- 


Auger Ejection of Electrons from Barium Owide by Inert Gas Ions 


617 


Table I. Table of ionization energy (H;) and 
excitation energy (H,), in ev, of inert gas 


atom. 
Atom. | Ei; E, 
He Dae 20 5S 1 melo. el a 
Ne 21.56 16.61 
Ar 15.70 he eel 5 
Kr 14.00 | 9.91 
Xe 12.13 8.31 


These values are quoted from Hagstrum’s paper. 
H,’s are the energies to be excited from ground 
state to metastable state which are such state; 
2s°S for He, ms[1!/.]° with 2=3, 4, 5 and 6 for Ne, 
Ar, Kr and Xe respectively. 


bation theory developed by Dirac*, transition 
probability per unit time (transition coefficient) 
is given by 
ath |<E’ BR’ |Via’>|?, (1) 

where a’ and 8” are the dynamical variables 
which represent the initial state and the final 
state, respectively, E’ is the energy of initial 
state, and V is the perturbing potential. 

This theory is applied to Auger neutraliza- 
tion as follows. In the process of Auger 
neutralization, the interaction between an ion 
and two conduction electrons causes the 
electron 1 to neutralize the ion directly into 
the ground state and the other conduction 
electron 2 to be excited into the positive 
energy continium above the conduction band. 
Now, the energies of the electron 1 and the 
electron 2 at initial state and the energy of 
the excited electron 2 at final state are de- 
fined as 6:=f?2/2m-k,?, €:=h?/2m-k,?, and & 
=h?/2m-K*, respectively, measured from the 
bottom of conduction band, where k and K are 
the wave number vectors. And we define 
n(€) as the electron density function (state 
density x distribution function) in the conduc- 
tion band, and p (€x) as the density of final 
state at &. o(€%) is represented, as usual, by 
cV&, where c is a constant. |<E’ p’’ | V| a’) |? 
in Eq. (1) may be written as 

| H |?0(€:—€:-€2 + Eo —Ei'(S)) , 

where H represents the matrix element, 6 is 
the Dirac’s 6-function, E/(s) is defined as the 
effective ionization energy of concerned atom 
at a distance, s, from the crystal surface, and 
&) is the energy difference between the bottom 

* e.g, Dirac: The Principles of Quantum 
Mechanics, third edition, (1948), sec. 46. 
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of conduction band and the vacuum level. 
Here, the effective ionization energy has been 
first defined by Hagstrum (refer to § 4). 

Thus, the transition rate for a process of 
Auger neutralization is given by 
27h ne(E1)me(Ex) (Ex) | Tle 

X O0(€x—-€1—- 2+ €)— Ei (s)) dE, dEndE;, sin 0d9d¢ , 

(2) 

where sin @ d#dg=dQ. is the element of solid 
angle within which the direction of the wave 
number vector K=h-'V 2m, lies. There- 
fore, the total transition rate, A(s), for all 
processes occuring when the ion is ata dis- 
tance, s, from the surface is 


é 


Ee 


aa2nn| | [| (ncconcenweniary 


x 0(€x—€; —€2 + €)— Eis’ (s)) dE, dE.d Ex. sin 0dbd¢ , 
(3) 
where & is the width of conduction band. 
The matrix element is assumed to be indepen- 
dent of azimuthal angle ¢ and to depend only 
on the angle @ with the surface normal. 
Then, the distribution in energy, No(&), of 
electrons which escape from the crystal is 


ce = 


nsey=2ar-ienl | (n‘eyndy2 le 


x O(€n—€; —E2 + €9—E'(s)) dE, d&y sin OdOd¢ , 

(4) 

where 6, is the maximum value of @ for 

which escape of the excited electron over the 
surface potential barrier is possible. 

The total yield, 7, of electrons ejected from 

the crystal by an ion at a distance, s, from 

the surface is given by 


J [ncesdnt es ot€s)| 3 


x 0(€i—€ —€2 + €9—Ei'(s) dd ad&y sin 6dide 


; (9) 
= [Nolendss (6) 
a |, Naaar. (6) 


where Ex=€—€y. 
(b) The probability of transition caused by 
an 10n in moving toward the surface. 
If P(s, vo) ds is defined as the probability 
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that the ion, having started from infinity with 
constant speed, w , normal to the surface, 
will undergo transition in ds at s, it is repre- 
sented by following equation from the defini- 
tion of A(s): 


IAG Ois= [AGfoa] 1 a Bis; ve)ds |as : 
(7) 


The solution of this integral equation is 
PC. W=C exp [(—dldstou/A(s)})4(9)/ouds 
(8) 


where C is a constant of integration. 

From the theoretical studies of several 
authors?~”, it is allowed to assume 

X(s)=A exp (—as) , (9) 

where A and a are numerical constants. With 
this expression for A(s), P(s, vo) is found to 
be 

P(s, Vo) =C exp[—(A/a. vo) exp (—as)—as] , (10) 
where C is a constant. 


From Eqs. (8) and (10) under the condition 
of large s, 


we find 
C=Ajv,.. 
Therefore 
P(S, Uo) =(A/vo) exp [—(A/avo) exp (—as)—as] . 


(11) 
This expression has been derived by Cobas 
and Lamb’, 
The distance at which P(s, v,) function be- 
comes maximum is easily derived from Eq. 
(11) as follows: 


Sm=(1/a) In (A/a) . (12) 
This relation shows that sp is larger for the 
ion with lower velocity. 
Hagstrum has pointed out the following im- 
portant result: if it is assumed that Eq. (9) 
holds to s=0, the probability that the ion will 


undergo transition in comming from infinity 
to the surface (s=0) is 


[Ps v)ds=1—exp[—exp(In(Aav,))] . (13) 
0 
From this equation, it follows, 


(14) 


%9>0 Jo 


lim | Pes, v»)ds=1. 


Therefore, for the ion of lower velocity, the 
transition probability of Auger neutralization 
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is very nearly unity. This is consistent with 
the observation by him that very few ions 
(~0.1%) are reflected: when their energy is less 
than 100 ev. 


§3. Expression of /(s) in the case of He* 
ion and BaO. 


Here we will discuss the explicit expression 
of A(s) in the case of He* ion and BaO. 

(a) The electron density function ™,(€) in 
the conduction band of BaO is given by 

Ne(E)=Ge(2mc)3/2/27°h? exp (—Eo/kT)V € 

x exp(—é/kT) (15) 

=¢c,(T)Y € exp(—E/RT) , (15) 

where ¢(T)=9e(2mc)?/2/27°h? exp(—Ey/RT) is a 

constant dependent on only T and £) is the 

energy difference between the bottom of the 

conduction band and Fermi level and k is 

Boltzmann’s constant and g- is the degeneracy 
except those of spin. 

(b) The state density of positive energy 
continium above the conduction band may be 
expressed as usual, thus, 

o(Ex)=(2m)s?/20Wh VV Ex (16) 

=OV Ex» (16’) 

where c.=(2m)*/2/27?h* is a constant and here 
the degeneracy of spin is included. 

(c) The expression of matrix element 15% 

The wave function of initial state is consisted 
of: 

(i) the wave function of ground state of 
Het 

Dis(rs)=1/V x (Z’/ao)?/? exp (—Z’r3/aq) ,'° 
Ge 
where Z’=1.69 and a is Bohr’s radius. 

(ii) the wave function of conduction elect- 
ron 1; exp (#kir.), 

(iii) the wave function of conduction elect- 
ron 2; exp (kzr2), where k=h?V2me . 

The wave function of final state is consisted 
of: 

(i) the wave function of ground state of 
He atom; dis(rs)Pis(r1) where ¢is(r7) is the same 
expression for Eq. (17). 

(ii) the wave function of excited electron; 
exp (éKr2), where K=hV 2mex . 

In the wave functions of conduction electron 
and excited electron, normalization factors 
are omitted. 

Next the perturbing potential V may be 


Fig. 1. Schematic diagram illustrating Auger 
neutralization of Het ion at BaO surface. The 
electronic transition is indicated by the full 
arrows. 


written as; 


vane mar real 
TT ee So ee : 
lmi—rs | |ro—rs| |n—re| 
However, the last term seems to be not ac- 
curate, and should be corrected by the know- 
ledge of electron-electron interaction, or plasma 
oscillation, etc. We will not discuss further 
on this point. 
From these expressions, it follows that 


i= [| eselr dates) bude fulrs)JexD(—FEEr) 


Ap re ee oie 
aS a (ean fina Tinera s 
x fexp(kiri)exp(tker2) —exp(tker)exp(tkirs)} 
x Dys(1"3)dtdt2dT3 « (18) 


The antisymmetrization contained in this re- 
presentation is not exact. It should be 
modified by Slater function about the wave 
functions of all conduction electrons and excited 
electron, but this correction seems to have 
little effect upon the results. 

If these expressions of (&1),7%c(E2), e(Ex)s 
and H are inserted to Eq. (3), the representa- 
tion of 4(s) can be obtained. 


$4. Calculations by Approximate methods 


It is very troublesome to carry out the above 
calculations exactly, so we adapt the appro- 
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ximate methods developed by Hagstrum for 
tungsten by which he has succeeded in the 
explanation of his experimental results for 
tungsten. 

The essential quality of this methods lies in 
diving the Auger process in several elemental 
processes, regarding the matrix element as a 
constant. Several probability functions are 
defined as follows:  Px(&x, s)d& is the pro- 
bability that the excited electron produced in 
the process of Auger neutralization caused by 
an ion at a distance s will have energy within 
the interval d& at &%; Po(&, 0)dQ, is the 
probability that the excited electron of energy, 
&x, has its velocity vector lying within a solid 
angle dQ =sin 0dédy; the probability P(s, vo)ds 
is the one defined previously in § 2, (b); P.(E&x) 
is the probability that an excited electron of 


Py (Ex, $)=—a 


since 
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energy, &€«, will escape over the surface bar- 
rier. From these probability distribution 
functions, the energy distributions of excited 
electrons and ejected electrons and hence the 
total yield, 7, of ejected electrons are obtained 
easily with some further approximations. 

At first total transition rate A(s) is rewritten 


i(s)=2nh-rea| |{\ (nd erynd)oEn) Pale 0) 


x 0(€4—€ —E6n + Ep — Ei (S)) 

x dE, d£.dEx sin 0dbd¢ , (19) 
where | Hj? is considered to be constant and 
represented by c3 and & is replaced by &, 
because both are same for BaO. 

The probability distribution function P,(éx, 
Ss) is given by 


(Ex) [| needle) A(x. Ert 60 Bi (8) dead 


sae (20) 


[| \nerrnat€do(Ex)8(Er—€,— E44 60— i (9)) dE dE de 


\ | PALA Si CHARS] at all ee. 
0 0 


Replacing the denominator by c,', a constant, it follows, 


Pi(Ex, $) = cxol€s)| ml EdinelEs)BEr—€, E+ &y EV (S))dE A : 


(20) 


Next, using the probability distributions P,(&,s) and P(s,v,), the distribution in energy, 
Ni(€x), of electrons excited in the process of Auger neutralization is obtained as 


27 


wa 


= | Ps, U0 )Pr(Ex, s)ds . 
0 


(a) Here, the following approximations are 
adapted in our calculations. 


Approximation I. 


‘““The distance, s, in the probability distribu- 
tion, Px(€x, s), is taken as sm at which P(s, Uo) 
becomes maximum and which is constant at 
the given velocity of ion (Eq. (12))’. 

This is suggested by the fact that P(s, v9) 
is large only in a relatively small range of s 
(refer to Fig. 5). 

Basing upon this Approximation, 


[Pe v0)Pr(Ex, $)Po(Ex, 0) sin 0d0deds 
0 


(21) 


Ni(&x) = Pi(Ex, sw)\ PG, V)ds 
0 


= Px(Ex, Sm) ) (22) 


since| P\s, U)ds™1, as mentioned already in 
0 
§ 2 (b). 

Approximation IT 


‘“The variation of ionization energy caused 
by the interaction with the crystal is neglected, 
so £i'(s)=E£:, a constant ’’. According to this 
approximation, P(x, s) becomes independent 
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of s, and 


Ni(Ex)=Pi(Ex) « (23) 
The consequences without these approxima- 
tions will be discussed in the subsection (b) 
and (c) in this section. 
Thus, Ni(€&) is given by 


=O 


NiEx)=cu0lEs)\ \n(EdnelE) 
0 


x 0(€x—E, — €. +O) Ei) dE, dE, .  (23Y 
In order to calculate this integration, it is 
convenient to use Auger transform defined as 
follows’: 


n8)=| Ne(E—A)ne(E+4)d4 , 0CEKEg/2 
0 


T1e)=|\"" ne(S—A)nelE--A)dA, Eof2<E<Es 
0 


==()) ca) E>, 
(24) 
where €=3(€,+6,) and 4=4(€;—€,). 

Using Eq. (15)’, T(€) are calculated as fol- 
lows: 


T(€)=c,(T ?)- 7/4? exp (—2€/kT), 0<E<Ey/2 


(25) 
= €,(T)?/2{(€0—€)(2EEy—&0?)/? 
+&? sin((E)—€)/€)} 
xexp(—26/kT), &/2<E<Eo. (25Y 


In the present case, only Eq. (25) may be 
used, because at several hundreds degree in 
Kelvin the conduction electrons in BaO popu- 
late only near the bottom of conduction band. 

Thus, from Eqs. (25), (23 and (16), Ni(&e) 
is obtained as 


Nil(Ex’) =i TEx’ 9/2 exp (—2Ex’’/RT) (26) 


where &/=&—€x(min.), €x(min.)=Hi—€o, and 
e,(T)=¢,(T )27/4c.c,. Here we take the cathode 
temperature as 500°K, which seems to be not 
so far from the practical temperature of the 
cathode of glow discharge tube filled with Ar 
gas. At this temperature, Ni(Ex’) has the 
form in Fig. 2. In this calculation, the value 
of the width of conduction band is taken as 
0.6 ev, as mentioned previously in Introduction. 
In Fig. 2, the total areas under the curve of 
Ni(€x’) are normalized to one electron per in- 
cident ion. Because, from Eq. CARE 


["ienaee=| Ae, see ae)(27) 
0 0 
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15.0 
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0.10 0.12 
in eV. 


Fig. 2. Distributions in kinetic energy inside 
BaO, Ni(ex), of electrons excited by Auger 
neutralization of the singly charged inert gas 
ions. Here two approximations are used. Areas 
under N;(éx’) curve are normalized to one 
electron per incident ion. The forms of N;(éx’) 
are common for each inert gas ion. Only the 
values of €:(min) are different. 


since 
Py(Ex, s)dEx= ike 
0 


The forms of Ni(&’) are common for each 
inert gas ion and only & (min.)s are different. 
Next, the energy distribution, No(éx), of 
electrons which escape from BaO surface is 
obtained by. 
20 6, ro) 
Nyé)=| | ["P6, vo)P(Ex, 8)PalEx, 8) 
0 0 J0 
x ds sin 0d0d¢. 
= Ni(Ex) + Pe(Ex) - (28) 
Here we defined the probability of escape, 
PAEx), as 


P«E)=| 


where 9, represents the maximum value of 0 
for which escape of the excited electron over 
the surface barrier is possible. This critical 
angle @- is given by 

6,= COS *(E5/Ex)/? « (30) 
If the angular distribution of excited electrons 
is isotropic, Pa(Es, 8) is a constant and equal 
to 1/4x. So, by the Eq. (29), 

P,(Ex)= 4[1—(Eo/ Ex)? ] , Ex >€o 

= 0, Ex<Eo. (31) 

However it seems to be probable that the 


i \" P2lEv, 0) sin 0dbde , (29) 
0 


0 
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angular distribution is not isotropic*. It has 
been suggested* by C. Herring that the matrix 
element A, for @<@, may be greater than the 
matrix element AH, for @>8@,, here H, and HA, 
are also assumed constant. Hagstrum obtained 
the next expression of P.(€x), taking into ac- 
count this circumstance, 


a (fz J& \I/2 
P(x) = E ao aes 5 Gx > Gus 
=0, Ex<E , (32) 
where 
f=|Fh/A2|? . 


The value of the parameter, f, has not been 
estimated theoretically, but he has determined 
it as f=2.2 by fitting the theoretical 7 for 
tungsten for He* ions of 40 ev to the experi- 
mental 7. In our calculations also this value 
will be adapted. 

These escape probability functions P.(&) 
with #=1(Eq.(31)), and with /=2.2(Eq. (32)) 
are plotted in Fig. 3 as curves 1 and 2, res- 
pectively. 

From the distribution in energy, Ni(&), of 
the excited electrons and the escape probability 
function, P.(é:), the energy distribution, No(&), 
of the ejected electrons is easily obtained by 
Eq. (28). The forms for all inert gas ions 
are common and are almost similar to the 
forms of Ni{é:), because Ni(€&), as shown in 
Fig. 2, is distributed within the limited range 
of €{0.12ev) and in this range, P.(&) has 
practically a constant value for each inert gas 
ion. Therefore we will omit the figures of 
However &.’ in the abscissa of Fig. 
2 is of course replaced by E;’ which equals 
E,—Exmin.), here Ei:=€e—&, and Ex (min.) 
= F;—2&. 

The values of &:(min.), &°, and &(max.) in 
the distribution, Ni(é), and thcse of E,(min.), 
&, and E./max.) in No(E;) are shown in Table 
Il, where &° and £,° are the energies at 
which Niéx) and NE) become maximum, 
respectively. And €.(max.)s and Ex (max.)s 
are the energy extremes the excited electrons 
and ejected electrons possess inside the crystal 
and outside the crystal, respectively. How- 
ever, correctly speaking, €,(max.) and Ey(max.) 
are not Maximum energy, but the values 
above which Ni(éx) and N,(Ex) have not ap- 
preciable values. 

Finally the total electron yield, ;, per in- 
cident ion for the Auger neutralization process 


LVa\Cx). 
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is obtained by integrating M(&x) over Ex. 
Thus 


=| No(Ex)dEx . (33) 
0 

In the present case, however, the value of 7 
for each inert gas ion is nearly equal to 
PA&°), because P.(€) is practically constant 
over the range of energy &, within which 
Ni(€:) has appreciable value. The error which 
results from this approximation will be negli- 
gible. 


(b) Removal of the Approximation IT. 


This removal means the inclusion of the 
effects of the variation in the ionization energy 
of concerned inert gas atom near the BaO 
surface. Here, this effects will be briefly 
discussed after Hagstrum. 

The variation, dEi/(s) =E:—Eji‘(s), in the 
ionization energy is caused by the difference 
between two interaction energy, E(¢—c) and 
F\n—c), where the former is the one between 
ion and BaO and the latter between normal 
atom and BaO. So, it follows, 

ak; (s)=E(n—c)—Ei—c) . (34) 
It is sufficient for the interaction energy, 
E\i—e), to consider only the Coulombic 
image potential, —3.6/sev, and the repulsive 
interaction potential, B;exp(— dis), between 
pairs of ions, where B; and 6; are constant, 
although there are three types of ions. Then, 
E\i—c)= —3.6/s+ Bi exp (—bis). (35) 
Such representation of the repulsive interac- 
tion is based on the quantum mechanical 
investigations by Born and Mayer™, 

On the other hand, as the interaction energy 
between normal atom and BaO, E\n—c), only 
the repulsive potential may be considered, so 

E(n—c)=Bn exp(—Dns) , (36) 
where B, and 6, are constant. This repre- 
sentation is suggested by the theoretical 
studies of Slater and, Mayer and Bleick?®. 

In both cases of E(é—c) and E\(n—c), the van 
der Waals interaction energies are considered 
to be negligible small. 

Thus, dE;‘(s) is given by 


dEi’(s)= Bn exp (—bns)—B; exp(—O;s)+3.6/s. 
(37) 
The curves of dEi’(s) as a function of dis- 


* For detailed discussions, see reference 6), 


Chap. VI. 
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Table II. Results of calculations in §4 (a). 
+ 
Ion Ni (Ex) No (Ex) | % 
23 €x (min.) &x9 | €x (max.) | H, (min.) DEO Be (max) fal YEO 7 
es 23 .98 24.01 24.10 2onoo 23.41 23.50 - 0.421 Bits 0.481 ) 
Net 20.96 20.99 21.08 20.36 20.39 20.48 0.415 0.480 
Ar* 15.16 iss) 15.28 14.56 14.59 14.68 0.401 0.476 
Krys 13.40 | 13.43 Se 52 12.80 12.83 T2592 0.394 0.474 
INS ATi tL 5S 11.62 | 10.93 | 10.96 1a OS 0.386 0.471 
tance s are plotted in Fig. 4, where the used Table II. The distance, 89, at which the ion 


values of Bn, bn, Bi and b; are those which 
Hagstrum has estimated from various data of 
above authors. These curves indicate the 
decrease in ionization energies of inert gas 
atoms at distance s. 
The distance, S), at which the ion ‘‘touches’”’ 
the BaO surface may be defined as 
So=n/2+7/2 , (38) 
where 7, is the radius of inert gas ion and 7% 
half the distance between Bat* and O~ in 
BaO crystal. The values of 5%» for all inert 
gas ions are tabulated in Table II. 
Next, we will estimate the distance Sinn at 


which the transition probability function 
P(s, Vo) becomes maximum. — Sm is given by 
Sm=(1/a)ln(Al/a-vo) . (12) 


The plot of P(s, %) as a function of a(s—Sm) 
is quoted in Fig. 5 from Hagstrum’s paper. 
The numerical value of A and @ can be 
obtained principally by the calculation of 4(s). 
However, in our case, this calculation is very 
troublesome. Then as a value of a, we will 
use 2x108cm7?, which is estimated by Hagst- 
rum from the theoretical studies of several 
authors, and he has determined the values of 
A for this value of a, using the experimental 
data for tungsten. Those are Hall SAO Aes 
«10%, 1.1x10", 1.2x10", ands Lol 10) Secy , 
for He, Ne, Ar, Kr, and Xe, respectively. With 
these values of @ and A, Sm for ions of 1 ev 
and 10 ev are determined from Eq. (12) and 
are listed in Table III. Then the decrease in 
ionization energy, dE;{(sm), at the distance Sin 
can be estimated for each inert gas atom 
from the curves in Fig. 4 and the values in 
Table II]. We tabulate these in Table IV. 
Consequently, the distributions, Ni(éx) and 
N(x), are shifted bodily to lower energy side 
by dEi/(Sm). However the forms of Ni(€:) and 
No(Ex) are not affected and the values of total 


“touches” the BaO surface and s,, at which 
the transition probability of Auger neutralization 
becomes maximum, for the ions of velocities of 
lev and l0ev. 


Atom. 8) (in A) | 8m (in A) 
vu=lev | Vp =10 ev 
He |)" 2.03 3]. eG 
Ne 2.53 5 Stee hes 
Ar 3.03 3.9 eae 
Kr 3.28 4.1 Lehetes 
Xe 3.58 4.5 3.9 
Table IV. The decrease in ionization energy 


at the distance Sp. 


dE! (Sm) | vy=lev 
M=10ey | 1.5) 123) 1-2) Wl) 1-0 


in ev. 


yield, y, are scarcely affected. 

(c) Removal of the Approximations I 

; and II. 

When the Approximations I and II are re- 
moved, the distribution, Ni(&x), is reduced to 
Eq. (21), thus 


Niéx)= | P6 Pee, ds. (21) 
0 
Using Eqs. (11), (20), and (25), it follows 
NE) =c1-e1-#/40(6)Alave| 
0 
x exp [—(A/avo) exp (—as)—as] 
x €2 exp (—2E/kT)ds , (36) 
where 
6=& t&)—Eit+ Bi exp(—bis)—Bn 
x exp (—bns)—3.6/s . (37) 


In this case, Ni(éx) functions become broader 
than those calculated in subsection (a), because 
€ in Eq. (36) is a function Ce Gy inal Ns Ee 
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0o6 5.0 10.0 15.0 20.0 
€k in eV. 


Fig. 3. Two escape probability functions, P, (€x). 
The curve 1 corresponds to an isotropic distribu- 
tion of velocity vectors of excited electrons 
inside BaO crystal. Curve 2 is a plot of Eq. (82) 
Withee, 


in ev, 


de; (Ss) 


S in A 
Fig. 4. The plots of dE;'(s), the change in the 
ionization energy near the BaO surface, as a 
function of distance from the surface. This is 
similar to the Fig. 23 in Hagstrum’s paper. 


(e) 
ras 2 +O =e 
a(s-s 


4 6 


m) 

Fig. 5. The plots of P(s, Vo), as a function of 
a(s—S»). Here, 
P(8, v0) =a exp {—exp [—a(s—s,,)]—a(s—s,,)}. 
which is easily derived from Eq. (11). This 
figure is quoted from Hagstrum’s paper. 
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ponential function in the integrand has finite 
width on the s scale, as shown in Fig. 5. 

Consequently, the values of &(min.) and Fy 
(min.) are shifted toward the lower energy 
side, €.(max.) and &;(max.) toward the high 
energy side, and &° and &;,° are lowered. 
However, these shifts seem to be small, al- 
though this calculation has not been carried 
out here. 

The Ni(€) functions will also be broadened 
by the fact that the initial and the final states 
of the process have finite life times, the effects 
of which have been studied by Hagstrum for 
metal. However we omit the discussion on 
this point, here. 

(d) Above results of our calculations of 
total electron yield, 7, for BaO are very 
characteristic when they are compared with 
those of molybdenium, tantalum and tungsten 
observed by Varney! and Hagst rum ®-*%, 
These are compared in Table V. The calculat- 
ed values of 7 for BaO are very greater than 
those for above metals and do not change 
with the kind of gases. 

The energies of electrons ejected from BaO 
are also higher and the distributions are nar- 
rower than those from tungsten, molybdenium, 
and tantalum observed by Hagstrum®~®), 

These characteristic results for BaO are 
thought to be caused by the fact that the 
width of conduction band or electron affinity 
of BaO is very small, that is only 0.6 ev. 


Table V. Comparison with the values of Y for 
three metals. 


Het | Ne+ | Art | Krt | Xet | observer 
Mo | OLS iaet Ah a -— |— | Hagstrum 
Mo Feeanel 0.20 0.083 0.053) — | Varney 
Ta, }.0.14 } | Hagstrum 
we 


0.293, 0.213 0.094 0.047 0.018) Hagstrum 
BaO | 0.481, 0.480, 0.476 0.474) 0.471 calculation 


The values observed by Hagstrum are for the ions 
of 40ev. The velocities of ions in the experi- 
ments of Varney are not obvious but seem to be 
thermal velocities or at most 5ev. This will be 
discussed in next section. 


§5. Comparison with Varney’s Measure- 
ments 


Up to this time, the direct measurements 
of total electron yield 7, and the energy dis- 
tribution of electrons ejected from BaO by 
inert gas ion beams in high vacuum have not 
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been made. The only datum has been ob- 
tained for the case of Ar* ion indirectly by 
Varney!” with a pulsed Townsend discharge 
tube. 

The observed value of y for activated BaO- 
coated cathode, by him, is 0.5 for Ar* ion. 
This is in good agreement with the result of 
our calculation, that is, 0.476. 

The bases upon which the comparison can 
be justified are as follows. 

(a) The physical state of BaO-coated 
cathode used by him may be not exactly similar 
to the one used by us which will be reported 
in following section. However, both cathodes 
produced by his method which seems to be 
conventional activationmethod* and by our 
method give the same discharge characteristics 
relating to y in glow discharges in He, Ne, 
Ar, and Xe gases. 

(b) The results of our calculations should 
be compared with the direct measurements by 
ion beams. However, the values of 7 for 
molybdenium cathod measured by the method 
similar to the case of BaO-coated cathode 
which are reported in his paper, are similar 
to the values expected from the direct 
measurement*™*, 

(c) The energy of ion which is the object 
of our study is several ev. In his experi- 
ments the energies of Ar* ions which strike 
the cathode surface are not obvious, but can 
be estimated as follows. From the recent 
experimental study of Warren!®, the velocity 
of Het ion in He gas is given by v4=8.2 
x 104 E/p cm. sec’, where E is the strength 
of electric field in volt cm7! and p is the gas 
pressure in mmHg. So the energy of He* ion 
is~ lev for E/p= 100 volt cm™' mm Hg™ and 
is~5 ev for E/p=400, which is the maximum 
value used in Varney’s experiments. The 
velocity of other inert gas ions may be con- 
sidered to be lower than Het ion, for the 
same value of E/p. Therefore, the energies 
of Ar* ions which strike the BaO-coated 
cathode in his experiments are not far from 
thermal energy or at most several ev. 

Next, the calculated result that the electrons 
ejected from BaO have very higher energies 
than those for metals is just as he expected. 
In his experiments the electron yield, 7, de- 
creases generally at lower E/p, but for BaO- 
coated cathode its behavior differs from those 
for molybdenium cathode; the formers defi- 
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nitely do not pass through the origin, whereas 
the latters essencially do so. He thought that 
the tendency of such decrease at lower E and 
higher p would be resulted from the significant 
reflection of electrons by gas atoms in close 
proximity to the cathode and not from the 
dependency upon the kinetic energy of ion. 
Moreover he stated that the difference bet- 
ween such tendencies for BaO-coated cathode 
and molybdenium is attributed to a different 
distribution of electrons for the ejected elect- 
rons from the BaO surface than for the metal 
surface, and he expected that the velocities 
of electrons from BaO will have higher energy 
than the pure metal. 

In the following section, we will discuss the 
calculated results from a view point of the 
cathodic phenomena in the normal glow dis- 
charges. 


86. Cathode Fall, Width of Crookes Dark 
Space, and Current Density in the 
Normal Glow Discharges in He, Ne, 
Ar, and Xe Gases Using BaO-coated 
Cathode and Tungsten 


In this section the observations of the ca- 
thode fall, the width of Crookes dark space, 
and current density in the normal glow dis- 
charges in He,Ne, Ar, and Xe gases using 
BaO-coated cathode and tungsten will be 
reported and it will be shown how these 
observed phenomena can be explained by the 
von Engel and Steenbeck’s theory using the 
calculated values of 7 for BaO and the observed 
one by Hagstrum for tungsten. 


(a) Observations 


The BaO-coated cathode used are made by 
the following methods: BaCO; coated on Ni 
plate is decomposed in vacuum to BaO by 
suddenly heating up to about 1000°C. In this 
course of decomposition, basic carbonate, 
BaO-BaCO;, is formed and this is melted (m.p. 
~800°C) and finally crusty BaO crystal, which 
is semi-transparent crystal, is formed. Such 
process is not observed in the cases of (Ba Sr) 
CO; and (Ba Sr Ca)COs. This cathode is very 
easily activated in glow discharge in any 
inert gas. The usual activation method + us- 
~* eg. J. P. Molnar: Phys. Rev. 83 (1951) 942, 
foot note. 

** The detailed discussions on this point are 
done in Varney’s paper. 


+ e.g. Molnar: Phys. Rey. 83 (1951) 8412, foot 
note. 
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ing a high frequency discharge in Ar gas is not 
demanded here. By the reason of this physical 
state, it is adequate to adapt the Narita’s 
model for the electronic band structure, which 
has been used in above calculations. How- 
ever, the both BaO-coated cathodes made by 
our method and by the usual method give the 
same discharge characteristics, so it is allowed 
to compare the results of calculations with 
Varney’s measurements (in the preceding 
section). 

The form of BaO-coated cathode is of a 
dish, the diameter of which is 10mm, and the 
anode (Ni) has the form similar to the cathode. 
As tungsten cathode, a ribbon of 2x10 mm is 
used and in this case, the anode is Ni plate 
of 7x14mm. The distance between cathode 
and anode is 10mm in both cases. These 
discharge tubes are heated six hours at 400°C 
in vacuum. The tungsten cathode is flushed 
to over 2000°C in order to remove the surface 
contaminations. Both anodes are outgasssed 
by heating with an induction furnace. The 
pressure in the tubes before filling gases is~2 
x10-'mmHg. During the measurements 
liquid oxygen is used on the traps in the case 
of He, Ne, and Ar gases and dry ice in ether 
(—80°C) is used in the case of Xe gas. The 
He, Ne, and Ar gases are made in our com- 
pany and are spectroscopically pure, and Xe 
gas is the products of L’AIR LIQUIDE Co., 
in France. 


(i) Normal Cathode Fail. 


The d.c. tube drops (voltages) between 
anode and cathode in the normal glow dis- 
charges are measured after sufficient. stabili- 
zation of the cathodes. The tube drop seems 
to be nearly equal within a few volts to the 
normal cathode fall. For BaO-coated cathode, 
the tube drop is same, even if the anode 
approaches to 0.5mm from the cathode in 
each inert gas (except Kr gas). For tungsten 
cathode, this is not confirmed. In the follow- 
ing, we call the cathode fall, Ven, in stead of 
the tube drope. The observed values of Woe 
are listed in Table VI. In this Table, the 
normal cathode falls for molybdenium cathode, 
observed by Jurriance, Penning, and Moubis!”?, 
are shown for comparison. 


(ii) The Width of Crooks Dark Space in 
the Normal Glow Discharges. 


We measured roughly the width between 


Yoshiyuki TAKEISHI 


(Vol. 11, 


Table VI. The normal cathode fall, V.» in volt, 
and the Width of Crookes dark space, dy, in 
mm. 

Cathode He Ne Ar | Kr | Xe 

Von kal re Au, — | 250? 

Tungsten | p 20.0; 36.0) 10.0) — 6.6 

Oh —~ e4l <Oecle— One ~0.3 
Ven | 109.5) 107 103.6) 120 SATA 

Moly Peco 42 | 40 | 10 | 5.8) 5.4 

nium 
dy aa ae 7 =m = 

Basen acl Wem \tB0s8, ofb-OW Poll ae uimnans 
coated | p | 5p die 1501S ol 6.6 
eee a sr allie | =) bition 


p is the gas pressure in mmHg. The data for 
molybdenium are of Penning et al.% V-,, for 
tungsten cathode in Xe gas is not accurate and it 
seems to be lower than 250 volts. 


the cathode surface and the negative glow, 
although the edge of negative glow is not 
very obvious. For BaQO-coated cathode, this 
dark space is too narrow to measure in any 
inert gas of He, Ne, Ar, and Xe. The widths 
measured roughly for tungsten cathode are 
reported in Table VI. The error of those 
values is within 0.1 mm. 


(iii) The Current Density in the Normal 
Glow Discharges. 


The current density is estimated roughly by 
dividing the anode current by the apparent 
areas of the cathode surface covered with 
glow. The ratios of the current densities for 
BaO-coated cathode and tungsten are nearly 
equal to 1,1.5,2~3, and>5 in He; Ar, and Xe 
gases, respectively. These observed ratios are 
shown in Table IX. 


(b) Discussions. 


Here, we will discuss the above observed 
results, basing upon the theory of von Engel 
and Steenbeck on the normal glow discharges. 
This theory seems to be not necessarily ac- 
curate, because various assumptions are 
contained. However, the assumption that the 
electric field in the Crookes dark space is 
linear seems to be confirmed by the recent 
studies of Warren’®), Also, in his experiments, 
it is shown that the ions produced in negative 
glow do not contribute to those ions which 
strike the cathode surface, in the normal 
glow discharges, which is also the assumption 
used in their theory, 
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According to the theory of von Engel and 
Seenbeck, the normal cathode fall, Ven, the 
width of Crookes dark space, d», and the cur- 
rent density, jn, are given by following 
equations; 


Ven=3.0-B/A-In(1+1/r), volts, (38) 

n=8.2-In (1+1/7)/Ap, mm. (39) 
jn=5.92 10-“ ABR, pp? 

x(1+y7)/In(1+1/r), Alem. (40) 


where p is the gas pressure in mmHg and 
k, is the mobility of an ion. A and B are 
constant and are defined as 

al/p=Aexp (—Bp/E) . (41) 
This equation represents the relation between 
the ionization coefficient, a@, and the field 
strength by gas pressure, E/p (volt cm7!mm 
Hg). Correctly speaking, A and B are the 
function of £/p, but it is permitted to consider 
these as constant within a limited range of 
E/p. The values of A and B estimated from 
Townsend and Mc Callum’s experiment for 
He gas and Kruithoff’s one for Ne, Ar, and 
Xe gases are listed in Table VII. 


Table VII. The values of A,B and C in Eqs. 
(38), (39), (40) and (38’). 
| A | E/p 
(cm- (volt-cm7! | C |(volt-cm-}- 
mmHg-!) mmHg-?) mmHg~!) 
He TTA tol acts 401 foal h73 | 25~ 97 
Ne | 4.8 116 168 | 100~4060 
Ar 13.9 195 97.5 | 100~600 
Xe 18.6 234 86.6 | 100~400 


The values of A and B are appropriate to this 
range of H/p. The data from which A and B 
are determined are of Townsend and McCallum”), 
and of Kruithoff?”). 


(i) Normal Cathode Fail. 
If 3.0-A/B-logise is replaced by C, Eq. 
(38) reduces to 
, Ven=C log (1+1/7) . (38) 
The values of C are shown in Table VII. 
Using the calculated values of 7 for BaO, the 
observed one by Hagstrum for tungsten and 
C listed in Table VII, normal cathode fall Ven 
(cal.) is obtained from Eq. (38)’. Inversely, 
the values of + (named 7’’) are calculated by 
Eq. (38) using the observed values, Ven (ob.) 
and the values of C in Table VII. Moreover, 
if the values of C are determined by the 
observed values, Ven(ob.) and 7, for tungsten, 
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according to Eq. (38), 7 (named 7’) and Ven 
(named Ven’(cal.)) are also calculated for BaO 
from the observed V.,(ob.) and the calculated 
7, respectively. These values are all reported 
in Table VIII [A] and [B]. These calculated 
values based on Eq. (38) are in rough agree- 
ment with the observed normal cathode fall, 
Ven(ob.) for both cathodes and with the calcu- 


Table VIII. [A] and [B]. 


[A] Tungsten Cathode, 


| Hes sieiNe foleAr Xe 


Ven(ob.) in volt 121 114.5 1117 (250 
p inmmHg 20 36 10 | 6.6 
+(ob.) 0.298 0.213 0.094 0.018 
Ven(cal.) in volt 110.8 [128 102 [152 
‘dn(ob.) inmm |~0.4 | <0.2 |.0.2 |~0.3 
dp(cal.) in mm | 0.35| 0,09} 0.14] 0.27 
+!"(cal.) | 0.25 0.27. 0.067 0.0016 
Ven(cal.)/dn(cal.)p 165 420 710 850 
Ven(ob.)/dn(cal.)p [173 375 835. | 

[B] BaO-coated Cathode. 
Ven(ob.) in volt | 80.5 | 73.5 | 56 46.5 
p inmmHg 15.1 | 15.0 | 13.9 | 6.6 
x(cal.) 0.481} 0.480] 0.476] 0.471 
Ven(cal.) in volt | 86.6 | 84.5 | 48.8 | 43.3 
dn(ob.) in mm ~0 ~0 ~0 ~0 
dn(cal.) in mm 0.33 0.13 |} 0.04 0.07 
Ven'(cal.) in volt 92.5 | 74.5 | 55.8 
+!(cal.) 0.6 | 0.48] 0.46] 0.42 
+!(cal.) 0.52] 0.57 | 0.37] 0.42 
Ven(cal.)/d,(cal.jp 165 [420 + |710 _ {850 
Ven(ob.)/d,(cal.)p 161  '350 | (900 —j890 


lated values of 7 for BaO, except Ven and 7 
for tungsten in Xe gas. This exception seems 
to be resulted from the error in the observa- 
tion of Ven. The question about the correct- 
ness of this observation with tungsten cathode 
in Xe gas comes out from the fact of difference 
with the one for molybdenium cathode (Table 
VI), even though Vens for both cathodes in 
other gases are alike and this resemblance 
can be understood from the similar electronic 
structure of both metals. 

(ii) Width of Crookes Dark Space. 

According to Eq. (39), this width can be 
calculated with the constant, A, and the 
pressure, P and y. These calculated widths 
and the observed one are compared in Table 
VII [A] and [B]. It is obvious from Eq. (39) 
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that the BaO-coated cathode having higher 
values of 7 gives the width narrower than the 
tungsten cathode having lower values of 7. 
However, these widths observed for BaO- 
coated cathode seem to be far narrower than 
the values expected from the calculations. 
This discrepancy can not be easily explained, 
but it seems to be resulted from the fact that 
the theory of von Engel and Steenbeck does 
not take into account the initial velocities of 
electrons ejected from BaO surface, neverthe- 
less the ejected electrons from BaO-coated 
cathode have too high energies in any inert 
gas to neglect, which is the results of our 
calculations in previous sections. In the case 
of tungsten cathode, both widths of the calcu- 
lated and the observed are similar qualitatively. 
The great differences between both widths for 
BaO-coated cathode and for tungsten are ex- 
plained at least from the difference in the 
values of y+. 

From Eqs. (38) and (39), Ven/dnp, which 
represents the mean electric field (by pressure) 
in Crookes dark space, is given by Voen/dnp 
= 3,0/8.2-10-! - B(volt cm7? mmHg™'), a _ con- 
stant for a given gas. These values and those 
obtained with the observed values of Ven(ob.) 
are compared in Table VIII [A] and [B]. 

(iii) Current Density. 

Now we shall name the current density, jn, 
for BaO-coated cathode as jn,, and the one 


for tungsten as jn,. According to Eq. (40), 
the ratio of jr, and jn, is given by 


Jnal Jng=(1 +71) In (1+1/72)/A+72) In (1+1/71), 
(42) 


where 7, is the value of 7 for BaO and 7. the 
one for tungsten. As is shown in this equation 
this ratio, Jn,/jn,, is determined by only the 
values of 7 in each inert gas. The calculated 
values of the ratio, jn,/jn,, using Eq. (42) are 
listed in Table IX. Both ratios of the observed 
one and the calculated accord with each other 
qualitatively in any inert gas. 

(iv) From these investigations, it is permis- 
sible to say that the observed cathodic 
phenomena can be explained at least qualita- 
tively by the theory of von Engel and _ steen- 
beck using the calculated values of + for BaO 
and the observed one by Hagstrum for tungs- 
ten. In other words, our calculations in 
preceding sections seem to be justified at 
least qualitatively, even though the discussions 
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Table 1X. The ratios of jn, (for BaO-coated 
cathode) and jn, (for tungsten). 


| jnglIng 
gas observation / calculation 
He ~!1 | 1.47 
Ne ~1.5 | 1.85 
Ar | 2~3 | 2.86 
Xe Sh | 4.45 


in this section are rather crude. And if this 
fact is not accidental, the essential mechanism 
of electron from cathode by an ion in the 
normal glow discharges, should be that of 
potential ejection discussed in preceding sec- 
tions. 


§7. Conclusions 


The results of our calculations based on the 
theory of Auger neutralization are in good 
agreement with the observed value of 7 by 
Varney and meet his expectations about the 
energies of ejected electrons in the case of 
Art ion. However, it is not exactly confirmed 
by only this fact that the possible type of 
electronic transition is only Auger neutraliza- 
tion. The proof must be done in comparison 
with the direct measurements which will give 
the informations not only about the mechanism 
and the estimation of the assumptions and the 
approximations used in the calculations, but 
also about the electronic structure of BaO. 
We will achieve this direct measurement in 
future. 

On the other hand, the observed cathodic 
phenomena seem to be explained by von 
Engel and Steenbeck’s theory using the calcu- 
lated values of 7, even though the discussions 
are rather crude. However, in order to con- 
firm definitely the essential of cathodic 
phenomena concerned with 7 in normal glow 
discharges, we expect the experiments on the 
other discharge phenomena relating to 7 and 
at the same time the construction of the 
precise theory on the glow discharges in which 
energy of ejected electrons from cathode is 
taken into account. 

In conclusion, the author is very grateful 
to Mr. Kiyoshi Nomura and Mr. Reiji Sato 
for their interests and kind supports in this 
work, and his thanks are also due to the 
members of Matsuda Research Laboratory for 
their discussions. He is greately indebted to 
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Mr. Kin-ichi Noga who has kindly advised 
and closely read and criticized this work in 
manuscript. The author wishes to express 
his sincere appreciation to Prof. Masasi Yasu- 
mi and Mr. Hitoshi Komo-oka of University 
of Tokyo, and Mr. Takashi Tamikado of 
Tokyo Institute of Technology, for their kind 
and continuous encouragements. 
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The steady slow motion of a viscous fluid past two parallel circular 
cylinders C,, Cy of arbitrary radii is discussed on the basis of Oseen’s 
linearized equations of motion, confining ourselves to the case when 
their axes are perpendicular to a uniform flow. The forces acting on 
the cylinder C; are calculated to the first approximation. 

By performing detailed numerical calculations, a discussion is made on 
the manner in which the forces acting on the cylinder C; is modified by 
the presence of the other cylinder Cy. 

It is thus found that, as the radius of the cylinder C, increases, the 
drag on the cylinder C; decreases, while the lift increases. It is also 
found that the cylinder C, experiences smaller drag when the two cylinders 
are in tandem orientation than when they are placed side by side in a 
uniform stream. Especially, when the cylinder C, is situated behind the 
cylinder Cs, it experiences smaller drag than when it is situated in front 


of Co. 


§1. 


In a previous paper”, the writer investigated 
the forces acting on two equal circular 
cylinders placed side by side in a uniform 
stream of small Reynolds numbers and obtained 
the results that the drag acting on one of 
the cylinders is smaller than that acting on 
a single circular cylinder of equal radius 
placed in an unbounded stream and also that 
the two cylinders repulse each other. 

Now, it is interesting to generalize the 
orientation of two circular cylinders as well 
as their dimension and to investigate the 
forces acting on one cylinder with the inten- 
tion of discussing the interference effect due 
to the presence of the other cylinder. In the 
present paper, therefore, the writer treats 
the steady slow motion of a viscous fluid 
past a circular cylinder C,; accompanied by 
the other cylinder C, of arbitrary radius and 
investigates the manner in which the forces 
acting on the cylinder C, are modified by the 
dimension and orientation of the cylinder Cy. 

Expansion formulae for the forces acting 
on the cylinder C, in powers of the 
Reynolds number FR are obtained to the first 
approximation, which correspond to Lamb’s 
approximation for the case of a single 


Introduction and Summary 


circular cylinder in an unbounded stream. 
Making use of these formulae, detailed 
numerical calculations are carried out in four 
cases in which the ratio of the distance be- 
tween the axes of the two cylinders to the 
radius of the cylinder C, takes the values 
20, 100, 400 and 1000. The values of the 
ratio of radii of the two cylinders have been 
taken to be 0.5, 1.0 and 2.0 and the azimuthal 
angle giving the orientation of the cylinder 
C, relative to C; has been taken to be 0°, 45°, 
90°, 135° and 180°. 


After numerical calculations, it is shown 
that the individual cylinder experiences a 
smaller drag when the two cylinders are in 
tandem orientation than when they are placed 
side by side. It is also found that, on in- 
creasing the radius of the cylinder C,, the 
drag acting on the cylinder C, decreases; on 
the other hand, the lift (i.e. the force acting 
in a direction perpendicular to the uniform 
stream) increases as the radius of the cylinder 
C, increases. 

Further, it is found that the lift is not 
always a repulsive force but is of an attrac- 
tive nature in some cases of orientation. As 
for the distance-effect on the forces acting on 
the cylinder C,, the results are quite similar 
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in all cases and are quite the same as the 
results in the previous paper. Namely, as 
the cylinder C, recedes away from the 
cylinder Ci, the drag on the latter tends 
to increase to values for a single circular 
cylinder in an unbounded stream; while the 
lift on the cylinder C, decreases monotono- 
usly and tends to zero, but for fairly small 
values of Reynolds number, the lift increases 
first and then decreases. 

§2. Conjugate Complex Velocity for the 
Perturbation Flow 


We consider two infinitely long circular 
cylinders C;. Cs, of radii a and b respectively, 
placed in a steady uniform stream of velocity 
U of an incompressible viscous fluid in such 
a manner that their axes are parallel and 
perpendicular to the uniform stream. 

Let O.x, Ory, and Ojz., Ozy, be the rec- 
tangular co-ordinate axes in the plane of 
fluid motion, the axes of x, and z being 
taken along the direction of the uniform 
stream at infinity and the origins O; and O, 
coinciding with the centres of the cylinders 
C, and C, respectively. If we denote the 
distance O,O, between the axes of the two 
cylinders by hk and the angle between the 2- 


axis and the central line 0,0, by w, we have 
Z=Z.+h el? éj 
with Z4=74tt1y=N e!1 


and 


(2.9) 
Zn = ay + 1Yo=7y C2 , 
As it is already obtained in the previous 
paper», the conjugate complex velocity W 
for the perturbation flow due to the presence 
of the two cylinders in the uniform stream 
is, to the first approximation, written in the 
following form: 
w= W,O-+ WiO+ WrO+ Wy ’ 
with 
Wi = Agriexp (thy, 
W,©= exp (kr, cos 0,){ By. Ko(R71) 
+B. K\(kr:) exp (—é0)+---}, 
W,, = Ao*r."! exp (—202)+-°> , 
W.™=exp (kre COs 62){ Bo*Ko( R12) 
4+ By*Ky(kr2) exp (—702)+ ey -} , 
(2.3) 
where Ag, Bodo", Bo® etc. are arbitrary com- 
plex constants as 


(2.2) 
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U 
Lee, 
Ay=ay+ tao, Bebo th. Lee ; 
Apt=Gor+iag®, Bot =Do®+1By%, oo oe 
(2.4) 


K,A(kr) is the modified Bessel function of the 
second kindt, and k is connected with the 
kinematic viscosity v as 

k=U/2v. (2.5) 
Fulfilment of the Boundary 
Conditions 


§ 3. 


We now proceed to the consideration of the 
boundary conditions at the surfaces of the 
two cylinders. As the resultant complex 
velocity U-+-W must be zero on the surfaces 
of the cylinders, the required boundary con- 
ditions may be written as 


(Wma a0 ) (B.)) 


and 

(Wier Oe (322) 
In order to apply these conditions to W given 
by (2.2), we expand W in a Fourier series in 
§, and 6, on the surfaces of the cylinders C 
(7;=a@) and C, (%=b) respectively. 

Tt The definition of the modified Bessel function 
used here is identical with those in G. N. Watson’s 
“ A Treatise on the Theory of Bessel Functions” 
(Cambridge, 1922). 
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We shall begin with a Fourier expansion Ayo ' 
} WO], a= exp (—20,)+---. (3.3) 
of W on the surface of the cylinder C. L War lana a p( ) 

Fortunately, the first term W, has already Assuming h>a, and using the relations (2.1), 
the a ee form: W,,@ can be immediately expanded as 


[Wr] -a= —Ao*h™! exp (—iw)}1+ ‘ exp (7(0;—w))+-:: L. (3.4) 
Further, making use of the formula 
exp (kr cos #)= S [,(kr) exp (—2n8) , (3.5) 
W. can be easily expanded in the ee form: 
[Wu P]yea= 3 Infka){Boky(ka)+ ByKi(ka) exp (—ih)+ +++} exp (—inh) . (3.6) 


Finally, we proceed to obtain the expansion of W,, on the surface of the cylinder C, (71=@). 
For this purpose, it is convenient to use the following addition theorem! : 


Ky(@) exp (tinh)= D Kran(Z)In(2) exp (tz) , (3.7) 


where w=L221+22—2Z2c0s. 
Thus, taking G6=krn, z=kn=ka, Z=kh, ¢6=wo—4, and ~=xz—w+62, we get 


K,(krn) exp (év02)=exp {iv(w—7)} S Kyam(kh)In(ka) exp {im(o—0y)} 5 | (3.8) 


Gag set eo ee 
Therefore, combining these with (2.1) and (3.5), we obtain the expansion in the following 
form; 
[W..], 22 = =. (Bo* Ano +Bo*ani-i+ ap redtas © ) exp (—in61) , 
where 
id (3.9) 
An; y==(—1)” exp (—kh cos o) > In( ka)In-m( Ra) Ky4m(Rh) exp {i(v-+m)w} 


(vO) SEL, ce2, 29) 


Thus, substituting (3.3), (3.4), (3.6) and (3.9) into (2.2), we arrive at the Fourier expansion 
of W on the circular cylinder C,. 


In a similar manner, we can obtain the expansion of W in a Fourier series in @, on the 
cylinder C, (7%=6). That is, 


[Wi], -v=Aph7} exp (—2@)+-+-+-- 


[Wu |ng0= & (Borio+ Bodin, IG 606 56 )exp (—in62) , 


|W )3-3== AgtDe! exp(—70,)-b «<2 2 
[Wu] 9-0 = By*Ky(kb) a Tn(kb) exp (—in6,) 
= 3 (3.10) 
+ By" Ki(kb) 3 In-1(kb) exp (—7n6.)+ eielolaisis: 
where | 


ny =exp (kh COS a — 1)”"In(Rb)In—-m( RB), +m(kh) exp {iv za m)a \ 


— V=0720 ae 


+ See, for « exam le, Ge N. W | 
Bld, aRe8Ole B atson, . 4 Treatise on the Theory of Bessel Functions (Cambridge, 1922), 
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According to the boundary conditions (3.1) and (3.2), every coefficients of exp (s6;) and 


exp (in62) in the expansions should vanish except for the constant terms (7=0), which must 
be equal to —U. 


Thus, we have, from (3.1), 


— Ao*h™ exp (—iw)+ Bolo(ka)Ko(ka)+ Bol(ka)Ky(ka)+ Bo*Ao, 0+ Bo*do, -1+-+-=—U, (3.11) 


and 
Aga + Bol(ka) Koka) + Bylp(ha) Ea (ha) + Bo*As, 0+ Bok Ay, rb etree “=0. (3.12) 
Also, from (3.2), we get 
Aoh™ exp (—iw)+ Boas 0+ Bods 1+ Bo* Ip kb) Ko(kb)+ By" L(kb)Ky(kb)+ -+++++5=—U, (3.12) 
and : 
Ao*b-! + ByAt p+ Boat 1+ Bo* Li(kb)Ky(kb) + Bo*Do(R)K (RD) + vce tte cee cee ees =0. (3.14) 


§4. Approximate Solution for the Case ka<l, kb<1 and (kh)"'=O(1) 


The system of simultaneous equations (3.11)-(3.14) for determining the constants Ao, Ao*, Bo, 
By* etc. having been derived, we can obtain the required solution satisfying all the boundary 
conditions. 

Eliminating A, and A,* from these equations and separating real and imaginary parts, 
we have the system of equations for determining By(=0+72(»), Bo*(=bo* +28o*) etc.: 


Cy b9+ Cy2Bo + Cisbo* + CisBo* + trees sl . 

Cobo + Co2Bot+ Casbo* + CrsBo* + °° ++ °° =0, | 

C3169 + Cs2Bo+Cssbo* + CasBo*+ °° °° =—-U, (4.1) 
Cabo + Cu2Bo + Casdo* + CasBo*+ +++ ° + °° =0, | 


The coefficients C;; are given as follows: 
Cy =Ih(ka)Ko(ka)+ L(ka)Ky(ka)+ (b/h){ (Bi, 0+ Bi -1) cos o+(atotgi-1) sin o} , 
Cy.=(h/b){(P¥ o—Pi-1) sin o—(gho—ai,-1) Cos o} , 
Ci;= (kh) cos w+ Po, o+Po, -1 » 
Cys= (b/h){L( Rb) Ko kb)—Ip( kb) Ka (Rb)} Sin © + Go, -1— ov 0 5 
Cy = —(b/h){( pio-+P% -1) sin o—(Qho+4i,-1) COS w}, 
Coy = Ip(ha) K(k) —1,(ka) Ky(ka) + (b/h){(bi,o—Pi,-1) Cos o+(q%o—qi,-1) sin o} 
Cr3= —(kh) Sin ©+ Go, 0+ A, -1 
Cu =(b/h){1(kb) K (kb) —Io(kb) Ky(kb)} cos © + Po, 0— Pos -1 5 (4.2) 
C3,:= —(Rh)“! cos w+ D3,0+Di,-1 » 
C32 = (a/h){Ip(ka)Ky(ka) —L(ka) Ko(ka)} sin O—Qoo+M,-1 » 
Cag= Ip(hb) Ko(hb) + L(kb) Ki (Rb) — (ah ){( Pr, 0+ Pr -1) cos ot (Qio+Q1,-1) SIN OF , 
C34= —(a/h){(P1,0—Pr, -1) sin ©—(G1,0—1, -1) COS oO} , 
Cu =(kh)“! sin ©+G5,04+9o,1 » 
Cy. =(a/h){ Ig ka) K (ka)—I(ka)Ko(ka)} cos o + Pi,0—Bo,-1 » 
Cig=(a/h){( D1, 0+ Pi, -1) Sin ©—(Qi, 0H, -1) COS WF , 
Cup = p(k) Ky( kb) —L (bk) Ky (kb) —(a/h){( Pr, o—P1, -1) COS o+(di0—-i-1) Sin w}, 


where we have put 


Any y=Pnyyvttqn,» ry Aky=Dnyttdny ’ (4.3) 


’ 
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Palsy, Gey, Pay and °g7.y being all teal. 

However, it is very difficult to solve the equations (4.1) exactly. In the first place, let us 
consider the case where ka<l1, kbD<1 and (kh)“!=O(1). In this case the coefficients Ci; given 
by (4.2) can be expanded as follows: 


Ci, =S1+ O(K20?) , Cy2=O( R28") , Cy=t (Ay +Q cos w)+O(R?a”) , 


Cy=—7tQ sin o+O(R?a’) , Cn =O), 
Co2 = —(1—Sa) + O(R?6”) , C.3= —t 1 sin o+ O(R’a?”) , 
Cy.=77}(Ko—@ cos w)+O(R?a?) , Cy,=1t(Ky—P cos w)+O(R?b*) , (4.4) 
C3,=tP sin o+O(k?6?) , C33= Sp +O(R?a?”) , 
C3, =O(R?a?) , Cy=tP sin o+O(R6") , 
Cy=t(Ko+P cos w)+O(k76?) , Ci3= O(R?a”) , 
Cyu= —(1—S»)+O(F?a?”) , 
where 
Sa= , tH log “@ ; S,= 5-1 — log * ; 4.5) 


P=(kh)'t1—K;, , Q=(kh)'t—K, and t=exp(khcosw) , 


y being the Eulerian constant, and the argument kk of the modified Bessel function Ky’s 
has been omitted for brevity. 

Inserting (4.4) in (4.1), we obtain the solutions for 09, Bo, do*, Bo* etc. After some 
straightforward calculations, we get 


Do = Ay 2 72 ie Ay 2772 

oy A TO e?) » oo A TOR e) » 

by* _ A; Bae BoX_ Ae yy) (4.6) 
= tORa?) , = ane ch 


where 


A=SiSo{(1—S.z)(1—S,) + PQ sin?w—(Ky+P cos o)(K,—Q cos w)} 
+(1—Sa)\1—S»){P@ sin?o—(Ky—P cos w)(Ko+@Q cos )} 
+(Ko?—P?)(Ko?—@?)— PQ sin , 
A,=—Sv{(1—Sa)(1—S,)+PQ sin’®—(Ky+ P cos w)(Ko—@ cos w)} 
tt *{(1—Sa)(1—S,)(Ko+@Q cos w) 
—(Ky—Q?)(Ko+P cos w)}+ PQ sin2o , 
A,=sin o[Q(1—S,){t-'S.—(Ko—P cos w)} (4.7) 
+P{c-(Ko?— Q*)—Si(Ko—@ cos w)}] , 
A;= —Sa{(1—S.)(1—S,)+ PQ sin’w—(Ky+P cos w)(Ky—@ cos w)} 
+r{(1—S,.)1—S»v)(K,—P cos w)— (Ko?—P?)(Ko—@ cos w)} 
+PQ sin2o , 
A,=—sin w[P(1 —Sa){tS,—(K,+Q cos w)} 
+ Q{t(Ko?— P?)—S,(Ky+P cos w)}] , 
the functions Sz, S,, P,Q andr being given by (4.5). 
Further, solving Eq. (3.12) for Ayp=ay tia, 
we get 
ao/a= —bka)" , 
a)/a= Bot Lo(ka)K,(ka)—1,(ka)Ky(ka)} — by" Qis0+ 415-1) —Bo*(Piyo—Pr, =) } oe 


and separating the real and imaginary parts, 
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Inserting (4.6) into (4.8) and expanding the right-hand sides in power series of ka, up to the 
order of ka, we have 


a,/a= —UA,(kaA)-!+O(ka) , a)/a= UA2(kaA)1+O0(Ra) , (4.9) 
where A, A, and A, are given by (4.7). 


In a similar manner, Eq. (3.14) determines the constant Ap*=a)*+za*. But it is unneces- 


sary for the calculation of the forces acting on the cylinder C,; and therefore its explicit 
expression is not given here. 


§5. The Forces on the Cylinder 


The force acting on the cylinder C, (7,=a) may be considered as composed of the drag D 
and the lift Z in the directions of the 2, and y;-axes respectively. As already shown in the 
previous paper’, these forces are expressed as 


D=2zpUa, and L=2zpUa , (5.1) 


where o is the density of the fluid concerned. 

Therefore, making use of the expressions (4.9) for @ and a, we can finally obtain expan- 
sion formulae for the drag and lift. Thus, correct as far as terms of the order of R=, 
we have 


D ArA, 
= eS ee OU 5.2 
Co 20U?a RA ae 2) 
IL AAs 
ee a eee leg Sas 5.3 
& 2ela . RA wee oy 


where as before 


A=S,S,{(1—Sa)1—So)+PQ sin?o —(Ko+P cos w)(Ky—Q cos w)} 
+(1—Si)1—S2.){PQ sin?w—(K,—P cos w)(Ky+Q cos w)} 
+(K2—-P?)(Ke—Q")—PaQ sin’ , 

A, =—Sp{(1—Si)1—Sv) + PQ sin? —(Ko+P cos w)(Ky—@ cos @)} 
+r{(1—Sa)(1—Sv)(Ko+@ Cos ) 

—(Ky2—-@?)(K, +P cos w)}+PQ sin’ , 

A,=sin o[Q0—S,){t7'Sa—(Ko—P cos w)} (9.4) 
+ P{c-}(Ko?—@”) —So(Ko— @ cos o)}] , 

with 


unl Bp, rg da yalnpg (ib) 
Se ele kl log 8 ; So. 9 if $e ? 
P=Q/Riy3—K,, Q=(Q/Riye-Ki, t=exP (3.Rp, COS @) , 


R=4ka=2Ua/y and Rn=2kh=Uh!/» , 


the argument R,/2 of the modified Bessel function K,’s having been dropped for simplicity. 
The quantities R and FR, are the Reynolds numbers referring to the diameter 2a of the 
cylinder C, and the distance h between the two cylinders respectively. 

It may be mentioned here that when the distance h tends to infinity, i.e. Rr—-oo, all the 
modified Bessel functions Kn(Rn/2) (n=0, 1, ---) tend to zero, and the above formulae reduce 
to 

Cyp=47/RSa and C,;=0. (5.5) 


As should be expected, the result is in perfect agreement with the formula obtained by H. 
Lamb for the case of a single circular cylinder in an unbounded stream. 
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§6. Special Cases 

In the preceding section we have obtained the expansion formulae for the drag and lift 
acting on one of the two circular cylinders placed in any orientation. In this section, we 
shall give the results for some special cases of interest. 

At first, we shall consider the case when the direction of flow at infinity is parallel to the 
central line of the cylinders (Figs. 3 and 4). 


y, %, 
C 
f C, Co U "3 CH " 
x x; 
Figs 3.) (©—0) Fig. 4. (w=7) 


For this case, we have only to put w=0 or z in the various formulae. Thus, for w=0, 
we obtain 


by= —UA,'{S,—exp (—kh)(Ko+@o)} +O(Ra”),  —Bo=0, 
byt = —UA,-'{Sa—exp (kh) Ko—Po)}+O( Ra?) , Boe | ee 
where 
Ao=SaSo—(Ko—Po)(Kot Qo) , 
P)=(kh)“! exp (—kh)—-K, , (6.2) 


Qo=(kh)-* exp (Rh)—K, , 
the argument kh of the modified Bessel functions Ky and A, having been omitted for 
brevity. 
Also, for m=z we get 
bo= —UAg {Sy —exp (kh)(Ko—Po)} +O(R?a”) , Bo=0, 
by*= —UAy {Sa—exp (—kh)(Ko+Qo)} +O(R'a*) , Bor = 0, 
where the functions Ao, Py and Q, are given by (6.2). 
Therefore, we have 
Cy=4n( RA») {S,—exp (—4Rn)(Ko+Qo)}+O(R) for o=0, 
Cy=4r(RAd)*{S,—exp (3Rn)(Ko—Po)} +O(R) for =, 
and C=) for o=0 or oe (625) 


(6.3) 


————— 
Cox 
> 
iS 
Nt 


where as before 
Ay =SaSv—(Ko—Po)(KotQp) 
] R i R= 
S.=-. —r— log — een 
pata les. Setar log (4 a (6.6) 
Py=(2/Rn) exp (—3Rn)—k, ; Q)=(2/Rr) exp (Rn)—Ky : 


the argument F,/2 of the modified Bessel functions Ky and K, having been omitted for 
brevity. 
The result (6.5) is also expected from symmetry without any calculation. 
We next consider the case when the direction of flow at infinity is perpendicular to the 
central line of two cylinders (Fig. 5). Putting w=7/2 in (4.6) and (4.7), we have 
by =—UA,-Y{M(S,—Ko)— Py} 4+ O(R?a?) , 
By) =—UP,A,-{M—(1—S,—Ky)} + O(a”) , 
by*= — UA, {M(Sa--Ko)—P?} +0 (Ra?) ) 
Bo* = UPA,“ { M—(1—Sa— Ky) } + O( Ra”) , 


(6.7) 
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where 


Ay=M{SaSv (Ko? P,’)} Pas 
M =(1—S,)1—S,)—(K.?—P,) , | (6.8) 
P, =(kh)—K, , 


the argument kh of the modified Bessel func- 
tions K,) and K, having been omitted. 
Therefore, we obtain 


Co=4r(RA,) {M(S)—Kq)—Pr}+O(R) 
Cr= —4nP,(RA,)- {M—(1—S,—Ko)}+O(R) , 
(6.9) 


where as before 


i R 
Sy are log = 


MaeMiso (hye — Py) HP? 
M =(1—S,)(1—Sv)— (Ko? Pr’) ’ P,=2/Ri—Ky ’ 


(6.10) 


the argument R,/2 of the modified Bessel functions Ky and K, having been omitted for 
brevity. 
In particular, for a=b, we have 


An Seal Ske An 12 
Cpe 0 Gee Cee ee TOD VN 
P="p (GLKNSCILK)iP2 (OY? OR (SEK NS—1—-Ko + Pe pacscie veces: 
where 
bo ear 
el igo 
ee log 3° (6.12) 


Except for the difference in sign of rene these expansion formulae (6.11) are in perfect 
agreement, up to the first term, with the formulae obtained in the previous paper». 


§7. Approximate Solution for the Case ka<1, kb<1 and kh<l 


The preceding analysis has been carried out under the assumption that kaXl, kb<1 and 
(kh)1=O(1). But, when khk<1 for sufficiently small k, the values of An(kh) (== 0, 1, eae en 
(4.2) become very large and therefore the analysis for small values of k& should be recon- 
sidered. 

However, as was noted in the previous paper», detailed examination of the coefficients 
Ci; in Eq. (4.1) shows that the correct expansion for this case just agrees with the one 
which is obtained by considering formally the case kk<1 in the preceding results (5.2)~ 
(5.4). 

Thus, putting 


o=log” and k=log ‘ = : (7.1) 


we obtain the results: 
; + cae the present paper, we have calculated the forces acting on the cylinder Cy for the case of 
»=90°, while in the previous paper we have treated the case of DEM. 


? 
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4A, = 4nA, O(R 
Cp=— RA +O(R) , C, RA +O.) 
where 


A ={(2e—0)S—K(e+2) +o} (2e—0 +2)S—(«+1)?} 
—cos?a{o+2(«+1)(*«—o)}+OCR?) , 
A,=—(*«—0 +1){(2n—0)S—K(e+2)+0}+cos*w{oS+ (e+ 1)(*«—20)} 


R 
3 


A cos w[ So 2e-+2)-+ S(3x?-+(1—o we —(84-(5/2)0)} 
a 


(7.2) 


—(K?—o)(«k+(3/2))+1—cos*o{4S°—S(7+ 6« +0) 
+3(«+1)?+o—«+(1/2)}+costw]+O(R?) , 


A,=—sin w cos wo{6S+(«+1)(*e—20)} 
R 


ETI S ol(S— eG) Cr=at OS (eee 


8 a 


—cos*w{4S?—S(7+ 6«+6)+3(*«+1)?+(1/2)}+costw]+O(R?) . 


If we put »=90° and o=0 (a=5B) in (7.2), we 
get 


Ar 
SRS 1, oe 
mz h 25—2e—1 
LY Si) OS re) 
Except for the difference in sign of C,*, 
these results agree, up to the first term, with 
those which were obtained in the previous 
paper). 

At sufficiently small Reynolds number R, 
(7.2) also gives 


Cy 


(7.3) 


Cc, = — -+O(R) . 


C,~— 47 @e—a)(k—-0+1)—o cos?w 
s RlogR  (2k—0)(2k—0 +2) 
4x (6 SIN COS @ | | 
Oley h Cran oer). 


Cr 


(7.4) 

It may be noted here that, when the radii of 
the two cylinders are equal, 
Riog R ’ 


which is independent of the value of w. 


Cy~ (7.5) 


§8. Numerical Discussions 


Making use of the formulae (5.2), (5.3), 
(6.4) and (6.9), the writer has calculated the 
values of Cp and C, for various small values 
up to unity of the Reynolds number R as well 
as for various values of the azimuthal angle a, 
the distance ratio h/a and the ratio of radii 
b/a. The results are given in Tables I~XIIt 
and some of them are also plotted against R 
in Figs. 6~11. 


Co W= 
a = 
60 
W=180 
30|-—— 
o) 


OO! 
Fig. 6. 


(hla=20, b/a=2.0) 


From these tables and figures, it will readily 
be seen that, as the Reynolds number R in- 
creases, all the values of Cy for various 
cases decrease monotonously and the inter- 
ference effects due to the presence of the 
cylinder C, become imperceptible. It is also 
found that the value of Cp» for the case of 
o=90° is greater than any other values for 
the cases of w=0°, 45°, 135° or 180° and the 
value for »=180° is smaller than the one for 
w=0° (Fig. 6). 

As for the variation of the drag coefficient 
Cy with the ratio b/a for a given Reynolds 
number R as well as for the given values of 

* 


It will be noted that the distance between 
the axes of the cylinders is here denoted by Ah, 
while in the previous paper we denoted it by 2h. 

Tt In Table XII and Fig. 10, negative values of 
Cr mean that the y-component force acting on the 
cylinder C, is of attractive nature. 
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Table V. Values of Cp (h/a=100, bla=1.0) 


Table I. Values of Cp (h/a=20, b/a=0.5) 
R w=0® © =45°  w=90° | w=135°, w= 180° 
ais Sao SAIS E to a SORES 
0.01 | 131 134 136 120, 2 124 
0.02 | 76.4 UTet 79.0 74.5 | 69.7 
0.04| 45.6 | 46.2 | 46.9 | 43.4 | 39.5 
0.06 | 34.1 34.5. dle Sowa ils S20h | e28eb 
Geist aes or eos. 2 Ty 2erGn) 626-0b | Ra2u8 
OMA 1 Hoan shOe4.9,8 24.68) N22 N SROaT 
0.2 15.3 15.3.0 157 14.04 | 11.42 
0.4 9.92 9.87 | 10.26 O3O1 els 
0.6 7.85 Te ieus | 81il 7.64 | 5.56 
0.8 6.72| 6.65] 6.94| 6.69| 4.73 
1.0 6.02 5.95| 6.19] 6.09 4.22 
Table Il. Values of Cp (h/a=20, b/a=1.0) 
R : 


w=0° (Coe es -w=90° 


O=135—@— 180 


SSNS) (STORES 
= 


129 


| 121 
69.4 


R w=0° | w=45° | w=90° | w= 135°) o = 180° 
o.o1,146 | 150 | 154 | 142 | 129 
0.02 | 87.0 1.89.1 | 91.4°| $840 } 73ul 
6.04.) 5206535. 1.55.3) 60.0 | 42% 
OM6t Bons 30.8 aes” ear .7 10 
0.08 | 31.9 | 92.9 | 3x57 310° W 2500 
Qa. | 22.2 | 274° | BS S26. Wcziee 
09 | 16.7 | 16.7 | 17.2077. 17.00.) 13302 
0.4 | 10.48] 10.49] 10.73] 10.88 | 8.24 
0.6 816). 8.17) | 82 le" 8.46e) | 6s42 
0.8 | 6.94| 6.94| 7.04, 7.16] 5.46 
1.0 | 6.18| 6.18| 6.26| 6.36| 4.84 

Table VI. Values of Cp (h/a=100, b/a=2.0) 

R w=0° | w=45° | w=90° | o=135° = 180° 
0.01)140 | 144 | 149 135 120 
0.02484) 865 (8995 170 e681 
0.04| 51.4 | 52.4 | 54.5 | 48.4 39.3 
0.06°/ °38.6..| 39.1 | 40.9 | 36.05) 28a 
0.08 | at 431.8 | 133.3) G08 Wee 
0.1 06.8 |.27.1. | 28.4 | 26.3 | 19.6 
0.2 | 16.5 | 16.56} 17.28. | 716.9 || 11.06 
G14 | 10.39} 10.41%) 10.73, \8710-01 7) ~7A5 
0.6 | 8.10 Sil Bey 8.51 5.70 
(8 |) 6.88 | 6.89 | W704 tcl ieee 
yioie| | 6113 | 6.134 )-65205),) 6.400) Nears 


Table III. Values of Cp (h/a=20, b/a=2.0) 


Bee as 2602 || 


w—=0° 

601 M07 413 120 

Gio 163.6 66.71 ° 70.1 
0.04} 39.0 | 40.4 | 42.2 
0.06 | 29.7 | 30.6 | 31.8 
0.08 | 24.7 | 25.2 | 26.3 
om | 21,5 21.8 22.7 
Gro 1 14. 05+| 14.11 | 14.76 
0.4 9.34| 9.26| 9.86 
0.6 Ae ol | 417.84 
(eGo | a4 6-39 (im Ge23y)) , 6269 
1.0 B73.( 5 531 | 5°88 


.86 


w =135° w =180° 


| 


97.0 


Table IV. Values of Cp (h/a=100, b/a=0.5) 


Re w=0° | w=45° @=90° | o=135° w=180° 
oi bist inteae) agee 47) 135 
Gagdenss 2eeol@ } O32 (85.6%) 176.9 
Asidsul tae. GAN eID). 4 obO 9p |! -O1..20 "84.4 
0.06 | 39.8 | 40.3 | 41.6 | 38.4 | 32.6 
mus e238 | 32.6 | 23.7 | 31.5 |. 26.3 
Geet nor | ave: oer7 8) ar 22.4 
Gale tiGhG Syrah Bir wah Beil PE LGohrokB 23 
O21, 10.54 |, 10.54] 10.75 | 10.86) 6.73 
Gees iO Net aT N S23" P S48") F 6.84 
Giselle 97a WELT eh rnM-DS. Mo (HE aA4 | 5.84 
is Ona 6u20 1 x6c2E4l QO I2TajmnG<B4i)) 205-21 

the ratio h/a and of the azimuthal angle o, 


it is seen that the value of 


the increase of the ratio b/a 


(Figs. 7 and 8). 


Cp decreases with 


Therefore, when the cylinders of arbitrary 
radii in tandem orientation are moving slowly 
with equal velocity in a viscous fluid, they ex- 
perience a smaller drag than when they are 
moving side by side; and, the greater the 
value of the radius of the one cylinder is, 
the smaller becomes the value of the drag 
acting on the other cylinder. In particular, 
when the cylinders are of equal radius, the 
front cylinder experiences a greater drag than 
the rear cylinder. 

On the other hand, the variation of the 
lift coefficient C, with the Reynolds number 
R and the azimuthal angle » are somewhat 
complicated. When the Reynolds number is 
not so small, the values of the coefficient Cz 
for the case of w=90° are greater than those 
for the cases of w=45° and 135° and, since the 
coefficient C, takes a negative value in all 
cases, the cylinder C, experiences a repulsive 
force! (Fig. 10). 

However, when the Reynolds number I 
becomes fairly small, the value of C, for the 
case of w=45° becomes greater than the cor- 

+ However, as is noted in a previous footnote, 
the values of the coefficient Cy for repulsive force 


are given by positive numbers, while those for 
attractive force are given by negative numbers. 
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responding value for the case of »=90°. As 
for the case of w=135°, the coefficient C, 
changes its sign at a certain value of R and 
therefore for smaller values of R the cylinder 


C, experiences an attractive force. But, both 
the repulsive and attractive forces increase 
as the value of the radius of the second 
cylinder increases (Fig. 11), 

Lastly, we shall refer to the variation of 
the coefficients Cy and C; with the distance 
ratio h/a. As is noted in the previous paper), 
for given values of the Reynolds number R 
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Table X. Values of Cr (w=45°) 
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et ois 4 e120 

ae | | DiGi OUSAAL TeOe. WO 
0.01| 7.76 | 9.74 |12.82 113.14 [14.76 16.82 
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0.8 | 0.695 0.902 | 1.258 | 0.154 | 0.201 | 0.286 
1.0 | 0.600 0.794 | 1.104 0.130 | 0.174 | 0.258 

Table XI. Values of Cz (»=90°) 

hja 20 100 
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ID BOT Tig Ai Soni Tigis Su TAT Ap t220 
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0.011 4.02 | 4.67 | 5.59 | 8.57 | 9.57 {10.86 
0.021 3.79 | 4.42 | 5.31 | 7.00 | 7.87 | 9.00 
0.04| 3.47 | 4.07 | 4.93 | 5.10 | 5.79 | 6.70 
0.06 3.24 | 3.82 | 4.65 | 3.90 | 4.46 | 5.22 
0.08, 3.06 | 3.61 | 4.41 | 3.07 | 3.54 | 4.18 
0.11 2.90 | 3.43 | 4.22 | 2.47. | 2.87 | 3.42 
0212.30 | 2.78 | 3.50 | 1.092 | 1.300 | 1.61 
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Table XII. Values of Cz (#=135°) 

hija. 20 100 

. bla : 

© woes | deo a210%11. 0.5 icgrdsOoqjy-2.0 
R\ ea | 
0.01/-3.61 |-5.06 |-7.44 |-4.31 |-4.95 '-5.81 
0.02\-2.08 |-2.83 |-4.08 |-2.14 |-2.44 |-2.85 
0 04-1.143 41.52 |-2.15 [0.876 |+-0.994 |-1.149 
006,-0.781 |-1.021 |-1.424 -0.391 |-0.441 |-0.503 
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0.4 | 0.040 | 0.067 | 0.136 | 0.255 | 0.317 | 0.420 
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0'8 0.216 | 0.305 | 0.551 | 0.154 0.203 0.299 
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as well as for given values of the azimuthal 
angle w and the ratio of radii b/a, the value of 
Cp increases monotonously with the increase 
of the ratio #/a and tends to the values for 
the case of a single circular cylinder in an 
unbounded streamtT: however, the variation 
of the coefficient Cz with the ratio h/a is 
somewhat complicated. When the Reynolds 
number is not so small, it decreases with the 


701 
6 aes 
C, 
3 
or— 
-2 
Fig. 10. (h/a=20, b/a=0.5) 
Gi i = 
10 cea. oe 
be 
a 
20 
ib + Laer ae NSS ~ 1.0 4 e201 
05 
20 
~ oo 
|_05 
ey 001 Ol y R 
Fig. 11. (#=90°) 


increase of the ratio h/a and ultimately tends 
to zero, but, when the Reynolds number 
becomes fairly small, the values of C; in- 
creases first and then decreases. 
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Transition of two-dimensional separated layer was investigated in 


detail. 


profile and agrees with Lin’s calculation. 


Mean velocity distribution of laminar layer shows a similar 


In the transition region, hot- 


wire anemometer survey of velocity fluctuation revealed the existence 


of sinusoidal wave, 
predicted by stability theory. 


the frequency of which lies in the unstable zone 
Transition points determined by layer 


thickness and by fluctuation measurements are in good coincidence. A 
simple empirical relation was derived for transition distance. 


§1. Introduction 


In order to compare results of stability 
calculation in shear layer with experiments, 
a long range program was planned. It involves 
detailed measurements in jets, wakes, sepa- 
rated layers etc. As a first step, the present 
experiment is concerned with a_ separated 
laminar boundary-layer which is also termed 
“Jaminar half jet”. It relates with the laminar 
separation of boundary-layer on aerofoil or 
cylinder and also with the base-pressure 
problem at low Reynolds number. 

Such a flow field was investigated experi- 
mentally by Linke and Fage and Johansen”), 
Making detailed mean velocity survery, they 
showed the extent of shear layer and deter- 
mined the transition point. Linke was in- 
terested in the separation on circular cylinder 
at various Reynolds numbers, and Fage and 
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Johansen observed the separated layer from 
bluff bodies. 

In the present experiment, velocity fluctua- 
tion was measured in detail. There are many 
unknown effects on the boundary-layer separa- 


tion, for instance, geometrical shape near 
separation point, pressure distribution, separa- 
tion point fluctuation and others. For making 
these effects as small as possible, a combina- 
tion of flat plate and perpendicular flat-end 
was used. Flow is two-dimensional without 
pressure gradient, and boundary-layer before 
separtion has Blasius-type velocity distribution. 

Lessen treated the stability of boundary-layer 
between two parallel flows theoretically using 
a linearized equation of small perturbation”. 
A similar solution for mean velocity distribu- 
tion was derived and one branch of neutral 
stability curve was calculated. Lin extended 
the theory into the compressible flow using 
essentially the same fundamental equation. 
Such theoretical results will be compared 
with experiments. Liepmann and Laufer re- 
ported measurements in a fully developed 
turbulent half jet. Their results will also 
be refered to as an extreme of transition 
region. 


§2. Equipment and Procedure 
Wind-Tunnel 


Experiments were all made in a 20cm _ by 
60cm low turbulence wind-tunnel at Institute 
of Science and Technology. The original 
closed test-section for boundary-layer research 
was replaced by an open channel which is 
spanned by a boundary-layer plate (Fig. 1). 
The mixed flow established in the test-section 
re-enters a return duct which is about 25 
meters downstream of boundary-layer plate. 
At first, such an arrangement was thought 
inadequate because the entrance of return 
duct might disturb the flow. But, as described 
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later, influences were found negligible at the 
transition region. 

Wind speed at test-section can be changed 
from 1 to 30m/s and longitudinal free-stream 
turbulence level is about 0.03 percent at 5 m/s 
and 0.08 percent at 10 m/s. 


Boundary-layer Plate 


Three kinds of boundary-layer plate were 
used. Each one consists of a flat top-plate 
and a perpendicular end-plate. The trailing 
edge is sharp having inclination of 90 degrees. 
The surface of wooden top-plate was carefully 
polished and sharpened properly at the 
leading edge. Plates denoted by I, II and III 
are 42 mm, 150mm and 360mm long respec- 
tively and end-plates are all 270 mm long. 

For Plate I, another top-plate was added 
in order to maintain the main-stream parallel 
and to establish Blasius-type velocity profile 
at the trailing edge. Between two top-plates, 
boundary-layer suction was applied. Boundary- 
layer of forward top-plate was completely 
removed. Two-dimensional suction was real- 
ized by placing a high pressure-drop screen in 
the suction box. The gap of suction were 
determined purely experimentally. The two- 
dimensionality of separated layer was proved 
to be satisfactory. For two other boundary- 
layer plates, no suction was necessary. 


Range of Experiment 


Among many stream conditions which may 
influence the separated layer transition, three 
are the most important. They are thickness 
of layer, velocity and turbulence of main- 
stream. In the presnt experiment, main- 
stream velocity was changed from 3 to 15 
m/s. Using three boundary-layer plates of 
different length, Reynolds number based on 
momentum thickness at trailing edge covers 
from 70 to 380. Effects of main-stream 
turbulence will be examined systematically 
in the future. 


Mean Velocity and Fluctuation 
Measurements 

Hot-wire anemometer was exclusively used 
for mean velocity and fluctuation measure- 
ments. A fine Pitot-tube was used at first 
for mean velocity survey but whole data 
were discarded when great inaccuracy was 
found near the still-air boundary. Platinum- 
Rhodium wire, 5 microns in diameter and about 
2mm in length was operated between 100°C 
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Fig. 2. Mean velocity distribution, Plate II, 
U )=10.0 m/s 
5 
© PLATE I U=1O mM 
& 
@ uw 04 
£ ak “ 
@ u aig uv 
Ww Ce 
a 
2 3 —| 
we 
2 
2s 
rs 
4 
a 
Ww 
= 
fe) 
=a 
(e) 
ge 50 100 130 
DISTANCE FROM TRAILING EDGE mm 
Fig. 3. Momentum thickness increase. 
Fig. 4. w-fluctuation records for various wind 
speeds. Time interval between dots 0.01 sec. 


and 200°C by the constant current method. 
Errors in measuring longitudinal mean velocity 
U at the layer boundary were reduced by 
placing hot-wire perpendicular (z-direction) 
and parallel (x-direction) to the main stream. 
By proper subtraction of two readings, the 
influences of lateral component of mean velocity 
and large velocity fluctuation were cancelled. 
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Fig. 6. Sound excited w-fluctuation with Upj= 


10.0m/s. Time interval between dots 0.01 sec. 
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A detailed description is found in reference 6. 

The output signal from hot-wire is amplified 
by a conventional compensated amplifier”. 
Compensated frequency response is flat from 
20 to 20,000 cps and noise level is equivalent 
to 50 microvolts input at hot-wire time con- 
stant of 1 millisecond. Output from amplifier 
was recorded by an electromagnetic oscillo- 
graph when necessary. Frequency respose of 
recorder itself is flat up to 1000 cps. 
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Only w, the longitudinal velocity fluctuation 
was measured so far. The hot-wire was 
placed parallel to the trailing edge (z-direction) 
except a few special measurements. It was 
moved in x- and y-directions by micrometer 
screws and y-position was determined by a 
precision dial gage. Accuracy of y-positioning 
at different z-stations is approximately 0.1 
mm, while relative position in the same 2- 
station was read within 0.01 mm. 


§ 3. Experimental Results 
Mean Velocity Distribution 


At first, the two-dimensionality of flow field 
was studied. At various 2-stations, mean 
velocity survey was made at five different 
z-stations. Data showed a good agreement 
confirming the two-dimensionality for mean 
velocity distribution. 

Fig. 2 shows an example of distribution 
with Plate II at main-stream velocity 10.0 m/s. 
The boundary-layer before separation is of 
Blasius type and a similar velocity profile is 
established in a short distance after separa- 
tion. 

As a measure of layer thickness, momentum 
thickness @ which is defined by 


2 lif wi 
re te ie 
ie al U jay, 


is plotted in Fig. 3. The accuracy of calcu- 
lating @ is not so high, since it involves the 
integral from infinity to infinity. Probable 
error may be in the order of 10 percent. In 
Fig. 3, the thickness increases gradually at 
first and at a certain point, the gradient 
becomes steeper. The point might be the 
trasition point. The linearity of thickness 
and « characterizes the turbulent layer as 
shown by Liepmann and Laufer». Details on 
transition point will be found in the next 
chapter. 


Sinusoidal Velocity Fluctuations 


An interesting finding in the present ex- 
periment is the existence of sinusoidal velocity 
fluctuation in the transition region of separated 
layer. After the laminar boundary-layer 
separates at the trailing edge, it remains 
laminar in some distance and then occurs 
the velocity fluctuation which is a regular 
sinusoidal wave. Fig. 4 shows some examples 
of such fluctuations. Frequency increases 
with wind speed, while for a certain wind 
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speed, frequency is nearly constant throughout 
whole field in which the sinusoidal wave 
exists. It is difficult to tell exactly where 
the region of sinusoidal fluctuation is, because 
the wave changes its form as it goes down- 
stream. It is illustrated in Fig. 5. Records 
at three 2-stations show the change of wave- 
from before a typical turbulence pattern is 
established. 

At first, such a fluctuation was considered 
as the result of some external disturbances 
rather than inherent velocity fluctuation in 
separated layer. Influences of periodical wake 
from fan-blades, organ pipe resonance of air 
column in wind-tunnel, disturbance by diffuser 
duct in downstream and vibration of hot-wire 
support which were carefully checked did not 
explain such a high-level sinusoidal fluctua- 
tion. In fact, the fluctuation level can be 
several percent of main-stream velocity. 
Turbulence in main-stream is low and shows 
no periodical natures. Influence of external 
disturbance was felt only when the separated 
layer was excited by sound from loudspeaker. 
When the frequency of sound coinsides with 
that of velocity fluctuation, the amplitude of 
fluctuation increases remarkably and wave- 
form is purely sinusoidal as shown in Fig. 6. 
The detailed study concerning excitation effects 
will be reported in the near future. 

In Fig. 7, the frequency is plotted against 
wind speed. Because of some irregularities 
of sinusoidal wave, errors of 10 percent is 
probable in frequency measurements from 
oscillograghic records. As shown in the 
figure, frequency is nearly proportional to 3/2 
power of main-stream velocity. This is 
understandable from a simple dimensional 
reasoning. The frequency might relate to 
wind speed and layer thickness. Using main- 
stream velocity U) and momentum thickness 
0, frequency f might be expressed by f=const. 


U,/0. @ for laminar layer is expressed by 
@=const. (va/U))'/ from which fi=const. 
(ve)/2U,3/2. 


In Fig. 8, records at three y-position are 
reproduced. At y=0, it is fully turbulent, 
while traces at layer boundary show the 
intermittency. There is still a slight difference 
between two wave-forms, upper one at the 
main-stream boundary and lower one at the 
still-air boundary. 

Fig. 9 shows a simultaneous record by two 
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Fig. 8. w-fluctuation records at various ¥y-posi- 
tions, with Plate I, Uy=7.0 m/s and «=100 mm. 
Time interval between dots 0.01 sec. 
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Fig. 9. Simultaneous records with two hot-wires 
at different x-stations. Time interval between 
dots, 0.01 sec. 


hot-wires in the layer. When two wires are 
placed several millimeters apart in x-direction, 
phase lag of two sinusoidal waves is clearly 
observed. When they are placed apart in y- 
direction, two waves are in phase. These 
facts mean that the sinusoidal wave travels 
in x-direction with a certain wave velocity. 
From such records, time lag is plotted in 
Fig. 10, taking «=30 mm as an origin. Wave 
velocity corresponds to the gradient of 
straight line. Points at different y-position 
come roughly on a single straight line sug- 
gesting a constant wave velocity throughout 
the layer. For the theoretical line by Lessen 
and Lin, discussion will be presented in the 


following chapter. 


706 Hiroshi SATO Aol, ail 


ADVANCE 


PERCENT 
412 


millisec 


X 


SOE 82 RS SS RS 
I 
a 
eo} 
3 
3 


O12 aOm ex Dane 


: ANY 
2 b 
ee (e) + Q Ws 
20 oISTANCE FROM ies Eoce 40 % aN 
: mm \ 2a 
6 6 
\ \ 1 
x 
es tee 
Aaa NZ | 
N Ss = 
(essa > i 
(e) 10 20 25 
LAG y at 
Fig. 10. Time lag of sinusoidal Fig. 11. Turbulence level distribution, Plate II, Uj=10.0 m/s. 
fluctuation. 
1.0: Dry PO— OX pO — yg] 
® x= | mm Uf), 
+ x=!Omm 
Be Soon F BLASIUS 
x xX =30mm 
oO x=50mm 
® xX =i0Omm 
+ 5 a i = 5 | 
LIN S’ THEORY 
LIEPMANN-LAUFER’S EXPERIMENT] 
FOR FULLY DEVELOPED TURBU- 
} LENT FLOW 
1 
sop te | | | 
— — ° 
-2 -| (@) | 2 Ss 
Y¥/o 
Fig. 12. Non-dimensional plot of mean velocity distribution, 
Plate II, Up=10.0 mis. 
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An example of turbulence level distribution omentum thickness 9 and fixing the point 
is shown in Fig. 11. There is a sudden in- Of U/Us=0.5 as y/9=0. A. theoretical Sighs 
crease of energy at the transition region. Calculated by Lin is shown together with 
Distribution for large 2, tends to a similar Blasius profile on a fiat plate. The distribu- 
profile, keeping a constant peak value and tion changes from Blasius profile to a similar 
spreading in y-direction. In the case of Fig. distribution which is established approximately 
11, the layer is supposed to be fully turbulent at #=20mm. Since the similarity of mean 
at «=100mm by many reasons which will be Velocity distribution is assumed in the course 
mentioned later. of stability theory, it must be checked by 

A. : experiments before detailed comparison is 
§ 4. Discussion : eres 
made. In the present experiment, similarity 
was almost proved in the laminar seperated 
layer. In the same figure, experimental 


Mean Velocity 


In Fig. 12, mean velocity distribution of 
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results in fully developed turbulent half jet 
by Liepmann and Laufer are added. By a 
non-dimensional plot, two curves—Lin’s calcu- 
lation for laminar and experimental for 
turburent layer—show so slight difference that 
it is difficult to point out the transition point 
from mean velocity distribution itself. This 
is a great contrast with the case of boundary- 
layer near solid wall. 


Sinusoidal Wave 


The sinusoidal fluctuation found in separated 
layer seems to be essentially the same as the 
one reported by Schubauer and Skramstad with 
the name of laminar boundary-layer oscilla- 
tion. In separated layer, however, there are 
no ways of justifying the use of same word 
since no positive reasons are found why the 
layer is laminar. 

Stability of free boundary-layer was treated 
theoretically by Lessen®». He solved Orr- 
Sommerfeld equation numerically and calcu- 
lated one branch of neutral stability curve 
for Reynolds number from 16 to infinity. Lin 
also attacked the same problem with com- 
pressibility effects. Numerical results were 
given only for infinite Reynolds number”*?. 
Comparisons of experimental data with those 
theories are shown in Figs. 10 and 13. 


In stability theory, perturbation stream 
fuction is expressed by 
o(y) exp ta(w—ct) , (1) 


where a is wave number, and separating 
c=cr+ici, real part c, is the wave velocity 
and imaginary part c: is the rate of amplifica- 
tion of small disturbance. If c; is zero, the 
disturbance is in neutral stability, that is, it 
is neither amplified nor damped. 

Comparison for wave velocity is found in 
Fig. 10. Wave velocity corresponds to the 
gradient of straight line. Theoretical values 
for neutral stability are, 

qin: cp=0.576 

for Reynolds number=infinity 
Lessen: ¢,=0.584 
for Reynolds number= 280 


Both value is very close and agrees reaso- 
nably well with experiments. Because the 
experimental velocity fluctuation is not in 
neutral stability, it should be compared with 
theoretical values for same amplification rate. 
Unfortunately, complete calculation has not 
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reported yet. Since c- seems to change little 
with the value of c:, such a comparison as 
Fig. 10 may still have some significance. 
For wave number, fluctuation frequency was 
compared, because it can be measured more 
easily and accurately. Relation between wave 
number and frequency is given by 
anf 0 
0 
in which f is frequency and momentum 
thickness for laminar layer is assumed to be 
expressed by 
6=1.16Y v(a+ax5)/Up » (3) 
where U, is main-stream velocity and gs is 
co-ordinate of virtual origin of layer. Eq. 3 
was given by Lin theoretically. In Fig. 13, 
Lessen’s thoretical curve is expressed by a 
full-line and experimental data for three 
boundary-layer plates are plotted. For @, 
values at trailing edge is used for simplicity 
because the thickness of laminar layer does 
not change so much. Experimental data seem 
to lie in the unstable zone or probably on the 
curve of maximum amplification. This can 
not be stated with certainty, because the 
second branch of neutral stability curve and 
curves for various amplification rates have 
not been calculated. Lin’s theoretical value 
for infinite Reynolds number is added with 
some corrections”. 
* A slight numerical mistake in Lin’s final ex- 
pression for wave number was pointed out by T, 
Tatsumi.» 


=1.16 ac, , (2) 
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Fig. 14. Detail of momentum thickness increase 
near trailing edge. Arrows indicate transition 
points. 
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Fig. 15. Integrated energy increase. Arrows 
indicate transition. 
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Fig. 16. Energy density. 


Hiroshi SATO (Vol. 11, 


Position of Transition 


There are many ways for locating transi- 
tion point. Actually, trasition does not occur 
at a “point” but the layer changes gradually 
from laminar to turbulent. Therefore, 
“transition region” should be the word. In 
this paper “transition point” is used just for 
the sake of simplicity. 

From mean velocity survey, transition is 
observed. As described before, velocity dis- 
tribution itself can not be used. The differ- 
ence of thickness increase of laminar and 
turbulent layer was used by Linke for locating 
the trasition point». He assumed that the 
thickness of laminar layer increased propor- 
tional to the square root of distance from a 
virtual origin and defined the transition point 
where this law broke down. The same method 
was applied to the present case. Fig. 14 shows 
the detail of thickness increase near transition 
point. Transition points are determined as 
indicated by arrows. Broken lines show the 
growth of separated layer, while a full line 
is for boundary-layer near solid wall. Transi- 
tion distance 2 for various flow conditions 
are tabulated in Table I. 


Table I. 


Uo |U9 irom Picenceel From tarbulem: 


| a, | Uoxe er x, | Uow, | xe 
| m/s mm y  |mm) y | @% 
I 10.0 |180| 12 | 8,000 | 44/13) 8,600 | 48 
II | 10.0 | 280} 20 | 13,300 | 47 | 21 | 14,000 | 50 
Ill | 10.0 430] 30 | 20,000 | 46 | 29 | 19,000 | 45 
I | 5.0 | 280| 44 | 15,000 | 52 | 40 | 13,000 | 47 


Another way of locating transition point is 
from turbulence measurements. If there is 
velocity fluctuation in a flow, it should be 
called turbulent. When the fluctuation is 
sinusoidal, however, it is not necessarily called 
turbulent because it is not irregular fluctua- 
tion. In order to avoid the complexity of 
definition, we call any fluctuation as turbu- 
lence at the present. In Fig. 15, turbulence 
energy integrated in y-direction is plotted. 
Transition can be observed by a sudden in- 
crease of energy. Values of transition dis- 
tance are added in Table I. Comparing two 
culumns of different methods, values are in 
good coincidence. This may prove the validity 
of rather indirect method by Linke for deter- 
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mining the transition point. Table [ also 
shows that the transition distance is 40 to 50 
times of momentum thickness at the trailing 
edge within the range of present experiment. 
This may be interesting from a_ practical 
view point. 

In Fig. 19, energy density is plotted. It is 
defined as the integrated energy divided by 
momentum thickness. It is zero at the begin- 
ning and increases with a-distance approaching 
nearly a constant value for each wind speed. 
When the miximum value is reached, the 
layer may be considered as “fully developed 
turbulent ”. Taking into account of the value 
obtained by Liepmann and Laufer, energy 
density for fully developed turbulent separated 
layer seems to be proportional to the square 
root of main-stream velocity. 


§5. Concluding Remarks 


In the laminnar separated layer, a similar, 
velocity distribution is established and it 
agrees reasonably well with theoretical calcu- 
lations. The momentum thickness is propor- 
tional to the square root of distance from a 
virtual origin when the layer is laminar and 
proportional to distance when turbulent. 

Sinusoidial velocity fluctuation in transition 
region seems to correspond to the unstable 
wave which is predicted by stability theory. 

Transition distance from separation point 
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is 40 to 50 times of momentum thikness at 
the separation point. 
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The Flow past a Flat Plate accompanied with an Unsymmetric 
Dead Air at Mach Number 1 
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The flow past a flat plate accompanied with an unsymmetric dead air, 
especially the flow past such a flat plate with a small angle of attack 


at Mach number 1, is investigated, using Imai’s WKB method. 


Com- 


paring the results with those of Guderley and of Truitt, it is ascertained 


that these agree fairly well with each other. 


It may be concluded that 


the dead air model is useful for the study of the transonic flow. 


$1. Introduction 

Recently, Guderley investigated the flow 
past a flat plate with a small angle of attack 
at Mach number 1, using the hodograph 
method as simplified by the transonic approx- 
imation». Assuming that the flow condition 
in the expansion region from the leading 
edge has very little influence upon the flow 
over the pressure side, he succeeded in deter- 
mining the pressure distribution over the 
pressure side in a relatively simple analytical 
expression. 

If the angle of attack is small enough, how- 
ever, it is also expected that the flow condition 
in the expansion region from the trailing edge 
has little influence upon the flow over the 
pressure side. Hence, we may safely neglect 
the influence of both the expansion regions 
from the leading and the trailing edges. As 
Guderley stated, however, the character of 
the free stream singularity being determined, 
it is essential to represent the stagnation 
point as a branch-point of the stream lines. 
Thus, the flow conditions which are essential 
to determine the pressure distribution over 


the pressure side may be summarised as fol- 
lows: 


i) The stagnation point is a branch-point 
of the stream lines. 

li) At the leading and the trailing edges 
the sonic velocity is reached. 


As the simplest model that retains the above- 
mentioned properties, we shall adopt the flow 
past a flat plate accompanied with an unsym- 
metric dead air at Mach number 1. 

Besides the above significance, the dead air 
model has further advantage that it can be 
regarded as an inviscid limit of the real vis- 


cous fluid. In fact, if the angle of attack is 
finite, the flow separates from the leading and 
the trailing edges; in sucha case the dead air 
model is more reliable than the model of the 
continuous flow. But, if the angle of attack 
is small enough, Guderley’s solution, which is 
the continuous flow type, is expected to be 
highly reliable. Hence, we must examine the 
accuracy of our results comparing with those 
of Guderley in the case of vanishingly small 
angle of attack, and to such an examination 
the present study is mainly directed. 

The flow past a flat plate accompanied 
with an unsymmetric dead air was studied 
extensively by Hida»), using the exact hodo- 
graph equation and expanding the results in 
power series of M.,2. However, his results do 
not seem to be reliable for the case of Mach 
number 1, because his results cannot contain 
the law of transonic similarity. 

It must be remarked that the idea of the dead 
air model was already applied by Prof. Imai 
to the case of a finite wedge at Mach number 
1. The boundary conditions are almost the 
Same in both cases except the unsymmetric 
nature of our problem. 

In the course of the study, we have become 
aware of the similar study by Truitt. His 
results are also compared with ours. 


§ 2. 


According to Imai’s WKB method®:5, the 
exact equation for the two-dimensional steady 
irrotational flow of an inviscid compressible 
fluid can be approximated as follows: 

For purely subsonic flow 


ao 
Oe? + ap )o=0 


Basic Relations 


(2A) 
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and for transonic flow 


(Gat +5n)e=-s 36 ie (2.2) 
where 
qd dq 
t=_— : 
\" a (2.3) 
=V1—M, (2.4) 
Vis ME (2.5) 
K=(nl) ; (2.6) 


and (q, 0) are the magnitude and the direction 
of the velocity vector, M the local Mach 
number, Y the stream function, o the density 
and op, the stagnation density. 

The correspondence between the physical 
and the hodograph planes is expressed as fol- 
lows: 
dx+idy=q"'e[dO+1(00/0)aV’7 , 
00 ov v 

ES ya28 AEE GAN Quy gees 

Or 00’ Or ’ 
where (z, y) are the Cartesian coordinates and 
@ is the velocity potential. 

For the adiabatic gas, we have 


1-¢ 


1/2 
(Loi 5 
os =) 


(2.7) 


(2.8) 


(29) 


t=tanh1y—a"! tanh ‘ap , (2.10) 

K=(1-@)d-@@y , (2.11) 

ge ms (2.12) 
r+1’ 


where 7 is the ratio of the specific heats, and 
the unit of the magnitude of the velocity is 
taken to be the critical velocity c*, at which 
the fluid velocity is equal to the local velocity 
of sound. 


§3. The Boundary Value Problem in the 
Hodograph Plane 


In order to formulate the boundary-value 
problem for the dead air model, let us con- 
sider the flow field in the hodograph plane 
(Fig: 1. 

All stream lines start from the infinity up- 
stream of the physical plane with the sonic 
velocity, which corresponds to the singular 
point O in the hodograph plane. Among the 
stream lines which start from O, the stagnation 
stream line S; has the special character. As 
one proceeds along the stagnation stream line 
towards the flat plate, the inclination of the 
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Hiss, i 


velocity vector will increase, and its magni- 
tude will decrease. At the stagnation point 
B, the magnitude of the velocity vector 
vanishes, and the stream line bifurcates into 
two branches. One of these two branches 
then follows the lower side of the flat plate 
towards the leading edge C and the other 
towards the trailing edge A, these branches 
corresponding to the straight lines BC and BA 
respectively in the hodograph plane. At the 
leading and the trailing edges, the magnitude 
of the velocity vector attains to the sonic 
velocity, and the stream lines separate from 
the plate to form the free stream lines, which 
correspond to the straight lines CO and AO 
respectively in the hodograph plane. The 
correspondence between the physical and the 
hodograph planes for other stream lines is ob- 
tained quite analogously, and it is easily seen 
that the flow field in the hodograph plane is 
bounded by the stagnation stream lines. 

The boundary condition in the hodograph 
plane is, as usual, @=0 on the stagnation 
stream lines. 


§4. The Method of Solution 
Let us consider the transformation 
t=at;, J=a8;, (4.1) 
™%=ak , (4.2) 


where t, corresponds to qi, the magnitude of 
the velocity of the undisturbed flow, and a the 
angle of attack of the flat plate. The basic 


o — plane o = Tst+i€, 
Riga 
” 
t 
5 
Ah 
f — plane G=b+ 1% 
Fig: 3: 


equations (2.1) and (2.2) remain unchanged for 
the transformation (4.1), yielding 


Oo? 02 
(gat 06.2 )o=0 


Oo? Oo? 
nee as 3 {es 
( Ore? O02 \e 


We first solve (4.3) and (4.4) with the bound- 
ary conditions as shown in Fig. 2, then, 
making k and a tend to zero in the solution, 
we obtain the solution of our problem. For 
the sake of simplicity we shall omit the suffix 
s hereafter. 

Since the solutions of Eq. (4.3) represent 
the incompressible flow in the o-plane (Fig. 2), 
we can solve the above boundary-value problem 
by the usual method of conformal mapping. 
By means of a relation 


Be ED ees (4.5) 
the flow field in the o-plane (Fig. 2) is map- 
ped onto the flow field in the €-plane (Fig. 3). 

By superposing the dipole and the quadru- 


(4.3) 
and 


o (4.4) 
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pole solutions, we can easily obtain the 

complex velocity potential for the flow in the 

€-plane, 

e@ e-ia 

(C—e@2F (¢—0- tm) 
-n, cos @ (0 @F Car: 
LN aa 

4 sin @ ee €—e 


(C= NC} 


Ryey S (vsin a cosna—cos a sin ma)g” . 


~ sin Aint 
(4.6) 


Substituting (4.5) into Eq. (4.6), and then 
taking the imaginary part, we can obtain the 
solution as follows: 


2N 2 


gc, = S (cos & sin ma —nsina cosna) 
SIN @ n=1 
e7ent ; 
% -sinan(é+1). (4.7) 
Ee enk 


The right-hand side of (4.7) is the expanded 
form by the particular solutions e~%”7+#"@ of 
(4.3) in the rectangular domain. Therefore, 
if we replace the particular solutions of Eq. 
(4.3) by those of (4.4), 1.e.; 


e-ont 72K /3(ant) 
mas Me nicer 


(4.8) 


e7enk 
<sinan(@+1), 


in (4.7), we can obtain the solution for (4.4) 
as follows: 


ZN = : : 
P(t, 0)=— » (cos a sin na—7 sin a cos na) 
SIN @ n=1 


w/2K 4/3(ant) 


x PRK yilernh) on anid +1). 


(4.9)* 

Substituting the solutions (4.7) and (4.9) into 
the relations (2.7) and (2.8), we obtain the 
flow in the physical plane. We are interested 
only in the pressure distribution over the pres- 
sure side BA of the plate (Fig. 1), on which 
the boundary conditions 0=—1 and #=0 are 
prescribed. There, the relation (2.7) takes the 


form, 
Ow 
Bey ad 
dl=qi Kk Ga 


where 7 is the length measured from the trail- 
ing edge along the side AB. 
Thus, we obtain 


dt, 


@~-1 


(4.10) 


* It is easily proved that (4.9) ‘satisfies the 
boundary conditions by putting t=, or é=—1l, 
(z/x)—-1 in (4.9). 
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d= 2N -q7Ki/s 
sin a 


x > (cos a sin ma—n Sin & COS Na) 


n=l 
e7 ant 


x (an)dt 


er ank 


(4.11) 


from (4.7), and 


as BN gt Ae 
sin @ 


x > (cos asin na—n sin a cos na) 


x 7K (ant) 
* PK, 3(a7nk) 

from (4.9). 
The pressure distribution r(/), the pressure 
coefficient Cy, and the location 2, of the centre 
of pressure for the flat plate are given by the 


(an)dr (4.12) 


formulae, 
1 T co 
Sh PINE al 4.13 
p \ is (4.13) 
C=\" exdl /\" at, (4.14) 
0 0 
seein Att Ni (4.15) 


where c» is the local pressure coefficient: 
p—De 2 ( p ) 
= — = a aS ot 1 e 
Py pwede  1M..\ po 
Here we make further approximations which 


correspond to the usual transonic approxima- 
tions 


(4.16) 


q7=1, (4.17) 


1/6 1/2 
Ke] a+) eee (4.18) 
0) 


-1/3 
o( To) Gary, 


where go is the density of the fluid at rest, 
and p* is the density at the sonic state. Then 
we have from (4.11) 


J =| Tule yae i) [7 Tile ae , (4.20) 
ily 0 0 


Eval |" 
fe 


0 


(4.19) 


oT yo(c)de / ("ee Tals | 
0 


DUS «32/3, (4.21) 
ee i l 25/6 ,(c)de if a Tilt)dr , 
0 Lr 0, 5 
(4.22) 


where 
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(oe ant 


Tio(t) = Mio oy (an) 


—ank 


X(cOS a SIN MaA—N SIN A COSNA) , 


(4.23) 
and from (4.12) 


Tete : 
= ci/6 To(t)dt TST ot )dt , (4.24) 
I, 0 0 


Ce i. MT syde /\" ANT) | 
0 0 
(4.25) 


x DNB y< 32/8, 
75/8 Too(c) de i |" <0 Tee 
0 


n= \" 
c “i 


(4.26) 
where 


T(t) = Noo ey (cos asin Na—N SINa@ COS NA) 


TK y/3ant) 


ene ay Oe! (4.27) 


and Cc is the modified pressure coefficient; 


Cae. RY Lae) , (4.28) 


where Nj and Nx are the constants which 
are derived from N. 

In the above formulae, Ty0(r) and Txo(r) are 
the only terms which depend upon @ and k. 
Hence, in order to obtain their limiting forms 
for k-0 and a0, we have only to investigate 
the behaviour of Tyo(r) and T(r) in this case. 
Using the formulae, 


lime-***=1 , (4.29) 


k>0 


Se Aris) 
lim{h'? Kank) Y=" os ee (an) , 
(4.30) 
and noting that the summation reduces to the 
integral in the limit a0, we have 
Tr lim(lim Dike) 
a>) ko0 


=|" ee-""(sin a—x COS 2)du , (4,31) 
0 


UIGO\N= lim (lim T29(t)) 
a> k-' 


= Nori? | ¢'3Ky(tx)(sin a—x Cos x)da , 
0 


(4.32) 


where N, and N; are the constants derived 
from Ny and Ngo. The integrals in the above 
formulae are easily evaluated, obtaining 
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Guderley 


Approx (4.3) 
Approx (4.4) 


ta gute haat Truitt 
esgeae, Al 
Tie)=Ni7 (4.33) 
Grey 
OO X @/2 x 21/8 75/6 
T\= NE SS 
3(T) 2 18 I(5/6) (1+72)17/6 ? 
(4.34) 
where the formulae 
are Q2r «88d 
ASO a Ca a 
| x Sin we Iv (41 (4.35) 
¥ yp OD 
Cos # é-T*#dzy = + 
| . a (r?-+1)2 5 (4.36) 


[2K (e2) sind 


0 
= nV*(2r)T (3/2) yh 1-22)!» 10) , 
(4.37) 


d 1 ; 
dp sea) = 3 Min(tx)—tKyj3(ta) » (4.38) 


have been used. 
Substituting (4.33) and (4.34) into (4.20)- 
(4.27) we have 
c/s 2 77/6 
de / > 4b” ’ 


jf 7 
£7 \eatp o2 


Takeo SAKURAI 


(Vola, 


CG, = 21/3 x 32/3 x e aT Ne dt, 
4 o (r?-++1)8 one)? 
(4.40) 
2] l/s 2 pll/6 
at |; Seis aoe ae Sc 4.41 
x \ hs eee (C7 7 se 


for the purely subsonic approximation (4.3), 
and 


Z J T ie T 
en Oe pe Ae 
jp = (r2-1)17/6 dt Ai (c2-+-1)17/6 T+ ) 


Cp = 243 x 32/8 


co 75/3 d oe T - (4 43) 
“lene /\ erie 
oo 7 79/3 oo 75/3 
«nl exam /\ieqian oO 


for the transonic approximation (4.4). 

The integrals in these formulae are easily 
evaluated analytically, except the numerators 
of (4.39) and (4.41), which are integrated 
numerically using Simpson’s rule. The 
simplicity of the calculations is the greatest 
merit of the dead air model. 


$5. Results 


The results are represented in Table I and 
in Fig. 4, together with those of Guderley 
and of Truitt. These agree fairly well with 
each other. As mentioned in §1, our chief 
purpose is to examine the accuracy of our 
results comparing with those of Guderley at 


Table I. 
an i batt ees 2 ae 
Cy Xe 
Guderley WPI) | 0.35 
Truitt Loa a 0.38 
Approx. (4.3) | 2.23 | 0.38 
| 2.20 | 


Approx. (4.4) 


the small angle of attack, which seems to 
have been affirmed. Thus, as far as the pres- 
sure side is concerned, it may by concluded 
that the dead air model is highly reliable even 
in the case of a small angle of attack. 
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On the Frequency Dependence 
of the Fatigue of Metals 


By Takeo YOKOBORI 


Department of Mechanical Engineering, Tohoku 
University, Sendai, Japan 


(Received April 16, 1956) 


The theory of tatigue fracture suggested by the 
author!) predicts that the number of cycles for 
fracture is proportional to the frequency of the 
applied stress. The data recently reported by Head 
and cooperators,2) however, have shown some dis- 
crepancy for this predicted frequency dependence. 
The following points may be suggested in explain- 
ing this discrepancy. 

It is likely that some type of microscopic void 
has already been formed in the periphery of the 
obstacle before the initiation of the fatigue crack 
as proposed in the reference (1). The conclusion 
may be predicted by the fact the calculated value 
of the stress concentration factor % induced by 
the obstacle itself fitted to the data is consider- 
ably large)®). Thus, the total number of repeated 
cycles for fracture, N; is expressed as follows: 

: N,=NotNitNo (1) 
where 

No=the cycles required for the initiation of the 
microscopic void in the periphery of the 
obstacle against which dislocations pile up. 
The process may be determined by such a 
process as proposed by Fujita. 

N,=the repeated cycles during which the fatigue 
crack as suggested in the reference (1) initiates 
as nucleation process after the stress has been 
repeated No cycles. 

Ng=the repeated cycles during which the crack 


The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 


grows up and the specimen fractures. 

In the case of some steels, especially harder steel, 
N; was assumed to have the major part of the 
total fatigue life, and the theoretical S-N relation 
was in good agreement with the data. In the 
case of non-ferrous metals such as used by Head 
and cooperators), however, near-by Frank-Read 
sources®) may be operated and the stress concentra- 
tion at the apex of the fatigue crack may be 
relaxed. Consequently, in such a case Ng may 
have the major part of the fatigue life. On the 
other hand, such growth process may be described 
by the Head’s mechanism®, and, therefore, the 
total life for fracture will be little affected by the 
frequency of the applied stress in such a case. 


Repeated Cycles for Fracture 


0 1000 


2000 
Frequency C.P.M. 


Fig. 1. 0.41% carbon steel, stress range =38.4 
kg/mm?. (mean stress =0) Ono’s rotary bending 
test. 


Another reason for the discrepancy may be as 
follows: The temperature of the specimen in- 
creases as the frequency increases. Ni decreases 
with the increase of the temperature of the 
specimen as suggested by the theory? other things 
being equal. Hence, it may be understood that Ni 
decreases with the increase of frequency above 
some limit. The experimental data on harder steel 
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predict such effect as shown in Fig. 1. 


The author wishes to express hearty thanks to 
Professor M. Hirata in Tokyo University for 
useful advise and discussion. 
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Electrical Properties of Stannous 
Telluride SnTe 


By Kimio HASHIMOTO and Kazuyosi HIRAKAWA 
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Kyusyu University, Hukuoka 


(Received April 16, 1956) 


The electrical resistivity 9, the Hall coefficient 
& and the thermoelectric power d@/dT of stan- 
nous telluride SnTe have been measured between 
about 100° and 1000°K. The procedure of the perpara- 
tion of the compound SnTe, is as follows: a mixture 
of granular tin (high purity Merck) and tellurium 
(99.998%, obtained from the Nihon Kogyo K.K.) 
with a desired proportion was sealed in an evacuat- 
ed silica tube, and was heated at 850°C for 15 
hours and cooled, and then some samples were 
twice purified by zone melting in vacuum. From 
X-ray analysis, the crystal structure of the sample 


Table I. Resistivity, Hall coefficient and thermo- 
electric power of SnTe, at room temperature. 


Sam-| 9 x10! Rx103 \do/dT 


Rip |l/erx 
ple | ,. (ohm: cm? pV cm? ,10-% 
No. | "| em(coutomb)°*c J vote-see)|(em-2 
B90 1.35 | 410) |) pe ee 
2° j.01| 1.38 | + 7.58 1493/3 55 Wear 
3* 10.99 0.49 | +14.6 |429.2}- 207 | 43 
Pete) 112 | 13.40 es 120 | 4.7 
o* 11.00 1.37 | +11.9 1429.1, 97 | se 
B16) 4.7.45.) — |. 5g en 


a Polycrystalline, i 
** Zone-melt, polycrystalline, 
*** Zone-melt, single crystalline. 
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Sample No. 
| 


1000/7 (°K) 


Fig. 1. Resistivity o and Hall coefficient R of 
SnTe as a function of the inverse absolute tem- 
perature. 


l0O0O/, (°K) 


Fig. 2. Thermoelectric power d0/dT of SnTe as 
a function of the inverse absolute temperature. 


of stoichiometric composition was found to be the 
face-centred-cubic type (probably NaCl type)!) with 
a lattice constant of 6.32 A at room temperature. 

In Table I, the observed data of 0, R and d@/dT 
at room temperature are summarized, and the 
values of the Hall mobility R/o and the carrier 
concentration l/eR are also shown. The tem- 
perature dependence of 9, R and d@/dT are shown 
in Figs. 1 and 2, respectively. As shown in Fig. 
1, the values of o and R for all samples, except 
for the sample 3, have almost the same values at 
each temperature. 

It should be noted that the temperature coef- 
ficients of both o and BR are positive for all samples 
in the whole temperature range. 

The thermoelectric power at room temperature 
is in good agreement with the value +26.0 pV/PC 


1956) 


obtained by Haken”, and the change of the sign 
of the thermoelectric power is found at about 
200nCe 

Several attempts to explain the above results of 
SnTe are now being carried on. 
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Mechanism for Self-Diffusion in Metallic 
Lithium 


By Tadanobu KOJIMA 


Department of Physics, Faculty of Science, 
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(Received March 12, 1956) 


Activation energy of self-diffusion in metallic 
lithium was calculated for various mechanisms. In 
the case of an interstitial atom, we have taken the 
trial wave functions for the conduction electrons 
of the form 

gr=Yu(l+ pe-#”) , (i) 
where ¢,% is the Bloch function of a conduction 
electron in a perfect crystal, a and @ are variation- 
al parameters, and then orthogonalized them to 
the wave functions of the interstitial core electrons. 
It is essentially important to take account of this 
non-orthogonality between the wave functions; a 
simple Huntington-Seitz!) type calculation without 
this correction yields a negative formation energy. 
In the case of a vacancy, each trial function of 
the form (1) was modified so as to eliminate an 
oscillating part of the original Bloch function 
within the vacancy cell. The variational para- 
meters and the positions of the ions surrounding 
a given lattice defect were determined so as to 
minimize the total energy of the crystal. Our 
calculated energy is about 1.0 ev for the formation 
of an interstitial atom and less than 0.lev for its 
migration. For the vacancy, we have obtained a 
value of 0.4ev for its formation and 0.3 ev for its 
migration. Holcomb and Norberg”) measured a 
value of 0.6ev for the activation energy by 
nuclear magnetic resonance technique, which is in 
good agreement with our theoretical value, 0.4+0.3 
=0.7ev. Ring mechanisms should here be ex- 
cluded since they need at least 2ev.2) We may 
conclude that the dominant mechanism of diffusion 
in lithium, and presumably in all other alkali 
metals, is due to the formation and migration of 


vacancies. The same mechanism may also pre- 
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dominate in other b.c.c. metals such as «-iron for 
which the formation of interstitials should be more 
unfavorable because of the strong ion-core re- 
pulsions. A full account of this work with further 
refinements will be published in this journal. 
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On the Inductive Reactance and Negative 
Resistance in the Transistor 


By Jiro YAMAGUCHI 
Faculty of Engineering, Osaka University 
(Received February 13, 1956) 


The inductive reactance in the transistor shown 
in Fig. 1 which has been previously explained, is 
interpreted from another point of view as follows: 
In the m-region of the transistor in Fig. 1 the 
boundary condition is given as 
ati 7=0 
Aten. 


P=Pn+ pot pies?! 
and p=Pa 
Combining this with the recombination equation 
0p/0t=(Pn—P)/Tp+Dd"p] 0x" 
leads to the solution for the a.c. part of hole 
current 


exp (jot) 


exp lade 
Sinaia) oe eee) 


FT (x)= QD pl iP D) 
+exp I'i(a—d)] 

where Py =(4+jorty)/?/Lp 
and the other symbols are defined as reference (2). 
Let J, and J, be Jp(x) at v=0 and w=d, respec- 
tively and J,=Je—de. When ort,>1 and M,d<1, 
each component of hole current is described as 
below 

J,=qD,(p1/d)0 Jot pd? /2L,") exp (jut) , 

Je =qDy(pi/d) exp (jut) 
and J,= 9D ppijot p(d/2L py”) exp (jut) . 

The bulk resistance of m-region is assumed to be 
R,, the applied a.c. voltage is the sum of and 
J)(R,+Z), the former being the potential difference 
across the barrier. From the vector diagram of 
a.c. voltage and current in case of Z=R (Fig. 2), 
it is concluded that J. lags the applied voltage, 
consequently the inductive reactance appears, 
if (Ry+f) is appropriately large. The lagging 
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arise. Fig. 4 shows the experimental results of 
x0 x=d the lagging angle versus a.c. frequency. The 


A o) 

a.c. d.c. 

source source Je 

BY - 

fare oe 

Fig. 1. Electric connection diagram studied. 

Fig. 2. Vector diagram of a.c. voltage 

and current. 
FREQUENCY 
0° 0.3 

Ww 

om 

©) 

ce 

= -20° 

Ww 

o 

tr 

a -40° 

Fig. 3. Phase angle versus a.c. frequency, Z in 
Fig. 1 being R. (Full lines for Z=0. Dotted 
lines for 7=50kQ).) 
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Fig. 4. Phase angle versus a.c. frequency, Z in 
Fig. 1 being Z. (Full lines for grown type. 
Dotted lines for alloyed type.) 


angle shown in Fig. 3 is measured by the Lissajous 
figure of a.c. voltage versus current on the cathode- 
ray oscilloscope. 


Assuming Z in Fig. 1 to be inductive reactance, 
Fig. 2 suggests that the negative resistance would 


magnitude of negative resistance comes up to 500 
ohms without difficulty. 

Using the negative resistance mentioned above, 
we can easily obtain the electric oscillation by 
connecting a condenser across the terminals A and 
B of Fig. 1. In an ordinary alloyed transistor the 
oscillation is of sine wave form and attains to 0.8 
volt across the condenser terminals, and its fre- 
quency varies from about 100kcps to 300kcps 
according to the magnitude of inductance and 
capacitance. 

The author expresses his sincere thanks to M. 
Kajiwara and H. Haruki for their experimental 
helps. 
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On the Interpretation of Magnetic 
Torque Reversal 


By Sdshin CHIKAZUMI 


Department of Physics and Chemistry, 
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Mejiro, Tokyo, Japan 


(Received March 29, 1956) 


It was first found by Nesbitt, Williams and 
Bozorth» that the torque of Fe,NiAl crystal at first 
decreases and finally reverses its sign when the 
intensity of the magnetic field is increased. Similar 
behavior was also found on the model which con- 
sists of three perpendicular rods of magnetic 
material. Basing upon this fact they concluded 
that the torque reversal is due to the fine preci- 
pitate particles elongated along <100> directions. 
The torque reversal have also been observed for 
Alnico 5 by Nesbitt and Williams?) and recently 
for Co-ferrite by Williams, Heidenreich and 
Nesbitt). The latter investigators found also that 
torque reversal did not occur in the material which 
is insensitive to the magnetic annealing. In their 
works they interpreted the torque reversal as an 
evidence of the presence of elongated precipitates. 
I should like to point out, however, that the torque 
reversal can be explained as a result of usual 
magnetic annealing irrespective of the mechanism 
of the induced anisotropy. 

When the material in question is cooled without 
magnetic field, the intrinsic magnetizations would 
be stabilized in their directions during cooling. If 
the crystal anisotropy constant ky is positive, the 


1956) 


stabilized directions are <100>. Now we shall give 
attention at first to the «w-domain in which the 
intrinsic magnetization are stabilized in x direction. 
When the field is applied in (Aj, 82, 3) direction, 
the energy density is given as a function of direc- 
tion of intrinsic magnetization (01, a, a3) by 
Ei, = — Kyo? — HS s(01 81 +-0282+a383) , (1) 
where the first term represents the uniaxial aniso- 
tropy induced by the intrinsic magnetic annealing. 
The direction of intrinsic magnetization can be 
solved by minimizing Eq. (1) under the restriction 
a +o?+e32=1. By assuming that HJ;>K,,, thus 
we have approximately 


a1 = 8, +2(B1B2? + Bi 83") Ku/Hd s) 

2 = B2— 2B»8)?( Ky, / HJ) 

a3= 23 — 2P3P)(Ky/Hd s) 
Putting Eq. (2) into Eq. (1), we have an energy 
density as a function of direction cosines of applied 
field as 


(2) 


4K, 
HJ; 


The similar expression can be obtained for y- or 


ies = EBL. =o Ku8s? 2 (BiB? + By?B3”) : ( 3 ) 


z-domains. By averaging them, we have finally 
K, 8K,2 
B= —HJ, ~~ 3° ~ gp (BV B+ BPRS? + BBs”). (4) 


The last term in Eq. (4) express an anisotropy 
energy having a similar functional form as that of 
crystal anisotropy energy. Together with the crystal 
anisotropy energy Ki(G:282?+8°83"+BsB1"), we find 
the coefficient of the anisotropy energy to be (Ai 
~8K,,/3HJ;), whose sign is reversed when the field 
H becomes larger than 8K,,/3KiJ;. This means 
the torque reversal, because the torque is equal to 
the first derivative of an anisotropy energy. 
When Ki<0, the similar reversal of anisotropy 
energy (from positive to negative) would also be 
calculated in the same way. 

Thus we can conclude that the torque reversal 
are related to the effect of usual magnetic anneal- 
ing, but not particularly to the precipitation 
particles. 


References 


1) E. A. Nesbitt, H. J. Williams and R. M. 
Bozorth: J. Appl. Phys. 25 (1954) 1014. 

2) E. A. Nesbitt and H. J. Williams: J. Appl. 
Phys. 26 (1955) 1217. 

3) H. J. Williams, R. D. Heidenreich and E. A. 
Nesbitt: J. Appl. Phys. 27 (1956) 85. 


Short Notes - 


719 


J. Pays. Soc. JAPAN 11 (1956) 719~720 


A Remark on the Excitement of the Elec- 
trodes when a Positive Joshi Effect 
Inversion is Observed under 
Continuous Discharge 


By Bogdan SUJAK 


Institute of Experimental Physics, Boleslaw 
Bierut University, Wroclaw, Poland 


(Received March 12, 1956) 


Joshi’s theory of the instantaneous and reversible 
photovariation (enhancement +Azé and diminution 
—At) of the current i under silent electrical dis- 
charge in some of gases, contemplates emission of 
photoelectrons from activated adsorptionlike ionic 
and molecular layer on the electrodes as primary. 
Capture of slow photoelectrons by the electronega- 
tive atoms or molecules is leading to a negative 
space charge and the negative effect — At. . When 
the electrons escape capture and cause an increase 
in the current 7, the positive effect +A? is 
observed”), 

Many experiments on this problem, showing the 
surface dependence of the Joshi effect were done 
by Mohanty and coworkers)-%, These authors 
works cleared that the inversion of the Joshi effect 
(from -+-Ai to —Ai) can be observed when increas- 
ing only one of the two parameters: il, Was 
illuminating light intensity, 2. the frequency of 
the illuminating light, when a suitable voltage is 
put on across the electrodes covered with a di- 
electric layer. Mohanty” observed also, that the 
positive Joshi effect +A7 changes sign to the 
negative —A? under continuous exposure to dis- 
charge (aging). This phenomenon of inversion is 
described by Mohanty to increased cathode 
emissivity due to a progressive diminution in the 
surface workfunktion through disappearence of the 
adsorbed gas layer by desorption or/and chemical 
interaction®. 

The recent works on the induced emissivity 
of electrons from oxides of metals!9-18) and dielec- 
tric layers!!-18) showe that one is obliged to take 
in acount not only the electrode surface-gas inter- 
face as the seat of the residual electrons deposited 
by the antecedent half cycle, but also some of 
generated imperfections in the insulating layer. 
The increasing emissivity partly can also be seen 
as due to a progressive increase of the imperfec- 
tions concentration in the excited cathode. On 
this imperfections the Mohanty’s residual electrons 
seems to form some color centres”) like F- and F’- 
centres, at least in the cases when alkaline halides 
were used®-9). In the first stage the color centres 
are generating during the gas discharge being so 
the source of the additional free electrons (the 
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primary of the inversion effect) when photoionised. 
In this way the color centres should take part in 
the observed inversion of the positive Joshi effect 
under continuous discharge in respect to progressive 
increasing of their concentration in the surface 
layer. 

To confirme the mentioned point of view I give 
the schematic graph of the inversion effect with 
“aging ” under continuous discharge” in comparison 
with a schematic graph of the progressive change 
of photoelectric emission from a KCl _ layer 
observed by me and due to color centres generated 
by continuous discharge.J8) The quantum yield of 


4 


r= 570 Mpa 
Tight = const. 


(b) 
Fig. 1. (a) Inversion of the positive Joshi effect 
during “aging” under discharge.) 
(b) The progressive change of the photoelectrons 
emission from KCI layer abserved by the author 
(schematicly), due to the progressive excitement 


of the layer by continuous discharge. The ex- 
citing discharge was interrupted when photo- 
electrons measured with a G.M. counter.18) 


the emission of photoelectrons from the color 
centres produced in the examined surface layer of 
alkaline halides depends to their concentration!8-21), 
Therefore, when a Siemens’ glass tube containing 
finely powdered potasium chloride is used a generat- 
ing of color centres takes place in a KCl layer on 
the glass walls, and the Joshi effects, as well as, 
its inversion from positive to negative is more pro- 
nounced. 

It must be cleared, that a generation of color 
centres in a glass surface may also take place23) 
and so cooperate in the inversion of Joshi effect, 


when clean glass “electrodes” are used, The 
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author’s preliminary observations of the induced 
emission of photoelectrons under visible light from 
excited glass (cleaned up or with a layer of 
dirt) show that it is especially large, when the 
glass surface is first mechanicaly deformed— 
scratched. The emissivity was induced in 
atmospheric air by bombarding the glass with 
sparks of a small Tessla coil. The photoelectrons 
were measured with an open, atmospheric Geiger 
counter as used by Kramer. The study on the 
induced emissivity from glass is carried on. 

The author wishes to thank Prof. Dr. J. Nikliborc 
for stimulating discussions on the solid state pro- 
blems and Dr. S. R. Mohanty for his kind help in 
the literature problem on the Joshi effect. 


References 


1) S. R. Mohanty: J. Chem. Phys. 22 (1954) 
1010. 

2) S. R. Mohanty: 

3) S. R. Mohanty: 
578. 

4) S. R. Mohanty: 
A (1955) 233. 

5) S. R. Mohanty: Nuovo Cimento 2 (1955) 1107. 

6) S. R. Mohanty, J. Yayaraman and V. G. 
Krishna Rao: J. Scient. and Ind. Res. 13B 


Z. Phys. 140 (1955) 370. 
J. Phys. Soc. Japan 9 (1954) 


Z. Phys. Chem. Neue Folge 


(1954) 526. 

7) S. R. Mohanty: J. Phys. Soc. Japan 10 (1955) 
163. 

8) S. R. Mohanty: J. Scient. and Ind. Res. 13B 
(1954) 145. 


9) S. R. Mohanty: J. Scient. Res. Banaras Indu 
Univ. 5 (1954-55) 11. 

10) A. Bohun: Czechosl. Journ. Phys. 5 (1955) 
429. 

11) A. Bohun, K. Karpiskova and A. Duskova: 
Czechosl. Journ. Phys. 5 (1955) 100. 

12) L. Grunberg and K. H. R. Wright: 
Soc. London 232 (1955) 402. 

13) K. H. Seeger: Z. Phys. 141 (1955) 221. 


Proc. Roy. 


14) A. Bohun: Czechosl. Journ. Phys. 4 (1954) 
139. 
15) A. Bohun: Czechosl. Journ. Phys. 5 (1955) 64. 


16) B. Sujak: Acta Phys. Pol. 12 (1953) 241. 


17) B. Sujak: Acta Phys. Pol. 14 (1955) 263. 

18) B. Sujak: Zeszyty Naukowe U.B.B.1B (1956) 
Iayily, 

19) L. Apker and E. Taft: Phys. Rey. 79 (1950) 
964. 

20) L. Apker and E. Taft: Phys. Rev. 81 (1951) 
698. 

21) L. Apker and E. Taft: Phys. Rev. 83 (1952) 
479, 

22) F. Seitz: Rev. Mod. Phys. 26 (1954) 7, 


23) K. Przibram: Verfarbung und Lumineszenz, 
Springer Verlag-Wien 1953 pp. 73-76. 


1956) 


Errata 


Note on Rayleigh’s Problem for a Circular Cylinder with Uniform 
Suction and Related Unsteady Flow Problem 


By Hidenori HASIMOTO 
J. Phys. Soc. Japan 11 (1956) 611-612 


line 
5 left unstead should be read unsteady 
(CY) U=—Upr/a ” U=—-—wWma/r 

a\« aA\KE i 
(9) es) , —vs2t ” ie) , —vSrt 
(12) =K+-+--, exp (— vst u =K-[+---, exp (—vs*t) 
(14) («>0) y (0) 

D 

(15) D Erfc Y Erf 
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Transformations of Various Centres among Each Other 
in Coloured Alkali-halide Crystals 


By Hisao YAGI 


Department of Physics, University of Kyoto 
(Received December 20, 1955) 


Photo-thermal transformations among various centres in coloured alkali- 
halide crystals are studied here collectively. 


Introduction 


§1. 
In general, there are photo-thermal transfor- 
mations among various centres in coloured 
alkali-halide crystals. For instance, Seitz 
and Petroff?? have shown that by exposure to 
F-light, the F-band is reduced and the M- 
band is at first formed and then the M-band 
is reduced and the R- and N-bands are 
enhanced. Conversely, by heating the crystal 
having the F-, R-, M- and N-bands, the R-, 
M- and N-bands are all reduced and only the 
F-band is enhanced. In the present paper we 
have studied photo-thermal transformations 
among V-, K-, F-, R-, M- and N-centres. 


§2. Experimental Procedures 

NaCl, KCl, KBr and LiF crystals used in 
these experiments were grown in our labora- 
tory» by Kyropoulos’ method, and perfectly 
annealed at 400°C. In order to subject the 
crystals to electrolysis, they were mounted 
in a furnace in a way as shown in Fig. 1. A 
crystal was supported between two iron rods 
which served as a part of the electrical circuit 
supplying the current for electrolysis. (This 
is called “pointed-electrode method”.) The 
one rod (A) is sharply pointed at one end and 
acts as cathode. The other (B) contacts the 
crystal with the carbon plates covered with 
platinum foil and acts as anode. Current is 
supplied by a 450 volt power supply with a 
500 KO resister. 

After inserting a crystal in the furnace, the 
temperature of the furnace was raised up to 
450°C ~500°C and current was supplied and 
colour cloud was made electrolytically in the 
crystal. This coloured condition is called 
“F-coloured”. Then the temperature of 
the furnace was brought down to 350°C~ 
400°C and the coloured cloud in the crystal 
was removed by reversing the polarity of the 
current. This coloured condition is called 


“K-coloured”. For the purpose of the irradia- 
tion with X-rays, use was made of a Mazda 
Sealex tube, operated at a voltage of 30KV 
D.C. and a current of 8mA. The crystals 
used were always freshly cleaved on all sides 
at the last possible moment before starting 
experiments. 


aie 
SSS 


a 
Fig. 1. Arrangement for subjecting crystals to 
electrolysis. 
A: cathode, B: anode, C: crystal, D: holder, 
E: thermocouple, F: furnace. 


Fig. 2. Arrangement for measuring absorption. 
A: light source, B: lst slit, C: collimator 
mirror, D: prism, E: 2nd slit, F: photocell, 
R: 10° ohms, Q: quadrant electrometer. 


The absorption spectra of the crystals were 
obtained with a large apertured glass-prism 
spectraphotometer with 1.5 meter focal length 
objective and a quartz-prism  spectrophoto- 
meter of medium size. Monochromatic light 
from the second slit was measured photo- 
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Fig. 3. Arrangement for bleaching crystals. 
A: sample, L: bleaching light source, F: filter, 
H: holder, T: shutter, S: 2nd slit, 
M: collimator, C: photocell. 


350 mp 
Wavelength 


Fig. 4. Absorption bands of coloured NaCl. 


1. Original crystal. 2. K-coloured in vacuum. 
3. F-coloured in vacuum. 4. K-coloured in air. 
5. X-ray coloured. 


electrically by Sb, Rb, or Cs photocells anda 
Dolezaleck quadrant electrometer (sensitivity: 
1500 D/V) connected as shown in Fig. 2. 

For light source, a projection lamp (10 
volts, 80 watts) was used for visible region 
and a hydrogen discharge tube (6000 volts, 1 
Amp.) for ultraviolet region. RCA _ photo- 
multiplier tubes 1P-28 and 1P-22 were also 
used in place of photocells. 

For light bleaching, the apparatus as shown 
in Fig. 3 was constructed inside the spectro- 
meter. For bleaching light source, a projec- 
tion lamp (10 V., 80 W.) was used for visible 
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Fig. 5. Absorption bands of X-ray coloured NaCl. 
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(a) Reduced band by (b) Enhanced band by 


bleaching bleaching 


Fig. 6. Changes of the absorption coefficient of 
bands by bleaching (schematic). 


region, while a mercury lamp (110 volts, 5 
Amp.) was used for ultraviolet region. 
Suitable filters were set between the light 
source and samples. When samples were 
bleached, the bleaching light source was put 
on and the shutter was closed. After bleaching, 
the bleaching light source was put off and 
the shutter was opened. The light source 
for the photometer was put on and the 
absorption spectrum was measured. 


$3. Results 


The aspects of absorption spectra of V>2-, 
K-, K’-, F-, R-, M- and N-centres described 
in this paper are shown in Figs. 4 and 5. 
The author has studied only V2-bands in the 
X-rayed crystals. However, precise charac- 
ters of V-bands produced by other methods 
were studied previously by Uchida and Nakai”. 
K- and K’-centres are those which were 
observed and investigated by Uchida, Ueta 
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and Nakai». The characters of R-bands were 
described precisely by the author in the pre- 
vious paper®. New absorption bands” except 
V;2-, K-, K’-, F-, R-, M- and N-bands were found 
according to the differences of coloured con- 
ditions and stress of crystals, i.e. according 
to the differences of the history of crystals. 
In the present paper, however, will be studied 
transformations among familiar V,-, K-, K’-, 
F-, R-, M. and N-bands found in the crystals 
which were well annealed according to the 
above-described conditions. 

When irradiated by the light lying in a band, 
the change of the absorption coefficient of 
that band generally becomes as shown in Fig. 
6 (a). After the time “A”, the decrease of 
the absorption coefficient becomes very small. 
On the other hand, the change of the absorp- 
tion coefficient of enhanced band becomes as 
shown in Fig. 6(b). In this case, after the 
time “ A”, absorption of this band is reduced 
and after the time “B”, the absorption coef- 
ficient becomes nearly constant. In the 
case of crystals irradiated by X-rays, the 
time “A” is about 1.5 minutes and the time 
“B” is nearly 5~10 minutes. In the case of 
crystals coloured electrolytically the time 
“A” is 5~10 minutes and the time “B” is 
30~60 minutes. The value of h[={(«—xo)/Ko} 
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Table I. Photo-transformations of various centres 
in coloured alkali-halide crystals. 


Vig (K)—>K __>F R M N 
Vig KEK) > F 4R MN 
V; KmeK<— M IN 
V2 Kyg Ke Fe —®—5M oN 
a Se Se SO Oa, Ma 
V2 K’ K Fe RR Me) 
Note: © shows the bleached centre. 
+5 shows the thermal-transformation. 
Table II. K’-bleaching in KBr. 
Bleaching Centres 
time in ; 
minutes V2 Ke eke F 
1 40 —13 108 ib 
3 | 84.5 —18 168 a 422 
Breeclye73.5° | = 20 | 177 Silaaes 
10 51.5.1 .=26 J 13a loos 
20 30 —33 LIGHE lee 
30 18 — 39 114 13 
60 14 —45 110 ial 


Thin Ag film was used as the filter of bleaching 
light. 


- Table III. K-bleachi in KBr. 
x 100] in the figure depends on the kind of aes) eaching in KBr 
crystal, the temperature of crystal as well as Bleaching | Centres 
S ¢ ti in |- = eae et : 
on the observed absorption band, and it may Pvittbe ae Aube map eal. | < 
become positive, zero or negative according a dard 
to circumstances. 3)" |e 24 ay |) aes | il | 16 | 0/0 
The relationships between photo-thermal a ies ge || Fase) 20 | Ly tn0 A 
transformaions among various centres are LOp iat Dieay e498, | —34) 8.6 | 8.5 | 0 
shown in Table I, which was obtained from OP Sirs OM SOs Ie 265) Sm aS | 0 | 0 
Tables II~VIIiI and Fig. 7 and is applicable to 30 OF nist S748 3 10 |0 
every alkali-halide crystals. In Tables II~VIII = Mfazda UV-D!I filter was used. 
are given the numerical values of {(*—‘o)/m°} 
Table IV. F-bleaching in NaCl. 
Bleaching Gemeres 
time in | = = <A pete ee ys 
minutes | K/ K F Re Re R: Rs Re M N 
1 | 34 38 —-1.5 0 0 0 0 0 11 9 
3 46 32 -3.9 20 15 7, 16 14 2 15 
5 10 27 —4.8 —-1.7 8 8 5 1 15 
10 | 7 21 —7.5 —10 —3.5 Se She —2 7 
20 6 12 —10.5 —15 —13 3: 2 -2.7 4 
30 6 4 —12.2 —14 = 5 2 —3.5 3 


726 Hisao YAGI (Vol. 11, 
Table V. F-bleaching in KBr. Table VIII. N-bleaching in LiF. 
Bleaching Centres Bleaching Centres 
time in ee eS ee time in = 
minutes | *V, {(ee2——K LoaerE minutes F R | M N 
1 1625 0g 22 100 —12 5 0) 20 —30 
3 ie | 132 54 —20 1 0 15 — 40 
5 7 | 100 42 —32 10 —0.5 0 12 —50 
10 | 0 82 a3, | 296 20 A 0 10 —55 
20 — 7 75 17 —48 30 —3 0) i —60 
30 ea 9.5) —54 t 
60 —ll 70 5 | —56 
Table VI-a. K-—F bleaching. 
Bleaching Crystal 
time in Ste) eee 
minutes KBr | KCl | NaCl 
1 | =a 
3 12 22 | 50 
5 10 20 45 
10 8.6 | 18 40 
20 3 16 | 35 
30 3 | 15 | 30 
: 10 20 min 10 20 min 10 20min 
Table VI-b. F-K->K’ bleaching. Fig. 7. Changes of the absorption bands of 
- : 3 coloured NaC! exposed to F-light. 
Bleaching Crystal 


Br 


KCl NaCl 


time in 
minutes Bands kK’ K 


KOI CK ku ke 


| 13, | -19:734))) -28 
3 | 132] 54 | 20! 17| 461! 32 
5 | 100 | 42 | 10 | 15 |"fo}'27 
10. 4 | 82-1335). 6) 10-7) 21 
0 a 75 | 17ea| 6 S64 een) 12 
30. | / 8:70") 985) 6° RN 53) Gn) A 
60 | 70) Bet. 6 RES Ze 
Table VII. M-bleaching in LiF. 
Bleaching Centres 
time in ee = 
minutes F Re M N 
3 8 10 ~20 90 
5 8 i} —25 | 80 
10 4 4 28 60 
20 2 1 — 30 44 
30 2 0 =30 44 


X100, where &» is the initial absorption coef- 
ficient and « is the absorption coefficient after 
bleaching. Photo-transformations of R-bands 
were described in the previous paper. As 
shown in Table VI, the K-F photo-trans- 


formation is the easiest in NaCl, while in 
KBr the F—K->K’ photo-transformation is the 
easiest. 


A. Thermal Transformation. 


In Petroff’s experiment, bands in the side 
of the longer wavelength than that of F-band 
were treated. We have therefore extended 
experiment to the region of the shorter wave- 
length than the F-band. Changes of the 
absorption of Ry-, Re-, F-, K- and K’-bands 
of KBr crystal heated from 20°C up to 150°C 
are shown in Fig. 8. Absorptions of F- and 
K’-bands in KBr crystal are reached a 
maximum at 120°C~130°C. The temperature 
corresponding to the highest efficiency of 
thermal trasformation was 250°C in NaCl and 
200°C in KCl. 


B. Photo-thermal Transformation 


By exposure to F-light, the K-band in 
coloured KBr crystal is enhanced suddenly to 
arrive at a point (a) shown in Fig. 9 and 
reduces to (b), and then to (c) slowly. If the 
bleaching light was put off at (a), the path 
of change of the absorption was as shown 
ab’ and b’—c’. This action is only thermal. 
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Fig. 8. Thermal transformation of the absorption bands of coloured KBr crystal. 


SS 


a a 
10 Zor, 30 40 —somin 


Fig. 9. Absorption of the K-band in KBr crystal 
exposed to F-light. 


Fig. 10. Thermal equiliblium of the absorption 
band of coloured NaCl crystal. 


Moreover, since lines be and b’c’ are nearly 
parallel, the region be may be of the thermal 
action. 

C: Thermal Equilibrium 

Fig. 10 shows the change of absorptions of 
K’-, K-, F- and M-bands of NaCl crystal, kept 
in dark room immediately after X-ray irradia- 


tion. This fact shows most probably the 
existence of thermal equilibrium among each 
centre. 


§ 4. Discussion 
R 
In the F>K-$K’ and FoM—& transfor- 
N 


mations, the F--K and F-M trasformations 
are both direct photo-trasformations, but the 


R 
KK’ and MQ transformations are ther- 


mal transformations inculded in the photo- 
transformation. Therefore, as is shown in 
the above example, the photo-transformation 
is always subject to the thermal-transfor- 
mation, and after the both transformations 
are performed, each centre reaches its equili- 
brium state. 

In conclusion, the author wishes to express 
his cordial thanks to Professor Y6ichi Uchida 
for his kind advices during the course of this 
work. 


References 


1) F. Seitz: Rev. Mod. Phys. 18 (1946) 384. 

2) S. Petroff: ZS. f. Phys. 127 (1950) 443. 

3) Y. Uchida and H. Yagi: J. App. Phys. Japan 

16 (1947) 65 (in Japanese). 

4) Y. Uchida and Y. Nakai: 

9 (1954) 928. 

5) Y. Uchida, M. Ueta and Y. Nakai: 
Soc. Japan 6 (1951) 107. 
Y. Uchida, and H. Yagi: 
7 (1952) 109. 

6) H. Yagi: J. Phys. Soc. Japan 11 (1956) 430. 

H. Yagi and Y. Uchida: Memoirs Coll. Sciy, 

Uniy. of Kyoto A 27 (1956) (in press). 


7) H. Yagi: Memoirs Coll. Sci., Univ. of Kyoto 
A 27 (1956) (in press). 


J. Phys. Soc. Japan 


J. Phys. 


J. Phys. Soc. Japan 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 7, JuLy, 1956 


A Note on the Extended Theory of the Junction Transistor 


By Toshio MISAWA 


Central Labs., Matsushita Elec. Ind. Co., Ltd. 
Kadoma-cho, Kitakawachi-gun, Osaka-fu 


(Received March 5, 1956) 


In obtaining the current voltage relation of a junction transistor, one 
solves continuity equations for minority carriers with appropriate 
boundary conditions. There are two kinds of boundary condition which 
have been extended so as to apply to the high injection level operation 
of a junction transistor. One is in terms of the electrostatic potential 
and the other is in terms of the quasi-Fermi levels. Taking into account 
the effect of the base spreading resistance, it is shown that they can be 
equivalently used in describing the dc and the low frequency performances 
of a junction transistor but at medium frequencies the quasi-Fermi level 
approach is preferable. The small signal ac conductances and capacitances 
which are related to the emitter junction have another correction factor 
that saturates to 1/2 at high injection levels. Conductances and capaci- 
tances are calculated as functions of the emitter current by using the 


latter boundary condition. 


§1. Introduction 


Shockley founded the general theory of the 
junction transistor and developed the detailed 
theory for low injection level operation”). 
Later the theory was extended by Rittner® 
to include the high injection level operation 
where the concentration of the injected 
minority carriers into the base region become 
comparable to the thermal equilibrium con- 
centration of the majority carriers, which is 
the case in the usual operation of the junc- 
tion transistor. Some authors treated the 
problem concerning the current amplification 
factor at high level». In treating this pro- 
blem the present writer extended the low 
level theory differently in a certain point 
from Rittner did. In this note we shall show 
the new scheme is preferable to Rittner’s and 
calculate components in the equivalent circuit 
of a transistor according to the new scheme. 
Before going into details, we shall present a 
summary of Shockley’s theory and the line of 
reasonings which will be followed in the 
following sections. 

The basis of Shockley’s theory is that the 
flow of carriers in a transistor is determined 
by their behavior in the minority region*; 
according to Cutler’s nomenclature®, the 
current in a junction transistor is not “emis- 
sion controlled” but “diffusion controlled ”. 
Shockley introduces the concept of the quasi- 
Fermi levels or imrefs for electrons and 


holes, @n and ¢»?. Namely, even while cur- 
rent flows, electrons in the conduction and 
the valence bands are considered to interact 
enough with each other in the respective 
band to have Fermi levels although the Fermi 
levels are different for the conduction and the 
valence bands and according to the position 
in a semiconductor. And he assumes that 
imrefs are nearly constant not only in the 
majority region but also even in the barrier 
layer». Constancy of the imrefs in the 
barrier layer is used to obtain the boundary 
condition for the continuity equation. Negli- 
gibility of the barrier layer impedance to the 
carrier flow compared to the minority region 
impedance is due to the fact that the lifetime 
of the injected carriers is larger in transistor 
materials, and can be justified as will be 
shown in the Appendix B. It should be noted 
that in the diffusion theory of rectification at 
a metal-semiconductor contact the imref for 
majority carriers changes in the barrier 
layer®), namely the carrier densities across 
the barrier layer is governed by the Boltz- 
mann factor with thermal equilibrium poten- 
tial height®, and the majority carrier flow is 
impeded by the barrier layer, which corres- 
ponds to the zero lifetime in metals. Some- 


* We shall call a region as the majority or the 


minority region of the carrier according to whether 
the carrier under consideration is of majority or 
of minority in that region. 
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times, especially at high injection level opera- 
tion of a transistor, the majority region 
impedance plays an important role and the 
imref drop in the majority region is com- 
parable to that in the minority region. This 
drop can be easily estimated from the relation 
between the current density and the carrier 
concentration as is shown latter. 

The behavior of carriers in the minority 
region is treated by solving the continuity 
equation for them under the assumption 
of electrical neutrality. The solution gives 
the current density as a function of the 
carrier densities on sides of barrier layers, 
which form the boundary condition for the 
continuity equation and can be expressed as 
functions of the differences there between the 
imrefs for electrons and holes. 

The external voltage applied to a transistor 
is the difference between the Fermi levels in 
the contact electrodes. The value of an 
imref on a side of the barrier layer of a junc- 
tion is different from the Fermi level in the 
electrode metal, which contacts to the region 
that is of majority for the imref under con- 
sideration, by the drop in the majority region. 
When we neglect the imref drops in the 
majority regions and equate the difference 
between the imrefs for electrons and holes 
on a side of the junction to the bias across 
the junction, we have to do with the so-called 
intrinsic transistor. Combining this fact with 
the solution of the continuity equation, which 
gives the current density as a function of the 
differences between the imrefs for electrons 
and holes on sides of barrier layers as men- 
tioned in the preceeding paragraph, the 
current voltage relation of the intrinsic tran- 
sistor is obtained. On the above bases Shockley 
developed the detailed theory of the junction 
transistor which is valid at low injection 
level. In solving the continuity equation in the 
minority region he assumed that carriers flow 
only by diffusion, which simplified the con- 
tinuity equation, and in expressing the carrier 
density on a side of a barrier layer in terms 
of the difference between imrefs, he made an 
assumption that the majority carrier density 
is not appreciably change by the minoritiy 
carrier injection, which simplified the bound- 
ary condition. Under these assumptions he 
obtained the first term in Taylor’s expansion 
of the transistor characteristics. 
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Rittner® and Webster pointed out the low 
level assumption is not valid in the base 
region in the usual operation of a transistor. 
Rittner®) extended Shockley’s theory by taking 
into account the electric field in solving the 
continuity equation in the base region, which 
was shown to be important at high level, and 
by using the boundary condition which applies 
up to the high level case. He obtained the 
boundary condition*, which gives the carrier 
density in terms of the “potential difference”** 
across the barrier layer, by using the “standard 
assumption of rectifier theory” and assigning 
to the majority carrier density the value 
different from the thermal equibrium one by 
the amount of injected minority carriers 
(conductivity modulation). 

The extension of the boundary condition is 
also possible along Shockley’s line, ie., in 
terms of imrefs. (Say B.C.I.) This is the other 
extension mentioned above and is different 
from Rittner’s which may be named as the 
boundary condition in terms of the electro- 
static potential. (Say B.C. II.) It was pointed 
out that the two B.C.’s give different emitter 
characteristics at high level». As will be 
shown later, the difference comes from the 
fact that, at high level, the “potential dif- 
ference” across the junction becomes different 
from the difference between imrefs for elec- 
trons and holes on a side of the barrier layer 
at a given injection level. The fact is that 
the choice of the intrinsic transistor is dif- 
ferent for two cases. In order to obtain 
the characteristics of a transistor as a whole, 
one must take into account the imref drops 
in the majority regions when B.C. I is used 
and the potential drops there when B. C. II 
is used. 

It is well known experimentally that 
the base resistance plays an important role 
both in dc and ac characteristics and is 
attached to the intrinsic transistor which is 
given by the theory. As far as dc character- 
istics are concerned, there is no experimental 
means to divide the applied voltage into the 
IR drop in the base spreading resistance and 


10), 11) 


* Private communication from E. S. Rittner, to 
whom the writer expresses his sincere thanks. 

** We shall call the deviation of the potential 
barrier height across the junction from its thermal 
equilibrium value as “potential difference ” across 
the junction for simplicity of terminology. 
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the effective part in biasing the junction. One 
can regard the imref drop or the potential 
drop in the base region equivalently as the 
IR drop in the base spreading resistance. We 
may use B.C.I or B.C. II with equal 
qualification in describing the dc character- 
istics of a transistor when the proper choice 
of the base resistance is made. It can be 
shown that the usual base spreading resistance 
which is obtained by integrating the resistivity 
of the material for given geometry’ should 
be used along with B. C. I and another term 
must be added to this when we deal with B. 
G, J 

In the ac operation, the base spreading 
resistance can be determined by the multi- 
frequency measurement of the small signal 
parameters!) From the fact that the 
difference between the “ potential difference ” 
across the junction and the difference between 
imrefs comes from the electrical neutrality 
condition, which is established in a very 
short time compared with the involved time 
interval’, it is conclnded that the IR drop, 
which is developed on the purely resistive 
base resistance, is the imref drop, not the 
potential drop and one must use B.C. I to 
compute the admittances in the equivalent 
circuit. 

In the followings §2 re-presents the deriva- 
tion of both B.C.’s and the difference be- 
tween them, and clarifies the origin of the 
difference. After it is shown in $3 that the 
both B.C.’s are equivalently used in des- 
cribing the dc operation of a transistor we 
shall explain in §4 the preferability of B. C. I 
to B.C. II in the ac operation. In the Appen- 
dix A, rewriting of Rittner’s calculation is 
made by using B.C.I and a numerical ex- 
ample is given for the transistor in Reference 
3). It will be assumed that the electrical 
neutrality condition is preserved expect in the 
barrier layer of the junction, as has usually 
been done®»!©, although this may introduce 
an over-correction as Swanson pointed out!®), 
We shall treat only the case of a p-n-p unit. 


§2. Extended Boundary Conditions in 
Terms of the Imrefs and of the 
Electrostatic Potential 


Shockley’s boundary condition can be ex- 
tended to the case of high injection level by 
taking into account the deviation of the ma- 
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jority carrier density from its thermal equili- 
brium value, which results from the electrical 
neutrality condition. 

Electron and hole densities, 2 and p, are 
expressed in terms of the imrefs for them, 
gm and ¢», and of the electrostatic potential, 
y, by 

n=mni exp [Qp—¢n)/kT] , (1) 
p=m exp [Qor—P/kT] , (2) 
where 7; is the electron density of the in- 


trinsic semiconductor. Upon inserting the 

formula for the electrical neutrality condition, 

p—pPy=n—N ) CS) 

where the subscript 0 means thermal equili- 

brium, into the prouduct of Eqs. (1) and (2), 

we obtain the relations between ¢»—%» and 
n or 2, 

(2 — N+ Po) =n? exp [G(Prn—Pn)/RT], (4) 

(D—Potm)b=n? exp [qGr—Pn)/RT] . (5) 

On the emitter side of the emitter junction the 


density of injected electrons is negligible®)»” 
compared to the hole density and Eq. (4) is 


Nni=(ni?/bao) EXP [G(Yr—Yn)mi/RT] 
=Nno EXP (GO n/kT) , (6) 
while on the base side of the emitter junction 


where the injection level is high?» Eq. (5) 
reads 


De pete) =n? exp [Q(Pr—Gn)xi/RT] , 


or 
(1 4 


Here the subscripts &, B and 1 imply the 
emitter, the base regions and the sides of the 
emitter junction, 0%,’ is the value of @»—@n 
on sides of the emitter junction and smaller 
than the bias applied to the emitter terminal, 
O¢n, by the imref drop for holes in the 
emitter region, O0%p»x, plus that for electrons 
in the base region, d¢nz, 


par 


Bo 


B 
Dan \ weDaaress, 
NBG WBo 


(qo? n’/kT] . (7) 


09 n = 00 n—OPnn—One : (8) 


Following the custom, 6¢»n in Eq. (8) will be 
neglected in the following discussion*. Equa- 
tion (7) is different from Shockley’s and shows 
that the hole injection into the base region 
becomes smaller than his as injection level 


* From the ac measurement on the alloy junc- 


tion transistor Giacoletto (Reference 10) pointed 
out the possible importance of 6gpn, but his dis- 
cussion seems to be short of consistency. 
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rises. On the other hand Eq. (6) is the low 
level formula. 

Rittner assumed that even while current 
flows the drop in carrier density across the 
junction is still given by a boltzmann factor 
involving the altered potential barrier, namely, 


Nn =Nw EXP [Q(Vn—)/kT] , (99) 
Da=pn exp [qVa—9)/kT] , (10) 
where ¢ is the thermal equilibrium 


height of the potential barrier across the 
emitter junction and Vy, is the “ potential 
difference” across it. This assumption is 
equivalent to the constancy of imrefs within 
the barrier layer as is easily seen from Eqs. 
(1) and (2). Paying attention to the con- 
ductivity modulation, he obtained 


No=Na(l+pr/ne) exp (qVa/kT), (11) 
pa=Px exp (QVa/kT) . (12) 


Vz is smaller than the bias voltage, 0¢x2, by 
the potential drop in the base region, dds, 


(13) 


In this case Eqs. (11) and (12) shows that 
the hole injection into the base region remains 
the same as at low level while the electron 
injection into the emitter region is increased 
compared with the low level one. The situa- 
tion is opposite to that given by Eqs. (6) and 
Ways 

The apparent difference stems from the 
difference between 0¢”° and Vw at a given 
injection level. When the injection level in 
the base region rises, Eq. (1) on the base side 
of the emitter junction is 


Vn=00n—O¢Gs ; 


Npi=Npot Par 
=m exp [q{0b+ (Y—Gn)0t/kT] 
=p exp (GOP/kT ) 


and the value of ¢—¢» there deviates from 
its thermal equilibrium value by the amount 
given by 

Of=(RkT/q) In (1+ pai/Mz0) - 


In Shockley’s low level theory the value of 
g—¢n was equal to its thermal equilibrium 
value because fz: was much smaller than 720. 
Since the value of ¢»—# on the emitter side 
of the emitter junction remains as it had 
been before the bias was applied, the “ poten- 
tial difference” across the emitter juntion is 
smaller than (¢p—¢n)m for a given injection 
level by the amount of d¢, 


(14) 


(15) 
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Fig. 1. Electrostatic potential-imref diagram from 


the emitter to the base terminals, only schema- 
tical. 


Vn=0¢n'—d¢ . (16) 
The potential drop in the base region is equal 
to the imref drop, 0¢nz, plus d¢, 

Opp=Og+ OP nz . ae) 
The situation is illustrated in Fig. 1, which 
shows schematically the behaviors of the 
imrefs and the electrostatic potential from 
the emitter to the base terminals*. As pre- 


* For the fast recombination type contact, in 
the bulk of semiconductor beneath which the 
carrier densities assume the values in thermal 
equilibrium, it is apparent that, at the base 
terminal, the imrefs for electrons and holes coincide 
and are positioned at the same level of energy 
with respect to the electrostatic potential as in 
thermal equilibrium. The diagram is correct 
even for the non-injection type contact under 
which the carrier densities may or may not be 
equal to thermal equilibrium ones but the imref 
gradient for minority carriers always vanishes, for 
in the heavily doped region between the bulk of 
semiconductor and metal, which is the feature of 
the contact of this type and supresses the minority 
carrier flow, the imrefs behave as in the region of 
semiconductor just under the former type contact. 
It should be noted that in Eq. (17) we are only 
concerned with the deviations from the thermal 
equilibrium values. As for the definition and the 
physical realization of the above mentioned types 
of contact to semiconductor, see W. C. Waltz: 
Bell Lab. Rec. 33 (1955) 260. By the way the 
possibility in the case of the fast recombination 
type contact that since the imref gradient for holes 
is favorable to the flowing-out hole current (see 
Eq. (22) for the relation between imref gradient 
and current density.) the hole current might con- 
tribute to the base current which has been and 
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Fig. 2. Semi-log plot of theoretical relations 
between current and voltage at the emitter 
junction. The scale of the abscissa is linear 
with voltage, its origin being dependent on the 
resistivity of the base material. 


viously pointed out», Eqs. (6) and (7) are 
obtained when Eq. (16) is inserted into Eqs. 
(11) and (12). 


§3. DC Operation 


In order to obtain the current voltage rela- 
tion of a junction transistor, we must solve 
the continuity equations in minority regions 
and express various currents as functions of 
the carrier densities on the sides of the emit- 
ter and the collector junctions. As the num- 
ber of injected holes into the base region 
becomes comparable to that of electrons in 
thermal equilibrium, the drift hole current 
by that electric field which sweeps electrons 
from collector to emitter against their un- 
favorable concentration gradient can not be 
neglected. This is because the drift current 
is directly propotional to the carrier density. 
It was shown*®)® that the hole flow across 
the emitter junction is doubled by the field 
compared with the value given by the low 
level formula. Rittner®) calculated the re- 
combination current, which gives the dif- 


will be considered to be made up only of the 
electron current is rejected on the following basis. 
We consider various sections through the base 
contact. gy» decreases in the base region from its 
emitter end to its collector end and really goes so 
further below g, at the collector end (Reference 5)) 
that the total hole current through the base terminal 
vanishes. In other words there exist a hole current 
from the base region adjacent to the emitter to the 
base terminal and at the same time a hole current 
from the base terminal to the collector end of the 
base region. This means only that more or less 
fraction of the holes which are injected through 
the emitter junction takes a long way near the 
base terminal. 
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ference between the hole currents across the 
emitter and the collector junctions, by the 
perturbation method. It is smaller than the 
low level formula gives since it becomes easier 
for holes to travel across the base region 
owing to the field and the chance for re- 
combination decreases. We can use Shockley’s 
solution in emitter and collector regions. 

By combining the expressions thus obtained 
with B. C.’s in §2, the emitter current, Ia, 
and the collector current, Jc, are expressed in 
terms of 0¢”’ and d¢c’ or Va and Vc. Here 
Ovo’ and Vo are given by Eqs. (8) and (13) 
with the subscript E exchanged with C. d¢c’ 
is equal to the value of @p—@n on sides 
of the collector junction since ¢n is nearly 
constant across the base region, while Vo is 
the “potential difference” across the collector 
junction subtracted by 6% since # changes 
by 6 across the base region as previously 
shown», When the collector is negatively 
biased by a few volts, d¢c’ and Vc are related 
to In and Ig only through the base width. 
This is Early effect. Reserving the detailed 
calculations for the Appendix A, we show in 
Fig. 2 the current voltage relation at the 
emitter junction which sensitively reflects the 
effect of the high level injection. Here the 
emitter current was approximated by its hole 
component. When B. C. II is used, the emit- 
ter current is twice as large as the low level 
theory gives at high level limit. This is due 
to the field in the base region. On the other 
hand B.C.I gives smaller emitter current 
than the low level theory does. This is be- 
cause the effect of the field is overshadowed 
by the decrease of hole injection. 

The apparent difference between the two 
schemes is reconciled by considereing the 
base spreading resistance. In analysing the 
measured relation between current and voltage 
at the emitter junction, the surplus voltage 
above the theoretical one for a given value 
of the emitter current is regarded as the IR 
drop in the base spreading resistance and the 
base resistance is obtained by dividing this 
surplus voltage by the observed base current™. 
Thus the base resistance obtained from the 
dc measurement is 


7pp= OP nz/Tz (18) 


when B. C. I is used and 
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Vaz =OzlIz 

=(0¢ngt O)/Ip (19) 
when B.C. II is used. In the latter case the 
base resistance is larger than that in the 
former case by 

VB BV O/T 4 (20) 
Fig. 3 shows the calculated values of 2-27 of 
the transistor in Reference 3) as a function 
of the emitter current. 7,72, is about 1800 
ohms at low level and decreases as the emit- 
ter current increases. A similar behavior was 
already discussed about the spreading re- 
sistance of the point contact rectifier 1. 
Any way two B.C.’s can describe the dc 
characteristic with equal qualification. 

Now we shall consider the meaning of the 
base resistance, 7gn’, given by Eq. (18). Ac- 
cording to Shockley» the imref gradient is 
associated with the current density by the 
same equation as that which relates the 
potential gradient with the current density in 
an ordinary conductor, 

Tn=—on grad Gn ; (21) 

Jn=—oOp gran Fy» , (22) 
where o» and opare the conductivities due to 
electrons and holes respectively. Hence razz’ 
is obtained from conductivity and geometry 
of the base region in the same way as a 
usual resistance is calculated. The base re- 
sistance which has appeared in the literature’” 
should be used along with B.C.I. It was 
pointed out® that the increase in do, due to 
the conductivity modulation at high injection 
level leads to a decrease in 7zz’. 


§4. AC Performance 


The behavior of a junction transistor at 
very low frequencies is described by the 
equations which are obtained by differentiating 
the dc formulae. Upon differentiating the 
expressions for the emitter and the collector 
currents with the emitter bias, 0?z, and the 
collector bias, 5¢c, and changing the indepen- 
dent variables into 6¢2’ and d¢c, we can 
easily find that the small signal low frequency 
equivalent circuit of a transistor becomes as 
shown Fig. 4, where symbols developed by 
Giacoletto' are used, and each element is 


Jeer? = O01 n (009 v ; (23) 
Jeovt =O n/O0Gc" , (24) 
Joert = 016/069 a’ ’ (25) 
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Fig. 3. Variation of the “intrinsic base resistance” 
with the emitter current for the transistor in 
Reference 3). 
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Fig. 4. Small signal equivalent circuit at very 
low frequencies. 

Jor? = O1c/00 Gc" ) (26) 

Too? =00¢n,/0Iz é (27) 


The derivative of a current, J, with respect 
to d¢n’ is rewritten as 


OTe, al Onn ol Ope (28) 
06Gn" Onn 00¢ n' Opa 00¢n'’ 
where 
One _ ann 
BoCn. (PEs (22) 
OP _ Dar ( 1 1 Pou te | (30) 
000 y' kT \14+2pn:/N20 


as are obtained from Eqs. (6) and Cie ihe 
factor with parentheses in Eq. (30) is a cor- 
rection due to the extended B. C. and varies 
from unity to one half as level rises. Deriva- 
tives with respect to 00’ are 


ol OL Ow 


eh, (31) 
* 000c' Ow 00%0 
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Fig. 5. Small signal equivalent circuit at medium 
frequencies. 


which shows Early effect. The deviation of 
the continuity equation from low level theory 
is reflected in the first factor of each term 
in Eq. (28) and of Eq. (81). When we regard 
the derivatives in Eqs. (23)-(26) as functions 
of the emitter current through the parameters, 
Nn, and Py, the third correction foctor comes 
in implicitly. For the emitter current at a 
given value of fz is almost doubled at high 
level limit. These three factors determine 
the variation of elements in the equivalent 
circuit with the emitter current. 

When B.C. II is used, similar discussions 
are valid with b’, 6¢n’, 6¢c’, and O@nz ex- 
changed with b’, Va, Vo and 6%nz,+6%. For 
example, the base spreading resistance, 7107, 
is 

Kovr =O(OP+ O¢nz)/OLp ’ (32) 
and the correction factor due to B. C. appears 
in the expression corresponding to Eq. (29) 
instead of in that to Eq. (30). 

At medium frequencies, it is a common 
practice to associate a capacitance with each 
element but the base spreading resistance, as 
shown in Fig. 5. These capacitances are 
obtained by solving the time-dependent con- 
tinuity equation which contains the effect of 
the electric field and inserting the extended 
boundary condition. But this orthodox method 
is not easily accessible. These capacitances 
are mainly due to the charge of holes stored 


in the base region, Q, and actually at low 
level there exist the relations!). 1% 


Coen + Coen? =0Q/008¢ n’ ’ 
Ceev + Cocn*—Cre=0Q/08G 0" ’ 


(33) 
(34) 
where Cr, is the collector junction capacitance. 
If these relations hold up to high level, some 


of the capacitances can be calculated from dc 
formulae, and fortunately it has been experi- 
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mentally ascertained’? that these two are 
sufficient to describe the characteristics at 
medium frequencies. 

In this frequency range it is apparent that 
the behavior of a transistor differs whether 
one uses B. C. I or B.C. II. As each element 
in the equivalent circuit can be directly 
measured by the multi-frequency method™, 
it becomes an important problem whether one 
should use B. C. I or B.C. II, or whether the 
base resistance is given by Eq. (27) or Eq. 
(32). It can be concluded that B.C. I is pre- 
ferable to B. C. II and 7». is really measured. 
We compare the transient after application 
of a small increment of the emitter current 
to the base-grounded transistor with the 
same process in the equivalent circuit with 
Or yn aS a base resistance. In the 
equivalent circuit of Fig. 5 the voltage which 
appears between the emitter and the base 
terminals immediately after the application 
of the step current is the IR drop in the base 
resistance, since there is a diffusion capaci- 
tance between the emitter and the internal 
base. On the other hand in the transistor 
the application of the step current means a 
constant-rate feeding of holes into the base 
region through the emitter junction*. At first 
the number of the injected holes is not 
appreciable. 0¢n’, Vz and 0¢, which are all 
in the same phase with pz;, do not increase 
immediately. Only electrons which are to 
neutralize the charge of these holes come 
into the case region through the base 
terminal. This entails an immediate in- 
crease in 6O¢ng according to Eq. (21)** and 
this is the very IR drop mentioned above. 
Threfore the base resistance is the derivative 
of the imref drop with respect to the base 
current. The important fact is that 6¢, which 
appears in Eq. (32), is in the same phase with 
the hole density in the base region and does 


Too’ 


* We speak only of the incremental part. 


O¢gnp May decrease gradually after this sudden 
increase in accordance with the gradual increase of 
holes in the base region owing to the resulting 
conductivity modulation, i.e., 00¢,z/0Ig may be 
inductive to some extent. But this inductance is 
negligible as the conductivity-modulated part is 
only a small fraction of the base region which con- 
tributes to the base spreading resistance, or more 
rigorously speaking, Oy,z is in the same phase 
with Jz as long as Arppe-Ip is small compared 
with 7g3-AIz, where Arg is the decrease in T BB’ 
when Jz increases by AZz. 


xk 
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not increase immediately. 

When we use B. C.I instead of B.C. II, 
those conductances and capacitances which 
were obtained by differentiating with Vz must 
be multiplied by 


(OVa — 14+DPni/Mn0 
0805/1420 m/ro0" =) 
Bi 

which varies from unity to one half as in- 
jection level rises. For the quantities which 
were the derivatives with respect to Vo, there 
is no need for change. The dimensionless 
quantities, such as injection efficiency and 
current amplification factor are independent 
of which B.C. is used, when considered as 
functions of the emitter current, because 
OGn’ or Va enters only as a parameter”. 


§5. Conclusion 


Under the assumption that the electrical neu- 
trality condition is preserved in homogeneous 
regions of a junction transistor, the following 
were shown: The boundary conditions in 
terms of the electrostatic potential and of the 
imrefs are equivalently used in describing dc 
and low frequency operations of the transistor 
with the appropriate choice of the base 
spreading resistance. But at higher fre- 
quencies we must use the latter boundary 
condition. When we use the latter in stead 
of the former, some of the conductances and 
capacitances as functions of the emitter cur- 
rent are multiplied with a correction factor 
which saturates to 1/2 at high level limit. 


Acknowledgement 


The writer expresses his sincere thanks to 
Mr. K. Akiyama and Mr. T. Kondo of these 
Laboratories for their deep interest in the pre- 
sent study. 


Appendix A 


In this Appendix, we shall calculate the 
characteristics of a junction transistor, using 
the boundary condition in terms of imrefs 
and following Rittner’s perturbation method??. 
After dc formulae are presented in [1], ac 
formulae will be derived from them and 
numerical values for the transistor in Refer- 
ence 3) will be given in [2]. The calculations 
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are based on various simplifying assumptions, 
but may serve as an aid to know the tendency 
of the variation of the junction transistor 
characteristics with the emitter current. 


[1] DC Formulae 


DC formulae are derived after the principle 
in §3. They are: 

Electron current through the emitter junc- 
tion, 


Ing ArgDated ee pep -1| (Al) 
Mrs Peo 


where A, is the cross section area of the 
emitter junction, D the diffusion constant, Z 
the diffusion length and P=ps;/2z0, which 
may be called an injection level parameter, 
is related to 0¢n’ by Eq. (7), or 
PU+P)=(P20/M20) exp (GOP a'/kT). (A 2) 
Hole current through the emitter junction, 


6A _ AzgDynz0 
Oe eae re 
w 


(2P—In(1+P)], (A 3) 
where Az is an effective cross section area 
of the base region! and is equal to Aw and 
Ac, the cross section area of the collector 
junction, in the grown-junction transistor; or 
if we define the emitter current parameter, 
Fhe BS 


Z=Inal[(AzqDyna/w) , (A 4) 


Z=2P—In(1+P). (A 5) 


Current due to the surface recombination 
in the base region of the grown-junction 
transistor, 


Isra= AsrgsnelP(P+1)/Z—1] , (A 6) 


where Ase is the area of the free surface of 
the base region and the surface recombination 
velocity, s, is assumed to be constant». 

Current due to the surface recombination 
in the base region of the alloy junction 
transistor, 


Tsra=saQSnnoF , (A 7) 


where Ass is the effective recombination 
area”. 
Current due to the volume recombination 


in the base region, 
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where the life time of holes, ty, was con- 
sidered to vary with injection level and after 
Shockley-Read-Hall theory2®»2) is expressed 
by 

1+7p/m 


Cp aC Omens tea , 


AS 
L-tpjn, (A 9) 


Typo being the low level lifetime and 7 a factor 
by which the lifetime decreases at high level 
limit. 

Saturation current through the collector 
junction, 


Inc= —AcqDnneo|Lnc : (A 10) 


Charge of holes stored in the base region, 
a= Azqunz|p(P+1)/Z—1] f (A 11) 


The terminal currents, i.e., the emitter, the 
collector and the base currents, are given by 
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Table I. Derivatives which appear in the expressions for the elements in the small 
signal equivalent circuit of a junction transistor. The last column is the high 
level limit of the ratio to the low level expression. 
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Fig. 6. Variation of factors which appear in 
derivatives of currents and charge with respect 
to dg’s and d¢g'c. 


La=Inat+Ina 
=Ipa , (A 12) 
Io= —Ipat+Iprt+Isr—Inc 
=—IpatIse , (A 13) 


Lg=—Unat+IvetIsre—Inc) 


=—InnsTerny 


(A 14) 
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where the flowing-in current was taken as of 
positive sign and the approximations are valid 
in a usual unit. Equation (A12) was already 
illustrated in Fig. 2. 


[2] AC Formulae 


Derivatives of important currents and the 
charge of holes in the base region, with re- 
spect to d¢n’ and 6%,’ are tabulated in Table 
I and factors, which are independent of the 
material constant and the geometry of the 
transistor and were equal to Z in the low 
level theory, are shown in Fig. 6 as function 
of Z which is nearly proportional to Jpz. 
From Table I and the transformation equa- 
tions which were worked out extensively by 
Giacoletto!® we can calculate the varia- 
tions of components in any equivalent circuit 
with the emitter current. As an example, 
we give the elements of the admittances in 
the common-emitter hybrid z equivalent cir- 
cuit?)»18) which is shown in Fig. 7, in Table 
Il. Here the numerical values are again for 
the transistor in Reference 3). As for other 
important quantities, the measure of the in- 
jection efficiency is* 


OIna OInn/00P n’ Unt pow 
elsOel ar 14+P 
Olvn OL n/O0P n’ ee 


and the alpha cut-off frequency, @zc, is 


which is shown in Fig. 8 as a function of Z. 
Note that these two quantities are independent 
of the kind of B. C., as mentioned previously. 


Appendix B 


In this Appendix we shall discuss the cur- 
rent through a p-” junction by taking into 
account the impedances of both the minority 
region and the barrier layer and with the 
density of injected minority carriers unknown, 
as Cutler did in a point contact rectifier®. It 
is found that the resulting expression for 
current is excellently approximated by that 
obtained under the assumption of constant 
imrefs within the barrier layer. In the latter 
half of the Appendix the imref drops in the 
barrier layer are estimated and it is shown 
that in the junction biased reveresely far 
more than a few tenth of a volt, the major 
part of the bias appears as an imref drop 
within the barrier layer, but with little effect 
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eQbc 


e 
Fig. 7. Common-emitter hybrid « equivalent 
circuit. 
Table II. Approximate expressions for the 


elements of the equivalent circuit shown in Fig. 
7. Numerical values are for the transistor in 
Reference 3) with the collector biased by 5 
volts, the collector junction being assumed to be 
of abrupt type for convenience sake. 


element | expression | numerical value 
In 0.87Z mA 
OIsre # «(aah tie 
aa [8.75 +P\1— a 
eJo’e or 
ae +1.17PL+P)|x 10-40 
7) 1B 12 
sae ae 1.8851 +P\(1- 7) x 10-2uF 
OTs re PQ +P) -1 
hes aa 2.68) = =1]x10-7 GU 
0 POR) es 
eCrre Crete 4.42-+5.90[7 “> pet ag ap 
ol 
sOoa aarti 1.04 Zx 10-5 & 
OIpn 
= "2 a3 a3 B07 
eIm aden’ (6) 


on the above conclusion. 
In the barrier layer, one must consider both 


the diffusion and the drift currents. The 
electron current is given by 
Jn=— nn aD + qDn us A (A 15) 
dx dz 


where the positive direction of the z-axis is 
from the p- to #-regions. Upon integrating 
Eq. (A 15) across the barrier layer, the cur- 
rent is expressed by 


nz exp (¥1—¥2)-—m= Jn is exp {¥,—¥ (x) }dx 
qDn Uy 
(A 16) 


as a function of the carrier densities on the 
both sides of the junction, where the subscripts 
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Fig. 8. Variation of the alpha cut-off frequency 
with emitter current. waco is its low level 
value. 


1 and 2 mean the negative and the positive 
sides of the junction, and ¥=q¢/kT. The 
solution in the p-region is» 
—Ny=(Jn/QDn)Ln , (A 17) 
where 7, is the thermal equilibrium electron 
density in the jp-region. Eliminating the 
unknown density of the injected electrons from 


Eqs. (A 16) and (A 17), one obtains the exact 
formula for the current, 


Ny exp (VY, —V»)—Ny 
=e a pes : v) 
= f p{¥,—¥(x)}dx), (A 18) 
QD n xy 
where 7% may deviate from 7x, the thermal 
equilibrium electron density in the #-region, 
owing to the hole injection into the 2-region. 
The second term in the right hand side of 
Eq. (A 18) is a measure of the distance over 
which ¥(a) does not deviates from ¥%j, since 
¥(x)>¥,. In the step junction where p- and 
n-regions have resistivities of the same order, 
therefore Y(x) deviates from ¥, appreciably 
within the p-region, 


le exp (Vi—V (0) }de=LnV Fe 
uf 


where Zpy is the Debye length for the 

acceptor density, Na, in the p-region, 
L?pp=kkT/8r7q@Nu , 

and Schottky’s exhaustion layer approxima- 

tion was made. In transistor materials, L, 


is several orders of magnitude greater than 
Ly and the second term in Eq. (A18) can be 


neglected compared with the first. The re- 
sulting formula is Eq. (17) with 
Mm=n, exp (¥,—¥,) , (A 19) 


which means the imref for electrons is con- 
stant within the barrier layer. Here one must 
be careful of the fact that, when the junc- 
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tion is biased highly negatively, the first term 
in the left side of Eq. (A18) becomes com- 
parable with the second term of the right 
side which is almost independent of bias, and 
Eq. (A 19) does not tell truth although com- 
bination of Eqs. (A17) and (A 19) is a good 
approximation. 

When the 2-region is thinner than Z, and 
its positive end has a hole density of 3, the 
solution in the m-region is 


P.—b3=(Jv/qDy)w , (A 20) 
where w is the thickness of the #-region, and 
the expression for the current is 


Proxy Va—-ps 
"i Ape (abet \exp (We) —¥:} de) - (A21) 
qD wy 
Again if wis much larger than the Debye 
length for the donors in the m-region, the 
current is given by Eq. (A 20) with 
po=p, exp (¥i—¥.) , (A 22) 
which shows the imref for holes is constant 
in the barrier layer. 
The imref drop in the barrier layer is 
estimated as follows. Integrating the expres- 
sion for current density 


Ae dPn 
Jn=—Qtenn Fs 
a —@qDnni exp (U —0,) oe ; 
dx 


where ®,=q¢n/kT, across the barrier layer 
and using Eq. (A 17), one obtains 

Ny ) 

jin ff 


exp (Oni — On2) a ik 
(A 23 a) 


=- ale exp W.—¥ @)}ae-(1— 
Ln vy 

When 1—(%,/%1)<1, which corresponds to the 
case of the positive and the small negative 
bias, |On1—@On2|<Lvy»/Zn and the imref drop 
is completely negligible. When ,/2,>1, the 
imref drop may become appreciable and we 
set 


2, =Ny EXP (6D + Dn2—On1) , (A 24) 


where 09=q(n—¥n2)RT and is negative in 
the present case. Then Eq. (A 23a) is 


Exp (Ons aa On1) 
=1+ [exper —Y¥ (x) }dz-exp(—d0) 
nm jy 


(A 23 b) 
This shows that if the reverse bias, |d0|, 
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exceed In(Zn/Zpy»), which is of the order of 
ten, it is Dn.—On1~—6d0, or the major part of 
the bias appears as the imref drop within 
the barrier layer». The imref is constant 
between 2, and the point where 
Y1—V¥(x)—d0=0 , 
or Ox) goes below ¥, by the thermal equili- 
brium value of ¥,—¥%,, and it decreases by 
the amount almost equal to d@ within the 
rest of the barrier layer. 

Finally we shall check the constancy of the 
imref for holes within the emitter junction 
at high injection level. This is almost self- 
evident since the impedance of the base 
region is decreased only by a factor two at 
high level limit. If we insert Eq. (A 4) into 
the equation for holes corresponding to Eq. 
(A 23 a) 


exp (Dp1—Dp2)—1 


eV, fe exp {¥(a)—Y a} dz , (A 25) 
wv 


Pw 


which shows that Op1—@ yp. is only doubled at 
high level. 
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On the Electron Diffraction Patterns from the Oriented Silver Films 
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(Received September 20, 1955) 


Rotation patterns of electron diffraction from oriented silver films 
prepared by condensation in vacuo onto heated NaCl crystal surface, 
were obtained by rotating the films about the [100] axis lying in the 
films. The intensity distribution along the hyperbolae appearing in the 
patterns was measured. The observed intensity was in good agreement 
with the intensity calculated on the assumption that the silver film is 
composed of parts of the parallel-growth structures, the twin structures, 
and the structures having defects proposed by Géttsche (Z. Phys. 134 


(1953) 517). 


It was found by electronmicroscopy that the twin structures 


occur here and there on a submicroscopic scale, but the displacement of 
diffraction spots due to the twin faults was nat detected. 


§1. Introduction 


It has long been known since the experi- 
mental works of Lassen”, Lassen and Britck” 
that thin silver films prepared by evaporation 
in vacuo on rocksalt cleavage faces kept at 
temperatures above 150°C have a definite 
oriented structure with crystallographic axes 
parallel to those of rock-salt substrate. The 
diffraction pattern contains abnormal spots 
corresponding to the intersections of the sphere 
of reflection with the body-diagonals of the 
body-centred reciprocal lattice. The abnormal 
spots become strong at the points dividing the 
reciprocal lattice period along body diagonals 
into six equal parts. While some of these 
points can be attributed to the reciprocal 
lattice points of the {111} twin lattices, the 
others can not. Here we shall call the diffrac- 
tion spots corresponding to the formers the 
twin spots, and those corresponding to the 
latters the 1/6 spots. 

In addition to works by electron diffraction 
method», studies on evaporated silver films 
were also made by other methods. Miwa and 
Annaka*), for example, observed by the x-ray 
method abnormal patterns similar to those 
mentioned above from oriented silver films. 
Recently Ogawa, Watanabe and Fujita” 
observed in electronmicrographs of evaporated 
films linear stripes running parallel to the 
<110>-axes lying in the plane of the films and 
they attributed the stripes to the twin lat- 
tices. 

Although the abnormal diffraction patterns 
of silver film were studied by many workers 


cited above, so far the geometry of the pat- 
terns has been mainly studied. In the present 
study we have made the intensity measurement 
on the rotation photograph of oriented silver 
film. The observed result was compared with 
calculated intensities, by assuming that the 
silver film was composed of the parallel-growth 
structures, the twin structures, and the struc- 
tures having defects (as shown in Fig. 9). 


§2. Experimental Procedures and Results 


Silver metal was evaporated in vacuo onto 
freshly cleaved faces of NaCl crystals heated 
at about 300°C. The structure of the silver 
depends more or less on the thickness and 
the degree of vacuum during evaporation®. 
In the present experiment films of about 300 
A thick prepared at about 1x10-* mmHg pres- 
sure were used. They were well oriented and 
fairly strong mechanically. Each silver film 
isolated from the NaCl substrate in water was 
mounted on an aluminium sheet of 0.1mm 
thick perforated with a hole of 0.3mm in 
diameter. The aluminium sheet was electro- 
polished beforehand so as to be able to catch 
the films flatly. The sample thus prepared 
was mounted on a sample holder in such a 
way that the center of the hole covered with 
the silver film is passed by the two rotation 
axes of the holder. Then, by means of one 
of the rotation axes, the [100] axis contained 
in the film plane was adjusted to coincide 
with the other rotation axis. The adjust- 
ment was confirmed by observing that two 
equivalent electron diffraction spots, e.g. (131) 
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and (131), appear at the same point on the 
fluorescent screen when the film was rotated 
about the [100] axis. 

The electron diffraction apparatus was a 
modified electron-microscope supplied with 
highly stable accelerating potential and elec- 
tron beam current. The accelerating potential 
of about 50,000 volts was applied throughout 
the experiment. The electron beam was made 
parallel only by passing through two small 
slits of 0.05 mm in diameter and no focussing 
coil was employed. 

The sample was rotated through nearly 90° 
about the [100] axis during exposure with 
uniform angular velocity of one revolution 
per 2? minutes. The electron beam was 
normal to the axis of rotation. An example 
of the diffraction patterns thus obtained is re- 
produced in Fig. 1, the indexing of the pattern 
being shown in Fig. 2. There are found series 
of hyperbolic curves, on which the abnormal 
spots having fractional indices lie between 
the normal ones. 

In order to obtain true scattering intensities 
against the general background along the 
hyperbolic curves, photographic densities were 
measured along the path as shown in Fig. 3. 
The plate was moved up and down with uni- 
form speed relative to the light beam of a 
microphotometer, i.e. from @ to 6b in the 
direction parallel to y-axis and from ¢ to din 
the inverse direction, and then from e tof in 
the same direction as from a@ to J, and so on. 
ab, cd and ef --- are separated by 1/10 mm from 
each other. The microphotometer curves thus 
obtained are shown in Fig. 4, where (a), (b) 
and (c) correspond to the diffraction patterns 
with decreasing exposure. X,Y and Z indi- 
cate the peaks of 1/6, twin and (020) spots 
respectively. From these curves the photo- 
graphic densities along the hyperbolic curves 
were read and plotted against x-coordinate. 
The photographic density curves thus deter- 
mined were transformed to intensity distribu- 
tion curves by the use of the intensity vs. 
density curve. The latter was obtained by 
measuring the relation between the photo- 
graphic density and the time of exposure for 
several definite Debye-Scherrer rings in the 
electron diffraction pattern of tin (Sn) film. 
In order to see the experimental error of the 
intensity distribution curve, the ratios of 
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Fig. 1. Electron diffraction pattern from silver 
film rotated about the [100]-axis during exposure 
to the electron beam normal to the axis of 
rotation. 
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Fig. 2. 


Indexing of Fig. 1. 


( 020) 


twin spot 


bo c 
Ye spot 


G 
(Itt) 
Fig. 3. Illustration of the path traced in the 
microphotometry of the intensity distribution 
along a hyperbola. 


intensities obtained from corresponding points 
in Fig. 4(b) and (c) have been evaluated and 


are plotted against «-coordinate in Fig. 5. 
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Microphotometer curves along the paths as illustrated in Fig. 3. Xe eandsZ 
indicate the peaks of 1/6, twin and normal spots respectively. 


(a), (b) and (c) 


correspond to the diffraction patterns of decreasing exposure. 


OF= 2. 


Bigtao: 


The ratio is roughly constant, indicating that 
the error is less than 10%. 

The intensity of a spot recorded in the 
rotation photograph must be corrected for the 
geometrical factor? cos 6/Vcos?¢—sin? 6 , 
where @ is the Bragg angle, and ¢¥ is the 
angle between the axis of rotation and the 
reflection plane. The corrected intensity is 
shown by the thick full line in Fig. 6. 

It is easily proved that the intensity distri- 
bution along the hyperbola plotted against z- 
coordinate (in Fig. 6) indicates directly the 
intensity distribution along the corresponding 
{11l}-rod of reciprocal lattice. The nor- 
mal spot is the strongest and sharp. The 1/6 
spot is weak and broad. The intensity of the 
streak between the (020) spot and the twin 
spot is found to be about twice as strong as 


aw & NO We ler ie 
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Ratio of intensities obtained from corresponding points in Fig. 4 (b) and (c). 


that between the twin spot and the 1/6 spot. 
While, the intensity of the streak between the 


(111) spot and the 1/6 spot was found to be 
almost equal to that between the twin spot 
and the 1/6 spot. Similar relations were con- 
firmed to hold for other streaks in the dif- 
fraction pattern. 

Fig. 7 is the defocussed electron diffraction 
pattern of the oriented silver film. The 
figure shows that the normal diffraction pat- 
terns have almost continuous intensity distri- 
butions, while the twin patterns are rather 
spotty. 


§3. Theoretical Interpretations 


For convenient sake of theoretical treatment, 
let us take hexagonal axes in place of cubic 
ones in expressing the face-centred cubic 
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A3=2hhs-> 


Fig. 6. 


lattice of silver. 
former, chosen parallel to the [111] axis of 
the latter, 
length of the [111] axis. 


the second axis a: are taken parallel to [011] 


and [101] respectively both with the unit 
length one-half of the unit length of [011]. 
Hereafter Miller indices referred to the hexa- 
gonal axes will be expressed by (ihe, hz) and 
those referred to the cubic axes by (kieks). 
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Fig. 7. Defocussed diffraction pattern from an 


For example, the normal spots (020) and Tidy: 
in Fig. 3, are expressed by (10, 2/3) and 


(10, 1/3) respectively when referred to the hex- 
agonal axes, and the twin spot lying between 


them is (10, 1/3) when referred to the same 
axes. The 1/6 spot in the same figure cor- 


responds to (10, 0). All points on this hyper- 
bola satisfy the condition 1/3 (hf, — h,)= an 
integer+1/3. 

We assume that the silver film is composed 
of the parallel-growth structures, the twin 
structures, and the structures having defects 
(as shown in Fig. 9). Then the diffraction 
pattern from the film can be thought of as 
superposition of the diffraction patterns due 


oriented silver film. 


to the three structures, because these struc- 
tures are considered as taking place at random 
over the entire film. 

a) First we shall study the diffraction due 
to the parallel-growth and the twin structures. 
Fig. 7 indicates that the twin structures 
actually occur here and there over the entire 
film. The twinning on the {111}-planes can 
be considered as a stacking fault of the {111}- 
The diffraction from layer lattice 
having random stacking faults has been 
theoretically discussed in detail by many 
workers”, The growth fault, in which the 


layers. 
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Fig. 8. Intensity distribution along the body-diagonal of reciprocal cubic lattice point 
row satisfying 1/3(h,—/») =an integer +1/3, calculated by assuming the irregular 
stacking-sequence of {111} layers. Ordinate represents the intensity in arbitrary 
unit and abscissa represents A3(=2rhs3) over 0 to x. « and # are defined as follows: 
the probability that the three layers stacking in hexagonal order are followed by 
a layer in hexagonal (or cubic) manner is 1—a(or «) and the probability that the 
three layers stacking in cubic order are followed by a layer in hexagonal (or cubic) 
manner is 1—8(or B). 
ABCABC----- and the ACBACB----- stacking and the streaks along the hyperbolae. 


sequences occur equivalently to each other, is 
not the case, because the observed diffraction 
pattern (Fig. 6) is unsymmetrical across 2zh3 
Kakinoki, Komura and Hijiya® derived 
the expression of the diffraction intensity from 
the disordered cubic type crystal, assuming 
that the probability 7 of the fault from 
ABCABC----- to ACBACB----- is different from 
that 7’ of the reverse fault, from ACBACB----- 
to ABCABC-----. According to their result for 
reflections satisfying the condition 1/3(h,—hz) 
=integer+1/3, the positions of intensity 
maxima are displaced from the normal 
positions by a certain amount depending upon 
the probability of stacking fault. However, 
in the observed intensity distribution curve 
(Fig. 6) the displacement of the positions of 
maxima was not found out. Thus it is con- 
cluded within the limit of our experimental 
precision that the probability of the stacking 
fault 7 is less than 0.03 in our oriented films. 

b) Next we shall interprete the 1/6 spots 


=T7. 


Cochrane’ ascribed the streaks to shifts of 
atoms in the stacking layer and Menzer!» 
ascribed it to an aperiodic lattice disturbance 
arising from the slight difference of the as- 
spacing between cubic and hexagonal close 
packed arrangements. However, neither of 
these faults can explain the experimental fact 
that the streak is stronger in the region be- 
tween the normal spot and the twin spot than 
in the region between the twin spot and the 
1/6 spot or between the 1/6 spot and the 
normal spot. 

The effect of the stacking faults mentioned 
in a) also gives streaks along the body-diago- 
nals of reciprocal cubic lattice points satisfying 
1/3(h1—hz)=integer+1/3. The expression for 
the streak intensity gives some peaks when 
correlation between neighbouring layers is 
present. When the correlation range is as- 
sumed to be three layers, the intensity 
distribution along the body-diagonals can be 
expressed graphically as shown in Fig. 8. It 
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is seen from this figure that when the inten- 
sity distribution curve has a peak at A;= 
2h3=0, it always has another stronger one at 
A;=2xh;=z. However, it is not actually the 
case in the observed intensity distribution. 

Menzer'» has pointed out that periodical 
defects are formed in a boundary region where 
two components of a twin crystal meet together 
as shown in Fig. 9. It is seen from the figure 
that, while layer A is closely packed with 
atoms, other two layers B and C contain 
defects, and consequently the lattice has 
periodicity three times as large as the normal 
period along the a; axis. Menzer ascribed the 
1/6 spot to these periodical defects. However, 
Fig. 9 illustrates only an ideal case. If stack- 
ing sequences of A,B and C are irregular, 
the defects having other periodicities or non- 
periodicity will also appear. Gottsche!2 
attributed the streak to this kind of non-peri- 
odical defects. Although in order to treat the 
diffraction intensity due to these kinds of 
structure, the lateral extension of the layers 
must be taken into account, Gottsche gave no 
further idea of it. 

In the following consideration, we assume 
that atoms in a portion surrounding one or 
more of the defects are slightly displaced 
toward the defects, so that this portion is in- 
coherent with remaining parts of the film. 
We call this portion the domain having defects*. 
Since the lateral extension of the domains of 
the parallel-growth and of the twin structures 
is said to be of the order of 1000 A, the 
extension of the domain containing only a 
single defect may be smaller than this length. 
Then, such a domain can not contribute to 
the diffraction intensity appreciably. How- 
ever if defects are clustered closely as shown 
in Fig. 10, the domain becomes large and 
will contribute to appreciable intensity. Let 
us derive the expression for the intensity due 
to this kind of assumed structure. 

The diffraction intensity for a layer lattice 
is generally given by!” 

Tl=R. ners (N3— | 9723 |) S39 *j,+m exp (tm3As3), 
m3=—-(N 3-1) 
where 
_sin?3N,A,  sin?3N,A>, 
~~ gin?3A, —sin?4.A, 
and Ay, denotes 2z(a,-k—k)) or 2zhy, where 
ky and k represent the wave vectors of the 
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Fig. 9. Supposed structure of the evaporated 
silver film having periodical defects in the 


[L—. 


Fig. 10. Schematic illustration of the domains of 
the parallel-growth or twin structure (the lower 
white rectangle) and the structure having some 
defects (the upper hatched rectangle). 


incident and the diffracted rays respectively 
and v=1,2,3. The value of R is large only 
when both #; and hk, are integers. N,, No and 
Nz are the numbers of translation along a,, 
ad; and a3 axes respectively, and S;, and S;,* 
represent the structure factor of j3th layer 
and its complex conjugate respectively; 
——represents the average. When the correla- 
tion between neighbouring layers is absent, 
the formula is reduced to!” 
ae ee in21 
T=R| NsTS)*—|S))+1Sal? Soya, | 
Cy) 
Let us consider at first the structure as shown 
in Fig. 9. Each layer of this structure is 
composed of two layers which we shall denote 


by 


* Jt is doubtful whether there are such clear- 
cut domains of distorted structure. Our idea is 
analogous to that in the theory of the mosaic 
structure of crystal, 
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Then, this structure is expressed as follows: 


ABCABGABC+«+ ++ 
ACBACBACB* ++ 


As the layer adjacent to layer A is alw 


ays B 
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or C in this case, each three layers re can 
be treated as unit layer in evaluating the 
intensity formula (1). Since we can take the 
extension of B and C layers to be equal, the 
structure factor of the unit layer for hy, he 
=integer is given by* 


Sj= E+3E | exp le —hy )+exp Qn ( Thths —hy) 


+exp 2x7 ( i 


where E and E’ denote the structure factors 


A B 


of an A layer and a C 


layer respectively. 


These layers is considered to contain distor- 
tions due to defects, therefore E and E’ are 
both different from the normal atomic scat- 
tering factor.**. E is always larger than F’, 


B 


because the C layer has defects and heavier 


distortion than the a layer. 

=an integer+1/3 equation (2) is reduced to 
S;,=E—E’ cos A; . 

Therefore the diffraction intensity is given by 


For 1/3 (i — hy) 


in23NV,A 
T=RE-E cos A 3 
( cate sin?3(3A3) ’ 3.) 


which gives sharp maxima at 3A;=6zh,;=27 
xinteger, or h3=1/3 xinteger with the inten- 
sity proportional to the factor (H—E’ cos As3). 

If in the sequences of stacking layers of 


F CAB ACB CBA 
the distorted structure BAC ’ BCA and ABC 


are mixed at random with equal probability 
and no correlation is present among them, we 
have for 1/3(t,—h,.)=integer+1/3 
|S),|?={1/3(E—E’ cos As) 
x [1+exp (272/3)+ exp (—2772/3)|}?=0 , 
and 
| Sj, |?=(E—E’ cos Az)? . 


Then, the intensity formula (1) becomes 
[=Ry(E-E cos A3)? . (4) 


This formula gives the streak along the body- 


3 


+hys ) +exp 2x eee Ns +he )| 


=E+2B'cos} 2n(™ 3") bcos As , 


(2) 


diagonal of the reciprocal cubic lattice. 

So far we have treated only the structure 
having periodicity three times as large as the 
normal spacing along a3 axis. We shall call 
this structure three-layer type. The structures 
having other periodicities or non-periodicity 
will be treated in the same way. We can 
show that, on the reciprocal lattice point row 
satisfying 1/3 (i,—h,) = an integer+1/3 these 
structures give the sharp maxima correspond- 
7 v 2 sin?2V; As 
ing to Ilo(H—E’ cos As) “sinpA, 
p is an integer determining the periodicity, and 
the streak corresponding to Ioc(E — E” cos As)’, 
neglecting small constant term. 

The 1/6 spot and the streak in Fig. 6, 
therefore, can be interpreted by the defects 
of three-layer type or non-periodical type. 
The fact that the scattering intensity between 
the normal and the twin spots is about twice 
stronger than the intensity between the twin 
and the 1/6 spots can be explained by assuming 
an appropriate value for E’ in equation Ice 
(E — E’ cos A;)?... The intensity distribution 
calculated for E’ =0.25E is shown by the 


where 


* The general expression for the case where hy 
and hy are not both integers is not simple. How- 
ever we are interested in the expression only for 
hi, hy=integers. 

** Supposing that the number of defects is one 
per N atoms of a perfect layer and the position 
of the atom in each unit cell of the distorted layer 
is simply expressed by (1/3-—é, 2/3+€) or (2/3+-6, 
1/3—€), H’ becomes 

N-1 Ecos {2x (1/3 —e)(hi —hz)t 5 

N cos {2n/3 (hi — he)} : 

Bae Hy is the structure factor for a non-distorted 
ayer. 
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dashed line in Fig. 6. It is normalized at 
2xhs=n So as to coincide with the observed 
intensity. 

On the hyperbolae where the condition 
1/3(21—h,)=an enteger is satisfied, for example 


the hyperbola passing through (220) and (311), 
no twin spots are expected to appear. How- 
ever, the scattering maxima due to the 
structure of three-layer type (simple or com- 
pound) are expected to occur from equation 
(1). By the help of (2) we obtain 


I= R(E+2E’ cos A, SVEN 
sin?3(3.A3) 
This equation gives two weak maxima of 
equal intensity at the points #3=1/3 and VARS 
corresponding to the positions of the 1/6 spots. 
The observed intensities of the two maxima, 
however, are neither equal nor weak. This 
discrepancy can be explained by the multiple 
reflection effect of electron beam. When the 
(200)-reflection is diffracted again through the 
same crystal, the new hyperbolae are super- 
posed on the hyperbolae due to the primary 
beam. The new hyperbola passing through 


(220) and (311) corresponds to the hyperbola 
which is due to the primary beam and passes 


through (020) and (111). As the intensities of 
the abnormal spots on the new hyperbola are 
strong, the diffraction intensities along the 
hyperbola passing through (220) and (311) can 
possess features similar to those on the 
hyperbola passing through (020) and (111). 

In the above discussion, to explain the result 
given by Fig. 6, EZ” is assumed to be about 0.25 
FE. This value is apparently too small. How- 
ever, since the evaporated silver film have 
developed from independent nuclei, the ex- 
tension of layers will be often very small, 
leaving a great many vacant sites. Then the 
effect of defects mentioned above increases 
and as the result the value of E’/E becomes 
small. When, moreover, the sideway displace- 
ments of atoms surrounding the defects are 
taken into account as mentioned before, the 
value of £’/E becomes very much smaller. 

c) The shapes of the normal and the twin 
peaks obtained by substracting the intensity 
due to the structures having defects as con- 
sidered above are found to be symmetric. 
This fact supports the above interpretation 
for the diffraction pattern. The twin peak is 
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broader than the normal peak, indicating that 
the dimension of the twin structure along the 
<111>-direction is smaller than that of parallel- 
growth structure. 
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Anomalous Enhancement of X-ray Reflection Intensity 
at the Boundary of Ground and Etched Regions on 


Crystal Surface 
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The anomalous effect reported by Fukushima (E. Fukushima; Acta 
Cryst. 459 (1954) 7), t.e. a large enhancement of X-ray reflection intensity 
at the boundary of etched and ground regions in quartz crystal slab, is 
studied by a double crystal spectrometer. The difference can not be 
found in line width of reflection curves at the ground region and at the 
boundary region. Lattice bending is not detected at the boundary. It is 
not larger than 10’’, if it exists. The anomalous enhancement is erased 
by etching the crystal surface for several seconds. This anomalous effect 
can be observed also in NaClO; crystal and calcite but the enhancement 
is very small in the latter crystal. It is concluded that the anomalous 
enhancement is due to a reduction of primary extinction caused by elastic 


distortion accumulated at the boundary region. 


§1. Introduction 


It has long been known” that the reflected 
intensity of X-rays from crystals is greatly 
changed by surface treatments. Investigations 
on this subject have given us many valuable 
informations about the actions of surface 
treatments on crystal texture. When surfaces 
of highly perfect crystal are ground or poli- 
shed, the integrated reflection intensity of X- 
rays increases enormously. When such surfaces 
are etched by a suitable method the reflection 
intensity decreases to the initial value. This 
variability of intensity can be explained by 
the extinction effect which is very sensitive 
to the degree of perfectness of crystals. Dar- 
win” classified the extinction effect into two, 
z.€. primary and secondary extinction, although 
such a classification is not always distinctive 
in real crystals. 

Recently, Fukushima*® found in quartz plates 
that the reflected intensity at the boundary 
between the etched and ground region was 
enormously larger than that at the ground 
region. He used Z-cut plate having the 
boundary line parallel to the Y-plane. He 
showed that: 

(i) The large enhancement can be observed 
only for low order reflections. 

(ii) No enhancement can be observed for 
the reflections from the net plane perpendicular 
to the boundary and from that parallel to the 


crystal surface. 

To explain these results, Fukushima assumed 
that there exists a zone containing large 
strain gradient in the direction parallel to the 
crystal surface and perpendicular to the 
boundary. 

The result (i) suggests that this phenome- 
non is intimately related to the reduction of 
extinction effect as the result of lattice dis- 
tortions at the boundary region. In his ex- 
periment, however, the nature of the distortion 
was not made clear since the observations 
were carried out by a single crystal spectro- 
meter. To clarify this point the present 
author studied reflection curves of X-rays 
from quartz, sodium chlorate crystal and 
calcite in detail by a double crystal spectro- 
meter. Studies on these crystals may be 
interesting because it has been revealed by 
Sakisaka® that quartz and sodium chlorate 
crystal belong to the same class of texture 
while calcite to a different class. 


§2. Experimental Procedures 


(a) Preparation of specimens 
(i) Quartz 

Specimen plates were prepared from Brazil- 
lian quartz which had no twin, no colour and no 
the other optical faults. The plates were 
ground manually with 600 mesh alundum on 
a glass plate. After grinding they were 
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washed with water and dried. Next, a half 
of one surface of each plate was covered with 
paraffin and it was immersed into 48% hydro- 
fluoric acid. After etching for about 30 min., 
the paraffin was removed from the plates by 
melting it in hot water. As the results of 
these treatments the boundary was produced 
between the etched and ground surface. 
(ii) NaClO3 crystal 

NaClO; single crystals were obtained from 
aqueous solution by the evaporation method 
in a thermostat. {100}-plates were prepared 
from them by polishing with very fine emery 
paper. The boundary was made by the simi- 
lar procedure as in quartz. In this case the 
crystal surface was covered with organic film 
and etched with pure methyl alcohol. 
(iii) Calcite 

The plates were prepared from Iceland spar. 
They were cleaved and polished by very fine 


emery paper. Etching was carried out in 2% 
HCl solution. 


(b) X-ray measurements 


Mo Ka was used throughout all the 
experiments. The experiments on quartz and 
NaClO; crystal were carried out by means of 
a double crystal spectrometer. Incident X- 
rays were monochromatized by calcite which 
is set in an approximate (1,—1) position to the 
specimen. The separation of MKa-doublet 
and the width of each line were about 0.15 
mm and 0.10mm respectively at the place of 
specimen. The height of collimating slits was 
8mm. The primary intensity of the mono- 
chromatized X-rays was measured by an 
ionization chamber and a string electrometer. 
The X-rays reflected by specimens were 
measured by a G.M. counter and an electronic 
scaler. 

The measurements on calcite were carried 
out by a single crystal spectrometer. In this 
case the width of primary beam was about 
0.10mm at the place of specimen. The 
intensity of reflected X-rays was measured by 
a G.M. counter. 

The geometrical arrangement of specimen 
relative to incident X-rays was similar to that 
reported by Fukushima». Specimen mounted 
on a crystal holder was moved horizontally 
in an increment of 0.2-0.05mm. The holder 
was placed on the crystal table of spectro- 
meter with a vertical rotation axis. The 
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angles of rotation were read to 5” in the 
double crystal spectrometer and to 30” in the 
single crystal spectrometer. 

The reflection curve was obtained at each 
horizontal position of crystal. For every 
specimen the peak values of reflection curves 
were plotted against the horizontal positions 
of crystal. This curve will be called the p-z 
curve in the present paper. 


(c) The angular position of the crystal 


holder relative to the incident beam. 


To determine whether bending of the lattice 
takes place at the boundary or not, we must 
know the angular position of crystal relative 
to the incident beam, when the orientation of 
crystals satisfies the Bragg condition exactly. 
This was determined by a combination of the 
double crystal spectrometer and an optical 
system of mirror and telescope (cathetometer) 
as shown in Fig. 3(a). A mirror MM’ was 
mounted on the crystal holder H in parallel 
with the crystal surface SS’. An oblique 
cross drawn on a paper PP’ was placed at 
the cathetometer and distance / between 
the two cross points A and B of a vertical 
wire with the mirror image of oblique cross 
was read by atelescope. Then rotation angle 
of the mirror 40 is given by variation of the 
vertical distance 4/ as 
cot g 
OF Al 
where Z is the distance of the mirror and the 
telescope, and ¢ is the angle between the two 
crossed lines. Since it is possible to take Z, 
4I and v as1m, 0.05 mm and 70° respectively, 
the minimum detectable angle is estimated to 
be approximately 2.5’. However, reproducible 
accuracy was in an order of 10”, probably 
due to waving of the mirror surface. 


40= 


§ 3. Experimental Results 
(a) Quartz 
(i) p-« curves and reflection curves 


Preliminary experiments were carried out 
for several plates. Among these plates a Y- 
cut plate was studied especially in detail. 
The boundary was made along the z-axis and 
the observations were carried out on the re- 
flection from X-plane which was perpendicular 
to the crystal surface. 

Fig. 1 shows the p-a curve of this specimen. 


750 
40 
Hho 
205 


Fig. 1. Peak values of reflection curve against 
horizontal positions of quartz plate (p-x curve). 
G, B and & correspond to the ground region, 
the boundary region and the etched region 
respectively. b represents the width of the 
incident X-rays 


1% | 

A 100 

A 1 | 90 
a)and (b) Quartz (Y-cut) (c) 

100 80 


X-Plane 


Fig. 2. The reflection curves of quartz plate. 
(a), (b) and (c) correspond to the etched and 
ground region and the boundary respectively. 


Some of the reflection curves of this plate are 
shown in Fig. 2. The curves (a), (b) and (c) 
correspond to the etched region, the ground 
region and the boundary region respectively. 
The two peaks in each curve correspond to 
the Ka-doublet. The width at half value and 
the integrated intensity of the individual curve 
were obtained graphically assuming that it can 
be expressed by Hoyt’s formula® of the same 
half width. The results are given in Table I. 

In the other specimens, which were proved 
to be more imperfect by inspecting their 
reflection curves, the p-z curves were not so 
different from the above results. 
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NS 
eZ 


UZZZ 29 ape 
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X-rays 
7 
Spectrometer} 
Image Field 
of Telescope 
(a) 


(b) 


Fig. 3 (a). Schematic diaphragm of a combina- 
tion of the double crystal spectrometer and an 
optical system of mirror and telescope (catheto- 
meter). 

C: Crystal table of spectrometer. 
holder. SS’: Crystal of specimen. MM’: 
Mirror. T: Telescope. PP’: Paper on which 
two crossed lines are drawn. 

In the image field of the telescope, the full lines 
show the oblique cross and the dotted lines the 
cross wire of the telescope. 

AB=l: The vertical distance between the image 
of the two crossed lines. 

Fig. 3 (b). Angular position (6) of crystal at 
which Bragg relation is satisfied strictly. 
Ordinate, 2, is explained in the legend of Fig.. 
3 (a). @ was obtained from J in terms of 
calibrated scale. Abscissa shows _ horizontal 
positions. These curves were obtained under 
the different conditions of attachment of the 
mirror. 


H: Crystal 


(ii) Bending of lattice at the boundary 


If crystal lattice bends at the boundary,* 
the crystal must be rotated by the angle of 
the bending in order to satisfy the Bragg con- 
dition. Therefore, the angular position of the 
crystal holder relative to the incident beam 
was measured by the method described in § 2 
(c). The experimental results are shown in 
Fig. 3(b). The ordinate shows the angles of 
rotation at which the reflection curve attains 
its peak value and the abscissa, the horizontal 
positions of the crystal. Letters G, B and E 


* Similar situations are expected when eee 
lattice is expanded or compressed. 
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Table I. 


Intensity Line width 


en | BAA Wee loGetl daw pla 


Quartz | 21.0 | 36.0 /18.3 | 21.5""| 18.6’ | 19.7!" 
NaClO; | 23.7 | 35.8 ee 337 eee" 
Gaicite 260427 13 


The integrated intensity of reflection and the 
line width at half value of reflection curve for 
various substances. 


show the ground region, the boundary region, 
and the etched region respectively. These 
results indicate that the bending of the crystal 
lattice is not larger than about 10”. 


(iii) Variations of the anomalous effect by 
etching 


To study the variation of the anomalous 
effect with time of etching, a half of the 
ground surface was etched for from 1 sec. to 
30 min., and p-x curves were obtained succes- 
sively. In this case, paraffin was not removed 
throughout the experiments. The results are 
shown in Fig. 4 (a). 

Next, the boundary was made on a plate 
by the usual method (cf. § 2(a)) and the plate 
was immersed in HF acid for about 1sec.. 
The p-z curves before and after the etching 
are shown in Fig. 4(b). From these results, 
it is clear that the anomalous region is made 
and removed easily by shallow etching. It is 
also to be noted that the enhancement of 
intensity at the ground region is diminished 
by etching of very short time. 

(iv) Order of grinding and etching 

In the above experiments, the boundary 
was produced according to the procedure des- 
cribed in §2. The reverse procedure, 7. é. 
grinding a half portion after etching the whole 
surface, gave also the similar enhancement at 
the boundary. But this procedure was not 
adopted usually since special cautions were 
necessary to make up the sharp boundary by 
grinding. 

(b) NaClO; crystal 

The observations were carried out on the 
(200) plane which was perpendicular to the 
crystal surface. The boundary was made 
parallel to the [010]-direction. The p-a curve 
is shown in Fig. 5. The reflection curves are 
given in Fig. 6. From these figures, the width 
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(b) 
Fig. 4 (a). Variation of p-x curves with the time 
of etching to make the boundary. 
Fig. 4 (b). Change of the boundary effect by 
etching. 


Nacl03 (200) 


40 3 64count 


ise 
2.0 
Fig. 5. p-« curves of NaClO; crystal. b, and by 


represent the line width of K-a doublet of in- 
cident X-rays. 


at half value and the integrated reflection 
intensities were obtained (Table I). In this 
case the reflection curves of Ka-doublet coal- 
esce with each other since Bragg angle of 
the first crystal (6°43’) are nearly equal to that 
of the second crystal (6°11’). Therefore, the 
true width at half value may be smaller than 
the tabulated value by an order of the sepa: 


~ 
or 
ie) 


i+ 
Oi *Xe 


NaCl03 (200) 


ie 


(Cc) 


100 


I 
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Fig. 6. The reflection curves of NaClO3; crystal. 
(a), (b) and (c) correspond to the etched and 
ground region and the boundary respectively. 


ration angle of the doublet, 6.5’°. The other 
specimens also gave the similar result. 


(c) Calcite 


In the case of calcite, the studies were per- 
formed by a single crystal spectrometer, 
because large and thin specimen suitable to 
measure the intensity with double crystal 
spectrometer could not be prepared. The 
observations were carried out on the (211) 
plane. One of the results is shown in Fig. 
7(a). The enhancement of X-ray intensity 
at the boundary can be detected also in this 
substance, but it is less predominant compared 
with the cases of quartz and NaClQs. 


§4. Comparisons of the Results from the 
Various Crystals. 


(i) Wédth of the region of anomalous 
intensity 

For quartz and calcite the width of the 
region of anomalous intensity is estimated to 
be about 0.2mm (¢f. Fig. 1 and eye ier 
NaClO; crystals, the width is apparently larger 
than that of quartz as shown in Fig. 5. How- 
ever, this difference is only due to the fact 
that the incident beam used for NaClO; crystal 
is effectively broader. Though the width of 
the incident beam is about 0.1mm in the case 
of quartz, the effective width of the incident 
beam amounts to 0.25mm in NaClO, 
crystal, because both of the Ka-doublet 
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contribute to the peak values of reflection 
curve. Therefore, the width of the anoma- 
lous region of NaClO; is supposed to be com- 
parable with that of quartz. 


(ii) Integrated intensity at the anomalous 
region 

The integrated reflection intensity at the 
boundary is about 1.7 and 1.5 times that of 
the ground region for quartz and NaClOs; crys- 
tal respectively (Table I). For NaClO; crystal 
it would be larger if Ka-doublet could be 
separated since Ka-line is reflected from the 
etched region at the position where the total 
reflected intensity of Ka-doublet is maximum. 

For calcite the enhancement is still appre- 
ciable but not so remarkable as for quartz 
and NaClO3. The intensity at the boundary 
is about 1.35 times that at the ground region. 
In this case, however, the experiments were 
carried out by single crystal spectrometer 
and the angle between the examined net 
plane and the crystal surface is peculiar, be- 
ing 74°55’. Therefore, the difference in the 
geometrical condition of the incident beam or 
in the angle between the net plane and the 
surface might be the cause of the smallness 
of the anomalous effect. To test these possi- 
bilities Y-net plane inclined 60° to the surface 
of a Y-cut quartz plate was examined under 
the same condition of the incident beam (Fig. 
7(b)). For this specimen the intensity of the 
boundary was about 1.9 times that of the 
ground region. Therefore the difference of 
the anomalous enhancement in Fig. (a) and 
(b) can not be attributed to the geometrical 
conditions. 


§5. Discussions and Conclusions 


Concerning the reflection curves of quartz 
and NaClO; crystal (Fig. 2 and 6 and Table 
I), the following points are to be noted. 

(a) For good crystals of quartz the line 
width of the reflection curve at the ground 
region and that at the boundary region are 
almost equal to that at the etched region. 
Moreover, experiments show that no bending 
of lattice takes place at the boundary. 

(b) For NaClOs crystals the line width at 
the polished region and that at the boundary 
are slightly larger than that at the etched 
region. However, the remarkable difference 
of the integrated intensity can not be explain- 
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ed by such a slight increase of line width. 
The difference of the line width between the 
polished region and the boundary region is not 
discernible. 

These results indicate that the misorientation 
of crystal at the boundary is very small and 
not larger than that at the polished or ground 
region. Thus it is concluded that the anoma- 
lous enhancement is caused mainly by reduc- 
tion of the primary extinction. 

Sakisaka® found in his experiments of 
reflection case that quartz and NaClO; crystal 
are in a similar state of distortion when their 
surfaces are ground or polished. When the 
crystals are ground with fine carborundum, 
both the line width and the peak value 
increase, but with the increase cf coarseness 
of carborundum the peak value decreases after 
attaining its maximum value. On the other 
hand, he found that for calcite the line width 
increases with the coarseness of carborundum 
and the peak value decreases from beginning 
even when its surfaces are treated with very 
fine emery paper. These results mean that 
for good crystal of quartz and NaClO; both 
the primary and the secondary extinction 
effects are remarkable and only the primary 
extinction is reduced by fine grinding. While, 
for calcite, only the secondary extinction is 
predominant and is reduced even by slight 
treatments*, 

Therefore, the large enhancement for NaClO; 
as well as for quartz and the small enhance- 
ment for calcite, may be understood as 
reasonable if the enhancement at the boundary 
is caused by an anomalous reduction of the 
primary extinction. The difference Olemtine 
boundary effect in these substances is due to 
the difference in their crystalline texture itself. 


The state of lattice distortion at the bound- 
ary and the ground regions 


It is well known that the reduction of 
primary extinction is due to lattice distortions. 
The anomalous reduction at the boundary 
cannot be explained in a satisfactory way at 
the present stage of investigation, and full 
discussions of the phenomena at the boundary 
are postponed to a later date. We can con- 
sider, however, that the nature of distortion 
at the boundary is the same for both the 
ground region and the boundary region, but 
that the degree of distortion is more intense 
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at the boundary than at the ground region for 
substances such as quartz and NaClO3;. This 
consideration is supported by the following 
facts. 

(a) Difference in the line width is not 
detected between the boundary and the ground 
region. 

(b) The intensity enhancement at the 
boundary and the ground region are erased 
simultaneously by a short etching. 

(c) The p-« curves are independent of the 
order of grinding and etching. 

The crystalline state of the ground surface 
in substance such as quartz is infered as fol- 
lows. The thickness of the distorted region 
beneath the ground surface which contributes 
to the intensity enhancement may be of an 
order of 0.1mm. This is concluded from the 
fact that the absolute integral intensity of 
reflection at the ground surface is comparable 


* For the quartz crystals used by Sakisaka, it 
seems that the secondary extinction effect was not 
so remarkable in comparison with the primary 
extinction effect. The line width was 45’’ for 
untouched crystals. It was 10’’ for untouched 
crystals of calcite. 
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with the calculated value for an ideally mosaic 
crystal of such an order of thickness. As 
described before, this intensity enhancement, 
is diminished by etching for several seconds. 
If crystal is assumed to be dissolved homo- 
geneously by the etching, the thickness of 
the surface layer removed by such a shallow 
etching is estimated to be about several 
Angstroms. This fact indicates that the per- 
manently destroyed region is very thin com- 
pared with the region responsible for the 
intensity enhancement, especially in transmis- 
sion experiments.* 

From the above considerations the author 
supposes the ground surfaces to be as follows. 
By grinding numerous cracks are produced 
on the surfaces and crystal is prevented to 
join by debris in the cracks. As _ theresults, 
elastic strain is present in the layer of con- 
siderable thickness. This layer contributes to 
the enhancement of X-ray reflection, at least, 
in transmission experiments. By a slight 
etching, the debris in the cracks are removed 
and most of cracks disappear. Thus elastic 
strain is removed from the region lying 
beneath the permanently destroyed very thin 
layer. 
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Proton magnetic resonance absorption from jong chain normal primary 
alcohol of probable carbon number 32 was observed between 120°K and 
its melting point 355°K. Its absorption line width and second moment 
were constant below 260°K, being 15.5 gauss and 26.5 gauss’, respectively. 
From 260°K to the transition point, the line width decreases gradually 
with increasing temperature and, at the transition point, abruptly decreases 
to 4.6 gauss. The narrowing of the absorption line below the transition 
point is considered to be due to the torsional vibration of the molecules 
around the carbon chain axis. The relation between the dielectric 
anomaly below the transition point observed by Takamatsu and the 
molecular motion revealed from nuclear resonance studies is discussed. 


§1. 


Quite recently, Takamatsu? has observed 
experimentally a small but definite dielectric 
anomaly in higher normal primary alcohol 
extracted from Carnauba wax, whose carbon 
number is probably 32, below the rotational 
transition point, together with the usual large 
anomaly due to molecular rotation, which is 
quite the same in character as that observed 
in tetradecyl, hexadecyl, octadencyl, or dococyl 
alcohols»), 

The aim of the present paper is to inves- 
tigate the behaviors of the molecules in this 
higher alcohol through proton magnetic re- 
sonance, and to discuss its results in relation 
to the dielectric behaviors revealed by Taka- 
matsu’s experiment. 

Investigations on the rotation of molecules 
in aliphatic compounds through proton re- 
sonance are not entirely novel, and among 
them Andrew’s work on paraffins» and Koji- 
ma and Ogawa’s work on hexadecyl (cetyl) 
alcoho!” should be noted. Their results con- 
firm the existence of molecular rotation, 
hitherto concluded from dielectric” as well 
as X-ray®®!® and specific heat measure- 
ments’). 

The result of our experiment has shown 
that even at the temperature below the rota- 
tional transition point, not only OH radicals 
but also the whole part of the molecule have 
some degree of freedom. 


Introduction 


§2. Experimental Procedure 


The detector was a Pound-Knight-Watkins 
type of radio-frequency spectrometer™?. 
Electromagnet used in the present experiment 
was charged by a motor generator. he 
field current was controlled by feeding back 
the deviation of the voltage across a manganin 
resistor put in series with the magnet coil, 
from a standard voltage. Then the current 
through the magnet was automatically stabi- 
lized to one part in twenty thousands. The 
field strength of the magnet was near 2400 
gauss in 3cm gap, the diameter of the pole 
pieces being 15cm. The inhomogeneity 
within the volume occupied by the samples 
was less than 0.1 gauss which was, in most 
cases, negligible compared with the width of 
the resonance line. 

Magnetic field was modulated sinusoidally 
at 230 cps with half amplitudes ranging from 
0.1 to 1.0 gauss. The frequency of the R. F. 
oscillator was fixed to a constant value and 
the magnetic field was slowly swept through 
the resonance at the rate of 2 gauss/min. by 
regulating the current through a_ subsidiary 
coil wound around the pole of the magnet™. 
The output of the resonance signal was 
fed into a phase-sensitive detector’ with a 
time constant of 8 sec. for the broad lines 
and of 0.4sec. for the narrow lines. The 
derivative of the absorption curve was re- 
corded by a recording milliammeter. Bias mag- 
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Fig. 1. Experimental recordings of the derivative of the 
nuclear magnetic resonance absorption. 


netic field was calibrated by the proton re- 
sonance in water. 

The cooling of the sample was achieved in 
a conventional way™, using a Dewer flask of 


(Wola 


at the lower part which was to 
be inserted between pole-pieces. 
It was not silvered in order to 
prevent a drop in Q values of 
the coil. The temperature range 
from 150°K to 210°K was covered 
using liquid oxygen as coolant, 
from 210°K to room temperature 
by a mixture of dry ice and 
ethyl alcohol. Higher temperature 
was attained by heaters only. 
Temperature of the sample was 
measured by a copper-constantan 
thermojunction located near the 
sample. 

The sample was offered from 
Takamatsu. It was dried ina 
desiccator with phosphorus pen- 
toxide and then enclosed in a 
thin glass tube of 7mm _ outside 
diameter. 


§3. Experimental Results 


At the lowest temperature 
attained, 125°K, the derivative of 
the resonance line of higher 
normal alcohol of probable carbon 
number 32 was as shown in Fig. 
1 (a). As the result of the 
repeated recordings, there were 
observed small humps inside of 
the maximum and minimum 
derivatives of the resonance line, 
which were not observed in 
normal paraffins» and polyethy- 
lene!®, The line width and the 
second moment were 15.5-+0.5 
gauss and 26.5+1.0 gauss?, re- 
spectively. Here the line width 
was defined as the separation 
between maximum slopes on the 
absorption curve. These values 
and also the line shape remained 
unchanged up to about 260°K. 
From 260°K to 342°K (the rota- 
tional transition point of the 
sample), the line width decreased 
gradually with increasing tem- 


perature. An example of the derivative of the 
resonance line at 319°K is given in Fig. 1 (b). 
There was found no fine structure of a sharp 
central peak as reported in some normal 


18 mm in inside and 29 mm in outside diameter alcohols®”., At 342°K, the line width decreased 


1956) 


abruptly to 4.6+0.5 gauss. The derivative of 
the resonance line at 348°K is given in Fig. 
1 (c), which seems to indicate a central peak, 
though very small. There was no further 
variation in line width and line shape up to 
355°K. At 355°K, the sample melted and the 
line became very narrow. 

When the sample was cooled from its liquid 
state, the behaviors of the resonance indicated 
no recognizable hysteresis, with only the ex- 
ception of the presence of fairly strong cent- 
ral peak at the temperature ranging a few 
degrees below the freezing point. The varia- 
tion of the line width as a function of tem- 
perature was plotted in Fig. 2. 


§4. Discussions 

(1) Rigid Lattice 

The crystal structure of the normal higher 
primary alcohol has not hitherto been made 
definite. X-ray analysis gave approximately 
the same a and b spacings as other normal 
alcohols and paraffins, and long chain axis 
was found to be normal to a basal plane at 
room temperature”. Though the structure 
above transition point has not been determined 
by X-ray analysis, it is anticipated, from its 
dielectric? as well as from specific heat 
anomaly, that the crystal structure will be 
similar to that of cetyl alcohol. Wilson and 
Ott!® have examined the long spacing of 
alcohols, and have concluded that c-spacing 
of the unit cell corresponds to the length of 
the molecules, arrayed end to end, OH groups 
being closely situated, and O-O interval along 
c-axis is estimated to be 1.46A, assuming 
C-C distance 1.27 A along c-axis obtained by 
Miiller. Recently, Smith’ has determined 
the precise crystal structure of the normal 
paraffins of odd carbon number from single 
crystal X-ray analysis. According to his 
result, C-C distance mentioned above must 
be increased by 0.005 A. If we accept Smith’s 
data instead of Miiller’s, the similar estima- 
tion of O-O interval along c-axis results in the 
value 1.154. Although nothing more precise 
can be said at present about the crystal 
structure of the alcohol, we shall tentatively 
assume it to be something like that as shown 
in Fig. 3, the black circles showing the site 
to which each oxygen atom belongs, the 
supposed hydrogen bonds being expressed by 
the dotted line. In this model, the chain of 
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the hydrogen bond is assumed to be formed 
nearly in the direction of b-axis, and the 
length of the hydrogen bond becomes DG OIK, 
in accordance with the values 2.70A and 
2.75 A, observed in resorcinol’. The C-O-H 
bond angles seem to have reasonable value 
90°-110°. The following discussions on the 
resonance line of the rigid lattice state are 
based on this model of the crystal structure. 

As described in §3, there was a pair of 
humps inside of the maximum and ‘minimum 
derivatives of the resonance line. This may 
be interpreted as due to the proton resonance 
in the end groups OH of alcohol molecules. 
This view is supported by the following con- 
sideration. The hump has been subtracted 
in the derivative curve, so as to leave the 
normally shaped derivative as was observed 
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Fig. 4. Derivative of the resonance at 125°K. 
Rigid curve f;’ shows experimental; dotted 
curves, fi’, the contribution from protons in 
paraffin chains: f;,’, the contribution from 
protons in OH groups. 


in normal paraffin in rigid lattice state, as 
shown in Fig. 4. The intensity ratio of the 
main part of the resonance line to the hump 
was evaluated to be approximately 80-50, as 
above separation accompanies by some am- 
biguities. This value should be compared 
with the number ratio 65 of the protons in- 
cluded in CH;(CH,)3: group to those in OH 
group. 

Although it is desirable to compare the ex- 
perimental line shape with the theoretical, it 
is hardly possible to solve many proton interac- 
tion problem exactly. Therefore, as usual, 
the experimental second moment of the re- 
sonance was compared with the theoretical 
one, calculated from geometrical arrangement 
of magnetic nuclei. Andrew has already 
estimated the second moment of the normal 
paraffin of carbon number 7, on the basis of 
the crystal structure determined by Muller2», 
his result being [26.3+19.1/(7+1)] gauss?. In 
the present case, the second moment of the 
normal alcohol is estimated as [26.3+5.3/(2+1)] 
gauss”, where CH;(CH2)n-1 contribution is 
estimated from the result of Andrew’s, and 
additional OH contribution is calculated, 
assuming that a proton in the OH group lies 
on the O---O line in the model previously 
described, and 0.96 A apart from one of two 
oxygen atoms. For m=382, the calculated 
second moment is 26.4 gauss?, which is in 
good agreement with the experimental value 
of 26.0 gauss” for temperature below 260°K. 
The additional OH contribution to the second 
moment is found to be 4.9/(2+1) gauss?. For 
m=32, this value amounts to 0.15 gauss?, 
which is in qualitative agreement with the 
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experimental value of 0.03-0.06 gauss’, esti- 
mated from the formula 


i | fedh , 
where f» and f; are the shape function in the 
experimental resonance line of the hump and 
of the total, respectively. Thus, at tempera- 
tures below 260°K, the molecules are effec- 
tively stationary and the hump in the deri- 
vative of the resonance line is regarded to 
be presumably due to the absorption due to 
OH groups in the compound. 


(2) Rotational Phase 


Molecular motion in the crystal lattice, if 
its reorientation frequency exceeds the value 
corresponding to the half width of the re- 
sonance line, makes the central part of the 
line narrower and sharper, and the tails, 
though very weak, will extend far from the 
centre. This tails are so weak that we can- 
not usually observe them above the noise 
background, and the second moment estimated 
from the observed data would correspond 
only to the contribution from the central part, 
which is made much smaller by molecular 
motion. Generally speaking, the central part 
is essentially due to the secular part of dipolar 
interaction, and the broadened weak tails, due 
to the non-secular part. But the rigorous 
treatment of the motional narrowing for the 
combined magnetic nuclei has not been pre- 
sented, as far as we know. So we will discuss 
the problem on the basis of the conventional 
second moment argument as follows. 

For the molecular rotation around the long 
chain axis of the normal paraffins, it has been 
found by Andrew® that the second moment 
is reduced from the rigid lattice of [26.3 
+19.1/(z+1)] gauss? to [9.4—11.6/(2+1)] gauss? 
if all the molecules are set in rotation simulta- 
neously. For the normal alcohols, the rigid 
lattice value of [26.3+5.3/(z+1)] gauss? must 
reduce itself to [9.4—4.8/(#+1)] gauss?. For 
n=32, the calculated second moment is 9.3 
gauss”, if all the molecules are assumed to 
rotate simultaneously. This value must be 
further reduced to 8.3 gauss? due to lattice 
expansion above the trasition point. The ex- 
perimental value of 7.0 gauss? above the 
transition point is in agreement with the 
above estimated theoretical value, as far as 
some ambiguities of the theoretical evalua- 
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tion are concerned. It, therefore, may safely 
be concluded that, above the transition point, 
all the molecules in the normal alcohol of 
carbon number 32 are rotating around their 
long chain axis as is often the case in other 
members of primary normal alcohols and 
paraffins. 

(3) 

As is easily seen from Fig. 2, there is a 
gradual narrowing of the width, followed by 
a rather sudden one, between the rigid lattice 
and free rotational phases mentioned above. 
Although any reliable quantitative discussion 
seems to be hardly possible at present, it 
may be of some interest to go into further 
detail, because of the fact that the recently 
obtained dielectric data suggest strongly the 
existence of the independent relaxation mecha- 
nism beside the one, which is associated to 
molecular rotation. 

Takamatsu found a definite Debye type 
dispersion below the rotational transition 
point 342°K, which was also confirmed by 
Shishikura!™ through the specific heat measure 
ment, and there is no doubt that this disper- 
sion is ot due to the so called molecular rota- 
tion. Takamatsu tentatively ascribed this to 
the torsional vibration of the molecule, which 
is also expected generally in long chain com- 
pounds from the specific heat consideration”. 

Our results seem to be entirely consistent 
with his conclusion, and the obvious narrow- 
ing of proton resonance between 260°K and 
the rotational transition point 342°K, will 
presumably correspond not to the molecular 
rotation, but to the torsional vibration of the 
molecule. 

It was not entirely certain, from the dielect- 
ric observation alone, whether the long chain 
is fixed and the OH group only is allowed to 
librate, or the whole chain is subject to tor- 
sional vibration. Our result is obviously 
sufficient to support the view that the latter 
is to be the case. 


Transition Region 
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The specific heat of cobalt ammonium sulfate Co(NHy)2(SO4)2-6H2O in 
the liquid helium temperature region is investigated theoretically. The 
possible contributions to it are the dipole-dipole and the exchange in- 
teractions between Co2+ ions and the hyperfine interactions within each 
ion. Our investigation is to obtain the first two contributions. The dipole- 
dipole interactions are given by use of the anisotropic g-factors deter- 
mined from the paramagnetic resonance. And the exchange interactions 
are determined by modifying the isotropic exchange interactions by the 
wave functions of the lowest Kramers doublet, where we took into 
account only the interactions with the first and second neighbouring ions. 
The result obtained from the moment expansion method gives C,7J?/R 
=30.2x10-* which is in good agreement with the experimental value 
27x10-4. Here Cy is the interionic (dipole-dipole and exchange) part of 
the specific heat at moderately high temperatures, 7 the absolute tem- 


perature and #& the gas constant. 


$1. Introduction 


The magnetic properties of the cobalt Tut- 
ton salt have been studied by many authors!~®. 
According to their results, the cobalt Tutton 
salt shows a large deviation from the Curie law 
in the neighbourhood of room temperatures. 
And further, the measurements of the magnetic 
susceptibilities of single crystal tell us that it 
shows a large magnetic anisotropy. These 
magnetic behaviours of cobalt Tutton salt 
have qualitatively been interpreted by Van 
Vleck» and Schlapp and Penney”. 

A cobalt ion Co?* is surrounded by six water 
molecules nearly in octahedral arrangement. 
The crystalline electric field arising from 
these water molecules is then nearly cubic 
around the cobalt ion. This crystalline field 
splits the orbital level of Co?+, which is seven 
fold degenerate in its free state, into a singlet 
and two triplets, where a triplet is the lowest 
orbital level and the next level is again a 
triplet widely separated from the lowest. The 
lowest level is then of degeneracy twelve inclu- 
sive of spin, because the spin quantum number 
of a Co?* is S=3/2. The octahedral arrange- 
ment of six water molecules surrounding a 
cobalt ion is, however, elongated along an 
axis passing through two opposite water 


molecules. Then the combined actions of a 
small tetragonal field and the spin-orbit coup- 
ling split the above mentioned degenerate level 
into six Kramers doublets. If the energy 
separation between the lowest Kramers doublet 
and the next one is comparable with kT of 
room temperature, we might expect a large 
deviation from the Curie law, where R is the 
Boltzmann constant and T the absolute tempe- 
rature. And further, the orbital angular mo- 
mentum distorted by the crystalline field 
considerably survives in the lowest Kramers 
doublet and also connects the lowest level 
with the different upper ones for its different 
components. These situations bring about a 
large magnetic anisotropy, if the energy 
separation between the lowest Kramers doublet 
and the next one is rather small. Thus the 
large magnetic anisotropy of cobalt salt is 
closely related to the large deviation from the 
Curie law for the magnetic susceptibility at 
room temperatures, as pointed out by Van 
Vleck, 

Now, at low temperatures where almost 
only the lowest Kramers doublet is populated, 
the Curie law becomes again valid and the 
anisotropic Curie constants tell us the Landé 
g-factors of the lowest Kramers doublet. 
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These g-factors can, however, be determined 
from the paramagnetic resonance experiments. 
Thus Bleaney and Ingram” studied the para- 
magnetic resonance absorption of cobalt salts 
and determined, for example, the g-factors of 
cobalt ammonium sulfate as g,=6.45 and g, 
=3.06, where g,, is the g-factor parallel to the 
tetragonal axis and g, the perpendicular one. 
Another interesting feature of the paramagne- 
tic resonance experiments is the appearance 
of hyperfine structure in the spectrum, which 
arises from the interaction between the elect- 
ron spin and the nuclear one. 

The magnetic and thermal properties of Co- 
Tutton salts in the temperature regions of 
liquid helium have been studied by Garrett®. 
The magnetic susceptibilities are in good 
agreement with the g-factors from the para- 
magnetic resonance data. And further, Gar- 
rett extracted the interionic contributions to 
the specific heat, C,, by the method of 
magnetic relaxation. In the regions of tempera- 
ture not so low, C, should be proportional to 
1/T?, and hence C,T? should be constant in 
these temperature regions. Thus Garrett gave 
Col ie as 43~10 4K, where Kis the gas 
constant. Malaker also gave it a similar value 
42.5x10-4®. This magnetic specific heat 
arises from three kinds of interactions, the 
hyperfine interaction, the magnetic dipolar 
interaction and the exchange one. The first 
of them is the intra-ionic interaction, whereas 
the others are the inter-ionic ones. Hence, 
the value of C,7?/R extrapolated to the limit- 
ing case of infinite dilution corresponds to the 
hyperfine contribution to it. Thus Benzie and 
Cooke found the hyperfine part of C.7?/R, 
(C,T?/R)nts, to be 16.6 10-4, while Malaker 
took the same procedure and obtained (C.T” 
/R)nts=16.1x10-!®. This value can also be 
obtained from the hyperfine structure of para- 
magnetic resonance spectrum. Thus Bleaney 
estimated (C.T?/R)nrs as 16x 10-*", in excel- 
lent agreement with its experimental values. 

Then the remaining part of C,T?/R is attrib- 
uted to the magnetic dipolar and exchange in- 
teractions. However, its analysis is not so easy 
because of the fact that the magnetic ion has 
a strong anisotropy and the magnetic lattice 
is also of low symmetry. A treatment of such 
a system was given by Opechowski!™. On the 
assumption that both magnetic dipolar and 
exchange interactions are anisotropic, he 


Specific Heat of Cobalt Ammonium Tutton Salt 


761 


tried to correlate the susceptibility data and 
the magnetic specific heat of copper potassium 
sulfate observed by De Klerk}®. But, he did 
not give any explicit form of the interactions 
mentioned above. Due to this situation, un- 
fortunately, no unambiguous conclusion was 
obtained. 

Now Abragam and Pryce succeeded in 
determining the crystalline electric field so as 
to explain the g-factors obtained from the 
paramagnetic resonance experiments. Using 
the wave functions of the lowest Kramers 
doublet given by them, we get the anisotro- 
pic exchange interactions between the neigh- 
bouring cobalt ions, which are given by the 
semi-diagonal part of the isotropic exchange 
interactions. Then, if we assume the exchange 
interactions to be effective up to the second 
neighbours, the anisotropic exchange interac- 
tions thus obtained involve only two parame- 
ters. To determine these two parameters 
we use the values of the Weiss constants 
given by Garrett. Next the magnetic dipolar 
interactions can be obtained from the g-factors 
of the lowest Kramers doublet whose values 
were already mentioned. An application of 
the method of 1/T-expansion to the interionic 
Hamiltonian thus obtained gives the interionic 
part of free energy in powers of 1/T, whence 
the specific heat C, can be calculated. It 
proves to be proportional to 1/T* at high 
temperatures. Finally we get the interionic 
contributions to C,T?/R. The theoretical value 
of C,T?/R thus estimated is 30.2 x 10~‘, in good 
agreement with the experimental value. 


§2. The Lattice Constants of (NH,)2 Co 
(SO,).6H,O 


The salt (NH,).Co(SO,).6H20 belongs to the 
Tutton group crystallographically. The Tutton 
salts form a monoclinic series, in which the 
three crystallographic axes (a, 8, c) are very 
closely in the ratio (3, 4, 2). According to the 
X-ray analysis performed by W. Hofmann!” 
the unit cell contains two molecules, the one 
is derived from the other by a translation 
from the point (0,0, 0) to (1/2, 1/2, 0) followed 
by a reflexion in the ac-plane. Although the 
detailed structures of (NH.)2.Mg Tutton salt 
and (NH,)2.Zn Tutton salt are well investigated, 
we have no available data of (NH,)2-Co Tut- 
ton salt 

According to the analysis made by Hofmann 
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b-axis 
K3 
first second 
tetragonal tetragonal 
axis axis 
Ki 
K, Kg- plane 
i normal to ac-plane) 
(a) 
C- Oxis 
ac -plane 
(b) 
Fig. 1. Crystallographid (a,b,c) and magnetic 
(Ky, Ke, K3) axes. 
we have 
(NH,)2Mg (NH4)2Zn 
Qo 9.28 (A) 9.205 (A) 
Do WAS 12.475 
Co 6.20 6.225 
B  107°06’ 106°52’ 


where 8 is the angle which the a-axis makes 
with the c-axis in the anti-clockwise direction. 
Now, the ionic radii of Mg?*, Zn2+ and Co?+ 
are respectively given by 


Mg?*: 0.784 
Zn2*: (0.83 
Coz a OESoe 


Hence it may be reasonable to assume that 
the lattice constants of (NH,),Co Tutton salt 
are closer, to those of (NH,),Zn Tutton salt 
than to those of (NH,).Mg Tutton salt. Thus, 
in the present calculation, we shall take the 
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lattice constants of (NH,).Zn Tutton salt in 
place of those of (NH,)2Co Tutton salt. 

To discuss the magnetic behaviours, it is 
further necessary to have another constants 
which determine the directions of the magnetic 
principal axes Ky, K, and K3. As was men- 
tioned in §1, each Co?* ion is surrounded by 
six water molecules, and these water molecules 
form an elongated octahedron. The tetragonal 
axis of Co?* ion coincides with the elongated 
direction, but two Co?* ions contained in a 
unit cell have the tetragonal axes of different 
orientations. The parameters which determine 
the magnetic principal axes are an angle a 
(the angle that the tetragonal axis makes with 
the ac-plane) and another angle ~ (the angle 
that the plane containing the different tetra- 
gonal axes of the two Co?* ions in a unit 
cell makes with the c-axis). These situations 
can be seen in Fig. 1, where we can also see 
the relation of the magnetic principal axes to 
the ionic principal ones. According to the 
paramagnetic resonance experiments made by 
Bleaney and Ingram, a and ¢ are given by 

P=130")° a@=o4-. 
In order to enable us to draw a fair picture 
of the unit cell, a view of the unit crystal 
structure is shown in Fig. 2, in which the 
b-axis is normal to the plane of the paper. 


§3. Hamiltonian of the Assembly of Co?+ 
Spins 

Let us search for the interactions between 
Co?* spins in the lowest Kramers doublet. 
We assume that both magnetic dipolar and 
exchange interactions are effective. The 
expressions for them in the absence of the 
crystalline field are well known. These are, 
however, greatly modified by a crystalline 
field. And it is the object of the present 
section to inquire into such a modification. 

First, the Hamiltonian due to the magnetic 
dipolar interaction, Hap, is given by 


GE ip Py Tio Miter —3( Mi: biz) (pee tix) . 
ae 


Here gs: is the magnetic moment vector of the 
z-th magnetic ion 

Mi= Lo Li +2S;) ’ ( 2 ) 
where “4 is the Bohr magneton, Li and S; 
denote respectively the orbital and spin angu- 
lar momentum operators of the z-th ion with 


1956) 


10 


Ol 


L£=3 and S=3/2, and ti a unit vector con- 
necting two lattice points z and k. Secondly 
the Hamiltonian due to the exchange interac- 
tion, oe ex; 1S given by 


SFE ox =—2 Dd JinSi-Sx . (e) 
i>k 


It may be noted that these operators are of 
course defined in the coordinates system 
common to all ions, which is conveniently 
taken as the system of magnetic principal 
axes x,y and z as can be seen in Fig. 3. 

The degeneracy of the ground state of a 
Co2* ion in the free state is greatly removed 
by the crystalline field and the spin-orbit 
interaction, and we have the Kramers doublets. 
The first excited Kramers doublet is separated 
from the ground one by the order of spin- 
orbit coupling parameter, 4, and according 
to a theory developed by Abragam and Pryce 
the separation is about 245cm™?. Then it is 
sufficient to consider the lowest doublet only, 
because our temperature region is in the 
neighbourhood of 1°K. We should now re- 
strict the Hamiltonians (1) and (3) within 
the sub-space subtended by the wave functions 
belonging to the lowest Kramers doublet. 

Introducing the effective spin operator @ 
concerning the lowest doublet, (:) is written 
as 


(fia = Ho 1 Jru'ou, « (4) 
pe 
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X-Edge= Translation c+a@ 
Y-Edge= Translation b 
Z-Edge= Translation 2c—a 


Crystal structure of cobalt ammo- 
sulfate. (after Hofmann) 


Fig. 3. Magnetic (Ay, Ke, K3) and ionic 
(&,7,¢) axes. 


Here (#;) denotes the semi-diagonal part of yx 
within the subspace corresponding to the 
lowest doublet and the suffixes 42 and 4 re- 
present x,y and z. By using (4) the semi- 
diagonal part of Hap is written 


re ae ead ea Gp, Iru'Grv"OwiOv, 
i>k AVE 


= Dtirtin Gav’ Guy ov, Ov'x) 4 ( 5 ) 
Mm vue 


Here we take the macroscopic magnetic prin- 
cipal axes Ky, K, and K; as our coordinate 
ones. These axes do not correspond to the 
microscopic magnetic principal ones, and 
owing to this situation the calculations become 
considerably complicated. 

Since the quantity g transforms as a tensor 
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and the principal axes of gy defined in Eq. (4) 
coincide with the ionic principal ones (which 
are denoted by £,7 and €), we can get the 
non-zero components of g in the system of 
magnetic principal axes as follows: 

N=Jer=9 1 COSa+9, sin’a , 

J2=Jou =I 1 ’ 

I3=J22=9|| SiIN’a+g | COS*a , 

(1= 9291-91) SN a COS a, (6) 
where gee=9nn=91 and gee=g. The ions 
with these g-factors will be called ion I. 
Further, the components of g of an ion of 
another type (i.e. an ion whose tetragonal 
axis is €’ in Fig. 3) are the same as (6) except 
Jzx, Which is now given by 


(a) 


The ions with these g-factors will be called 
ion II. Since the value of g, and g. are 
obtained from the paramagnetic resonance 
experiments, we get an explicit expression 
for & aip. 

We shall next consider (x. In order to 
get the semidiagonal part of it within the 
lowest doublet we should obtain appropriate 
wave functions of the lowest doublet. 

Assuming an appropriate crystalline field 
with a cubic term of fourth order and tetra- 
gonal terms of second order and fourth order, 
Abragam and Pryce solved the orbital problem 
of Co?*. Their procedure is in the following. 
The lowest two orbital levels are a doublet and a 
singlet, where the doublet is lower. Since the 
second excited level is widely separated from 
the first excited one, they introduce an effec- 
tive orbital angular momentum operator I 
with 7’=1, where the orbital Landé factors 
have numerical values difference from unity 
and are of the tetragonal symmetry. The 
effect of the spin-orbit coupling may be 
treated within the manifold of /’=1. Although 
the resulted secular problem is of order 
twelve, it is factorized to six parts, which are 
classified according to ,’-+Ms. Two parts 
of them whose values of 7,’+Ms; are equal 
in magnitude and opposite in sign to each 
other, prove to be identical with each other. 
Here mm,’ denotes an eigenvalue of the C- 
component of J’ and M; that of the €-component 
of S. Then the lowest level is contained in 
the secular problem with 22.’+M,;=-+1/2. 


Thus, the lowest wave functions defined by 


Jzx= —(9) —91) SIN @ COS A= — J. 
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il 1 
OeYif2= 9 Pij2, FP-1/2 petals P-r/2 » 


(8) 
are given by 
typ =ag(— 1, » roo(0, 5 
+cp (1 — =) ’ 
vancadi~ 3)#0(0—8) 
+eo(-19), (9) 


where #’s in the right-hand side of (9) de- 
note W(2’, Ms), The coefficients a,b and c 
can be computed by use of the crystalline 
parameters well chosen by Abragam and 
Pryce. The result is obtained as 


a=—0.8959, b=0.2772, c=—0.3471. (10) 


The lowest wave functions thus obtained can 
successfully interpret the g-values observed 
by paramagnetic resonance. We shall there- 
fore use their result here. 

We shall now write Hex as 


SE ox = py (AF. ox )ix : 
isk 


In the case when 7 and & are ions of the same 
kind, the calculations are very simple. In 
the system of ionic principal axis we have a 
matrix representation of (Hex)ix/(—Jix) in 
the following; 


Se 
++ ¢ Ar/2 0 0 0 

Secenlue til —A?/2 4B? 0 

—+! 0 4B? — A220 
sttykoni 0 O°: At |? 


where A=3@°+b°—@, B=B?+/ 3 ac. 
It can easily be expressed in terms of a: 


(Sod te = JG, R)oeioect+J (4, k) 


X (cedex t+ onidnt) , (11) 
where J\(¢,k) and Ji(z,k) are given by 
J \@, R)= —2J x(3a2+b?—c?)? , 
J 1G, R)=—8Jix(B?+V 3 ac. (1a) 


To transform (11) from the system of jonic 
principal axes to that of magnetic principal 
ones, we consider two cases separately. In 
the case when both ions are of the type I, 
we use the following relations: 


de=dx2 SIN A—oz COSA , 
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On= Oy ; 
O¢=0zCOSa+orSina. (12) 

Then (11) becomes 
(HL ex)in= 3 = Six "Ori wks (13) 


where the non- eter components of J ix" 
are given by 

- w=], coat]. sinta 

RAY =Jy ’ 

a c= Jesinra-- ] 1 COS7a@ 

Ji? = Ji? =(J-J 1.) sin acosa. (14) 
In the case when both ions are of the type 
II, we have only to replace cosa by —cos@ 
in the above equations, and then for a pair of 
ions II, which will be hereafter denoted by 
Greek letters a, B--~, Jug** takes the same 
forms as (14), except that the last equation 
should be replaced by 
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The exchange interaction for a pair of ions 
of different types is more complicated. We 
shall now consider it. First we transform 
the exchange Hamiltionian 


(FA ex ia=—2J iaSiSo 


in the system of magnetic principal axes into 
that in the system of ionic principal ones, 
where the inverse transformation of (12) ( 
ions) or another one with cosa@ in Eq. (12) 
replaced by —cosa@ (II ions) can be used. 
Then we have 


(FF ox ia= —2J taf —Cos 2a See-Sea+ SniSna 
—cos 2a SeiSea+sin a COS a 
x (SeiSea—SeeSea)} (16) 
and a matrix representation of (Hex )ia/(—J ia) 


in the system of the ionic principal axes are 
given by 


Jup?* =Jaug?*=—(Jy—Ji)sinacosa. (15) 
me ape =a = 
eet —3A’cos 2a 
+— 1ABsin2a +4A*cos2a 
— + —iABsin2a 2B%1—cos2a) 3A? cos 2a 
—— | —2B%1+cos2@a) 4ABsin2a —3ABsin2a —3A*cos2a 
It can again be written in terms of o: and oa. +2Jasin’a , 


The result is 
(AF ex )ia=J ad Gidea 
+] v6 gid -a— 0-10 ga t 0610 +0 — F 4 106'a) 
+Je(o-i0-at 641040) tJ a(o-16 4a +04i0-a) ; 
(17) 
where 
Ox =CFE10 5 (17a) 
and 
Ja=2JiaBe+P—ey cos 2a , 
Jo= —Jial3a2+B?—C)(P+V 3 ac) sin 2a , 
J, =2Jia(b?+ V3 ac? (1+cos 2a) , 
Ja=—2J il? +V 3 ac) (1—cos 2a) . (18) 
Expressing (17) in terms of the spin operators 


G2, 6y and o, in the system of magnetic prin- 
baal axes, we can represent (FF ex )ia as 


(AA ex )ia= za Tia" Ori0 pa , 
fh 


(19) 


where Jia*”’s become 
Jia = —Ja cosvtat+2]» sin 2at+2] sin’?a@ 


Jia” =2(Ja—Je) 5 

Jia?*?=Ja sin? a+2J> sin 2a—2]- cos’a 
—2Jacos?a 

—Jia®?=—1/2Ja sin 2a—2]» cos 2a 
—Jesin2a—Jasin2a. (20) 


J ta? 


$4. Specific Heat 

In the absence of the external magnetic 
field, we may write down the total Hamilto- 
nian as 


FE = & Est 


Making use of the (1/kT)-expansion method 
devised by Van Vleck’, we obtain the speci- 
fic heat, Cy, per gramm ion of Co** in the 
hhig temperature regions as 


(21) 


Gre oe 
Rw AY 
{ 3 (Hart &, (a0 ax} 


(22) 
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A pair Hamiltonian #s can be separated 
into two parts 


FE 31 =(F aip) st H(A ox) st ’ (23) 


and so the quantity (C,T?/R) can be divided 
into three parts 


Ce) 
R 


Ca (as) (ae) 
Ble a + 
( R Ji 9 3 R dip-ex R ex-ex 


(24) 
We shall consider them separately. 

Let us first evaluate (C,T?/R) aip-aip . Paying 
our attention to the spin quantum number of 
o equal to 1/2, we get the following results 
after somewhat troublesome calculations 


Gir Lo! 
—— Sith iss EY ay 25 
( R ‘pl 32 2 | it 2) ( ) 
where 
F,.=P,A;+ py (AN Bryyt py RGN Op. ) 
it 
71. De (26) 


y=1 corresponds to the part arising from 
(Sf s:)> between ions of the same type and 
y=2 to that between ions whose types are 
different with each other. Here P,, Q,,,. and 
R,. are given by the following 


Prs(9P +92) +(93? +92) +2(914-93)292+ 928, 


Qizz=9 (G2 +92) (=Qeer) 
Qivy= 992? (=Qayy) , 
Qizz =9 (93? +942) (=Quzz) , 
Qizy=18927(91? +92) (=Qarey) , 
Qiyz=18927(9? +92) (=Qoyz) , 


Qrex=18[(93? +. 92)(92? +92) + 292(91+93)] , 

Riz =—6[(9? +92)? + 912(91+93)"], 

Ry =—6g:2! (=Ry ), 

Riz =—6[(93? +92) +-92(91493)"] (27) 
On the other hand, P.,Q, and R, between 
ions whose types are different with each other 
are given by 

Pr =(9 +92)? +(93?+9.2)—2(914+-93)"92-+ 9! , 
Qoez=18[(1? + 90°\(9s? +922) —29.:2(91+93)] , 
Rox =—6(9+92)—g2(9i+93)"] , 

Roz = —6[(9s"+-94")?—92(91+93)"] , (28) 


and the others are all identical with CHB). 
And further A, B and C are the lattice sums 
defined by 
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@WVolmay 
A= py Wrap’, Ar= D1 /rax’, 
Bix = > (tap*)*(tap")?/Tae® , 
Bou = > (tax®)*(tax”)?/Tor® , 
Cire > (tap*)?/rag® , 
Car= i tax*)*/ran? (29) 


Calculation of (C,T?/R)ex.ex is rather easy and 
its result becomes 


C.T” a4 me 
( R Noe 39 Boyar ee (Jis ) s 


Finally we shall calculate (C,T?/R)aip-ex. For 
simplicity we shall take into account the 
exchange interactions up to the second neigh- 
bours. Noting that the first neighbours of 
an ion are two ions of the similar type and 
the second neighbours of it four ions of the 
dissimilar type, we get 


(30) 


Gi? [to 
z ae 2H,+4A,) , Si 
iS dee fo QM +4H,), (31) 


A, =2/rue{(1—3 £7) 
(GPT ia +92 i? + 29194) ix?) 
+13 ty?) 927 J in’? +(1—3 £7) 
(93°F ix + 907J ix? + 293g4J ix?”)} , 
Hy =2/ria®{(1—3 2?) 
(9 Tia”? — Ge? ia”? +29194] ta®”) 
+(1—3 4,7) 927J 1a?” + (1—3 2,7) 
x (93°J ia? — 947 J iw” +2939sJia®)} , (32) 


where we took into account the situations 
that the first two neighbours lie in the xy- 


plane and there are neighbours with the 


components of £, equal in magnitude to each 
other. 


§5. The Curie-Weiss Constants 


We are now prepared to evaluate numeri- 
cally the contribution to the specific heat 
coming from the exchange and magnetic 
dipolar interactions. But we cannot estimate 
the parts due to the exchange interaction 
without knowing the magnitude of Jix. To 
obtain some informations about it, we shall 
make use of the data of the magnetic suscep- 
tibilities. 

Let us calculate the magnetic susceptibility 
along a direction to which a magnetic field is 
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applied. If we denote the magnetic moment 

operator of the ion along this direction by 

4 sf, the total Hamiltonian is written 
GE = 2 Aut 3 is th (33) 

$s 

The magnetic susceptibility z along this direc- 

tion is then calculated by the method of Van 

Vleck. The result is 


ae ap] KE Pav (A 0'Dar} 


2kT 


SF 3 HN WEP a9 


9 KE a FE as FO 5") sy} + ++ | 


c=5 (KEE at (Sa! av} , 
ex ee (SP! SC 382 b> ax 


+S KG! LE) wx 
+{(F' Pav t (FE o> ay}. (34) 


Now we should like to obtain y’s along the 
magnetic principal axes. But, in order to 
make the comparison with the experimental 
data, it is rather desirable to evaluate the 
Weiss constants (34b) along the principal axes 
than the magnetic susceptibility (84) itself, 
because the anisotropic Weiss constants have 
been determined by Garrett. 

(i) Let us first calculate the Weiss constant 
along the magnetically simplest direction, that 
is K,-axis. For simplicity we shall use an 
abbreviation such as 


CE au = > Cot OarsOut , (35) 
in 


easily obtained from 
In the present case 


where C,,*“’s_ are 
(AF ex)st and (FH aip)st- 
Ss is given by 
Es = Jobo ys 5 (36) 
and so the following relations are obtained: 
(IE | FE iF > y= (1/16) 927 0?Cse™” , 
(Ks) av= (1/4) 9270" . (37) 
Thus 


1 
92> —— Car? —. 38 
Ds AR t (38) 


Or, writting down Cy,"” explicitly by use of 
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(5), (13) and (19), we have 
py C089 = 27 iY 44S ca” +922 10(Gyy +Goy) , 


(39) 
where Gy, and Gy, are defined by 
x (1—3 [ése*}?)/7nF =Gia , 

Sa- 3 [tia*]?)/7ia? =Gaa , (40) 


and we have taken into account the exchange 
interactions up to the second neighbours. 

(ii) Let us next calculate the Weiss con- 
stant along K, axis. In this case the magnetic 
moment operators #;’ and &,' are given 
by 


FE = UAG16 xi + G10 21) , 
FE aw! = Ug G18 2a — 94020) ° (41) 


The present calculations are more complicated 
than the case along Ky.-axis, the procedure 


remaining essentially unaltered. The result 
is 
O1=(Oy)ex +(Qj)aip ) (42a) 
al eee! 
0 ex 
(O;) Pca wes 
XK {29 I 10? +907 T i? + 29194S 1x”) 
+4 (917 J ta” —9 2] ia” —29:94] ia”) } , 
(42b) 
(O;)aip= a gat tHE Gre Cae) 
1o, te oe ae (42c) 
(iii) The magnetic susceptibility along K;- 


axis can be calculated in the same way as that 
along K,-axis. The magnetic moment opera- 
tors corresponding to (41) are given by 


GFE i = Uo F302 +940 xt) , 


SFE. a! = po Y302a— Js xa) , (43) 
and the final results are 
@3= (Os)ex +(Qs3)aip ’ (44a) 
—] 1 
0 Cx ae 
Clee TE opt ge 
x {20937 in + gd ix +2 9394 J ix’”) 
+4 (937J ia” —947J ia” +29394 J ia®)} ; 
(44b) 
==)! 
G iD = aan 5 2)2(G zt+Goz 
(93)aip= Wie een As" +907)(Gi 22) 
+ 92(91+93)(Gie—Goz)} . (44c) 


It may be noted that the Curie constants 
C; along each directions are respectively 
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given by 
C= Nuo2(9x27+927)/4R ’ 
C.=N/10"92"/4R , 
C3=Nur(9s? +92)/4R . (45) 
§6. Result 


As the first step the exchange integrals, Js:’s, 
should be evaluated from the observed Weiss 
constants. On assuming the exchange interac- 
tions to be effective up to the second neigh- 
bours, we have two exchange integrals and 
then denote them respectively by Jix=Jas=J1 
(for the first neighbours) and Jiw=Ju=J» (for 
the second neighbours). We should then estimate 
Js:*” in terms of J: and Je. Jix”’s are obtained 
from (11a) and (14), and Jia*"’s from (18) and 
(20). The coefficients a, b and c appearing in 
those expressions are given by (10). The 
results are tabulated in Table I. 


Table I. The numerical values of Js,*. 


(The common factor —/J; or —J» is omitted) 


(8, ¢) 


(A, #) (1, k) (4, «) 
(aca) 8.63 5.03 
(yy) 3.03 3.03 
(22) 5.58 oF 
(za) 3.78 1.46 
(xz) 3.78 —1.46 


Next, the g-values are obtained from (6), in 
which a=34°, by use of g; and g: observed 
by Bleaney and Ingram. The tensorial g-values 
thus obtained are given in Table II. 


Table II. The numerical values of gau. 
91 J N 93 94 
6.45 3.05 5.39 Aral 1858 


Further it is necessary to know the numerical 
values of G,,. We have obtained them from 
the method of direct sum over magnetic ions 
up to about 47 A from an ion. The results are 
listed in Table III, together with the numeri- 
cal values summed up to about 20A which 
give some suggetions about the accuracy of 
the present results. 

As is well known, the eipole sum depends 
on the shape of sample. Usually, this dipole 
sum is divided into two parts. The one is 
over lattice points inside a large sphere, and 
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the other over lattice points outside it. In the 
spherical sample, however, the latter part 
proves to vanish identically because the fa- 
mous Lorentz field and the demagnetizing field 
are equal in magnitude and opposite in direc- 
tion to each other in this case. Now, the 
usual magnetic measurements are made by 
spheroidal sample. In his paper concerning 
the copper Tutton salt', Garrett corrected 
the magnetic susceptibilities of spheroidal 
sample so as to obtain the corresponding 
susceptibilities of spherical sample. His 
magnetic data concerning the copper Tutton 
salt were obtained by such a way. We can- 
not see from reference 8 any note on the 
shape correction of the magnetic susceptibility 
of Co Tutton salt, but the shape correction 
must have been made in this substance. 


Table III. The numerical values of 
GexCx 10522) Gm cni=2): 
ae ‘up to 200A up to 47 A 
Giz —0.3979 — 0.4097 
Giy — 0.7322 — 0.7398 
Gwe 1.1300 1.1629 
Geox 0.3681 0.3670 
Gay 0.4974 0.4982 
Gz — 0.8656 — 0.8670 


* The authors wish to express their thanks to 
Mrs. O. Nagai and R. Hatakeyama for checking 
the numerical values in this table. 


We can now theoretically get the values of 
the Weiss constants @, by substituting these 
numerical values into Eqs. (42), (38) and (44), 
that is 

Ox.=aatbatbh ites , (46) 


where a,b, and ca are given in Table IV. 
Now we have two 


Table IV. The numerical values of @,, ba 


and ¢). 
A an X 102 by Cr 
1 —2.039 eVAll 5e26 
2 +0.350 iol S203 
3 -+0.503 4,25 0.10 


undetermined parameters, Ji and Jz, whereas 
we have three Weiss constants 9, owing to 
the experiments by Garret. Thus we estimate 
Ji and J, from these @,’s by the method of 
least squares. Then we estimate the values 
of O . by use of J; and Jz thus obtained. 
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The values of 9, estimated in such a way 
serve to suggest the reliability of the estima- 
tions of J; and J. These results are tubulated 
in Table V. 


Table V. The numerical values of 9, and the 
estimated values of J; and Jy. 


exp. theoret. 
0, —0.005°K —0.010°K 
0, —0.017 —0.008 
(OF +0.050 +0.053 
Ji /k +0.0116 
Jo/Ie —0.00956 


Having estimated the exchange integrals 
J; and Jz, we are now prepared to estimate 
the specific heat. First, we estimate (C,T? 
/R)aip-aip from Eqs. (25), (26), (27), (28) and (29). 
Here P,Q and R appearing in (26) are esti- 
mated with the help of (27) and g-values of 
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Table II. The result can be seen in Table 
VI. 

Table VI. The numerical values 

of ePi@ andeh. 

ar qf 2 
vere 1904 1007 
Qrex 8932 
Qruy 779 
Qrzz 3388 
Orey 5275 
Qryz 3249 
Qrex 19074 2930 
Rrx — 7300 — 4609 
Rory — 519 
1S — 3604 — 913 
Table VIl. The numerical values of 

Ay Band © *(x10-“)Gn em-8§). 

‘p 1 2 
A, 0.4648 0.3040 
Byex 0.0954 0.0294 
Bryy 0.1512 0.0266 
Brzz 0.0120 0.0982 
Brey 0.1000 0.0061 
Bryz 0.0016 0.0269 
Brzx 0.0015 0.0419 
Gee 0.1970 0.0774 
Cry 0.2528 0.0595 
Crz 0.0151 0.1671 


The numerical values of lattice sums (29) are 
listed in Table VII. With the help of Tables 
VI and VII and Eqs (25) and (26), we get the 
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numerical values of (CoT?/R)aip-aip equal to 
17.8x10-*. Secondly, (C,T?/R)ex-0x is estimated 
from (30) with the help of J: and J, of Tables 
I and V, and then obtain it as 16.9x10-. 
Finally we estimate (C,T?/R) aip-ex . By using 
Tables I, II and the numerical values of éis*, it 
can be estimated from (31) and (32) as follows. 
(Col dome =—10"*772.1 Ji+1.3 Jz). (47) 
Substituting the numerical values of /; and 
J. in Table V into the above equation, we 
get the value of (C,T?/R)aiy-ex equal to —4.5 
lO 

Thus we get the inter-ionic contributions to 
the specific heat, which give C,T?/R equal to 
30.2 x 10-4 in good agreement with the experi- 
mental value 27 x10-! (see Table VIID. 


Table VIII. The numerical value of 
(CyT?/R) x 104. 
| dip-dip 17.8 
theoret. | O02 dip-ex — 4,5 
6.9 


exp. | 27 
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Magnetic anisotropy of cobalt ammo 


nium Tutton salt in the temperature 


region from about 10°K to 300°K is studied, where we used the wave 


functions obtained by Abragam and Pryce. 


The temperature dependence 


of the effective Bohr magneton is also studied. The agreements of the 


present theoretical results with the e 


Introduction 


§1. 


The magnetic behaviour of cobalt ammonium 
Tutton salt has been experimentally studied 
by many investigators, such as Jackson”, 
Rabi», Krishnan®, Bose®, and Bleaney and 
Ingram». And now we have sufficient data 
of its magnetic susceptibility, which shows 
remarkable anisotoropy, and we are now in- 
terested in the evalution of this magnetic 
anisotropy. 

As is usually considered, the atomic origins 
of magnetic anisotropy are such as (1) the 
dipolar interactions between magnetic ions, 
(2) anisotoropic exchange interactions and (3) 
the anisotropic g-factors caused by a crystal- 
line field. However, our temperature regions 
are at rather high temperatures, where the 
interionic interactions are ineffective because 
of a large separation between magnetic ions. 
Then we may take exclusively the third type 
into account as the origin of the magnetic 
anisotropy of cobalt Tutton salt. 

The electron configuration 3d’ of a cobalt 
ion has ‘F/. as the lowest level in its free 
state and the next level #P lies at a distance 
of about 14000cm-! from the lowest one. 
Under a crystalline field of the cubic sym- 
metry the seven-fold degenerate F-state splits 
into a one-fold and two three-fold degenerate 
orbital levels, but in the case of Co?+, contrary 
to the cases of Cr®+(4F3;.) and Ni®?*@F,), a 
triplet orbital level is the lowest one. This 
situation in the case of Co?* gives rise to a 
greater anisotropy than in the cases of Cr3+ 
and Ni’*, as was pointed out by Van Vleck®. 

Recently, Abragam and Pryce” determined 
appropriate crystalline parameters to interpret 
the anisotropy of g-values in the lowest 
Kramers doublet. A _ similar attempt has 
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xperimental ones are excellent. 


been also tried by Kambe, Koide and Usui®, 
whose purpose consists in a consistent inter- 
pretation of the anisotoropies of both g-values 
and magnetic susceptibilities by a well chosen 
parameter, but they could not successfully 
attain their aim. Although the result obtained 
by Abragam and Pryce is in excellent agree- 
ment with the experiments as long as the 
lowest Kramers doublet is concerned, the 
magnetic susceptibilities have not been ex- 
amined over any wide range of temperatures, 
where many Kramers doublets are effective. 
We use the wave functions of Kramers 
doublets given by Abragam and Pryce to 
calculate the magnetic susceptibilities over 
such a temperature region. The result thus 
obtained is in excellent agreement with the 
observed magnetic anisotropy. 

As was described in the preceding paper, 
the magnetic anisotropy is closely related to 
a deviation from the Curie law, which can 
conveniently be described in terms of the 
temperature dependence of the effective Bohr 
magneton. Then, we calculate the effective 
Bohr magneton for a powdered sample. Its 
temperature dependence is in good agreement 
with experimental data. 


§ 2. 


As was described in §1, the lowest level 
of Co?* under a cubic crystalline field is a 
triplet. It can then be regarded as a orbital 
state with the orbital quantum number //=1, 
where the Landé factor of orbital angular 
momentum may be replaced by an effective 
value of it. Then, a tetragonal field causes 
an anisotoropy of the effective Landé factor, 
whose symmetry should naturally be tetrago- 
nal. Thus the part of the orbital angular 
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momentum operator, Z, which is semi-diago- 
nal in the manifold of the lowest triplet, can 


be written 
dole. Ly=—a'l,., I,=—al,’., 
(ey: 
where 7,’, ly’ and 1,/ are the components of 
the angular momentum operator with a 
quantum number equal to unity and the 
tetragonal axis is taken as z-axis. 

In solving an orbital problem, Abragam 
and Pryce assumed an appropriate crystalline 
field with a cubic term of fourth order and 
tetragonal terms of second order and fourth 
order, where they also took into account 4P 


1404 cm 


1267cm" 
119tcm! 


state. As a result they obtained 
a=1.128, a’=1.503. (2) 
And then, the orbital part of Hamiltonian in 


the manifold of the lowest triplet, #on,, 
becomes 


PO om, = A 1—I1,’2) : (3) 


Here 4 is a positive value equal to 1090 cm-!, 
and hence the lowest orbital state is doubly 
degenerate. If we take into account spin states 
of the ion and introduce the spin-orbit coupl- 
ing ALS, the Hamiltonian now becomes: 


GE =A —1/*)— a Xl’ Set 1y/ Sy)—aadl Sz . 
(4) 
Here the spin-orbit coupling parameter 2 of 
Co?* is equal to —180cm7}. 

Our Hamitonian gives rise to six Kramers 
doublets, whose energy values can be obtained 
in the following way. If we classify the 
energy levels obtained from (4) according 
to the eigenvalues of /,/+S:, which is com- 
mutable with &, the eigenvalue problem (4) 
can be factorized as follows: 


D D 
nea A —Y 2a m=) 
=e +5 
0 —V 2a’. ak 
Bg 
A 
| (nae?) 
maz 
3 a’) Lae A é 
4 eee » 


Ol cmim 


-176 cm"! 


-42\cm' 


cubic 
field 


tetragonal 


field L-S coupling 


Fig. 1. Level diagram of the lowest six Kramers 
doublets. 


Solving each eigenvalue problem thus obtained, 
we get six energy eigenvalues as is schema- 
tically drawn in Fig. 1. 

§3. Magnetic Susceptibility 


In our temperature regions, we have only to 
take into account the lowest three levels. 
These states can be described by the follow- 
ing wave functions 


E=—421 cm7!: 


‘i, =ad(-1, ole o9(0, 5) tee (0. be aie 


3 1 it 
p-an=a9(1, >) +540, a )+oo(—1, y) ) , 
E=—176 cm": 


von aed e090) (6-9) 


; 3 ‘ 1 
Wan=a'H(l, —5)+e (0, ie y) ) 
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B=O:cems: i,’ and with an eigenvalue, Ms, of S:. Here 
Be 3 a 1 the coefficients a, 0, c,---etc. are given by 
Waa (0. 2) (1, >) a=—0.8959 a’=—0.4020 a” =—0.2911 
3 , 1 ba 0.2772 = 6 =—0:1626. b= — Uoon 
bsn=a’g0,— 5) +b W(-1.->) , (6) 
“ : C= — 034711 aee=— 02901 


in which #m denotes the eigenfunction with 
an eigenvalue, m, of /,,+S, and $m’, Ms) 
the eigenfunction with an eigenvalue, #2’, of 


Using the well-known formula of Van Vleck” 


t= Ee SY |e, m|Le+2Sx|n, m’)|2 exp (—EnlkT) 
4 / yi 2 
9B SES |(1, m|Lx+2Sx|2’, m’)|? exp (—En/RT) , 
MyM 75 me En: —En 
n’~n 
X=", 4, 25 (eae) 
B=N/ > exp (—En/RT) , (8) 


we can now calculate the magnetic susceptibility at any temperature below about 400°K. 
Here » refers to one of the Kramers doublets and m to a wave function pertaining to the 
Kramers doublet, and then EF, denotes the energy value of the Kramers doublet 7. And 
further N is the number of magnetic ions and 4» the Bohr magneton. The calculated result 


is the following: 


1=%t+% , 


ee ee {Gix + G,,, exp (—O:/T)+GY, exp (—0,/T)} , 


Xex=2Byy” {Gox+G;,, exp (—G1/T)+G;,, exp (—@,/T)} , 


X=, Y; By 


where @, and @, are respectively given by 
kOQ,=245cm-! or @,=352.48°K , 
kO,=422cm™ or @,=607.13°K . 
Here G,x, G,, etc. (y=1, 2) are given by 
Gir=Giy=8(—1/V 2 -bca’+V 3 ac+b)?, 
Gi,=G,=8(-1/V 2 -0'c’a + 3 a'c' +b”), 
G,,=G,,=0, 
G12=2{(@—0)at30+B2—c}? , 
G1,=2{(a?—c?)at3a?2+b2—c¢/2}? , 
Gi=2{-b'?at+3a'?+b'2} , 


(12) 


(13) 


; Lae Z, 
Ge —G., = eas WO ale = F 13)" 
oy + 545 (024272) + 759 (03+273)? , 
C= Gy= —5o— (0g tO)? 2 (8, 4 re? 
22 2y 945 2. omy 4 4 ? 


77 1a 2, 2 
OE TC TO VS : 
2a 2y 429 (03+ 273) 177 (04+2754) ’ 


(9) 
(10) 
(11) 
Cee ie oy 
m= 7 245 
GZ=0. (14) 


Here 6; and 7; are given by the expressions 
written down in the Table I, where their 
numerical values are also tabulated. The 
numerical values of Gix’s and Guoax’s are listed 
in Table II. 


$4. Comparison with Experiment 

In the preceding section we calculated the 
ionic susceptibility. In order to get the 
magnetic susceptibility of a sample, we should 
take into account the facts that a unit cell of 
Tutton salt contains two divalent ions whose 
tetragonal axes are different in orientation, as 
can be seen in Fig. 1b of the preceding paper. 
Let us denote the magnetic susceptibilities 
along the principal magnetic axes Ki, K, and 


K3 by x, x. and y3 respectively. Then we 
have 
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Table I. 
Expression Numerical value 
0: a (aa! — cc’) 0.7591 
02 —a! (be'+b'c)/V2 —0.3255 
03 | —a!(aa!’+bb"")/ Vo —0.5591 
Os —a!(a'al’ +b'b") | Vo 0.0409 
¥1 (8aa’+bb! —cc') /2 0.6741 
Y2 (V3ac'+2bb'+ V 3a’c) /2 — 0.6234 
¥3 (V3a''b+26'c) /2 — 0.4020 
%4 (V3 ab’ +26''c’) /2 | 0.9031 
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Table Il. The numerical values of 
Gjx’s and Gox’s. 
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Lys Be 
A -%s 


Jackson 


Bose 


— r | 1 7iL ; : Fig. 2. Temperature variations of y—y2 
mae Se LS = ee paRS ee and yi—y3. 
Cras Gs 4.1218 +0.0290 
Grad’s -Cips 1.5862 +0.0184 5 
Cpa", (Gee 0) — 0.0474 Mort 
Gre 19.6407 +-0.0362 | 
Gr 2.1395 — 0.0362 
Gre’ 0.0376 0 mean susceptibility 
= effective Bhor magneton 
; » ( Bose & Mitra) 
Table HI. Numerical values of y1—x2, x1—x3 and Tacrean 
x (mean susceptibility). The experimental 5 
values are Jackson’s data corrected. 
(ax) X10® (xs) x10® xx 108 
TOK | et A ee ee ee | 
exp. calc. exp. calc. exp. calc. 
290 3023 45221 1541 24651 9590 9540 % a 200 TK 300 
200 8280 4513 13780 Fig. 3. Temperature variations of the mean 
100 | 20420 11130 24920 magnetic susceptibility and the effective Bohr 
77.2 | 25500 26850 13000 14630) 30300 30490 magneton. 
50 41280 22500 43040 
20.3 | 94400 99880! 51900 54440} 93600 94090 salt experimentally. Above all, Jackson’s ex- 
16.7 '120000 121100 64800  66020|111000 112600 periments cover the widest range of tempera- 
14.5 137000 139300 74300 759301124000 128500 tures, whereas other investigators have merely 
. reported a few measurements at rather high 
11= An SiN-A+ 7, COSA , temperatures. According to Krishnan, how- 
ever, Jackson’s values are not correct because 
x2 Ku » he erroneously deduced yi—x% from the 
A3=Ax COPA+ Xz SiN’ , (15) measured data. With the help of the reliable 


where w=34° according to the measurements 
by Bleaney and Ingram. 

The temperature variations of the magnetic 
anisotropy, %i—z%2 and yi—xz3, thus obtained 
are plotted in Fig. 2 and the mean magnetic 
susceptibility, x, is also plotted in Fig. 3. 
These numerical values are tabulated in 
Table III. 

As was already mentioned in $1, several 
investigators have studied the cobalt Tutton 


data given by Krishnan at 30°C, corrected 
values of w:—xz. and x:—x3 prove to be 
obtained through multiplying Jackson’s data 
by appropriate factors (1.976 for yi—x2 and 
1.822 for x:—x3). For the mean susceptibility 
the correction is not so serious (difference at 
30°C is about only 3%). These values thus 
corrected are tabulated in Table II. 

Next, we calculate the temperature depen- 
dence of the effective Bohr magneton number 


3ykT 
Ny 
which serves to see a deviation from the Curie 
law. Here x is the mean magnetic suscep- 
tibility. The result can be seen in Fig. 3, 
where the experimental data are also plotted. 
Bose and Mitra proposed an empirical formula 
for Herr)” 


(16) 


Mert= 


Cc 
T? 

A=5.06 , [530 (ONS). C=—74.7, 
which should be regarded as good approximate 
formula at moderately high temperatures. A 
curve obtained from (17) are also plotted in 
Fig. 3. The agreement of our calculated 
results with experimental ones seems to be 
excellent. Thus we may conclude that the 
magnetic properties of cobalt ammonium 
Tutton salt can be satisfactorily explained 
from the theory of Abragam and Pryce. 

In conclusion the author wishes to express 


pee—15=A+BT + (17) 


Norikiyo Uryd 
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his sincere thanks to Dr. T. Nakamura for 
his kind interest in this work. 
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Hyperfine Structure of the Spectrum of Cu I and Test 


of the Hyperfine Structure Formulas 
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(Received March I, 1956) 


The hyperfine structure (hfs) of the levels 3d%4s?2D5/. and 2D3/. was 
measured and compared with the usual hfs formulas for d-electrons, and 
a discrepancy between theory and experiment was found. This can be 
phenomenologically interpreted by assuming that the values of <1/7%> 
are different for 3d5/.- and 3d3/,-electrons, namely <1/7>=7.4 and 8.0 
for 3d5/2- and 3d4/:-electrons respectively, where 7 is measured in unit 


of hydrogen atom radius. 


§1. 


The hyperfine structure (hfs) of the levels 
3°48? 2D35)2,3/. of Cu I was studied by several 
workers'-9,. But the hfs of *Dsj2 has never 
been treated carefully. Since this configura- 
tion is a d-electron hole, we can express the 
hfs interval factor by the formula for a single 


Introduction 


d-electron. From the general formula®* 
a 21(1+1) 
= lt OF 1 ze iF a 
IGED iy 585( 7 ) x10 Aan 


(1) 


AYAN ee a - 3 Le -3 -1 
a yr>G 1.585 (4) x10 coe 
(2) 
we get 
48 
a(dsta)= 5 <1/?>Py 1.585 (a x10-8 cm-!, 
re (3) 
a(dy)=5 1 >Pe 1.585( 7) x10-? cm", 
(4) 


* In the present paper we write merely <1/7r°5 
instead of <1/7*>ay for the sake of brevity. 
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a(d5/2, 3/2) 
1 e 7 
= = /75G, 1.585( 4 
= UG 5s5( “) 
KIO ecm . C5) 
Here 7 is expressed in unit of 
the hydrogen atom radius (usual- 


ly denoted as a,). AS51055 = Kies 
It is the purpose of the present 

work to test the validity of the 

formulas (3) and (4) by study- 

ing the hfs of the Cul lines 151055 — 


45782, 25700 and 45105, 

The spectrum of Cul was 
excited by a _ liquid-air cooled 
hollow cathode discharge tube, 
and a Fabry-Perot etalon was 
used in order to resolve the hfs. 
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157821 - 22 ze 
i i yl ai i 


775 


tn i a 


10 mm etalon 


15 mm etalon 
Rea 
20 mm etalon a 


Reproduction of some interference patterns of the 
spectrum of Cu I, 


Cul 45782 (3d°4s° “D, - 4p ‘P,) 


Fig. 1 reproduces some of the 2 2 
interference patterns that were 
obtained. 
§2. Experimental Result bec d 

The measured hfs of the above- Dare fd j 
mentioned three lines are shown | F J iL ej 
schematically in Figs. 2,3 and 9 0676 01572 01855 .2330 273. .3307 .3589 420 cm 
4. +0007 4,002 +.002 +002 +.002 +003 +003 +003 

: wave number—>- 

Natural copper is known to F 63 r cu 
consist of two odd isotopes 63 2 Cu 120283 2 2 60309) 
and 65 with abundances 69.09% 1 i b t dot 3 1 ; : Z : 7 
and 30.91% respectively”. Each 691 247 247 247 049 0.99 309 110 110 410 022 044 

5 --vil5) | | Eff i | 

of them has the nuclear spin one | | : 31959 | | 
3/2. The ratio of their nuclear D; 2 1356 | 
magnetic moments was measured 1_1175 = = 5 < 
by Pound®: 0 \0560 0613 

w(Cu®*)/ (Cus?) = 1.0711+0.0002 Fig. 2. Hfs of Cu I 45782. 


(6) 


The ratio of the nuclear quadrupole moments 
given in the literature” is 


Q(Cu®)/Q(Cu®) =1.081-£0.003 . Care) 
On the basis of the above-mentioned spin and 
the isotopic abundance Ritschl” detected an 
isotope shift in the lines 25782, 25700 and 
45105. His interpretation (with a slightly 
modified form) will be employed here. 

a. 145782 (3d°?Dsj,—4p?Piy). All the hfs 
components were measured relative to the 
strongest one, their positions being shown in 
Fig. 2 together with the maximum deviation 
of the individual measurements. The hfs 
splitting of 7Pi/. of Cu% was calculated from 
that of Cu using the ratio (6). However 


that of 2Ds/. of Cu®® was not, in order to test 
the accuracy of the measurement. The 
measured ratio 
A® (2D3/2)/A%(2D3/2) =0.0643/0.0605 
=1.063-+0.017 
would be in agreement with the nuclear in- 
duction ratio (6). 

b. 25700 (3d9 2D3/2—4p ?Ps/2). See Fig. 3. 
The resolution of the group of components c, 
d, and e was not complete, so their positions 
were determined by means of a photometer 
and a comparator. From these measurements 
the hfs of the upper level #P3/, could be 
determined and was used in interpreting the 
hfs of 25105. 


c. 25105 (8d°?Dsj2.—4p *Ps/2). See Fig. 4. 
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OO ee, all the hfs constants A and B 
GLAS TOO seats ee di By that were determined in the 
present work are listed in Table 
L, 
Wagner? gives A®(?D3/2)= 
b sate ot 0.0597cm-!, _A®(2Ds/2)=0.0644 
1 a ¢c a as 7 cm-!. The latter value is in 
g if . 
| [ ii lf | fr j agreement with that given here. 
6 0.0667 164.175 189 427 cm’ The former value seems to the 
#0008 4,002 #.002 +002 ee present author to be a little too 
re Car Ks el Lesa Ca low. Further Wagner gives 
se Oe O08) ; 5-015) Geena A®*(?Ds/2)=0.0256 cm™, A%*?Ds/) 
1° | 1 + — B a = SS = 0.0274 cm-!. These values seem 
a b i die frg- his a becedue f ghi to have been calculated on the 
1.73 | 197 173, 049 | 124 0.77 |088 !077 1022 10.55 basis of the usual hfs formula 
1855 1 ae 1959 | | | | | | ment with those of the present 
2 
SmHITS eS , = 128 ER) ay work. 
0 “¢:0560 0613 §3. Discussion of the Result 
Fig. 3. His of Cu I 45700. We are now in a position to test 
OMe on?, 2 the validity of the formulas (3) 
Cul 15105 (3d°4s° D. - 4p 
a 5 : 3 : 2 and (4) for a single d-electron. 
For the sake of brevity we will 
b discuss only the hfs of Cu®. 
a If the values of <1/7*> are the 
‘ pps same for d5/2- and d3/.-electrons, 
4 a we can eliminate <1/7*> from (3) 
¥ Pelt neat Pe 
tells Li it 
0 0.068 0.084 0154 01856 0228 0.267 cm" a(dsj2)= Ads) (7) 
4004 +004 +4006 +002 +4005 +4.003 Td, 
014 wave yes ors) Fon Curie wen haviemred ea 
F 0" Cu 213) C 0.993. Putting a(ds3/.) = 0.0605 
3 [.006) , (008) oe cm-! in the expression (7), we 
F i ca i P; 2: = get a(ds/2)=0.0259+-0.0003 cm™!, 
0 | 0 Nese Se DB laa HW whereas the observed value is 
es "4oe| 3 eae soslose melanins Coa Nese aaunnoue = I 
, | 1.34 | 116 |0.12 ) ) ) ) : : 
4.30 |242 |0.08 | 104 192 | 108 |0.03 046 discrepancy is far beyond the 
4 098 4 105| | | experimental error. This dis- 
3 070 D, 3 075 | ates crepancy between theory and 
3 044 2 a ea experiment can be phenomeno- 
Fig. 4. Hts of Cu I 25105 logically interpreted by assuming 


Although the structure is not so favorable 
for measurement, the hfs splitting ‘of the 
lower level ?D5/2 could be determined with 
fair accuracy, and will be discussed later on. 

Expressing the position of the hfs levels of 
a term by the usual formula 


B=Ey+ 4) -+BC(C+1) . 


C=KF+1)—1I+1)—J(J+1), 


that the values of <1/7* are 
different for d5/.- and d3/.-electrons. 

Putting the value (Cu®)/7J=1.4842 and the 
observed values of a’s in the formulas (3) and 
(4), we get 

/P>=7.4 fora “ds,-electron, 

<1/7*>=8.0 for a ds;/.-electron. (9) 
Differentiation of <1/7*) for ds.- and d3/s- 
electrons causes differentiation of the effective 
charge Z,* through the formula 


(8) 


1956) 


Table I. Hfs constants of some terms of Cull; 
mes) 


| Cus Cues 


3d 4g? 2Dyj_{ A =0 0605 £00005 | tee 


R=0.15,x 10-2 Boo 18, 10-8 
2277, , (A=0.0238+0.0010 |(A= (0.0255) 
3d 48 HN aie ait « aes 
| 
4p Py, | A=0.014140.004 | A= (0.0151) 


(A=0.0053+0.0004 
(B= —-0.03x 10-3 


(A =0.0050+0.0004 
4p °Ps/2 Nop oe 


* Numbers in parentheses were calculated using 
the ratio of the nuclear magnetic moments (6). 


<1/79> = €/(5.822 Z*) , (10) 
€=spin-orbit interaction parameter ex- 
pressed in cm~}, 


namely, we get (Ca=816cm-! for Cu I) 
Za*=19.0=29—10.0 for a ds/2-electron, (11) 
Za*=17.4=29—11.6 for a dsz-electron. (12) 


The other value of <1/7*> to be compared 
is 7.52 of Sternheimer!® who calculated it 
from the Hartree-Fock wave functions. This 
is in agreement with the weighted mean of 
(8) and (9). 

It would be important to test the usual 
formula (1) in the case of a single p-electron. 
Perl, Rabi and Senitzky’ studied the hfs of 
3p ?P3/. and 3p ?Pi/, of Na I and obtained a(p1/2) 
=94.45+0.5Mc/sec, a(£3/2)=19.06+0.36Mc/sec, 
and showed that these values satisfy the 
usual formula (1), namely @(p1/2)/a@(p3/2)=5.0 
within the experimental error. we can there- 
fore asume that the values of <1/7*> are the 
same for pi/2- and f3/,-electrons. 

The phenomenological proposition that 
<1/r*> is larger for a dsy.- than for a d5/2 
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electron is given here only on the basis of the 
hfs measurement of Cu I, but it may be re- 
marked that this assumption can suppress a 
greater part of the discrepancy between theory 
and experiment observed in the d-electron 
hfs of V I and in a vast amount of data of 
d-electron hfs of the spectra of the elements 
in the neighbourhood of Cu. 

The properties of the remaining hfs factor 
(namely @’’’) of the d-electron will be described 
in another paper. 
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Isotope Shift in the Spectra of Ne II and W I 


By Kiyoshi MURAKAWA 
Institute of Science and Technology, Komaba-machi, Meguro-ku, Tokyo 
(Received March 1, 1956) 


(I) The isotope shift in the transition 3s —3p in the spectrum of Ne II 
(Ne2— Ne) was observed, using a liquid-air cooled hollow cathode. 
The shift in the doublet spectrum of the *P system was found to be of 
the order of 0.2cm-! and larger than that in the quartet spectrum or 
the 1D system. 

(II) The component due to the rare isotope W180 was detected in the 
line 14269 of the spectrum of W I, and the ratio of the distances of the 
neighboring even isotopes was found to be A(186—184) :a (184-182) : 


A (182 —180) =1:1.20640.010:0.88+0.07. 


§1. Isotope Shift in the Spectrum of 


Ne II 


Several years ago” isotope shift (Ne**— Ne”) 
in the spectrum of Ne II® was studied, using 
a water-cooled hollow cathode. A large isotope 
shift was observed in the 3s—3p transition in 
the doublet spectrum of the *P system. 

In the present work a liquid-air cooled 
hollow cathode was used and interference 
patterns that are sharper than before could 
be obtained. The quartz etalon which the 
author had used in the study of the ultraviolet 
lines was returned early in 1955 to Professor 
Kiuchi from whom it was kindly lent to the 
author, so an uviol etalon and two quartz 
Lummer plates were used in order to resolve 
the hyperfine structure (hfs). Fig. 1 repro- 
duces a typical example of the isotope shift 
in the spectrum of Ne II. 

In all cases where the isotope shift was 
actually detected, the Ne?? component was 
found to lie to the higher frequency side of 


the Ne??. component, the abundance ratio 
being Ne??: Ne??=9:1. 

Using a hot hollow cathode, Suwa® found a 
wing structure in the spectrum of Ne II, as 
shown qualitatively in Fig. 2a. [This pheno- 
menon is characteristic of Ne II, because no 
such structure was detected in the lines (in 
the red and ultraviolet region) of Ne I, even 
when a hot hollow cathode was used.] Of 
course the Ne?? component would have a wing 
structure, but this would have been masked 
by the broad Ne?®-structure. 

When the cathode was cooled with water, 
it was found that the wing denoted as w in 
Fig. 2b still exists and partly superposes on 
the Ne??-component in the case of the 3s—3p 
transition of the *P system. This makes the 
apparent isotope shift somewhat larger than 
actual in the case of the same transition. 
Therefore the isotope shift for the lines 
AA 3727, 3713, 3392, 3378 and 3323 published 
by Murakawa and Suwa! must be corrected 


Table I. Isotope shift in the spectrum of Ne II. 


A (A) Transition* Isotope shift (cm?) Isotope shit Eer ey 
previous work** 

3766.3 38 4Ps/.(3P) —3p *Ps/2(3P) 0.159 +0.019 
3727.1 38 2Pi/2(8P) —3p 2Dsjo(3P) 0.193-+40.008 0.22, 
3713.1 38 2P 47» (8P) —3p 2Ds/2(3P) 0.203+0.008 0.233 
3709.6 38 *P3p.(8P) — 3p *Py/2(3P) 0.149 +0.015 
3694.2 38 4P5)2(3P) — 3p *Ps/2(3P) 0.159 +0.015 0.15 
3664.1 38 £P5/2(3P) —3p *P3/2(3P) 0.14g +0.015 
3568.5 3s 2Ds/x(8D) — 3p 2F'y/.(2D) 0.16, +0.016 0.13, 
3302.8 38 *Py/,(3P) — 3p *Ps/(3P) 0.221+0.006 0.25, 
3378.3 38 2Pi/9(8P) —3p 2 Py (3P) 0.2214-0.006 0.25; 

355.1 38 *Ps/,(8P) — 3p *Daja(8P) 0.16 +0.016 
3345.5 38 2Dsj2(1D) —3p *P3/2(4D) 0.15, +0.015 0.15 
3334.9 38 “Psja(SP) —3p *Diy, (®P) 0.14; 0.016 ; 

23.8 38 *Ps/2(@P) —3p *Ps/2(8P) 0.219+0.006 0.26, 

3319.8 38 ?D372(4D) —3p 2Pi/2(1D) 0.135 + 0.022 0.165 


* Reference 2, 7 Reference 1. 
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quartz Lunmer plate (thickness 4.4 mm) 


Fig. 1. Enlargement of interference patterns of the spectrum of Ne II. 


for this wing. 

When the cathode is cooled with liquid-air, 
the hfs gets naturally sharper, but it is not 
certain whether the wing disappears in this 
case altogether. Probably a weak wing would 
still exist but is difficult to detect positively. 
However a considerable scatter among in- 
dividual data of isotope shift would point to 
possible existence of a weak wing structure. 

The isotope shift measured in the present 
work is listed in Table I. As was mentioned 
in the previous work, largest shift is observed 
in the 3s—3p transition of the doublet spect- 


rutn of the *P system. 


Isotope Shift of W'*° in the Spectrum 
of W I 


Using an enriched isotope (W1®° 4.95%, W'*? 
50.75%, W2 15.28%, W1* 17.89%, W*** 11.14 
%), Vreeland and Murakawa observed in 
the hfs of some lines of W I the component 
due to W?®°, but the existence of W'** was, as it 
now seems, very unfavorable for measure- 
ment of the isotope shift. Since in that work 
an aluminium hollow cathode coated with 
tungsten oxide was used, the strong alumi- 
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b 
The cathode is Bs 
cooled with “i Ne i. 
water 

20 
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The cathode is ob 
; Ne 
cooled with 
liquid air — 
01cm" 
Fig. 2. Qualitative illustration of the hfs of the 


lines of the transition 3s—3p of the doublet 
spectrum of the ?P system in Ne II. 


nium hydride band masked the important 
line 24269. In the present work (using natu- 
ral tungsten) the hollow cathode was of pure 
tungsten, so no disturbing band appeared. 
Since, however, the abundance of W?#°? in 
natural tungsten is only 0.2%, a considerable 
time was spent in obtaining a clear inter- 
ference spectrogram. Finally several plates 
just showing the existence of W1*°-component 
in 44269 and 43817.5 were obtained. The 
result of measurement of 44269 is shown in 
Fig, 3. That of 23817.5 is approximately the 
same, but less accurate. Except the position 
of W?®°, the positions of other components 
were taken from the previous publication of 
the author»), From the hfs of 44269, we get 
the ratio of the distances of the neighboring 
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Fig. 3. Hfs of W I 44269.4. 


even isotopes: 
A(186—184) : 4(184—182) : 4(182—180) 
=Jl 2 IL AMGsE0) OO 2 Oa) O7 . 


Since in the line 24269 none of the even 
isotopes is affected by the odd isotope W1'*, 
the ratio given here would be the most 
accurate one available at present. 
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Fine Structure of J=1<—0 Transition due to Internal Rotation 
in Methyl Alcohol 


By Tetsuji NISHIKAWA* 


Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo, Japan 


(Received April 7, 1956) 


The fine structure of J=1<0 lines in various isotopic species of 
methyl alcohol has been explained by a combination method of Itoh’s 
theory for a rigid asymmetric hinded rotor and Kivelson’s theory for a 


nonrigid symmetric hindered rotor. 


All lines have been fitted within 


errors of 2 Mc by this method. From the analysis the height of potential 
barrier to internal rotation for CH30D has been determined to be SiS 


cm-}, 
and discussed. 


§1. Introduction 


The microwave spectra of various isotopic 
species of methyl alcohol have been studied 
by Venkateswarlu, Edwards, and Gordy”. The 
J =1<-0, K=0<0 lines have been observed in 
the ground torsional state, #=0, and the first 
two excited states, m=1 and m=2. Hindered 
internal rotations of the molecules split all of 
these lines into doublets, corresponding to the 
degenerate and non-degenerate sublevels which 
are designated here by ~=1 and ,=0**, respec- 
tively. 

Three types of perturbations should be 
considered to explain these fine structures of 
the spectra. One is the perturbation energy 
due to the off-diagonal element, Ay ns 
which was previously calculated by Burkhard 
and Dennison”, based upon a model of a 
rigid symmetrical top, CH;, attached at an 
arbitrary angle to a rigid asymmetric frame- 
work, OH. This perturbation energy is 
sensitively dependent on the barrier height of 
internal rotation and the physical angle be- 
tween the CO axis and the methyl axis. 
Swalen® tried to explain the splitting of 
ground vibrational state, »=0, from this effect 
and to determine the barrier height and the 
molecular structure, but his approximation 
used seems to be inappropriate to this mole- 
cule. 

The other perturbation is the centrifugal 
distortion including the effects of internal rota- 
tions upon the other vibrations and hence 
upon the rotational constants. The third 
perturbation is the effect of repulsion between 
methyl and hydroxyl groups, which varies 


The molecular structure of methyl alcohol has also been calculated 


with the angle of internal rotation, x. The 
last two effects have been treated by Kivel- 
son for symmetric hindered rotors and suc- 
cessfully applied to explain the similar fine 
structure of the J=1<0 line of methy] silane. 
Recently, Hecht and Dennison® have examined 
the theory similar to that given by Kivelson 
incorporating the asymmetry existing in 
methyl alcohol. Details of their theory and 
calculation have not yet been found***, How- 
ever, since the methyl alcohl is only slightly 
asymmetric (asymmetry parameter, «~—0.98), 
Kivelson’s theory for symmetric rotors can 
be applicable with additional treatment of the 
effect of asymmetry in a rigid hindered rotor. 
This combination method will be found to 
give better agreements between the experi- 
mental and calculated values, though it is 
rather semiempirical than Hecht and Denni- 
son’s method. 


§2. Rigid Hindered Rotor Model 
The diagonal element H7k#” of Hamiltonian, 


* Present adress: Institute for Nuclear Study, 
University of Tokyo, Tanashimachi, Tokyo, Japan. 
** The definition of » will be found in ref. (6). 
p is related to the quantum number t, which is 
used by Dennison and others”, by »=—(K+r-1) 
mod. 3. 
*** After sending our results, we have received 
a copy of their work. Their results are closely 
agree with ours, while they have pointed out that 
the term Gy, which we have named as centrifugal 
distortion term, also includes the effect of Coriolis 
force. Further, they have taken into account some 
small off-diagonal terms due to Coriolis interaction. 
The author thanks to them for their kind informa- 
tion. 
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on the basis of a simplified model consisting 
of a rigid hydroxyl and a rigid methyl groups, 
includes the energy of the overall rotation of 
the molecule, which depends only on J and K, 
and the energy of internal rotation, which 
depends on K, #,”, but not on J. Fine structure 
for J=0—1, K=0-0, uz, 1 n lines, there- 
fore, can not be expected from the diagonal 
element. 

The Hamiltonian, however, has off-diagonal 
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elements 
/ TK IK pn 
Ayan (n’s<n), AE tun’ » and Aye un! 


Because the last matrix element is not existent 
for J=1,0 and K=0 levels, the fiirst two 
off-diagonal elements should be considered in 
explaining the fine structure splittings in this 
case. These matrix elements have first been 
obtained by Burkhard and Dennison” in the 
form 


h2.D? 21 fake ; 
Tym = — PN (4) )* 2 PHM (a2) d: (1) 
Hoge, = — P| Pea oan 
TK Bia a ORG RUSE * ( prcun(y,)y* 4 pr sian! 
Ty aw’ a 87?2(IyI,— D?) 4 i ( (z)) dx (2) 
a ; e-( Pena) PEM (a) ld ( Y) ) 


where the definition of P*""(x) is in reference 
(2). Iy is the moment of inertia of the mole- 
cule about the axis passing through the center 
of mass of the molecule and perpendicular 
to the methyl axis in the COH plane. Ji is 
defined as K=J.—I,, J, and fs, being the 
moments of inertia of the molecule and the 
methyl group along their axes parallel to the 
methyl axis, respectively. D is the product 
of inertia of the molecule in the COH plane. 
The magnitude of D is considerably sensitive 
to the physical angle between CO axis and 
methyl axis. 

Burkhard and Dennison’s expression, how- 
ever, is inadequate to calculate thepe rturba- 
tion energy which produces the fine structure, 
since they have the matrix elements between 


Hiker 
JK +10 


87?2(I,?+ D?) 


where Q*¥#"(¢)=e-'k*PKe"(y), It is noted that 
the factor involving molecular constants is 
D/I,?+.D* in equation (3), and it is D/Jyl,—D? 
in equation (2). Since J, is about thirty times 
larger than J; in the normal methyl alcohol, 
the splitting of J/=1<0 line in the ground 
torsional state can be calculated to be only 
0.02 Mc for normal methyl alcohol, using the 
barrier height (~375 cm!) and the molecular 
structure which have been obtained by Ivash 
and Dennison®. This calculated value is too 
small compared with the observed value, 4.59 


_WD2K+1)V (J+ K+) J—K) Ne 


states of different vibrational quantum num- 
bers. If we take into account only the matrix 
elements which are diagonal in vibrational 
quantum number, , this perturbation energy 
seems to give a splitting of several mega- 
cycles for the ground torsional state of normal 
methyl alcohol. This estimation is not good 
enough, since the contribution from matrix 
elements between different states gives the 
frequency shifts of the same order. 
Recently, Itoh, and Hecht and Dennison” 
have succeeded, in different ways, to eliminate 
the matrix elements between the different 
states by a suitable transformation of the 
axis. The only appreciable off-diagonal matrix 


element H7k4",, is expressed by 


(QEEN (ae) FQE 1H" (ce) dex (3) 


0 


Mc. Calculated splittings for the excited tor- 
sional states tend to be much smaller. The 
frequency shift due to this effect were also 
found to be less than 0.1 Mc for the isotopic 
species, C'3H;0'°H and C!#?D;01°H. 

This situation is considerably different in 
the case of C#H;01%D and C#H;01*D. The 
splittings of about 10Mc for m=0, and 2 or 
3 Mc for w=1, are calculated from the more- 
cular structure, which has been obtained by 
Venkateswarlu and Gordy®) assuming no effect 
of torsional vibration. Because the values of 
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D of these species are about ten times larger 
than those of other isotopic species and also 
because the energy difference, hoen— Flvn 
which is the denominator in the perturbation 
calculation, decreases to about one fifth of 
that of C!?H;0'*H in the ground state. There- 
fore, the perturbation energy due to 12 he SA 
should be taken into account in the case of 
C¥H;0"D and C#H;0'%D. The magnitude of 
the calculated frequency shift can be found 
in the third column of Table II. However, the 
calculation shows that the fine structure of 
CH;0D lines also cannot be correctly explained 
by this perturbation energy alone. 


§3. Nonrigid Hindered Rotor Model 


It has been found that the rigid hindered 
rotor model can not explain the fine structure 
of J=1<0 lines of methyl alcohol. It would 
be necessary to take into account the interac- 
tions of the other vibrational modes with the 
torsional vibrations. The effect of these in- 
teractions have been examined by Kivelson® 
for the symmetric internal rotor and the fre- 
quencies of J=1<0, K=0<0, wep, nan 
lines were given by the relation, 


y=2[(B,+Fi(u, m|1—cos 32| us, 2) 
. +G(u, 2|U?|4,2)) (4) 


where B, is the usual rigid rotor rotational 
constant, Gy» is a centrifugal distortion term, 
Fy is a parameter that arises from the mutual 
repulsion of the two functional groups that 
rotates with respect to each other, and II is 
the angular momentum of internal rotation. 
As was shown in §2, the effect of asym- 
metry on the fine structures of J=0<-1 lines 
for C”H3;0'*H, C!3H;01*H, and C!2D;01*H is 
expected to be negligibly small so that the 
fine structures of these lines may be calculated 
from Kivelson’s formula, equation (4). There 
are four constants to be determined, Bp», Fv, 
27° Volo(LyI,—D*) * 
G,, and a=— aa ~D?) 
the height of potential barrier. Since the 
torsional and vibrational interactions are not 
so sensitively dependent on the barrier height 
and the molecular structure, we can used @ 
estimated from the approximate values of Vo 
L(ih—-D’) 
I,I.—D* 
by Ivash and Dennison® or Venkateswarlu 
and Gordy”. Values of a for C!2H,0'°H, 


, where Vo is 


and which were formerly given 
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Table I. Comparison of observed and calculated 
frequencies for ClH,O!6}, Cl'H30'%H, and 
C¥D;01H. The errors involved in observed 
frequencies were reported to be less than 0.5 
Mc unless otherwise stated. Frequencies in 
parentheses were used to determine the constants 
By, Fy and Gy. 


Molecule x ps ca ee rie ad 
CYH30'%'H 0 0 (48372 .60) 48372.60 

OF eae 48376.96 48377.09 

1 0 48257.57  48257.49 

1s oa (48247.89) 48247 .89 

2 0 (48192 .12) 48192.12 

Mae lt 48177.92 48178.0 +1.0 
C3H304%H 0 0 (47205.20) 47205.20 

Oy 21 47209.65  47209.63 

1 0 47094.49 47094.11 

Ipeesel (47083.82) 47083.82 

2; 0 (47030.16) 47030.16 

Sell 47018.00 47019.5 +1.0 
CXp;04H 0 0 (39066.21) 39066.21 

0 +1 39069.32 39069.25 

1 0 38982.54  38982.88 

1 +1 (38972.05) 38972.05 

2 0  (38928.89) 38928.89 

Pe atoll 38923.77  38923.97 


C83H,01H, and C’D;0!*H were taken as 3.4, 
3.4**, and 3.8, respectively. B,, Fr», and Gy 
were calculated from the observed frequencies 
of arbitrary selected three lines. Using these 
four constants, the calculated frequencies of 
unassumed lines show very good agreements 
to the observed ones for all three isotopic 
species as shown in Table I. The values of 
By, Fy, and Gy» used in the calculation are 
listed in Table III. 

The above method of calculation for 
C?H3CH, C8H,0*H, and C'?D;0"°H should be 
slightly modified for C’?H,0D and C3H,01*D. 
The effect of asymmetry must be taken into 
account for the latters. The frequency shift 
due to the asymmetry can be calculated from 
equation (3) for rigid hindered rotor, because 
it depends less on the other vibrations than 
torsion. With the corrections of asymmetry 
effect thus calculated, equation (4) for non- 
rigid symmetric hindered rotor can also be 
applied to C!’H30'*D and C1#8H;,0'°D. 

Since the effect of asymmetry on the fine 


structure is sensitive to Vo, it has been 


Ee SILT I SS AA ANY in a symmetric ‘hindered 
rotor, in which D=0. See also ref. (6). 
*& The isotopic substitution in C affects a less. 
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Table II. Comparison of observed and calculated frequencies for C?H;0%D and 
C3H;0'6D. Frequencies in parentheses were used to determine the constants 
Jeo AE Euetel (Crm, 
: i 7 hi 25; i Calc: Freq: Obs. Freq. 
Molecule n pe oars a a in Mc ¥ in Mc Veale. — Vos. 
asymmetry in Mc (Yeate.) (Yoos.) 
om s3i0r 0 9 588 45358.98 45359 .43 —0.45 
On ne =2707 (45344. 30) 45344 .30 - 
1 0 + 1.21 (45265 .78) 45265 .78 — 
1 +1 + 3.25 45259 .25 45259 .44 —0.19 
2 0 — 0.40 (45193 .36) 45193.36 — 
2 +1 — 0.08 45187 .74 45189 .46 —1.72 
5.4 0 0 — 6.54 45358 .30 —1.13 
0 seul —21.92 (45344 .30) = 
1 0 +1.36 (45265 .78) = 
1 etal +3.66 45260 .20 +0.76 
2 0 — 0.45 (45193 .36) = 
Z +1 — 0.09 45187 .14 —2.32 
15415) 0 0 — 7.24 45357 .86 ef 
0 all — 22.05 (45344 .30) = 
1 0 + 1.53 (45265 .78) — 
1 +1 + 4.10 45261 .25 +1.81 
2 0 — 0.49 (45193 .36) =a 
2 +1 — 0.11 45186 .32 —3.14 
CBH;016D 5) 33 0 0 — 5.50 4424] .40 44241 .43 —0.03 
0) se Il — 20.24 (44228. 26) 44228 .26 — 
1 0 po 1-13 (44151.09) 44151.09 its 
1 gel + 3.07 44143 .47 44144 .06 —0.59 
2 0 — 0.37 (44079 .30) 44079.30 — 
aw gel — 0.08 44075 .52 44076 .55 —1.03 
5.4 0 0 — 6.23 44241 .18 —0.25 
0 sell — 20.59 (44228. 26) = 
1 0) + 1.31 (44151.09) = 
1 sell + 3.53 44144 .69 +0.63 
2 0 = 0.43 (44079 .30) — 
2 +1 — 0.09 44074 .50 —2.05 
Deo 0 0 — 6.92 44240 .81 —0.62 
QO 41 ~20.78 (44228 26) — 
1 0 + 1.47 (44151 .09) ot 
1 aell + 3.96 44145 .78 Hee? 
2 0 — 0.48 (44079 .30) i. 
2 Zell — 0.10 44073 .66 = 9489 


calculated taking three different values of a, 
5.3, 5.4 and 5.5, which correspond to Vo= Sale 
378, and 385 cm~!, respectively. Because the 
effect is also sensitive to D, which are not 
accurately known, it had to be calculated for 
different values of the parameter Di L?+D*), 
in order to find the optimum set of constants. 
The calculated frequencies for each value of 
a are compared with the observed frequencies 
in Table II, when D/(I,?+.D*) has been taken 


to give the best fit to the experimental data. 
The agreement is particularly good when 
a=5.3, or Vo=371cm7. The set of constants, 
By, Fv, Gy and D/(I,?+D?) for each a used in 
the calculations are given in Table III. The 
maximum discrepancy is only the order of 
1 Mc/sec even in m=2 which is the magnitude 


expected from the accuracy of the aproxima- 
tion used. 
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Table II]. Molecular parameters used 
in calculations. 


D 
Molecule @ in’Nic in Me in Me It >” 
in Mc 
CH3201SH 3.4 48449.20 —71.341 —3.5361 — 
C!8H.016H » 3.4 47279.76 —69.758 —3.3452 — 
C2D3;045H 3.8 39121.69 —54.901 —2.3354 — 
C?H3016§D 5.3 45423.96 —65.927 —2.6709 895 
5.4 45423.56 —65.672 —2.6413 935 
5.5 45423.60 —65.490 —2.6782 975 
C8BH304D 5.3 45304.50 —64.922 —2.4596 867 
5.4 45304.84 —64.750 —2.5119 915 
5.5 45304.96 —64.568 —2.5523 955 


Table IV. Molecular structure of methyl alcohol. 


Venkateswarlu Ivask and 


Present 
work* and Gordy Dennison 
dox(A) 0.953 0.956 0.937 
doo(A) 1.427 1.427 1.434 
dcu(A) 1.096 1.096 1.093 (assumed) 
PAACH om 10924 109°2’ 109°30! 
ZCOH = 108°24’ 108°52’ 105°56/ 
o** By lkss" Be20! 329) 


* On the probable values of errors involved 
in the molecular parameters, see ref. (9). 

** 9 is the angle between the CO axis and the 
methyl axis. 


Table V. By and D/J,?+D2? calculated from the 
molecular parameters. The values in right 
columns were taken from Table III for com- 
parison. 


s D 

Molecule 2B, in Mc Tp+D® in Mc 
“CVH,O“H 48449 4844978 — 
C13H301°H 47267 47280 87 — 
C!2D301%H 39124 39122 88. — 
C?2H30!8D 45422 45424 836 895 (a=5.3) 
C3H3016D 44290 44305 800 867 («=5.3) 

Table VI. Fy and G, of methyl silane and 


methyl mercaptan. 


Molecule Fy, in Mc Gy in Mc 
CVH,Si°8H3* — 65.322 — 0.8824 
CH3S18D3* — 52.868 —0.8012 
C?2H3S?H** —61.41 — 0.980 
C3H3S#2H** — 58.82 — 0.937 
CYD;S?H** — 47.33 —0.718 
C?2H3SD** —58.83 —0.839 


Fine Structure of J=1<0 Transition in Methyl Alcohol 


* from ref. (4). 
** from ref. (10). 
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§4. Molecular Constants and Discussions 


B, in eq. (4) can approximately be expressed 
by®*), 


dee KD: (5h I, 

ane CMa TEeT 
where J, is the moment of inertia about the 
axis perpendicular to COH plane. The mole- 
cular structure has been calculated so that it 
gives the best fit to the values of B, for various 
isotopic species and also fits the moments of 
inertia 4, 2, and the product of inertia D in 
C!2H30!6H obtained by Ivash and Dennison®?. 
The calculated molecular structure is given 
in Table IV, together with the structure 
determined by Ivash and Dennison and with 
those by Venkateswarlu and Gordy. Present 
structure is very close to the latter but lies 
between two. 

The calculated frequencies of the effective 
rotational constants B, from the present 
structure are given in Table V with the 
values of D/(I,?+D*) for various isotoropic 
species. The values of D(J,?+D*) is not so 
sensitive to the molecular structure for 
C#H;,0'%D and C#H30'8D as for C?H;0'*H. 
The calculated D/(I,2+D?) of CH;OD are 
somewhat smaller than those obtained from 
the fine structure analysis, and the difference 
between them decreaces as @ or Vp decreaces. 
Also from this point, the height of potential 
barrier of 371+5cm7! for C?H;0'*D and 
C!3H3,0"D seems to be most reasonable. This 
value agrees within probable errors to the 
value of 374.8cm-! determined by Ivash and 
Dennison from the analysis of the spectrum 
of C!?H;0'°H. The disagreement of the order 
of ten megacycles still remains between the 
observed and calculated values of Bp, while 
it is not unaccountable considering the ap- 
proximation used. 

The values of Fy and Gy in Table II are 
compared with those of methyle silane? and 
of methyl mercaptain’™ in Table VI. The 
values are not different from each other for 
all these molecules. It seems interesting to 
calculate these coefficients from the molecular 
parameters. Recently, Kivelson’ has present- 
ed a method to calculate Fy from the nature of 
the forces constituting the barrier to internal 
rotation. Gy» can also be calculated from the 
vibrational frequencies and rotational con- 
stants assuming some molecular potential 
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constants. These calculation, however, seems 
to be formidable task and uncertain. 


§5. Acknowledgement 


The author express his hearty thanks to 
Prof. K. Shimoda for his continuous encourage- 
ment and interest during the course of this 
work and to Mr. T. Itoh for his valuable dis- 
cussions and advices. 


References 


1) P. Venkateswarlu, H. D. Edwards and W. 
Gordy: J. Chem. Phys. 23 (1955) 1195. 

2) D. G. Burkhard and D. M. Dennison: Phys. 
Rey. 84 (1951) 408. 


(Vol. 11, 


3) J. D. Swalen: J. Chem. Phys. 23 (1955) 1739. 

4) D. Kivelson: J. Chem. Phys. 22 (1954) 1733. 

5) K. T. Hecht and D. M. Dennison: Symposium 
on Molecular Structure and Spectroscopy held 
in July, 1955 at the Ohio State University. 

6) T. Itoh: J. Phys. Soc. Japan 11 (1956) 264. 

7) K. T. Hecht and D. M. Dennison: cited in C. 
H. Townes and A. L. Shawlow: Microwave 
Spectroscopy of Gases, Mc Graw-Hill (1955) p. 
324. 


8) E. V. Ivash and D. M. Dennison: J. Chem. 
Phys. 21 (1953) 1804. 
9) P. Venkateswarlu and W. Gordy: J. Chem. 


Phys. 23 (1955) 1200. 
10) T. Kojima and T. Nishikawa: to be published. 
11) D. Kivelson: J. Chem. Phys. 23 (1955) 2230. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 7, JULY, 1956 


On the Eigenvalue Problem in Terms of a Complete Set 


of the Casimir Operators 
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The existence of the group of contact transformations, regarded as the 
so-called continuous Schrodinger group whose elements commute with 
Hamiltonian, is intimately related not only to the problem of degeneracy, 
as shown by Jauch and Hill, but also to the problem of quantization. In 
the present paper, it is shown that on the basis of representations of 
the Lie ring generated by the operators which have a certain definite 
correspondence with a set of independent integrals of the equations of 
motion in Newtonian mechanics, an energy eigenvalue problem can be 
constructed in terms of a complete set of the Casimir operators. It is 
further pointed out that this quantization procedure is, in spite of various 
restrictions, applicable to quantum-mechanical systems having the con- 
tinuous Schrédinger group, and then the degree of degeneracy in regard 


to the angular momentum can be obtained simultaneously. 


§1. Introduction 

It is well known that the degeneracy of the 
energy spectra in quantum mechanics is es- 
sentially related not only to the symmetry 
properties of the Schrédinger equation which 
are associated with the symmetry operators 
of the elements of the rotation-reflection group 
and of the symmetric group of the permuta- 
tions of identical particles in many body 
problems, but also to the existence of the 
continuous group generated by contact trans- 
formations under which Hamiltonian is in- 


variant. The existence of the latter 
Schrodinger group was shown by Fock” who 
derived the Balmer formula of the hydrogen 
like atom by identifying the Schrédinger 
equation in the momentum space with an 
integral equation for spherical harmonics in 
four dimensions, and Bargmann” gave the 
formal relationship of the Lenz-Pauli integral 
with the above group for the same system. 
By generalizing their considerations, Jauch 
and Hill* further developed the relation bet- 
ween the general contact-transformation theory 
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and the problem of degeneracy. In fact it 
was shown that this type of degeneracy was 
based upon the structure of the continuous 
Schrédinger group, that is to say, the degree 
of degeneracy of the energy level in question 
was nothing but the degree of each represen- 
tation of the finite transformations (generated 
by a certain unitary operator with the finite 
parameters) of the group, where the eigen- 
functions belonging to each level were regarded 
as the bases. 

Originally, however, the problem of de- 
generacy is in close relation with the eigenvalue 
problem in quantum mechanics, which is also 
related intimately to the existence of the 
transformation group in the corresponding 
classical theory. In the present paper, there- 
fore, we shall first comment briefly on the 
structure and representations of the Lie ring 
generated by the operators, which commute 
with Hamiltonian and which have a certain 
definite correspondence with the independent 
integrals of the equations of motion in classi- 
cal mechanics; moreover it will be shown 
that an eigenvalue problem as well as the 
degeneracy problem can be developed in 
terms of a complete set of operators, which 
were introduced by Casimir® in order to prove 
the full reducibility of the representation of 
a semi-simple Lie group. 

For example, the problem of spin degeneracy 
in the system of several identical particles, 
however, belongs to the problem of the former 
Schrodinger group mentioned above, and on 
the contrary the dynamical problem of the 
spin angular momentum of a particle cannot 
be derived from the present type of quantiza- 
tion procedure in non-relativistic approxima- 
tion, since the spin of the particle is 
substantially one of the quantities peculiar to 
quantum mechanics, having no classical cor- 
respondence, while the present theory rests on 
the basis of the method of classical analogy 
in itself. Accordingly such a problem will 
possibly be brought in our theory by introduc- 
ing the model of a rotating rigid body”. 

Nevertheless we have to point out with 
Jauch and Hill that the classical problems 
which lend themselves to the quantization 
procedure are restricted in various points. 
For example, we have no general method for 
finding the classical integrals mentioned above, 
and further there is such a case as follows: 
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the correspondence between contact transfor- 
mations in classical and quantum mechanics 
is ambiguous, as for an example of the two- 
dimensional anisotropic oscillator. With all 
these restrictions, however, it will be shown 
that our procedure is applicable in general to 
quantum-mechanical problems, as far as it is 
possible to find the continuous Schrédinger 
group for a given system. 


§2. The Classical Integrals and the Con- 
tinuous Schrodinger Group 
Under the necessity of developing our 


theory we must begin with a brief argument 
of the transformation theory of Newtonian 
mechanics. Suppose now that the linearly 
independent integrals, called classical integrals, 
of the equations of motion of the form 
F (qx; Px)= a constant 
Cleils 42005 7 [P= 000g) (2.1) 

on the energy surface for a given Hamilton 
function A(qx; px) could be obtained, where 
is the degree of freedom of this system, then 
each Fy, can be used to generate a one-para- 
meter group of contact transformations, where 
the q’s and ~’s are the coordinates and the 
conjugate momenta for the system and we 
restrict ourselves to the problem in which the 
integrals are not explicit functions of the 
time. 

Let us consider the following infinitesimal 
transformations: 


: ; DOTA 

De = Det DSIMP a, Px) == Pr—>d; a a OS 
ud SSG a0 59 

S mT OF 

aH! = a3 10(Fas 4) = HAZ TGs 


generated by the 7F,’s; then they constitute 
a set of contact transformations due to the 
invariancy of the Poisson bracket made from 


p and q’. Thereupon introducing the infini- 
tesimal operators of contact transformations 
. OF) 0 OF ax) (2.3) 
X= ( Op: Od: Odk Op: , ; 


these operators generate a 7-pavrameter Lie 
group under the complete integrability condi- 
tion including the first fundamental theorem 
of Lie, and then they satisfy the second funda- 
mental theorem: 


Rex = 3 eau’ Xy ; (2.4) 
y= 
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By making use of the Jacobi identity, the 
theorem (2.4) is reduced to the following form 
by the Poisson bracket notation: 


[F, J) = > Cru” Foye (2.5) 
where the 7 coefficients c,u” are called the 
structure constants of the Lie group, and they 
have the following relation, called the third 
fundamental theorem: 
Caw” + Cuw’=0, 

r (2.6) 

Sy (exp [Oey Cay Cant Oya Coe,) = ()). 

geal 


It is clear that the relation (2.5) is the neces- 
sary and sufficient condition that (2.2) generates 
the group of contact transformations, and it 
is shown that the structure constants of the 
group are at most functions of the total 
energy, as far as related to the contact trans- 
formation group on the energy surface. 
Strictly speaking, the relation (2.5) is the 
condition of a group germ (a local group), but 
in case the integrals are defined within a 
closed region on the energy surface, the group 
germ may be capable of blossoming fourth 
into a full group. Moreover the energy surface 
in question is either closed or unbounded ac- 
cording to the energy region. The former 
group is acompact Lie group, while the latter 
is non-compact, but it can be regarded as 
locally compact. 

Now let us transfer the above considera- 
tions upon the classical contact transformations 
to the corresponding quantum-mechanical 
unitary transformations; then we have the 
problem of determining quantum-mechanical 
operators F, which correspond to the classical 
integrals Fy. It is possible under the following 
well-known procedure to get over this problem: 
the F,’s must be the Hermite operators, so 
that it may be necessary for them to be well- 
ordered or to be symmetrized in p’s and qs, 
and #, must be regarded as the limiting case 
of F, when # tends to zero. But in general 
cases the transition to quantum operators is 
not unique. As is pointed out by Dirac®, 
the method of defining general functions of 
non-commuting observables in quantum me- 
chanics has a certain limitation: if the gene- 
rating function of the transformation is not 
real, the analogy between classical and quantum 
contact transformations is not perfect. In fact 
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we are confronted with such difficulty in a 
simple example of the two-dimensional anisotro- 
pic oscillator: there exists a group of contact 
transformations which is isomorphic with the 
three-dimensional rotation group, but the cor- 
responding Schrédinger group cannot be found 
directly. In such a case the limiting relation 
(in case # tends to zero) of the Lie group 
comes into question, or it may be originated 
in the fact that Fy, (A=1, 2,---, 7) alone cannot 
constitute a complete set, but more other 
independent integrals must be found quantum- 
mechanically. 

In spite of these circumstances the integral 
property of the F,’s is expressed by their 
commutability with Hamiltonian, and on the 
basis of the well-known correspondence rela- 
tion of the Poisson bracket between classical 
and quantum mechanics, we can obtain the 
following quantum operator relation on the 
analogy of the classical form (2.5): 


[Fi Ful = —th Sow, , (2.7) 
where the structure constants ca,” may be 
operators at most depending on the Hamilto- 
nian alone, and in principle they need not be 
identical with the classical constants. If there 
is no ambiguity with respect to an order for 
non-commuting observables, it is expected 
that both the structure constants in (2.5) and 
(2.7) are clearly the same. Consequently all 
the operators F, are also independent of each 
other, and they have an isomorphic corres- 
pondence to a set of the classical integrals. 
In fact this is realized in the example of the 
hydrogen atom or the isotropic harmonic os- 
cillator, and in case the classical contact 
transformations generate a one-parameter 
group, the one-to-one correspondence can be 
formally established between them, since there 
is no necessity for having respect to the com- 
mutation relation. In this way the Schrédinger 
group, whose elements commute with Hamil- 
tonian, can be given as a continuous group 
of contact transformations generated by the 


integral operator Fy, satisfying the relation 
(et): 


§3. The Lie Ring Generated by the 
Integral Operators 


The so-called Heisenberg ring? made from 
a set of the power series of the non-commuting 
Operators p, and qx (k=1,2,---,m) can be 
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regarded at same time as a function group* 
with infinite order or Lie ring generated by 
the operations of the Poisson bracket. Our 
problem is, however, restricted to dynamical 
systems expressed by a definite Hamiltonian, 
so the Lie ring It» generated by the integral 
operators F' which satisfy the relation of the 
Poisson bracket 


[H,F|]=0 (3.1) 
has a finite order. Therefore such ring Xt» is 
nothing but a permissible sub-ring of the full 


Heisenberg ring with common operator domain. 
On the other hand, the classical analogue 


= (ce OF 0H am 6-82) 


2 A oe > 
k=1 
being the first order homogeneous differential 
equation, there should be the (22—1) indepen- 
dent integrals (not always linearly independent, 
but having no functional relation with 
each other), which also generate a function- 
group, or a sub-ring of the full commutative 
ring Nx. Besides it is understood that the 
ring Rx is not always isomorphic with the 
Heisenberg ring from the fact mentioned in 
the preceding section. 

For our purpose let us consider a function- 
group @r regarding the ring Rr as a sub-ring, 
then the order 7 of 3tr is never lower than 
(2n—1), since linearly independent elements in 
Rt, is not always independent of each other in 
©,; furthermore the Lie ring tr is not neces- 
sarily unique as a sub-ring of @,. Actually 
in case of the 2-dimensional isotropic harmo- 
nic oscillator as shown in the appendix of 
this paper there exists the Lie ring regarded 
as the generator not only of the 2-dimensional 
unimodular unitary group, but also of the 
(n+1)-dimensional rotation group. 

According to the fundamental theorem of 
the Lie ring, it should be resolved into a direct 
sum of the maximal soluble ideal and the 
semi-simple Lie ring**, but due to the hermiti- 
city of the operators the former must be 
Abelian. As the irreducible representation of 
the Abel ring (the commutative ring) has the 
degree of one, the degree of the irreducible 
representation of %» cannot be higher than 
that of the irreducible representation of the 
semi-simple sub-ring in consequence of the 
existence of this ideal. Accordingly our at- 
tention may be focussed upon the semi-simple 
Lie ring for our subject. 


On an Eigenvalue Problem in Quantum Mechanics 


789 
§4. The Representation of the Semi-Simple 
Lie Group and a Complete Set of the 
Casimir Operators 


Considering the representation space of the 
semi-simple Lie ring, by the reduction to the 
elgenspace of a regular element every irredu- 
cible representation of %t» is uniquely deter- 
mined by its highest weight m=(mm1, m2,--+ mi), 
Z the rank of the above ring. It was shown 
by Weyl under the unitary restriction that the 
representations of every semi-simple Lie group 
are fully reducible, while in order to extend 
a purely infinitesimal proof of the full redu- 
cibility for the three-dimensional rotation group 
to any semi-simple Lie group, Casimir intro- 
duced the operator” 


G= SHOP ON Oe = SS) Gap Fe ’ (4.1) 
ASH A, 


where 


Gru= Dd Crp” Cra® , 
@,B=1 


(4.2) 


and as det(gau)=<0 is the necessary and suf- 
ficient condition for the semi-simplicity, (g*“) 
=(gay)1 can be determined from (4.2). Be- 
sides the following theorems for the Casimir 
operator are easily proved: this operator does 
not depend upon any selection of the bases in 
the representation space, and commutes with 
every element Fy. Then by the Schur lemma 
for the irreducible representation the above 
operator can be reduced to a scalar matrix in 
an irreducible space, and a highest weight 
determines an eigenvalue of the Casimir 
operator: 


G’= (mm) + (am) , (4.3) 
where the summation extends over positive 
roots only. But conversely an eigenvalue of 
G cannot always determine a highest weight 
uniquely. 

To solve this problem we must construct a 
complete set of the / operators which are 
commutative with every operator of Sty and 
whose eigenvalues characterize the irreducible 


* Tf all the Poisson brackets made from * func- 
tions of 2% independent variables (gx; Px) can be 
expressed as functions of the r functions, these 
functions are called to form a function group. 

** An ideal 8’ =[9, R] for the sub-ring WR’ of the 
Lie ring ® is said to be soluble, if [’, RJ =R"’, 
229 HC) =—= (0), 1ts maximal one is called the radical, 
and the Ling ® which the radical = 0 is nothing but 
the semi-simple Lie ring. 
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representations. In fact these operators satisfy 
the relation 


0G 0G 0G 
| BY A, — a= (5 My brah ee : 
[F,, F ln - Cr a a oN a gl 
(4.4) 


then due to the invariants of the adjoint 
group a complete set of the operators Gi, G2, 
--+,G, can be obtained, and by making choice 
of an eigenvector with respect to a highest 
weight each eigenvalue 


Gi = film, M2, tea: m1), (@=1, 2, + aes i) (4.5) 


characterizes an irreducible representation, 
determined from possible values* of the high- 
est weight (7721, 72, --+, 701). 

In this way we can find the irreducible repre- 
sentations mathematically possible, but can 
all Casimir operators be ever expressed in 
terms of Hamiltonian Alqz, px)? For this 
question we will find the following theorem: 

Every Casimir operator is commutative with 
every element of the Lie ring ty, but is not 
always a constant of motion. Therefore let 
p be the number of constants of motion in 
the set of the 7 operators, then the highest 
weight of an irreducible representation which 
can actually realize is given by (a7, m2, °°, 
My, 0,-+-, 0). 

§5. Energy Eigenvalues and Their Degrees 
of Degeneracy 


The set of Casimir operators derived from 
each subring of the semi-simple Lie ring ty 
makes a complete set of observables according 
to Dirac’s terminology. Therefore this fact 
means that it is possible by the canonical 
transformation to transform from q-diagonal 
representation to G-diagonal representation, 
where Hamiltonian has necessarily a certain 
functional relation with the Casimir operators. 
As the latter are used to give a definite value 
(a scalar matrix) in each representation space, 
energy eigenvalues can be found out from 
this functional relation, and at the same time 
the degrees of degeneracy of each energy 
level can be settled by the highest weights 
mentioned above. This will be shown by the 
following examples. 


1) The two-dimensional isotropic harmonic 
oscillator 


For the Hamilton function of this system 
given by 
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H= u vga nti (q+ 2”) (5.1) 
2m 2 


the following three classical integrals can be 
found readily: 


Fy= 5 (abs abs) 


1 


a) Sele 5.2 
AV mk ey 


{(pe— p2)+ mk(qi?—4@2)} 


2 


F; = asp (Pibs +mkqg2) 


The Poisson bracket relation generated by the 
above integrals is 
[Fa, Ful =F,, 
(A, 4, ¥: cyclic between 1, 2, and 3). G3) 
As each F, does not include any term of the 
product pigs, there is no ambiguity with res- 
pect to an order of non-commuting observables 


in the transition to quantum mechanics. Then 
the commutation relation is given by 
[Fa, Fp] =—in Fy , (5.4) 


where the structure constants of the Lie group 
in quantum theory are identical with classical 
one, and the Schrodinger group of this system 
is isomorphic with the two-dimensional uni- 
modular unitary group as well as the three- 
dimensional rotation group. 

Now by expressing the Casimir operator in 
terms of the Hamiltonian H we obtain 


g=—-1 sre aly-1} 65) 
Dexa 4 

with the fundamental frequency v= V k/m/2z, 

where the eigenvalue of G is generally given 

by j(j+1), provided j=n/2(” = 0,1, 2, ---), 

since the Casimir operator of this case is the 

ordinary one introduced for the three-dimen- 


sional orthogonal group. Then 


nl PUIG 1 4 Z 
G aoe: +1)= {UH |hy-1} 6.6) 
where H’ means the energy eigenvalue. Con- 
sequently 
H =(n+ hy a7) 


can be obtained with the degree of degeneracy, 
2j+1=n+1, of each energy level, which is 
plain also from the consideration of the 
Schrodinger group of this system mentioned 
above. 


* Whether it takes every integral value or every 
odd half integral value depends on the property 
of the semi-simple Lie ring. 
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2) The hydrogen like atom 


The six integral operators commutative 
with the non-relativistic Hamiltonian 


H = p?/2m + Ze |? (5.8) 


of this system are, as well-known, the Lenz- 
Pauli vector integral 


oy t 


A 


* 2mZe” 


in addition to the orbital angular momentum 
operator M=rxp, where m, p, and e are the 
electron mass and momentum, and_ the 
elementary charge, respectively; 7, the dis- 
tance between a given nucleus and electron; 
Ze, the nuclear charge. For the negative 
energy state the Balmer formula was formerly 
derived by Hulthén’ using the commutation 
relation of the above integral (5.9) and it was 
already shown that the Schrédinger group of 
this system was isomorphic with the four- 
dimensional rotation group, while from our 
point of view the set composed of the above 
six operators might be regarded as a semi- 
simple group of the rank 2, therefore there 
must exist a set of two Casimir operators. 
But in this case it can be found that only one 
Casimir operator of these has the following 
functional relation with the Hamiltonian: 


G=—-3 S Pe=—(Ze'm)/wH)—1, (6.10) 
A=l1 


(Mx p—p x M)+ % (5.9) 


Each highest weight characterizing the irre- 
ducible representations of the Lie group is 
(0, 0), (1, 0),-+°, (R, 0),--°> and then the degrees 
of their representations are 1’, 2’, ---, (R+1), 

.+, respectively. The eigenvalue of the 
Casimir operator determined by a given highest 
weight (k, 0) must be given by k(k+2), which 
is also connected with the eigenvalue of angular 
momentum in the four-dimensional Euclid 
space. Consequently by subtituting 2 for k+1 
the relation (5.10) can be reduced to 

m—1=—(Ze'm|2h7A,’)—1 , 
or 
H,/=—Zem|2hn? (n=1,2,--°), (5.11) 
which is the well known Balmer formula, and 
then each eigenvalue is accompanied with the 
degree of degeneracy (k+1)?=n? as mentioned 
above. 

On the other hand it is known that the 
Schrédinger group of the positive energy state 
of this system is isomorphic with the four- 
dimensional. Lorentz group. In the case of 
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the continuous eigenvalue we must find an 
infinite continuous (unitary) representation of 
a non-compact Lie group, which will be deve- 
loped in the subsequent paper’. 


§6. Concluding Remarks 


Apart from such various restrictions as 
already mentioned above, our quantization pro- 
cedure based on classical contact transforma- 
tions is applicable to any quantum-mechanical 
systems, as far as the continuous Schrodinger 
group can be found. One of our remaining pro- 
blems is the consideration of the correspondence 
relation between classical and quantum contact 
transformations, where the problem of the two- 
dimensional anisotropic oscillator will be also 
treated, although in some fundamental problems 
the above correspondence relation can be un- 
doubtedly obtained. In relation to this. point 
some considerations about the Schrodinger 
group of the #-dimensional isotropic oscillator 
will be added in the following appendix. 

One of further applications of our procedure 
is to the perturbation theory, where the problem 
of the splitting of degenerate energy levels by 
the addition of a perturbed term to the original 
Hamiltonian can be settled, provided that the 
perturbed Hamiltonian is commutative with 
Fy (A=1, 2,--+, <7) of a sub-ring of Rr. As 
a special case let us consider the perturbed 
term which has a symmetry expressed by a 
finite or continuous point group, such as 
molecular and crystalline fields, then it can 
be shown generally that the original represen- 
tation space with a certain degree is resolved 
at the appearance of the term into several 
direct-sum spaces of irreducible representations 
of the point group with lower degree in 
general. In fact this reduction can be com- 
pleted by making use of the group characters. 
For example, the term splitting by an applied 
or inner field in atoms, molecules, and crystals 
is possible to be formulated from this general 
point of view. 

In this way it can be pointed out that the 
present method has the possibility to find the 
energy eigenvalue accompanied with the cor- 
responding degree of degeneracy in term of 
a complete set of the Casimir operators for 
all difficulties on the basis of the method of 
classical analogy. 

In conclusion the author should like to ex- 
press his cordial thanks to Professor H. 
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Yukawa and Professor M. Kotani for their 
kind interest and continual encouragement, 
and also to Mr. S. Matsuo for his served 
verification. The present work was supported 
in part by the Grant for Scientific Researches 
from the Education Ministry of Japan. 


Appendix 


The Schrodinger group of the n-dimensional 
zsotropic Oscillator 


The integral operators derived from the 
classical integrals are commutative with the 
Hamiltonian 


w=-1S@etsae) (AY) 


for a reduced constant 8, and they can be 
given by 


, 1 
Fi" = PACLG Pr—QaP»’) 


P 1 
F,,,> AV B (Dr Prt BQra'qn) 


= 1 . 2__ 7.2 2,2) 

Fs,. ov BPD Pr’) + B(qa?—qn*)} 
(A.2) 
where 1<4’<2—1(A=1, 2, ---,m). Now let 


3a be a set of all the integrals with no larger 
suffices than 4, then it can be shown that 3, 
is isomorphic with a 4-dimensional unimodular 
unitary group, whose elements are a set of 
operators generated by infinitesimal transfor- 
mations. 

The commutation ralations of the operators 
FY, and F3,, 259, ¢, «<A; 19's’ <7 —1, 
¢—1) can be obtained as follows: 

[Py Fil=onFY, tOn FS +0nvF 


t 
2n/ 


+ On FY, 
Le elie 
[F2), Fel= One, + On B+ 0, 0FY 
Sank, 
[Fsn, FsJ=0 , 
[Pp Pals On Fy, — On F yy, — On Fy, 
— du FY, 
Vela eey ote 
PF? —F?, =2(F3yn41+Fsins2+ * + +F su), (9<e) 


Ves 


17? 


Ps) =O) FY, On aFY\— On FY, 
+ On -1F 7,1 
Vilar F;,]= On FY + On F On FY, 
+OgnaF} 1, 


(A.3) 
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where 6 means the Kronecker delta. As the 
suffices of the right sides are never larger 
than those of the left sides in the above com- 
mutation relations, it can be understood that 
Ra constitutes the bases of a Lie group. On 
the other hand let us take two types of mat- 
rix, M7, and M%’, whose elements are +1 and 
—i for the 7-th row and the 7’-th column, 
and —1 and +z7 for the 7’-th row and the 7- 
th column, respectively, and 0 for all the other 
remaining elements, the last one M3;,, whose 
elements are +z for the 7-th row and column, 
and —z for the (v—1)-th row and column, and 
0 for all the other elements. Then a set of 


(7?—1) matrices with no larger suffices than 4: 
M3; M3; Ms: , 
Mi;; Mi;; M3,, Mz; Mss 


M},, M3,---, M31; M},, M3--+, M33; Maa 

(A.4) 
constitutes the characteristic matrices of the 
4-dimensional unimodular unitary group. It 
can be shown readily that the commutation 
relations constructed by all of the above 
matrices }t,’ are equivalent to (A.3). There- 
fore it,’ has the same structure constants as 
}t,, and then we can understand that the 
group generated by ‘ta is isomorphic with the 
(A2— 1)-parameter A4-dimensional unimodular 
unitary group. If we substitute # for A, it 
can be found that the Schrédinger group of 
the 2-dimensional isotropic oscillator is isomor- 
phic with the (z?—1)-parameter #-dimensional 
unimodular unitary group as well as the (7-+1)- 
dimensional rotation group. 


References 


1) V. Fock: Zeits. f. Phys. 98 (1935) 145. 
2) V. Bargmann: ibid. 99 (1936) 578. 


3) J. M. Jauch and E. L. Hill: Phys. Rev. 57 
(1940) 641. 

4) H. Narumi: Prog. Theor. Phys. 3 (1948) 202. 

5) N. Rosen: Phys. Rey. 82 (1951) 621. 

6) a M. Dirac: Rev. Mod. Phys. 17 (1949) 

7) G. Falk: Zeits. f. Phys. 130 (1951) 51, 131 


(1952) 470. 
8) H. Narumi and T. Nakau: Bull. Inst. Chem. 
Res. Kyoto Univ. 26 (1951) 26; 27 (1951) 29. 
9) H. Casimir: Proc. Roy. Acad. Amsterdam 34 
(1931) 144, 
H. Casimir and B. L. van der Waerden: Math. 
Ann. 111 (1935) 1. 
G. Racah: Rendiconti dell’ Academia Nazionale 
dei Lincei 8 (1950) 108; Lectures on Group 
Theory and Spectroscopy (unpublished), 
L. Hulthén: Zeits. f. Phys. 86 (1933) 21. 
H. Narumi and S. Matsuo: Bull. Inst. Chem. 
Res, Kyoto Univ, 33 (1955) 265, 


11) 
12) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 7, JULY, 1956 


A Sphere Theorem on the Stokes Equation 


for Axisymmetric Viscous Flow 


By Hidenori HASIMOTO 
Department of Physics, Faculty of Science, University of Tokyo 
(Received April 5, 1956) 


A theorem is presented which gives the perturbation stream function 


W(r,@) when a sphere (r=a) is introduced into an unlimited viscous 
fluid in axisymmetric motion obeying the Stokes equation, of which the 
stream function is &(r,@), where (7, 8,g) are the polar coordinates. 


U(r, 6) is given by 
P(r, 0) =i (7,0) +a (7, 8) , 


Tor, 6) =(a-=) on a(R, 8) -(5=+ . Zool, 6) , 


Sine ive 
ta(r, 0) =— Fy | Vrolr.edr, g(r, 0) =¥ (7,8) —r2de(r, 8), 
where w is the vorticity, and R=a?/r. 

This gives the stream sheets directly without recourse to manipulation 
of spherical harmonics, and is very simple when ¥ (7, @) is irrotational, 
i.e. wO=¢2 (0), 

As examples of the applications of this theorem, the stream functions 
for uniform flow, source flow and parabolic flow past a sphere are 


derived. 


Introduction 


§1. 

Let Y(r, 0) be the Stokes stream function 
for an unlimited viscous fluid in axisymmetric 
motion, where (7, 0,¢) are the polar co- 
ordinates. The axis of symmetry is taken 
to be the polar axis (@=0,7z). We also use 
the Cartesian coordinates (#, y) in the meri- 
dian plane given by x=rcos@ and y=rsin@ 
(O<6x7, y20). 

If we introduce a sphere whose equation is 
r=a, the flow is disturbed, and its stream 
function becomes 


U(r, A+U(r, 0). 


The undisturbed flow V(r, @) may contain 
singularities, but we assume that they all lie 
outside the sphere 7=a. 

In this note we want to give formulae to 
determine the perturbed term VY in terms of 
an arbitray %, assuming the Stokes equation 
of motion to be valid in the field of flow. 

The corresponding formulae for the irrota- 
tional motion of an inviscid fluid are well- 
known, as the sphere theorem of Weiss” (for 
the velocity potential) and Butler” (for the 


(le) 


Stokes stream function). The circle theorem 
of Milne-Thomson® for the complex potential 
in the two dimensional flow is also famous. 

In the case of a viscous fluid we know a 
very interesting general formula due to 
Faxén®, which asserts that the force F on a 
sphere placed in any kind of unlimited steady 
flow is expressed by 


F=6npaVy+na(grad p)o 5 


where yt is the viscosity, and Vo and (grad p)o 
are respectively the velocity and the pressure 
gradient vectors of the undisturbed flow at 
the centre of the sphere. The Stokes equa- 
tion is, of course, assumed to be valid. 

On the other hand, the expressions for the 
flow field are very complicated on account of 
its generality and tensor forms. 

By confining the problem to the axisym- 
metric motion and using the Stokes stream 
function, we obtain a very simple expression 
for the perturbed term, which has a close 
resemblance to Butler’s formula, being simpler 
than Weiss’ formula. 


(1.2) 
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Using the Stokes stream function ¥(7, 0), the 
Stokes equation for the axisymmetric steady 
slow motion of an incompressible viscous 
fluid is expressed as follows”: 


§ 2. 


DDY¥ CG, 0)=0, (ll) 
or 
DE=0;; (ie) 
where D is an operator defined as: 
oO» 1 
D=— M, 
Ome 
: 0 ie eh) 
= A be 22 
Me sn Oe an) ey 
and 


C(r, 0)=—DY¥ (zr, 0)=rsin Oa(z, 8) , 
» being the vorticity; 0v/07z—0u/Oy. 
We want to call the solution ¢(7, @) of the 
equation 
OF 1 


Dor, 0= (aya + pM) b=0 


“irrotational”, because it represents the irro- 
tational flow. 

Introducing (2.4) and its derivative with 
respect to 7 into the expression 


(2.3) 


(2.4) 


0” Op 2 Orb 
ay? (r a =? rpeee) wees a ee) 
we obtain 
02 ( Ow ae ae le VOR m 2 
oat or) eer y Nap wayne 
eee oar OF 
= amr 2 ) (2.6) 


This gives the following lemma: 
Lemma I. If ¢ is irrotational, 
also irrotational, i.e. 


D{r(0¢/Or)}=0 . (Qa) 

Using this lemma we can prove the following 
lemma: 

Lemma II. 


r(0~/Or) is 


If ¢~ is irrotational, 
DD(rd)=0. (2.8) 


This can be easily proved by taking into 
account that 


Op 
Or 


+2¢ 


Drg)=7 


nS, 


(2.9) 
and (2.7). 
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According to this lemma and lemma I, the 
solution ¥ of (2.1) can be written in the form 


V=ahtrdy , (2.10) 


making use of ~, and ¢ which satisfy the 
equations 


Ddi=0 and Dg¢,.=0 
We can find ¢, and ¢, from ¥, as 


eae mates? dp Sede 


(7, A=" (7, AV—P° dlr, 8) . (2.13) 


We want to prove that ¢, and ~%, determined 
by (2.12) and (2.13) satisfy (2.11) when ¥ 
satisfies (2.1). Now, using 


(2.11) 


r bie CHe 
“12M dr=—\ 73/228. 
\ TOUME dy \ r ay dr 


ee) use 3 NE eee "1dr, (2.14) 
Or i, 4 0 
we obtain 
3 dip, A OF vies! a =a 3 ) 
Dix=—4| 5 Bp iaDlagt ree 


(2.15) 


a Cdr |= 
0 : 


The proof for ¢; is obvious if we note (2.3), 
(C2), (Gale) aire! 


Dir*ha)=2pat 4 ==—fi. 
r 


Here we also cite the following lemma, 
which was presented by Butler”): 


(2.16) 


Lemma III. If (7, @) is irrotational, then 
so is 7W(R, A), i.e. 
D({rf(R, \=0, (2.17) 


where 
R=a’/7 . 


§3. The Sphere Theorem 


Let all the singularities of ¥(7, 0) be in the 
region external to the sphere v=a, and sup- 
pose that Y=0 at the origin. 

Then, our sphere theorem for the disturbed 
flow by the introduction of the sphere 7=a, 
asserts for the perturbation stream function 


U(r, 0): 
Theorem I. When the undisturbed flow 
¥(r, 0) is irrotational, i.e. 


DY (r, 0)=0, (3.1) 


then 


4E5-b ren. as 
where 
R=a?/r. 
Theorem II. When the undisturbed flow is 
rotational, i.e. 
DY (r, 0)=—C(r, H=<0 , (3.3) 
then 
V(r, 0)=V (7, 0)+a°¥ (7, 0), (3.4) 
where 
P(r, 0)= («- A) dR, 8) 
3 7 1 # 
(5-3 SHR, Bs) 
(7, 0) = («- é Vee oR, 8) 
ik ge 73 
-( e+ 7 eat, 6), (3.6) 
with 
—s i s i 
ble, = — a7 Vr MClr, dr, (3.7 


ov 0 
Ealas = fe 1 ee a) ea 


which prove ii). 

iii) The singularity of ¥(r, 6) at (r, 0) (r>a) 
comes from the singularity of ¥(r,@) at 
(a’/r, 0), where ¥ is regular from the assump- 


tion. iii) is thus proved. 
iv) Since the velocity components 
ss Be ed (3519) 
y Oy y Ox 
are finite at the origin, 
Y (r, 0)=O(y?)=O(7? sin? A) (Sols) 
near the origin. This shows that 
nz 2 
W(R, 0)= SES 4 -0(%) G8 
r r 


as r-co, Introducing (3.14) into (3.2) we 


obtain 
2 
V(r, )=O(r sin’9)=0( ) Bet of bess u(4-15) 
The velocity components derived from (3.15) 


tend to zero as 7-co, which proves iv). 
The proof of Theorem II proceeds similarly, 
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Lr, N=¥ (7, 0I)—rdb,(r, 0) . (3.8) 
In these two Cases, we can prove easily; 
i) DD¥(r, 6)= 
ii) ¥+%=0 and [¥+¥y0r=0 at pea 
V(r, @) has no singularities in the region 
coo >r>a, 


iv) the perturbation velocity tends to zero 
as 7-00, 


We shall begin with the proof of Theorem I, 
i) Rearranging (3.2) with R=a"/r as 


Gy) by= 2 Rae PR, 6)— Sv(R, 0 


GANT 1 
= Be eg aie 
ae Rap tRO- + HR, Dae 
(3.9) 
and using the Lemmas I, II, and III we see 
that DD¥=0, which proves i). 
li) Atrv=a, R is equal to a, and OR/Or=—1, 
Then 
¥ (a, 0)=—V(a, 0), (3.10) 
and 


v(R, 0. ak Wr, 0) ts (3.11) 


except for iv) which we can prove as follows. 
On account of the regularity and the sym- 
metry of the flow field 


U~Uo(x) + 21(a)y? + O(y*), 


v~Uy(x)y + O(Y?) , (3.16) 
o~O(y)=O(7 sin 8) , 
near the origin. These show that 
€=O(7’sin?0) and ¢.(7, 0)=O(7’sin?0) 


from (3.7). Introducing these into (3.8), ¢4(7, 0) 
is also shown to be of the order O(7*sin?0) 
near the origin. 

Thus, we have only to prove that the velo- 
city derived from (3.6) tends zero as 7-00, 
Introducing 


$(R, 0)=O(7r-*sin?6) 
and 
AeVAR, 0)=O0-sin?0) as 7100, (3.17) 
into (3.6), we obtain 
V7, 0)=O(rsin?0) as Tol, (3,18) 
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which proves iv), taking account of the result The stream function for the uniform flow 


V(r, 0)=O(rsin?@) as derived from di(r, 8) by with velocity U is expressed by 


the same formula as that for Y(r, 0) in the w(r, = Luy=1ursine . (4.1) 
irrotational case. 2 2 
In this case D¥=0. Using Theorem I we 


§4, Examples Path 


i) Uniform Flow past a Sphere. 


is P\E [3 71 PVE |e # _tar|si 
= = ENE = a =| ——-— 29 , 4.2 
Gee? l(a aie G a“ @ ae 7 [sin i aoe va oe) 
which is the well-known Stokes formula. 

ii) A Sphere in the Flow due to a Point Source or Sink. 

The stream function for a point source (or sink) of strength « at 7= Sa, 0=n,1s expressed 
by 


W(r, )= ~(1—cos 6) = roost a | , (4.3) 
where 7,cos 9=rcos6+1, n=Vr+2r1 cos O+2 . (4.4) 
In this case ¥(R, 0) and 0¥(R, #)/0R are 
¥(R, 0)= Ei oe =) . JU(R,0)= f a ; (4.5) 
where 0=V P+ 2la*r cos 0+a! - 


Introducing (4.5) into Theorem I we obtain 


S eka da LN, 1/37 or lr+a’cos 0 
¥(r, )= Ag Faces sint—5 ( i, —7)\(1- : ; eae )| : (4.6) 


iii) Parabolic Flow. 
As an example of the rotational flow, let us consider the parabolic flow 


u=ay=ar'sin’s , VM) (4.7) 


Y(r,0) and (r, 8) are given respectively by 


Pegi. ve : 
V(r, = CH a ar'sin’é , (4.8) 
and C(r, 0)=yo(r, 0)= —2ay?= —2ar’sin’s . (4.9) 
Introducing (4.9) into (3.7) and (3.8) we obtain for ¢.(7, 8) and P(r, 8) 
i, SURO Ne I : 
b(7, 0) = Ay a 2ar!?)dr =o, arene ; (4.10) 
eo Pag or dws 
g(r, I)=ar'd , oe sint @— 5 sin?@ . (4.11) 
Then (3.5) and (3.6) give 
~ aA S17 Wares 5a’ c 
Vir, 0)= mes = Mo VN ONG el ee 
(7, 9) al (a - 7 é Gia! 5 rt o=a( Or \o ; Shae 
d 20 (7. )= 2 cic 2a ae r eee at Ls 
an Yr, 0)= aa |( ) ; 5 yt yey x, sin’ 
= alee ag ee : sin?0 
ar 2 5 ’ (4.13) 


Adding (4,12) and (4.13) the perturbed term for the stream function is expressed by 


1956) 


U(r, 0) = sae £2. +2 


In conclusion the author expresses his 
cordial thanks to Professor Isao Imai for 
the continual guidance and encouragement 
throughout this work. This work was sup- 
ported by the Scientific Research Fund of the 
Ministry of Education of Japan. 
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: a 
sin?@ —— 


s( 


S. F. J. Butler: Proc. Cambr. Phil. Soc. 49 


5 7 
Ta? ae Sint ; 


eee (4.14) 


2) 
(1953) 168. 

3) L. M. Milne-Thomson: Proc. Cambr. Phil. 
Soc. 36 (1940) 246. 

4) H. Faxén: Arkiv. Mat. Astro. Fysik. 20 (1927) 
3), 

5) H. Lamb: Hydrodynamics (6th ed., 1932), p. 
602. 
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On the Transverse Vibration of an Elliptic Plate 
with Clamped Edge 


By Yoshio SHIBAOKA 


Institute of Polytechnics, Osaka City University 
(Received March 31, 1956) 


The transverse vibration of a uniform thin elliptic plate with clamped 


by the use of Mathieu functions and 


The relationship between the frequency of 


and the eccentricity of the elliptic 


plate is shown graphically. Also, an approximate formula for the said 
relationship is derived correct to the fourth power of the eccentricity, 
which may be adequately used in case when the eccentricity is not so 


References 
1) P. A. Weiss: Proc. Cambr. Phil. Soc. 40 
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edge is solved in an exact manner 
modified Mathieu functions. 
the fundamental mode of vibration 
large. 
§1. Introduction 


It is well known that the transverse vibra- 
tion of a circular plate subject to a variety 
of boundary conditions can be solved exactly 
by the use of Bessel functions and modified 
Bessel functions. The transverse vibration 
of a square plate has also been discussed by 
several authors, with satisfactory results, 
under various boundary conditions, and espe- 
cially for the case of a square plate with four 
clamped edges Professor Tomotika has given 
an exact solution”. 

On the other hand, the problem of the 
transverse vibration of a thin elliptic plate 
has been attacked by McLachlan*”. By 
careful examination of his analysis it has 
been found however that he has made serious 
errors. McLachlan has considered that any 


one normal mode of vibration of an elliptic 
plate can be expressed, as in the case of a 
circular plate, by only one particular solution 
of the differential equation governing the 
vibration of the plate, but this is not the case 
for the transverse vibration of an elliptic plate; 
all appropriate particular solutions should be 
summed up to express even one normal 
mode of vibration. Otherwise, the prescribed 
boundary conditions cannot be satisfied. 

In the present paper, the fundamental normal 
mode of the transverse vibration of a uniform 
thin elliptic plate with clamped edge is in- 
vestigated in an exact manner by the use of 
Mathieu functions and modified Mathieu func- 
tions. After carrying out rather laborious 
calculations the relationship between the fre- 
quency of the fundamental mode of vibration 
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and the eccentricity of the elliptic plate is 
shown graphically. Also, an approximate 
formula for the said relationship is derived 
correct to the fourth power of the eccentri- 
city, which may be adequately used in case 
when the eccentricity is not so large. 


§2. General Solution of the Fundamental 
Equation 

Let the rectangular coordinate-axes (2, 7) 
be taken in the middle plane of an elliptic 
plate of uniform small thickness, d, in such 
a way that the origin coincides with the 
centre of the plate and the axes are along 
the major and minor axes of the ellipse res- 
pectively. We denote the density, Young’s 
modulus, and Poisson’s ratio of the material 
of the plate, which is assumed to be homo- 
geneous and isotropic, by p, &, and o res- 
pectively. 

Then, if W be the transverse displacement 
of a point on the middle plane, the differen- 
tial equation for the transverse vibration of 
the plate with small amplitude is given by 

OW 5 OFW_ OW Tow 
Oat Oxy? Oy | ct OF 
with 


-=0, 
(1) 
c= Ed*/{120(1—o?)} . 
When the plate vibrates in a normal mode, 
the displacement is of the form 
W=C€ cos at , (2) 
where € is a function of z, y, and w is the 
circular frequency. If we insert (2) into (1) 
and write k,t‘=w?/c? for simplicity, we get a 
partial differential equation for €, namely: 
Org Gil. 


OE 
Bat“ Oxroy Toys MS= 0: 


sie (3) 


or 
oO = oe 
(,,..+ i anit +k? ‘les Tye — ht )e=0 : (4) 


The solution of this equation is given by 


C= 3 (6104.¢,0m} 
™ 


== {ComCeom(E, QCeem(, g)+ Opn, Cea —Q)Cam(7, “eyput 


Now, after some calculations we have 


Clam(%, —@)= > Dem,21C@2i(7, q) é 
t=0 


where 
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= C:+€2 ’ ( 5 ) 
where €1 and €, satisfy respectively the dif- 
ferential equations: 


OG 


Cou 2 =() 6. 

POE a! ay) +kO1 (6) 

OSs Oreo Wig ces 7 

and ax Oy? kC2= (7) 


Denoting the focal length of the ellipse by 
2h, we now introduce the elliptic coordinates 
(E, 7) defined as: 

a+éy=hcosh (E+7Zx) . 
Then, equations (6) and (7) become respectively 


Owe, Ors 

sh net ~+2k*(cosh 2E—cos 27)€:=0, (8) 

OE. 0° E pase 2 — on 

aa 2k*(cosh 2E—cos 2y)€2=0, (9) 
where 


2k=kih=V w/ch. 

If we restrict our attention to those normal 
modes of vibration in which the displacement 
is symmetrical about both axes, as in the 
case of the fundamental normal mode under 
consideration, the appropriate particular solu- 
tions of equations (8) and (9) can be expressed 
in terms of Mathieu functions cCézn(7, q), 


Semi) a) kandi madined Siac ae. 
Ceom(E, qd), Ceom(E, =@). Thus, 
C10) = Con CeomlE, QCean(y, q) ? (10) 
£22”) = ComCeom(€, —Q)Ceam(%, —4) ui (11) 
with 
q=k? oe: i ’ (12) 
4c 


where m takes any positive integral value, 
zero inclusive, and Cyn, Com are arbitrary con- 
stants. 

Hence, summing up all these particular 
solutions, a formal general solution of ese 
(3) can be written in the form: 


(13) 


(14) 
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(p2<0) . 


Thus, eliminating the functions C€am(”, —q) from the right-hand side of (13) by the use of 


this relation, we have 


; C= 2 [CamCeam(E, qd) C€gm (n, @)+ ComCeom(E, —q) by ID, 21 C€2i(%, | 
= 1=0 


= ~ [ComCeam(E, q)+ Dy GED; on CeailE, —q)| Ceam(7, q) . 
m= 1=0 


(15) 


If the clamped edge of the elliptic plate be expressed by €=&, the boundary conditions 


at this edge are given by 
(Q)eseg=0, 


(OC/0E)e-e=0 , 


(16) 


and substituting the expression (15) for € into these conditions, we have 


co 


m= 


m=0 


A [ComCeam(Eo, q) ap Sy CuDa2, 2mC€2i(Eo, —qQ| CEam(, q)=0 ? 
t=0 


(17) 


>: [ComCe’am(Eq, Q)-+ > GoD, am@etatEsr —@)| Ceom(y, g)=0 . 
1=0 


In order that these two relations should be satisfied for all values of y between —7/2 and 
m/2, we must have, for any positive integral value of m, zero inclusive, 


ComCeam(Eo, q+ SS CuDor, amCe2i(Eo, —qg)=0 ’ 
7=0 


ConCe om Eo; g@t+> CD21, amCe’ or(E,, —q@g=0. 
1=0 


If we eliminate the constants Cym’s from these 
equations, we get a system of simultaneous 
linear equations for determining the constants 


Crs, Thus, 


8 


Aim Ca=0 , 
l=0 


I 


(m=0, 1,2, 3,-->) (19) 
with 
Aum = Do1,am{Ce2(Eo, —G)Ce’am(Eo, @) 
—Ce’s(Eo, —q)Ceam(E, @)} . (20) 


The solution of this system of simultaneous 
linear equations would in general yield the 
result that all the Cy,’s are zero; but if a 
certain special relationship exists between the 
dimensions of the plate and the frequency 
of vibration, namely, if the relation obtained 
by eliminating all the Cy,’s from the system 
of simultaneous linear equations (19) exists, 
we can obtain a displacement in the normal 
mode of vibration, and with the aid of the said 
relationship the frequency of vibration can 
be determined as a function of the dimensions 


(18) 


(m=0, 1, 2, 3,-++-=: ) 


of the plate, the elastic constants and density 
of the material of the plate. 


By eliminating all the Cy’s from (19), we 
have the required relationship as: 


Qoo 


(21) 


If we obtain the numerical values of the root 
q of this infinite determinantal equation, the 


numerical value of / = a can be obtained 


from the relation: 


Capps aah 
{2a 2 Oo 


which follows immediately from (12), where 
a and & are respectively a half-length of the 
major axis and the eccentricity of the ellipse. 

When a, € and ¢ are fixed the only variable 
remaining in the determinant A is g, which is 
connected with the frequency of vibration o 


(22) 
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by the relation (22), so that the smallest root 
of A=0 will give the frequency of the funda- 
mental normal mode of vibration with which 
we are mainly concerned in the present paper. 

The solution expressed by (21) is, however, 
merely formal. To find out where it can be 
used to determine the actual value of the 
frequency of the fundamental normal mode 
of vibration we must examine its convergence. 
For this purpose we may form, as in Profes- 
sor Tomotika’s treatment of the transverse 
vibration of a square plate clamped at its four 
edges), a series of finite determinants A:, A:, 
Nes Ay by taking 1, 2, 9," 2V ows and 
columns starting at the left-hand top corner 
ao %0| etc. If 
Qi au 
it is found that the smallest roof of Aw 
—0 converges to a definite limit as NV increases, 
this root gives the required frequency of the 


of A, so that Ai=d@o9, As= 


? 
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fundamental normal mode of vibration of the 
elliptic plate under consideration. 


§3. A ‘Rayleigh’ Value of the Frequency 


Before proceeding further to the numerical 
computations of the roots of the equations 
Ayv=0(N=0, 1, 2,---), we shall here calculate 
an approximate value of the frequency of the 
fundamental mode of vibration by applying 
the well-known Rayleigh’s principle and as- 
suming the transverse displacement W of the 
plate in the form: 

w=Ww(1 : HV cos operles 
a 
where b is a half-length of the minor axis of 
the ellipse. 

In this case, the kinetic energy T and the 
potential energy V of the plate become res- 
pectively 


T=" pdabw? W,? sin? ot , 


10 


an E 


V=—- - 
9 1-—o 


ea, ae 
as 


d, 3 ee ee) 
opt py cos? wat ’ 


Thus, equating the mean value of T to that of V we easily get a ‘ Rayleigh’ value for the 
frequency of the fundamental normal mode of transverse vibration of the elliptic plate. 


Denoting it by wr we have 
OR= /* 


Substituting this in (12) we get the correspond- 
ing Rayleigh value of qg, which will be 
denoted by gr, as a function of the eccentri- 
city € of the ellipse in the form: 


: Z, 
a’ 3a*b? 


a= eg V 8E8ETE. 26) 

Using this formula the values of gr have 
been calculated in three cases in which the 
value of the ratio a/b is equal to 5/4, 2/1 and 
3/1 respectively, the corresponding values of 
the eccentricity € being 0.6, 0.866 and 0.943 


respectively. The values of gz thus calculated 
are shown in Table I. 


§4. Search for Roots of A=0 


The writer has calculated the smallest roots 
q of A,=0, A;=0 and A3;=0 in three cases in 
which the values of a/b are equal to 5/4, 2/1 
and 3/1 respectively, with a view to finding 
out whether they converge to a definite limit. 


ihe Cae "A ee Sai 
tsa t BV pl —oy * 


(25) 


Table I. Values of qr. 
a/b | E | gr 
5/4 | 0.6 | 1,205 
2/1 | 0.866 5.259 
3/1 | 0.943 13.18 


To this end, the values of A:, A, and A; have 
been calculated for different values of g close 
to the Rayleigh values tabulated in Table I, 
and then plotting these values of Ai, A; and 
A; against g, the roots of equations A,=0, 
A.=0 and A;=0 have been determined gra- 
phically as shown in Figs. 1, 2 and 3*. The 
results are as shown in Table II. 

It may be added here that for the numeri- 
cal calculations of the modified Mathieu 
functions Cezn(&, g) and Ceen(E,—q@) contained 

* 


: The values of Ay have also been calculated 
in case when a/b is equal to 3/1 and the root of 
As=0 has been obtained. 
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Table II. Roots of Ayv=0. A 
In 
Root Root Root Root on 
a/b € of of of of 
A,:=0 | A,=0 | a3=0 | Ay=0 
5/4 0.6 OS pie len Soya eles LO) — 
2/1 0.866 Sissel AS ayaa bss — 
3/1 0.943 720M Ze 6b T2EG3eimlZ Cour OF 
Table III. Values of Vw/ce4. - 
a/b | E | Vw/eo 
5/4 0.6 3.62 
2/1 0.866 | 5.25 e 
3/1 0.943 | 7.54 ae 


Fig. 3. 


in the elements @im’s of the determinant A 
use has been made of the following product 
series expressions because of their rapid con- 


Figs vergency: 


CemnlEo,g) = Peis E(—VAwer od dv») 


Ceon(Eo, =F q) == eae > Fe 1)" Ap, C?T,(oi1)L(02) > 


where 
mn=V qa e7 0 V=V a e&0 , 


7 


Pan=(—1)"Pan’ = cean(0, acean( 5 a) Ay” , 


Thus, substituting these limiting values of q 


£) being connected with the value of a/b as: 
into (22), we obtain ultimately the most pro- 


a 1 


cosh €)= an 
Ve ae Se bable values of 12 a as shown in Table 


From Figs. 1, 2, 3 and Table II it will be seen 
that as N increases, the roots @ of equation 
Aw=0 converge to 1.185 when a/b=5/4, to 5.15 
when a/b=2/1 and to 12.63 when a/b=3/1, 


III below. 
The curve of Va/c a plotted against the ec- 
centricity € is shown by a thick-lien curve in 
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Fig. 4. 


Fig. 4, where is also shown the well-known 


value of Vw/e a equal to 3.1961 for a circu- 
lar plate (€=0) with clamped edge”. 


§5. An Expansion Formula for /° a in 
Powers of € 


When an elliptic plate differs only slightly 
from a circular plate, its eccentricity €& is 
very small, and accordingly gq is also very 
small, as will be seen from the relation 


= iW w/c @)& which follows immediately 


from (22). In such a case, Vw/ca can be ex: 
panded in a power series of &. 
We have obtained such an expansion formula 


for ,/ © a correct to the order of &. To this 
c 


end we have expanded the elements ass of 
the determinant A into series correct to the 
order of g’. After rather lengthy but straight- 
forward calculations we have 


ve A=Up +m? +2 , (27) 
where a is the value of Vw/ce a for the 
fundamental normal mode of transverse vib- 
ration of a circular plate of radius a with 
clamped edge and is given by the smallest 
root of the equation: 
J 0 (to) Lo( 29) — J (20) Zo’ (249) = OF 

J and J being the Bessel function and the 
modified Bessel function of the first kind res- 
pectively, Thus, we have 
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M==3.1961 . (28) 


Both the coefficients #; and #, can be express- 
ed in terms of the Bessel functions and the 
modified Bessel functions of the first kind 
with argument w#. Using the value 3.1961 of 
uy, we have calculated the numerical values 
of #, and w#, obtaining 


#:=0.7991,  2%=0.7892 . (29) 
Thus, we have finally 
"A © q=3,1961+0.7991 €-+0.7892E . (30) 
(oe 


The values calculated by using this expan- 
sion formula are shown by a thin-line curve 
in Fig. 4, while those calculated by a formula 
obtained by ignoring the last term in the same 
formula are shown by a dotted-line curve. It 
will be seen that the expansion formula (30) 
is particularly useful for calculating the 


numerical values of / © ain case when the 
Cc 


plate is nearly circular. 


§6. Summary 


The fundamental normal mode of transverse 
vibration with small amplitude of a uniform 
elliptic plate clamped at its edge is investi- 
gated in an exact manner. An exact formal 
solution of the partial differential equation 
governing the transverse vibration of the plate 
is obtained by the use of Mathieu functions 
and modified Mathieu functions. Carrying out 
detailed numerical calculations in three cases 
in which the eccentricity € of the ellipse is 
equal to 0.6, 0.866 and 0.943 respectively, the 


relationship between V w/c a and € is shown 
graphically, where w is the circular frequency, 
a a half-length of the major axis of the 
ellipse and 


c=V Ed*/129(1—o?) 


E, o and 0 being respectively Young’s modu- 
lus, Poisson’s ratio and the density of the 
material of the plate and d being the thick- 
nesss of the plate. 

An expansion formula for Vw/ea is then 
derived correct to the order of €*, and it is 
shown that such an expansion formula is 
particularly useful for calculating the value 
of Vwjca in case when an elliptic plate dif- 
fers only slightly from a circular plate. 
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On a Change of Dielectric Property of 
(Bay.5-Sro.5)TiO3; Ceramics due to 
the Thermal Treatment 


By Shoichiro NOMURA 


Institute of Science and Technology, 
University of Tokyo 
(Received April 30, 1956) 


(Ba-Sr)TiO; ceramics show not only an aging 
effect but also a small fluctuating effect in the 
dielectric property, specimen by specimen, which 
are interpreted to be brought about by a redistribu- 
tion of unstable domains to a stable state). In 
order to make clear these phenomena, we have 
investigated the change of the dielectric property 
of barium-strontium titanate ceramics by thermal 
treatment, and found that the dielectric property 
was varied appreciably. 

In the first, we sintered enough (Bao.5-Sro.5)TiOs 
ceramics at 1350°C, then took it out of the furnace 
rapidly, and cooled it to room temerature during a 
few minutes. We call this treatment as “rapid 
air-cooling ”. This specimen was cut into several 
pieces. They were heated again at several tem- 
peratures, being lower than 1350°C, for about 10 
hours, and then were cooled rapidly, as in the case 
of 1350°C. Fig. 1 shows the dielectric constant- 
temperature characteristics for the samples rapidly 
air cooled at 850°C and 1350°C. Fig. 2 shows a 
relation of the Curie temperature of (Bao.5*Sro.5) TiO; 
ceramics with the air-cooling temperature. The 


The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 


400) 
€ 
3000 
2000 sci 
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1000 
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Fig. 1. Dielectric constant versus temperature 
curve. 


Curie temperature increases as the temperature of 
heat treatment decreases and becomes nearly con- 
stant below 1100C°. The determination of the 
Curie temperature as the peak positon on the per- 
permittivity-temperature curve contains some un- 
certainty, which is 2~3°C in our case. There 
occurred a remarkable change also in the dielectric 
hysteresis loop. For barium titanate, we performed 
the same experiment, but did not find any notice- 
able change of the Curie temperature, although the 
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Fig. 2. Change of Curie temperature due to 
rapid air-cooling. 
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value of dielectric constant changed in some 
degree. 

It may be considered that there are two causes 
that bring about such phenomena, one of them 
being a macroscopic one, such as an effect due to 
thermal stress and grain growth, and the other a 
microscopic one, which is an arrangement of Ba?*+ 
and Sr?*+ ions in the crystal lattices. It is well 
known that the value of dielectric constant is 
depressed by thermal stress and is influenced by 
grain size), and so there may occur such pheno- 
mena even in barium titanate. The change of the 
ionic arrangement, however, may be realized only 
in the case of solid solution, and it would be ex- 
pected on the stand point of thermodynamical con- 
sideration, that the degree of order of the arrange- 
ment of Ba?+ and Sr?+ ions in the crystal lattices 
becomes less, when the temperature of heat treat- 
ment is high. This state corresponds to the one 
having high energy compared with the one prepared 
at lower temperature. As this state is quenched 
by the treatment of the rapid air-cooling, the 
crystal lattice will show large microscopic distor- 
tion at low temperature. We are now investigating 
in detail these problems. 

We wish to express our hearty thanks to Assist. 
Prof. S. Sawada for his encouragement. 
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Nuclear Spins of Dy 163 and Dy 161 


By Kiyoshi MURAKAWA 


Institute of Science and Technology, 
Komaba-machi, Meguro-ku, Tokyo 


(Received May 23, 1956) 


In 1953 Kamei and the author) studied the 
hyperfine structure (hfs) of the spectrum of 
dysprosium, and it was found that Dy!® and 
Dy'61 have the same nuclear spins and that 
their magnetic moments are approximately equal. 
In the hfs of the unclassified line Dy II £3968 six 
components out of eight were ascribed to Dy!% 
and Dy'®!, and it was deduced that their nuclear 
spins were probably 7/2, assuming that the compo- 
nents of Dy! coincided exactly with those of Dy1®, 


Dy I A6259 
Dy © Dy ® 
28.18 25,53 
¢ 
b 12.48 c 
a a 832 |62— |oy® *? 
5 314 er atone 
-.127,  -.0825 035, 0 .036 .068 cm’ 
wave number —> 
F py%3 F Dy 
3/2 J=0 32 
hhaluleaih Aakeanat lhe 
abe abe 
1/2 1/2 
~.097 ~088 
3/2 Jest 93/9 — ee 
Fig. 1. Hfs of Dy I 46259. In the transition 


scheme it is assumed that the level with J=1 
is the deeper. If this is the higher, the hfs 
level scheme must be reversed. 


A critical review regarding 23968 shows that this 
assumption is valid only to a very rough approxi- 
mation, so all that we can conclude unambiguously 
about the spins is that the spins of Dy! and Dy!#1 
must be larger than 1/2. In order to find them 
exactly, classified lines must be studied. 

In these three years the classification of the 
spectrum of Dy I has been undertaken from time 
to time (but not continuously) in this laboratory, 
and it has been found that the hfs of the line 26259 
that was studied previously» can be interpreted as 
due to a transition J=1<—.J’=0, as shown in Fig. 1. 

The intensity ratio of the components ¢ and a 
was measured to be int. c/int. a=3.2+0.4, from 
which we conclude that the nuclear spin of Dy!61 
is 3/2. Since it was found previously that the 
spins of Dy!6* and Dy!*! are equal, we conclude 
that the spin of Dy!® is 3/2. 

From the splittings of the level with J=1 in 
46259 we find the ratio of the magnetic moments 


p(Dy?®) / u(Dy'®)=1.07 40.05 , 
and the ratio of the quadrupole moments 


Q(Dy?®)/Q(Dy*!)~1. 

In a recent work Mottelson and Nilsson” predict 
a spin of 5/2 (instead of 3/2) for Dy!6!, but since 
this is sensitive to their assumed deformation 
according to their calculation, the discrepancy be- 
tween theory and observation does not seem tu be 
serious. 
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Radio Frequency Absorption in 
Barium Chlorate 
By Shoji KOJIMA, Kiyoe KATO, Shoichi ANNAKA 
Tokyo University of Education, Otsuka, Tokyo 
(Received May 18, 1956) 


Several substances give rise radio-frequency 
absorption lines which are called piezoelectric 
lines)-®©). Among these substances Ba(CiOs;),-H:O 


was interesting in that it could produce nuclear 
quadrupole absorption too. On the other hand, 
according to the result obtained by Kartha” with 
the method of X-ray analysis the crystal is 
monoclinic with space group of C®%,,, which can 
not have piezoelectric properties. It is very im- 
portant for the interpretation of the absorption to 
determine whether the substances are piezoelectric 
or not. 

The apparatus used for the detection of absorp- 
tions was a superregenerative oscillator working in 
the frequency range between 25 Mc and 30 Mc. 
At first, in the sample of Ba(ClO3).- H,O the nuclear 
quadrupole resonance of chlorine isotope 35 was 
observed at 29.38 Mc, but the piezoelectric absorp- 
tion was not detected. However, after the sample 
was heated in several hours at about 150°C, it gave 
rise the piezoelectric absorption and the quadrupole 
absorption disappeared. By this heat treatment 
the weight of the sample was decreased about five 
percent. The heated sample recovered the initial 
properties after it was kept several months in 
open air. 

Disappearing of the quadrupole resonance by 
the heat treatment seemed to be caused by the 
increase of internal stress due to dehydration. 
Appearing of the piezoelectric absorption by the 
heat treatment supports the previous conclusion”? 
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that the absorption relates closely to imperfection 
of crystal. 

If the absorption were only observed in piezo- 
electric substances, the sample should be changed 
by heating. In order to study the structure of 
crystal Debye-Scherrer photographs were taken for 
the natural sample and the heated sample with Cu 
Ka radiation which was filtered by a nickel foil. 
The obtained patterns are reproduced in Fig. 1. 
The lines of the heated sample are in accord with 
those of the natural sample which have correspon- 
dence with the observations of Kartha. The 
change of intensity is attributed to change of size 
of grains. The agreement of the lines suggests 
that the structure of the crystal did not change at 
heating. By this result we must conclude that the 


Fig. 1. Debye-Scherrer patterns of Ba (C1O3)2- H20. 


(a) natural sample (b) heated sample (1 hour 


at 150°C). 


(a) 


(b) 


Debye-Scherrer patterns of CuSO,:5H,0. 


JE, 2, 
(a) natural sample (b) heated sample (1 hour 
aur Be) C)). 


absorption is observed in non-piezoelectric sub- 
stance too. 

We have also found the absorption in CuSQ,- 
5H.O, CaSO,-2H20 and SrCl»-6H,O with some heat 
treatment. In view of the crystal structures®) 
these substances seem to be non-piezoeletric before 
heating. Among them we have studied CuSO,-5H,0 
with X-rays. Debye-Scherrer patterns were taken 
on the natural sample which did not give rise the 
absorption and on the heated sample which gave 
rise it. In this case apparent change of pattern 
was observed as shown in Fig. 2. As a result we 
can not necessarily say that the studied sample 
was non-piezoelectric. At present, the certain in- 
dication is the case of Ba(ClO3)2-H,O alone. 
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Diffraction of Electromagnetic Waves by Circular Plate and Hole 


Ydaikichi NOMURA and Shigetoshi KATSURA 
J. Phys. Soc. Japan 10 (1955) 285 


P. 299 r/a in Fig. 6,7,8 and 9 should be read (r/a)?. 


The Effect of Frequency on the Fatigue of Metals 


Alan K. HEAD 
J. Phys. Soc. Japan 11 (1956) 468 


Fig. 1 1200 C.P.M. should be read 12000 C.P.M. 
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A Calculation of Physical Constants of Ceramic Barium Titanate 


By Masakazu MARUTAKE 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 
(Received February 20, 1956) 


The dielectric, piezoelectric and elastic constants of polycrystalline 
ceramics at room temperature are calculated by averaging those values 
of single crystals on the assumption that the ceramic is composed of 
spherical crystallites. The calculated values are in good agreement with 
observed ones, showing that the piezoelectric effects in each single crys- 
tal (especially dis at room temp.) play a great part in determining the 
properties of the ceramic. ‘ 

Also the method is shown for calculating elastic constants of polycrys- 
tals which consist of spherical crystallites in all directions, with the 
calculated values of metals (Au, Ag, Cu, Fe etc.) in the cubic system. 

The ‘‘destressing factor’’, which gives the ‘relations between the 
internal stress of the sphere and the stress in the surrounding medium, 


is defined and calculated. 


Introduction 


Sig 

Barium titanate single domain crystals are 
well known to be highly anisotropic in the fer- 
roelectric range, the dielectric constant along 
the z-axis, for instance, being much smaller 
than along the z-axis in the tetragonal phase”, 
and hence to show large piezoelectric effects». 
When the aggregate of these crystallites 
makes up a ceramic, its physical properties 
are considered to be some kind of averages 
of those of crystallites over all orientations. 
The averaging process may, however, be 
made in many ways, as Devonshire pointed 
out, and the shape of the grain boundaries 
must be taken into account. 

On the dielectric constants of polycrystals, 
a calculation was made by Bruggeman® in 
1935 under various conditions of aggregation; 
and he showed that in both the aggregate of 
spherical crystallites and the laminar aggregate 
where the planes of laminae are oriented uni- 
formly in all directions, dielectric constants 
averaged are approximately equal and in good 
agreement with experimental values in poly- 
crystals. On the elastic constants, however, 
it seems that such calculations were not made 
except that Bruggeman also studied in an 
insufficient way”, and simple averaging pro- 
cesses have been used in calculating the elas- 
tic constants of polycrystalline metals”. 

Furthermore, barium titanate shows large 
piezoelectric effects, and each crystallite reacts 
on each other piezoelectrically in ceramics, 
and hence the dielectric constant and the 


elastic constants of ceramics cannot be derived 
independently without taking account of these 
piezoelectric interactions. 

In this paper, the elastic constants of polycrys- 
tals are firstly considered which are aggregates 
of non-piezoelectric single crystals and the 
values of polycrystalline metals in the cubic 
system are calculated (§3). Then by the same 
method, the dielectric, the elastic and the 
piezoelectric constants of BaTiO; ceramics are 
calculated (§ 4). In these calculations, it is 
assumed that the polycrystal consists of crys- 
tallites each of which has a spherical form 
and the axes of which are oriented uniformly 
in all directions. In the case of BaTiO;, the 
domain structures are not considered, but each 
spherical crystallite is assumed to be a single 
domain, the motion of the domain boundaries 
being hence neglected. 

Outlines of the calculation (in the case of 
BaTiO; ceramics) are as follows. Consider an 
arbitrary sphere (a crystallite) to be placed in 
the isotropic medium which has the same 
dielectric and elastic constants as those of the 
ceramic. The sphere, then, has dielectric and 
elastic constants different from those of the 
surrounding medium, so that the electric field 
and the elastic stress in the interior of the 
sphere are different from those of the medium 
which are equal to applied ones. The electric 
field and the mechanical stress in the sphere 
are calculated, respectively, in §2 and §3, 
and the electric polarization and the mechani- 
cal strain in the sphere, which are variable 
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as the orientation of the crystallographic axes, 
are averaged over all orientations. 
Following notations (in cas esu.) are used: 


E: electric field 
P: polarization 
«: dielectric susceptibility 
&€: dielectric constant 
i eEStheSS 
S: strain 
c: elastic constant 
s: elastic compliance coefficient 
d: piezoelectric modulus 
O—xyz: a coordinate system which has an 
origin at the center of the sphere 
and has axes parallel to the crystal- 
lographic ones of each crystallite 
O-a’y’z’: a coordinate system which is fixed 
to the medium or to the ceramic 
Un direction consines — be- 
; tween two coordinate 
wv I, Us ls 
systems 
y | Mm Mz M3 
Zz |\m Ne Ns 


The suffixes 0 and 7 denote, respectively, the 
surrounding medium and the interior of the 
sphere, and the suffix x denotes an averaged 
value which is a physical constant of the 
ceramic; thus, for example, 7»); denotes a 
shear component in the surrounding medium 
with respect to the coordinate axes fixed to 
the sphere, Piz’ is a component of the polari- 
zation in the interior of the sphere along the 
z-axis fixed to the medium, and s,4*" is an 
elastic compliance coefficients at the- constant 
electric field of the ceramic. 


§2. Electric Field in the Interior of the 
Sphere 


(i) Internal Field 


Let us consider a sphere of radius @ which 
is placed in the medium. If the sphere is uni- 
formly polarized (P;) and in the medium the 
polarization is Py and the electric field is FE, 
except near the sphere, the electric field EF; 
in the interior of the sphere is calculated as 
follows. 

Near the sphere, the electric field is equal 
to Ey plus the field which is produced by the 
dipole A placed at the center of the sphere. 
Then, if the boundary conditions — the conti- 
nuity of the tangential components of the 
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electric field, and the continuity of the normal 
components of the electric displacements—are 
satisfied, A and E are easily calculated. 


4x , 3 
ee: Pema) 2 DA 
A= oF (PP) (2.1) 
4r 
SEg opie BIS = PATE 
Ei—Eo OeF 7 12) (2:2) 


where P, and P; include the polarization pro- 
duced by the piezoelectric effects in addition 
to the dielectric polarization; and when non- 
piezoelectric, Eq. (2.2) is reduced to the well 
known formula. 

Eq. (2.2) gives the internal field E:, or 


E;—E)=a(Po— Pi) , (2.3) 
where 
st ph iTe 
a= 41 (2.4) 


We shall call @ the ‘‘ depolarising factor ’’. 


(ii) Dielectric Constants of Polycrystals 


Next, we shall consider the dielectric con- 
stant of the polycrystal (non-piezoelectric) 
which is an aggregate of spheres of various 
dimensions. This problem was _ previously 
solved by Bruggeman®» in the most general 
case. Here the same problem is considered 
rather in a different way because it is analo- 
gous to the method for calculating the elastic 
constants in §3. For simplicity, only the case 
is considered where the crystallite belongs to 
the tetragonal or hexagonal system, namely 
Gi Gp Car 

If the electric field is parallel to the z-axis, 
the polarization is given by 


PRSkren. 

Pe=k; Ee , (2.5) 
Piz=k3 Eig 3 

Po!’ = Poo’ =0 , 

Pos! = K* E ys’ ; (2.6) 


where the surroundings of an arbitrary sphere 
of the crystallite are replaced by an isotropic 
medium which has a dielectric constant &*. 
Then, by transforming the coordinate axes, 
we obtain from Eqs. (2.3), (2.5) and (2.6) 
* 
(ets mL: Beg ’ 
ltak, 
* 
Pu Maki(1 + ae ) Eg! 
1+-ax, 


(2.7) 


* 
P, _ N3k31+ak Je ii 
: lta; * 
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Accordingly, by transforming the coordinate 
axes again, 
Piz’ =m Pit n2Pis+nsPis 
a a Ny”) 1 
1 + AK, 


N37k3 * , 
ieee haba ) Eos’ . 
(2.8) 


We can average Pi3’ by considering that the 
crystallographic axes of every sphere are uni- 
formly oriented. 

Namely, 


/ Z Ki il 3 
Pest 
eo ie ys, ae eee) 


x (1+ a@r*) Eos’ , 


(2.9) 
because 
<1") ay = <3") ay = <N3"> av = 1/3 3 
And as 
<Piz’)> ay =K*E 3" , 
we obtain 


2, Ky il K3 
* 
: e fo ae Coos 


Ja ee 


(2.10) 


Eq. (2.10) can be solved by simple calculations, 
and 


oka ra +V EP+BEE5) « (2.11) 


This result is identical with Bruggeman’s for- 
mula>. 


§ 3. Mechanical Stress in the Interior of 
the Sphere 
In this section we shall consider the mecha- 
nical stress, in the same way as we discussed 
the electric field in § 2. 


(i) Internal Stress 

In the case of the mechanical stress, we 
cannot solve rigorously the internal stress in 
the sphere which is placed in the isotropic 
medium except when the hydrostatic pressure 
is applied, because the sphere is not uniform- 
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Ta—Tu=6\ (Sor— Si) + B.1 (So2— Siz) +.B 1. (Sos — Sis) : 
Tiz—T 2 = B 1 (Spi— Six) + Bi(Soz— Sia) + 8. (Sos — Sis) : 
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ly strained. We can, however, consider that 
the strains in the interior of the sphere are 
approximately uniform and can calculate the 
stresses in this approximation. 


(a) Elongation 


If the sphere is uniformly elongated along 
the z-axis (the elongation is denoted by S;;) 
and in the medium the elongation and the 
tension are zero except near the sphere, the 
tension components (Zi, Tiz and Ti) in the 
interior of the sphere is calculated as fol- 
lows. Near the sphere in the medium, the 
tension is produced by the tension source B 
placed at the center of the sphere approximate- 
ly. The definition of the ‘‘ tension source ’”’ 
and the stress and strain which are produced 
by the tension source are shown in the Ap- 
pendix. Then, if the following boundary con- 
ditions, 

(1) the continuity of 3 stress components 
perpendicular to the boundary plane, 

(2) the continuity of 3 strain components 
parallel to the boundary plane, 
are satisfied, Ti, Tiz and T;; can be calculated. 


T= Tiz=—B1Sos , (3.1) 
Tis — — Bi Sos 
where 
Drwlesoe 
Bi=p 3A+8y ’ 
@e2) 
B= i0 Ateibe, 
aaa 3A+8u’ 


where 4 and y» are Lamé’s elastic constants of 
the medium, and we shall call 8, and 8, 
‘‘destressing factors’ for the elongation. The 
destressing factors are analogous to the de- 
polarizing factor a, but it is to be noted that 
two factors are defined—f\ along the direction 
of the elongation, and 8: perpendicular to it. 

Or, by the superposition principle, Eq. (3.1) 
can be shown in more general form. 


(3.3) 


Ti3— T3 = B (Soi — Si) + B 1 (So2— Siz) + By(Sos—Sis) « 


(b) Shearing Strain 


If we pul 
bo1— Sta = —(So2— Siz) = 9 9 (3.4) 
and other strain components are zero, the 


stress components are given from Eq. (3.3) as 


follows. 


Ta—Tu=(Bi-B.)¢ , (3.5) 


Ti2a—Toe=—(Bi—Bi)e . 
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Now, if we rotate the coordinate axes by —7/4 
around the z-axis, we can obtain strain and 
stress components with respect to the new 
coordinate system. 


Soe—Sis=2e , 
Tis—Tos=(BiI—B1)¢ , 
Other components=0. 


(3.6) 


Accordingly, we obtain for the shearing strain 


Tea— Tou (3.7 
S22 Sones 
and 
vw 9k+144 


aedolimee tek 
ese Oar Yammy WR od 


Hereafter y shall be called the destressing 
factor for the shearing strain. 

This factor y+ was previously studied by 
Bruggeman®, and by his method y can be 
calculated as 


r=— (Bruggeman) . 


y 


This is not consistent with Eq. (8.8), and is 
not correct, because he calculated in the case 
of the torsional strain where the strain is not 
uniform. 


(ec) Hydrostatic Compression 


In the case of the hydrostatic pressure, we 
can put 


Si1= Sea = Sas , 

Sor = So2= Sos , 

Sau—Sn=e; 

Ti=T.=T 5 

Tod ola. 
Then from Eqs. (3.3) 


(3.9) 
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Lies 3.10 
Su—Sa ae BAY 

and 
Bag ea aie (3.11) 


5 is the destressing factor for the hydrostatic 
compression, and this is consistent with the 
result calculated by Bruggeman® with no ap- 
proximation. 
(ii) 
Now we can calculate the elastic constants 
of the aggregate of spherical crystallites with 
various dimensions and with various orienta- 
tions when the crystal is non-piezoelectric. For 
simplicity, we shall consider only the case 
where the crystal belongs to the cubic system. 
If the stress is a pure tension along 2’-axis 
(namely, stress components except TY 3’ are 
zero), the strain components are given by 


Sin =SuTt1+$i2(Tiz+ Tis) , 
Si2=SuTiotSie(Tist Tir , 
Sig=Sul ist $io( Ti+ Tia) ; 
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Soll? 
Sus = S44 le 45> ( ) 
Sts=Sig lt » 
Sig=SuTio; 
and 
Sor’ = Soo’ = Sio*T 3’ , 
Sos’ =Si11*To3" , (3.13) 


Si. os = Ste. , 

The surroundings of an arbitrary sphere of the 
crystallite are replaced by an_ isotropic 
medium which has elastic compliance coeffi- 
cients Su*, Si* and sq* (or Lamé’s constants 
A and 4). Then, by transforming coordinate 
axes and by averaging, in the similar way to 
the case of evaluating dielectric constants, 
we obtain (in detail v. ref. (8)) 


; 
$115 fa [(391 +292) + {(391 + 292)8 1) + (291 +892)B 1 }sir* 
+{(291+892)8  +(89,+1292)8 s }$12*] 


S44 


*5d+7su 


1 
S12” = it 49a) + {(91+492)8\| + (491+ 692)8 s }s11* 


==(h +27 811% —27532*) , 


(3.14) 


at {(491+692)8 +(691+ 1492)8 s }S10*} , 


2 eae 
10(1+ rsq4) 


Sa4* = 2(S11* —$4*) 


=(5 IG 3 S44 


Bw ea 


5 1+7S44 


ad +27si*—27512*) , 


\a aE esa) 
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where 
A= VM ‘Su, 
Wh Jb, | | Si25 
\M, WH IL | |Siz, 


L=1-- Bysu+2B8 isis , 
M=sybit+spBitsy8| . 


Averaged elastic constants are given implicitly 
by Eqs. (3.14) (Namely, 8 and y are averaged 
values.), and they are to be calculated by the 
successive approximation. 

In Table II and III, the numerical values 
calculated in this way are shown in compari- 
son with other averaged values which 
were calculated from the average of the 
elastic compliance coefficients s’s and the 
average of the elastic constants c’s. Constants 
of single crystals in Table I were used in the 
calculation which were quoted from Mason 
and McSkimin’s paper”. 

The agreement with the experimental 
values» is not very good, but is better than 
other calculations. This calculation, however, 
is rather laborious and is not considered to be 
an efficient and appropriate method. 


§4. Physical Constants of Barium 
Titanate Ceramics 


The dielectric constants €* and the elastic 
com-pliance coefficients si7* and si2* of poly- 
crystalline ceramic BaTiO; can be calculated by 
using a, B and 7 derived in § 2 and § 3. BaTiO; 
single crystal, however, shows piezoelectric 
effects, and the calculation is more complicated. 
In this calculation, it is assumed that the 
form of the single crystal is spherical, and 
that each crystallite consists of a single 
domain. The ignorance of the domain struc- 
tures may seem to be a very crude appro- 
ximation, but the diameters of crystallites are 
observed to be less than ca. 10 microns and 
it is possible that there exist many single 
domain crystallites; furthermore in this calcula- 
tion of averaging, the assumption of spherical 
domain may be considerabled to be a sufficient 
approximation. 

The piezoelectric moduli dsi*, dss* and dys* 
of the prepolarized ceramic can be also 
calculated in the similar way, when the dis- 
tribution of the orientations of crystallites is 
determined. In the fully polarized ceramic, 
it is considered, 180° reversals of the polar 
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M, M » R=(|Se, M, M | ; 
IE. M S11, 1B M| 
Ny Ik.) ata, Ce 
ae | (3.15) 


Table I. Elastic complience coefficients of single 
crystals (in 10-!%cm?/dyne). 


Metal Sin S}2 S44 
Au Peers) —1.07 2.38 
Ag PN EV —0.993 2.29 
Cu 1.49 — 0.625 1233) 
Fe 0.757 —0.282 0.862 
Al 59 —0.58 3.52 
Pb 9.30 —4.26 6.94 
W 0.257 —0.073 0.660 
Table If. Elastic compliance coefficients sj* of 


polycrystals (in 10-’cm2/dyne). 


Calculated Calculated Present Observed 


Metal from <8};/> from <cy;’> calculation value 
Au I AS) a2 1.24 125 
Ag 1.45 1.14 1.26 eu 
Cu 0.91 0.69 Oni, 0.81 
Fe 0.51 0.44 0.47 0.48 
Al 1.43 1.42 — 1.42 
Pb 5.26 Bode — 6.18 
W 0.26 0.26 0.26 — 

Table III. Elastic compliance coefficients s44* of 


polycrystals (in 10-!%cm?/dyne). 


Observed 


Metal Calculated Calculated Present 
from<s44/> from<cy4’> calculation value 
Au Ae AS) 3.18 Seo 3.61 
Ag 4.02 3.06 3.46 3.48 
Cu 2.49 1.84 2.08 2.20 
Fe 185 i gals} 1522 122) 
Al 3.85 3.82 — S715) 
Pb 15.03 9.84 — 17.8 
W 0.66 0.66 0.66 — 


axes are complete, but 90° rotations does not 
remain after the polarizing d.c. electric field 
is removed because 90° rotations accompany 
the mechanical strain. Accordingly it is 
assumed that in the prepolalized ceramic all 180° 
reversals of the polar axes take place in favor 
of the polarizing field, namely the z-axes are 
oriented uniformly within right angles around 
the z’-axis (v. the notations in §1.). Though 
prepolarized ceramics have tetragonal sym- 
metry, anisotropies in their dielectric and 
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elastic constants are very small!, and in this 
calculation they are assumed to be isotropic 
with regard to their dielectric and elastic pro- 
perties. (The calculation was only made on 
the numerical values at room temperature.) 

The piezoelectric equations in each crystallite 
are 


Paaky Lat disl ts, 
Pe=KkPEatdisTs , 

Pig= 3? Et3+dgiTirt+daiT i2 + da Tia; 
Si = dy, Ei3tSi®Titsi® Viet S13" Ts , 
Se = d3,E ists Tutsi li2tsis7 lis , 
Siz =d33Hist$i32 Tir t$13" Ti2t $33" Tis 5 
Sis =sEiat Sa" Tis , 

Sis =disEHirt+Sa.7Tis , 

Sis =Qyilig, ; 


(4.1) 


The internal electric field and the internal 


mechanical stress are given by 
En=Eot+a(Pu—Pi) , 
Ein=En+a(Po—Piz) , 
Eiz= Eos t+ &(Pos— Pis); 
Tiu= To1 t+ Bi\(So1— Six) 
+Bs(So2—Si2)+81(Sos—Sis) , 
Tix= To2+ Bs(Sor— Six) 
+ Bi (So2— Siz) + B1(Sos—Sis) , 
Ti3= To3+ B1(Soi— Sia) 
+B1(So1— Siz) + By (Sos — Sis) , 
Tis= Tos t+7(Sos—Sis) , 
Tis=Tost+7(Sos—Sis) ; 
Tig=Tos+ 7(Sos— Sie) : 


(4.2) 
From Eqs. (4.1) and (4.2), Pi, Piz, Piz and 
Si1, Siz, +++, Sig can be solved as functions 


of Eu, Eos, Eos; Por; Poz, Pos and of To, Too, 
-*+, Toe; Soi, Sox, °°, Sos. (The solution is 
complicated, including 4th order determinants.) 
Then, for instance, if Ey,’ is given, «Pos avs 
<Sitar and <Siz>4y can be solved by trans- 
forming the coordinate axes twice (cf. § 2) 
and by averaging over all orientations. Hence, 
ex Pos Dar d *_ (Sir Dav 

and dara (Siar 

Was shina 
can be calculated. In the same way all con- 
stants in Table V are calculated. 

The numerical values of the constans of 
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Table IV. Dielectric, piezoelectric and elastic 
constants of BaTiO; single crystal. 


Bond Merz et Devon- vate 
etal.) al.02) shire?) ealenlation 
Sr ee _— Jil 0 
Elastic $124 —0.12 == —0.2 —0.1 
compliance s,,7 = = 029 = (ONG 
anata ett ewe aaply ose. POS 2.0 
/dyne) 8449 = — 5.0 4.0 
S66 8 — — 0.75 0.7 
Dielectric &” — 4500 4400 4500 
constant —=_¢,7 = 215 225 250 
Piezoelectricd3, -—3.1 —-1.0 —-—1.5 —2.0 
modulus 
(in 10-8 d33 9.5 3.0 5.0 6.0 
CGS esu.) ds — — 40 30 


Table V. Dielectric, piezoelectric and elastic con- 
stants of the polycrystalline ceramic BaTiO3. 


Dielectric constant &*. 


Calculated value 


Observed 
Bruggeman’s Present value 
<e>ar 1/<1/€>av formula(2.11) calculation 
3100 680 2500 1500 1600 


Elastic compliance coefficients $,,* and s44*. 
(in 10-”cm?/dyne) 


Calculated value 


SS SS Se Observed 
Present value 
<s>ay From<e>ar calculation 
81% 1.06 0.73 0.8 0.78 
S44" 3523 2.08 Derk Dali 


Piezoelectric moduli d3,*, d33* and dj,*. 
(in 10-8 CGS esu.) 


Calculated valued 
CSO served 


Present value 
<d>ar calculation 
d31* —3.8 —2.1 —2.0 
ane 8.5 Bi 5.4 
dy5* 9.5 6.0 8.0(?) 


the single crystal are shown in Table IV. All 
values, however, have not been measured as 
yet, and calculated values by Devonshire® are 
also referred. 

Table V shows the calculated values in 
comparison with other averaged values. The 
agreement with observed values is considered 
to be good by taking account of our crude 
approximations, though the calculated values 
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of piezoelectric moduli are a little smaller by 
considering that the specimens are not per- 
fectly polarized. (The observed values! of 
the dielectric and the elastic constants are 
corrected ones for zero porosity!»®, because 
usually porous ceramic specimens (porosity: 
ca. 8%) are used.) 


§5. Discussion and Summary 


In §4 the dielectric, elastic and piezoelectric 
constants of ceramic BaTiO; were calculated, 
and were shown to be in fairly good agree- 
ment with experimental values. It may be con- 
cluded that the properties of the ceramic are 
averages of those of the single crystal, and that 
the motions of the domain boundaries can be 
neglected for small amplitudes except at very 
low frequencies. (That this is the case was 
recently confirmed by Little! experimentally 
from the observations of the motions of the 
domain boundaries.) Accordingly, there need 
not exist any relations among piezoelectric 
moduli d3;*, d33;* and d,;*, while the ratio of 
d3;* to dz* is expected to be equal to 2, for 
instance, according to Mason’s electrostrictive 
theory. Experimentally it was observed to 
bey 2a. 

It should be noted that the dielectric con- 
stant €* is smaller than averaged values 
without considerations of piezoelectric reac- 
tions (cf. the calculated value from Brugge- 
man’s formula in Table V), and that the large 
value of di; (at room temperature) of the 
single crystal plays a great part in reducing 
the value of €*. Also, large piezoelectric 
moduli d3;*, d3;* and d,;* are mainly due to 
the large value of d,s. In this sense the 
measurement of d,s of the single crystal is 
desirable. 

The method for calculating the elastic con- 
stants of polycrystals (§ 3) is very complicated 
and may not be appropriate for the applica- 
tions, yet the destressing factors 8,7 and 06 
are considered to be useful in some other 
cases (e.g. the calcuclation of the elastic con- 
stants of porous materials’). 


Appendix. Tension Source 


In the isotropic bodies, the following displace- 
ments can exist as shown from the elastic 
theory. 
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(A.1) 


w=B(5 oun 323 ‘k 
Atpr xv J? 
where wu, v and w are displacements respectively 
along the 2-, y- and z-axis. Eqs. (A. 1) repre- 
sent a solution when the “dipole or force” 
or the “tension source” is applied at the 
origin of the coordinate system (O-xyz). The 
tension source is defined as follows. 

When two forces (0, 0, F) and (0, 0, —F) 
are applied respectively at the points (0, 0, 4z) 
and (0, 0, —A), and 

Lim Az Ta 


z—>0 


(A.2) 


we shall call the pair of forces the tension 
source and B the magnitude of the tension 
source. 

Eqs. (A.1) can be derived from the solution 
shown in Love’s text-book’. 

The stress components can be calculated 
from Eqs. (A.1). 


wo? 
X,=—2n( Se x 12 UZ \B 


Atp rt Te 
ey lee 0) 
1G 2 Ata 12 7 B, (A.4) 
a 2(3A+2u) Be, #53 
a 2u( my oe a)B- 


Here, only the stress components (X,, Yy, Zy) 
in the spherical surface of radius 7 
(=Vo2+y+z2) and are shown. 

The solution given by Eqs. (A.1) and (A.3) is 
rigorous except at the origin, and in order to 
satisfy the boundary conditions when a uni- 
formly deformed sphere of radius @ is in- 
serted at the origin, it is necessary that Eqs. 
(A.1) and (A.3) are averaged over the boundary 
plane (or the surface of the sphere of radius 
a). Namely, by expanding Eqs. (A.1) and (A.3) 
by the spherical surface functions and by taking 
the first terms, we obtain at the surface of 
the sphere 


2 x 
u—— B e. 
Died 
2 ey ps A.4 
v ave ae (A.4) 
re kes J ad La 
fe Ug RE GP 
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2 3A4—2h y 
Ye = a ’ a 
: 5 te Atu a ane, 
jee 4 3A+8u Zz 
‘ 5 és Atp at 


The approximate solution given by Eqs. 
(A. 4) and (A.5) now satisfies the boundary 
conditions and by taking account of the super- 
position principle, we can derive equations 
(3.1) and (3.2). (The derivation of the de- 
stressing factor is shown in more detail in ref. 
(8) pp. 137-140.) 


Notes added in proof: (1) Recently F. Kulscar 
(J. Am. Cer. Soc. 39 (1956) p. 13) and W. R. Cook, 
Jr. (ibid. p. 17) observed the domain structures in 
BaTiO; ceramic. This suggests that the assump- 
tion of the laminar aggregate is more appropriate, 
but physical constants of the spherical aggregate 
may not differ sensibly from those of the laminar 
aggregate as was shown by Bruggeman®) in the 
case of the dielectric constant. 

(2) Recently M. McQuarrie (J. Am. Cer. Soc. 39 
(1956) 54) suggested some questions on the domain 
processes in BaTiO; ceramics. This paper is an 
answer to his questions though not satisfactory. 
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Elastic Constants of Porous Materials, Especially of 
BaTiO, Ceramics 


By Masakazu MARUTAKE and Takuro IKEDA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 
(Received February 20, 1956) 


The effective elastic constants of porous materials are calculated on 
the assumption that spherical pores are dispersed uniformly, and are 
compared with observed values of BaTiO, ceramics sintered at different 


temperatures. 


The agreement of the calculations with the experiments 


is not very good, and the form factors of pores are discussed. 


§1. Introduction 

Recently many kinds of electro-mechanical 
transducers in the polycrystalline ceramic form 
were devised, such as barium titanate (piezo- 
electric) and ferrite (magnetostrictive). These 


ceramic materials, prepared by sintering, are 
invariably porous to a certain extent. It is, 
therefore, considered that the studies of the 
physical properties of such porous materials 
are necessary in the practical application. 
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On the dielectric properties, Rushman and 
Strivens» studied theoretically and experi- 
mentally. 

On the other hand, the elastic properties of 
porous materials, it seems, have not been 
studied as yet, and we took up this problem 
in this paper. Firstly, the general formulae 
were derived for calculating the elastic con- 
stants as functions of the porosity, and then 
they were compared with the experiments. 
As samples of porous materials, BaTiO; cera- 
mics were exclusively used, which were 
sintered at different temperatures in order 
that they may have different porosities. 


Theoretical 


§ 2. 


The following notations are used: 


v : porosity (volume fraction of 


pores) 


Lamé’s elastic constants 


Young’s modulus 
rigidity 


K : yolume elastic constant 
E dielectric constant 


The suffix x represents the constant when 
there are no pores, and the suffix P represents 
the constant of the porous material. 

Outlines of the calculation are as follows. 
The whole body of the porous material is 
assumed to be an aggregate of spherical 
grains with various dimensions, and the sur- 
roundings of an arbitrary sphere (grain) which 
has elastic constants siu*, su* are replaced by 
the averaged homogeneous medium which has 
elastic constants si”, Su?. Then the stresses 
in the interior of the sphere are different 
from those in the medium because the elastic 
constants are different. The internal stress 
in each sphere can be calculated by the 
destressing factor which was introduced by 
one of the authors”, and the averaged value 
of the internal stress in each sphere is equal 
to the external stress applied on the porous 
material as a whole. (In the interior of the 
pores which intervene among spherical grains, 
the internal stress vanishes. ) 

This approximation gives the results identi- 
cal with those calculated by assuming that 
all pores have spherical forms and dispersed 
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uniformly in the body, as will be shown in 
the followings. 


(i) Rigidity 

We shall consider that the shearing stress 
Tos 1s applied. (The same notations are used 
as in the reference 2).) Then, the strain So, 
in the material (or the medium which sur- 
rounds each sphere) is given by 


Sos= Sa? To « (ak) 
In the sphere, 

Sig Sic Leen (2) 
And by using the destressing factor 7 [(3.8) 
in ref. 2)], 


Pu Tus pAb lape Ve 
Sos— Sia 2 3AP 4+ 8yP , 
From Eqs. (1), (2) and (3) 
2 1 te te 
Tu=— ost Sie. 04 (4) 


Accordingly, by considering that the stress 
vanishes in the interior of the pore, 
Su? = — Sor 
SANTEE 


IL Ake bee 
= 1 ( ji eas 4d 
/\ Y) Lye eA 
hence, 
; 1 
su? = su] = 7¢ E el : (5) 
Omri vial, 
* 
Neen 7¢ poe )t 
Sia” ( T 
pk 918+ apr a 


Be OG a 
Eqs. (6) are formulae for calculating the 
rigidity of the porous material. 
(ii) Volume Elastic Constant 


The volume elastic constant of the porous 
material can be calculated in the same way 
as rigidity, by using the destressing factor 6 
for the hydrostatic compression”. The result 


1S 
Krak 1— ot Zale (7) 


6=4p* . 
This result can be obtained rigorously, as 
Bruggeman showed”, on the assumption that 
the pores of the spherical form are dispersed 
in the body. 
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Fig. 1. The frequency constant for the longi- 


tudinal vibration. 


(iii) Young’s Modulus 


Young’s modulus & can be calculated from 
N and K by using the following relation. 


(8) 


And after simple calculations (from (6) and 
(7)), 
BP =E*{} —o(1 aah , 


1 1 
paete/ = ae 
y Gee 


9A*+140* 

Ay Cee ae 

* UAE 26n * 

Eqs. (9) are formulae for calculating Young’s 
modulus of the porous material. 


(9) 


(iv) Dielectric Constant 


The dielectric susceptibility « can be also 
calculated in the same way as rigidity by 


using the depolarizing factor a”. Namely, 
En — Eg Pp Ar 
Pou —Piy ai - Deere ; oy) 
In the sphere, 
Pu=K* Ey (11) 


In the medium which surrounds the sphere, 
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eid Diy . (12) 


And in the pore, the polarization vanishes. 
From Eqs. (10), (11) and (12), 


Pas SS ae 01> (13) 

and 

<PuSaw=1-0) Pa - 
Hence, 

cP aet(l a) : (14) 
Ge << Il, 

cP =K*{1—v(1+ar*)} . (15) 
Or 

er=er{1 Se oh (16) 
Eq. (16) is identical with the result which is 


derived from Wiener’s formula, as discussed 
by Rushman and Strivens”. 


§3. Experimental 


BaTiO; ceramics were prepared as follows. 
First, the mixtures of BaCO3; and TiO, (equi- 
molecular proportions) were prefired at 1200°C 
and the products were crushed and milled. 
Then, a series of specimens having different 
porosities were made by pressing the powders 
and by sintering them at different tempera- 
tures ranging between 1000°C and 1450°C. 

The porosity was determined by measuring 


the density o?. Namely, 

0” =p*(1—v), (17) 
where 

o*=6.0 g/cm? 


is the X-ray density, and p” was determined 
by weighing the specimen ground to a regular 
shape. 

Samples were not very pure, and Curie 
temperature of them is 110°C. All the 
measurements were made at 27°C. 


(i) Young’s Modulus 


The resonant frequency of the longitudial 
vibration of the bar (ca. 23x3.5x 2.5mm?) 
was measured by the self-resonance method. 
Namely, the piezoelectric vibrations were ex- 
cited by applying the electric field perpendi- 
cular to the length of the bar, and the electric 
current was measured. Then the resonant 
frequency is that at which the maximum 
electric current is produced. In Fig-1, the 


1956) 


observed values of the frequency constant 
(the resonant frequency of the unit length) 
are shown together with calculated values in 
the following way. 


The frequency constant f” of the bar is 


given by 
Beales. 
fr=5*e- (18) 
By substituting Eqs. (9) and (17), 
(ae vo 1—v(0_+£*/k) 
2N5 ab l—v 
E* 
Pt | ee 
( is v) (19) 


The values of f* and E* were determined 
from the observed values by the extrapolation 
to zero porosity. From these values together 
with the observed values of the rigidity N* 
(v. Eq. (23)), 4, w and & were calculated. 
ie—=2o2 K-Ci. 
Ee =1.29* 10" dyne/cm?; 
A= 1 Ot x 0 
u*=0.48 x 10? 7 , 


h=30 x10" + 
Mason reported” that 
A=5.2x 10" dyne/cm? , 
N=A4.0X<10" sk ‘ 
for the samples having porosity ca. 8%. The 
disagreement between his results and ours 
may partly be due to the impurities. 


(20) 


”? , 


(ii) Rigidity 

The resonant frequencies of the torsional 
vibrations of the specimens of cylindrical 
forms (length 17mm; diameter 3.4mm) were 
measured by the ‘‘composite-bar method ’’” 
used previously by F.C. Rose®. Namely, the 
specimen is attached to the quartz (with 
equal cross-section) in which the torsional 
vibration is excited piezoelectrically. The re- 
sonant frequency of the specimen can be cal- 
culated from the resonant frequency of the 
quartz alone and that of the composite-bar. 
In Fig. 2, the observed values are shown with 
calculated ones. 

In the case of the torsional vibration, the 
frequency constant f” is given by 


: Livin * 
jeri 


of seek (21) 
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Fig. 2. The frequency constant for the torsional 
vibration. 


Dielectric Constant 
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10 
Porosity (%) 


Fig. 3. Dielectric constant. 


Following values were obtained from this 


experiment. 
(22) 


il Al ke-cme 
N*=0.48 x 1012 dyne/cm? , 
7*=0.56x 10" a 
(iii) Dielectric Constant 

The dielectric constants were also measur- 
ed at the frequency of about 1 Mc/sec. The 
results are shown in Fig. 3, and €*=1500. 


§4. Discussions 


Young’s modulus, the rigidity and the di- 
electric constant of the porous material were 
calculated in Eqs. (9), (10) and (16). In the 
case of BaTiO; ceramics, however, the observ- 
ed values are not in good agreement with 
these formulae as shown in Fig. 1, 2 and 3. 
The discrepapancy shows the similar tendency 
in every masurement, and is considered mainly 
due to the shape of pores. 

Namely, we calculated in § 2 on the assump- 
tion that the ceramic is composed of spheri- 
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cal grains the surroundings of which are re- 
placed by the isotropic medium having the 
same elastic and dielectric constants as the 
porous ceramic. In real porous ceramics, 
however, the pores intervene among all grains 
and have plane forms; accordingly, the sur- 
roundings are rich in pores and the replace- 
ment of them by the averaged medium is not 
correct. 

In other words, our assumptions are equi- 
valent that all pores have spherical forms 
and are dispersed in the non-porous body, as 
shown in the calculation of the volume elas- 
tic constant and the dielectric constant in (ii) 
and (iv) in §2. And the shape of the pores, 
or the form factor, as Rushman and Strivens 
discussed, has to be considered, but it is a 
very difficult problem and we cannot calculate 
for the general case. 

Meanwhile, anomalously large values of the 
dielectric constants in BaTiO; ceramics were 
reported recently?® for ceramics which are 
composed of very small grains (ca. ly in 
diameter), and it is possible that elastic ano- 
malies are also observed in these samples. 
It may appear to suggest that dielectric and 
elastic properties depend much on the sinter- 
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ing conditions, but these anomalies are con- 
sidered rather due to the anomalies of the 
crystallite itself which has small dimensions”. 
In our case, however, each grain has a dia- 
meter of 10% or so and the effects of dimen- 
sions are not necessary to be considered. 


This work was supported by the Scientific 
Research Expenditure of the Ministry of 
Education. 
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Irreversible Production of Entropy and the 
Absorption of Sound* 


By Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunct, Tokyo 


(Received March 7, 1956; Received in amended 
form on May 25, 1956) 


Molecular absorption of sound was ascribed to the irreversible pro- 
duction of entropy due to the heat conduction under finite temperature 
difference between the external and the internal degrees of freedoms of 
the molecules. Absorption formula was obtained in this manner and was 
found to be in agreement with the known formulas obtained by other 


methods. 


Ss 


The formula for molecular absorption and 
dispersion of sound have been obtained by 
various methods; kinetic theory method origi- 
nated by Bourgin”, irreversible thermody- 


Introduction 


namics method originated by Herzfeld and 
Rice”, statistical thermodynamics method of 


eS The text in Japanese of this paper will be 
published in ‘‘ Bulletin of the Kobayasi Institute 
of Physical Research.’’ 
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Kneser®, phenomenological method of Issako- 
vich®, and others. Many works have been 
performed since these earlier works (cf. Mark- 
ham, Beyer and Lindsay (17) and the introduc- 
tion of the previous paper» for detailed re- 
ferences), though the equivalence of these 
various methods is not always demonstrated. 

Of these various methods, the irreversible 
thermodynamics method have the advantage 
of being simple. The earlier papers in this 
category, including that of Herzfeld and Rice, 
are phenomenological, and not necessarily con- 
nected with the theory of thermodynamics 
intimately; and even in recent years many 
authors employ phenomenological relaxation 
equations because of its simplicity for practi- 
cal applications. The previous paper® by the 
present author was one such attempt. 

It is, however, necessary to establish the 
“irreversible thermodynamics theories of a- 
coustic relaxation ” on the recent developments 
of the irrreversible thermodynamics and con- 
nect the relaxation equation (equation of irre- 
versibility) with the rate of production of en- 
tropy. Such efforts are being made by Dam- 
kGhler®, Meixner?-!© and Eckart (unpublished 
lecture, cited in Markham, Beyer and Linday’”) 
(cf. also De Groot'® for a treatment of relaxa- 
tion phenomena on the basis of irreversible 
thermodynamics.) 

Here we intend to make a more straight 
forward derivation of the absorption formula 
by calculating the amount of entropy produc- 
tion directly. 

When entropy 4S is produced in an irrever- 
sible process, there accompanies a decrease in 
free energy by T4S. Incase of sound absorp- 
tion, the entropy production must take place, 
because of the conversion of ordered motion of 
the fluid particles into heat. So the absorption 
coefficient of sound is obtainable from calcula- 
tion of the irreversible production of entropy. 
If the rate of irreversible production of entropy 
is AS/cycle/mole, the rate of decrease of free 
energy is T4S/cycle/mole. If the energy of 
the sound wave is E/mole, the intensity ab- 
sorption coefficient per wavelength is given 
by T4S/E, and the amplitude absorption coef- 
ficient per wavelength by 


ah=TAS/2E . (1.1) 


In case of the molecular absorption of sound, 
the thermal equilibrium is not established be- 
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tween the internal and the external degrees 
of freedoms of the molecules, and there takes 
place a heat conduction between the both de- 
grees of freedoms under finite temperature 
difference. This accompanies an irreversible 
production of entropy. We can obtain the 
absorption coefficient in this manner. 

As this method is quite general, it may be 
applied also for obtaining absorption coefficients 
of sound due to other mechanisms. 

§ 2. Irreversible Production of Entropy Ac- 
companying an Instantaneous Volume 
Change 


Consider one mole of gas (or liquid) contained 
in a cylinder to be subjected to a sudden 
adiabatic compression. The work of compres- 
sion is used at first only for increasing the 
energy of the external degrees of freedom of 
the molecules (external system) of the gas, 
because the energy of the internal degrees of 
freedom of the molecules (internal system) 
does not change instantaneously. Here the 
content of the “ energy of the external system” 
and that of the “energy of the internal system” 
is also dependent on the time scale of the 
experiment. If the compression takes place 
during an interval of time which is shorter 
than the relaxation time of the rotational 
energy of the molecules, the “energy of the 
external system” is the translational energy 
of the molecules, while the “energy of the 
internal system” consists of the rotational and 
the vibrational energies. When, however, the 
time required for compression is longer than 
the relaxation time of the rotational energy 
of the molecules, but shorter than the relaxa- 
tion time of the vibrational energy, the “energy 
of the external system” is the sum of the 
translational and the rotational energies, and 
the “energy of the internal system” is the 
vibrational energy of the molecules. As the 
rotational and the vibrational relaxation times 
are usually of different order of magnitude 
and the both relaxation frequencies can be 
separated in acoustic experiments, we will 
consider the case of one relaxation time for 
the sake of simplicity. 

A sudden decrease of volume by |4v| (4v<0) 
accompanies an instantaneous increase in pres- 
sure by 4po, which gradually relaxes to the 
equilibrium increment 4p) with a relaxation 
time ct. By periodic repetition of sudden com- 
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m --------22 


Fig. 1. Change of pressure accompanying an 
instantaneous periodic volume change of a fluid. 


pression and expansion the volume and pres- 
sure undergo changes as illustrated in Fig. 1 
(a), and the work required per each compres- 
sion is equal to the area ABEF in the pv- 
diagram, Fig. 1 (b), while the work obtained 
in expansion is only CEFD. The difference 
between the work of compression and that of 
expansion, ABCD in the pu-diagram, is irrever- 
sibly converted into heat per cycle. If the 
time interval between the compression and 
the following expansion is sufficiently long, 
the pressure relaxes from p+4p.. to p+J4py 
during this time interval, so that we have 


d= —(4p.—dp.)dv (4v<0) (2.1) 


as the work lost per cycle. This is the usual 
manner of computing the loss. 

Strictly speaking, the periodic adiabatic 
volume change of Fig. 1 (a) does not accom- 
pany a completely periodic change of pressure, 
because the internal energy increases by 


pau=— §o dv 


in this change. This results in the increase 
in temperature (and pressure) of the fluid 
and the new equilibrium state after an adia- 
batic cycle becomes A’ in place of A (cf. Fig. 
1 (b)). The new cycle begins from A’ along 
A’B’C’.--, and the straight line representing 
the mean pressure ~* becomes somewhat in- 
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clined to the horizontal, slightly increasing 
with time. This corresponds to the tempera- 
ture rise by the absorption of sound. The 
quantity db= AA’, however, is a small quantity 
of the second order if 4f) and 4p are small 
quantities of the first order. This is to be 
shown later. 

Now we can compress the fluid in a quasi- 
static, adiabatic process from the state A to 
the state C, along the dotted line in Fig. 1 
(b), and expand it in a quasi-static adiabatic 
process along the same path from C, to A. 
In this case, there accompanies no loss of 
mechanical work per each cycle. Here the 
state C, is of equal volume with C, but of 
slightly lower pressure. The difference, how- 
ever, is a small quantity of the second order 
in 4p) and 4p.. As the two processes AB 
and AC, are both adiabatic, fluids in states 
Band C, are of equal entropy as that in state 
A; thus Soi=Si=Se. Only the state B is not 
an equilibrium state, because the “external 
system” of the molecules and the “internal 
system” are not in equilibrium. No loss of 
mechanical work, however, is produced in the 
state B as yet, because we can bring the fluid 
in the original state A by instantaneous expan- 
sion from B along the same path BA and 
thus regaining the same work as used in 
compression. 

The entropy increases in the relaxation stage 
BC, C being a state of equal internal energy 
but of higher entropy than B. The entropy 
production is given by (2.14) as is to be shown 
later; i.e., 


podhanC; 
to Bae? 
where C; means the molar specific heat of the 
“internal system”, and 4T) and 4T.. are the 
temperature increments in states B and C, 
respectively. On the other hand we can bring 
the fluid in state C, to that in state C by 


Se—Sz AT ake (2.2) 


supplying heat under constant volume. This 
gives as the entropy increase 
T+AT 
S.—Sa= Caf oad. 
P+AT sa 
AT,—4T, 
Cnt pee eee 
Coo og | ar T+AT,’ ] 
: AT)—4T, 
=(Crr =e 7 2 ’ (2.3) 


where Cup is the molar specific heat at constant 
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volume (and at sufficiently low frequency), 
and 47)’ denotes the temperature increment 
in the state C. As S.i=Szs, we have from 
(2.2) and (2.3) 


yard At. 
AT,—AT) mG, ae 
This indicates that the temperature difference 
between the two states C and C, is a small 
quantity of the second order, if the tempera- 
ture increments 4T) and 4T.. are small quanti- 
ties of the first order. This holds true also 
concerning the pressure difference. So we 
can omit the difference between the states C 
and C, in usual acoustic problems. The pres- 
sure difference between A and A’ is twice 
the pressure difference between C and C, and 
is also a second order small quantity. In this 
case, the pu-diagram becomes a cyclic figure 
as illustrated in Fig. 1 (c). 

Thus we see that the loss is produced along 
the path BC and DA while the pressure re- 
laxes. In practice, after the fluid is instant- 
aneously compressed along the path AB and 
then the pressure relaxed along BC, we can 
bring it in the original state A by a quasi- 
static adiabatic expansion along CA. In this 
case, the loss is equal to the area of the 
triangle ABC, i.e., half the value correspond- 
ing to the parallelogram ABCD. 

Pressure relaxes along BC and DA because 
there takes place a heat conduction from the 
external degrees of freedom of the molecules 
to the internal degrees of freedom and vice 
versa. If the temperature of the external 
degrees of freedom is T+-4T, and that of the 
internal degrees of freedom T+47, 4T and 
AT; being functions of the time, we have 


AP AT; 


(2.4) 


(2.5) 


in case of BC. 

If a quantity of heat d’q is transferred from 
the external to the internal degrees of freedom 
under this temperature difference, the entropy 
production is 


—dq , aq 


a= TAP * PLAT 


_&q 
age (AT —AT;) >0 (2.6) 

Now the temperature of the internal degrees 
of freedom increases by d4T; accompanying 
this heat transfer, i.e., 


ada=GdsTi, (2.7) 


Entropy Production and Sound Absorption 


821 


where C; means the internal specific heat per 
mole of the fluid. The total entropy produc- 
tion during the relaxational stage BC is 


4 | (4T—AT) GAT, , 
T?*\5 
where 47) means the equilibrium increment 
of temperature corresponding to the new e- 
quilibrium state after compression. The tem- 
perature increment is 4T.. immediately after 
the instantaneous compression, but it gradually 
relaxes to the equilibrium value 4T, by trans- 
ferring heat to the internal degrees of freedom. 
Thus a heat quantity C,4T; is transferred till the 
temperature of the internal degrees of freedom 
attains T+4T;, while the temperature of the 
external degrees of freedom becomes T+4T 
by this moment, where 
AT=AT..—(Gi/C) ATi = AT 2 —(Ci/Cy) AT . 
(2.9) 
Here C, means the specific heat at constant 
volume (per mole) of the external degrees of 
freedom of the molecules. As this corresponds 
to the specific heat at sufficiently high frequen- 
cy, it is usual to write it C,. in the theory 
of the molecular absorption of sound, while 
we denote the molar specific heat at constant 
volume for the quasi-static process, i.e., at 


(2.8) 


sufficiently low frequency, with Cy. This is 
related to C,. by 
Co Gut C; : (2.10) 


Substituting (2.9) and (2.10) into (2.8) we 
have 


C; (470 Gy, ) 
As= AAT, \a Adee Pat 
in 2 \ ( C, oer 


This becomes by integration 


4 G 5 
As= (47.47) 5 aT) 


We have, on the other hand, from the con- 
servation of heat quantity the relation 


—-) 


(2.12) 


Gye A= Cro dilig ’ (2.13) 
and this simplifies (2.12) as 
1 C, 
= —~AT AT... 2.14 
As 97? 0 ( ) 


As the amount of entropy production is the 
same also in case of the pressure relaxation 
along DA after an instantaneous expansion, 
the entropy production per one cycle is twice 
the above value, i.e., 


AS=24s= (Cif TAT AT ~ . (2.15) 
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Fig. 2. pv-diagram of a fluid in an adiabatic 
volume change. 


This accompanies an decrease in free energy 
by an amount 

LAS Cy DAL GAT ee (2.16) 

Now this must be equal to the loss in me- 

chanical energy per cycle given by (2.1). We 
will show this in the following. We have 

Op Op \ MaAv 

[Ong eae dae 

in (2.1), where M means the molecular weight, 

o the density, and v the molar volume of the 


fluid. As the sound velocity at sufficiently 
high frequency is 


(2.17) 


Vin? = (OP/0) 0 , (2.18) 
we have 

Apo=—(Vao2M/v?)\Av . (2.19) 
Similarly, we have 

Apy= —(V_?M/v?) Av , (2.20)* 
where 

Vo?= (OD/9)o (2.21) 


means the sound velocity at sufficiently low 
frequency. We have accordingly 


—(4p..—Apy)dv= (M]v”)( Veo? — Vo?)(dv)?, (2.22) 
We have further the relations: 
Veo? = (OP/00)7(Cy-/Coee) , (2723) 
and 
Vo0?= (Of/0 0) r(Cpo/ Coo) (2.24) 


where Cy) and Cy. mean the molar specific 
heats at constant pressure at sufficiently low 
frequency and at sufficiently high frequency 


respectively, these being related by 
Ce Cyw+tC; : (2.25) 


By employing (2.23), (2.24) with (2,25) and 
(2.10), we have 
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= 
= Vo?Ci(Cpo— Cro) /CpoCree « (2.26) 
Now we will consider of the relation be- 
tween the volume change and the temperature 
increment in an adiabatic compression. In 
the pu-diagram of Fig. 2, suppose the volume 
of a fluid is reduced by |4v| (4u<c0) and the 
temperature increased by 4T in an adiabatic 
compression from A to B. The increment of 
internal energy (in the thermodynamical mean- 
ing) in this process is 


v-Alv| 
Ue We =| bav= piAa eae 


(2.27) 


If this fluid is heated from A to C, a state 
with the same pressure as B, under constant 
volume and supplying a heat quantity Q, the 
temperature increases by 47’ and the increase 
in internal energy is 

U.—Us=Q=CAT’. (2.28) 
The expansion at constant pressure from the 
state B to state C on the other hand, requires 
a heat quantity @’ and the internal energy 
changes in this process by 


Uc—Uz=Q' —p|4v| 


=C,(4T’—AT)+pdv , (2.29) 
while the amount of expansion is 
—Av/v=|Av|/v=a(4T’ —AT) , (2.30) 


where a means the expansion coefficient. 
Subtracting (2.29) from (2.28) we have 


Us—U4=C,AT —C,(4T’ —4T)—pdv (2.31) 
and equating this with (2.23), 
CAT’ —C,(4T’ —A4T)=0. 
This gives 
Ate Go es (2.32) 


where 7 means the ratio of the specific heats. 
Substituting this into (2.30) we have the re- 
lation between the amount of adiabatic com- 
pression and the temperature increment: 


A4vjv=—adT/(y—1). (2.33) 
As the ratio of the specific heats is related to 


the sound velocity and the expansion coef- 
ficient by 

* Strictly Speaking, App represents the pressure 
increment at C; in Fig. 1 (b), but not that in G: 
though the difference is a second order small quan- 
tity. 
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~= 14+TaeVM/C, ’ (2.34) 
we can write (2.33) also as 
A4vju=—(C,/TaV?M)AT . (2.35) 


The relations (2.33) and (2.35) are valid for a 
quasi-static adiabatic compression (of a liquid 
or a gas) as well as for an instantaneous one”, 
though we have to use the corresponding 
values of Cy, C, and y for each case. Multi- 
plying (2.33) and (2.35) side by side we have 
CyC pv” 


(4v)?= — = 
MT V?(C,—C,) 


Especially, considering the case of a quasi- 
static adiabatic compression we have 


CoC nv? 
MT V.>(Co0 — Coo) 


When (2.26) and (2.37) is substituted into (2.22) 
we have 


(4T)?. (2.36) 


(4v)?= Ado)? (2.37) 


pede ips ee (4T,)?. (2.38) 
This becomes by (2.13) as 
—(4bn—Ap.)40=(Ci[T)AT)AT. (2.39) 


This is in accordance with (2.16), i.e., we have 
TAS= —(d4po—Apy)Av . (2.40) 


§ 3. Molecular Absorption of Sound 


Now we will consider the case of the molecu- 
lar absorption of sound. After an instantaneous 
compression of volume as illustrated in Fig. 
1, the energy of the internal degrees of free- 
dom of the molecules undergoes an change 


4E,=4EY°1—e-“/*) . (a) 


This gives a differential equation for the time 
change of the energy of the internal system 

O.Ei) 

ot 

The same time change takes place also in the 
sound wave, due to the difference in value of 
AE; from the equilibrium value 4#;°. Gener- 
ally speaking, there is an instantaneous vari- 
ation of a quantity accompanying the density 


Z + (4E,°—AE)) . (3.2) 


change. This, however, being zero in case of 
Ei, i.e., 

(O(4E;)/0(4)).=0 , 
we have 


ot 


— OAR) (3.3) 
OF” 


UAE) _ O(4E:) ea) (Ao) 
dt ot O(4p) J 
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Fig. 3. Phase relations of 47,9, 47; and 4T—AT;. 


Thus we have to solve 


COE OS int aA (3.4) 
dt T 
for the sine wave of the form exp (¢wt). The 
solution is 
SE, = 4E;°/(1+tor) . (335) 


As the internal temperature (=temperature 
of the internal degrees of freedom of the 
molecules) is related with &; by 

Adi Ais Cre (3.6) 
we have the same type solution as (3.50) also 
for AE, 1.e., 

AT, =4T;°/(1+éor) , (7) 
where 47;° means the increment of the inter- 
nal temperature corresponding to the equilibri- 
um state, i.e., for zero frequency. (3.7) can 
also be written as 


1n= 
(1+ .w?r?)'/2 


Cue 


Lae (3.8) 


where 
(3.9) 
We see that 47; is lagging 47;° by angle ¢ 
in phase (cf. Fig. 4)**. 

Now the energy of the external system relaxes 
after an instantaneous volume change illustrat- 
ed in Fig. 1, according to the equation 


g=tanloar. 


* As to (2.35) for example, the frequency-depen- 
dent factor is (Cp/V2)4T, which becomes (Cy9/ Vo?) 
AT) for a quasi-static process. This, however, is 
equal to (Cyo/Veo2)dT oo by (2.13), (2.23) and (2.24). 

** The vector of 4T is placed on a diagonal of a 
rectangle with vectors 47; and (47—4T;) as two 
adjacent sides, and the vector of 47°(=4T7;°) is 
placed on one side of this rectangle because | 47%| 
=|4T°|cos ¢. 
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4Eu=4Ew + (4Ew—4Ea*)\1—e-"/") 
= 4E,°+(4E,"—4E,")e-"" , (3.10) 
and we have as the differential equation of 
the time variation: 
O(4 En) 
ot 
As the external temperature (=temperature 
of the external degrees of freedom of the 
molecules) is proportional to the energy of 
the external degrees of freedom by 
AT=AE,/Ca ; (San2) 
AT satisfies an equation of the same type as 
(3.11), ie 
O(AT) 1 
=— AT—AT®). 
Ot 5 ( ) 
In case of a sound wave, we have also an 
instantaneous variation of 4T following the 
variation of the density, i.e., 


Sy ioe ioe (3.11) 
Ge 


(3.13) 


agp aD (84D) 94P.. or 
As we have 
OAD) 0 reek 
(Av) va 
by (2.33), we have 
OAT) U2 OAL) TO ae ies 
0(40) _M 0(Av) Ma ao 
_ Cp—Cy 
ee (3.15) 
and accordingly, 
O(A Cra Cee n9 — Cy 
Cine SoC CN eae ae 
and 
0(4T Cyo—Co 
Cony meee. Sea 
This gives 
AT? =(Cyp—Cyw)40/apCr . (3.18) 


Substituting (3.18) and (3.16) into (3.14) we have 


a(AT) it Cy —C, 
dt T ( ace 40) 
Coo Cop _ d(4p) 
Dan Crops: dt Se) 


Assuming sinusoidal variations of the form 
exp (twt) for both 4T and 4p, we have as the 
solution of this equation 
(Cp0— Cup) (Coco + Ft Cy) 
Al ——— 
Crp lt +tor) Ap 
or, expressed in terms of 47° by (3.18), 


(3.20) 
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Cro + tot Crp 
Cyo(1+tar) 
As the temperatures of the external and 

the internal systems are different, we have 
heat conduction between them. If a heat 
quantity d’q is transferred between the two 
systems, there takes place an entropy produc- 
tion 


hips @G.2h) 


as=— aq rile eae ee 


aq 
TLAT™ FEA oe Coie es 


(3:22) 


New we have by (3.7) and (3.21) as the tem- 
perature difference 


BOT 
Taye 


co 


ZT (Ore 
Lhe A 
AUS 1+z0t Cyn 


(3.23) 


This can also be written as 
ot exp {2(z/2—¢)} Coo 
AT—AT;=- (1b e%e2)V/2 Co. ATT H(3E24) 
This means that the wave of the temperature 
difference (4AT—A4T;) is leading the wave of 
the equilibrium temperature (47°) by (z/2—¢) 
in phase. The temperature for equilibrium 
state is of course common for the external 
and the internal degrees of freedom, i.e., 
Ada A. (3°25) 
So we see that wave of (4T—4AT;) is leading 
the wave of 47; by 7/2 (cf. Fig. 3). 
If the transfer of heat quantity d’q takes 
place in a time interval dt, the rate of produc- 
tion of entropy is 


ds _ 1 yp _ypy dd 
O = ae AT AT) (3.26) 
We ep ke 
d'q=Cid(4T;) (3.27) 
this becomes 
a = oT ar) (3.28) 
or 
< =(toC,/T(AT—AT)AT;*, (3.29) 


where the quantity with asterisk means the 
conjugate cornplex quantity. (As both 4T—4T; 
and 4T; are complex quantities in this case, we 
have to make one of them the conjugate complex 
in making the product of them. This cancels 
the phase factor expz(z/2—¢). This is also 
to be seen when we notice that d(4T)/dt and 
(4T—4T;) are in phase.) Substituting (3.24) 


1956) 


and (3.8) into (3.29) we ma 
ds Ci wt 


Cpe TE ate. = iat 


Integrating this for the time interval of half 
period (8/2), we have 


(3.30) 


it 92 ds 
—AS= - : ; 
5 i a dt (3.31) 
As AT? =R(4T,°e'") = AT)" cos ot, we obtain 
as the integral 
w? C7 Gp Il @ 
1 yse OS u v0 0)2 
2 1+o%? T? Cn. 2 2 At). (3.32) 


After each half cycle the sign of the tem- 
perature difference 4T—4T; is reversed. But 
the sign of d(4T;)/dt becomes reversed at the 
same time and the entropy production becomes 
twice the above value in one cycle. So the 
decrease of free energy in each cycle is 


TAS= C; Co 8 


Pir CHD sare CEDE 


(3:39) 


As 
G=1/v=2z/o , (3.34) 
where » means the frequency, this becomes 
also as 
Ci Cro OT 
ges 1+? 
Now the intensity of a plane progressive 
sound wave is known to be 
I=(4p)?/20V, (3.36) 
where 4p means the pressure amplitude. So 
the energy of sound per one mole of fluid is 
1 (4p)? 
B= a Ai D). 
where v means the molar volume. Now we 
can obtain the expression of the pressure 
amplitude 
Ap= —(V?M/v?)Av , (3.38) 
quite in a similar manner as in obtaining 
(2.19) and (1.20). Here V means the velocity 


LAS=7 


(4T)°)?. (3.35) 


(3.37) 


of sound at frequency v=w/2z. Employing 
(3.38), we have 
E= > rats 4y) = + ae (3.39) 
a pv? 
and substituting (2.37) for ee 
=F pe TI. (8.40) 


~ 2 TV%(Cro—Cw) 
Free energy T4S being lost per each cycle 
from the total energy of sound £, the absorp- 
tion coefficient per wavelength becomes by 
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(3.35), (3.40) and (1, wes 
or, 
et, = (LoCo )Crot_ Vo? (3.42) 


Cp Cye2(1 + 2?) y? , 
By employing further the dispersion formula 
(cf. Nomoto (5), eq. (3.28)). 


2 (Cop — Cy) Ci wr? 
V2=V,7) 1 = »0/* Be 
0 [ ar CypCoa(1 +e?) | (3,43) 
the absorption coefficient becomes as 
(Cyo— Coo) Ciot 
Sa ra et ; 3.4 
me ECC iC. Cosaze (3.44) 


This is in accordance with the previous result 
(cf. Nomoto (5), eq. (3.27)). 

In employing further the relaxation time of 
the internal specific heat 8 in place of the 
relaxation time of the energy of the internal 
degrees of freedom t, by the substitution 

T= BCy/Cyo , (3.45) 
and putting Cyy—Cy)= R, we obtain the familiar 
absorption formula (Kneser’s formula) for 
gases. 


Appendix 

Another derivation of eq. (2.29) 

This relation can be obtained also directly 
from the equations of thermodynamics. The 
change of internal energy U in an adiabatic 
process is 


—pdv=dU=(0U/0T);dT 
= (0U/0v)pdv+(OU/OT)»dT 
=(0U/0v)7dv+C,dT . Glp) 
As 
we have 
Co—C, 
ws: eT , 3 
(OU/0v) r= (@v/oT), =P. (3) 
and substituting this into (1), we have 
ho p dv+C,.dT=—pdv. 
l av 
Accordingly, 
GG one @> 
av 
This gives 
lee) epee Gd ee Pray (5) 
oT s Cyo—C, 7-1 
or, 
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dv 2 ee 


v r—1 oe? 


in accordance with (2.33). 
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Theory of the Ultrasonic Absorption in Aqueous Solutions 


(1) Introduction and General Theory* 


By Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received March 30, 1956) 


The origin of the anomalous ultrasonic absorption in aqueous solutions 
has been attributed to the rearrangement process between the associated 
and the single molecules of water and the solute molecules accompanying 
the acoustic cycle. The excess pressure of sound wave changes the 
existence ratio between the associated and the single molecules of water 
and gives rise to the molecular rearrangement. This process accompanies 
a change in configurational entropy, the entropy increasing in the com- 
pressed volume element. This entropy increase is approximately rever- 
sible, becoming perfectly reversible in the quasi-stationary limit. This 
reversible increase 4S in entropy, however, requires a heat quantity 
TAS. (T=absolute temperature), which must be supplied by the volume 
element itself. Thus the specific heat apparently increases by an amount 
Cm, which corresponds to the specific heat of the internal degrees of 
freedom of the molecules by the molecular absorption of sound. The 
main part of 4S is due to the diffusion of the solute molecules into the 
groups of single water molecules formed by the collapse of the associated 
molecules of water under excess pressure, the relaxation time of this 
diffusion corresponding to the relaxation time of the internal energy in 
the molecular absorption of sound. General formula of the anomalous 
ultrasonic absorption in aqueous solutions has been obtained along these 


lines and under appropriate assumptions. 


§1. Introduction 
It is known that the ultrasonic absorption 
coefficient in many of the aqueous solutions 
exhibits a peak at intermediate concentration, 
the peak value being higher than that of the 
both component liquids up to 100 times in 
some cases. The following are the liquids 
which exhibit absorption peaks in aqueous 
solutions: 
Acetone (Bajouline and Merson”, Willard”, 
Willis®, Burton”); 
ethanol (Willis®, Burton®, Storey”); 
m-propanol (Burton”); 
iso-propanol (Burton*)); 
tartiary butanol (Burton); 
ethyl cellosolve (ethyl glycol ether) (Bur- 
ton”); 
butyl cellosolve (butyl glycol ether) (Bur- 
ton); 
CLC 
Although there are also liquids which do 
not exhibit peaks of sound absorption in 
aqueous solutions, for example, dioxane, 
methyl cellosolve (methyl glycol ether), etc., 
the absorption coefficients in these solutions 


are higher than the straight line connecting 
the absorption values of the both component 
liquids; and when the background absorption 
assumed as straight line is subtracted, absorp- 
tion peak is revealed at an intermediate con- 
centration. This is contrary to the case of 
molecular absorption, where the absorption 
vs. molar fraction curve is concave upwards 
and the absorption value is lower than the 
straight line connecting the absorption coeffi- 
cients of the two component liquids. 

The aqueous methanol solution exhibits an 
almost linear dependency of sound absorption 
on concentration at ordinary temperature. An 
absorption peak, however, is observed at a 
lower temperature (—10°C), and presumably 
also at —32°C (Sette*). 

Table I summarizes the results of measure- 
ments mainly due to Burton”. As is to be 
seen in the table, these mixtures also exhibit 
peaks of sound velocity at intermediate con- 
centrations, the concentration of the velocity 


: The text in Japanese of this paper will be 
published in “Bulletin of the Kobayasi Institute 
of Physical Research ”. 


827 


828 


Otohiko Nomoto 


. 


(Vol. 11, 


Table I. Concentration of the velocity maximum, concentration of the absorption maximum, 
and the value of the absorption maximum of ultrasonic waves in aqueous solutions (mainly 


after measurements of Burton‘) 


Molar fraction Molar fraction 


Values 


Temperature 


the of Tempe- : Temperature Author of 
Solutes of the solute at of the solute at absorption rature coefficient range the ee 
the velocity the absorption 1 imum (°C) of sound investigated esa 
maximum maximum (a/v?) max absorption epenadence 
f O29 (—) (—) x 10-1727° negative -—32°~10°C Sette) 
pctnanol re 0.3 110 — 10°(Sette) 
ethanol OR 0.27 190 By negative 0°~25° Storey®) 
m-propanol 0.05 0.14 960 258 negative —7°~27° Sette® 
iso-propanol 0.075 0.19 720 2m 
tert. butanol 0.045 0.11 3850 Daf i,m 
° : ° o  Bjouline- 
acetone 0.07 0.38 220 27.5° negative 20°~38 Mercon® 
methyl glycol ether 0.14 (0.2) (43) 28° 
ethyl glycol ether 0.10 R22 220 250m 
butyl glycol ether 0.02 0.09 3500 DRS) 3) 
dioxane 0.09 (0.3) (60) 23° 
glycol 0.50 (0.5) (20) 28° ' 
phenol 0.06 0.05~0.07 707 (pores) 
peak being lower than that of the absorption Willis 3.84 Mc 
peak for each mixture. The table shows the 6.40 Mc | (a/y2)max 
concentration (molar fraction of the second 11.50 Mc | =190x 10-" 
component) for the velocity peak, that for the 19.20 Mc 
absorption peak, and the value of the absorp- Willard* ZO Ome 
tion peak (@/y*)max, where a means the am- Bajouline-Merson 19 Mc 
plitude absorption coefficient per unit length 2% Mc : 
and y» the frequency. The values in the 90-5 Mec 150x105! 
parentheses indicate the peak values of the 38. Mc 


excess absorption obtained by subtracting the 
linear beckground. The temperature of obser- 
vation of the absorption coefficients is also 
indicated. When the measurements are avai- 
lable over a range of temperatures, the sign 
of the temperature coefficient is also included. 
As is to be seen in the table, the temperature 
coefficient of absorption is always negative, 
the absorption coefficient decreasing rapidly 
with increasing temperature. This is a second 
point which distinguishes the sound absorption 
in aqueous solutions from the molecular 
absorption. For example, the absorption coeffi- 
cient in aqueous ethanol solution decreases 
by a factor of 3.5 between 0° and 25°C 
(Storey). 

Next we will consider of the relaxation 
.time. The fact that the value of a/y? is 
almost independent of the frequency within 
experimental errors (+20%) in aqueous ace- 
tone solutions, as tabulated below, indicates 


that the relaxation time is of the order of ° 


100 Mc/sec or higher. 


In case of ethanol solutions, Storey’s mea- 
surement» by the pulse technique (accuracy 
+1%) at 22.5Mc, 37.5 Mc, and 52.5Mc, and 
at temperatures 0°, 10° and 25°C indicates 
that the concentration of maximum absorption 
is independent of the frequency, though 
slightly dependent on the temperature, shifting 
towards higher alcohol concentration with 
increasing temperature. By assuming single 
relaxation time and writing 


a A 
2 TAO pm wel 
Storey has found out that 
Ym=1035 Mc/sec at 0°C and 22% 
(molar fraction), 
and (1.2) 


vm= 145-10 Mc/sec at 25°C and 25% 
(molar fraction). 
For aqueous propanol solutions, Sette® has 


* 


Frequency not clearly indicated, but measure- 
ment made with one or more of the following four 
frequencies: 6.57, 10.31, 19.7 and 31.0 Mc/sec. 


1956) 


obtained the peak values at 13.9% (molar 
fraction) and 24.5°C: 


(@/v?)max = 835 x 10-“egs ‘| 
and 
(a/v) max = 582 x 10-"cgs ri 
This gives by (1.1) the relaxation frequency 
Ym=953.6 Mc/sec (24.5°C; 13.9%). (3) 
For aqueous phenol solutions, there is a 
measurement by Cevolani and Petralia? at 
70°C. In this case, exact calculation is difficult 
because of the small magnitude of the absorp- 
tion peak and the relatively high and inclined 
background. The approximate values of the 
excess absorption obtained from Cevolani- 
Petralia’s graphs, however, are as follows: 
(@/v?)max=39x10-"cegs at 9Mc, 
and 
(a@/v")max=22x10-"egs at 33Mc | 
and we obtain 


Ym=35 Mc/sec (70°C; 5~7%) 
in this case. 


(1.4) 


These results give clues in constructing the 
theory to be described below. 

There are known also some non-aqueous 
mixtures which exhibit absorption peaks at 
intermediate concentrations. These are the 
solutions containing nitrobenzene, ethanol, 
propanol, butanol, phenol or acetic acid as 
one of the component liquids. Although these 
mixtures have the common feature of having 
negative temperature coefficient of sound 
absorption as in the case of aqueous solutions, 
the absorption mechanism seems to be a little 
different for aqueous and non-aqueous solu- 
tions. So we will not treat the non-aqueous 
solutions in this paper. 

Although it is commonly supposed that the 
anomalous ultrasonic absorption in aqueous 
solutions is related to the associated nature of 
the water molecules, no concrete and satisfac- 
tory theory is hitherto available for explaining 
the absorption coefficient. For example, Pin- 
kerton! has pointed out that the maximum 
of absorption in aqueous ethanol solution 
occurs in a mixture containing roughly four 
water molecules to every alcohol molecule, 
and assumes (after suggestion of E. Bauer) 
that the absorption arises from the breakdown 
of this complex. Also Storey” holds this view 
by pointing out (after Bauer) that the heat 
of mixing of ethanol and water attains maxi- 
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mum at 20% (molar fraction) alcohol and 
that the curve representing the freezing point. 
vs. concentration of this mixture has a dis- 
continuity of slope at 20% alcohol. No formu- 
lation of the exact absorption mechanism, 
however, is proposed. 

So we intend to treat this problem in the 
following. 
§2. Mechanism of Anomalous Ultrasonic 
Absorption 


We have seen that the ultrasonic absorption 
in aqueous solutions are higher than that of 
the constituent liquids by factors attaining 
up to 100 in some cases. It seems that the 
anomalous part of absorption is related with 
the associated structure of water and its varia- 
tion with the acoustic cycle. Water is known 
to be an associated liquid consisting of the 
associated molecules and the single ones which 
are in mutual thermal equilibrium. The 
associated molecules are supposed to be nearly 
in the tridymite structure of the ice crystal 
with four nearest neighbours, while the single 
molecules are considered to be nearly in the 
closest packed structure with twelve nearest 
neighbours. fhe associated molecules are of 
larger molar volume (per monomer), while 
the single molecules are of smaller molar 
volume. 

Excess pressure in sound wave transforms 
some of the associated molecules into single 
ones and this process requires a finite relaxa- 
tion time of the order of 2x10-!%sec at room 
temperature. This gives rise to an excess 
ultrasonic absorption in pure water, as was 
discussed in detail by Hall®. We will adopt 
the manners of thinking and the results of 
the Hall’s theory in this paper. This mecha- 
nism, however, cannot explain the appearance 
at intermediate concentration of the absorption 
maximum in aqueous solutions. 

We propose a new mechanism of ultrasonic 
absorption in aqueous solutions in this paper, 
the “relaxation of molecular rearrangement” 
or “diffusion relaxation mechanism”. We 
will describe of this mechanism in the follow- 
ing. We have to begin with the consideration 
of the structure of the aqueous solution. The 
aqueous solution consists of the molecules of 
the solvent water in the associated and the 
single states and those of the solute substance. 
Generally speaking, the solute molecules may 


Fig. 1. Schematical model of the aqueous solution 
(a), and the molecular rearrangement induced by 
an excess pressure (b). 


(C) 


—t 


Fig. 2. Relaxation of pressure and the increase 
in configurational entropy after an instantaneous 
compression of an aqueous solution. 


be also in the associated and the single states, 
as in the case of alcohol. There may exist 
also the mutual association between the 
molecules of solute and water. It is, however, 
not easy to estimate all of these effects quan- 
titatively, and there is involved moreover a 
danger of missing the true importance of the 
various factors when a too complex model is 
employed. So we omitted the association of 
the solute and the mutual association between 
solute and water in this paper, and only the 
association of water is taken into account. 


As is to be seen later (cf. part (I) of this: 


paper; §5, eq. (5.12)), our theory requires 
that the average magnitude of the associated 
molecules are very large, containing about 
8000 monomers (H,O-molecules) in case of 
pure water. It is essentially different from 
the degree of association in other liquids as 
alcohols, in which the associated molecules 
consists mainly of trimers or tetramers. This 
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is one of the reason to suppose that the 
mechanism of anomalous sound absorption in 
aqueous solutions is different from that in 
other associated mixtures. 

So we will consider the model of the aqueous 
solution as illustrated in Fig. 1, (a) schema- 
tically. The great white circles in the figure 
indicate the associated molecules of water, 
the smaller white circles the single water 
molecules, and the small black circles the 
solute molecules. 

Excess pressure in sound wave crushes 
some of the associated water molecules and 
transforms them into groups of single mole- 
cules. Here we assume that some of the 
associated moleculer collapse as a whole and 
transform entirely into single molecules, while 
the others remain unchanged. 

Then the excess pressure produces the 
groups of single water molecules as illustrated 
in Fig. 1, (b) by great white circles with 
networks, in which the density of the solute 
molecule is zero. So there takes place a 
molecular rearrangement by diffusion process 
as illustrated by arrows in the figure. 

This diffusion accompanies an irreversible 
entropy production, 4Sirr, and therefore, the 
sound absorption. It, however, is not easy to 
estimate the irreversible production of entropy 
directly. So we will take an indirect course 
and proceed as follows. 

This molecular rearrangement process 
accompanies an increase in configurational 
entropy 4S (per mole) as is to be shown later 
(cf. §4). It, however, must be remarked that 
this entropy increase 4S is not entirely irre- 
versible. (4S is different from 4Sirr as is to 
be shown below.) On the contrary, this in- 
crease in configurational entropy is approxi- 
mately reversible, becoming completely rever- 
sible if the increase of pressure is quasi-static. 
This is analogous to the fact that the heat 
conduction is reversible in the quasi-static 
limit. (cf. further Saito and Sugita.) As 
the total process is adiabatic in an acoustic 
cycle, the heat quantity T4S required for the 
increase of the configurational entropy (where 
T= absolute temperature) must be supplied 
by the volume element itself, because the 
increase of configurational entropy is nearly 
reversible. This results in the decrease in 
temperature, and therefore, also in pressure 
of the volume element here considered. (The 


ee, ee ee 
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circumstance is similar as in the case of 
adiabatic demagnetization process in obtaining 
low temperatures.) 

Consider an aqueous solution contained in 
a cylinder with adiabatic walls and equipped 
with a piston. When this liquid is instanta- 
neously compressed, the volume undergoes a 
change as illustrated in Fig. 2, (a). The 
corresponding change of pressure, however, 
becomes as Fig. 2, (b), the pressure increasing 
by 4p at first, but relaxing to the valne 4p° 
with the relaxation time of the molecular 
rearragnement process. Here we neglected 
the relaxation time for collapse of the asso- 
ciated molecules of water because it is short 
(2x10-¥sec) as compared to the relaxation 
time of the molecular rearrangement (of the 
order of 10-*%sec). This gives rise to the 
absorption of sound. 

Thus the existence of the molecular rear- 
rangement process accompanying the acoustic 
cycle means that the energy is stored in the 
form of the (configurational entropy) x (tem- 
perature) similarly as the energy is stored as 
molecular vibrational or rotational energy in 
case of the molecular absorption of sound. 
So there exists a specific heat Cn due to 
molecular rearrangement process corresponding 
to the internal specific heat C;. 

Generally speaking, the total entropy change 
of the system consists of three parts, (a) the 
part 4S* due to uniform compression, (b) the 
part 4S’ due to the change of thermal motion, 
and (c) the configurational entropy change 4S 
here considered. Here we are dealing with 
the excess part of the ultrasonic absorption 
and we have omitted 4S* because the contri- 
bution of this to ultrasonic absorption is con- 
sidered to be included in the absorption of 
component liquids. 4S*% consists of the parts 
belonging to the two component liquids, the 
part 4S%~ belonging to the solute is presu- 
mably in phase with the pressure change and 
does not contribute to sound absorption. The 
part 4S*%, belonging to pure water have a 
part not in phase with the pressure change 
because the compression in water accompanies 
the breaking of hydrogen bonds, which 
requires a relaxation time of the order of 
10-#sec. The main part of ultrasonic absorp- 
tion in pure water, however, is due to the 
energy change rather than the entropy change. 
Referring to Fig. 2, part of the work of 


Theory of the Ultrasonic Absorption in Aqueous Solutions 831 


compression is changed into thermal motion 
while the other part is used to reduce 4S°. 
After elapse of time interval of the order of 
10-"sec, however, we have only to deal with 
AS’ and 4S. 

We will consider of the process at constant 
volume, i.e., after the compression is finished. 
The part 4S’ due to the thermal motion com- 
pensates with the other parts if the process 
is adiabatic and quasi-static. In this case, the 
entropy relation 


4S+4S'=0 (2.1) 
coincides with the energy relation 
TASC Ada (0) ’ (2.2) 


because here the heat quantity 4Q=C,4T 
must be transferred from the thermal motion 
to increase the configurational entropy. 

If, however, the system is not in equili- 
brium, i.e., not isentropic, the entropy relation 
becomes 


4S+4S! =ASirr ’ (2.3) 


where 4Sjrr means the irreversible entropy 
production, while the energy relation after an 
instantaneous compression of Fig. 2 remains 
the same: 

FAS SC, APSO, (2.4) 
where 4T° means the equilibrium increment 
of temperature. 

The circumstance is quite similar to the 
case of molecular sound absorption. In this 
case we have to deal with the heat conduction 
between the external system (translational 
degrees of freedom of the molecules) and the 
internal system (vibrational degrees of freedom 
of the molecules) which are at different tem- 
peratures. (cf. Nomoto®?). 

In our present case the configurational 
entropy increases by absorption of heat from 
the thermal motion of the volume element. 
The volume element gives the same quantity 
of heat as the “configurational degree of 
freedom” receives. The entropy decrease 
4S‘, however, is smaller in this case because 
the temperature is higher in the translational 
degrees of freedoms. We have to deal with 
the heat conduction between the “ thermal 
motion” and the “configurational degrees of 
freedoms”. Cm (defined by (2.4)) corresponds 
to the internal specific heat C; in the molecular 
absorption of sound, and the temperature of 
the “configurational degrees of freedom” is 
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to be defined by 
4 of es — AQn/Cn ’ (2. 5) 


where 4Q; means the quantity of heat trans- 
ferred to the “configurational degree of free- 
dom”. 

We can obtain the irreversible entropy 
production in the relaxation stage of Fig. 2 
quite in a similar manner as in the case of 
molecular absorption. This becomes (C,,/T?) 
(4T°4T@/2). As two relaxation stages are 
present in one cycle (once from the thermal 
motion to the configurational system and vice 
versa), the total entropy production during an 
rectangular wave cycle is 


CnATAT~ 
i eeu 
: Tiare 


where 4T° and 4T* are the equilibrium and 
the instantaneous increment of pressure cor- 
responding to the volume change of Fig. 2. 

We will describe a quantitative theory along 
these ideas in the following. 


(2.6) 


§ 3. Variation of the Numbers of the Asso- 
ciated and the Single Molecules of Water 
Accompanying the Acoustic Cycle 


In order to obtain the sound absorption 
coefficient by the above mentioned mechanism, 
it is required to calculate the increment of 
the configurational entropy 4S induced by the 
excess pressure of sound. In computing 4S, 
it becomes necessary in turn to know the 
existence ratio between the associated and 
the single molecules of solvent water in 
aqueous solutions, and their variation with 
pressure. Also the magnitude of the asso- 
ciated molecules of water and its concentration 
dependence is required. The existence ratio 
of the associated molecules at various concen- 
trations can be obtained from the adiabatic 
compressibility of the solution (velocity of 
sound in the solution) under appropriate 
assumptions. This is to be described in a 
separate paper (Nomoto™). Here we consider 
the variation in numbers of the associated 
and the single molecules of water in aqueous 
solutions. 


(a) Pure Water 


First we will consider the case of pure 
water. The associated and the single mole- 
cules of water are in thermal equilibrium. 
If we denote the numbers of moles of the 
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associated and the single molecules of water 
in one mole (#%»=1) of water by m, and ms 
respectively, we have 

(3b) 


Here and in the following, the numbers of 
moles are always calculated in molecular 
weight of the monomers. 

Writing the reaction equation between the 
molecules 


NatNs=Nyw=1. 


—Ns=kNs—k Nz , (3.2) 
after Hall®, we have at equilibrium (7s=0), 
1.,o0R19=Nsok20 , (3.3) 
and for small deviations from equilibrium 
—Ans=RyAns+nsAko—k4N1—Na4ki . (3.4) 
Here the quantities with suffix zero indicate 
the equilibrium values. The ratio between 
the numbers of moles of the single and the 
associated molecules is given by 


Meso fs exp (]F/ RT) = e-AH/RT 
Nay exp(—F,/RT) ; 


b) 
where 

AF=F;—Fy (3.6) 
indicates the difference between the free ener- 
gies per mole of the associated and the single 
water molecules, and R the universal gas 
constant. As we have 
QM 
by (3.1), we have from (3.4) by assuming 
sinusoidal variations exp (¢wt) for all the quan- 
tities with 4, the following relation 

to +R +Reo 

And if this variation is due to the sinusoidal 


variation of pressure 4p in the sound wave, 
we have 


4n,=—Ans 


Ans 


(3.8) 


_ReaoMso{ O(AF)/Op t4P 
RT(Go+ki+k20) 
Or, expressed in terms of the relaxation time 

Tw=1/(Riotke0) (3.10) 
and by assuming the pressure variation of the 
free energy simply as 

O(4F)/Op= —Av=—(va—vs) (S41) 
after Hall, where vz and vs mean the molar 
volumes of water consisting of the associated 
molecules of water and the single molecules 
of water respectively, we have 
= es Nw(Va—Vs) AP me 1 
2RT{1+cosh (4F/RT)} 1+ioty * 


Ans= (3.9) 


Ans 


(3.12) 


1956) 


Also it is to be written as 


Nal Va— vs) Ap i i! 
RT{1+exp (4F/RT)}1+ioty, 
‘This indicates that 4m; mole of associated 
water molecules collapse and change into 
single molecules under excess pressure 4p. 
Although it is usual in these treatments to 
employ the equation of the form (3.12), we 
have to employ (3.12a) in the following, in 

order to treat also the aqueous solutions, as 
will be discussed soon below. 


An;= 


. (3.12a) 


(b) Aqueous Solutions 


Now we will consider the aqueous solutions. 
In an aqueous solution, there are the asso- 
ciated and the single molecules of water and 
the solute molecules in mutual equilibrium. 
There is , mole of solvent water in one 
mole of an aqueous solution containing x, 
mole of the solute. The solvent water consists 
of ms; mole of the single water molecules and 
m, mole of the associated water molecules, 
1.e., 

Nw=Nst+Ng=1—Ne . G13) 
The ratio ;/v., in solution, however, is not 
the same as in pure water and is also depen- 

‘dent on the concentration. The associated 

molecules are partly collapsed and reduced in 

magnitude by the influence of the solute 
molecules and the number of mole of the 
single water molecules is increased. This is 
to be concluded from the occurence at inter- 
mediate concentration of the velocity peak 
(and the minimum of the compressibility) in 
aqueous solutions, and the variation of the 
existence ratio of ms :% can be evaluated from 
the sound velocity data. The method of esti- 
mation is described elsewhere Nomoto and 
we will employ the result afterwards. 
Although the three sorts of molecules, the 
associated and the single molecules of water, 
and the solute molecules, are in mutual equi- 
librium in aqueous solutions, it is too complex 
for practical calculation. So we will consider 
-a simplified schematical model by assuming 
that the single water molecules can be divided 
into two classes, one part (7s“?mole) in thermal 
equilibrium with the associated molecules, and 
the other part (7s mole) in equilibrium with 

the molecules of the solute, i.e., 

(3.14) 


We have assumed further that the number 


Ns=NsY + Ns . 
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of that part of the single water molecules in 
equilibrium with the solute molecules does not 
change under excess pressure, 1.e., 


An, =() , (3.15) 
while that part of the single water molecules 
in equilibrium with the associated water mol- 
ecules is considered to increase under excess 


pressure in the same ratio as in case of pure 
water, i.e., following (3.12a). As 
4ns= An, + 4n,© = An (3.16) 
after (3.15), 4vs is given by (3.12a) also for 
aqueous solutions. The relaxation time ty 
being of the order of 2x10-sec at room 
temperature, we have wt,~<1 for ultrasonic 
waves of usual frequencies (up to 100 Mc/sec), 
and (3.12a) becomes simply as 
ls be NiVa—Vs)Ap TSF, 
RT{1+exp (4F/RT)} ° 


We will employ this relation in the following. 


Ans 


(3.17) 


§4. Entropy Change due to Molecular Rear- 
rangement 


It is not easy to obtain the configurational 
entropy of the aqueous solution exactly even 
for the simple liquid model as here employed. 
First we will perform the calculation, ignoring 
the difference in magnitude of the various 
kinds of the molecules constituting the solution. 
Moreover, we will treat the single molecules 
and the associated molecules of water as dif- 
ferent kinds of molecules. Next we calculate 
the entropy by assuming the single molecule 
of water and the solute molecule as two kinds 
of linear polymers each constituting of one 
kind of atoms of mutually different species. 


(a) Calculation Ignoring the Difference in 
Sizes of the Molecules 


If the number of the single water molecules, 
the associated water molecules and the solute 
molecules in one mole of solution be denoted 
by ms, ms, and my respectively, these are 
related with the molar fraction by 


Ms=NsN xz , 
Ma=NiN 1|Z , (4.1) 
Mr=nyNy 5 


where N;, means the Loschmidt number, and 
Z the average number of monomers consti- 
tuting an associated water molecule. 

Ignoring the difference in magnitude of the 
molecules, we have as the configurational 
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entropy per mole of the solution, 
S=klog W 
=R{(mr-+ms+ ma) log (me+ms+ Mx) 
—mpr log mr—ms log ms—mMa log Ma] , 
(4.2) 
where k means the Boltzmann constant. This 
becomes by (4.1) as 


S=R{(nr+s+Ma/Z) log (ae+nst+Ma/Z) 
—n» log nv—MNs log Ms— (Mal Z) log (Na/Z)|, 
(4.3) 
where R=RN;z is the universal gas constant. 
The configurational entropy remains the same 
also immediately after collapse of the asso- 
ciated molecules by the excess pressure, 
because at this moment all the single mole- 
cules newly produced by the sudden collapse 
of the associated molecules are considered to 
be still in the original groups, in which they 
formed the associated molecules. 

After establishment of the new equilibrium 
with 2s+4ms moles of single water molecules 
and 2,+47”,=”.—4ms moles of the associated 
molecules, the entropy is given by 


S+ AS=R| (ms +s+4ns+ e -7) 


x log (me net Ant a 2) 


—nr log Ar—(ns+4ns) log (7s+4ns) 


-( Ma -7) pe Ans 
7 ip Ze hin Zl alle 


and the increment of entropy becomes by 
retaining terms up to the first order in dns, 


4S=R| flog (metres #2) —log ne 


— lon (nett %)—log Ft fons : 
(4.4) 
As is to be shown later (Part I of this paper, 
§5), Z is very large and is of the order of 
8000 for pure water; it becomes smaller in 
solutions but still larger than 1000 for most 
part of the concentration range. So the terms 
in (7,/Z) and (4ns/Z) in this equation can be 
omitted within an error of 1% or less. So 

we will employ an approximate expression 
S=R{log (mr+ms)—log ns|4ns (4.5) 

in the following. 
Employing (3.17) for 47;, we have 


T4S=f 4p , (4.6) 


Otohiko NOMOTO 


(Vol. 11, 


where 
yes (va—Us)Ma log (1+7r/Ms) 
1+exp (4F/RT) 
Fig. 3 shows the factor of this expression 
g=Ma log (1+7r/Ns) (4.8) 
as function of m» and for various values of 


the existence ratio ;/%,. as parameters. 
is to be seen from the figure, g, and accord- 


(4.7) 


ingly also f is the larger, smaller the value | 


Of s/n. 


(b) Calculation Regarding the Molecules — 


as Linear Polymers 


We omit the associated molecules of water 
from the beginning as above, considering of 


the small numbers, i.e., large Z, and take 


into account the difference in magnitude of 
the single water molecule and the solute 
molecule assuming each of them as a linear 
polymer (with or without ramification, but 
without cross linking) each consisting of a 
single kind of atoms. In practice the water 
molecules consists of the atoms of H and O, 
and a solute atom may consist of the atoms 
of C, H, O, etc., and there are common kinds 


of atoms, as well as different ones, in the ~ 


consituent atoms of water and solute. It is, 
however, very complex to compute the entropy 
by considering these actual molecules. So 
we assumed, for the sake of simplicity, that 
the single molecule of water consists of three 
atoms of one kind (S), and the solute molecule 
consists of some atoms of the other kind (F), 
equal in number with the actual constituting 
atoms. For this simplified model we can 
apply the result of calculations by Guggen- 
heim™!3) on the entropy of mixing of two 
kinds of linear polymers (with or without 
ramification, but without cross linking) each 
consisting of one kind of atoms. (Of course 
this calculation is based on the assumption 
that the molecules are located on lattice-points 
as in usual statistical mechanical calculations.) 

Let the number of moles of the molecules 
of type S and type F be denoted respectively 


by ms and #,, and the number of sites (lattice- _ 


points) per one molecules of these types by 
rs and rr. If the number of nearest neigh- 
bours of a lattice point is z, there are 27s 
pairs connecting 7, atoms of a molecule of 
S-type to their nearest neighbours. As a pair 
1s commonly possessed by the two atoms 


As | 


| 
| 
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constituting the pair, the number of pairs 
belonging to an S-type molecule is 27/2. Out 
of these 27/2 pairs, (7;—1) belongs to the 
interior of the molecule, i.e., they connect 
two atoms belonging to one S-type molecule. 
So the number of the pairs with one end 
occupied by an atom of S-type molecule and 
the other end not occupied by a constituting 
element of the same molecule becomes 


- 2qs= ; zrs—(rs—1) : (4.9) 
We have similarly 
1 


dae eta trs1) (4.10) 


Y 2 
as the number of pairs with one end occupied 
by an atom of F-type and the other end not 
occupied by an element of the same molecule. 

The entropy of mixing for two kinds of 
linear polymers is given by Guggenheim as 
oe 1sns 
——=77, 10g =—__—__ 
R te 1sNs+VrNe 
1 Qs(7sNs+1rNr) 
— zqsn; log =~ 
gee AQ ter) 
see 


ny log —— 
E08 1sNs+VeNr 


ih Qe(%sNs+ 1 pNy) 
sep ke log = ye ne ae 
Here the asterisk is added in order to dis- 
tinguish from the result of case (a). 

We can obtain from this the entropy increase 
corresponding to an increase in number of 
moles of the single molecules of water by 
Ans. Retaining terms up to the first order in 


Ans, and employing (4.13) and (4.14), we have 
4S*=Ran| log eee 


(4.11) 


VAYLAS 


rdasies dee) ena?) 


1 
—2qs log — 
- Z, o 8 as rate+ VieNp) 
This gives an expression corresponding to 
(4.7) in case (a), 


(Va—Vs)Na | 1 ( arr) 
2 Aone 1 qe log (1+ 
ep UFRPL 2 | Nga 


ik pats (1 4 vane 
-( Z aos 1) log (1+ 1sNs )| ; 


§5. Apparent Specific heat due to Molecular 
Rearrangement Process 


(4.13) 


If the temperature of the solution is raised 
by 4T by the external work of compression 
—pAv(4v<0), we can write 
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—pdv=C;AT , (Gal) 
where Cs; means the proportionality factor. 
There exists, generally, a relation between 
the amount of volume reduction and the 
increase of temperature by an adiabatic com- 
pression of a fluid (liquid or gas), namely 


a ee 


(cf. Nomoto”; eq. (2.29)), where ¥ means the 
thermal expansion coefficient and 7(=C»p/Cv) 


the ratio of the specific heats. We have 
accordingly, 
ae Wty (5.3) 
r= 


Here M means the mean molecular weight 
and oe the density. 

Now we will denote the apparent molar 
specific heat due to the molecular rearrange- 
ment process by Cm, then we have by (4.6) 
the relation: 

TAS=fAp=C,4T , (5.4) 
where f is given by (4.7) and 4T means 
the same temperature increment as given in 
(5.2). This means that out of the external 
work of compression 4W=—pd4v, an amount 
AQ=TAS is used for the configurational entro- 
py increase due to the molecular rearrange- 
ment process, the ratio being 

AQ ea TAS 40 jaa ih a 
AW —p4v —pdv p \dv/," 


Now the sound velocity in any substance is 


given by 
gu OPNi ee MOD 
y. =(55),- 5) Gal : 


So we have, by substituting (5.1), (5.3) and 
(5.6) into (5.5) 


(5.5) 


(5.6) 


Ge a Oe pe (5.7) 
As we have further the relation 
2/72 oF 

pala 147 (5.8) 
p p 


where c» means the specific heat at constant 
pressure, and C, the molar specific heat at 
constant pressure, we can also write 


CG; 
Cn=5 f , 5.9 
TM? ne 
where f is given by (4.7), or 
eee (5.10) 
Cn*= G5 : 
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Na log(!l+Ner/ne) 
6 


Fig. 3. Dependence of y=, log (l+mp/ns) on np 
and %s/%w. 


where f* is given by (4.13). The mean 
molecular weight M involved in these equa- 
tion are given by 


M=(1—r)My+nrM, . (5.11) 


§6. Ultrasonic Absorption Coefficient 


The occurrence of the molecular rearrange- 
ment between the single molecules of water 
and the solute molecules implies an apparent 
increase in molar specific heat C, by an amount 
Cn given by (5.11) or Cn given by (Gie) 
The specific heat C,» for quasi-stationary pro- 
cess includes Bm, while the specific heat for 
instantaneous change C,. does not include 
Cn. Therefore, 

CoH CeCe (6.1) 
After an instantaneous compression, the in- 
crease of entropy 4S takes place with relaxation 
time ct, as illustrated in Fig. 2. Now the 
quantity T4S corresponds to the internal 
energy £; in case of the molecular absorption 
of sound, by (5.4); and C, corresponds to the 
internal specific heat (per mole) C;. Thus c 
means the relaxation time of the internal 
energy, and the relaxation time of the internal 
specific heat becomes 


pe Oe oe 


Co ORR Oe 
(cf. Nomoto!), 

There accompanies, therefore, an excess 
ultrasonic absorption and dispersion as in the 
case of the thermal relaxation process of the 
molecular vibrational or rotational energy and 
the absorption coefficient is to be obtained 
immediately from the known results of the 


thermal relaxation process. The relaxational 
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specific heat in this case being Cn, the am- 
plitude absorption coefficient per wavelength 
becomes 


= adage <Cr0— Coo) Cnor 

N= 01ST OnCIe Canes 
(cf. Nomoto”, eq. (3.44) or Nomoto!, eq. (3.27)), 
where Cy) and Cy. mean the molar specific 
heat at constant pressure at sufficiently low 
frequency and at sufficiently high frequency 
respectively. Here we have 


(6.3) 


Cy9 = Cpe +Cn . (6.4) 
We have from (6.3) 
a . oe 270(Cyo— Coo) Cnt (6.5) 


pr V(Cp0Cveo+ Crp Cp.ow?t?) ” 

where V means the sound velocity. 

Now writing simply C, and C, in place of 

Cryo and C,, respectively, and substituting 
(5.9) for Cn, (6.5) becomes 


a 2arovv CG, at ve 
y? 7 (Ce C,— Cn" C(Cp—Cn) 22 ; 
Cy(Co— Cn) 
(6.6) 
where f is given by (4.7). When the 


magnitude of the molecules are taken into 
account, we have to use /* (eq. (4.13)) instead 
of ey, 

At sufficiently low frequencies, we have 
ot<1, and we have as the “ frequency indepen- 
dent” absorption coefficient 


_@\ _ 27n3pv GG 
(<5) eS, 
Or; 
ae _ 2rIpv Cy 9 
( yp? \ = (S, Cy—Cn xt a o 


As the relaxation time is of the order of 
10-° sec for aqueous solutions (cf. § 1), the 
approximate formulas (6.7) and (6.8) are valid 
within an accuracy of 1% up to 20 Mc/sec, as 
far as the frequency dependence is concerned. 


$7. Relaxation Time of Molecular Rearran- 
gement 


When some of the associated molecules of 
water collapse under excess pressure and the 
groups of single molecules are produced, the 
molecular Tearrangement takes place among 
the three kinds of molecules, the associated 
and the single molecules of water and the 
solute molecules. We have seen, however, 
that the associated molecules of water may 
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be omitted within an accuracy of 1% in 
calculating the configurational entropy change 
AS (cf. § 4). So the molecular rearrangement 
process may be also regarded as taking place 
between the molecules of solute and the 
single water molecules. As the solute mole- 
cules does not exist at first within the group 
of the single water molecules newly formed 
by the sudden collapse of an associated mole- 
cule of water under excess pressure, the 
solute molecules diffuse into the newly formed 
group of single water molecules from the 
surroundings, as illustrated in Fig. 1, (b). 
Also there being no solute molecule inside 
of the associated molecules of water, the 
solute molecules are mixed with the single 
molecules of water, and the associated mole- 
cules of water are to be regarded as mere 
obstacles in this mixture. So the density of 
the solute molecules dissolved in the single 


water molecules is given by 
n n 
a= = (7.1) 
Ns +p Nw —Na 


« being a proportionality factor. If the con- 
centration is expressed in units of molecules/ 
cm, we have 


nrN. Jigs’ 
VU—-NaVa 


(7.2) 


No = 


where v and va mean the molar volume of 
the solution and the associated molecules of 
water respectively. 

Although there are also the associated 
molecules of water as illustrated in Fig. 1, 
(b), this model is not convenient for practical 
calculation. So we replace it by a homogen- 
eous model as represented in Fig. 4, in which 
the surrounding medium is assumed to be 
a homogeneous solution of concentration 
of solute molecules in single water molecules. 

Then we have to solve the equation of dif- 
fusion 

Or) wh, Or). 
ae ae ere ee 
where D is the diffusion coefficient and 7 the 
distance from center of the sphere, under the 
initial condition 
(n)o-0= f(r) . 
The solution becomes 


ee _ 92 
Vie AA enn" H 
x (r+ 2V Dt 8) fir+2V Dt 8) dB 


(7.3) 


(7.4) 
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Fig. 4. Homogeneous model of aqueous solution 
surrounding a group of single water molecules 
produced under excess pressure. 


= i exp (— £?) 
(r] 2V Dt) 
x(—r-+-2V/ DEB) fi-r+2V DBAs | , 


(7.5) 

Especially, when the initial condition is given 
by 

nm=0 for r=0~%, 


and a =) (7.6) 


n=n for r=%MmM~0o 
the solution becomes 
n (0-7) [2 DE 
n=m— 724 | exp (—8)dB 


0 


(ry +7) [2 Dt 
exp (—8) de 


0 


(5 


-eo(— eh) 


The velocity of diffusion towards interior of 
the sphere is obtained from this. Especially, 
the velocity at the surface of the sphere is 
given by 

Vo= —(8n/87)o 

_ tm fDi 
= Pe i! — exp (—n'/D0)} 


15 


(7.7) 


Pais: ! + exp (—r/D0} | . (7.8) 

Strictly speaking, the relaxation time Tt is 
the time required for the increase of the con- 
figurational entropy attaining to (1—l/e) of 
the increase in the equilibrium state. We 
will, however, postulate for simplicity’s sake 
that this is given by the time required for 
the mean concentration inside the sphere 
attaining to (1—1/e) of the equilibrium concen- 
tration . Moreover, the original spherical 
group of single water molecules formed by 
the sudden collapse of an associated water 
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molecule becomes larger as the solute mole- 
cules diffuse into this sphere. 

When, however, we suppose the original 
boundary of the sphere (v=7) as fixed in 
space, we can regard the expansion of the 
sphere as diffusing out of the single mole- 
cules, too. So we will suppose for simplicity’s 
sake the original boundary of the sphere as 
fixed in space, and calculate the number of 
the solute molecules diffusing into this sphere 
in the following, for the above solution is 
valid under this condition only. Then we 
have the relation 


[7 deretDVo dt = xm 10 (7.9) 


0 
Substituting the value of Vo and perform- 
ing the calculation by integration by parts, 
(7.9) becomes as 


-. = ve [2\" exp (—x?) dx 
—3a1) 1— ; exp (—a)| +209(1—exp(—a)} : 


(7.10) 
where 


a=n|V De . (Fall) 
By solving (7.11) numerically by employing 
tables of error integrals we obtain 
a= 11302 (7.12) 
This gives the expression of the relaxation 
time 
t=0.783 %?/D G/F13) 
by (7.11). In this equation, 7 means the 
radius of the group of single water molecules 
and D the diffusion coefficient. In the fol- 
lowing we will write 7 simply as 7, and 
denote with %, Dy and t) the values of 7, D 
and +t at zero concentration respectively. 
Then we have, 
c=0.783 7/D, 
at any concentration. 
If the number of the monomers (H,O-mole- 
cules) composing an associated molecule is 


Tae (7.15) 


the radius of the associated water-molecule is 
equal to 


(7.14) 


asl Lie, ’ 
where £, means the effective diameter of the 
monomer composing the associated molecule, 
defined by 


(4/3) La3 = val Nx ) (7.16) 


¢ 
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the effective volume (=the volume including 
the clearance) of the monomer composing an 
associated molecule being v./Nz. So we have 


3 Vy ) [3 


fan =s( 4n Nr 

When the associated molecule of radius 7 
collapses under excess pressure and becomes a 
spherical group of single water molecules, 
the effective volume of the monomer becomes 
vs/Nr (=the effective volume of the single 
molecule), and the effective diameter of the 
monomer becomes LZ; (=the effective diameter 
of the single molecule), so that the radius 
of the spherical group becomes 


3 Vs wie 
Spa 
ote s( Ar a i 


This gives the value of 7 in eq. (7.14). 

In practice there may be other agitations 
than thermal fluctuations after an collapse of 
associated molecules under excess pressure of 
the ultrasonic wave, and the diffusion coef- 
ficient may be somewhat larger than the static 
value. This will make the relaxation time 
somewhat shorter than predicted by (7.14). 
On the other hand, the use of the homo- 
geneous solution model of Fig. 4 in place of 
the heterogeneous model of Fig. 1, (b) will give 
a shorter relaxation time, i.e., the real relax- 
ation time will be longer than the calculated 
one. It is, however, not certain whether a 
more detailed calculation under detailed as- 
sumptions will make the approximation better. 
So we will employ the above result without 
any correction. 

Strictly speaking, the diffusion equation is 
not (7.3) written for the number of mole- 
cules per volume, but 

Cae 0>(C7) 
OL. O72 


written for the concentration c¢ in molarity. 


As the molarity is related to the weight 
fraction p by 


(7.17) 


(7.18) 


(7.19) 


_ Marc 
P= 1000p 


and as the weight fraction is related to the 
molar fraction 2%” with 


(7.20) 


Mp 
Ne= ' 
Mw +r 
where 
Mw=(1—p)/My; and mr=p/Mr, 
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we have 


- ___ Muc 

10009 —(Mr—M.,)c 
So the equation of diffusion for m,z, or that 
written for % as in (7.2) must be somewhat 
different from (7.3). This effect was also 
omitted because of the same reason as above 
stated. 

In practical calculations, we have determin- 
ed the quantity s (or the radius 7) from (7.14) 
employing experimental value of the relaxa- 
tion time, and used this for computing the 
absorption coefficient by (6.7) and (6.8). So 
the omission of various detailed assumptions 
will not influence the absorption coefficient so 
much. Only this effect will influence the 
determination of the values of 7 and 7’. 


(7.21) 


Nr 


§8. Conclusion 


As above stated, there accompanies a varia- 
tion of the existence ratio between the as- 
sociated and the single molecules of water 
due to excess pressure by the ultrasonic 
propagation in aqueous solutions, and this 
variation gives rise to the molecular rear- 
rangement among the associated and the 
single molecules of water and the solute 
molecules. A relaxational molar specific heat 
Cn given in (5.9) or (5.10)) accompanies this 
rearrangement process. In this equation f is 
a function proportional to the change of con- 
figurational entropy due to molecular rear- 
rangement and is given by (4.7), becoming 
(4.13) in case the difference in magnitudes of 
the molecules are taken into account. The 
absorption coefficient of sound at low fre- 
quency (practically up to 20 Mc/sec) is given 
by (6.7) (or (6.8)). The quantity rt involved 
in this equation means the relaxation time of 
molecular rearrangement and as a matter of 
fact equal to the relaxation time for the 
diffusion of the solute molecules into the 
groups of single molecules formed by the 
collapse of associated molecules under excess 
pressure. This is given by (7.14). 

By employing these formulas it is possible 
to calculate the ultrasonic absorption coef- 
ficient (a/v), specific heat of the molecular 
rearrangement Cm, relaxation time t, etc., if 
the various physical quantities involved in 
these formulas, the physical constants of the 
aqueous solution (density op, thermal expansion 
coefficient #, sound velocity V, specific heat 
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at constant pressure Cy, ratio of the specific 
heats y, diffusion coefficient D), the existence 
ratio between the associated and the single 
molecules of water, #.:”s, and the magnitude 
of the associated molecules (s) are known as 
function of the concentration zr. 

Practical calculations for aqueous solutions 
of some alcohols are to be described in part 
(II) of this paper. 
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Magnetoresistance Effect of Lead Sulphide Group of Semiconductors 


I. Measurements on Natural Specimens of Lead Sulphide 
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The magnetoresistance effect of lead sulphide was measured on natural 
specimens at various angles between the direction of the electric field 
and the magnetic field. The results were quantitatively consistent with 


the existing phenomenological theory. 


The magnetoresistance constants 


for weak magnetic field, introduced by Seitz, were determined. Some 
discussions are given in the light of the electronic theory based on the 


approximation of spheroidal energy surface. 


The magnetoresistance 


mobility and the Hall mobility agree to the order of magnitudes and 
also show similar temperature dependency. 


§1. Introduction 


Since the study of the magnetoresistance 
effect on the single crystals of germanium 
had been performed by Pearson and Suhl,” the 
experimental and theoretical investigations of 
this effect have been carried out by many in- 
vestigators. It is, now, known that measure- 
ments of the magnetoresistance at various 
directions of the current and the magnetic 
field with respect to the crystal axis give some 
information on the energy band structures. 
The lead sulphide group of semiconductors; 
lead sulphide, -selenide, and- telluride, are one 
of the groups of typical semiconductors of 
great interest, and it is, obviously, important 
to investigate the magnetoresistance effect on 
these substances too. Until recent years, 
however, only a few works have been done 
concerning the magnetoresistance effect on 
these substances”. Therefore, we intended to 
carry out a systematic experiment on the 
magnetoresistance effect of the single crystals 


of lead sulphide group. In the present paper, 
some experimental results on natural speci- 
mens of lead sulphide are presented. 


§2. Experimental Procedures 


The specimens of single crystals possessing 
desired orientations, as shown in Fig. 1, and 
having the dimension of about 5mmx2mm 
x1lmm were cut of natural galena and their 
uniformity checked by using a moving probe 
to search for any variation of resistance along 
the length. Some characters of our samples 
are given in Table I. Current electrodes and 
potential electrodes were applied by mean of 
the cathode sputtering of gold films at the 
end surfaces and the top surfaces of the 
sample respectively. The probes are tungsten 
wires of 0.2mm diameters which are pressure 
contacted to the potential electrodes. The 
magnetoresistance measurements were made 
by determining the current and the potential 
drop between the two probes, with and with- 
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COOlT 


(a) 


> LOwLOd 


EOIO 7 


Fig. 1. Orientations of samples cut out of 
natural galena 

(a): Sample cut with its length along 
the [100] axis 

(b): Sample cut with its length along 


the [110] axis 


out the application of the magnetic field, the 
direction of which being changed by rotating 
the electromagnet about the axis of the sample 
holder. To maintain the temperature of the 
sample constant during the measurements, 
the sample holder was put in an evacuated 
pyrex tube which was immersed in refrige- 
rant contained in a tailed Dewar Vessel as 
shown in Fig. 2. All measurements were 
made by the use of direct current and at a 
temperature of 200°K or 93°K. Hall voltages 
appearing across the potential probes were 
canceled out by averaging the values of two 
potential drop measurements with magnetic 
field in forward and reversed directions and 
the thermoelectromotive forces which appear- 
ed were also measured and corrected. It was 
ascertained that the changes of the resistance 
caused by applying the magnetic field were 
independent of the magnitudes of the current 
flowing through the sample, within the ex- 
perimental error. 
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Fig. 2. Experimental 
arrangement. 
A: pyrex glass tube 
B: tailed Dewar Vessel 
C: sample holder 
C: magnet pole piece 
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Fig. 4. 4o/o vs. H’, transversal orientation, 


sample #B No. 1, T=93°K 


§3 Experimental results 


(1) Field dependency 

The transversal magnetoresistance when the 
current was flowing along the [100] direction 
was measured as a function of magnetic field 
strength. It was found that the magnetore- 
sistive ratios were proportional to the square 
of the magnetic field strength within the ex- 
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Table I Characteristic properties of the natural lead salfide sumples. 
Equation ; 
Direc-| T | mG | ‘ eX ie used for Pe 
Sample Source | tion om 1 ) ( cm? ) ( cm? ) calculation | formity 
jof cut |(°K)| (a-cm) Car | cm? V-see) V-sec of EB ae 
#A No. 2 | Budo | [100)/300| 1.22 | 319 | 2.3x10%| 205 500 | Eq. (2)** me 
(ptype),| ‘Mine | 1200! 0.84 356*  2.1x10%| 360 1000 | Eq. (2) 
800 | Ea. (3) 
| 931) 20:28 352* | 2.1x10| 1308 3680 | Eq. (2) 
| 2500 | Eq. (3) 
#A No. 4 | Bodd | 1140])/200, 1.76 | 549 | 1.4x1018| 264 a5 
(p-type) Mine | 
—- lt = a =|) —| == = = = = = = =! ee = 
#B No.1 | Ani | [100]/200] *** 1350 | Eq. (2) 
(n-type) | Mine | 1280 Eq. (3) 
‘ie | 730 | Eq. (4) 
| 93] | 5650 ™|,. Eq. (2) 
| | 5350 | Eq. (3) 
| 3030 | Eq. (4) 
#B No.2 | Ani | [100] 300 0.91 124 6x10} 117 eK 
icype) | Mine 200| 0.63 | 208 |3.6x10e| 282 
#B No.3 | Ani | | Perens ae 
(n-type) | Mine | {110] ao 0.19 61 $2 


* This value is measured at 138°K. 


** For the sample #A No. 2, Eq. (4) gives imaginary value of wz because of the fairly large value 


of the longitudinal effect. 


*e’ The lack of the data of sample #B No. 1 and #B No. 2 is due to the breakage of the sample 


before measurements. 


T: temperature 
00: specific resistivity 
FR: Hall coefficient as 
m: number of charge carriers calculated by nm=+ Ss R 
By: Hall mobility 
4p. Magnetoresistance mobility calculated using Eqs. (2), (3) and (4). 
perimental error in the range of temperature to the axis of rotation of the magnetic field, 


and magnetic field used. The typical behavi- 
ors are shown in Fig. 3 and 4. Different 
marks in each curve indicate measurements 
at reversed current directions. 

(2) Dependency on the angle between the 
current and the magnetic field. 

Measurements were made with the magne- 
tic field kept at various directions with res- 
pect to the fixed direction of the current, 
which was always along the length of the 
sample. In Figs. 5~8, 4o/oH’, the magneto- 
resistive ratios divided by the square of magne- 
tic field strength, are plotted against 0, the 
angle of rotation of magnetic field*. When 
the direction of the current is in the [100] 
axis and the width of the sample is parallel 


4o/oH varies approximately as A+Bsin?6 as 
shown in Figs. 5 and 6, where A and B are 
constants. For the samples cut with its length 
along [110], measurements were made only 
at 200°K. These results are shown in Figs. 
7 and 8 for a p- and an #-type sample res- 


* 


In these figures, except Fig. 7, different marks 
in each curve indicate measurements at reversed 
current direction. In Fig. 7 the average values of 
measurements at reversed current directions were 
plotted to cancel out the spurious voltages, which 
seems to occur in this case, because, when the 
direction of the current was reversed, the voltage 
drop between the probes changed their amounts 
beyond the value expected from the measured 
thermoelectromotive force. However, a rough me- 
asurement under the condition of absence of such 
spurious voltages gave the similar results. 
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Table II 
Direction| Direction 
Sample of of mag- 4o/ oH Theory* 
oid | Current |netic field) _ 
#ANo.2| [100] | [100] |1.15x10-| b+e+d 
#A No.2} [100] {010] | 3.91x10-1 b 
#A No.4 [110] {001} |3.28x10-1 b 
#A No.4) [110] [110] |2.78x10-"%| b+4d 
#A No.4 [110] [110] | 1.64x10-" b+c+4d 
Table III 
ee [Direction] Direction] ; 
Sample of of mag- 4o/oH? | Theory* 
i current |netic field) 
#B No.1} [100] [100] 0.69x10-"| b+c+d 
#B No.1} [100] {010] 6.9 x10- b 
#B No.3} [110] (001] |2.205x10- b 
#B No.3) [110] [110] |2.205x10-"| b+4d 
#B No.3) [110] {110] 1.17x10-“}6+c+4d 


3 Sake 
* dploHP=b+e( X aniyr+d > ini 
4= 4=1 
where ¢;, 7; are direction cosines of 7 and H re- 
spectively. See reference (1). 


pectively. Two curves in each figures show 
the results obtained with different mounting 
of the sample; in one case, the axis of rota- 
tion being parallel to the width and in the 
other parallel to the length of the sample. 
The experimentally determined values of 4o/ 
oH” for some directions of current and magne- 
tic field are listed in Tables II and II for p- 
and n-type samples respectively. Using these 
data, we can calculate the magnetoresistance 
constants for weak magnetic field introduced 
by Seitz® in his equation, 
j=o.E+a[|Ex H|+8H?-E 
+7(E-H)H+6T-E ee) 
where 7 is the current density, E and H the 
electric and magnetic field, o) the conductivity 
in the absence of the magnetic field, —a/(c)? 
the Hall coefficient, T a diagonal tensor with 
elements A?,, H®., and H’3, and 8, 7, and @ 
the small-field magnetoresistance constants. 
Though it is desirable to determine 8, 7, and 
6 using the values in all five rows in Tables 
Il and III respectively, we determined the 
values of these constants from the values in 
the lower three rows in the Tables, i.e. the 
values obtained on the sample cut along [110] 
direction, because of the appreciable difference 
of the mobility between the sample cut along 
[110] direction and the sample cut along [100] 
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Fig. 6. 4o/o0H® vs. angle 6, T=98°K, current is 
along [100] and axis of rotation is along [010]. 
Certain cardinal directional of H are indicated 


in the figure. 


direction. The values obtained are, for p-type 

sample at 200°K, 
bB=—2.4x 105%, 
6 --0.50x 10a2 

and, for 2-type sample at 200°K, 


R= 1-2.< 105", and 


844 Taizo IRIE (Vol. 11, 
x10- 
af L001} 7000} 
ee Cool 5000 
(gaus&) a 4 paren ‘ 
eo ok & : cm 
[001] ° a ( Sere) 
2F : ae 
; ae oe 2000 
Bos 
pl RE epee 1000 
© 10 20 30 40 50 6O 70 80 90 100 1/0 120130 40 150 60170 180 an 
@ (degree) _ 
500 
Fig. 7. 4o/oH? vs. angle 0, Sample #A No. 4. 
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Fig. 8. 4o/0H? vs. angle 6, Sample #B No. 3, 
T=200°K. Certain cardinal direction of H are 
indicated in the figure. 


B==1,7X% 10", 7=-+1.1 x 10-22, and 
6=0. 
Using these constants, values of 4o/oH? for 
any other angle @ could be calculated using 
the relation deduced from the phenomeno- 
logical theory. The curves shown in Figs. 5 
and 6 were thus obtained. It can be seen 
that the observed points lie well on the curves. 
(3) Mobility 
For the simple case of isotropic materials 
having a mean free path independent of energy, 
the mobility is related to the transversal 
magnetoresistive ratio as 


4o/0H?=3.8x 10-2 (25) 
where yz is the mobility of the carriers in 
cm?/volt. sec and H the magnetic field strength 
in gauss. Values of the mobility calculated by 
this formula on the samples #A No. 2 and 
#A No.4 are given in colum 10 of Table I. 
It must be noted, however, that Eq. (2) is 
only valid when there is no longitudinal effects, 
while our results showed that there exist 
small longitudinal effects, which are certainly 
beyond experimental errors for p-type material. 
Following Estermann and Foner,” a simple 
correction for the longitudinal effects may be 
made by putting 
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or more rigolously, the relation 
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derived by them” from the phenomenological 
theory developed by Seitz, may be used, where 
da’ and oy’ are the conductivity in the magne- 


(3) 
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tic field H for the transversal orientation and 
‘for the longitudinal orientation, respectively. 
Mobility calcutated by Eqs. (3) and (4) are 
also included in Table I. In Figs. 9 and 10, 
these values are plotted against the reciplocal 
of the absolute temperature in logarithmic 
scale as well as the Hall mobility. It is seen 
that in the p-type sample the values of the 
magnetoresistance mobility and the Hall mo- 
bility coincides in the order of magnituds but 
the absolute magnitude differ by a factor of 
2~3 as with the results of Putley® on lead 
tellulide and selenide. This fact may be due 
to the nonspherical form of energy surface 
or the anisotropy of the collision frequency. 
In the m-type sample, unfortunately we could 
not make comparison between the Hall mobili- 
ty and the magnetoresistance mobility on the 
same sample because of the breakage of the 
sample. The values of mobility in either p- 
type and n-type samples are somewhat smaller 
than the ones obtained by Brebrick and Scan- 
lon® and by Putley®. Furthermore, the tem- 
perature dependency of the mobility we have 
obtained varied as 7~-1"8 and did not obey the 
T-52 law as is usually accepted. This can 
be seen from Figs. 9 and 10 in which the 
mobility are plotted against the reciplocal of 
the absolute temperature in logarithmic scale. 
These results may indicate that some forms 
of impurity scattering are present. 


§4. Discussion 


According to the theory developed by 
Shibuya® assuming the spheroidal energy sur- 
faces near the extremums, there exist certain 
relations among the magnetoresistance con- 
stants. Those are, when the extremums are 
found along the six [100] axes in the Brillo- 
uin zone, 


B+7y+0=0, d>0, (5) 
when the extremums are found along the 
twelve [110] axes, 

B+r—é=0, 0<0, (6) 
and when the extremums are found along 
the eight [111] axes, 

b+7r=0, 0<c0. Gr) 
In the case of an isotropic material having a 
spherical energy surface, the next relation 
holds: 


B+r=0, 9d6=0 (8) 
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In our case, the relations (5) and (8) are near- 
ly satisfied for p- and n-type sample respec- 
tively, although the longitudinal effects are 
not completely absent in both samples. 

At this stage of our experiments, the ex- 
perimentally determined values of magneto- 
resistance constants are not accurate enough 
to discuss in detail, but it seems safe to con- 
clude that (a) the magnetoresistance in single 
crystals of lead sulphide, cut out of natural 
galena, approximately conforms with the phe- 
nomenological relation, (b) in p-type samples, 
though not much can be said from our re- 
sults as to the energy surfaces of valence 
band, our experimental results seem to prefer 
the model where the energy extremums are 
located along the [100] axes in the Brillouin 
zone to the one having the extremums along 
the [110] axes if we must choose between 
the two, and (c) the experimental results in 
n-type samples seem to show that the conduc- 
tion band has nearly spherical energy surface. 
Non-zero longitudinal effect may be attribut- 
ed to the anisotropy of collision frequency 
which may not has cubical symmetry when 
expressed in terms of the electron wave num- 
ber. 

A calculation performed by D. G. Bell and 
others? shows that the constant energy sur- 
face of the valence band of lead sulphide has 
extremums near the points at the twelve 
equivalent positions along the [110] direction 
in the Brillouin zone. The inconsistency with 
the experimental results is not surprising, 
however, as their calculation is based on the 
approximations of cellular method. 

Further experiments on the synthetic single 
crystals of lead sulphide group are intended. 
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Phase diagram of iron-cobalt-oxygen has been established experiment- 
ally in certain temperature, pressure, and composition ranges (900°C~ 
1400°C, 10-4~760 mm Hg, Fe,--Co,~Oxygen, 0<wv=<1/3). In these rag- 
ges, when the temperature and the mixing ratio of metallic elements 
are fixed, it has been found that spinel phase is stable below a certain 
critical pressure of oxygen. Above this pressure, precipitates of hema- 
tite are formed in the spinel matrix, resulting in an abrupt increase of 
the total oxygen content in the solid phases. The phase boundary was 
determined by observing the change of the oxygen pressure in a sealed 
tube, which resulted from the oxidation or reduction of the specimen. 
Results of several measurements of specific heat on heating from 100°C 
to 750°C, the variations in oxygen content during heat-treatment, and 
the change of lattice constants at room temperature with heat-treatment, 
are presented. Curves of lattice constants vs composition of metallic 
constituents have a minimum at compositions intermediate between magne- 
tite and cobalt ferrite. It has been concluded that the diffusion rate of 
ions in these oxides varies exponentially in passing through the tempe- 
rature range around 300°C. No result has been obtained which are 
favourable for the existence of structural change in the temperature 
range from 200°C to 400°C (effective range for magnetic anneal), for all 
these ferrites. 


§1. Introduction 


It was discovered in 1933 by Kato and 
Takei» that the magnetic properties of the 
solid solution of magnetite and cobalt ferrite 
show a remarkable response to the magnetic 
field applied during cooling. This study led to 
the invention of O. P. magnet®®2”, This 
magnet is a magnetically oriented ceramic 
material, which is a solid solution of magne- 
tite and cobalt ferrite with the ratio of 1:3. 


Further investigations have been performed 
on the same ferrite system by several investi- 
gators?®?, In all these studies, chief atten- 
tion has been paid to the strong response to 
magnetic anneal of this material. Some me- 
chanisms were suggested by Sugiura”, Guil- 


* 


Portions of this work were presented at the 
1952 Kyoto Meeting of the Physical Society of Japan. 
** This research was financially supported by 
the Scientific Research Expenditure of the Depart- 
ment of Education. 
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laud®, and Néel® on this phenomenon*. Since 
1950, the author has made experimental and 
theoretical studies of this phenomenon in co- 
operation with several collaborators. In these 
studies, it was found that the degree of oxi- 
dation of specimens is correlated essentially 
with this phenomenon”. This fact, combined 
with several other evidences, has led to the 
conclusion that the uniaxial anisotropy in these 
ferrites is related intimately to the directional 
order between cobalt ion and cation vacancy. 
Now, in these studies, a considerable effort has 
been made to establish the phase diagram of 
iron-cobalt-oxygen. On the phase diagram of 
iron-oxygen, many investigations!?!», includ- 
ing the extensive work by Darken and Gurry™, 
have been made. On the other hand, on the 
phase diagram of iron-cobalt-oxygen, we know 
only the studies made by Robin and Bénard??™. 
Robin and Benard’s study, however, was very 
limited, being made in an air atmosphere and 
in the temperature range from 500°C to 1000°C. 
Therefore, it is quite necessary to extend the 
study to wider pressure ranges, and to higher 
temperatures. 

The study consists of two parts: experl- 
mentals and theoreticals. The present paper 
presents the experimental part of the study. 
The theoretical part of the study, a statistical 
treatment, will be given in the forthcoming 
paper. In §2, preparation of specimens are 
described, in $3, the explanation of the phase 
diagram above 900°C is given, and then, mea- 
surement of specific heats, measurement of 
lattice constants, and observation of the varia- 
tion in oxygen contents during heat-treatments, 
are described in §4, 5, and 6 respectively. 


§2. Specimens 

Two methods were used for the preparation 
of specimens. 

(1). The specimens used in the determina- 
tion of the phase diagram in $3 were prepar- 
ed by ‘wet method’. The mixtures of the 
chlorides of constituent metals in the desired 
proportions were dissolved in water and were 
neutralized with potassium hydroxide. apie 
resulting precipitates were heated up to 800°C 
in air to remove the moisture. 

(2). The other specimens were prepared by 
‘nitric acid method’. The mixtures of consti- 
“tuent metals in the desired proportions were 
dissolved in nitric acid. The solutions were 
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Fig. 1. Schematic phase diagram of iron-cobalt- 
oxygen. Curved surface illustrates phase bound- 
ary between single phase field of spinel and 
two phase field of spinel with hematite. 


then dried with an infra-red ray lamp and 
heated up to 800°C in air in a furnace to re- 
move the residual nitrate and moisture. 


§3. Phase Diagram 


We have determined the phase diagram of 
iron-cobalt-oxygen by observing the change of 
oxygen pressure in a sealed tube containing 
specimen, in the temperature range from 900°C 
to 1400°C and in the pressure range from 10~* 
to 760 mm Hg of oxygen. The results are as 
follows: 

The phase diagram can be represented in a 
three-dimentional space. The coordinates are 
composition of metallic constituents, tempera- 
ture, and oxygen pressure. Fig. 1 shows such 
a diagram schematically. Hereafter, the com- 
position Co/Fe+Co will be denoted by 7. In 
the ranges investigated, the space is divided 
by a curved surface into a spinel phase field 
and a two phase field consisting of hematite 


* Note added in proof—Williams and others 
have reported recently [J. Appl. Phys. 27 (1956) 85] 
that the response is due to the tendency of the 
precipitated particles to grow preferentially along 
the magnetic field direction. Though the conclusion 
has been deduced from magnetic torque measure- 
ments and electron diffraction datterns, it seems 
that the evidences are not convincing enough. 
There are several facts which seem difficult to be 
explained by their mechanism. The detailed dis- 
cussion will be given in forthcoming papers. 
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oxygen pressure-temperature plane. 


Solid line shows the loca- 


tion of phase boundary between spinel field and spinel with 
hematite field for each composition indicated. Dotted line means 
the partial vapour pressure of CoO evaporating from spinel 
matrix having each composition indicated. 


Fig. 3. Apparatus used for the determination of 
phase diagram; A, to fore-pump; B, to oil dif- 
fusion pump; C, to oxygen tank; D, mercury 
manometer; E, Moser’s guage; F, reservoir; G, 
Pt-PtRh junction; H, alumina tube; I, furnace. 


phase and spinel phase. In the figure, the 
two-phase field corresponds to the higher pres- 
sure region. As seen in the figure, for a 
certain composition of metallic constituents, 
the phase boundary is found to be the inter- 


section line between the curved surface and 
a constant composition plane. By projecting 
these intersection lines into the temperature- 
pressure plane, we can illustrate the phase 
diagram on an oxygen pressure-temperature 
plane. Fig. 2 shows the experimental results 
projected on the same plane in such a man- 
ner. Full lines indicate the intersection lines 
corresponding to various compositions. The 
points shown by double circles are the results 
obtained by Darken and Gurry for iron- 
oxygen system. They coincide well with our 
results at higher temperatures, but not at lower 
temperatures. Robin and Bénard’s data! 
should give the cross section of our phase 
diagram at the oxygen pressure of 159 mmHg 
(the partial pressure of oxygen in air). They 
are in good accordance with our results. The 
dotted lines lying in the low pressure area in 
the figure indicate the values of the partial 
pressure of CoO evaporating from the ferrite 
phases. This conclusion is deduced mainly 
from our statistical analysis!®, Experimental- 
ly, when we lower the oxygen pressure in a 
tube containing the specimen below the corres- 
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ponding critical pressures, the specimen loses 
oxygen rapidly. The detailed discussion will 
be given later. 

The experimental procedure is as follows. 
Five specimens having the composition 7 of 
0.000, 0.083, 0.167, 0.250, and 0.333 were pre- 
pared by wet method as described in §2. 
Apparatus for the measurements is shown in 
Fig. 3. About 5 grams of a specimen was 
firstly put into a small porcelain crucible, and 
was placed at the sealed end of the air-tight 
alumina tube which was set in a silicon-carbide 
furnace. After the tube was filled with oxygen 
gas at 760mmHg, the specimen was heated 
up to 1400°C, kept 10 minutes at the pressure 
reduced so that the oxide was transformed 
into spinel phase completely, and then cooled 
to the temperature at which the critical pres- 
sure should be determined. In the high tem- 
perature range above 900°C, the degree of 
oxidation of the specimen responds sensitively 
to the change in the pressure of oxygen 
atmosphere or to that in the temperature. 
The specimen is oxidized further with the 
increase of the oxygen pressure. The rate of 
oxidation becomes abruptly large after the 
oxygen pressure has crossed over the phase 
boundary in Fig. 2. The actual measurements 
were carried out at constant temperature. 
The specimen was first annealed at the oxygen 
pressure just below the critical pressure (which 
had been estimated roughly before the mea- 
surement). After the equilibrium was estab- 
lished, the pressure was raised abruptly to 
just above the critical pressure by introducing 
an adequate amount of oxygen, and the fol- 
lowing spontaneous variation of the oxygen 
pressure in the sealed tube was observed. 
The initial decrease of the pressure is con- 
sidered to be due to the fact that a slight 
amount of hematite was precipitating in the 
spinel matrix. The variation of the pressure 
ceased apparently after a certain time interval. 
The oxygen pressure in such a state is defined 
as the critical pressure P_. The pressure was 
next raised to a pressure several times higher 
than P_, and the specimen was annealed at 
that pressure for an adequate time interval. 
Then, the pressure was abruptly reduced to 
just below the critical pressure, and the fol- 
lowing variation of the pressure was observed 
until it ceased. Thus we obtained another 
critical pressure P+. In general, P+ was not 
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equal to P_, for much longer time would be 
necessary to attain a complete equilibrium 
state. Therefore, the critical pressure was 
determined approximately by putting P= 
VA ee 

The measurements were repeated at several 
temperatures ranging from 1400°C to 900°C. 
The ratio P,/P- was closely equal to unity at 
higher temperatures, but became up to 2 at 
1000°C. In these measurements, the accuracy 
of the measurements became doubtful with 
an increase in the content of cobalt. Of 
course, there was not such a critical pressure 
for the specimen with 7=0.333 (corresponding 
to pure cobalt ferrite). It should be noted 
that even in the single spinel phase field, the 
specimen is oxidized or reduced to some ex- 
tent, when the pressure or the temperature is 
altered. 

Besides the critical pressures for the hematite 
precipitation, we have found another critical 
pressures for all specimens containing cobalt. 
For instance, for specimen with 7=0.333, it 
was difficult to lower the oxygen pressure 
below 3mmHg at 1400°C. If we could reduce 
the pressure below 3mmHg, the specimen 
would lose oxygen rapidly. Such critical pres- 
sures were measured by the same way as 
before. They are shown in Fig. 2 by a series 
of dotted curves. Because of the experimental 
difficulties, the accuracy of the measurements 
became worse below 1200°C. 

X-ray powder patterns were taken for the 
specimens which had been quenched from 
1400°C after annealed at the same temperature 
for an hour in a high vacuum by steady 
pumping. The patterns have shown clearly 
the splitting of lines (222), (400), (440), and 
(444) of spinel structure. This indicates the 
existence of wiistite type crystal, which is 
supposed to be CoO. We conclude from these 
evidences and our statistical analysis of the 
iron-cobalt-oxygen system that the presence 
of the lower critical pressure is due to the 
rapid evaporation of oxygen and CoO from 
spinel matrix, which occurs when the pressure 
of the surrounding atmosphere becomes smal- 
ler than the partial vapour pressure of CoO 
which can be in equilibrium with the spinel 
at the temperature. The reaction will be re- 
presented approximately by the following 
equation: 
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The details of the statistical analysis of the 
phenomena will be published in the forthcom- 


ing paper. 


$4. Specific Heat 


Using a modified type of Takagi-Nagasaki’s 
adiabatic calorimeter!!, specific heats were 
measured from 100°C to 800°C for five speci- 
mens having the composition v=0.000, 0.083, 
0.167, 0.250, and 0.333 with the oxygen pres- 
sure maintained at about 10-?mmHg. The 
oxides prepared by the nitric acid method 
were pressed to a pot shape and prefired at 
1000°C for an hour at the oxygen pressure of 
about 0.1~0.05 mmHg™. 

The results are shown in Fig. 4. It should 
be noted that the small thermal conductivity of 
the specimen might introduce errors of more 
than five percent in the absolute values of the 
specific heat at higher temperatures, though 
the relative values are reliable even at these 
temperatures. Hematite phase is present in 
the iron-rich specimens as seen from the anti- 
ferromagnetic anomaly of hematite at 780°C. 
Considering from the data of the phase dia- 
gram, it can be admitted that the preparation 
of the specimens was inadequate to complete 
the spinel phase. The specific heats in the 


neighbourhood of 300°C (the effective tempera- 
ture range for magnetic anneal) are not 
anomalous for all specimens. 

The specimen with 7v=0.250 was cooled from 
400°C to 200°C in four days, and the measure- 
ments of specific heat on heating were again 
performed. However, no anomalous change 
was observed. 


$5. Variation of Lattice Constant with 
Heat-treatment 


In the measurements described in §3, we 
observed that at higher temperatures the iron- 
cobalt ferrites are oxidized or reduced rever- 
sibly by changing the pressure or the tempera- 
ture, even in the single spinel phase field. In 
these ferrites, it is considered that the main 
imperfections present are vacant sites of 
cation created by further oxidation of divalent 
iron or cobalt. The general representation of 
the composition will be 


Fes *,_,Cot+,Fet+*Cott*O (2) 


l-a-y 
Here, the absence of tetravalent cobalt ion is 
tentatively assumed. Accompanied with oxida- 
tion, the lattice constants exhibit continuous 
changes of the order of 10-2~10-1 percent. 


These phenomena have been studied with a 
* 


oh 
4 


4+y/2+z2/2 ° 


This preparation procedure is used in the 
industrial production of O. P. magnet, and these 
specimens have been prepared by Mr. H. Nakamura 
at Mitsubishi Electric Mfg. Company. It is to be 
noted, however, that the preparation was performed 
before the establishment of the phase diagram. 
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counter type x-ray spectrometer by observing 
{800} reflection of spinel for Ka@ radiation of 
iron. 

The study was first made for a stoichiometric 
cobalt ferrite (r=0.333). About 3.5 grams of 
a powder specimen, contained in a small Pt 
crucible with a lid, was inserted into an air- 
tight tube and heat-treated several times in 
the oxygen at various pressures. After each 
heat-treatment, the change in weight of the 
specimen was weighed by a balance, and the 
change of the lattice constant was determined. 

The heat-treatments were made successively 
on the same specimen. The results are shown 
in Fig. 5, where the attached numbers show 
the sequence of the measurements. The 
specimen was 

(1), cooled in furnace from 1200°C at the 
oxygen pressure of 40 mmHg; 

(2), cooled in furnance from 1300°C at the 
oxygen pressure of 800 mmHg; 

(3), annealed for 15 minutes at 1300°C at 
about 1.5 mmHg, and cooled in furnace 
with the oxygen pressure being adjusted 
to just above the partial vapour pressure 
of CoO for 7=0.333 in Fig. 2; 

(4), quenched rapidly from 1300°C at 1.2mm 
Hg by taking off the furnace; 

(5), annealed for 30 minutes at 1300°C in 
vacuum by steady pumping, and quenched 
by taking off the furnace. 

It should be noticed that the amount of 
reduction of oxygen shown by point (5) in Fig. 
5 will not be accurate. For some part of it 
might be attributed to CoO lost out of the 
crucible in vapour form. Actually, in heat- 
treatment (5), a rapid reduction of oxygen 
was observed during the annealing, which was 
considered to be associated with a rapid eva- 
poration of CoO as explained in so. in 
general, the lattice constants of the oxides of 
this kind decrease as the degree of oxidation 
increases, that is, as the concentration of 
‘cation vacancy increases. This appears also 
in the present case of cobalt ferrite as shown 
in the figure. 

For specimens having 7 less thane 0:335, 
great care must be taken of the pressure of 
oxygen during heat-treatment. Fig. 6 shows 
the variation in lattice constant of iron-cobalt 
ferrites with composition. 

Curves (a), (b), and (c) are the results for 
three different series of specimens obtained 


Phase Diagram of Tron-Cobalt-Oxygen System (LF, 


851 


=| wee: | 2 
Amount of reduction of oxygn (%) 


Fig. 5. Variation of lattice constant of cobalt- 


ferrite plotted against the variation of oxygen 
content. 


—+— (a) 


0.000 0.083 0.167 0250 0333 OAI7 
Composition 


Fig. 6. Variation of lattice constant with com- 
position. Specimens were cooled from 1400°C 
with the oxygen pressure being adjusted at just 
below the critical pressure for hematite precipi- 
tation from magnetite. Curves (a), (b), and (c) 
show the scattering of experiment. 


after the heat-treatments attempted to be as 
identical as possible. The specimens had been 
cooled in furnace from 1400°C in the single 
phase spinel field common to all specimens 
by keeping the oxygen pressure at just below 
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cobalt ferrites having various compositions. 


the critical pressure line for the precipitation 
of hematite from magnetite shown in Fig. 2. 
In the procedure, the tube containing speci- 
mens was pumped out by an oil diffusion 
pump below 800°C, as the critical pressure 
became lower than 10-?mmHg below this 
temperature. We believe that large differences 
among the curves in Fig. 6 are arising from 
the difficulty of controlling the oxygen pressure 
at below 800°C; slight and undetectable leakage 
would result in a considerable scattering of 
the measured values of the lattice constants. 

However, it is evident that there is a mini- 
mum of lattice constant at a certain composi- 
tion between magnetite and cobalt ferrite. It 
was shown by our statistical analysis for iron- 
cobalt ferrites! that the concentration of 
cation vacancy in cobalt ferrite increases steeply 
with the addition of magnetite. This increase 
in the concentration of vacancy will result in 
the steep decrease of lattice constant. There- 
fore, the existence of a minimum in Fig. 6 
can be explained by the fact that the lattice 
constant of stoichiometric (i.e. vacancy-less) 
magnetite is larger than that of stoichiometric 
cobalt ferrite, and that there is a steep 
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decrease of lattice constant with small addition 
of magnetite to cobalt ferrite. The measure- 
ments were repeated for specimens cooled 
with the oxygen pressure controlled to just 
below the precipitation pressure lines in Fig. 
2 for v=0.083 and 0.167. In these cases, 
hematite phase appeared in the iron-rich speci- 
mens and the lattice constants decreased con- 
siderably. However, the minimum was also 
observed in each case at an intermediate 
composition. 

The line profiles taken for {800} reflection 
in the measurements to get curve (a) in Fig. 
6 are shown in Fig. 7. It is well-known that 
iron-cobalt ferrites have magnetostriction con- 
stants ranging from 8x10-° for magnetite 
(with the anisotropy constant K,<.0) to —6x 
10-* for cobalt ferrite (AK, >0). The broaden- 
ing of the line width towards cobalt-rich 
specimens is certainly due to the splitting of 
the line by the magnetostrictive distortion of 
the crystallites. However, the broadening as 
seen in the magnetite specimen compared with 
the specimen with 7=0.083 will be due to the 
inhomogeneous oxidation of the former. It 
should be noted that the lattice constants and 
the line profiles of these specimens are very 
sensitive to heat-treatment and oxygen pres- 
sure even at room temperature. It was ob- 
served that the line widths of these specimens 
became broad after a day’s exposure to air at 
room temperature. This fact show that the 
surface of these specimens is easily oxidized 
in air. 

§6. Variation in Oxygen Content During 
Heat-treatment 


Now we extend the study in §3 to the lower 
temperature range by observing the variation 
of the pressure of a sealed space containing 
specimen in a course of heating or cooling. 

In Fig. 8, we show oxygen pressure-temper- 
ature curves for cobalt ferrite specimen (7= 
0.333), under various circumstances. They are 

(1), cooling curve in furnace after sealed at 
2mmHg at 1300°C; 

(2), reheating curve of the specimen after 
ground into fine powder at room temper- 
ature; 

(3), heating curve of the fine powedered 
specimen ground at room temperature 
after cooled in furnace from 1300°C with 
the oxygen pressure of 760 mmHg; 
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(4), ‘blank’ heating curve without specimen. 
Here, the rate of about 5deg/min was used 
on heating. The change in oxygen content of 
the specimen can be determined approximately 
by the change in pressure, and its order of 
magnitude is given by a extra scale in the 
figure. 

The curves show that even pure cobalt fer- 
rite is oxidized or reduced reversibly in cool- 
ing or heating. It agrees with the implication 
of Fig. 5. It is infered from the curves that 
the oxygen ions become chemically active in 
this ferrite at about 300°C on heating. Some 
years before, Takagi and Sawaguchi* have 
measured at room temperature the lattice 
constant of cobalt ferrite quenched from vari- 
ous temperatures. They have reported that 
the lattice constant shows some discontinuous 
change at about 500°C. The phenomenon 
might be explained as resulting from the 
change in the degree of oxidation of the cobalt 
ferrite. It might be caused by the combina- 
tion of the effect of the rate of oxidation of 
their specimen in air with the quenching 
speed used. Above 500°C, the rate of oxida- 
tion is so large that there would be no dif- 
ference in the degree of oxidation among the 
states of the specimens with altering quench- 
ing temperatures. 

In Fig. 9, the results of the same kind of 
measurements for specimens 7=0.167 and 
0.000 are shown: 

(1), cooling curve for powder specimen with 
y=0.167 after cooling from 1300°C to 
1000°C with the oxygen pressure being 
adjusted at just below the hematite pre- 
cipitation line for 7=0.167 in Fig. 2; 

(2), reheating curve of the specimen after 
ground into fine powder at room temper- 
ature; 

(3), heating curve of hematite specimen (7= 
0.000) after cooling from 1300°C with the 
oxygen pressure of 760mmHg and ground 
into fine powder at room temperature. 


A rapid reduction in pressure observed from 
1000°C to 900°C on curve (1), will be due to 
the precipitation of hematite. Although there 
is no anomalous change of pressure below 
900°C. on this curve, we can see a slight en- 
hancement of oxidation in this temperature 
range, compared with curve (1) in Fig. 8. We 
can deduce from curve (2) some interesting 
conclusions. There is somewhat anomalous 
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Fig. 8. Variation of oxygen pressure of sealed 
tube containing cobalt ferrite specimen, during 
heat-treatment; (1), cooling curve from 1300°C 
and from at 2mmHg; (2), reheating curve of 
the specimen after treatment (1); (3), reheating 
curve of the specimen after cooling from 1300°C 
with oxygen pressure of 760mmHg; (4), heat- 
ing curve without specimen. 


Fig. 9. Variation of oxygen pressure of sealed 
tube containing specimen during heat-treatment; 
(1), cooling curve from 1000°C for specimen 
with 7=0.167; (2), reheating curve of the speci- 
men after treatment (1); (3), heating curve for 
specimen with 7=0.000 (hematite) after cooling 
from 1300°C with oxygen pressure of 760 mmHg. 


reduction starting from about 300°C, which 
corresponds to the most sensitive temperature 
range for the magnetic annealing. However, 
from the fact that curve (2) lies sufficiently 
above curve (1) at temperatures above 400°C, 
and that there is no anomaly in curve (1) in 
this temperature, we must suppose that the 
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specimen had been oxidized further at room 
temperature when it had been ground in air 
atmosphere. The conclusion is consistent with 
the results from x-ray studies in §5. Accord- 
ingly, it must be presumed that the diffusion 
rate of ions in these oxides increases exponen- 
tially at about 300°C on heating, which results 
in rapid reduction of oxygen from the surface 
of specimen powder from this temperature on, 
if the surface have been oxidized at room 
temperature in air. Another anomalous reduc- 
tion beginning from 1070°C is undoubtedly 
due to the transformation of hematite into 
spinel phase. We consider that the total 
amount of anomalous reduction around 300°C 
is so small that it is difficult to account. for 
the anomaly as arising from the reduction 
over the whole volume of the individual parti- 
cles rather than at their surfaces. By com- 
paring curve (3) with other curves in Fig. 9 
and Fig. 8, we can see that all anomalous 
reductions shown in Fig. 9 and Fig. 8 are 
related closely to the presence of cobalt ions. 


$7. Conclusion 

The phase diagram for iron-cobalt ferrites 
has been established above 900°C. Below 
900°C, all results have been explained by a 
simple extrapolation of the phase diagram 
above 900°C and by the assumption that the 
diffusion rate of the constituent ions in these 
oxides varies exponentially in passing through 
the neighbourhood of 300°C. The assumption 
is supported by magnetic relaxation experi- 
ments in these ferrites, electric resistivity- 
temperature curves'®, and by the experiment 
by Vernon and others! who measured the 
rate of oxidation of iron. 

We have not been able to find any structual 
anomaly in the solid solutions of magnetite 
and cobalt ferrite. Though we have found 
that the lattice constant of cobalt ferrite 
decreases steeply with the addition of magne- 
tite, it shows only that the vacancy concentra- 
tion in cation sites increases rapidly with the 
addition of divalent iron ions to the ferrite. 
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It must be emphasized that in the solid solu- 
tion of magnetite and cobalt ferrite, the process 
of oxidation in air goes on to some extent 
even at room temperature. 
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The magnetic susceptibility of Mn, Fe, Co, Ni and their alloys has 
been measured through their melting points up to 1600°C. In general, 
the susceptibility of transition metals shows a decrease or an increase 
on melting, depending on whether the interatomic. interactions favour 
parallel alignment of atomic magnetic moments or not, indicating that 
the interactions are always weaker in liquid than in solid. Although 
some Fe alloys of face-centred cubic lattice form exceptions to the above 
simple rule, they are also explained on the basis of the Bethe-Slater 
exchange interaction curve together with the volume increase on melting. 

It is to be noted that a remarkable supercooling of liquid, often 
exceeding one hundred degrees, has been observed during the course of 


these susceptibility measurements. 


$1. Introduction 


Although various experimental and theoret- 
ical investigations on the magnetic properties 
of transition metals have been carried out, 
there are only a few reports which deal with 
the properties in the liquid state. 

In 1917, Terry measured the paramagnetic 
susceptibility of ferromagnetic elements above 
the Curie point up to the temperature slightly 
above the melting point. More recently, Fal- 
lot?) reported that the susceptibility of nickel 
did not change on melting, in agreement with 
Terry’s result. This remarkable result seems 
to indicate that both the number of electrons 
contributing to the magnetic moment and the 
interactions between them are unaltered by 
the liquid-solid transformation. 

On the other hand, concerning the studies of 
non-ferromagnetic elements, Grube and Wink- 
ler®), and Isobe” observed that the paramagnet- 
ic susceptibility of manganese was almost 
independent of temperature in both liquid and 
solid states at higher temperatures, and in- 
creased discontinuously on melting. Its tem- 
perature-independent paramagnetism has been 
explained either as antiferromagnetism in the 
Heitler-London treatment, or as well-known 
Pauli paramagnetism in the band theory of 
metals. Either theory may be applicable to 
the liquid state with some modifications. How- 
ever, detailed discussions are impossible because 
of the lack of experimental data. 

For non-transition metals showing weak 


para- or dia-magnetism, Shimizu discussed 
the change of susceptibility on melting, in 
connection with the difference in volume 
between solid and liquid. The magnetic sus- 
ceptibility of these metals is related to con- 
duction electrons in a very broad band. 

The present work is concerned with the 
transition metals, for which d-electrons play 
an important role in the magnetic properties. 
The results obtained on these metals in the 
liquid state will be discussed on the basis of 
the current theories of magnetism in the solid 
state. 


§2. Experimental Method 


The measurements of susceptibility were 
made by Faraday’s method using a ring 
balance similar to that described by Suck- 
smith”. If an isotropic substance of mass m 
and susceptibility x is placed in a non-uniform 
field H, the force exerted in a direction z at 
right angle to the field is given by the ex- 
pression F=mzH(dH/dz). The displacement of 
the specimen due to the force was so small 
that no correction was necessary for it. 

The magnetic field of about 4000 oersteds 
was produced by a Weiss-type electromagnet. 
H(dH/dz), as a function of z, had a maximum 
value (ca. 210° oe”. cm=1.) at the position of 
the specimen. 

In order to obtain the absolute value of 
susceptibility, a specimen of pure nickel was 
used as the standard material. In. measuring 
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Fig. 1. High temperature furnace. 
A: Suspender (Mo-wire). B: Shielding tube 
(porous alumina). C: Heating element (silicon 
carbide). D: Air-tight tube (half-fused alumina). 
E: Crucible (half-fused pure alumina). 
F: Specimen. G: Thermo-couple (Pt-PtRh). 
H: Protecting tube (half-fused alumina). 
I: Insulating tube (porous alumina). 
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the relative values of susceptibility at different 
temperatures, an accuracy of 1 per cent was 
obtained, while the error of the absolute value 
might amount to 5 per cent for the worst 
case. 

The furnace used to produce the high 
temperatures up to 1600°C is shown in Fig. 1. 
The heating element was a cylinder of sinter- 
ed silicon carbide, which was ‘siliconized’ at 
both ends to lower the contact resistance. 
Direct current, instead of alternating current, 
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was supplied for heating in order to avoid 
the mechanical vibration caused by the strong 
magnetic field. Two water-cooled copper 
plates were inserted between the furnace and 
the pole-pieces to protect the latter against 
the heat. 

Temperature, measured with a Pt-PtRh 
thermo-couple, was calibrated im situ at four 
transition temperatures of pure iron: ferro- 
magnetic Curie point (770°C), a—yr _ transfor- 
mation point (900°C), y—d transformation point 
(1400°C) and melting point (1540°C), where the 
magnetic susceptibility shows abrupt changes. 
For this purpose the susceptibility measure- 
ments for iron were frequently repeated during 
the full course of investigation. Since, how- 
ever, very accurate data of these transition 
temperatures have not been found in literature, 
the accuracy of the absolute values of the 
temperature given in this paper may be about 
-+10°C, though the accuracy of the relative 
values was much higher. 

Specimens weighing about 500 mg were used 
for measurements. A small alumina crucible, 
containing the specimen, was suspended by a 
thin molybdenum wire, which was fixed to the 
bottom of a ring balance. In order to prevent 
evaporation and oxidation of the specimen, it 
was placed in an air-tight tube filled. with 
purified argon, the pressure of which was 
about 1 atm. Although slight evaporation, 
oxidation and reaction with the crucible were 
found after the measurements at high tem- 
peratures, the curve for the magnetic suscep- 
tibility vs temperature obtained during cooling 
was in close agreement with that obtained 
during heating, except in the case of manga- 
nese. Therefore, it. could be supposed that 
most specimens were not severely contaminated 
during the measurements at high tempera- 
tures. 


§3. Experimental Results 


Curves obtained for the reciprocal of magnet- 
ic susceptibility per gram 1/y vs temperature 
T are shown in Figs. 2-11. The change of 
susceptibility at the melting point is listed in 
Table 1, together with the observed melting 
point. Details will be given below. 


Pure Metals 


(a) Ni. The susceptibility was measured of 
both commercial electrolytic Ni of 99% purity 
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and spectroscopically pure Ni (99.99%) supplied 
by Electrotechnical Laboratory*. However, 
there was no appreciable difference between 
them. As shown in Fig. 2, the 1/x vs T curve 
is concave towards the J7-axis at higher tem- 
' peratures, showing remarkable deviation from 
the Curie-Weiss law. The susceptibility shows 
no change at the melting point within the 
experimental error, in agreement with Terry’s” 
and Fallot’s” results. 

(b) Co. Fig. 3 shows the result for Co of 
99.99% purity, obtained from Johnson, Matthey 
& Co. The susceptibility decreased slightly 
on melting, while the gradient of 1/y vs T 
curve remained unaltered in disagreement 
with Terry’s result. During cooling, the 
discontinuous change of susceptibility at the 
melting point was not observed, supposedly due 
to considerable supercooling of the liquid state. 

Such remarkable supercooling of liquid was 
often observed in other metals and alloys in 
case of our measurements, which will be dis- 
cussed in the later section. 

(c) Fe. The result for Fe of 99.99% purity, 
also supplied by Electrotechnical Laboratory**, 
is shown in Fig. 4. It is well known that 
the susceptibility of face-centred cubic phase 
(y-Fe) is much smaller than that of body- 
centred cubic phases (a- and 0-Fe). On 
passing through the melting point, the value 
of susceptibility was markedly reduced and 
approached the value corresponding to the 
extension of the curve in ;-region. This 
agrees fairly well with the result obtained by 
Terry, whose measurements in liquid were 
limited to the temperature only a few degrees 
above the melting point. The gradient of 1/z 
vs T curve in the liquid state was larger than 
that in y-phase and smaller than that in d-phase. 

It was observed in our experiments during 
cooling that the liquid state was supercooled 
to a temperature about one hundred degrees 
below the melting point. Subsequently a sud- 
den increase in susceptibility occured on 
solidification, accompanied by an increase in 
temperature resulting from the release of 
latent heat. After reaching the equilibrium 
state the susceptibility curve coincided with 
that obtained during heating. The measure- 
ments on Fe were repeated ten times for the 
purpose of temperature calibration as mention- 
ed previously. The different measurements 
were in close agreement except in the amount 
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of supercooling indicated. In a few cases the 
liquid was supercooled to the 7-region, as 
shown in Fig. 4 with a dotted line; it seems 
that the liquid solidified directly to face-centred 
cubic lattice. In other cases, where the 
supercooling of liquid was not so extensive, 
6-phase was also supercooled to a temperature 
about one hundred degrees below the 7—d 
transformation point, as shown in Fig. 4 with 
a dashed line. 

(d) Mn. The result for the electrolytic Mn 
*, ** The author is indebted to messrs._ T. 
Nagashima and S. Goseki, research members of 


Electrotechnical Laboratory, for the supply of Ni 
and Fe of high purity. 
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of 99% purity is shown in Fig. 5. The sus- 
ceptibility: was almost independent of tempera- 
ture in each phase at higher temperatures: 
B-phase (600°-1050°C), v-phase (1050°-1150°C), 
0-phase (1150°-1250°C) and liquid phase. The 
discontinuous increase in susceptibility was 
observed during heating at every transforma- 
tion temperature. The susceptibility measured 
during cooling was slightly larger than that 
of heating, probably owing to.the contamina- 
tion of the specimen. Previously, Grube and 
Winkler» reported that there was no appreci- 
able change of susceptibility on melting, while 
Isobe’s measurement indicated much larger 
increase than ours. 

It is to be noted that the crystal structure 
of 7-Mn and 0-Mn are face-centred cubic and 
body-centred cubic respectively, as confirmed 
recently by Basinski and Christian” using a 
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high temperature X-ray camera. 
Alloys 


Among the various binary alloys consisting 
of 3d-transition elements, those of homogenious | 


solid solutions with (1:1) or (8:1) atomic 


compositions were selected for investigation™. \ 
The alloys were prepared by melting two 1 
component metals together in a vacuum in- | 


duction furnace. Only Mn alloys were melted 
in argon atmosphere to prevent the evaporation 
of Mn. 
those used for the previous measurements on 
metallic elements. The purities reported by 
suppliers were as follows: Cu 99.5%; Ni 99%; 
Co 98.5%; Fe 99.5%; Mn 99%; Cr. 99.3%; 


V, commercial ferro-vanadium with 49.3% V. 


As the composition of specimens was not 
directly determined by chemical analysis but 
calculated from mixing ratio, an error of a 
few per cent is possible in the indicated 
compositions. 

(a) Ni-Co alloys. There is an unbroken 
series of solid solutions with face-centred cubic 


;structure in this system. As shown in Fig. 6 


the magnetic behaviour in the liquid state is 
quite similar to that in the solid state. There 
is a slight decrease in susceptibility on melting 
in every alloy investigated. 

(b) Ni-Fe alloys. The alloys investigated 
are face-centred cubic at higher temperatures. 
Since Fig. 7 shows that the susceptibility in- 
creases on melting for the alloys containing 
25% and 50% Ni and decreases for the alloy 
containing 75% Ni, it may be that there is no 
change of susceptibility on melting for a 
composition of about 65% Ni, where the fer- 
romagnetic Curie point shows a maximum in 
the Ni-Fe system. 

(c) Co-Fe alloys. At higher temperatures, 
the alloys investigated are face-centred cubic. 
As the ferromagnetic body-centred cubic phase 
appears below 950°C, the reciprocal value of 
susceptibility decreases rapidly, as shown in 
Fig. 8. The increase in susceptibility of these 
alloys on melting corresponds to the fact 
that the molten Fe has larger values of 


susceptibility than face-centred cubic Fe. 
- : 


The references to the phase diagrams of the 
alloys are found in: R. M. Bozorth: “ Ferro- 
magnetism” (1951); Amer. Soc. Metals: “ Metals 
Handbook” (1948). As can be seen in these 
diagrams, deviations between solidus and liquidus 
lines are small at the compositions that we have 
chosen for the specimens in most cases. This is why 
the melting occurs at a fairly definite temperature, 


The materials were less pure than - 
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(d) Ni-Cu, Ni-Mn and Ni-Cr alloys with 
(3:1) composition. The results for these face- 
centred cubic alloys are shown in Fig. 9. 
The 1/y vs T curves for Ni-Mn and Ni-Cu (3:1) 
are considerably concave towards the T-axis, 
while the susceptibility of Ni-Cr (3:1) is nearly 
independent of temperature. On melting, an 
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increase in susceptibility was observed in 
every case. 

(e) Co-Mn and Co-Cr alloys with (3:1) com- 
position. The susceptibility of these alloys 
also increases on melting, as shown in Fig. 10. 
They are face-centred cubic at higher tem- 
peratures. However, Co-Cr (3:1) transforms 
to the hexagonal close-packed structure below 
900°C, where an anomaly of susceptibility was 
observed. It is interesting that the suscep- 
tibility curve for Co-Mn (3:1) is somewhat 
similar to that for Fe-rich alloys of face- 
centred cubic lattice. 


(f) Fe-Mn, Fe-Cr and Fe-V alloys with 
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Group Material eg & een BAB Characteristics of group 
la Co 1500 1002? —1.5  —3 1.0 Susceptibility following Curie-Weiss law 
Ni-Co (1:3) 1485 205 -1.9 -— 6 0) 
Ni-Co (1:1) 1480 210 —-1.4 —- 8 oW) 
Ni-Co (3:1) 1460 210 —0.3 — 3 1.0 
Oe vin 1250 0 +0.3 + 2 iLe@ Susceptibility depending weakly on 
Mn (v)* -- — +1.0 + 9 1.0 temperature 
NieCr s(Gx)l4 10 90 +0.8 +18 1.0 
16’ Ni-Cu (3:1) 1380 90 = OlsLOR = to: eS Susceptibility being expressed by, 
Ni-Mn (3:1) 1220 100 #12 | elo E120 (=e CT 6) 
Co-Mn(3:1) 1360 0 +4.1 +14 0.8 where « has fairly large value 
Co-Cr (3:1) 1440 100 +1.1 +10 0.6 
le Ni 1455? ? 0.0 0 1.0 Being intermediate between (1a) and (10’) 
ae 1540 199 -6.2 -—20 1.5 Susceptibility following Curie-Weiss law; 
Fe-Gr (3:1) 1510 30 —2.4 —14 243 Body-centred cubic structure just below 
Re Ve (Sal) 1475 0) —2.3 —15 a! melting point 
2b Fe (y)* -- —_ +1.6 ab 0.4 Susceptibility following Curie-Weiss law 
Fe-Ni (3:1) 1460 200 +2.0 + 8 0.8 (@ is negative or slightly positve); 
Fe-Co (3:1) 1510 180 +2.3 + 8 0.6 Face-centred Cubic structure just below 
Fe-Mn (3:1) 1440 220 +1.9 + 9 0.6 melting point 
Sesiai  Fe-Ni (1:3). 1445. 165° 4, 0.5 es. lone Reimer aus ee 
36 Fe-Ni (1:1) 1440 150 +1.2 + 5 1.0 Being similar to (2 5) 
Fe-Co (1:3) 1470 200 4-1.9 + 4 0.9 
Fe-Co (1:1) 1470 75 +3.8 +10 0.8 
Tm: Melting point; mean value of liquidus and solidus temperature in case of alloys. 


AT: Maximum amount of supercooling observed. 


Ax=x1-%s} Xr and xs are values of susceptibility at Tym in liquid and solid states, respectively. 
C; and C, are values of dT7/d(1/y) at Tm in liquid and solid states, respectively. 
(If the susceptibility follows the Curie-Weiss law, C, and Cs coincide with the Curie constants in 
liquid and solid states, respectively.) 


When the susceptibility shows gradual change on melting, extrapolated values at 7\, are taken for 
Xt» Xs» Cy and Or. 


* The values of susceptibility in Y-range are extrapolated to 7, for comparison with those in 


liquid state. 


3 (3:1) composition. The results are shown in 
Ee Seating Fig. 11. The magnetic behaviour and the 
o Pee crystal structure of Fe-Mn (3:1) are similar to 
ioe ong those of Fe-rich alloys with Ni or Co. Among 
'o many alloys investigated, only Fe-Cr and Fe- 

Be Facninan) V..3:1) are body-centred cubic at higher tem- 

a- 4 peratures. The magnetic behaviour of these 

S alloys on melting is similar to that of 0-Fe. 

Y 

: 2 Fe-Cr (3.1) §4. Discussion 

g As the magnetic behaviour of Fe and _ its 

reser BOO 1000 160 71S HERE alloys at their melting points is somewhat 
Temperature °C unusual, the metals and alloys investigated 


Fig. 11. 


Fe-Mn, Fe-Cr, Fe-V. 


are classified into following groups: 


1. The metals and alloys not containing Fe, 
2. Fe and Fe-rich alloys, 
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3. Fe-poor alloys. 
Then, each group is further divided into sub- 
groups a, b and c. depending on whether the 
susceptibility shows a respective decrease, in- 
crease or no change on melting. This classi- 
fication is listed in Table I. 

The susceptibility of Co and Ni-Co alloys 
(group 1a) is approximately expressed by the 
Curie-Weiss law, 


x1=C/(T—86) , ey 
in the liquid state as well as in the solid state. 
There is no difference in the Curie constant 
C between liquid and solid, whereas the para- 
magnetic Curie temperature @ is lower in 
liquid than in solid. This fact indicates that 
the atomic magnetic moments remain unal- 
tered, while the exchange interaction becomes 
weaker on melting. 

On the other hand, the susceptibility of Mn 
and Ni-Cr (3:1) (group 10) is weakly dependent 
on temperature in both liquid and solid. The 
weakly temperature-dependent paramagnetism 
has been explained by Néel*? and Zener*®? on 
the basis of the theory of antiferromagnetism.* 

When the antiferromagnetic interactions are 
weakened, the susceptibility should increase. 
Therefore, the increase in susceptibility on 
melting, observed in this case, is explained by 
the assumption that the interatomic interac- 
tions are weaker in liquid than in solid, 
which is consistent with the assumption used 
previously in the case of group la**. 

In cases where the 1/x vs T curve is concave 
towards the J-axis, the susceptibility is ex- 
pediently expressed by 


ya Ci 0), (2) 


where a is weakly dependent on temperature, 
and the second term corresponds to the Curie- 
Weiss law (1). The former may increase while 
the latter may decrease on melting, as men- 
tioned above. The suscptibility of Ni (group 1c) 
is expressed by (2), and shows no change on 
melting. In this case the increase in a may 


* Since the antiferromagnetic long-range order 
is impossible in the liquid state because of the 
absence of the regular lattice, the constant para- 
magnetism cannot be explained on the ordinary 
theory of antiferromagnetism. However, it may 
be explained on the basis of Pauling’s yalence-bond 
theory of metals): if the valence-bond of 3d- 
electrons in the ‘ bonding’ orbitals is weak enough 
to be affected by the external magnetic field, these 
electrons will contribute to the susceptibility as in 
case of antiferromagnetism. 
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just compensate the decrease in C/(T—@)***. 
The susceptibility of alloys of Ni or Co with 
non-ferromagnetic metals (group 10’) is also 
expressed by (2), and shows an increase on 
melting. In this case the increase in a may 
predominate over the decrease in C/(T—@). 

In the expression (2), it is assumed that the 
Curie-Weiss paramagnetism and the weakly 
temperature-dependent paramagnetism coexist 
without mutual interference. This assumption 
may be justified by Pauling’s valence-bond 
theory’, which states that there are two 
kinds of d-orbitals in a transition metal, one 
being ‘atomic’ the other being ‘bonding’ 
(hybridized with s- and p-orbitals). It may 
be reasonable to suppose that the electrons in 
the ‘atomic’ orbitals show the Curie-Weiss 
paramagnetism, while those in the ‘ bonding ’ 
orbitals show the weakly temperature- 
dependent paramagnetism. 

It is to be remarked here that Grube and 
Winkler») measured the susceptibility of 
Mn-Pd and Ni-Mo alloys up to a temperature 
above their melting points, and Uchida and 
Kondoh!®) measured that of Ni-Te. The 
susceptibility of these alloys is also expressed 
by (2) and shows an increase on melting, 
similar to that of group 10’ investigated by 
us. 

Although the susceptibility of Fe and Fe- 
rich alloys (group 2) shows a peculiar be- 
haviour in connection with the allotropy in 
their solid state, we have no difficulty in ex- 
plaining the change of their susceptibility on 
melting. It has been supposed that the inter- 
atomic interactions are ferromagnetic in 
the body-centred cubic Fe, while antiferro- 


** According to Kriessman and Callen,’ the band 
theory of metals is more suitable to account for 
the weakly temperature-dependent paramagnetism 
of the transition metals. On the basis of this theory, 
the increase in susceptibility on melting can be also 
explained as follows: the susceptibility associated 
with the electrons in an unfilled d-band is propor- 
tional to the density of states at Fermi surface, 
and thus inversely proportional to the band width, 
under the assumption that the band shape remains 
unaltered. The band width may be narrower in 
liquid than in solid, since the interatomic interac- 
tions may be weaker. It follows that the suscepti- 
bility is larger in liquid than in solid. 
ek The magnetic behaviour of Ni in the solid 
state is more consistently explained by two bands 
model!2)!3). (3d- and 4s-band) in the collective 
electron theory of ferromagnetism. However, it 
may be difficult to apply this model to the liquid 
state. 
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Fig. 12. Interaction Curve. 


magnetic in the face-centred cubic. Therefore, 
the susceptibility of the former must decrease 
on melting and that of the latter must in- 
crease, as mentioned above. 

On the other hand, the magnetic behaviours 
of Fe poor alloys (group 3) in the liquid state 
cannot be explained so simply, although these 
alloys seem to be intermediate between Fe-rich 
alloys and the alloys such as Ni-Co. Every 
Fe-poor alloy investigated is face-centred cubic 
at higher temperatures, and their susceptibility 
is expressed by the Curie-Weiss law (1) witha 
positive value of 6. On melting, the suscep- 
tibility shows an increase in some cases and 
a decrease in others. In the former cases, it 
must be supposed that the interatomic inter- 
actions are stronger in liquid than in solid, 
contrary to all other cases mentioned pre- 
viously. However, it will be satisfactorily 
explained as follows. 

According to Bethe and Slater, the exchange 
interaction varies with the ratio R of the inter- 
atomic distance to the diameter of 3d-sell. 
In order to treat the liquid and solid together, 
we use the cubic root of atomic volume in- 
stead of the interatomic distance. The ratio 
R is larger in liquid than in solid because of 
the increase in volume on melting*. Fig. 12 
shows the interaction curve similar to that 
drawn by Bozorth'”? following Slater’s calcula- 
tion. 

If R>R: or R<R; (see Fig. 12), the interac- 
tions will be weakened on melting, although 
it is ferromagnetic in the former case and 
antiferromagnetic in the latter, justifying the 
assumption used previously in the case of 
group 1. On the other hand, if Ri<R<Rz, 
the interaction is ferromagnetic and stronger 
in liquid than in solid, as supposed in some 
cases of Fe-poor alloys. Thus the Bethe- 
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Slater interaction curve is satisfactorily con- 
sistent with the fact that an alloy of Fe with 
65% Ni, having a maximum Curie tempera- 
ture in the Fe-Ni system, is expected to show 
no change of susceptibility at its melting point. 
This alloy may correspond to the maximum 
point (R=) on the interaction curve. 

It is assumed in this discussion that the 
atomic magnetic moments remain unaltered 
on melting. However, this assumption may 
be invalid in the cases of Fe-rich alloys, since 
the Curie constants of these alloys show 
variation of some amount at their melting 
points. 

On the Supercooling of Liquid 


Up to the year 1950, it had been supposed 
that the metals with simple crystal structure, 
like those investigated here, could not be 
supercooled more than a few degrees. Recently, 
however, Turnbull'® observed that very small 
particles (50-500 in diameter) of molten 
metals were supercooled by about 15-25% of 
their absolute melting temperature, regardless 
of whether their crystal strucure is simple or 
complex. He supposed that the extensive 
supercooling is in principle possible with all 
liquids because of the nucleation difficulty. 
The nucleation probability, calculated by the 
classical statistics, is able to account for 
the observed supercooling. His theory was 
supplimented by Frank™ and Borelius2.. 

However, there may be a ‘catalyst’ of 
nucleation in the material, suppressing the 
supercooling. The probability of catalytic 
nucleation may be much larger in bulky 
material than in a small droplet. It has been 
thus explained that most of metals are diffi- 
cult to supercool extensively in bulk, as 
believed up to this time (see Frank’s paper). 

On the contrary, the experimental results, 
presented here, show that most of transition 
metals and alloys are supercooled remarkably 
in bulk; the weights of the specimens were 
about 500mg. The magnetic susceptibility was 
measured during cooling at temperature in- 
tervals of about 20 degrees. Temperature 
was changed step by step, the cooling rate 
being about 5 degrees per minute on the 


a There have been only a few available data. on 
the volume change on melting of the transition 
metals and alloys. It is undoubted, however, that 
the volume of a face-centred cubic metal shows an 
increase of about 4% on melting,!®© 
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average. The amounts of maximum super- 
cooling observed, 4T, are listed in Table 1. 
When 4T was one hundred degrees, the 
supercooling state could be retained for twenty 
minutes. 

It was observed previously by Bardenheuer 
and Bleckmann’) that a bulky specimen of 
Fe could be supercooled over one hundred 
degrees. This is the only report on the 
extensive supercooling of transition metals in 
bulk, so far as the author knows. 


§5. Conclusion 


The magnetic behaviours of transition metals 
and alloys in the liquid state are fairly similar 
to those in the solid state. There may be 
little difference in short-range structure be- 
tween liquid and solid, as the magnetic pro- 
perties are mainly affected by the short-range 
interactions. The observed change of suscep- 
tibility at the melting point is explained in 
connection with the volume increase on 
melting. 

When the susceptibility follows the Curie- 
Weiss law, its change on melting depends on 
the difference in interatomic interactions, 
under the assumption that the atomic magne- 
tic moments remain unaltered. If the inter- 
atomic distance is larger than that cor- 
responding to a maximum interaction on the 
Bethe-Slater exchange interaction curve, the 
interaction becomes weaker on melting because 
of the volume increase, and thus the suscep- 
tibility shows a decrease. If the interatomic 
distance is smaller than that, the susceptibility 
shows an increase on melting, regardless of 
whether the exchange interaction is positive 
or negative. 

For Fe and Fe-rich alloys, however, it has 
been observed that not only the paramagnetic 
Curie temperature but also the Curie constant 
changes at their melting points, indicating 
that the atomic magnetic moments do not 
remain unaltered. 

When the susceptibility is nearly independ- 
ent of temperature, it shows always an in- 
crease on melting. This case may be con- 
sidered to be similar to the above-mentioned 
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case where the exchange interaction is nega- 
tive. 

In some cases, the susceptibility is expressed 
as a sum of two terms: one being temperature- 
independent and the other corresponding to 
the Curie-Weiss law. The change at the 
melting point depends on which term pre- 
dominates over the other. 

It is to be noted that the unexpectedly re- 
markable supercooling of liquid was observed 
for most of the metals and the alloys during 
the course of our susceptibility measurements. 

The author wishes to express his sincere 
thanks to Professor S. Kaya for his kind dis- 
cussions and encouragement. 
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A molecular calculation of the crystalline field parameter Dg in chrome 
alum has been carried out on the basis of the generalized crystalline 
field model suggested in the previous papers I and IJ (Journ. Phys. Soc. 
Japan. 9 (1954) 753, 766). The deformation of the electron cloud of Cr?* 
is taken into consideration by making the 3d orbital of Cr+ orthogonal 
to ligand orbitals. 

The result shows that Kleiner’s value of Dg with a wrong sign is 
corrected. This improvement is due to the large resonance energy between 
the 3d orbitals of the central ion and the ligand orbitals, which appears 
only in the molecular treatment. However, the model Cr3+—6H.O cannot 
explain the observed change in the values of the spin orbit coupling 


constant 4 and the B-value. 
considered. 


Introduction 


§1. 

The crystalline field model has been success- 
fully used not only in the interpretation of 
the specific heat and magnetic susceptibility 
of paramagnetic complex salts, but also in 
the analysis of paramagnetic resonance absorp- 
tion experiments. Recent analyses show that 
this model with suitable modification!” is also 
applicable to the excited states, because it is 
found that the optical absorption bands and 
lines of these ionic complexes are satisfactorily 
explained on this basis. 

However, in those treatments the quantity 
Dq, which represents the strength of the 
crystalline field and is to be evaluated theoreti- 
cally within the frame of the crystalline field 
approximation, was left as a parameter and 
was adjusted so as to give the best fit to the 
experimental data. The theoretical work 
hitherto made is therefore of more or less 
empirical nature, and it seems of some value 
to determine the value of Dg on purely 
theoretical ground and compare it with the 
empirically determined one in order to confirm 
the adequacy of this model. 

Although Van Vleck® and Polder tried, 
many years ago, to calculate Dg with a rather 
crude model—a point charge or dipole model— 
and gave seemingly good results, a more 
elaborate calculation recently performed by 


A possible way to get over this difficulty is 


Kleiner» has revealed serious difficulty. He 
calculated the crystalline field of chrome alum 
taking the overlap effect of electron clouds 
between the central Cr** ion and the octahed- 
rally coordinated water molecules into con- 
sideration. The treatment was exactly based 
on the crystalline field model of Bethe and 
Van Vleck, according to which, in making 
complex, 3d electrons of Cr** are considered 
just to come under the influence of the electro- 
static field due to both the nuclear charges 
and average electron distribution of ligands, 
and the effect of electron transfer between 
the central metal ion and ligands is entirely 
put out of consideration. Unfortunately his 
result gave the crystalline field with the 
wrong sign—Dg with the minus sign. As he 
pointed out, this was due to the imperfect 
screening of the nuclear field of ligands by their 
electrons and was an inevitable difficulty as 
far as we use the naive crystalline field model. 
Moreover, if we consider the effect of the 
exchange field due to electrons of ligands, 
which was not included in Kleiner’s calcula- 
tion, the result would become worse (see § 4,5). 
As shown by recent quantitative arguments, 
there are several other difficulties in the old 
crystalline field model. One of them is that 
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we must choose the Slater integrals F, and 
F, much smaller than those of the free ions 
in order to explain the observed spectra of 
the complex ion, whereas these two parameters 
are considered equal.to those of the free ions 
in the old crystalline field theory. This sug- 
gests the deformation of 3d orbitals of metal 
ions in ionic complexes. Another failure of 
the old model was pointed out by Owen». It 
is that in complex ions we must assume 
smaller values of the spin orbit coupling con- 
Stant than those in the free ions in order to 
explain the g-values observed in the para- 
magnetic resonance absorption in a consistent 
way with the optical absorption data of these 
ionic complex ions. This is also to be inter- 
preted as due to the deformation of orbitals. 

All these facts suggest that one may get a 
better result if one treats the [Cr (H20).]?* 
complex as a whole molecule or, in other 
words, if one considers the effect of the 
deformation of atomic orbitals due to molecular 
formation. 

We shall examine here the effect of over- 
lapping of orbitals adopting the ionic model 
for [Cr (H.O).]** complex, because this model 
is nothing but the old crystalline field model 
if the non-orthogonality of orbitals is neglected, 
and is therefore covenient for a comparative 
study with the latter. 


§2. Model and Method of Calculation 


To facilitate the comparison with Kleiner’s 
results, we adopt the same model for 
[Cr(H.O).]**+ as that used by him. The ion is 
assumed to be composed of a central Cr** ion 
and octahedrally coordinated six water mole- 
cules, of which the nuclei of oxygen in the 
latter being situated 1.97A (3.73 a.u.) apart 
from the Cr?+. The water molecule is assumed 
to consist of an O?- ion and double positive 
charges (protons) which are uniformly dis- 
tributed on the circle of radius 0.76 A (1.43 a. 
u.) with centre on the Cr?+—O?- axis and in 
the plane perpendicular to this axis (Fig. 1.). 
The justification of this model has been 
discussed in detail by Kleiner. 

In treating [Cr (H.O),]** as a molecule, 
either the MHeitler-London method or the 
molecular orbital method may be employed. 
As mentioned in the previous paper (I), it is 
promising to take the orbital mixing of the 
central metal ion’s orbital and those of the 
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proton ring 


Fig. 1. The relative positions of Cr3+, O2- and 
protons. 


Ro=1.97 A G@’=127.5° R’sing’=0.764 


ligands into account and determine the mixing 
ratio by the variation principle. But this MO 
method has several difficulties in practice to 
perform to a satisfactory degree. Namely, 
we must determine the atomic orbitals to be 
used, especially 4s and 4 orbitals of the 
central metal ion; we must assume a suitable 
field with exchange due to core elecrons. In 
order to settle these points, it seems, as the 
result obtained here suggests, necessary to 
make an S.C.F. calculation, which needs a 
rather tedious evaluation of many molecular 
integrals even if we neglect many centre in- 
tegrals and thus is almost impossible in the 
present stage. A more empirical approach is 
therefore favoured if we adopt the MO 
method. 

On the other hand, although the ionic 
model (a special structure in the valonce-bond 
theory), which has been assumed hitherto and 
will also be assumed here is surely insufficient 
in describing the electronic structure of a 
molecule, it does not seem inappropriate for 
such a loosely bound complex as treated here, 
and moreover because of its simplicity we need 
only few integrals to be evaluated besides 
those calculated by Kleiner. It thus enables 
us to carry out the calculation entirely on 
non-empirical ground. 

Therefore, with the hope that we could 
reach some definite conclusion within the 
frame of the adopted model and get some 
insight into the nature of the electronic 
structure of the complex ion for further pro- 
gress, we shall discuss the problem with the 
Heitler-London method (purely ionic model) in 
this paper and the MO method will be con- 
sidered only briefly in the last section. 

The expectation that Kleiner’s result would 
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be improved if molecular theoretical calcula- 
tion (even though based on purely ionic model) 
were carried out comes from the following: 
When we neglect the orbital overlap* between 
the metal ion and ligands in the Heitler-Lon- 
don method, we cannot expect the correct 
order of e and fy level, calculated position of 
e level lying lower than that of fz level con- 
trary to the observation, because ¢ orbital lies 
stretched towards ligands and is more stabi- 
lized than fo orbital by the field of ligand 
nuclei which is not screened perfectly. But 
if the orbital overlap is taken into account, 
we can expect that the so-called Heisenberg 
exchange integrals, i.e. exchange integrals 
between non-orthogonal orbitals, would im- 
prove the result giving the correct order of @ 
and fz levels because they are negative and 
surely larger for e than f2 orbital. 


§3. Derivation of the Expression for 
10 Dg 

According to the mode! described in § 2, the 
electron configuration of [Cr(H2O).]** is con- 
sidered to be Cr?* (K, L, (3s)?, (3p)°, (3.d)*)— 
602- (K, L), where K and L stand for closed 
K and L shells respectively. ' 

To take the overlap between the orbitals of 
the central metal ion and ligands into account 
properly, we proceed as follws. We first make 
the core orbitals ¢° orthogonal to each other, 
the resulting orthonormalized set g% being 
thus given by 


gr= > bl +s)? , G=1, 2,+++, m) 
J 


(1+s)%= | dead : (3.1) 
where is the total number of core orbitals. 
Then we construct the following functions 
gy from 3d orbitals ¢ of the central metal ion 
and ¢°: 


ox= NeW be » estos lds) : 
(fea ie ca ot 5) 


M=1- 3 (es dx) |? . (3.2) 


These g are orthogonal to ¢* and thus to core 
orbitals ¢°, but not orthogonal among them- 
selves. Then we choose ¢ and ¢% so that they 
make the bases of the irreducible representa- 
tions of the octahedral group. Five g, func- 
tions are now split into two groups: The e- 
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group orbitals u, v which are the bases for 
the representation E, and the f:-group orbitals 
E, y, © which are those for the representation 
F,. These five functions are obviously orthogo- 
nal to each other. 

One can easily show by constructing Slater 
determinants that we may use the orbitals 
v°, g instead of 6°, , because the space that 
is spanned by the set of Slater determinants 
constructed from the former orbitals is just 
spanned by the Slater determinants of the 
same type which is obtained by replacing 9°, 
y in those determinants by ¢”%, @. We 
therefore use these orbitals gy’, g to obtain the 
expression of 10 Dg in the following. 

It is well known that the strength of the 
crystalline field which we are going to 
evaluate is given by the relation, 

10 Da=€&.— Ex, ’ 
i.e., the difference of one-electron energies of 
e and fy orbitals. Further consideration shows 
that, in the case of chrome alum, the quantity 
10 Dg should be the energy separation between 
two states ‘A2(fs) and *F.(f?e). Thus 


10 Dgq=E( fre; *F 2) —E(fr3; *Az), 
which is expressed as 


10 Dg= SY cey(E | to | E) + (| Pov) + En) —K(En) 
+>’ co{ (Ev) — K(Ev)} 
—De(E| hol E)—3 Deeen{ JEEV-KEE)} , 
(3.4) 
where the summation in the first and second 
lines runs over &, 7, while that in the third 
line should run over &, 7, €, because ‘F, and 
4A, are the states in which three electrons 
with parallel spins are in the orbitals &, 7, v 
and &, 7, € respectively. J(Ey) and K(Ey) are 
respectively coulomb and exchange integrals 
between two orbitals € and y, and 


Elo) =| dese) ho) . 


(3.3) 


hy being the sum of the kinetic energy and 
the potential energy of an electron in the 
field of the core electrons and the nuclei of 
both the central metal ion and ligands. The 
right-hand side of (3.4) may be simply written 


* 


It must be noted that this is different from 
the neglect of the charge overlap in the naive 
crystalline field model, which leads to che point 
charge or dipole model. In fact, Kleiner’s paper 
dealt with the effect of this charge overlap and 
showed that inclusion of this made the situation 
worse. 


1956) 


as the difference of the orbital energy as 
follows; 


10 Dg=(v|h|v)—(C|h|O)= 8 Evy 
f= n+ \ deara™(1E(2)|*+ |-n(2)|2) 


(3.5) 


— | dear (EMEC) +1 OW) Pi ; 


(3.6) 
where P;, denotes the permutation operator 
of the electron 1 and 2, and the second and 
third term in (3.6) represent the coulomb and 
exchange energy operator due to two electrons 
in the orbitals € and vy respectively. 

For the orbitals (wu, v) and (&, 7, €), we use 
the following functions; 
Uu=Gu, V=%r, 
E=G%e, n=¢n, C=%, 
gy=Ny(by— byhy) , (3.7) 
where 
(to=)bu=Psa(7)/7- YoolO¢) ; 
(Vo=)bv=2-/?- Paa(1)/7-{ Yo2(8G) + Y2-2(9¢)} ; 
(Eo =)Ge=12-M/2- Pga(r)/r-{ Yoi(OG) + Yo2-1(0-¢)} , 
(no=)by = —2-/2 Psa(”)/7-{Yail99)— Y2-1(9¢)} , 
(Co=)b¢= —12-V? Psa(r)/1-{ Vox 09)— Yo-2(99)} . 
(3.8) 
gy are molecular orbitals constructed from 
2s, 2b atomic orbitals of six ligands (we 
assume that ls orbitals may be treated as 
shrunk into the respective nuclear positions) 
and, if we number the ligands as in Fig. 2, 
they are given by 
Py= UsXso+ LaXovr ; 


pe=Uakdé 

Aey=2-*(S1+Ss—S2—Ss) > 

Yov=271(6;-+04—62—95) , 

Ane =27(Yi—Ya + 2—4s) , (3.9) 
where s;, oi, 2, ys are all orbital functions of 
O?- at the position 7; s,; the 2s-function, o: 
the 2p0-function directed to the origin (metal 
ion), x, and y: the 2pz-functions stretched 
along in the direction of x and y axes respec- 
tively. 

In our treatment 4o, 0¢, us, He and fe are 
determined from the equations 

Ovlts=(Po| Xsv) » 

Ovptc = (bo| Lov) ) 

OeUa=(be| Xe) , 


(dy >0) 
(3.10) 


and 
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Bigt 2: 


Detail ¢ lee (nla) 
In (3.9), (3.10) and (3.11) the overlaps between 
ligand orbitals are neglected as is done 
throughout this paper. N, and Ne are then 
given by 
Nv,=1—6,? , 
Ne=1—62? . (3.12) 
For the evaluation of matrix elements, we 
decompose / into several terms as follows: 


6 
h=Nat >: Vie4V, 
=1 


ha= 344 Va , 
Va= Wear V(En) ’ 


Ven) =| dear *()Eu2)|?+ |70(2)1) 
— | dears ME EON) +16" inoD) Pi 
AV \dense b:°(2)b (2) Rj: 
x |dane De (JE(2)|2—[E0(2)1?) 
—\ dears BOOK RuPr 


— [dears BoE DEW) Ev CEM) Pr 


Ry =—([s/A+s)]s ) 

(3.13) 
where 4V represents the change of the field 
from the mere superposition of the field of 
the Cr?+ ion and six ligands due to molecular 
formation, which we neglect throughout the 
following. In (3.13), Aa is the Hartree-Fock 
Hamiltonian for a Cr®* free ion and V; re- 
presents the potential energy including the 
exchange potential due to the H,O molecule at 
the position 7. Veore means the potential 
energy due to core electrons and the nucleus 
of the Cr®* ion. The summation >) on the 


tj 
right-hand side of the expression of 4V extends 
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over all core orbitals 7, 7 and >{’ce) means the 
summation over the orbitals &, 7. 


$4. Evaluation of Matrix Elements and 
Results 


We are now going to evaluate the matrix 
elements which appear in the expression of 
the orbital energy 


Ny(Gy| 2] Gy) =(by| hal by) + (by | Vi | py) 
+ dy{(py| —34 +> Vil by) + (Py | Val Py) t 
—26{(by|ha| Py)+(by| SVil Gy} 5 (4.1) 


ie Wao each 

For the calculation of these elements, we shall 
use Slater type functions with the orbital ex- 
ponent 3.85 for the 2s and 2p orbitals in ¢y 
and Hartree’s function of Cr?*™ for ¢ instead 
of using that of Cr?* which is not available 


at present. 
(i) Overlap Integrals: 

Overlap integrals between ¢, and Yay are 
listed below. The values marked with asterisk 
are those caluculated with the 2s function 
with node which is orthogonalized to the ls 
function of O?-. Nodeless 2s function was 
used for simplicity whenever it does not in- 
troduce serious error. 

Oy, 4a and Ny, are easily found by means 
OtmGO) Gael ands (Sal). Hor the sake sof 
comparison we have also calculated the overlap 
integrals using the 3d wave function of Cr** 
which is extrapolated from those of Cr (Porter)® 
and Cr?*+ (Mooney). We shall use them only 
to make a rough estimation of resonance 
integrals in the last section because the ex- 
trapolated function is not so reliable. 

(il) (¢y|Aa| by): 

We replace this matrix element by Hart- 
ree’s orbital energy €a of the d-electron for 
Cr?*. The calculated and observed (ionization 
potential) €4 for Cr?+ and Cr%+ are as follows: 


Calc. (in a.u.) Obs. 
(Cris —0.898 —1.137 
Ores = —1.822 


For Cr**, unfortunately, there is no Hartree 
field calculation and we have no reliable value 
of €a4. However, since the quantity with 
which we are concerned is given by the dif- 
ference (9»|h|¢.)—(ve|h|¢e) and is not so 
sensitive to the value of &2, we may well take 
a moderate value a= —1.5 instead of the non- 
empirically calculated value of this matrix 


Y. TANABE and S. SUGANO 
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Table I. The overlap Integrals. 
iy 0, (dylxay) Hoe | ‘Oy 
——————— | Cr2+ | | Cr3+ Cre | Cr3+ | Crt | Cr3+ 
0.279%) 0.746* | 
v 8 |p ‘985 i .236 ft 752 0. 705 e 
0.374 0.335 
In eeee 0.378 
» o (0.249 [0.238 | (0.659 | 10.709 | 
rae 0.191 0.158 1 | 1 (0.191 0.158 
Table II. The calculated values of (¢y|>i Vildy). 


GAEVa drreou. (GA TVavexen. (bE Vilbyoa 


{ 


| 0.744 | Oc1aie ft 0.606 
¢ 0.769 0.038 0.731 
element. 


(ili) (¢y| 2 Vil by): 

This matrix element consists of two terms, 
namely the coulomb and exchange energy 
terms. They were numerically calculated 
(Appendix Ia, Ib) and are listed in Table II. 
The difference of two coulomb energy terms 
(| Xi Vil bo)cou. and (o¢| Vi | g)cout, is essen- 
tially Kleiner’s 10Dq and is found to be 
negative. As is easily understood, the ex- 
change energy term is larger for the v type 
orbital ¢, than for ¢g, so that the contribution 
of the exchange energy term to 10Dq makes 
the discrepancy between the observed and cal- 
culated value greater. Thus we see that the 
classical calculation completely fails to give 
the correct sign of the crystalline field strength. 


(iv) (¢y|-344+ 2.Vil dy): 
It is convenient to divide this matrix element 
into two parts in the following way; 


(dy| —34+ 35 Vi| oy) 
= (dy| —34+3,Vi(O7-) | dy) 
+(¢y| Xi Vi(proton)| dy) . (4.2) 


Throughout our calculation, we shall neglect 
the differential overlap of orbitals between the 
different ligands and also ignore the dipole 
field due to other ligands which comes from 
both terms in (4.2). The first term then can 
be calculated from orbital energies of 2s and 
2p electrons of O?-. These orbital energies 
were determined by extrapolation from the 
Hartree-Fock orbital energies of O%+, 02+, O+ 
and O°): 


1956) 


Son —0.48; ’ €sp= +0.33; 5 


The second term was analytically calculated 
using the following expansion formula for V; 
(proton) ; 

V.(proton) 


—2>' Pi(cos 6) Pi(cos af" un for Rr 
PMO? s for icy, 

(4.3) 

where we took the origin at the position of 
the oxygen nucleus. For the definition of R’ 
and @’ see Fig. 1; R’=1.81, —cos @’=0.607. 
Table III shows the numerical values thus 
determined together with the corresponding 
observed ionization potentials of a water mole- 
cule™, where x) and y) distinguish the two 
kinds of z-orbitals: x) the one stretched along 
the x axis in the plane including two protons 
and y) the other along the y axis perpendicular 
to this plane (the origin is taken at the 
position of oxygen nucleus and the z axis 
passes through the midpoint of the line con- 
necting two protons). In our model of uni- 
formly distributed change on a ring, there is 

no need to distinguish them. 


(v) (dy Val by): 
For the term Veore in Va, we use an ap- 
proximate analytical expression 
Visors = —(6+30.15 exp(—3.717))/r , (4.4) 
which is in good agreement with Hartree’s 
Veore in the region 7>0.9 where the integrand 
in question is appreciable. We can thus cal- 
culate (dy| Veore|/y) analytically. 
The exchange energy term in (¢y|Va|?y), 


[draria“"Eo*@) Ell) +95" @lD)) Pi was. dis: 


carded, because the result will not be greatly 
affected by this approximation. 

All these calculated values are given in 
Table IV. 


(vi) (by|ha| by) + (by| 2 Vil Py): 
The first term (¢,|ha|¢y) was replaced by 
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Table II. The calculated value of (¢ia°|—34 
+Vj,|¢ia-°), together with the corresponding 
observed values. 


- |Corresponding 

c c c]_1 ¢) (observed ioniza- 
oe hous |- 24+Vi|brar ) Ition potentials of 
‘a water molecule 


= 17556 


8 = 1,174 
1 ot 0.747 —0.624 
$1 O7 +0.243 

nm v1 -0.731 = 0.661 


— 0.466”) 


exchange parts according to the terms which 
appear in V;. The coulomb part comes from 
the potential energy due to the oxygen nucleus 
field perfectly screened by 1s electrons and 
the proton field, beside the repulsive coulomb 
field due to 2s and 2f electrons of O?-, while 
the exchange part comes from the exchange 
potential term due to 2s and 2 electrons. 

The calculation of (¢y|V:(proton)|%,) was 
made by making use of the expansion formula 
(4.3), this time taking the origin at the posi- 
tion of chromium nucleus (Appendix IIc). 

It was found in calculating (¢y) >) Vi(O?-) 
|dyleou. (Appendix IIa), that it makes a great 
difference to the result whether we use 2s 
function with or without node, because the 
contribution of the nuclear field near the oxy- 
gen nucleus is too large; thus, if we use the 
nodeless 2s function, the value of (¢y| Vi(O?7) | s1) 
is about one-half of that calculated with the 
function with node. In this case, there- 
fore, 2s function with node was employed. 
(see §4—(1)). 


The term (@,| V;(O?-)| @i0°)exch . can be.ex- 
pressed in the form (¢| Vi,exen.(@)|?1a%). Us- 
ing these exchange potentials Vj, excn.(@), 


(dy|SVildyexen. were calculated in an analogous 
way to the case of (¢y| Vil ¢yeom. (Appen- 
dix IIb). 

Now we summarize the values of various 
matrix elements which appear in (4.1) in 


Ex(by|Py). The second term (¢y|iVil¢y) is Table VI, together with the required orbital 
divided into parts, namely the coulomb and_ energies &» and €g. In the third column, the 
Table IV. 
hig? tie? | iat lVeoreldiar®) | GralVEDIdi0*) | (ra’lValdrar) 

Pid nant RID cai | 0.502 | 21 Si0 
bi “1 | 1.716 0.486 | ~1.230 

ST 07 —0.326 0.032 —0.294 
0.488 —1.073 
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Table V. 


| (by| Va(proton)| gia’) 


(py| Vi(O?- J\gie* )coul. 


| (by1Vi(O2-)lora?exen. 


iii | | 
| —0.0317 | 
Pee | — 0.0338 | 
— 0.0252 | 


) 


0.573 
(0.583) 


0.404 
0.260 


0.368 | 
(0.201) 


0.340 
0.261 


-1.0 


-1.5 


lonic Model 
with overlap 
effect(cal- 
culated with 
Cr2* yadial 
function ) 


In Cryst. 
Field 


Free state 


Fig. 3. The location of energy ievels in three 
stages of calculation. 


values at the left are those calculated here 
and the values at the right are those obtained 
using Mulliken’s formula’; 


(dy| h| by) = Fy2- (dy | by) {(by| 2] dy) + (Py | 2] oy}, 
(4.5) 
in which we assume Fe=2.00, Fy=1.67 after 


Wolfsberg and Helmholtz. These values are 
given only for the purpose of comparison. 


§5. Discussion 


For the convenience of comparison, we in- 
dicate in Fig. 3 the location of relevant energy 
levels in three stages of calculation. 

The lines in the left column of this figure 
represent from up to down the orbital energies 
of 2p, 2po and 2s electron of free H,O cal- 
culated with the mode! described in § 2, and 
3d electron of free Cr** ion. 

Those in the middle column are the values of 


The values in brackets are those calculated with nodeless 2s function. 


the diagonal elements (¢y||¢,) and (dy | h| Py). 
The difference ‘of the former energies 
($v|2\ bv) —(be|h| ¢e) is exactly 10Dq calculated 
according to the naive crystalline field model, 
i.e., 10Q calculated by Kleiner plus the 
strength of the crystalline exchange field due 
to six ligands. As was already mentioned, in 
this stage the e level lies lower than the he 
level, which means that the sign of the crys- 
talline field strength is negative in contradic- 
tion to the observation. 

The right column shows the positions of 
the e and fy levels determined under the 
assumption of the purely ionic model taking 
the orbital overlap effect mentioned in § 2 and 
§3 into account. Here the e level is brought 
up higher than the fz level, while the position 
of the latter is not seriously altered from 
that in the middle column. This is just what 
we expected qualitatively in §2, namely the 
e orbital has higher energy because it has a 
larger exchange integral with the ligand orbital 
(exchange integral between non-orthogonal 
orbitals), or, in the language of molecular 
orbital theory, the e level is pushed upward 
from its original position, because the orbital 
has a larger resonance integral than /2 orbital 
with the ligand orbital. 

The value in question in the final stage is 
10Dq=5.9 ev, which is of correct sign as we 
saw, but is too large compared with the value 
2.15ey determined empirically. We _ shall 
therefore discuss the possible explanation 
of this disagreement in the following. 

In the first place, we used the radial func- 
tion of Cr?* for the 3d orbital in the evaluation 
of molecular integrals instead of using that 
of Cr’*+, only because Hartree’s solution for 
the latter is not available at present. If we 
had used the radial function of Cr** in the 
calculation, the overlap between 3d and ligand 
orbitals would have been smaller, because the 
3d electrons of Cr?* are more tightly bound 
to the chromium nucleus than those of Cr?* 


1956) 


and as the result the value of 10Dq would 
have been smaller than the value obtained 
here. We estimate this effect—the change in 
the final result caused by the use of Cr?+ wave 
function instead of Cr?* function-roughly in 
the following way. The change of the contri- 
bution from the difference of the terms 
Ny (¢y|h| by) (r=v, €) is shown to be small, 
because (¢y|ha|¢y) is already that of Cr?* and 
the effect of the change in (¢,| Vi] dy) 
is small as Kleiner has found out. The change 
of the contribution from the difference of the 
terms N,-106,?(dy|h| by) we may safely estimate 
to be of the order of 0.iev. So that they are 
of minor importance compared to the change 
of the contribution from the difference of 
resonance integral term. We _ tentatively 
estimate the values of the resonance integral 
(oy3*|h\|ya)assuming that they are reduced 
from those of (¢,*|h|xza) by a factor 
($y3* | xa)/(by2*|xa). This estimation is based 
upon the formula (4.5), where the change in 
the diagonal elements is ignored. Thus, using 
the values of overlap integral for Cr** listed 
in Table I we obtain 3.7 ev. for 10 Dg. 

In the second place, we have neglected many 
centre integrals besides those integrals cor- 
responding to the interaction of the electron 
in one ligand with the dipole field due to other 
ligands, which are two centre integrals. The 
error originating from the neglect of latter 
integrals estimated to be smaller than 1 ev. 
and if we included this effect the discrepancy 
of the calculated value of 10 Dq from the 
empirical one would become slightly larger. 
As to the error arising from the neglect of 
many centre integrals, we can not say anything 
definite at present. 

In the third place, we have neglected 4V 
in the expression (3.13). In fact this change 
of the field is the first thing to be considered 
when we undertake an S. C. F. calculation in 
the MO method, although we are not sure at 
present how our result will be altered if we 
include this effect in our calculation. 

Considering all these possible errors, it may 
be concluded that the calculated value of 10Dq 
which differs from the observed one by few 
electron volts is not very unsatisfactory, but 
further considerations on the change of the 
values of Slater integrals and the spin-orbit 
coupling constant 2 in complexes mentioned 
in §1 seem to show that the model on which 


On the Absorption Spectra of Complex Ions, IIT 


871 


Table VI. 
y | Goltlds)| rele) | rll | ey 


| | 
vy | —6.804.|°'=2.411 |—1.054 |-1033'| 20/515 
| | 
¢| -0.769| ~1.804 |~0.334 |-0.493 | -0.734 


our calculation is based is still an unsatisfac- 
tory one as is seen below. 

The empirically determined reduction of B- 
value (B=F,—5F,) is about 80% and that of 
2 60% for [Cr(H.O),]** complex ion. We will 
examine here if it is possible to explain this 
reduction with the model we adopted. 

It is easily seen from the previous papers 
(I, II) that the B value for Cr alum is given 
by 

34+7)B=KEC), r=C/B’=4, (6.1) 
where B’ means the B-value in the complex 
ion. When we denote the absolute value of 
the decrement of B by 4B: B’=B—AB, the 
ratio of the reduction is approximately given 
by the following, as far as we neglect the 
terms of higher powers of dy, dy"(m>2); 

1—4B/B= Ne-2(1—4062A/B) , 

A=(dbede|ria* | beds) , 

Baa? 0RLO20 cma) 
Numerical calculation shows that A= 0.515 
x 10-3 (Appendix II), which is too small to 
explain the observed reduction ratio, namely 
this value of A leads to the result 1—4B/B 
= 0.98. 

Nor can reduction of the spin orbit coupling 
constant 2 be explained, because, according to 
Owen”, 2 in complex is reduced from 4 
in free ions by a factor (N¢eNo)' i.e. the 
product of squares of normalization constants 
of two orbitals, which is, however, larger 
than unity in our case. 

The mixing ratio of $y, to ¢y determined 
assuming purely ionic model thus fails to ex- 
plain the change of B and 4 values in 
complexes. We now ask what it would be if 
we determine the mixing ratio by variation 
principle adopting the same molecular Hartree- 
Fock field Hamiltonian / (4.1) as was used 
here, namely if we made the simple MO cal- 
culation in which the change of field due to 
orbital deformation is neglected. (Although 
this procedure is meaningless in strict sense, 
because the field is that of ionic model, it may 
point the direction in which we should start.) 
The eigenvalues and the corresponding mixing 


(5.2) 
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ratio determined in this way are given below 
for each calculation with Cr?+ and the ex- 
trapolated Cr*+ radial 3d functions. In this 
calculation, all the values of the matrix ele- 
ments and the mixing ratio of 2s and 2po 
functions in ¢%» were set equal to the values 
employed in the former calculation. 


Table VII. gy=ahy+B¢y. 


Bln | & 


eal B/a | &y 
|-0.454 —0.501 —0.409|— 0.598 


| antibonding 
y orbit pO BE UN, 
bonding orbit 10.48 |-2.424| 177 | 22.381 


| antibonding 
¢ orbit 


| bonding orbit -9.324 —1.804/-11.37/—1.804 


|—0.025 ~0.734|-0.015|—0.746 


As shown above, this calculation also fails to 
explain the observed reduction of B and & 
because a becomes larger than unity for anti- 
bonding states. The revel separation between 
two antibonding states €)—E&¢ becomes slightly 
larger than the result of the former calcula- 
tions. These circumstances together with 
those in the calculation with the ionic model 
seem to indicate that the field in which the 
electron moves is not well approximated by 
formula Cr*+—6H.O. 

Another point to be considered is the model 
of water molecule. O?- model has several 
unfavourable features in order to obtain a 
good result with molecular treatments, namely 
the orbitals 2s, 2po, etc., are too diffuse (large 
overlap), therefore repel the electron in the d 
orbital too strong, and as the result make the 
e orbital energy too high. Moreover, the 
model gives the dipole moment of three times 
as large as that of a free water molecule, 
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although these were favourable for Kleiner’s 
calculation. 

We tried here to improve Kleiner’s result 
on the basis of ionic model taking the orbital 
overlap into consideration. But the result 
obtained is again negative exactly in the op- 
posite sense to Kleiner’s. 

A possible way out of this difficulty seems 
to be found in the use of a more diffuse 3d 
function and take the change of field into ac- 
count. The use of more diffuse d-orbital, 
although the effect of which we can express 
by means of a large hybridization between 
orbitals of metal and ligands to some extent, is 
not only supported by the reason that it would 
give the correct tendency to the value of B and 
2, but also by recent semi-empirical calculation 
by Kuroda and Itoh’) which assumed Pauling’s 
neutrality principle from the beginning. 
Their calculation was based on the model 
Cr-(H,O'/2+), and the d function used as an 
atomic orbital was that of neutral Cr. This 
calculation, although rather crude, could give 
a reasonable value of &)—&e.. Though we are 
not yet sure whether their and our results 
support the neutrality principle of Pauling, we 
may say that a more elaborate calculation 
with 3d function with variable orbital exponent 
and a variable mixing parameter is necessary 
and desired strongly in order to understand 
the electronic structure of the complex salts. 

In conclusion we should like to express our 
sincere thanks to Prof. M. Kotani for his en- 
couragement and valuable advices, and to 
Prof. K. Kambe of University of Electro-com- 
munication who kindly read and criticised the 
manuscript. We are also indebted to the 
members of Kotani Laboratory for their help- 
ful discussions and support during this work. 


Appendix If 
Coulomb and Exchange Integrals (¢,| 5. Vi|¢,) 


(a) (byld Vildy)cout. : 


(be|> V ilbv)=6Q4+Q, , 


Owing to the symmetry of >) V;, we have 
(Gel DVildgd= —4Q+Qo , 


(A.1) 


where Q is the field strength calculated by Kleiner and 


6 
Q= 5% (py| Vil dy) 


ae 43({"ar Pagr)| Ro +f" de PsaXr)/r )— 12 ie See PsaX(r) |(— R'cos 6’) +f" 


0 


+60(f "ar P3a2(r)/ Ro +f" dr Par) [7 )+{° dr Psqr)\(6 [4n)\doVo(r") 


Fo, R’ and 9’ are defined in Fig. 1, 


dr Psqr)/r ) 


—R’/cos ©” 


(A.2) 
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The first row on the right-hand side of (A2) is the contributions from the oxygen nuclei and the 
second row is those from the proton charges, while the third row represents those from the electrons 
of O?- under the assumption of complete screening plus the correction due to imperfect screening by 


L shell electrons, where 7’, w are respectively the distance from the oxygen nuclei and the solid angle 
around it, and 


—3V,(r’)=ae-*(t/3+6t/2+18t/+24), t=ar’, r=ak, a=3.85. (A.3) 


In accordance with the above, the last integral is written in terms of the variables t=ar and t’ after 


carrying out the integration with respect to the azimuthal angle and expressing the angle variable by 
Geteand.¢’. thus 


co b+¢7 
a7 [n)(" dt Psq2(t) ie di! o- "(3 4-6t!2-+ 181! +24), 
or if we add part of the first term in the third row to this, 
12( |"? drPsa? (vr) | Ro +{~ drPsq2(r)|r) + | ar; X(0)(6/4n)[doV (t") 
Jo Ro e Jo 24 e 
[--) t+r 
= (1/2) "dt Psa%O)/ ef at! Volt!) 
Volt!) =6—e-*/(¢/3 + 6t/2 + 18t/2 +24) . (A.4) 
The other integrals in (Al) are also rewritten in the variable ¢. 


The integration with respect to t was carried out by Simpson’s rule taking the interval At=0.8 and 
from t=0 up to t=28.8, where P3q(t) becomes sufficiently small, while that with respect to ¢’ was done 
taking At’=0.4. 

Thus 0.759 is obtained as the value of Qo, which was unnecessary in Kleiner’s calculation but is not 
in ours. 

(b) (y|>iVil@yexcn.: For the exchange terms we have 
(bv| VilGv)=3 dX (Uo| Vsle%o)exch (be| Vilbe)=2 > (€0| Valéo)exeh (A.5) 
00 £q70S0 
The integrals on the right-hand sides of the above equalities can be written as suitable linear combi- 
nations of the following exchange integrals hetween $3dm|r)=(P3a(7)/7) Yom(@, vy) and the oxygen atomic 
orbital at the position 3: 3(2lm\r’)=(Pni(r’)/7’) Yim(9', g’) (The coordinate axes a',y',2' at the point 3 
are chosen in the direction of x,y and —z so that 6’=x—6 and g/=(n/2)-¢.), 


{aes dr.p*(3dm|r:)b3*(2lm’ |rz')(1 /Ti2) 3m |r) 3dm|r2) (A.6) 


which we write simply (dmlm’||lm’ dm), or (dm, lm’). 
In order to calculate (A6) we expand the atomic orbitals 2po(l=1, m'=0), 2pn*(l=1, m’ = +1) 
and 2s(l=0) in spherical harmonics around the position of Cr nucleus in the following way 
bs(2p0|r')=XVn(0e)Fi2po|r)/r — ba(2pn*|7!)= DL Yizi Og) Fi2pr|r)/r 
$3(28|r') = > Yip(0y)Fi(2s|r)/7 (A.7) 
The functions F’s expressed in the variable ¢ defined in (A3) were calculated from the tables of Jy +1/2 
and Kj+1/2!5!®) and tabulated with the intterval of At=0.2 up to 14.4. 
(A7) carried into (A6) gives 


(dm, lm')= DldrdrsPsa(ri)Aal2m, Im! |11)Psa(72)Aa(2m, lm! |r2)(r<%/7>%*) , (A.8) 


where rT. > are respectively the smaller and the larger of 71, 72, and 
Aal2mps|r)= Fi(2pe|r)(2m|\C 6 |1o) 17) Aal2mpr*|r)= Fy (2pr|7)(2m| Cu | 1) ; 
Aa(2m s|r) = SF 1(28|r)(2m|Cyus™| Lo) : 
These were calculated easily from the tables of F’s and tabulated as far as a=6. 
The double integration were carried out first with the interval At=0.2 and then with At=0.4 by Simp- 


son’s rule. ; ; 
The convergence with respect to « is not always rapid, but those integrals which converge slowly 

seem to be very small so that they would not cause serious errors in the result, if we neglect terms 

with higher « The behavior of the terms in the series (A8) with increasing a is shown in Table Al. 


Sd 
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Table Al. 
u (do,pa) (dps) (dd,po) eda pe) (dep) (dd, PT) 
0 836.8 x 10-5 0 < 1025. 26520 
1 628 BAS) 1 19.2 137 8.0° 
Z 464 100.0 Tee 2 43.2 Bee 5.6 
& 192 54.4 8.0 3 54.4 9.6 2.4 
4 78.4 Dae Sie 4 48.0 ~- 1G 
5 30.4 8.0 5 34.4 
6 Ie BoP 6 21.6 
2183.2 960.8 i+ - 19 260i 222.4 451.1 16.0 
= (dn, prt) (dé, prt) - nA , (do, 8) (dx, 8) (dé, 8) | 
oo 1050 «sien 0 796.0 x 10-9 
1 1 533.6 46.4 
2 5.6 2 318.4 62.4 Wed, 
3 12.0 0.8 3 1512, 38.4 4.8 
4 12.0 0.8 4 61.6 Ue) IeG 
5 8.8 0.8 5 Zone Teva 0.8 
6 5.6 0.8 6 8.0 2.4 0.0 
ier ares 3:2 1892.2 174.4 14.4 
The calculated values of the integrals are given in Table A2. 
Table A2. 
da, 0)= 2.6 x10-4 (do, pa 1.6 x 10-4 
(dx, po)= 26.1 (dn, pn)= 45.1 
(do, po)=218.3 (do, pr-)= 22.2 
(dé, pr+)= 0.4x10-4 (dé,s)= 1.4x10-4 
(dt, pnt)= 4.3 (dx, s)= 17.5 
(da, ao ae DO (do, s)=189.2 
Collecting these pees we have ene 
>; (Uo| >i Vil eto exch =458.1 10-4 > (Eo| XViléo) exch =192.0x 10-4 
Uy %o £on020 
Appendix II 
Coulomb and Exchange Integrals (¢,| >) V:| ¢y) 
If many center integrals are neglected, we have 
(v| Vil Gv) =2us( v| Vils1) +2ug(Ho| Vilor), (be| Vil Ge) =2( he] Vil). A (A.10) 
(a) (py| Vi(O?~)| gia" )eout 2 : 
We take the co-ordinate axes a’, y’, 2/(7' g’) at the position 1 in the direction of zy, —-@ of Fig. 


2 and take the axes a, y,z(7, 4, ¢) Bey in oe direction of y,z,a of Fig. 2, so that @¢’=x—@ and g’ 
=n/2— 9. ‘ 


The integration with respect to g can be easily carried out and then expressing the angle variable by 
t, t and t’ as in App. I we obtain 


(bv| Vi(O2-)|s1)=(V 15% Mos/48a2 78)" at P3a(t)>. Asm(t)Fma(t)/t2 , 
($v Vi(O2-)| oy) =(V 5% Nys/32a2r3) [; dePsat SAgnO Fa) 25 


($3|ViCO*-)lyn)=(V 5x Nos/16a2r%) lg dtPsa(t) > Ammlt) Fem(t)/t? , i (A.M) 
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where 
Nos= V a°/96r D Fy(t)=(-"" : dt't!e-CH V(t!) ; 
C= 7 
Ag =(t?—0)?+2(c2-+8)2 2 Ago=(t?2—t) Ag , 
—Ag/6=02 +8, Ago=(t?— PP +2(c2 +02)? 6(e2— P)(r2-+02) , 
Agss=1, = Ags/3=2(t?7 +0) -(r2-12) , 
Age/3=1 , 
-Ap=(V+P)\(T-PP, 
Apn=As, ; 
Ans = Ag3/2 , 
Ag=1. 


The numerical integration was done in the same way as described in Appendix I. Although all the 
numerical tables used for the integration are limited in the parameter range from 0 to 28.8, they 
converge nicely in its range and the magnitude of the resulting error will be negligible. 

As stated in § 4, suprisingly large discrepancy arises whether we use the 2s wave function with or 
without node, because of the large contribution of the nuclear field near the oxygen nucleus, while the 
effect arising from the change of Vj due to the node is not so serious for the result. The 2s radial 
function with node is given by 


(2s with node)=1.016(2s without node)—7.701 exp(—7.77). (A12) 


As far as we adopt the same form of Vo calculated with the nodelass 2s function, ($v| Vi(O2-)|e-7-77) 
which now appears can be calculated, using (All) with suitable modification of the numerical factor, if 
we replace F’,,(¢) in the expression of (All) by £,-1'(t), which is defined as 


ee 
Fyi()=| "atime Ve). (A.13) 
(b) (bxl Va(O?-)| 910°) oxen : 


This matrix element can be written as 
(y| Vi(O?-)| gia exch = Du [drideady(1os°(2)A/ri2\o10°(L)era°(2) 5 (A.14) 
B=28,2p0,2p2 


The results of the integration with respect to the coordinate of the electron 2 are already given by 
Barnett and Coulson!) and therefore, using their results, (dy|Vi(O?-)|gia°%)exch are written in the form of 
(Py| Vexen |gia®) as follows; 


(by| VilS)exch =(hv| V1|81)/12 , (| Vilo1) exen = (Go| Vit|o)/12 , 
(be| Vilyr) exen =(be| Vitly1)/12 , (A.15) 
where Vy and Vj are functions of t’ and are given by 
V(t) =tja(t) +375) , jo(t) =40 — (40 +40¢ + 200? +668 +t4)e-" , 
Vin(t) =t95(t) +397(t) + 6ja(t) , Jot) = 144 — (144¢ +720? +2403 +614+t)e-* , 


ja(t)=24 — (24 +18 +612 +0%)e-* =18+ Volt), jolt) = — 244-407 +(24424¢ +812 +1)e-* 


With the same procedure taken in Appendix II (a), we get the following formulae for the numerical 


calculation; 

(Gol Vi(O%-)]61) oxen = (VIR Nae/192 ar3) [dt Pra(t)D AsmesOGnl(t) 

(Gol Va(O2-)|)exen = (V Se Nos/128.a2r4) [jr atPratt ee eT OGRTOn 

(e| Vi(G2-)lys)exen =(V 5m Nss/64 a2r") [de Pealt)DAcm+A\GmIt) (A.17) 
where 


etter 
Gnlt)=\ 

Although the effect of a node in the 2s wave function is not serious in this case, because the exchange 
integral does not include the nuclear field of the oxygen, we calculated (g»|Vi(O?-) | 28; w, node)exen 
exactly in the same way as described in Appendix II (a). The effect due to the change of Vy(t’) from 
that calculated with the nodeless 2s function was estimated to be negligible so that this was also ig- 


t+ 
dt't'™e-C//D V1’), Gn l(t) =| P 4 dt!t!™e— A! /2)V q(t!) . 
iarer, 
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nored. 


(c) Evaluation of (y| V¢proton)|¢y) - 
We expand Viproton) around the position of the metal nucleus, then 


Vicprotony =2 > (tee or RF /r*®*1} Py(cos 0) Ax , (A.18) 
k=0 


Arx=Px(—cos@Q), cos Q@=0.9587, R=5.04, 
where vr, are referred to the coordinates newly adopted in Appendix II (a), and R, @ are shown in 


Fig. 1. 
Using the expansion formulae of 2s, 2p0 and 2pzx orbitals around the same centre as described in Appen- 


dix I (b), we get 
(Po| Vicprot.)|81) = V 3S) AwCyy® {Fer (28)/r* +1 + Fez! (28)R*} , 


(| Viqrot.y|o1)= V3 DAxCk2 {Fur(2p0)/R**! + Frey'(2po)R¥} , 
(G¢| Vicprot.)]41) =2 D1 AnCur! {Prei(2p7)/R**1+ Fe,/(2p7)R*} , 
R 
Fu(e)={, adrPsa(r)Fi(a|r) , 


F'n(a)=\"pror)Fu(alr) » 


where Cx,” is C*(2mjlm) of Condon and Shortley. 
Each term in the sum is numerically calculated up to k=6, where the convergence of the sum seems 
good in all cases (Table A3). 


Table A3. 

k (Po| Vic prot.>|$1) ( Po| Vicprot.)|o1) (e| Vicprot.)|Y1) = 
0 570.4 x 10-4 501.4 10-* SOO ne xl Ome 

1 —316.1 — 213.3 —189.5 

2 170.7 65.1 81.9 

3 —83.5 — 12.1 — 30.1 

4 38.6 — 6.0 oS 

5 —16.2 (sth — 1.2 

6 5.8 —- 4.8 — 0.5 


369.7 338.0 292.3 


Appendix ITI 


Deviation from the Atomic B-Value, 4B. 
From (5.1), the magnitude of the deviation AB can be obtained using the equation 
INGAB =7B(Ne?— 1)+-4d¢(Eo¢z| | Coto) — 20¢2 {(Eo¢ x] | CzE0) + (Eo¢ x| \Gobx) +(E0¢o| |¢ x8 z)} 
+403 EoCz||Créz) — de(ExCz\|CzEx) , (A.20) 
where we have used the abbreviation 7 
n= ¢e=1/2(21—2,+03— 45) , Cr= $6 =1/2(x,—25+Y1— Ys) 


If dg is small, (5.2) is obtained only retaining the first two terms of (A20). Further, using the ligand 
orbital at the position 3, we obtain 


(EoC x] | €oFo) = (Coas||Eo¢0) +(7owsl|Eoxo) , (A.21) 
and 
(Cows| |80¢o)=t/2 (ddpr-||dx +d6)—(ddpr*||dx—ds)} , 
(%ov3||€0%0) = —2/2daprr||dx-dz) , (A.22) 
From (A.7), (dm’pr+*||dm''dm) reduces to 


eee ey cae PLAm!|\Cue)2m!\V" dr2Psa%(r)\ dir Psalts)A R2m2pr*|ri)rkir,k+1 | (A.23) 


1956) 


which vanishes unless 2/—m!’=m+1. 
By means of (A23) and the numerical tables of A’s, we obtain 


(Hots||0%0) =4.77 x 10-4 


10) 


(€ows] |Eo¢o) =0.439 x 10-# 
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Errata of Part I. 


iD, IP, (ate) Wet olS Ie 


1/V1 of (F,8F\ 6|F\F\Ev) should be read as 1/V 2. 


ii). P. 760 Table III. 


—12Dq—-6B+3B of the column de3@#)dy* of 27 should be read as —12Dq—6B 


b3C. 
iti) aOlmeables nit: 
4 at the top of the first line should be read as *F). 
ive) pu (62+@able ii: 
In the table of the energy matrix 1F), d&?F,)dy3, dett F.)dy2-EH) and desdy should 
be shifted so as to be above 5V3 B, 3B and V6 B respectively. 
Errata of Part II. 
Ns 125 (fl, Ie We, lbhes 


[Fe(H:O),]#* (though...”. 
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On the Hypersonic Viscous Flow Past Slender Bodies of Revolution 
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Institute of Science and Technology, University of Tokyo 
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A similar solution of the hypersonic viscous flow past slender bodies 
of revolution is deduced for a special case when the radial coordinate 
of the body surface at section 2 is proportional to 23/4, where the radial 
coordinote have the comparable order value with the thickness of the 
boundary layer. Here, ‘‘similar’’ is used in the direct meaning that 
distributions in the boundary layer keep the similar form lengthwise. 
Calculations are accomplished for the region of strong interaction bet- 
ween the boundary layer and the shock wave. From several calculations 
it may be expected that if the thickness of the body becomes small, the 
thickness of the layer in which the longitudinal velocity component w is 
rapidly decreased also becomes small, and in the major part of the 
boundary layer, only the normal component v is increased. Further if 
the thickness of the body is increased, then, the height of the shock 
wave, the pressure on the wall, and the shear stress at the wall are 
also increased while the boundary layer thickness is decreased. ‘The 
nose region is excluded by the reason that the ordinary boundary layer 


theory will be invalid there. 


Introduction 


§1. 


Recently, many studies have been made on 
thehypersonic flow over two dimensional 
slender bodies. From these studies and experi- 
ments, it has been suggested that, the flow will 
be affected so much by the retarding action 
caused by the boundary layer, that viscous 
effect cannot be neglected. The shock wave 
grown from or before the leading edge 
of the body will become close to the body 
surface and have a great influence on the 
flow patterns between itself and the body 
especially in the neighbourhood of the leading 
edge. Even-in the case of a flat plate, the 
flow direction near the plate is changed by the 
viscous effect and a shock wave is formed 
from or before the leading edge. It was sug- 
gested first by Tsien and further confirmed 
by Stewartson? that the flow field between 
the shock wave and the body can be divided 
into two regions as shown in Fig. 1. 


In the region (A) in contact with the plane 
of the flate plate, viscous effects are important, 
and the pressure change across it is so small 
that the boundary layer theory may be uSed 
to describe the flow. In this region the gas 
is extremely hot in comparison with the uni- 
form flow before the shock wave and has 
small density. Between the shock wave and 
(A) there is a region (B) in which the effect 


of viscosity is small or negligible but large 
entropy changes occur near the contact sur- 
face with (A). This layer is called ‘‘ inviscid 
layer’’. 

The flow in the region far behind the lead- 
ing edge where the shock wave has decayed 
and interaction between the shock wave and 


shock wave 


Fig. 1. Hypersonic Flow on the Flat Plate. 
the boundary layer is weak was studied by 
Lees and Probstein®. The region in which 
the interaction is strong was first attacked by 
Shen, Li and Nagamatsu?), assuming that the 
shock wave coincides with the outer edge of 
(A), and they found that there is a similar 
solution throughout (A). Stewartson” has dis- 
cussed also the problem more accurately con- 
sidering the existence of (B) to avoid the 
contradiction with physical phenomena and 
shown that there is a similar solution 
throughout (A) and (B) without inconsistency. 
Recently, corresponding problems for three- 
dimensional slender bodies have been considered 
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with many interests from the practical needs 
of the aeronautical engineering. It is easily 
shown by using Mangler’s') transformation 
that the boundary layer induced on the axi- 
symmetric body is equivalent to the boundary 
layer on a flat plate provided only that the 
thickness of the layer is small compared with 
the radius of the body. But there is a real 
possibility that such is not the case. 

For such regions in the incompressible flow, 
Seban and Bond®, Kelly®, Stewartson”, and 
Glauert and Lighthill®, have calculated the 
boundary layer over slender circular cylinder, 
and Wuest”) has given asymptotic solutions 
over cylindrical bodies with uniform suction 
for several cases of the body form. 

For the flow of the compressible fluid, there 
are only few studies, especially for the case 
where the thickness of the body is comparable 
with that of the boundary layer. It is easy 
to consider, as one of calculating method for 
such cases, the perturbation technique starting 
from the solution by Mangler’s transformation, 
which however, perhaps may be restricted 
within the range of order one of the ratio of 
boundary layer to body thickness. 

The purpose of this paper is to give a con- 
tribution to the investigation of the effect of 
slenderness of the body with axial symmetry 
on the flow pattern at hypersonic flights, es- 
pecially for the region of strong interaction 
between the boundary layer and the shock 
wave assumed to be attached to the nose of 
the body. Then investigation given in the 
present paper is an extension of Stewartson’s 
idea to the axi-symmetric flow. 


§2. Equations of Motion and Solutions 
2-1. 
Let us consider a slender body of revolution 

occupying the positive half of the x-axis, the 

fluid flowing along it with uniform velocity 

u. at infinity, and a shock wave assumed to 

be attached to the nose of the body, and the 

boundary layer assumed to have comparable 
thickness with that of the body, as shown 
in Fig.2. Then, using cylindrical coordinates 

(x,7) where 7 represents the radial distance 

from x-axis, consider the following equations 

of motion between the shock wave and the 
body. 


General Equations of Motion 


O(ou) , 1 Apvr)_y 


3 1 
Ox te 0K ey 
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B 
r shock wave Bee 


Fig. 2. Hypersonic Flow on the Slender Bodies 
of Revolution. 


Ou OP nO) a Ou 
OM, Oy Ox ¥ Or (ur a 
(2) 
OU, JOU, OD 
ee ee On oe 
x Or Ox Or 
_ 1 0 {, OCpT) Ou\ 
er ae Or be Aloe) (4) 
P deol (5) 
De Poo es ‘ 
where P., 0, and T., represent quantities at 
infinity. Following the model previously 


stated, two regions (A) and (B) are considered. 
Then, Eq. (1) is valid everywhere, Eq. (2) is 
valid in the boundary layer (A) and in the in- 
viscid layer (B), Eq. (3) is valid in the inviscid 
layer, and effects of momentum change of 7- 
component on p must be negligible in the 
boundary layer, Eq. (4) is valid in both regions 
and Eq. (5) is valid everywhere. There are 
many terms neglected in these equations, but 
it may be shown that in both regime their 
effects are negligible if 7<z, where 


(6) 


expresses the equation of the position of the 
shock wave. Throughout the present paper, 
suffix oo, s, and w represent quantities at in- 
finity, just behind the shock wave, and on the 
wall, respectively, and assumptions are made 
that, 


Vs=15(2) 


Ce=const., _2-=1 ps mehanad: (7) 
Les Ts, 
Where C_ represents Chapman-Rubesin’s 


coefficient™. 

If it is assumed that, just behind the shock 
wave Rankine-Hugoniot’s conditions are satis- 
fied, then next relations can be obtained as 
the boundary conditions along the shock wave. 
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Us—Ue=U-O(drs/dz)? 

a 2Ueo aa me Oheen el 4 | 
SG lL) de M..2(drs/dx)? 
pe 2r Ae x 
pe GEL eda r+l1 

Os (rtI)M.%(drs/dz)? _ 
Oo (¥—1)M.(drs/dc)? +2 
under the condition 
dr;[/dzx <1 
While on the body surface, velocity must 


vanish and the surface is assumed to be 
thermally insulated; 


(8) 


OT 
Oy 
at 7=7~, x >0, where y represents the nor- 
mal distance from the surface. Then the 
equations (1) to (5) have a simple integral 


P20 5 DEW . 0 (9) 


L = (a) 2572 2 
rT. ot a 2q.2 le — iO) (10) 
Where ‘“‘a’’ represents the velocity of 


sound. 
Further if a stream function ~ is defined by 


ide our (11) 
Or 
Des ae —pvr 2) 


Eqs. (1)~(4) are transformed into the form 
with independent variables x and ¥. 


OI 
Oz lw OW (18) 
Bi OS Gas. yy OD cou 0 eee 
OE Gide. S00ky eo ee 
(14) 
OE ON OT 
Op ( u a Oa: (f=) >) 
HCrT) _ Op 
OS aes 
eee, eee DN fi n( pur Ou ) 
(16) 


It is noted that ¢ is a continuous function 
of z and 7, and equals to Ux¥?/2 in the undis- 
turbed fluid, which is easily known from Eq. 
(11). 

In terms of the new coordinates (x, ~). 


OT 
=(0 ) =() , eee ee 
Uu v A 0 (17) 
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at ¢=0 for all x, and just behind the shock 
wave, Eq. (8) must be satisfied. 
2-2. 
In the present paper, attention is paid for 
the nature of the flow only when M.=u.'do 
is large, and it is assumed that the shock 
wave is thin and the conditions on it are given 
by Eqs. (8). These relations are now used as 
the boundary conditions to specify the flow in 
the inviscid layer. 
The fundamental equations are given by 
putting “=0 in Eqs. (13)-(16), where x should 


Inviscid Layer 


be considered as a dependent variable. From 
the last two of these it follows that 
rE Ode | (18) 
Pes Bes 


where S is related in a simple way to the 
entropy, and may be determined from the 
conditions at the shock wave, just behind 
which $=u..7..7/2 since # is continuous though 
the shock wave exists. From the definition of 
, it is easily known 


o=(3 
Uu iv Ox i é 


therefore Eqs. (13) and (15) become, respective- 
ly, 


(19) 


(20) 


Just behind the shock wave, it is known 
that u-u. may be neglected in comparison 
with w.. as seen from the first of Eqs. (8), and 
in Eqs. (20) « may be replaced by uw. After 
introducing Eq. (18) and u= ue. into Eq. (20), 
next relations are obtained: 


with the boundary conditions 
t=, p=py at a tele 
If a new variable 7 defined by 
ul Bebe 
eo s?(ax) sea 
is introduced instead of ?, then 7=1 at the 


shock wave and »=0 when ¢=0. Further 
R(y, x) and P(y, x) are introduced by 


1956). 


Ta rsa) RM, 2) 


pb Dries Gta Ne 
be (+0) eas, Py, #) 

In terms of R and P, it is easily known 
that Eq. (21) have similar solutions when 7s 
~a”" or ~e* in the meaning that the distri- 
butions are derivable from ordinary differen- 
tial equations. 

Next, the appropriate form of R may be 
determined by the matching procedure, which 
will be presented in 2-3, from which the 
equation of the shock wave is assumed to be 


7s= 07/1 tag/?+---) Cay 
Above expression corresponds only to the 


case when 1,,~2°/4(1+ Bal/2+---) as shown in 
2-3. 


Then, using Eqs. (8), S can be expressed in 
terms of ~ by 


(24) 


som gee (st) 


Canes ae 


(26) 
or in terms of 7 and z, 
os -1/3Yf] +O(z1/2)} 
ada? a) +1)" { oe) 


(27) 
Expanding R and P in power series of 2'/?, 
i.e. 
R71, 2)= Ron) +O") 
P(n, 2)= Po() + Ox") (28) 
and introducing into (24) and (21), we obtain 
the equations to determine Ry and Py as follows, 


3 dPo dRo pon yo 2 
Re ey 
Gy dn. vutaGl dy? 4 
(Dayna oR, (29) 
(r-+1) 0 0 0 ay 


with Ro= Po=1 at v=1, etc.. 
These equations can be integrated numerl- 
-cally for given value of 7. Results when 7=1.4 

are, at 7=0 
Ror= 0.8688, Pon=0.8387 (30) 


etc., where suffix & represent quantities at 7 
—0. As functions of 7 singularities in Rand 
P only occur at 7=0 from Egs. (29) and so if 
the equations for R and P are valid anywhere 
in 0<7<1, they are valid in the whole inter- 
val. Hence by assuming that the flow is 
inviscid just behind the shock wave, it can be 
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deduced that it must be inviscid everywhere 
except in the immediate neighbourhood of 
~=0, so that viscous terms can only be im- 
portant there. It is clear that there must be 
a viscous layer because the inviscid solution 
does not satisfy the boundary conditions at 
#=0, and further since ¢ is a measure of the 
mass of fluid, almost all the fluids behind the 
shock wave are confined in the inviscid layer. 

From Eqs. (29) it can be seen that near 
7=0,0P/07y is bounded while 


OR 


Sas ~y7 1s 


On 


therefore as 7-0 


7) a 2rM..?ur e pb \e oP 
LD \es i os EES fet Eke ee 
because S~d7!/3 when 7~0. 
Thus the pressure gradient tends to zero 
as the boundary layer is approached from 


above. Further near 7=0 
P _ blP=o( 2)" ~0(') Orin) 
bie ATs ae 


when z is small, therefore 7 must be increased 
rapidly near the end of the inviscid layer, and 
o and wu must be decreased rapidly, all of 
of which we must have for the boundary 
layer theory. 


2-3. Boundary Layer 


As shown in the previous section, the varia- 
tion of p across the boundary layer in the 
immediate neighbourhood of ¢=0 is so small 
that in it p may be assumed to bea function 
of x only. Therefore the relevant equations 
of motion in this layer are Eqs. (1) and (2) 
with boundary conditions u=0 at 7=7,(x) or 
at ~=0, and w=wz outside the boundary layer 
y=rp_ OF U—us as do because ¢ is still 
small in comparison with % when w is not 
sensibly different from w., where > denotes 
the value of ~ at matching point between 
inviscid and boundary layer, and suffix B 
denotes quantities outside the boundary layer. 
It is noted that this boundary condition may 
be replaced by u-u. aS 17a where 7p cor- 
responds to 7 at 7=0 in the inviscid layer 
solution. The discussion of the adoptability 
of such condition is as follows. 


* The power m of x” in the series expansion 
when the leading term is x?/* is found to be 1/2 
similarly as in the two dimensional case. 
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First, 7=0 corresponds to a stream line in 
the inviscid layer solution, which is seen from 
Eq. (19) easily, and 


Vv Vv u oF u 
/B= Un =0= Uoo| =s Pacis 
Ox n=0 © dx 


While v component of the velocity at the 
edge of the boundary layer in the boundary 
layer solution becomes, from Eq. (15) with the 
aid of Eq. (10) 


(31) 


v =up\ Pe hh = seks M..7u 


Ox 0 OUY 7 
0 be (FL He) ag 
ae i : (* yw) fr 62) 


because in the boundary layer 


1l< Cony ays , 
Za 
To find the value of v at the edge of the 
boundary layer, the upper limit may be 
replaced by co in Eq. (32), since when w is 
large on the scale of the boundary layer 
u—Uu.. 1S exponentially small. Therefore 


ve TM? Ues 2 


ips: | ibs raf mak 
x| De Mie TN Uo ee 
since u=u,, there. Further from Eq. (11) the 
boundary layer is definite and 


iit) » Doo onal Uo 
D M.. p \ a u 


Comparing (34) with Eq. (33), next relation 
is obtained. 


(33) 


u 
ai i ae. (34) 


(35) 


According to Eq. (35) the outer edge of the 
boundary layer is also a stream line of the 
inviscid layer, and therefore the assumption 
previously described may be acceptable, and 
further it is clear that the mass of fluid in 
the boundary layer is negligible in comparison 
with that in the inviscid layer. 

Now, in the present paper K4arman- 
Pohlhausen’s approximation will be accepted 
to discuss the boundary layer. Thus, condi- 
tions used are 


yee ) =0 at r=ro(x) (36) 


and complementary conditions 
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Tie (Gal soni 
: Or Or 


at V=%wt0 
Where 7,,+6 correspond to 7s approximated 
in the Karman-Pohlhausen sence, and wz is 
the velocity outside the boundary layer to be 
replaced by v.. finally. Then, integrating Eqs. 
(1) and (2) over the boundary layer and com- 
bining these results, the momental integral 
relation is obtained. Further for computational 
purposes, if 7’ is used instead of 7, 
Y =1—7(2) (37) 
then, the relation is reduced to 
ets) a al 
Mest rng  (7—-1)M,? dz 


{oe atten Por 4-5) 


GP +18) (2) (38) 
TMEV BoD 
after terms smaller order than 1/M.2 is 


neglected. 
Above relation, for the case of 7,=const. 
and 0/70 have been used by Shen, Li and 
Nagamatsu® for their hypersonic viscous flow 
problems on the two dimensional flat plate. 


Now, next parameters are used -in the 
boundary layer, 
ujus=f(E) _ E=r'/6 (39) 
and 4 is introduced by 
f'(O)=—A. (40) 


Then, the velocity profile approximated by 
a polynomial series can be obtained. It is 
well known in the case of incompressible fluid 
past flat plate, the quartic function give 
plausible results and higher power do not 
improve in accuracy any more. But this 
may be inconclusive in the present problem. 
According to several numerical results, if the 
thickess of the body is decreased compared 
with that of the boundary layer, that is when 


Nw 
€=3 : (41) 
become small, then it may happen that the 
velocity profiles become unreasonable physi- 
cally for smaller value of €, and the higher 
power may give the velocity profile plausible 
for small €. In the present paper the sextic 
polynomial is used from the result of com- 
parison with that of the quartic as shown 


1956) 


later. 


Then, Eq. (2) at the wall becomes, with the 
aid of the boundary condition (07/07),,=0, 


dps Ltw Uo A 
dz ty 51 8(3+ 5 re 


1 HA O?(dp ld: :) 
141 (a4 4) aPabal 
ihe A 10 Li 


4 Further when F(A) and F\(A) are introduced 
Mf 


or, 


(42) 


ete ae 

ch Neer 

ieee ote 

(4) laa ae ue 


Eq. (38) and (42) become, respectively, 


—A+—(3+ ne pt Sie = 
é Tt. eae Teen a ae 
(44) 
(r-1)Czu.M..” A 
20 cates (3479) 
A ED te a oe 
Tm ae ols Pi+61—P)t | 
ore C2 f Pads oli 
DRG ene & 4) 


Now, the confirmation that the form of the 
shock wave assumed in Eq. (25) is consistent, 
will be done here,. If 7s;~x” when a is small, 
then since R, and Py are functions of 7 only, 
at the inner edge of the inviscid layer, 
paw~e@ and ra~x” from Eqs. (24) and (28). 
While in the boundary layer, three cases 
according to the order of € are considered. 


Case 1. €=const. 
3 In this. case, from Eqs. (44) and (45), if 
pew, then 


3~1/V dpalde~atl-” 


to allow the existence of the similar solution 
sn both the inviscid layer and the boundary 
layer, or more directly to keep A as a con- 
stant as have been obtained by Li-Nagamatsu 
in the flat plate case by a similar method. 
Therefore for consistency of 71 and %2=Y%at 0, 
n=(3/2)—n, whence n=3/4, so that d~#*/* and 
Y»~23/*, The existence of such n was first 
demostrated by Li and Nagamatsu in the 
boundary layer solution on the flat plate. 


Case 2. &~2", k>0 
In this case, as ya=0(1+6)~6 and then 
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d8~1/V (dpz/dz) “Egy 3/2)-n- k/2) 


and n=(3/2)—n—(k/2) whence n=(3—k)/4, so 
that d~a@-/! and %,~aG*8*)/*, The character- 
istic properties of these cases are that near 
the leading edge of the body, the inverse flow 
is caused, which can be estimated from the 
deduced condition, 

Lee 

= —_ 

1 =e oy 

If k=1/3 is chosen as a special case, 0~27/?, 
rs~al® and rw~x which corresponds to the 
flow around a pointed body of revolution. 

Case 3. E~x™", q>0 

In this case, as ra=0(1+&)~60 and then 

O~1/V dps[dx~x®/-” 
and (3/2) -n—q=n whence n=(3—2q)/4, so that 
Br eOPO/4, yy ~e@-20/4 and rs~wxG29/4, The 
value of g must be smaller than 3/2, from 
physical consideration. 

In the present paper “Case 1.” only is 
chosen as the most typical case because they 
afford the similar solution, and _ several 
numerical calculations are presented. Discus- 
sions for real possibility of “Case 2, anidiions 
are not presented in this paper. 


2-4. Matching Procedure 


Now, it may be effected a match between the 
inviscid solution at @=0 with the boundary 
layer solution at ¢=co or in the approximate 
meaning at 7=7%.+6. Discussions for such 
boundary conditions may be referred to 
Stewartson’s paper. 

It was shown in 2-2 that if the equation of 
the shock wave is given by Eq. (25), then at 
the inner edge of inviscid layer (b=0), PalPo 
and re are represented by Eqs. (24), (28), and 
(30). 

On the other hand, at the outer edge of the 
boundary layer 72=fw+6, ps/Po and Oo must 
be satisfied by Eqs. (44) and (45), therefore 
solutions to match at the boundary between 
both layers can be obtained by making these 
values represented by the same expres 
sions, say, Pa/Po=ps/po and ra=%wt 0. 

If the leading terms of series expansion only 
are written down for simplicity, introducing 
the inviscid layer solutions at the inner edge 
y=0 into Eqs. (44) and (45), equations to 
determine » and A can be obtained. These 
are, 
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Fig. 3. Coordinates of the Body Surface. 
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From Eqs. (46), with the aid of Eqs. (43), 
A and # can be obtained for given 7 and & 
numerically. Once when 4 and »# are deter- 
mined, where » is of the form 


2 1/4 
cael at =0.N4s (47) 
OCoUce 
0, pz/p.. etc. become, respectively 
yp fod 1/49,3/4 1 C(9,5/4 =f JN1/27:3/4ele sore 
) (ee x/4 + O(a°/4) == bert 
Fw +0=R ON 423/44 O(e5/4)=RpNM4q3/4 4 see 
71's =0.N*/4233/4 4+. O(a5/4)== Re N1/43:3/4 + ir (48) 
i 97 P,6?M..” ee 
1p Doo = —_° > N1/243-1/2 4. O(] 
Pwld 87-41) pet Od) 
=P,,M,2N'2_-1/24.... 
en ; 
iN, 314 + O(a'/*)==R,, N1/4q3/44...» 
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Fig. 5. Comparison of Velocity Profiles. 


Tw ADA +6) {34 (A/10)} 75 /4,,-3/4 
Poo ttoo” 2RA 
+ O(a-1/4)=S,,.N3/4a-3/44 ..- 
where t,, represents the shear stress on the 
wall. 
It is convenient to express above quantities 


as the functions of the body profile represented 
by 


(49) 


where L shows the reference length, and wl 
is the radius of the body surface at section 
*=L as shown in Fig. 3. The relation be- 
tween € and w is given by 


COE) WOU) Pathaly VE tee 
cea weGa ome ~ Ro(0) 

Fig. 4 shows values of z, 4, and @ for given 
values of € when y=1.4. If the value of z 
is given numerically, then the corresponding 
value of € is also known from this figure, 
and therefore coefficints of 6, 7; and bu/ Ppa 
can be calculated as functions of z. 

It is required to determine the region of 
validity of Eqs. (1)~(5) and of the division of 
flow field into a boundary layer and an in- 
viscid layer, which may be referred to 
Stewartson’s paper, who found that the region 
is restricted by the condition (7s/2)?<1. 
Further, the flow field may be divided into 
inviscid and viscous fields if, in terms of ¢, 
the thickness of the viscous layer is much 
thinner than that of the inviscid field. The 


(50) 


1956) 


condition for this is also the same. Therefore 
the results of the present paper are to be 
taken under the conditions 


Ma? Cie WSC 
a ae ae 
z 
ae <1 (51) 


The lower bound is also the lower bound 
for the validity of the assumption of a con- 
tinum. In addition, the error caused by the 
Karman-Pohlhausen approximation should be 
estimated, which is not presented in this 
paper beyond to point out that when z become 
small, higher power polynomial may give 
more plausible curve than lower one as shown 
inerig: 5, 


$3. Numerical Results and Discussions 


As described in the last of the preceding 
section, numerical errors are not estimated, 
however, comparisons of results obtained 
from several different power polynomials in 
the case of a flat plate show that the higher 
power polynomials give the more over- 
estimated values in comparison with Stewart- 
son’s results, which are considered to have 
small errors only. 

From these properties of the polynomial 
approximations, it may be estimated that when 
the Mach number of the main stream is in- 
creased, the lower power are better, while if 
the slenderness of the body increased, the 
higher power may be required, that is, the 
velocity profiles in the boundary layer are 
functions of the Mach number and_ the 
slenderness of the body. All of which should 
be evaluated by comparisons with the exact 
solutions. 

Results of numerical calculations based on 
the sextic approximation for the velocity pro- 
file, are shown in Figs. 4, 6, and 7. 

Fig. 4 shows relations between values of A, 
6, or z and € in log-log scale. If tendencies 
of these curves only are concerned without 
discussing the range of validity of these 
values, it is noted that 


lim 4=0.441 


aes 
and further it is expected that the value of A 
may be increased as € becomes small, which 
means that the velocity profile in the boundary 
layer may become almost uniform except only 
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Fig. 6. Effects of Slenderness Parameter z. 


the vicinity of the body surface. Such pro- 
perty for axisymmetrical flows is well known 
in cases of the incompressible fluid. Further 


: 64 

lint = 

aaa) (Loeeye 

or 0~&1/2 as E>~, so that 

Ro(O)E- HE) Pw el2 
(1+6€) 


therefore curves of @ and z tend to become 
parallel for large values of €, and, it is ex- 
pected that the value of @ may tend to be 
diminished as €—0. But such _ tendencies 
should not be continued to 6-0 as expected 
from the physical considerations, because if @ 
tend to zero, also the contour of the shock 
wave become closer and closer to the body 
surface, while the shock wave cannot become 
close to the body surface beyond the Mach 
wave determined by M.. 

In Fig. 6 coefficients defined in Eq. (48) are 
plotted as functions of z, the slenderness 
parameter. From the figure it is known that, 
if the thickness of the body become large, the 
value of z also become large, therefore 
pressure coefficient Rw, shock coefficient Rs, 
shear stress coefficient S,, also become large, 
while the boundary layer thickness coefficient 
4 become small. On the contrary, if the 
thickness of the body become small, then 
P, and Rs become small, and further 4 will 
also become small as proportional to Rs though 
not shown explicitly in the figure, while the 
shear stress will tend to be increased. It is 
remarkable that S» and 4 have extremum 
values. For comparisons with flat plate case, 
values of coefficient of shock, pressure on the 
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Fig. 7. Velocity Profiles in the Boundary Layer. 
wall, and boundary layer thickness in the 
case of the flow over a flat plate are also 
shown. 

Fig. 7 show velocity profiles in the boundary 
layer, from which it may be expected that if 
the thickness parameter z of the body 
decreased, then the thickness of the layer in 
which uw is rapidly changed, also decreased, 
and therefore this region may become to be 
confined in the vicinity of the body, and in 
the major part of the boundary layer, only v 
is increased. 

All of those results are restricted by the 
fact that only the first term of expansion in 
power series are considered, therefore these 
results can not be taken as the complete 
description of the flow. 


$4. Conclusion 


A similar solution of the hypersonic viscous 
flow past slender bodies of revolution is 
deduced for a special case when Tu~x3!* 
where 7, represents the radial coordinate of 
the body surface. The calculation was 
accomplished for the region of strong interac- 
tion between the boundary layer on the body 
surface, and the shock wave caused by the 
retarding action of the boundary layer. The 
nose region is excluded because the region of 


validity in the present paper does not contain 
this region. 
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Only similar solutions when 7w~2*/* are 
chosen to calculate numerically by the reason 
that these solutions have the most typical 
characteristics of the problem. | 

Several numerical examples are represented 
in Figs. 4, 6 and 7 from which it may be 
expected that if the thickness of the body 
become small, then the hight of the shock 
wave, pressure on the wall, and the thickness 
of the boundary layer are also diminished 
while the shear stress is increased, and 
further, the layer in which velocity u is 
rapidly changed, become to be thin in com- 
parison with the thickness of the boundary 
layer, and in the major part of the boundary 
layer, v component only is changed. While 
if the thickness of the body increased, the 
hight of the shock wave, the pressure on the 
wall, the shear stress on the wall are also 
increased while the thickness of the boundary 
layer are diminished. 

The author would like to acknowledge his 
gratitude for the cordial guidance and discus- 
sions on the work described in this paper 
given by Prof. Uchida. 
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Measurements of velocity and attenuation of ultrasonic waves are 
carried out for polystyrene, polymethyl methacrylate, phenol resin, 
polyethylene, nylon 6 and other commercial resins in the temperature 
from -60°C to 90°C and at frequencies of 100 kc, 1.46 Mc, 4.38 Mc and 
7.30 Mc. A correlation between sound velocity in the megacycle range 
and density is pointed out for glassy polymers. In the case of linear 
polymers, the temperature coefficient of ultrasonic velocity, @, exhibits 
a relatively abrupt change in the glass trasition region at the temper- 
ature 7,, which is independent of frequency of sound agrees with the 
transition point associated with thermal expansion. The ratio of @ to 
volume expansion coefficient « is found to be constant below and above 
Tm for each polymer. These facts indicate that the change in B at Tp, 
should be ascribed to the temperature dependence of intermolecular 


free volume. 


For some polymers a change in 8 and a peak of loss 


factor are observed at lower temperatures. 


$1. Introduction 

As well known, linear amorphous polymers 
such as polystyrene show a transition from 
a rubbery state to a glassy state in a relatively 
narrow temperature range. The transition is 
attributed to a freezing-in of the segmental 
motion of the long chain polymers. If measu- 
rements of specific volume as a function of 
temperature are made through the transition 
region, the curves generally show an abrupt 
change in slope at the temperature, which is 
usually called the ‘‘apparent second order 
transition point’’. This transition occurs also 
for partly crystalline polymers. such as nylon. 

Recently, some authors have reported'-” 
that the temperature dependence of velocity 
of ultrasonic waves exhibits a relatively abrupt 
change of slope in this transition region. But 
a full explanation of the mechanism of this 
phenomenon is not yet available. 

In the present paper, the temperature de- 
pendence of ultrasonic velocity and attenuation 
has been measured for polystyrene, polymethyl 
methacrylate, nylon 6, polyethylene, and phe- 
nol resin, the first three of which exhibit the 
second order transition within the temperature 
range studied. The measurements have been 
also carried out for other commercial plastics, 
such as polyvinyl chloride, celluloid and 


ebonite. 


§2. Experimental Procedures 


The pulse technique was employed for me- 
asurements in the megacycle range. A sche- 
matic diagram of the apparatus is shown in 
Fig. 1. A pulsed compressional wave is ge- 
nerated and received in a liquid tank by a 
pair of crystal transducers, X-cut quartz plates 
2 mm in thickness and being used in fundamen- 
tal frequency and in third and fifth harmonics. 
A total reflection angle, 9, of longitudinal 
sound wave at a liquid-polymer interface is 
observed by rotating a sample plate of 4.5mm 
thickness inserted in the path of the beam. 
The velocity in the sample, #, can be given 
by® 


u=u,cosec O , (2.1) 


where wm, is the velocity in the liquid. The 
above formula is based on the assumption 
that the thickness of the plate is at least 
several times larger than the wave length of 
sound. This assumption is satisfied in the 
present experiment. The attenuation in a 
sample can be calculated by observing the 
amplitude change of the received pulse when 
the sample is inserted in the sound field per- 
pendicularly to the beam. 

Water is used as a transmitting liquid. In 
case of nylon, however, liquid paraffin is used 
instead of water to avoid the swelling. Though 
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some of the other polymers, polymethyl me- 
thacrylate for example, absorb water to some 
extent, no appreciable change is observed in 
sound velocity when a sample has been im- 
mersed in water for a month. Measurements 
are made in the temperature range from 0°C 
to 90°C. Cautions have to be paid to the 
rate of temperature variation which should be 
as slow as less than 0.2°C/min to obtain a 
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Fig. 2. Block diagram of the composite oscillator system 


reproducible result. 


For measurements at 100kc/s, the above- 
mentioned pulse method is not available and 
the composite oscillator method” was employed 
to study sound velocity and loss factor of 
polymers. A composite cylinder, made by 
cementing the specimen of 3mm square cross 
section to an X-cut quartz rod of identical 
cross section, is set into longitudinal vibration, 
the nodal point of the quartz rod being sup- 
ported. The length of the specimen should 
be adjusted by trial so that the resonant fre- 
quencies of the quartz and the specimen lie 
within ten percent. 

The composite bar with its holder is placed 
in a test tube of 25mm diameter which is 
immersed in a Dewar’s vessel containing water 
(0-90°C) or alcoholl-dry ice mixture (0- —60°C). 
Measurements of frequency and temperature 
are made after a steady state has been reached 
at each temperature. 

It should be noted here that the velocity in 
the infinite medium is obtained by the pulse 
method and, on the other hand, the so-called 
“bar velocity’ is given by the composite 
oscillator method. Sound velocity is related 
to Young’s modulus £ as 

ya =/=. E Gaon 


eV =26) Cee 


and 


(2.3) 


tne= y/ B 
0 


respectively, where o=density and o=Pois- 
son’s ratio. It is impossible to reduce one to 
the other unless o is known. In the present 
study, however, the reduction is not necessary 
because only the slope of velocity vs. tem- 
perature curves comes into question. 

The attenuation of sound waves, 4 in db/cm, 
is related to the loss factor tan 0, as 

Yj Set tae 
A 
where 2 is wave length in cm. 

The linear thermal expansion of polymers 
is measured by the optical lever method, a 
specimen being immersed in water or liquid 
paraffin tank. Specimens cut from the same 
piece of materials have been used throughout 
the present study. 


(2.4) 


§3. Experimental Results 


Figs. 3-5 show the data given by the pulse 
technique. A change in slope of velocity vs. 
temperature curve is observed at the glass 
transition temperature for polystyrene, poly- 
methyl methacrylate, nylon 6, polyvinyl chlo- 
ride, celluloid and ebonite. The attenuation 
of these polymers is found to begin to in- 
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crease rapidly at this temperature, with the 
exception of nylon 6. As can be seen in the 
case of polystyrene and polymethyl methacry- 
late (Fig. 3) the slope of the curves does not 
vary so much with frequency, though a slight 
increase with frequency is found in sound 
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velocity. Polymethyl methacrylate shows ano- 
ther discontinuity of slope at 10°C (Fig. 3) 
which is also observed in the thermal expan- 
sion curve and in Fig. 6. 

Figs. 6 and 7 show the data given by the 
composite oscillator method. Except polysty- 
rene and polymethyl methacrylate, the damp- 
ing of the specimen becomes so great that 
measurements can no longer be carried out 
up to the glass transition temperature with 
this method. But on the other hand, measure- 
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temperature. 1 Polyisobutylene, 2 Polyethylene, 
3 Polyisobutyl methacrylate, 4 Polystyrene, 5 
Nylon 6, 6 Nylon 6-10, 7 Nylon 6-6, 8 Poly- 
vinyl acetate, 9 Polymethyl methacrylate, 10 
Polyvinyl formal, 11 Phenol resin, 12 Melmac 
resin, 13 Polyvinyl chloride, 14 Polyvinylidene 
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ments below 0°C become possible and a dis- 
continuity in slope of velocity curves is 
observable at lower temperatures, 


As is seen in Fig. 7, the loss factor curves 
for polystyrene, polyethylene and nylon 6 


Y. WADA and K. YAMAMOTO 


¢ 


(Vol. 11, 


indicate the possible existence of peaks above 
and below the temperature range studied. 
Polymethyl methacrylate and phenol resin 
have a marked peak of loss factor at 0°C and 
30°C respectively, which is found to be ex- 
tremely sensitive to the amount of absorbed 
water. Only the results for the specimen in 
equilibrium with room humidity (ca. 60% R. 
H.) are presented here. A more detailed study 
along these lines is now in progress and will 
be presented in another paper. 


Relation Between Ultrasonic Velocity 
and Density of Glassy Polymers 


§ 4. 


It is a well known fact for a group of 
organic liquids with similar molecular weight 
that a liquid of larger density has in general 
larger ultrasonic velocity too, with the ex- 
ception of halogenated hydrocarbons. An ex- 
ample of this law is shown in Table I. This 
law can be qualitatively understood by the 
theory developed by Kincaid-Eyring®, Kittel 
and Collins. According to Kincaid-Eyring’s 
theory, the velocity of ultrasonic waves in a 
liquid, z:, is closely related to intermolecular 
free volume per unit volume, v;, and is given 
by 


u= , v8 ’ (4.1) 
where 7 is the ratio of specific heats, R the 


gas constant, T the absolute temperature and 


Table I. Density and ultrasonic velocity of orga- 
nic liquids with similar molecular weight!) 
(AEC) 


Liquid | MOlgsilsr] Density Scena 
n-Heptane 100.2 | 0.684 1162 
n-Octane Ina 0.703 1194 
ee 102.2 0.820 1322 
p-Xylene 106.2 0.860 | 1330 
m-Xylene 106.2 0.863 | 1340 
Ethyl benzene) 106.2 0.868 | 1338 
o-Xylene | 106.2 0.871. | 1360 
m-Toluidine | 107.2 | 0.989 1620 
o-Toluidine 107.2 | 0.998 1634 
Ethyl bromide, —_ 109.0 17428% >| 892 


M the molecular weight. Organic liquids 
composed of carbon, oxygen, nitrogen and 
hydrogen atoms will have, in a rough ap- 
proximation, an identical density in the limit- 
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ing state of vy=0. Hence, at room tempera- 
ture, a liquid of larger density must have 
smaller free volume and thus larger ultrasonic 
velocity. 

In case of high polymers, an analogous be- 
haviour can be found between ultrasonic 
velocity and density. In Fig. 8 the correlation 
between ultrasonic velocity in the megacycle 
range and density at room temperature is 
plotted for a series of glassy polymers, among 
which linear amorphous polymers, partly cry- 
stalline polymers and three-dimensional poly- 
mers are included. Some of the data involved 
in Fig. 8 have been compiled from the results 
of the present work and the others from those 
of other authors. As can be readily seen, a 
polymer of larger density has, in general, 
larger ultrasonic velocity as in case of the 
organic liquids and the points represented in 
Fig. 8 fall approximately on a straight line 
with the exception of halogenated polymers. 
It may be also of interest to note that a 
velocity vs. density point of low class paraffins 
lies on the extension of this line, too. 

The above fact seems to favour the follow- 
ing statement that ultrasonic velocity in the 
megacycle range depends chiefly on the inter- 
molecular free volume as in case of a liquid. 
From the relaxational theory of viscoelasticity 
of polymers, this may be reasonaie because 
kinetic motions of a chain element with a 
extremely short relaxation time alone can 
contribute to the propagation of sound in the 
megacycle range and the unit of molecular 
motions may be restricted to such a small 
part of a chain molecule as a liquid molecule 
of low molecular weight. Cross-linkings and 
crystallinity may have effect on this type of 
dynamic elasticity only through the variation 
of free volume. In fact, it has been recently 
observed!2-! that many polymers, including 
crystalline polymers, have an almost identical 
spectrum of relaxation times at room tem- 
perature in the time scale of the order of 10~° 
second and less. 


§5. Relation Between Temperature Coeffi- 
cient of Ultrasonic Velocity and Ther- 
mal Expansion Coefficient 


As has been seen in the foregoing section, 
the ultrasonic velocity in high polymers seems 
to be closely related to intermolecular free 
volume in their glassy state. On this assump- 
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tion, the temperature dependence of ultrasonic 
velocity may be considered to be caused by 
the increase of free volume with temperature, 
and the discontinuity of temperature coefficient 
of ultrasonic velocity at the transition point 
may be attributed to the change of thermal 
expansion coefficient!”. 

In case of liquids, the ratio ” of tempera- 
ture coefficient of ultrasonic velocity, 8, to 
volume expansion coefficient, a, is approxi- 
mately 3 for orgainc liquids!® and 2 for liqui- 
fied gases and takes a rather scattered value 
for molten metals. The value of 2 depends 
on the type of intermolecular potential. 

The values of 2 are computed in Table II 
for high polymers. Though » varies from 
polymer to polymer, it may be seen that 7 is 
kept constant below and above the transition 
point for each polymer. This result contri- 
butes evidence for the statement that the 
molecular mechanism of elastic deformation 
in ultrasonic waves is the same in nature 
below and above the transition point and only 
the increase of free volume causes the de- 
crease of ultrasonic velocity. 


Table IJ. Temperature coefficient of sound velocity 
at 1.46 Mc/s (@) and volume expansion coefficient 


@) 5 = 


| Temp. 


Polymer range | @(10-4/°C) a(10-4/°C) n=B/a 
he CC iad 

al 0-65 9.4 22 4.3 
Polystyrene | {75-92 91:23. Bahl) B2Sieunih Ale 
Polymethyl ae | 14.5 3.4 4.3 
methacrylate) (75-95 | 24.2 neal! 4.7 
10-35 32 2.6 12.5 
Nylon 6 45-60] 49 aro i085 
Polyethylene) 10-70 26 eo) ons 
Phenol resin, 10-70 11.5 2.8 4.2 
Polyvinyl { 0-30 | 28 one 8.3 
chloride (40-70 57 5.7 10.0 
| (10-45 25 2.6 9.6 
Celluloid Fess 36 4.0 9.0 
| (20-70 | | 1253 250 5.8 
Ebonite 180-95 Leal 5.7 5.4 


It must be noted here, however, that this 
conclusion should not hold far above the 
transition temperature where a polymer be- 
comes soft enough, because the values of » 
in Table II have been predicted from the 
data up to some twenty degrees higher than 
the transition point. In rubbery or viscous 
state, some of the segmental motions may 
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occur even in high frequency sound waves 
and will become much greater. 


$6. Frequency Dependence of the Transi- 
tion Point 


On the basis of the foregoing considerations, 
it appears reasonable to say that the break 
point in ultrasonic velocity vs. temperature 
curves agrees with the apparent second order 
transition point observed in thermal expansion 
curves and is independent of frequency of 
ultrasonic waves used. As can be seen in 
Table III, this assumption seems to be verified 
within the limit of accuracy of experiment. 


Table Il]. Transition point from thermal expan- 
sion and sound velocity oo) 
| Boling velocity 
Hotrier Thermal | ti 
ae expansion 100ke| if 46 4. 38 7.30 
ol Mc |} Mc | Mc 
Polystyrene | 73 79 | 76 | 75 | 74 
Polymethyl | 
methacrylate 68 64 | 67 67 68 
Nylon 6 40 do | a = 
Polyvinyl | 
chloride | * = Pa aan ae 
Celluloid 45 — |} 48) — — 


Ebonite 73 — 74 = = 


Values of the transition temperature hither- 
to obtained by other workers from sound 
velocity-temperature curve are given in Table 
IV. Although these temperatures are some- 
what at variance, they are not inconsistent 
with the idea that the transitions are inde- 
pendent of frequency. 


Table IV. Transition point from sound velocity 
measurements. 


DS iranetion | Pieanency | 


Polymer point (°C) | (Mo) | Se 
Polymethyl | WZ 0. 5 2 
methacrylate 74.5 1 9 
@® 2 2 
75 5 2 
60 (pal 4 
61 ay 3 
68 0.3-0.7 5 
Polystyrene 70 ORT 4 
70 1.1-5.7 3 


* * Numbers ene to references at the end ‘of. the 
paper. 
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§7. Conclusion 


A rough correlation has been found between 
ultrasonic velocity in the megacycle range and 
density of glassy polymers: namely, a polymer 
of larger density has larger ultrasonic velocity, 
too. For linear polymers, a discontinuity of 
slope of ultrasonic velocity vs. temperature 
curve was observed at glass transition tem- 
perature. This break point agrees with the 
apparent second order transition point deter- 
mined from the thermal expansion measure- 
ment and is independent of frequency of sound 
in the range from 100kc to 7.3Mc. In this 
case, the ratio of temperature coefficient of 
velocity to volume expansion coefficient was 
found to be constant below and above the 
transition point. 

These behaviours can be qualitatively under- 
stood from the assumption that the velocity 
of ultrasonic waves in the megacycle range 
should be determined, in the first approxima- 
tion at least, by the intermolecular free volume 
in an analogous way as a liquid. 

For some polymers, a break in the velocity 
vs. temperature curve was observed at lower 
temperatures, too. 

In conclusion, the authors wish to express 
sincere thanks to Prof. Y. Suge for his con- 
tinual encouragements and to Mr. M. Oda for 
his technical assistance. 
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Recovery Process in the Evaporated 
Metal Films 


By Y. MIZUSHIMA and O. OcHI 


Electrical Communication Laboratory, 
Nippon Telegraph and Telephone Public 
Corporation, Tokyo 


(Received March 31, 1956) 


Metal films evaporated in vacuo on substrates at 
low temperatures are known to possess unstable 
excess resistivity, which anneals out at sucessively 
raised temperatures!). The extra resistivity is 
found to follow Mathiesen’s rule just as in the 
radiation-induced excess resistivity. The present 
authors report on the behaviors of the excess 
resistivities of evaporated films of Cu (99.99%) and 
Ag (99.98%) and Au (99.95%) prepared on glass 
substrates at the liquid oxygen temperature in high 
vacuum. 

Following the method of analysis given by Over- 
hauser2), the film was annealed in a bath kept at 
desired temperature for about 10min., and the 
temperature was raised stepwise. The resistivity 
change was recorded throughout. From the rate 
of recoveries, the activation energies of the 
resistivity recovery were obtained (Fig. 1~3). 
The influence of the length of annealing time at 
each sucessive stage of temperature is shown in 
Fig. 2 for the case of Ag film. When a longer 
time, say about 1 hour, was spent in each stage 
of annealing, the region of smaller activation 
energy is shortened. This means that the only flat 
portion of the spectrum has a physical meaning, 
and that it is dangerous to adopt the activation 
energy where it is a function of temperature. One 
can see, by comparing our result with the result 
of Overhauser, that in evaporated films the im- 
perfections having lower energy process may be 
relatively not so abundant as those having unique 
energies, as in radiation-damaged metals. 

“From the form of the spectrum, recoveries may 
be devided roughly in three stages, in each of 
which the recovery is expressed as 


d(r—7r9/dt=—-A(r—7)” , 


where 7—7o, t, 2 means excess resistivity, anneal- 
ing time and order of reaction, respectively, all 
notations in this paper following Overhauser. In 
the experiment on Cu, the first region, correspond- 
ing to lower energies, is from —183°C to —78°C, 
the second region up to —9°C, and the third up to 
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31°C. The value of m, bringing the best fit to the 
experimental curves, is 9.6, 4.0 and 1.26 for each 
region, respectively. 

In evaporated films of metals of f.c.c. type, the 
number of vacancies is assumed to be very much 
larger than that of interstitials. This resembles 
the quenched state of metals from higher tem- 
perature, but is somewhat different from the 
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Fig. 1. Spectrum of activation energies of the 
excess resistivities in Cu films. Annealing time 
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in each stage is somewhat different 
curves. 


Fig. 2. Spectrum of activation energies of the 
excess resistivities in Ag films. There are 
shown three curves, in which annealing time in 
each stage is different with the other, from 10 
min. tow ir. 
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excess resistivity in Au film. 


radiation-damaged state in which interstitials and 
vacancies are made equally in numbers. Therefore 
it is supposed that the unique energy process in 
our experiment is attributed to the behavior of 
vacancies, and that the interstitials are annihilated 
sooner at lower temperatures, although this view 
is not yet exactly confirmed at present®). One can 
regard the movement of vacancies as a first-order 
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process including extra term representing lattice 
stresses. This process is expressed, following 
Overhauser, by 

df /dt=—ef -exp (of) , 
where f means the density of vacancies. 

In our experiment, virgin films condensed at low 
temperatures will contain naturally large stresses, 
and by heat-treatment 2 will diminish approaching 
1. Therefore, one can obtain true energies relat- 
ing to the vacancy migration, nearly free from 
lattice stresses, only in the last recovery region. 
These values can be compared with the other 
studies. The energy thus obtained is 0.7eV for 
Cu, 0.6eV for Ag and 0.8eV for Au. 
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Galvanomagnetic Effects of a Heavily Doped 
Germanium Crystal* 


By Wataru SASAKI 
Electrotechnical Laboratory, Nagatacho, Tokyo 
and Yasuo KANAI 


The Hlectrical Communication Laboratory, 
Nippon Telegraph and Telephone Public 
Corporation, Musasinosi, Tokyo 


(Received May 22, 1956) 


Galvanomagnetic effects of a heavily doped n- 
type germanium crystal have been measured be- 
tween 1.3°K and 280°K. The specimen used was 
cut in the bridge shape with its current axis along 
the [100] direction, 

Table I shows the electrical registivity op, the 
Hall constant R at the magnetic field of 1.0104 
gauss, and the Hall mobility pr=R/o at various 
temperatures. It seems that the resistivity in- 
creases slowly and monotonically as the temperature 
is lowered, while the Hall constant first increases 
with decreasing temperature, then goes through a 
maximum and takes a constant value between 
4.2°K and 1.3°K which coincides with the room 
temperature value. The Hall mobility first increases 
with decreasing temperature then goes through a 
maximum and shows values smaller than the room 
temperature value under 4.2°K. These observa- 
tions are explained qualitatively by the impurity 
band conduction suggested by Hung and Gliess- 
mann), 

The relative increase of the resistivity ap/p= 
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Table I. 
| cm3/coul | cm?/volt-sec 
280 1.14 10-2 PAs 1.90 x 103 
80 ISH SeOs2 30.1 2.28 x 103 
AN, 2.61 10-2 Qld, 0.80 x 103 
ies 2. TlexlOm2 20.4 0.76 x 108 


{o(H) — 0(0)}/0(0) as a function of magnetic field H 
is shown in Fig. 1. At the room and the liquid air 
temperatures the resistivity increases under the 
magnetic field, while at the liquid helium tem- 
peratures the resistivity decreases with the increase 
in magnetic field and goes through a minimum at 
about 1.5x10tgauss. This magneto-conductive 
effect is seen both in the transverse and longitudinal 
directions of magnetic field relative to electric 
current, and is far more temperature sensitive com- 
pared with the resistivity or the Hall constant in 
the liquid helium temperature region. 
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Fig. 2. The variation of Hall constant in 
magnetic field. 


Fig. 2 shows the Hall constant as a function of 
magnetic field at the temperature where magneto- 
conductive phenomenon is observable. The Hall 
constant increases slightly with increasing magnetic 
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field and approaches a constant value at about 
1.0104 gauss. This variation, with the magneto- 
conductive phenomenon described above, may be 
interpreted as transfer of electrons from the im- 
purity band to the empty conduction band. 

We are grateful to Professor T. Fukuroi and his 
coworkers for the hospitalities given in using the 
helium apparatus at the Research Institute for Iron, 
Steel and Other Metals of Tohoku University, and 
also to Mr. A. Amaya for the preparation of 
germanium crystals. 
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Influence of Magnetic Field 
on the Precipitation Process of Ferro- 
magnetic Phase in Cu-Fe Alloy (1) 


By Tadayasu MITUI 


Department of Physics, Faculty of Science, 
University of Hokkaido, Sapporo, Japan 


(Received June 4, 1956) 


In the previous work), we have investigated ex- 
perimentally an influence of a magnetic field on a 
' process of precipitation of a ferromagnetic phase 
of Cu-Co alloy for the purpose of establishing the 
origin23) of the induced magnetic anisotropy of the 
permanent magnet of precipitate alloy. Now, we 
have examined the Cu-Fe alloy including ca. 2 
weight % of iron. The samples were prepared in 
the form of polycrystalline disks which were 14.0 
mm in diameter and 4.6mm in thickness. The 
samples were prepared by water-quenching after 
solid solution-treatment at ca. 900°C. After the\ 
isothermal tempering in the uniform magnetic field 
of ca. 5000 Oe at 700°C, the induced uniaxial 
anisotropy was measured by the torsion method in 
the uniform magnetic field of 10000 Oe as we 
previously reported. 

The experimental results are as follows: 

(1) For a quenched sample tempered for ca. 5.0 
hrs. isothermally at 700°C in a uniform magnetic 
field of ca. 5000Oe, no uniaxial anisotropy was 
observed because of a very weak ferromagnetic 
behavior. Moreover, for the same sample tem- 
pered 17.0 hrs. in the same manner, the torque 
curve of twofold rotational symmetry was obtained 
and then the value of the uniaxial anisotropy 
became ca. 9x1062ergs/cm’, as shown in Fig. 1. 
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(2) For successive and isothermal heat treatments, 
the anisotropy of the sample increased with the 
increasing tempering times as shown in Fig. 2. 
Moreover, hardness measurements were made ona 
Vickers’ hardness tester using 200gr. after the 
same heat treatment, as shown in Fig. 2. The 
hardness showed maximum after a sharp increase 
in the initial stage of tempering. This means that 
the nucleation and the growth of precipitates 
occured at this stage. The magnetic property 
showed, however, that the precipitates were not 
remarkably ferromagnetic for a considerable time 
after the precipitation began its growth. 

According to the study of R. B. Gordon and M. 
Cohen"), it is possible that the precipitate stays 
for some time as a transition phase with f.c.c. If 
there is a period of transition phase, one should 
expect that it transforms to the stable, ferro- 
magnetic, b.c.c. phase ultimately. Moreover, it 
is interesting to note that the transformation in 
the precipitation does not affect the hardness, but 
affects remarkably the magnetic anisotropy. 

Further we are studying the effect of magnetic 
field on the variously heat-treated alloys. 
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Fig. 2. Anisotropy and Hardness as dependent on 

time of magnetic heat treatment at 700°C. 
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Paramagnetic Resonance Absorption in 
Copper Hexapyridine Nitrate 


By Hidetaro ABE and Mieko OHTSUKA 


Institute of Science and Technology, 
University of Tokyo 
(Received June 5, 1956) 


Single crystals of unhydrous copper hexapyridine 
nitrate were examined at room temperature by the 
method of paramagnetic resonance absorption using 
6.5mm and 3.23cm wavelengths. From _ the 
chemical analysis, their composition was determined 
as Cu(CsHsN)s-(NOsz)2. In any direction of applied 
field H, there appears one group of resonance 
lines. g-value corresponding to the center of this 
group can be expressed by an axially symmetric 
tensor whose principal values are observed to be 
9//=2.25+40.02 and g,=2.05+40.02 for both fre- 
quencies. Around the direction of H giving gy, 
four component peaks can be seen as shown in 
Fig. 1. The positions of peaks vary with the 
direction of the applied field as shown in Fig. 2. 
Since g-value corresponding to the center of peaks, 
spacings between the component lines, and line- 
widths do not depend on the frequency, the 
structure may be ascribed to the hfs from the 
copper nucleus. (J=3/2) The hfs constants can 
be deduced as |A|=190+45o0er. and |B|<15 oer. 
The observed line width for a single hyperfine 
component is 150+20 oer. at both frequencies. This 
agrees well with the calculated dipole width from 
the effective lattice constants estimated from the 
molecular weight”. 

From these results, the followings can be con- 
cluded; 

(1) The hfs constant A of this crystal is fairly 
larger than that of hydrated copper salts (e.g. in 
copper Tutton salts it ranges from 100 to 130 oer.) 
(2) The spin-lattice relaxation in this crystal is 
small even at room temperature. 

(3) This crystal contains either only one inequi- 
valent ion, Z=1, or more ions whose crystalline 
axes only slightly deviate from each other. 

The direction of the predominant hfs constant A 
coincides with that of the principal g-value, 9//, 
which may be the predominant axis of the tetragonal 
crystalline field.” Furthermore the observed g- 
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readings of phase-detector with a magnetic field 
along the axial direction, the direction giving 
g//, and at room temperature. 
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Fig. 2. Peak positions as a function of orienta- 
tion for H, the angle being measured from the 
axial direction. 


values give reasonable magnitude of hfs constants 
using the same constants P=2ypBwl(r’) and « as 
those of Tutton salts.5> These facts support the 
preceding analysis by ane of the authors?) (H.A.) 
applying the theory of Abragam and Pryce for 
some of the copper complex compounds in which the 
copper ion is surrounded by a quasi-square coordina- 
tion of nitrogen atoms. In the pyridine derivative 
of the copper sulfate such structures do not appear. 
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Interaction of Dislocations with Atomic 
Order in Solid Solution 


By K6ji SUMINO and Mikio YAMAMOTO 


Research Institute for Iron, Steel 
and Other Metals, 
Tohoku University, Sendai 


(Received June 11, 1956) 


In general, when solid solutions such as super- 
lattice and precipitation alloys, in which interatomic 
interactions must be taken into account, undergo 
the phase change, they exhibit the volume change, 
which may be attributed to the difference between 
the length of the like atom-pair and that of the 
unlike one. In such solid solutions, we can expect 
a mechanism of interaction of dislocations with 
solute atoms, which is different from those so-far 
proposed». If a dislocation exists in such a solid 
solution, its stress field may naturally couple with 
the strain originating from the difference in the 
length of atom-pairs. Hence the atomic order varies 
as a function of the place from the value in the 
absence of the stress field, and the atomosphere of 
such atomic configuration may lock the dislocation. 

For example, for superlattice alloys, following 
Iwata’s treatment”), we can obtain the long-range 
order parameter, s, and short-range order parameter 
in the &th direction of the nearest neighbors of an 
atom, oxz’s (k=1,2, ... 2/2, 2 is the number of the 
nearest-neighbors), as the function of the order 
parameter in the absence of the stress field, s) and 
go, Of the place concerned, and of the atomic con- 
centration. Putting ox=oo+oex’, the interaction 
energy of a dislocation per unit length, EH, is given 
as 


B= - F(z Puy Tas (ax!) Jd dy . (1) 


Here, Pij’s (¢, =, y, 2) are the tensor components 
of the stress due to the dislocation, and Ii;’s the 
components of the tensor defined by 
2/2 

Tij(ox!)= 2 ax! hE OKI » 
where axi’s are the direction cosines of the kth 
nearest-neighbor direction, and # a constant which 
characterizes a linear relation between the con- 
tribution from the kth atom-pairs to the dilatation 
in the kth direction and ox. The locking force 
for the motion of the dislocation is, then, given by 
the maximum value of 


F=R@|0z0\ |) ¥ Pole a0 y) Pte, a dedy) , (2) 


and the calculation shows that it amounts to a 


surely observable magnitude. 
Interaction energies, H, for the edge and screw 
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Fig. 1. Interaction energies between dislocations 


of the edge and screw types and atomic order 
as dependent on the temperature in §-brass type 
crystal. 

kk; Boltzmann constant, V, ordering energy, 
N; Avogadro number, #4; rigidity modulus, 
b; Burgers vector of the dislocation, J,¢; Curie 
temperature, f&,) and 79; upper and lower limits 
of integrals for the radius direction from the 
dislocation line. 


dislocations in f-brass type crystal as calculated 
from Eq. (1) are plotted against the temperature, 
T, in Fig. 1 (a) and (b). It is almost clear that 
the characteristic features shown in Fig. 1 are also 
retained for Cu3Au type superlattices. A peak in 
Fig. 1 (a), thus, seems to correspond to a peak of 
the critical shear stress near the Curie point of 
Cu3Au as observed recently by Ardley*®). 
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Some Experiments on the Germanium 
Surface Layer 


By Makoto KIKUCHI 
Electrotechnical Laboratory, Tokyo, Japan 
(Received June 14, 1956) 


Four-probe method for measuring resistivity) 
has been applied to n-type germanium single crystal 
on which thin p-type layer was formed by heat 
In this case, apparent resistivity 0a, 


Vs 
ba= T 2ms 


treatment. 
Qe 
is very high (Vs, J are shown in Fig. 1, and s is 
the separation of the probes.). 
Vs 
1 
' I 
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Fig. 1. Four probes and the specimen. 
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Fig. 2. Ws vs. ambient. (Short-time effect and 
the effect of wet air and O3.) 


It has been found that V; for fixed J is quite 
dependent on the ambient atmosphere. The sample 
mounted on the four probe apparatus was placed 
in a vacuum bell-jar, and V; was measured vary- 
ing the ambient atmosphere. Some of the typical 
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and reproducible results are shown in Fig. 2. 

They can be summarized as follows: 

(1) Long-time effect 

If the sample is kept in vacuum or air for 
relatively long time, Vs shows maximum and 
gradually decreases to some equilibrium value. 
When QO3 is introduced after the vacuum condition, 
Vs increases and saturates instead of showing 
maximum. Vs, increases when O3 is again pumped 
out and the maximum is higher than the maximums 
found in vacuum in the foregoing cycling. These 
haviors may be characterized as the “long-time 
effect.” 

(2) Short-time effect (Fig. 2) 

If the ambient cycling is performed before the 
falling down from the maximum occurs, Vs shows 
different type of variation as shown in Fig. 2. 

Vs in vacuum is higher than that in air. In this 
case, Vs; decreases when O3 is introduced after 
the vacuum condition in the vac.-air cycling, to a 
value even lower than that in air. (not shown in 
the figure.) 

An interesting result is given in Fig. 2. Vs 
shows remarkable decrease when wet air is 
introduced, and it does not show much increase in 
the next vacuum condition. When O3 is introduced, 
however, Vs goes up very fast. This seems to 
show that O3 is quite efficient in wiping out the 
influence of wet air. 

Considering a simple equivalent circuit for the 
structure of our sample, it can be seen that the 
increase of Vs corresponds to the decrease of the 
conductance G; of the p-type layer. Therefore, 
the variation of V; may be attributed to the varia- 
tion of Gs. Majority of the experimental results 
are consistent with the physical picture based on 
the usual energy scheme of the surface whicn takes 
into account the n-type inversion layer on the p- 
type layer. 

Detailed discussion of these experiments will be 
given elsewhere in near future). 
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The Angular Distribution of a-particles from 
the Reaction 19F(pa)!6O*(z)16O 


By Akira Isoya*, Kazuo GoTto**, and Teruo MoMoTA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received May 19, 1956) 


The angular distribution of « -particles from the reaction !9F(pa)!€O*(r)!6O 
has been measured at fourteen energies between 800 kev and 1400 kev. 
The « -particles were detected and identified by coincidence with nuclear 


pair-electrons. 


The data were analyzed to give coefficients in the ex- 


pansion formula o(¢)=ao9+a1 cos 0+ dy cos?0+a3 cos?6@+a4cos'@. The spins 
of the levels of the compound nucleus "Ne were assigned from the 


evidence of anomalies in the coefficients. 


For the resonances at 843-, 


1126-, 1355-kev J=2 and for that at 1250 kev J=1. 


Introduction 


§1. 

The states of the: compound nucleus 2°Ne 
resuiéing from the reaction %F+ ) are classi- 
fied into two* types according to the even-odd 
characters of their spin and parity». The 
state with even spin and even parity or odd 
spin and odd parity, insofar as their assignments 
are known, decays with“semission an a- 
particle to the ground state and/or the pair- 
emitting, first excited state of *O. Transitions 
to higher excited states of 180 accompanying 
successive y-ray~ emission have not been 
observed. On the other hand the state with 
even spin and odd parity or odd spin and even 
parity decays by emission of an a-particle only 
to higher excited states of #O. Transitions 
to the ground or to the first excited state (both 
0+) are inhibited by the law of conservation 
of angular momentum and parity. Up to the 
present day, many experimental results have 
been accumulated which enable one to make 
conclusive assignments to most states belonging 
to the latter type, while for the states of the 
former type available informations are scarce 
and values of the spin are not assigned yet 
except for a few cases. 

Assignment of spin, J, to the states of *°Ne 
of the former type can be accomplished most 
reliably by measuring the angular distribution 
of a-particles. The angular distribution of the 
full energy group (a) which leaves 1%O in the 
ground state has been measured at various 
proton energies by several investigators», 
but strong interference effect of neighbouring 
levels complicated the analysis of data and 
made it difficult to draw a unique conclusion 
in the energy region around 1 Mev. The 


angular distribution of a-particles of the next 
largest energy (@z) leading to the pair-emitting 
state has not been measured by reason that 
this group is generally obscured by much more 
intense groups of a-particles (a1, a, and a3) 
from the compound states of another type, 
above all the a;-group leading to the second 
excited state of *O, the energy of which is 
very close to that of a. This group az, how- 
ever, seems to be better suited for the 
analysis because the yield curve of nuclear 
pair-electrons (7) emitted successively shows 
resonance peaks somewhat more prominent 
compared with those of a@. In the present 
investigation, the angular distribution of az 
was measured by singling out a, from groups 
of a-particles by means of the coincidence 
counting between az and z. The procedure 
is correct because the directional correlation 
is not to exist between az and z owing to 
the nature of a 0-0 transition characteristic of 
the pair-emitting process. A result at E»=843 
kev which was obtained in the early stage of 
this study has been reported. The present 
paper contains the measurements of the angular 
distributions measured at fourteen proton 
energies between 800 kev and 1400 kev with a 
view that the nature of a resonance level 
manifests itself remarkably in the variation 
of the angular distribution coefficients in the 
neighbourhood of its resonance energy. 


* Now at The Institute of Nuclear Study, Univer- 
sity of Tokyo. 
** Now at The University of Rochester, Rochester, 
New York, U.S.A, 


899 


900 


i 


5 a 
c 


Bisse 


GM COUNTER 


TER 


Fig. 2. Arrangement of target and detectors. 
§2. Equipment and Experimental 
Procedure 


As detectors for a-particles and pair-elect- 
rons a proportional counter and GM counters 
were used respectively. Because the propor- 
tional counter was exposed to flux of protons 
elastically scattered from the target, it was 
necessary to keep the proportional counter 
from paralysis by using a target as light and 
thin as possible. Under usual operating con- 
ditions normal pulses of scattered protons 
could be excluded by the discriminator because 
the pulse height of proton was made much 
smaller than that of low energy a-particles. 
Among the five groups of a@-particles (ao, az, 
Qj, @,, a3) those accompanying successive y- 
rays (@1, @, a3) might have contributed some 
appreciable number of coincidence counts if 
the sensitivity of the GM counters to y-rays 
had not been small enough. Thus care ought 
to be taken to reduce the amounts of matter 
in the region of the target and the detectors 
to a minimum, so as to minimize the produc- 
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tion of secondary electrons. The use of thin- 
wall GM counters was appropriate for this 
purpose. The effect due to internal pair- 
electrons associated with y-ray transitions 
could not be excluded by this method. But 
the probability of this process was generally 
so small (~1/1000) that its contribution could 
be neglected except at the restricted region of 
y-ray resonance. 

Fig. 1 is a schematic diagram of the ap- 
paratus used in this experiment. The proton 
beam, the energy spread of which is about 
0.2%, from a stabilized electro-static generator 
enters the reaction chamber through a beam 
defining slit of 3mm in width and 6mm in 
height. After penetrating a thin-backed target 
the beam is collected in a long Faraday cage. 
To reduce the disturbing effect on counters due 
to soft z-rays or back-scattered protons from 
the Faraday cage it is placed as far as possi- 
ble from the detectors. Alignment of the 
beam is facilitated by quartz viewer at the 
bottom of the Faraday cage. The inner sur- 
face of the quartz plate is made conductive 
with a thin layer of aluminium to avoid spark- 
ing due to accumulation of charge. The 
degree of broadening of the beam spot on the 
quartz viewer by the insertion of the target 


gives a quick estimation of the target thick- 
ness. 


Detectors 


A cylindrical proportional counter is set, 
with its accessories (a gas-filling system and 
a pre-amplifier), on the upper lid of the chamber, 
which is rotatable by means of a ‘‘O’’-ring 
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seal. Thus the counter can be set at any 
angles with respect to the beam direction. 
The inner diameter of the counter wall is 2 
cm. The anode is made of tungsten wire of 
0.24 mm in diameter, which is finished electro- 
lytically. The window on the side wall is 
covered with a formvar film, which is sup- 
ported by a perforated plate. The effective 
area of the window is 75% of the total area 
of 8mm in width and 20mm in height. The 
inner surface of the formvar film is made 
conductive by evaporating a thin coat of 
aluminium. A preliminary test with a filling 
gas of argon showed that pulse heights of a- 
particles from a polonium source were uniform 
within about 15%. The distance from the 
target to the counter window is 6cm, and the 
solid angle subtended at the target by the 
effective area of the window is 1/450 of a 
total sphere. The angular spread is about 8°. 
The angular resolution available with this 
geometry is sufficient for taking the distribu- 
tion function, the complexity of which is not 
higher than cos‘@. (See the following section 
on correction.) In the actual run the counter 
was filled with pure hydrogen gas of 16cm 
Hg pressure introduced through a palladium 
tube. The use of hydrogen gas of low pres- 
sure seems to be effective in preventing the 
counter from paralysis by reason of large 
mobility of ions. 

In front of the proportional counter an 
absorber composed of mica and aluminiuin 
foils was placed, the thickness of which was 
adjusted so as to make the pulse-height of az 
maximum. The best result was obtained with 
an absorber of about 8mg/cm? thickness, 
which reduced the original energy of az, 2 to 
2.5 Mev, to several hundred kev which cor- 
responded to the maximum energy loss per 
unit length of path. The pulse height of az 
attained with this arrangement was about 
eight times as large as those of elastically 
scattered protons and still about twice as large 
as the largest pulse produced by multiply 
scattered protons of low energies. Although 
these normal proton pulses could be removed 
by the discriminator as mentioned above, it 
was observed that even with the thinnest tar- 
get available a large pile-up of scattered 
protons occured, which produced many pulses 
of the size comparable to those of @ and 
their frequency increased near the forward 
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direction. Furthermore the uniformity of 
pulse height was impaired by the counter 
paralysis. These effects became more serious 
at low energies. By this reason the measure- 
ments could not be extended below 800 kev. 
Four cylindrical thin-wall GM counters for 
detection of z-electrons are fixed on the bottom 
lid of the chamber. They are connected in 
parallel and placed around the target as close- 
ly as possible, because the cross-section of the 
m-formation is fairly small (or~a few m 
barns). The diameter of the cathode and the 
wire of each counter are 15mm and 0.8mm 
respectively. The length of the active volume 
is 3cm. The total acceptance solid angle 
subtended by the set of these counters is 0.19 
of a total sphere. If the fact that pair of 
electrons are emitted with an angular cor- 
relation W==1+0.85 cos 6, is taken into ac- 
count, the counting probability is estimated to 
be about 0.33 per reaction. This value is 
slightly overestimated, because of the absorp- 
tion of low energy electrons in the counter 
wall. The thickness of aluminium wall of the 
counter is 0.4mm, which is thin enough to 
reduce the y-ray conversion to a tolerable 
amount, but on the other hand thick enough 
to absorb soft a-rays from the target. The 
over-all efficiency of GM counters, for 6 Mev 
y-rays was estimated experimentally to be 
about 0.1% (See the following paragraph). 


Targets 


The target was made by evaporating SiO 
and AIF; successively onto a thin formvar- 
film (~10 g/cm? thick), stretched on an elliptic 
frame made of thin piano-wire. The coating 
of SiO) of several “g/cm? in thickness formed 
a satisfactorily rugged base for the target 
material. For most measurements the thick- 
ness of AIF; was of the order of 1 kev in 
stopping power. This target could withstand 
the proton bombardment upto a few uw A per 
cm?. Thicker target was found to be less 
durable under the bombardment. During 
bombardment the target was supplied with 
electrons from a hot filament to avoid damage 
due to accumulation of charge. The carbon 
deposit on the target was reduced to a negli- 
gible amount by the use of two liquid air 
traps; the one was set in the chamber and 
the other located at the entrance of it. The 
target was set at an angle of 45° with respect 
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Fig. 3. Integral bias curves of the total (Na) and 


coincidnece (N,) pulses of the proportional 
counter at two angles with respect to the beam 
direction at H,=843kev. The counts are 
normalized by the count of the GM counters 
(Ng). The coincidence counts which are not 
corrected for the chance coincidence are indicat- 
ed by dots. Na consists of five groups of a- 
particles (ao, az, «1, %2, #3) and scattered protons. 
The large rise at low bias value is attributed 
to pile-up of scattered protons. The height of 
a single pulse due to scattered proton is about 
15 volts. Comparison of two curves indicates 
that uniformity of the pulse height is disturbed 
at the forward angles. 


to the beam direction. Those a-particles 
emitted to angles less than 90° against the 
beam direction penetrate the target and suffer 
small angle scattering. However, the amount 
of deflection is judged to be small because a- 
particles of 2 Mev or so are deflected by 
nearly the same amount as protons of 1 Mev. 
The mean deflection angle of the latter was 
estimated to be about 0.2~0.4 degrees from 
the broadening of the proton beam observed 
at the quartz viewer when the target was 
placed in the position. 


Coincidence Counting and Errors 


The pulses of both detectors were fed into 
linear amplifiers and discriminators. Both out- 
put, shaped in their wave forms, were mixed 
in a coincidence circuit, the resolving time of 
which was 0.45 4 sec. The delay time in the 
GM counters was estimated to be of the order 
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Fig. 4. Yield curves measured simultaneously with 
the proportional counter (Na), the GM counter 
(Ne) and the y-ray counter (Ny) in the neigh- 
bourhood of the 843 kev resonance. The coinci- 
dent counting rate (N,) is also shown. The 
proton energies where the angular. distribution 
was measured and the resonance energies of y- 
rays are indicated on the curves. 


of 0.1 ~% sec from the size of the counter. Its 
fluctuation is considered to be of the same 
order. Integral bias curves of the total and 
coincidence pulses of the proportional counter 
pulses taken at two counter angles, with the 
proton energy Ly»=843 kev are shown in Fig. 
3. These curves indicate performance of the 
coincidence circuit and the grade of uniformity 
of the height of az-pulses. The pulse shapes 
and the pulse height distribution were observ- 
ed in the course of measurements with an 
oscilloscope to monitor the operating condition 
of the proportional counter and to check 
whether the discriminator bias was proper. 
Fig. 4 shows the yield curves of pair-elect- 
rons, a@-particles and y-rays taken simultane- 
ously with the detectors mentioned above and 
a y-ray counter placed just beneath the 
chamber, together with a rough measurement 
of the coincidence counting rate in the neigh- 
bourhood of the 843 kev resonance. In the 
yield curve taken with the thin-walled GM 
counters in the chamber (Ng) are seen peaks 
due to y-rays or internal pair-electrons at the 
strong resonances of 873.5 and 935 kev. By 
comparing the count of a-particles at the re- 
sonance peak with the corresponding count of 
GM counters, the y-ray sensitivity of the set 
of the GM counters including the effect of 
internal pair creation is estimated to be about 
0.001 per reaction. The count Ne includes 
small amount of soft 2-rays from the target, 
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which is estimated to be about one percent of 
the total count at 843 kev with the target us- 
ed in this case. The number of counts of the 
proportional counter shows an abrupt increase 
below 800 kev, which is ascribed in pile-up of 
pulses of scattered protons. This increase is 
nearly proportional to (F,)-!° or (Ey)-. This 
abrupt change is explained by the fact that 
the discriminator bias is set at about five 
times of the normal pulse height of elastically 
scattered protons and the intensity of scatter- 
ed protons is proportional to (Ep)-?. 

The time required to take the coincidence 

counts with a statistical error of 3% was 
about 10 minutes at angles and energies, 
where the counting rate of the proportional 
counter was not high and the speed of measure- 
ment was limited only by the maximum beam 
intensity tolerable for the target. The cor- 
rection for chance coincidence was a few per- 
cent or less. At forward angles, however, 
much more time was required, because the 
beam intensity ought to be reduced to avoid 
the paralysis of the proportional counter and 
to prevent the increase of the chance coinci- 
dence rate. The chance coincidence count 
was estimated from the average counting rate 
by the following formula: 
Chance coincidence count in t sec=2rtNaNek/t, 
where 7c is the resolving time of the coinci- 
dence circuit and Na and Ng are the counts 
in t seconds of the proportional counters and 
the set of GM counters respectively. k is the 
shape factor of fluctuation of the bombarding 
current. In spite of considerably large varia- 
tion of the current, k could be safely taken 
to be 1*. The systematic error due to this 
procedure is much less than the statistical 
error for most cases. 

The true coincidence count was normalized 
with respect to the count of GM counters Ne. 
This procedure made the data insensitive to 
the effect due to change in the target condi- 
tions and the efficiency of GM counters and 
/or drifts in the proton energy. Some varia- 
tions in the normalized yield of @: were ob- 
served from target to target probably owing 
to variation in the yield of soft a-rays. The 
ratio of Ne to the collector beam current served 
as a check on the constancy of conditions in 
the target and/or the detectors. In order 
check occurence of systematic errors, the 
whole range of angles was swept in irregular 


The Angular Distribution of «-particles from the Reaction 19 F'(pa)'6O*(x)6O 


903 


order. The main factor of the error was the 
insufficient statistical accuracy, amounting to 
3%~5%. The errors of geometrical origin, 
misalignment of the proton beam and _ off- 
centering of the target position, never exceed 
2%. The finite acceptance solid angle of the 
proportional counter brings about attenuation 
in the coefficients of the angular distribution. 
For a, that is, the coefficient of cost@ term, 
this correction is generally the largest and 
amount to about 5%, which is considerably 
small compared to the statistical error of ds. 
Magnitude of the systematic error due to a—y 
coincidences can be estimated by the following 
consideration: The average count due to a—7 
coincidence and that due to a,—z coincidence 
are given approximately by Na,,-yy and Ne: 7a 
respectively, where Na, and Ne are the count 
of proportional counter due to a@-particles as- 
sociated with 7y-rays and that of the GM 
counter respectively, and vy and ya are the 
detection probabilities of the GM counters for 
y-rays and of the proportional counter for a- 
particles respectively. From the measure- 
ments mentioned above 7,==0.001 and 7a=1/450. 
Thus the ratio of the average count of (ay—7) 
coincidence to that of (a,—7z) is given by 


Nayty _. No. Na 
oe ==0.45 — N; 0r45 
Nene nis Na 


where Na is the average count of the propor- 
tional counter. The magnitude of the quantity 
at the right hand side is one to three percent 
except for measurements at the proton energies 
near the 843 kev resonance (857-, 827- 792-kev). 
At these unfavourable cases the count due to 
scattered protons is so large that Na, is a 
small fraction of Na, and the estimation men- 
tioned above is improper. Approximate 
average counting rates due to a—y coincidence 
at these proton energies can be estimated 
from the behaviour of the yield curve of 7- 


= Invthecase ners the ee Sneience is 
predominantly due to pile-up pulses of scattered 
protons, the rate of which varys roughly as the 
fifth power of the proton current 
ve TD aw 
<I> av< DD av 
Although the mean proton current level measured 
with a DC microammeter wae kept constant to 
within 5~10% during a run, the instantaneous 
current was not constant, because it had a fiarly 
large AC component. If the variation is assumed 
sinusoidal and its amplitude is put to be 0.5 of the 
mean current, k~1.3. 


k= — 
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Fig. 5. Yield curve of nuclear pair electrons from the reaction 19F(par) 6O*(r)16O. The 
proton energies where the angular distribution was measured are indicated by arrows. 
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Fig. 6. Angular distribution curves in the center- 
of-mass system of «a-particles from the reaction 
19, a2) 18O* at Hpy=792-, 827-, 843- and 859- 
key. Measured points and their statistical ac- 
curacies are indicated only ina few cases. The 
full curves as drawn according to the ex- 
pressions, which are not corrected for the finite 
acceptance solid angle of the proportional 


Ap, az) 6O* at Hy=1035-, 1074-, 1111-, 1136- 
and 1162-kev. Measured points and _ their 
statistical accurracies are indicated only in a 
few cases. The full curves are drawn accord- 
ing to the expressions, which are not corrected 
for the finite acceptance solid angle of the 
proportional counter: 


W(e)=1+4+0.22 cos @—0.02 cos? 


counter: 


W(#)=1-—0.05 cos @+0.35 cos?@ 
—0.75 cos?6+0.55 cos‘ 
W(@)=1-—0.07 cos @+-1.20 cos?@ 
+0.24 cos3@—0.20 cos*é 
W(@)=1+0.23 cos 6—0.21 cos?0 
+0.20 cos?@ +0.65 cos*é 
W(@)=1+0.63 cos @—0.41 cos?6 
—().53 cos?@+0.10 cos‘ 
W(@)=1+0.33 cos @—0.08 cos26 
—0.03 cos3@ —0.14 cos#e 


+0.05 costa—0.03 costa for H»y=1035 kev 
W(0)=1-—0.14 cos @—0.15 cos@ 

+1.39 cos3¢+0.90 costa for Hp,=1074 kev 
W(@)=1+2.11 cos 6+3.24 cos?6 

—0.85 cos@ —1.28 cosa for H»y=1111 key 
W(0)=1+4+3.08 cos @+1.88 cos?@ 

+3.64 cos'@—2.25 cos‘@ for H,=1136 kev 
W(0)=1+2.32 cos +1.96 cos@ 

—1.68 cos*@—0.67 cos‘e for Hy=1162 kev 


for Hp=792 kev 
for Hy=827 kev 


for Hy=843 kev 


for Hy=857 kev 


to be at most a few percent. Thus the errors 
due to the presence of a—y coincidence are 
generally less than statistical errors. 


§3. Results 


The excitation function of pair-electrons 


for EB yp=981 key 


rays or @-particles and the energy dependence 
of the total coincident counting rate (See Fig. 
4). The ratios of the a—7y coincidence counts 
to the a@z-z coincidence counts are estimated 
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measured with the set of GM counters is 
shown in Fig. 5. It is proportional to the 
total cross section of the (p, az) process because 
pair-electrons are emitted isotropically. It is 
corrected for the contribution of the soft x-rays 
from the target. The correction was made by 
assuming that the yield of soft x-rays increase 
as the fourth power of the proton energy and 
by adjusting its magnitude so that energy 
dependence of the yield of pair-electrons might 
agree with those given by Phillips and Hey- 
denburg® and by Devons, Goldring, and 
Lindsey. The absolute magnitude of the 
cross section of the (p, vz) process was estimat- 
ed relative to that of the (f,a@7) process at 
935 kev given by Chao et al® by assuming the 
acceptance solid angles of the both counters 
as quoted in the preceeding section. The 
energy scale was caribrated by resonances at 
873.5, 935.3, 1137, 1290, 1346, and 1372 kev®, 
appearing in the yield curve of a-particles 
taken simultaneously with the proportional 
counter. The proton energies where the 
angular distribution was measured are indicat- 
ed by arrows in the figure. 

The measured distribution were transformed 
to the center-of-mass system as to both angles 
and counter solid angles and then fitted to a 
power series of cos@ containing upto the 
fourth power, because the higher order terms 
were not expected to appear in the energy 
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Fig. 8. Angular distribution curves in the center- 
of-mass system of a-particles from the reaction 
LF p, ax) €O* at Hyp=1230, 1273-, 1313- and 1356- 
key. Measured points and their statistical ac- 
curacies are indicated only in afew cases. The 
full curves are drawn according to the ex- 
pressions, which are not corrected for the finite 
acceptace solid angle of the proportional counter: 
W(@)=1—0.29 cos 6+4.54 cos’é 

1.43 cos3@+0.56 cos‘@ for Hy=1230 kev 

W(e)=1-—1.75 cos @+1.43 cos?6 

3.16 cos3@ —0.005 cosa for Hy=1273 key 

W(e)=1-—1.32 cos @+0.56 cos’0 

+2.48 cos2@—0.32 cos‘@ for H,=1313 kev 
W(e)=1+3.38 cos @+4.26 cos?0 
— 2.77 cos3@—2.50 cos‘@ for Hy=1356 kev 


°F(par)!O* reaction and level assignments. 


Bombarding energy Co 


20Ne level 


efficients of the angular distribution 


ue Fo. energy assignment W(@)=a9-+a1Cos 6 + @yC0S?0 + a@3C0s*6 +-a4cos’é 
(kev) ag ay ay a3 on 

792 140.05 —0.04+0.11 0.33+0.31 —0.77+0.19 0°58+0.37 
827 140.03 —0.07+0.09 1.2140.24 0.25+0.14 —0.21+0.28 
843 (res) Da sas 140.01 0.23+0.03 —0.23-£0.07 0.21+0.04 0.68+0.08 
857 140.03 0.64+0.06 —0.42+0.16 -—0.55+0.09 0.10+0.17 
981 1+0.03 0.34+0.06 0.09+0.17 —0.0340.09 -0.15+0.19 
1035 1+0.02 0.22+0.05 —0.02+0.12 0.05+0.07 —0.03+0.14 
1074 1+0.02 —0.14+40.05 -—0.17+0.13 1.43+0.08 0.95+0.15 
1a Glatt 140.03 2.12+0.08 3.3040.23 -—0.88+0.15 —1.29+0.17 
1126 (res) hace 

1136 1+0.02 3.05+0.04 1.95+0.12 3.7540.06 —2.36+0.13 
1162 140.04 2.36+0.09 1.90+0.24 -—1.7340.13 -—0.70+0.25 
1230 1+0.03 —0.31+0.11 4.54+0.31 1.48+0.20 0.59+0.39 
1250 (res) Nice 

1273 1-20.03 —1.81+0.07 1.44+0.18 3.26+0.11 —0.005+0.21 
Hols 20.08" —1.3720.07 0.56+0.20 2.5640.11 —0.34+0.23 
1356 (res) Dm 140.03 3.45+0.09 4,394+0.23 —2.8540.14 —2.62+0.28 


* is different from that given 


This assignment 


by E. U. Baranger™). 
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region concerned. The results are shown in 
Figs. 6, 7 and 8. The measured points and 
their statistical errors are plotted only in a 
few cases. It is to be noted that areas under 
the distribution curves are common for all 
curves because WN, /Ne, corrected for transfor- 
mation of coordinate system, are plotted as 
ordinates and 


\ N,||Ned(cos 8) 


depends only on the acceptance solid angle of 
the proportional counter. Small amount of 
soft x-ray background in Ng introduces some 
deviation from this rule. The coefficients cor- 
rected for the finite solid angle of the counter 
are given in Table I, with their statistical 
errors which were calculated by the method 
described in the appendix. 

Analysis of the experimental results has been 
done, and the structure of the overlapping 
compound levels was revealed in the energy 
region concerned. The spin of the compound 
levels assigned are given in Table I. The 
analysis will be published in the near future 
by one of the authors (A. I.) in this Journal. 

The authors wish to thank the members of 
Van de Graaff group at the University of 
Tokyo for their cooperation. 


Appendix 


The statistical error d; in the coefficient ai 
was calculated according to the following 
formula, which was derived in a manner 
similar to that used by P. M. Endt®: 


ai 

ee ak 2 CimCin(2m+1)(2n+1) 

y Aine rAn- rAy fan Amen ar Ne 
r=0 (2m+2n— OF Ane r a 


pe W350 o: 


where N denotes the sum of N,’s taken at 
various angles, @m(m=0, 1, 2,....) is a coef- 
ficient in the expansion of angular distribution 
function into a series of Legendre’s polynomi- 
als, and Cim represents one of the numerical 
constants which relate a»’s with a;’s as fol- 
lows: 
a= 2X Cimain . 
m=0 


A. Isoya, K. Goto and T. MOMOTA 


(Voli; 


In the present case, where a;’s and Qin’ 
with 7 or m upto 4 are taken into considera- 


tion, 


My =A “5 A2+ OW « 
ine etd 
2 

a= a? ay, 
a= ay , 

2 
Pi Sip 

8 


and the expression for the statistical error 
becomes 


Gin, As a 
eee (alleen) * +.0.234— 
ae corel. 364 3 +0.2340") 
a1 4, 33 ve 
= l= 00 
ao N}?2 erik i A , 
ae ney 1 
a ual de 0. 052% 2 +0. 047 ; 
a, 6.61 al? 
= 1+ 0. 2672 0.182— 
Xo aa =F ae 8 Sy ’ 
and 
Gil) Ze: ay\'/? 
z 1+ 0.260— 0.162 
ay Sean ie =a. 620) 
respectively. 
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Ordering processes in the CuAu alloy were studied by X-rays using 


single crystals. 


Characteristic diffuse scattering effects, which may be 


regarded as similar phenomena to those in the partially ordered CoPt 
alloy, were observed at early stages of the ordering. The change in 
X-ray diffraction pattern during aging was discussed on the basis of 


kinetics of the ordering reaction. 


§1. Introduction 

In copper-gold alloys near the composition 
CuAu, the solid solution possessing face- 
centered cubic lattice exists above about 410°C, 
while at lower temperatures the equilibrium 
state is complicated by the existence of two 
crystallographic structures in the ordered 
state. Below 380°C, the ordered structure is 
face-centered tetragonal (CuAu I), the atomic 
plane parallel to one of the cube faces of the 
original cubic cell being composed alternately 
of gold and of copper atoms alone. The 
superstructure formed between 380°C and 
410°C is an orthorhombic structure (CuAu II) 
made out of ten cells of the CuAu I. Thus, 
the disorder-to-order transformation in CuAu 
is so complex that its reaction is accompanied 
by the change in the crystal structure 
associated with the volume contraction. 

The kinetics of the ordering in the alloy 
CuAu has been investigated by many workers 
in detail by means of the calorimetric”, re- 
sistometric?, metallographic’? and X-ray 
studies. Kallback, Nystrom and _ Borelius”? 
have found that, from X-ray studies in 
polycrystalline specimens, the tetragonal phase 
grows gradually and continuously from the 
disordered cubic phase in the temperature 
range from 225°C to 325°C but at higher 
temperatures the change is discontinuous. 
Harker® has also indicated that the ordering 
of CuAu is a continuous process in the range 
of temperature from 180°C to 300°C, and has 
proposed for the intermediate state of ordering 
reaction successive alternate layers on (111) 
planes of the three orientations of the 
tetragonal lattice separated by layers of the 
cubic structure. Early workers have also 
investigated the transformation from the dis- 
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ordered phase to the tetragonal ordered phase 
by X-rays using single crystals. However, far 
less work has been done of the kinetics of 
early stages of ordering at lower temperatures. 
The work described in this paper deals with 
only the ordering process from the quenched 
disordered state to CuAu I below 200°C, and 
not with the ordering process from the dis- 
ordered phase to CuAu II directly or passing 
through CuAu I. 

The problem of how the ordering initially 
takes place in a disordered alloy quenched 
from above the transition temperature is very 
important and interesting, but has not yet 
been clearly solved. As discussed by Lipson®?, 
it seems that there are at least two ways in 
which an initial stage of ordering is produced. 
In the first way it may be considered that 
the ordering starts at particular points in a 
disordered matrix and spreads outwards from 
these. This process is regarded as the forma- 
tion and growth of small ordered nuclei in a 
similar way to the heterogeneous precipitation 
in alloys. It is another possibility of ordering 
that the development of order is essentially a 
homogeneous increase in short range order 
throughout the crystal, so that the ordering 
process starts at all points in the crystal 
simultaneously. This homogeneous process is 
suggested from the X-ray study of Cu;Au 
crystal by Edmunds and Hinde” and examined 
through the optical demonstration of Taylor 
and coworkers. On the other hand, the 
heterogeneous process is also supported by 
many investigators. 

If the ordering of CuAu starts hetero- 
geneously, so that the ordered tetragonal 
nuclei (coherent with the matrix) form on 
particular atomic planes of the disordered 
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solid solution, the anisotropic lattice distortion 
will be caused by the difference of lattice 
parameters between the ordered and disordered 
structures. It will be expected that some 
diffuse X-ray diffraction effects arise from 
such non-uniform lattice strain as mentioned 
above. In fact Newkirk e¢ al. found 
characteristic diffuse diffraction effects at an 
early stage of the ordering of the alloy CoPt, 
which forms a tetragonal ordered structure 
with an atomic distribution analogous to. that 
of CuAu I. From X-ray and microscopic 
observations they concluded that thin platelets 
of the ordered nuclei lie on {110} planes of 
the disordered matrix. 

The present investigation is undertaken to 
examine the diffuse scattering effects at 
various stages of the ordering process in 
single crystals of CuAu. The two different 
possibilities on the formation of order men- 
tioned above will be discussed in the light of 
the present experimental results. 


§2. Experimental Procedure 
a) Preparation of Specimens 


The CuAu alloys were prepared from 
electrolytic copper (99.9%) and pure gold. The 
metals were melted under flux in a crucible 
made from high purity graphite electrode and 
then sucked up into thin ceramic tubes of 
about 1mm in diameter. The single crystals 
of a few centimeters in length were grown 
by the Tammann-Bridgman method from 
these small ingots and then homogenized by 
holding for several hours below the solidus 
temperature in vacuum. After homogeniza- 
tion the diameter of the specimens was reduced 
to 0.1~0.2mm by etching in aqua regia or 
HCl+CrO3 aqueous solution. 


b) Heat Treatment 


Two single crystals were sealed in evacuated 
glass tubes. To obtain the disordered state, 
the crystals were heated at temperatures 
above the transition point for 4 period of 1 
or 2 hours and quenched in ice water. After 
this treatment various stages of the ordering 
process were attained by keeping them at 
100°C or 200°C for various durations of 
annealing and by quenching immediately into 
ice water. 

c) X-ray Examination 


After taking the back reflection Laue photo- 
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graphs either a [100] or a [110] direction of 
the original cubic crystal was precisely kept 
vertically on the goniometer head of an X-ray 
camera. Some series of stationary crystal 
photographs were taken, the azimuthal angle 
being successively varied around the vertical 
axis, and sometimes oscillation photographs 
were also taken. In each case the photo- 
graphing was carried out with a cylindrical 
cassette of 10cm in diameter using Eastman- 
Kodak films or Fuji industrial high speed 
films. Unfiltered Fe or Cu radiations were 
used. The experimentai conditions were, for 
example, as follows; for a rotating-anode X- 
ray tube (Tokuda Seisakusho Co.) the applied 
voltage, the anode current and the exposure 
time were 40kV, 80mA and 30 min respec- 
tively, and for a usual stationary tube with 
Wehrnelt grid they were 40 kV, 15mA and 3 
hr respectively. For simplicity only the 
diffractions on the zero-layer line were 
noticed. 


§ 3. Experimental Results 


In the first place, initial quenched states 
were studied by taking Laue photographs. 
The specimen quenched from 450°C or 500°C 
gave no appreciable diffuse diffraction. By 
keeping it for several days at room tempera- 
ture the X-ray pattern did not show any 
change. In a Laue photograph taken im- 
mediately after being quenched from 700°C, 
however, the diffuse scattering faintly appeared 
about certain Laue reflections. If the initial 
ordering is characterized by such a diffraction 
effect, this shows that the ordering rate in- 
creases with increasing quenching tempera- 
ture. This fact agrees with the experimental 
results for Cu;Au™, and is interpreted as an 
evidence of freezing of the vacancies which 
exist in thermal equilibrium at the higher 
temperatures. 

Fig. 1 is an example of the back reflection 
Laue photographs showing strong diffuse dif- 
fraction, as shown by an arrow. This pattern 
corresponds to a partially ordered state, i.e. 
the crystal was heated at 100°C for a period 
of four hours after being quenched from 500°C. 
Thus, the diffuse diffraction effect becomes 
Stronger as the ordering proceeds even at 
relatively low temperatures. From Laue 
patterns alone, however, it will be very diffi- 
cult to obtain precise informations about the 
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Table I. 
Annealing Annealing | Observed relpoints surrounded Unnivered _ 
temperature time by characteristic 
C min diffuse scattering radiation 
30 200, 220, 222, 400 — 
7 eee ee Fe-K 
150 111, 200, 220, 311, 222, 400 
300 220, 420 
= _ = = — Cu-K 
5 ZR, Silil, 42%) 
200 ——— —_—_ 
20 USL ACO, 27220), Sill, ey | Fe-K 
250 Z, 200, 220, 311 | Cu-K 
at Qg 
io Oa 


Fig. 1. Back reflection Laue photograph showing 
diffuse scattering, as noted by an arrow. | 
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radiation was used. 


Diffuse reflections about the (220) relpoint 
of CuAu crystal annealed at 100°C for 30min. 
Crystal was rotated around [001]. Unfiltered Fek 
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Fig. 3. 
9 of the alloy annealed at 100°C for 
Crystal was rotated around [011]. FeK 


tion was used. 


configuration of the diffuse regions in recipro- 


i) cal space. Therefore, we investigated mainly 
by means of the stationary crystal method. In 
a Table I we summarized the heat treatments 
after quenching from 500°C and the observed 
0° relpoints* surrounded by diffuse scattering. 
The observed results for each stage of the 
lee ordering will be described below. 
ae a) Annealing at 100°C for 30 min. 


Fig. 2 is an oscillation photograph and a 
series of stationary crystal photographs 
showing the diffuse diffraction about the (220) 
relpoint of the cubic crystal with the [001] 


* Hereafter we use the term “relpoint”, 
“relrod” or “relplane” in place of point, rod or 
plane in the reciprocal lattice, 
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Fig. 4. Distribution of relrods about the relpoints. 
(ye C22), (D's C20), @Ws Uo). 


axis vertical. The direction of the incident 
radiation lies in the (001) plane and ¢ is the 
angle between this direction and the horizontal 
[010] direction of the cubic crystal. It will 
be found that the diffuse reflection is com- 
posed of streaks or spots besides Laue spots, 
and especially that the diffuse streaks in the 
oscillation photograph make an angle of about 
45° with the equatorial line. 

The series in Fig. 3 shows another example 
of similar diffuse pattern around the (222) 
relpoint. It may be noticed that this pattern 
is quite similar to the diffuse pattern about 
the (111) relpoint reported by Newkirk et al. 
at an early stage of ordering of a CoPt crystal 
(see Fig. 6 of reference (11)). They have 
concluded that “there are three <110> rods at 
this (reciprocal) point all in the same plane 
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22° 


Tie 


24° 


Fig. 5. Diffuse reflections about the (222) relpoint 
of the alloy annealed at 100°C for 150 min. 


[011] was vertical. Fe K radiation was used. 
and at an angle of 60° from each other”. 
This conclusion is also just true for the pre- 
sent case. According to the present study, 
the configuration of relrods through the (222) 
relpoint is schematically shown in Fig. 4a. 
Fig. 4b depicts the diffuse scattering around 
the (220) relpoint, corresponding to five 
relrods in <110> directions. From the diffuse 
pattern about four relpoints, i.e. (200), (220), 
(222) and (400), it might be thought that the 
features of the appearance of diffuse scattering 
are almost analogous to the case of the CoPt 
crystal. In this ordering stage, however, the 
diffuse diffraction effect about the (200) relpoint 
was so weak that the complete information of 
the rods distribution in reciprocal space was 
difficult to obtain. Neither superlattice reflec- 
tion nor tetragonal reflection appeared in any 
photograph. 


b) Annealing at 100°C for 150 min. 


The crystal annealed at 100°C for 150 min 
gave relatively strong diffuse diffraction pattern, 
as shown in Figs. 5 and 6. By comparing Fig. 
Do with Fig. 3, it is easily found that the 
number of relrods passing through the relpoint 
does not change, but the length and intensity 
of them increase with increasing time of 
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annealing. Fig. 6 shows another series of 
more distinct and characteristic diffuse pat- 
terns. This series of stationary crystal photo- 
graphs showing the diffuse pattern around the 
(311) relpoint can well be interpreted, in the 
same way as the case of (220), by the inter- 
section of five <110> relrods with the sphere of 
reflection. The diffuse pattern around the 
(400) relpoint clearly shows the existence of 
four <110> relrods, of which the distribution 
is the same as of the (200) relpoint shown 
schematically in Fig. 4c. 

It can be concluded that all of the relrods 
pass through the relpoints and are symmetri- 
cal with regard to these points. But the 
number of them varies between three to five 
with the indices of relpoints, as described in 
Table Il. Such features have also been re- 


Table IJ. Number of <110> relrods around the 
relpoints. 


Relpoint Pee 200220 Sie 227400 


Number of relrods| 3 4 5 5 3 4 


Type of relrods 


distribution* | OES AE Med ae 


* a, b and c are referred to Fig. 4. 


ported, but not completely explained, by 
Newkirk and coworkers!»*. This point will 
be again discussed later. Even in this 
annealing stage, one could not observe any 
superlattice reflection and any splitting of 
spots due to the formation of the tetragonal 
structure. 

c) Annealing at 200°C for 5 min. 

The diffuse scatterings around three relpoints 
(220), (311) and (420) were observed using 
unfiltered Cu K radiation. The crystal used 
was so imperfect that the diffuse diffraction 
could not be interpreted so exactly as in the 
other cases where another specimen was used. 
It was found, however, that the characteristic 
diffuse scatterings became rather broader than 
‘those in 100°C annealing. 


d) Annealing at 200°C for 20 min. 

In this stage of annealing, it appears that 
there coexist the tetragonal reflections with 
the cubic ones, being surrounded by the 
diffuse scatterings. For example, this coexi- 
stence is shown in this pattern of (222) in 
Fig. 7, where [Oll]ew. axis was kept as 


vertical, The oscillation photogragh shows 
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Fig. 6. Diffuse reflections about the (311) and (400) 
relpoints of the alloy annealed at 100°C for 150 


min. [011] was vertical. Fe K radiation was 


used. 


that the surface of the sphere of reflection 
happens to pass across four major relpoints™, 
among which two lie in the equatorial plane 
or the (011) relplane and the other two just 
above and below it. 

During the transition from cubic to tetragonal, 


* Newkirk and coworkers found that there exist 
five <110> relrods about the (200) relpoint, though 
the (400) relpoint is surrounded by four relrods. 

** In Fig. 7, one may see the extra reflections, 
as shown by the arrow, besides the cubic and 
tetragonal ones. It is considered that these extra 
spots are due to thin surface layer of gold, 
produced by preferential attacking of etching 
reagent, because the specimen was etched by aqua 
regia for dissolving thin oxide film produced in the 
course of annealing, and only copper but none of 
gold was probably attacked by this etching. 
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Fig. 7. Diffuse reflections about the (222) relpoint 


of the alloy annealed at 200°C for 20 min. [011] 
was vertical. Cu K radiation was used. The 


ar rowshows extra spot due to gold. 


Fig. 8. eciprocal lattice derived from the coex- 
istence of the face-centered cubic and the face- 
centered tetragonal structures. 


it is possible that, under no external influence, 
the tetragonal c-axis equally distributes in each 
of three original cubic axes. Thus, as the 
reciprocal lattice in this state we have to con- 
sider the superposition of the original cubic 
lattice and three tetragonal lattices, as shown 
in Fig. 8. Among the three (222). relpoints, 
one is on the (011)euy. relplane passing through 
the origin, while the other two are above and 
below this plane, being separated from this 
by the same distance which depends upon the 
axial ratio. In this oscillation photograph 
taken by keeping [011]... vertical, therefore, 
such a pattern as seen in the top of Fig. 7 
should be expected. It is to be noticed, 
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however, that the actual splittings due to the 
tetragonal phase are not distinctly separated 
but seem rather continuous. The fact suggests 
that there are a number of ordered tetragonal 
regions with various of axial ratio in the 
cubic matrix. A rough estimate indicates 
that the axial ratio c/a is larger than 0.95. 

By comparing Fig. 5 and Fig. 7, it will be 
seen that the characteristic diffuse scatterings 
surrounding the (222) relpoint of the cubic 
structure spread out with the progress of 
ordering and Laue reflections are also con- 
siderably broader at 200°C than those at 
earlier stages of ordering. Such features were 
also observed on the other relpoints. 

Further we investigated certain states under 
different annealing conditions, such as 250°C, 
2min and 100°C, 300min. In these both 
stages, the diffraction patterns show diffuse 
tetragonal splittings of normal reflections and 
superlattice reflections, which are both more 
intense than those at earlier stages as men- 
tioned above. No relrod was observed in any 
other direction than <110> at each state of 
ordering. 


$4. Discussions 
a) Interpretation of the Diffuse Diffraction 
Effects 


In general, it is very difficult to obtain a 
unique interpretation of the diffuse diffration 
phenomena of X-rays. As has already been 
reported by many workers, the age-hardening 
alloys, such as Al-Cu, Al-Ag and so on, give 
characteristic diffuse scattering patterns in 
early stages of the precipitation process, and 
the similar phenomenon has recently been 
observed! also in the solid solution of NaCl 
and CaCl,. Such diffraction effects have been 
ascribed to the formation of small plate-like 
zones with different concentration of solute 
atoms or molecules in the homogeneous 
matrix. 

The unit cell of the ordered structure CuAul 
is about 5% shorter in the one axial direc- 
tion and about 2% longer in the other two 
axial directions than the disordered structure. 
Thus the unit cells of the two structures have 
appreciably different dimensions, and hence 
corresponding interplanar distances are not 
the same. It is probable, therefore, that the 
diffuse X-ray effects reported here arise 
mainly from the lattice distortion associated 
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with the ordering reaction, as already men- 
tioned in §1. From evaluation’ of the 
coherent strain of conjugate planes between the 
disordered and ordered phases, it was concluded 
that the contained strain is minimum, if the 
(101)ret. plane in the ordered phase is chosen 
as the conjugate plane with a (110)cu». type 
plane in the disordered phase. If we stand 
on the basis of the nucleation or fluctuation 
process on the initial ordering, it follows, 
from the consideration mentioned above and 
the microscopic examinations, that the thin 
layers of the ordered nuclei begin to form 
coherently on {110} matrix planes at the 
earliest stage of ordering. 

Thus the rod-like distribution of diffuse 
intensity weight in reciprocal space, running 
along <110) direction through relpoints be- 
longing to the matrix cubic phase, will be 
qualitatively interpreted by the lattice strain 
caused by a number of thin plate-like ordered 
regions lying on {110} planes of the matrix. 
From the cubic symmetry of this phase, there 
is the six equivalent planes (110), (101), (011), 
(110), (101) and (011),, and so the distribution 
of relrods around each relpoint corresponding 
to the actual crystal must be constructed by 
a superposition of contributions from these 
six planes. Analyzing sets of such relrods, 
we can obtain the fundamental rod distribu- 
tion due to single orientation of the ordered 
nuclei. Fig. 9 shows the distribution of the 
[011] relrods near the origin of the reciprocal 
lattice due to the contribution from a (011) 
plane. Both the intensity of rod, indicated 
qualitatively by its thickness, and the length 
of rod are symmetrical with respect to the 
relpoint, and both of them increase with the 
distance of the relevant relpoint from the 
origin of the reciprocal lattice. From this 
figure it is noted that the [011] relrods appear 
only about some of relpoints and are absent 
at the relpoints (200), (111), (022), (222) efc.. 
Although no attempt to examine around the 
origin was undertaken, an absence of relrod 
about this point should be expected if the 
diffuse diffractions are caused by the lattice 
distortion. Thus, it results that the intensity 
of [011] relrod is missing or very weak at 
every relpoint with the indices having the 
relation k+/=0. Although the cause of this 
fact remains unexplained, it is obvious that 
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Fig. 9. Distribution of <110> rods in the reciprocal 
lattice for a single orientation of the plate-like 
ordered nuclei. 


the observed results summarized in Table II 
are well explained from this relation. The 
average lattice strain, estimated from the 
relrod length, is relatively larger than the 
case of the partially ordered crystal of CoPt. 
And it is probably reasonable, for the dilata- 
tion change of CuAu crystal associated with 
the transformation is larger than that of the 
CoPt crystal. 

The usual theory of the size effect of small 
crystals may be also an alternative explana- 
tion of the diffuse scatterings, but this can 
not explain the fact that the length of relrods 
increases with increasing duration of annealing 
at 100°C or 200°C, because it has to mean 
the gradual decreasing of the thickness of 
ordered plate-like regions as the ordering 
proceeds. 

We found recently the analogous diffuse 
diffraction effects at early stages of the ordering 
process in the alloy CuAu; and the results 
will be published elsewhere. 


b) Ordering Processes in CuAu 


As Brinkman et al.’» already noticed, lattice 
imperfections, particularly vacancies, inter- 
stitials and dislocations, may be responsible 
for the ordering process of the alloy quenched 
from high temperatures. Even if the alloy is 
annealed at sufficiently low temperatures, in- 
terstitial atoms or vacant lattice sites will 
migrate and contribute to the atomic ordering, 
thus ordered nuclei may be first of all formed 
in the vicinity of such lattice defects. 

In contrast to Cu;Au, in which the ordering 
occurs at least in two steps, it appears from 
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Fig. 10. Age-hardening curves for a CuAu alloy. 
The alloy was rapidly cooled from 500°C before 
annealing. (After L. Nowack) 


many investigations» that the ordering in 
CuAu may be essentially a single process 
with a well defined activation energy, provided 
the temperature is not too near the critical 
point. One would consider, therefore, that 
during the early state of ordering in CuAu a 
number of nuclei of the ordered phase are 
formed by the interaction between lattice im- 
perfections and atomic ordering and continu- 
ously grow within the disordered matrix in 
such a way that their flat surfaces are parallel 
to the {110} planes of the cubic phase. It is 
noteworthy here, however, the changes in such 
mechanical properties as Young’s modulus'™ 
and hardness’? accompanying the ordering 
take place in two stages. In Fig. 10, we 
show the time variation of hardness obtained 
by Nowack. It may be noted that the order- 
hardening at various temperatures occurs in a 
similar way to the age-hardening in the 
precipitation process. The initial rise in hard- 
ness at 150°C and 200°C will neither be caused 
by the strain due to such successive layers of 
the tetragonal and cubic structures as proposed 
by Harker® nor by the short-range order hard- 
ening by Fisher’, but probably by the local 
lattice strain as described above. This fact 
can be closely connected with the fact that 
some ferromagnetic superlattices such as 
CoPt'™ and FePt!® of a similar type to CuAul 
have considerably high coercive forces at 
an initial stage of ordering. As the ordering 
further proceeds, twinning, Harker’s successive 
layer structure, self-deformation and recry- 
stallization will occur to relieve the lattice 
strains, which become so large that the original 
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cubic crystal bends appreciably wavily. 
Especially for coarse-grained specimens, a grain 
boundary fracture was often observe after 
repeated heat-treatments in the present work. 

In conclusion, the writers wish to express 
their thanks to Mr. T. Haga for his helpful 
assistance in experimental procedures. This 
work has been supported partly by the fund of 
the Ministry of Education in Aid of Scientific 
Researches. 
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Electrical Properties of BizTes 


By Shigenobu SHIGETOMI, 
Kurume University 
and Sigeyasu Mori 
Meizen Senior High School, Kurume 
(Received March 17, 1956) 


The conductivity, the Hall coefficient and the thermoelectric power of 
the compound Bi,Tez; have been measured over the temperature range 
from 100°K to 750°K. The specimens used show electrical conduction 
of p-type at room temperature and the hole mobility temperature de- 


pendence is represented by the relation w,p=1.2 x 108 T-2°3. 


It is found 


that the forbidden energy gap Hg is 0.2leV at 0°K, and the effective 
masses of holes and electrons are, respectively, 1.26m and 1.07 m, and 


the mobility ratio 6 is about 1.7. 


Introduction 


§1. 


The semiconducting properties of many in- 
termetallic compounds have recently been 
investigated. From the measurements of the 
conductivity, the thermoelectric power and 
the magnetic susceptibility, Honda and Sone”, 
and Endo” have found that the intermetallic 
compound Bi,Te; exists and Haken*®) has _ re- 
ported that the compound Bi,Te; is of p-type 
from the measurement of the Hall effect at 
room temperature and Moss” has investigated 
the photoconductivity. We have studied in 
detail its semiconducting properties: the re- 
sistivity, the Hall effect and the thermoelect- 
ric power. During the preparation of this 
paper, a short report by Harman ef al» 
appeared, which however, to has not reference 
to the Hall effect of Bi,Tes. 


§ 2. Experimental Procedure 


The starting materials used are bismuth 
obtained from the Merck Company and 
tellurium from the Saganoseki Refining Cam- 
pany. The bismuth is “extra pure” (free 
from arsenic) and the tellurium has the purity 
of 99.997 percent. By melting Bi and Te 
together in stoichiometric proportion or in 0.2 
% excess of one component in an evacuated 
silica tube at the temperature 600~700°C for 
a few hours, the polycrystalline compound was 
obtained, and then by applying zone melting 
to the compound in an evacuated silica tube, 
a large single crystal, whose melting point is 
about 580°C, was prepared. The crystal 
cleaves well and the cleavage surface has a 
metallic lustre. Laue photographs show that 


the cleavage plane is perpendicular to the c- 
axis of the hexagonal crystal®, and the lattice 
constants are a=6.79 A, c/a=1.40. From the 
ingot we cut out a specimen along the 
cleavage plane with the dimension of about 
8x2x1mm. The Hall effect and the electrical 
conductivity were simultaneously measured 
with the conventional d.c. method in the 
temperature range from —170°C to 450°C. It 
is found that the Hall effect is a linear func- 
tion of magnetic field strength up to 8000 
gauss, so that field strength of 4000 gauss 
was chosen for all measurements. The probes 
of manganin wire welded to the specimen. 
The thermoelectric power and electrical con- 
ductivity were simultaneously measured in 
the range from room temperature to 450°C. 
The thermoelectric voltage was measured 
with the same probes as those used for con- 
ductivity measurement, and then the tem- 
perature difference between two probes were 
measured with two pairs of chromel-alumel 
thermocouples in contact with them. The 
actual temperature difference was kept in a 
few degrees. 


§3. Experimental Results 


All samples, including the samples of 0.2% 
excess Te and 0.2% excess Bi, showed p-type 
conduction at room temperature. In stoichio- 
metric samples the Hall coefficient reversed 
its sign at 435°K, namely above this tem- 
perature the samples showed n-type conduc- 
tion. The thermoelectric power of stoichio- 
metric samples showed p-type conduction at 
room temperature and also its sign changed 
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Fig. 1. Hall coefficient in stoichiometric and 0.2 
% excess samples versus absolute temperature. 
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Fig. 2. Conductivity in stoichiometric and 0.2% 
excess samples versus absolute temperature. 


at nearly the same temperature as the Hall 


coefficient. 
Figs. 1~3. 


These results are illustrated in 
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§4. Discussions 

The following discussions are made for the 
stoichiometric samples 7SP1, 7SP2 and 1923 
for which the experimental data are shown in 
Figs. 1~3. 

As the Hall coefficient R is approximately 
constant in the low temperature range as 
shown in Fig. 1, it is reasonable to assume 
that in this range the “saturation” hole con- 
centration ps is equal to the acceptor con- 
centration. Then from the relation R=37/8p:e, 
we get the acceptor concentration pra Ar 
emp 

In Fig. 2, if the saturation conductivity line 
in the low temperature range is extraporated 
to the temperature for which the Hall coeffi- 
cient falls to zero, a conductivity o- is 
obtained, whereas the actual conductivity is 
6). Then we have o-/o9>=b/b—-1”, where 5 
is a ratio of electron to hole mobility. The 
values of oe and o, can be read from Fig. 2. 
Thus we get b=1.7 for the present sample. 

The conductivity o is given by the well- 
known relation 

o=epn(bn+p) , Kala) 

where is the density of electrons (that is, 
number/cm’) in the conduction band, p the 
density of holes in the filled band, s the hole 
mobility and e the charge on the electron. 

By using the relation 


n=p—ps , (2) 
the equation (1) can be expressed in the form 
p=(_" -+bp.) [+ (3) 

CLLn 


If we consider only the exhaustion range, 
the degeneracy temperature Tue, for the pre- 
sent sample can be estimated from the 


formula® 
PAN ree 
Toe =( = eps ee 
where & is Boltzmann’s constant, m the free 
electron mass and hk Planck’s constant. 
Using the value p=p,=1.410!9 cm-3, we get 
Taeg=240°K. In the lower temperatures, 
where the specimen becomes. degenerate, 
we have w,=Ro, and in the higher tem- 
peratures, where the specimen is _ non- 
degenerate, we have ,=(8/3z)Ro for the case 
of lattice scattering. Using these formulae 
with the observed values of R and o in the 
exhaustion range, we can evaluate the value 
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Fig. 3. Thermoelectric power versus temperature 
(°C) for samples 7SP2 and 7SP3. 


of sn» which is plotted against temperature in 
Fig. 4 which shows that the above assumption 
of lattice scattering is appropriate for the 
present sample. Thus we can approximately 
express #4, as the function of temperature as 
follows: 

pin = 2X 1OET 7? cm?/volt-sec: ; (4) 
If the relation (4) can be assumed, the hole 
density p can be obtained from the equation 
(3), and then the electron density m from the 
equation (2). These results are shown in 
Fig. 5. Using the values of m and p obtained 
above, we can calculate the Hall coefficient R 
in the intrinsic and the transition ranges by 
using the following formula: 


Lp Pa 

~ 8e (mb+p)? * 

The values are shown in Fig. 1, which shows 

that the calculated values are in good agree- 
ment with the observed ones. 

The product mp at any temperature is in- 

dependent of impurity concentration and is 


given by following formula”: 
np 2amkT \?/ memn \*? Ea. 
‘T? =4( oo )( m? ) ext(—F7 
(6) 


where me and mp, are, respectively, the effec- 
tive mass of electrons and holes, m is the 
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free electron mass and FE, the energy gap 
between filled and conduction bands. By using 
values of m and p given in Fig. 5, the plot 
of Innp/T? versus 1/T is shown in Fig 6. 
Substituting the relation E¢(T)=E«(0)—8T 
into the equation (6) and comparing it with 
Fig. 6, we obtain 
E,(0)=0.21 eV 


and 


2QamkT \?/ memn \3/” a 
doa lapt) Slat 
= oe x L082 Ch) 
The equation (7) contains two unknown 
parameters, 8 and (m-mn/m*). The quantity 
8 can be calculated from the thermoelectric 
power in the intrinsic range as below. In the 
intrinsic range the thermoelectric power Q is 
expressed by the formula’ 


iteiellenbie lin EO) 2a seleB 
a e carl RT ue sel 


(8) 
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Fig. 5. Densities of conduction electrons and 
holes in sample 7SP1 versus absolute tem- 
perature. 
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Fig. 6. The value of xp/T? versus absolute tem- 
perature for sample 7SP1. 


Using b=1.7, E¢(0)=0.21eV and the observed 

value Q in the intrinsic range, we get 
B=2.4x10-* eV/deg . 

Substituting this value of 8 into the equation 

(7) we obtain 


ETT Nees (9) 
m? 
On the other hand, in the transition range 
the thermoelectric power may be written in 
the form! 


c. er peer 
Q anbD) Ee Dp) 
nhs pape 
“ihe bt ome fa rea | 


(10) 


We can find the temperature T=488°K for 
Q=0 in Fig. 3 and the values of m and p for 
this temperature in Fig. 5. Making use of 
these values and relation (9) together with 
the value b=1.7 in the equation (10), we get 
the following values for the effective masses 
of electrons and holes: 


mMe=1.07m and mn=1.26m . 


Then we can calculate the thermoelectric 
power @ in the transition range by using the 
above obtained values for m. and mp, in the 
equation (10), and the calculated values are 
also included in Fig. 3 which shows good 
agreement between the observed and the 
calculated values. 

If we may assume the well-known relation 
for the mobility ratio!, 


v(m)", (11) 


Me 


the combination of the equations (9) and (11) 
yields the following values for the effective 
masses of electrons and holes: 


Me=1.04m and mrpr=1.29m. 


The above values for me. or mn derived by 
two different ways seem to be in good agree- 
ment with each other within the experimental 
errors. 

We should express our hearty thanks to 
Prof. Atuyosi Okazaki and Assistant Prof. 
Toshihiro Okada of the Faculty of Science, 
Kyusyu University, for their guidance and 
for placing research facilities at our disposal, 
and also to Mr. Atushi Okazaki for taking 
X-ray photographs and to Mr. Kimio Hashi- 
moto, Mr. Sizuo Asanabe, Mr. Kazuyosi 
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Hirakawa, Mr. Yoshiro Moriguchi and Mr. 
Yutaka Koga for their assistance in the present 
experiment. 

We are also much obliged to the Saganoseki 
Refining Company for the supply of pure 
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A Note on the Ground State of Antiferromagnetism 


By Hiroshi TAKETA 
Yamaguchi Medical School, Ube, Japan 
and Tuto NAKAMURA 
General Education Department, Kyusyu University, Hukwoka, Japan 
(Received April 28, 1956) 


Kasteleijn’s method of obtaining the ground state of antiferro- 
magnetism is generalized to the cases of two and three dimensional 
lattices. According to our generalization, the ground state of the three 
dimensional antiferromagnetic Heisenberg model with the spin quantum 
number equal to one half is paramagnetic in the absence of anisotropy 
energy. The magnetization of sublattices is calculated as a function of 
the degree of anisotropy. With increasing coordination numbers the 
anisotropy energy necessary for establishing the antiferromagnetic state 


decreases rapidly. 


§1. Introduction 
A method of studying the ground state of 
an antiferromagnetic linear chain with the 
spin quantum number equal to one half has 
been presented by Hulthén” and Kasteleijn”. 
In particular Kasteleijn studied the anisotropic 
exchange Hamiltonian 
IE = (1—a)] Som (Ss*S,7 + Si Sk*) 
+2] SicyS7 Sk? , (1) 
where —/J is the exchange integral with the 
negative sign, @ an anisotropic parameter. 
S;*, Sj”, S¥ are the usual spin operators of the 
j-th lattice point and 
‘ y= SPH (2) 


And 3‘<jx) denotes the summation over nearest- 
neighbour lattice points 7 and k. According 
to his result, the ground state of (1) is para- 
magnetic in the absence of anisotropic para- 
meter. He obtained a critical value of an 
anisotropic parameter @ at which the system 
becomes aniferromagnetic. 

It is now interesting to inquire into the 
situation in two and three dimensional lattices 
on the line of Kastelejn’s method. Recently, 
Marshall took up this problem and calculated 
the ground level of the isotropic exchange 
Hamiltonian». As in the case of linear chain 
problem, where his result is of course identical 
with Kasteleijn’s one, the ground levels obtained 
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by him are lower than those from the spin wave 
theory. Then Kasteleijn’s procedure may 
give more accurate value for the ground level 
than that the spin wave theory gives. Fur- 
ther, Marshall came to conclusion that the 
ground state predicted by his procedure should 
be paramagnetic even in the three dimensional 
lattices. This is in contradiction with the 
conclusion from the spin wave theory, accord- 
ing to which the spontaneous magnetization 
of a sublattice should occur even in the square 
lattice. 

We have considered the same problem in- 
dependently of Marshall. The essence of 
Kasteleijn’s method consists in the calculation 
of the transition probability. Since it becomes 
more difficult in two and three dimensional 
problems than in the linear chain problem, a 
certain approximate procedure is necessary. 
The correlation among spin neighbouring toa 
spin pair, which is neglected in our proce- 
dure, is partly taken into account in Marshall’s 
one. But our procedure is much simpler than 
his. Then we can obtain a general expression 
for the ground levels of the linear, square, 
simple cubic and body centred cubic lattices 
on the line of our procedure. Further, Mar- 
shall confined his investigation to the ground 
state of the isotropic exchange Hamiltonian. 
However, it seems to be worth while to study 
the ground state of the anisotropic exchange 
Hamiltonian of the type (1). Then, we calcu- 
lated the spontaneous magnetization of sub- 
lattices as a function of the anisotropic para- 
meter a for two and three dimensional lattices. 
The result is that the critical value of a@ at 
which the system becomes antiferromagnetic 
decreases rapidly with increasing coordination 
number of lattices. 

As is mentioned above, our method is less 
accurate in its approximation than Marshall’s. 
As a result, the ground levels obtained from 
our procedure are higher than those from the 
spin wave theory, accordingly than those from 
Marshall’s procedure, although both our result 
and Marshall’s one reduce to Kasteleijn’s 
result in the case of linear chain. 


§ 2. 


Let us confine our consideration to the 
crystal lattices where we can divide the whole 
lattice points into two sublattices, A and B, 
in such a way that a lattice point belonging 
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to one sublattice is surrounded by the nearest 
neighbours belonging to another sublattice. 

Following Kasteleijn, let us take the coordi- 
nate system of a spin belonging toa sublattice 
so as to coincide with that of a spin belonging 
to another sublattice rotated around the 
quantized axis, that is the z-axis, by the angle 
za. Then we can write (1) as 


KH = —(1—@J Xiiny(Si* Se +S 7 Se*) 
+2 J SicseyS7 Sk? « C3) 
Our problem is to find the eigenfunction y 


of & corresponding to the ground level, 
which we may write as 


Y=Drarapa (4) 
Here ¢, is a normalired wave function expres- 
sed as a product of a@i’s or fi’s defined by 
se( ai \=( We @ )( ai i: (5) 
Bi 0 —1/2 Bi 
We shall now classify ~,’s into several 


groups, each of which is specified by the fol- 
lowing parameters. 


the number of + spins on the A sublattice: 
[tT on A]. [J on A], [T on B], and [J] on B] 
are defined in the same way. And 

the number of neighbouring pairs of + spin 
on the A sublattice and + spin on the B sub- 
lattice: [f on A; f on BJ. [Tf on A; | on B] 
[h.on As frontiB], and» {icon A 7 tron B] gare 
defined in the same way. Of course, these 
eight parameters are not independent of each 


other. It can easily be proved that we have 
only three independent parameters. For we 
have the following relations. 

[f on A]+[J on AJ=N 

[tf on B]+[]) on BJ=N. (6a) 


[tT on A; fT on BJ]+[ft on A; | on BJ]=2[t on A], 
[! on A; f on BJ+[J on A; | on BJ=2[] on A], 
[f on A; f on BJj+[J on A; f on B]=a[T on BI, 
[tf on A; | on BJ+[) on A; | on B]=2{! on B]. 

(6b) 
where WN is the number of lattice points be- 
longing to each sublattice and z the number 
of nearest neighbours. But the number of 
independent relations. in (6b) is only three. If 
we confine our consideration to the case where 
there is no magnetic field, the total magnet- 
ization of the system should be equal to zero: 


[f on A]+[T on BJ=[] on A]+[] on B], 
(7) 
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which gives us another relation. Let us 
introduce two independent parameters, o and 
x, defined by 


[T on AJ—[T on B]=[] on B]—[J on AjJ=No, 


[| on A; f on BJ=[} on A; | on B]=Nzz. 
(8) 
Then we can easily show 
[T on AJ=[] on BJ=(N/2)(1+<) , 
[! on AJ=[T on BJ=(N/2)(1—¢) , 
[| om AS | on Bl=(WVz/2)0 + o—2z) , 
[J on A; f on BJ=(N2/2)1—s—22). (9) 


Thus our basic wave functions ¢,’s with 
fixed parameters o and 2 are grouped together. 
We shall then assume that the probability 
amplitudes a@,’s are equal to each other for 
¢x’s belonging to such a group. It will be 
convenient to introduce the following functions 


O(c, x) =Dadrs, x)/V Wa, x) , (10) 
in which (0, 2) denotes ~, with fixed values 
of o and x Here the summation runs over 
all ¢, with fixed o and x, whose number is 
denoted by W(o,2). Hence O(o,x) is a nor- 
malized wave function. Using the assumption 
stated above, the function (4) may be written 
as 

P= do,2b(o, 2) O(c, x) , (11) 
which is a trial function taken up by Kaste- 
leijn. 

We should next determine 0(c,2) so as to 
minimize (¥|#|¥). For this purpose let us 
look for the matrix elements of & with res- 
pect to O(c,x). First, we can easily get 

TowS#SO(o, 2)=1/4 ({P on A; Ton B) 
+[) on A; | on BJ—[T on A; | on BI 
—[J on A; f on BJ) 
=(Nz/4)(42—1)O(0, x) . (12) 

Secondly we shall consider the matrix element 
of Sicey(SytSu- + Sy Sz*), which operates on 
anti- parallel pairs of spins and interchanges 
their spin states. As a result a ¢a(a, x) is trans- 
formed into a ~a-(o’, x’). The number of ¢y- 
(o’, x) thus generated is equal to the number 
of antiparallel spin pairs. Then 

(p(a’’, #/)\ Svciny(Sy* Su7 +. S77 Se*)| OCG, &)) 
={Wo, 2) Woe )} 

x SaronelDarPrlo, @ pro", #”)) 

= (Wo, 2)/ Wo", a AF grea”. (13) 


The summation Sa’,o,2 in the second 
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line of the above equation runs over a: (0’, x’) 
which is generated as the effect of operating 
our operator on @(o,2). Hence Woo, x)F eo” 
denotes the number of transitions from the 
spin configurations with (c,) to those with 
(o’’, 2’). By use of the relation of detailed 
balancing 
Wao, Do Wo”, al boar zg 
we rewrite (13) as 
(O(0", %”)| Siciey(Sj* Se“ + Sy" Su*)| O(a, z)) 
rac) Op airy a (15) 
With the help of (11), (12) and (13), an eigen- 
value equation 4°¥Y=EvY leads to 
(NaJ/2)(4e—1)b(o, #)—(1—a@)JSiors2"" 
XB Hee on HERG 2) 
= Kio; 2) (16) 
where we regard the ortho-normal condition 
of Do, x): (O(a, x)|O(6", x’))=de0rOx27. Now, 
the lowest eigenvalue FE will occur near certain 
value of o and x, where d(o, x) shows a sharp 
maximum. Since o’’ and x’’ respectively differ 
from o and x by the order of the magnitude 
of 1/N, we may replace b(o’’, x’’) by D(o, x) in 
the neighbourhood of that peak. Hence we 
get 
E=(NaJ/2)(4e—1)—(1—@) J Sor, 2” 
ON EAD) ELIS 


(14) 


aa 
5a 


(17) 


§3. Calculation of the Transition 
Probability 

As in the case of Kasteleijn’s procedure, 
the essence of the present procedure consists 
in the method of calculating the transition 
probability Fe’. As can easily be seen from 
(13), #2’, corresponds to the average number 
of $,-(o’, 2) with given o’ and 2’ generated 
from operation of Dicjey(SjtSe7+S;-Set) on a 
(0, x). The operator S;*S,- interchanges— 
spin on the j-th lattice point and + spin on the 
k-th one. The differences of the values of o 
and x, 4o and 4z, before and after this inter- 
change depend on the spin configuration of 
neighbours. If the number of + spins neigh- 
bouring to the j-th spin is equal to m except 
the k-th one, and the number of those neigh- 
bouring to the k-th spin is equal to m except 
the j-th one, we have 


4o=2/N, Ax=(m—n)/Nz , (18) 


where we assume that the j-th spin belongs 
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to A sublattice and the k-th one to B sublat- 
tice. 

To find the transition probability we must 
know the probability of finding the spin con- 
figuration stated above when the j-th and the 
k-th lattice points are respectively occupied by 
— and + spins. But we cannot find out this 
probability without making some assumptions. 
We shall now neglect the correlation among 
spin states of 2(z—1) spins neighbouring. to 
the j-th and the k-th spins. Then we can 
express the probabilities corresponding to 
various spin configurations in terms of o and 

The following expressions of probabilities 
can easily be proved: when the j-th lattice 
point is occupied by + spin, the probability of 
finding ++ spin on one of its neighbours is 

2z/1+¢) , 


and the probability of finding — spin on one of 
its neighbours is 

(1t+o—2a)/(1+o) . 
When the j-th lattice point is occupied by 
— spin, the probability of finding + spin on 
one of its neighbours is 

(l—o—22)/1—e) , 
and the probability of finding — spin on one of 
its neighbours is 

2x/(1—o) . 
In the same way, we can obtain the probability 
of finding a spin state on a neighbour of the 
k-th spin when the k-th spin is in a given 
state. 
Accordingly, the probability of finding a spin 

configuration responsible for a transition (18) 
may approximately be given by 


‘e 6-20 y cas z—-m-1 
l—o i) 
5 Ge ) : Hee 6 
l—o l—o 5 


But we have equivalent spin configurations 
which cause the transition (18). First, the 


number of spin configurations with given m 
and ” is equal to 


Ce 1 ) os 

m n ) : 
Secondly, the spin configurations with a given 
value of m—n lead to the same kind of transi- 


tion. Hence we sum up (19) multiplied by 
(20) over m and m under a restriction m—n=A 


(19) 


(20) 
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to obtain the total probability of finding the 
spin configurations responsible for a transition 
(18). Multiplying the probability thus obtained 
by [| on A; f on B], we finally get the transi- 
tion probability F%": 


ou 


eae =(Nz/2)(1—o—2z) 2S. 
le *)( l1—o—22 
. pm ales 
m n Vee 
S eines )( ao 
t—7 l—o l—o i 


. (21) 


o=ot2/N, 
x =x+A/Nz, (22) 
After simple calculations (21) can be written 
(l—o—Zz)'(Zay 
(1 —o)2@-D 
2z—2 


aoe r || ) 
Qu A+z—1/° 


Next the effect of S;~S,* is to interchange 
+ spin on the j-th lattice point and — spin on 
the k-th one. In the complete parallel with 
the above procedure we obtain 


(1+o—22)"(2x)"* 
(1+0)?@-) 


Fee ~WNe/2) 


(23) 


Feo’i2’’ = (Nz/2) 


Qa Af 2z—2 
Grea ) (fr ela i 
where 
o’=o—2/N , 
aw’ =a—Al NZ. (25) 


Since o’ and 2’ differ from o and 2 by the 
order of the magnitude of 1/N, we have 


Foe! w~ Fo x 


; 
oa OF 50? 


(26) 
which is correct to the order of the magnitude 
of 1/N. Taking into account (23), (24) and 
(26), we get 
Sie oe oe ee eee ei ce, Se, 
SNe nS ( 22-—2 ) 
(1—o?)* 1 a=-@-1) \A+2—1 
X (L—o —22)@t/2(1 + 6 —2x)@-/? 
(Qa)r=3 
(1—o?)?7} 
xX {((1+o0—22)/?4 (1—o —2x)/2}2@-1) | (27) 


ype 


SINE (l—o—22)/41+o—22)'? 


$4. Result 


Expression (17) can now be written 
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aT Lion 
B= 5 Na} (4e—-1)—(.—a)Nzl (**. ) 


x {(1—22)?-o? }/2 
x {((l+o—22)!/2+ (1—o —2e)1/2}2@-) (28) 
with the help of (27). 


This eigenvalue should 


correspond to the lowest one. Namely E 
should satisfy 
OE/Oxz=0, OE/Oc=0, (29) 
which are respectively written as 
hig, Neo" 
OP Mes » 
=p a i 


x {(1+o —2a)/2+(1—o —22)'/2 2@-D 
= ((1—22)—07}2—2(1 —2a) 
x 


=. i! 


ms {(1—2x)?—o?}1/2 mAs =0. (30) 


and 
4(z—1)?0?p*—o? 
MeEeDe=2 4H eal)’ 
+ot{(z—2)?o4+ 2((z—1)?—1)o?+27}=0 (31) 
where p=1—2z. 
FE requires 


CHR So co )( OE \=(e4, \>0 
Oo es SOT py) A 06 0x00 ]~ ~ 
(32) 
We must solve above two equations (30) and 
(31) under the condition (32). We search for 
this solution for square, simple cubic, and 
body-centred cubic lattices separately. When 
a=0, we have a solution ¢=0 (i.e. the magneti- 
zation of a sublattice is zero) for all cases, and 
the energy values are as follows. 


The minimum condition of 


the present 


2E/Naf Marshall § Kubo 
for paper 
square lattice —1.282 “aot ap seo4 
simple cubic __ 4g] +1203 ws 
lattice 
body centred _ 1 493 157 —1,138 


cubic lattice 
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In order that we have a magnetization of each 
sublattice, the anisotropic parameter a must 
be larger than a certain critical value. This 
critical value is 


0.108 for square lattice, 
0 |. for simple cubic lattice, 
0.024 for body centred cubic lattice. 
If a is larger than this value, we have non- 


zero solutions of o, and in Fig. 1 we show 
these solutions as the functions of a. 


Curves for o versus @. 


Bice: 
a: body centred cubic lattice b: simple cubic 
lattice c: square lattice d: linear chain (after 
Kasteleijn). 
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and Strontium Titanate 
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The first stage of the sintering process between barium titanate and 
strontium titanate powders, which are responsible for the formation of 


solid solution, was investigated. 


We measured the variation of per- 


mittivity vs. temperature characteristics and crystal structure of the 


mixtures, with sintering conditions. 


The shift of the effective Curie 


temperature and the broadening of diffracted lines were observed in the 


transient states of the reaction. 


A diffusion mechanism was introduced 


in order to interpret these phenomena qualitatively. 


§1. Introduction 


In the last few years, solid solutions of 
barium titanate and other alkaline earth titana- 
tes have been investigated as materials to be 
used for capacitors and electromechanical 
transducers. The most familiar substances 
among them are solid solutions of barium 
titanate, strontium titanate and lead titanate, 
whose properties are varied considerably by 
changing the ratio of their compositions.” 
Usually these solid solutions are made from 
the mixtures by a so-called sintering process. 
The phenomena of sintering fall into the 
classification of solid state reactions. In many 
cases, the term “sintering” is employed in 
the following sense: sintering is the extension 
of the contact areas between powder particles 
in the solid state, by the transport of material 
across or around pores, under appropriate 
conditions of time, temperature, pressure and 
atmosphere. But, in a broad sense, sintering 
concerns any interaction such as adherence or 
other related interdiffusion phenomena, which 
occur individually or simultaneously. 

There are many papers on sintering mecha- 
nisms for several oxides,®) but there seems 
to be few papers, in which the formation of 
solid solutions has been mainly investigated. 
It is noteworthy that the reaction to make 
solid solution is not always the same one as 
so-called sintering. Sintering phenomena may 
occur even between two sorts of powder parti- 
cles, which are impossible to react into a solid 
solution. A solid solution may be made only 
by migration of ions through contact areas of 
particles, even without occurrence of decrease 
of porosity. 


The purpose of this investigation is to dis- 
cuss the first stage of the sintering process 
between barium titanate and strontium titanate 
powders, which are responsible for the forma- 
tion of the solid solution, under various firing 
conditions. For that, the variations of per- 
mittivity temperature characteristics and cry- 
stal structure due to the firing condition have 
been studied. In our case, the firing tempera- 
ture was not very high, so that the decrease 
of porosity in samples was out of question. 
Although the details of the reaction are so 
complicated, the ionic diffusion plays the main 
role in making the solid solution. We shall 
find later the activation energy for ionic diffu- 
sion in barium strontium titanate from our 
experimental data under certain assumptions. 
That will contribute a preliminary knowlege 
to the investigation of the atomic arrangement 
in the lattice of solid solution. 


§2. Preparation of Samples 


First, we made separately barium titanate 
and strontium titanate ceramics by the usual 
method.» The grade of purity of barium 
carbonate, strontium carbonate and titanium 
dioxide we used was extra chemical pure. 
Then the ceramics were pulverized, and large 
powder particles were excluded by a sieve, its 
mesh size being 1/150 inch. Photo. 1 shows 
microscopic views of the sifted powders; (a) 
is barium titanate and (b) is strontium tita- 
nate. The powders of barium titanate and 
strontium titanate were mixed together in 1:1 
molar ratio, pressed into a disk by an Amsler 
type pressing machine and fired under several 
different conditions. The firing temperature and 
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(b) 


~tomm 
Photo. 1. Microscopic views of BaTiO; and 
SrTiO; powders. 

time were varied from 800°C to 1350°C and 30 
minutes to 53 hours respectively. The furnace 
we used for sintering is a BSH-2 type 4.2K W 
siliconit electric furnace. The temperature 
control was carried out by utilizing the steady 
state of the furnace and its fluctuation during 
the sintering process was within about -£5°C. 
No marked shrinkage was observed for 
samples fired below 1220°C, but their mecha- 
nical strength increased with the firing tem- 
perature. We measured the permittivity of 
these samples from —130°C to 80°C and in- 
vestigated their structures by the X-ray 
analysis at room temperature. 


§3. Permittivity-Temperature 
Characteristics 


The resonance method at 1043 kC was used 
for the measurement of permittivity. Fig. 1 
shows the permittivity vs. temperature curves 
for a sample sintered at 1120°C, where the 
firing times for (a), (b) and (c) are 3.5, 24 and 
53 hours respectively. The values of the 
permittivity is very small because of high 
porosity. Fig. 2 shows a case of 1220°C. 
The firing time for (a), (b) and (c) are 1.5, 8 
and 20 hours respectively. The curves for 
samples sintered at 1020°C and 1350°C are 
also indicated in this figure. The bulk density 
for these samples is nearly constant, so that 
the difference in the value of permittivity 
shown in Figs. 1 and 2 is not always due to 
the decrease of porosity. The peak of per- 
mittivity shifts to the high temperature side, 
as the firing temperature becomes higher and 
the firing time becomes longer, and_ this 
phenomenon may be illustrated by the disper- 
sion of the Curie temperature of each powder 
particle. Although the concentration of Ba** 
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Fig. 1. Permittivity-temperature curves for 


(Bao.5:Sro.s) TiO3 sintered at 1120°C. 
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Fig. 2. Permittivity-temperature curves for 
(Bao.s-Sto.s) TiO3 sintered at 1020°C, 1220°C 
and 1350°C. 


ions and Sr?* ions are equal on the average 
in the samples, this relation doesn’t hold in 
each powder particle. Before firing, some 
particles don’t contain any Ba’* ions and 
others any Sr?+ ions. In the final state of 
firing, on the contrary, a homogeneous distri- 
bution of ions will be brought about micro- 
scopically. As the permittivity vs. temperature 
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Schematic diagram showing the change 
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of (211) diffracted lines of 
sintered at 1120°C and 1220°C. 
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Schema of mixed state of 
BaTiOz powders. 


Fig. 4. 


curve is considered to represent a resultant 
of contributions from each part of the sample, 
having different characteristics, which depend 
on the constituents, we may estimate the rate 
of the reaction by the permittivity measure- 


ment. We will discuss these points further 
insoec! 5. 
$4. X-ray Analysis 


The most direct evidence for the presence 
of barium strontium titanate solid solution is 
obtained by the X-ray diffraction method. 
When the solid state reaction has not yet 


occurred, both diffracted lines of barium 
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titanate and strontium titanate will be observ- 
ed, and they will tend into single lines corre- 
sponding to those of barium-strontium titanate 
after the solid state reaction has finished 
completly. On the other hand, broad diffracted 
lines and diffuse scattering will be observed, 
if the reaction is not yet complete and conse- 
quently a non-uniform distribution Olmebaga 
and Sr?* ions is realized in the crystal. In 
order to check this situation, we paid our 
attention mainly to the behavior of (211) lines. 
It is not adequate for our analysis to adopt 
too low or too high index lines, since, in the 
former case, the separation between lines of 
barium titanate and strontium titanate are 
small and, in the latter case, the lines of 
barium titanate split into multiplets, its struc- 
ture being tetragonal.” 

We carried out our analysis for the samples 
sintered at 1020°C, 1120°C and 1220°C. For 
the ones sintered at 1020°C, only the diffracted 
lines corresponding to those of barium titanate 
and strontium titanate were observed, but for 
the ones sintered at 1120°C and 1220°C, we 
recognized the broadened diffracted lines. 
Fig. 3 is a schematic diagram showing the 
change of (211) diffracted lines due to the 
prolongation of the sintering time in case of 
the samples sintered at 1120°C and 1220°C. 
When the firing time is short, we have, of 
course, only the separated lines of barium 
titanate and strontium titanate. When the 
firing time is prolonged, the line of strontium 
titanate begins to broaden and becomes a 
band corresponding to(BazSri_.)T103(0.5 >2=0), 
the line of barium titanate remaining at its 
initial position. The breath of the band in- 
creases and that of the line of barium titanate 
does not change noticeably; the intensity of 
the former increases and that of the latter 
decreases. At the final stage, however, the 
breadth of the band decreases again and at 
last the band and the line mingle into a single 
line corresponding to (Bao.sSro.5)TiO;. We 
measured the intensities of the diffracted 
lines by a microphotometric method, but it 
was very difficult to estimate the intensity, 
because of the strong diffuse scattering 
masking them. 

At 1250°C or more higher temperature, the 
rate of the reaction was very rapid, because 
of the macroscopic flow, which was responsible 
for the decrease of porosity. It is of no intere- 
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st in our present investigation, so we made it 
out of our description. 


§5. Discussion and Conclusion 


To make solid solution from barium titanate 
and strontium titanate powders, the positions 
of Ba?* ions and Sr?* ions in the perovskite 
lattices should be exchanged in any way. As 
the reaction is not accompanied with the incre- 
ase of bulk density, we may suppose that the 
migration of ions occurs mainly by the mecha- 
nism of ionic diffusion. In the first, it is 
necessary to create contact surfaces between 
powders as shown in Fig. 4. There are many 
investigations of the growing mechanisms of 
the interfaces, which are considered as the 
first stage of sintering phenomenon.» 
Various types of material transport, such as 
viscous flow, evaporation, condensation, surface 
diffusion and volume diffusion may occur 
during the initial stage of the process. As the 
decrease of free energy of the mixture may 
be caused not only by that of surface energy, 
but also by the increase of entropy due to the 
random distribution of Ba?+ and Sr?* ions, 
the interface growth and the migration of ions 
through them will occur simultaneously. 

It is well known that a solid state reaction, 
accompanied by a chemical change, for in- 
stance, BaCO;+TiO.—BaTiO;+CO., begins 
even at very low temperatures compared with 
usual sintering ones,» in which the binding 
energy doesn’t change at.all. Our case of 
BaTiO;+SrTiO;—2(Bao.sSro.5)TiO3, ought to be 
treated as an intermediate one between these 
two cases. Whatever mechanism would occur 
in the initial stage, we can estimate the 
activation energy for the ionic diffusion from 
the observed rate of the reaction in the follow- 
ing way, if the main part of this reaction is 
the ionic diffusion. 

Let us suppose that the ions diffuse through 
the contact surfaces, as shown in Fig. 4. The 
equation for diffusion is given as 


0c/Ot= div(D-grad C) a5 


where c is the concentration of ions and D is 
the diffusion constant. 

If D is independent on the concentration of 
the constituent of the lattices, the above equa- 
tion is written as 


0c/Ot= D-4c or 0c/0(D-t)= 4c. (2) 


Then a general solution of this equation may 
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be expressed in the form 
c(x,y, 2,t)= O(x,y,2,D-t) (3) 
If we find that the rates of reactions are the 


same for two different firing conditions T;, ft; 
and T>, f,, the next relation can be established 

Dr, :th=Dryle (4) 
Here we shall adopt the well known equation 

Dr= Dye 2"** (Gay) 
for the temperature dependence of the diffu- 
sion constant D, where ¢ is the activation 
energy. Then, using the equation (4), we get 
the activation energy, from the observed value 
of T,, t; and T2, t. When the firing time is 
too short or the difference of 7i and Ty» is 
large, however, the equation (4) perhaps 
will fail to hold, because only the interface 
growth is predominant in the former and the 
conditions of the interfaces are too different 
in the latter. 

From our results of X-ray analysis and 
permittivity measurement, we may put 

Dy393°D0= Dis93°4 (6) 
and obtain 4.5 eV as the value of the activa- 
tion energy, which is very large compared 
with that in univalent ionic crystals. Suppos- 
ing that the migration of ions may occur by 
that of vacancies in the crystals, we may say 
this is not so unreasonable value. It is notice- 
able, however, that the relation (4) shows 
appreciable deviation when applied to the 
whole range of the reaction. In the above 
derivation, the other transport mechanisms 
of ions except diffusion were not consi- 
dered and the activation energy was assumed 
to be independent on the concentration of the 
diffusing constituents. If the effect of the 
increasing of the contact areas between 
powders were considered, we would find a 
smaller value for the activation energy. 

As pointed out in Sec. 4, any line corres- 
ponding to (Bax-*Sry-z) TiO;(1>*=0.5) was not 
observed in our firing process. hismerace 
suggests us that the values of the diffusion 
coefficient for Ba?+ and Sr?* ions are strongly 
affected by the constituent of the lattices and 
large Ba?* ions diffuse more easily than small 
Sr2+ ions. Perhaps the concentration of ions 
in the crystals will be changed with the firing 
time as shown in Fig. 5, where (a) is the 
initial state in which the reaction has not yet 
begun, (b) and (c) are the transient states and 
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concentration of BaTiO3 


1-0 
0-5 (b) 
©) 
|-O 
0:5 (Cc) 
ne) 
(d) 
0-5 
BaTiOz side SrTiOgz side 


Fig. 5. Change of the concentration of ions in 
the powder particle due to the firing. 


BaTiO; (exp.) 


SrTiOz (exp.) 
-200 -100 100 % 
ae 
Fig. 6 (a). Effective dielectric constant calculated 
by 


1 
log &,= slog € BaTiO; + 9 log Esrliog - 


(d) is the final state, in which the reaction 
finished completely. (b) and (c) may corres- 
pond to the case of 0.5 h. and 1.5 h. in Fig. 
3 respectively. Our X-ray data lead us to 
consider that the fraction of the portion 
corresponding to (Baz-Sr:-,)TiO(1>2z>0.5) is 
very small compared with the other. 

The observed change of permittivity-tem- 
perature characteristics due to the firing 
condition may be interpreted qualitatively by 
this model in the following way. Let us apply 
so-called “Lichtenecker’s” formula for cal- 


Oh —1— ——+ 
-200 ~100 (0) {00 
Temperature mG 


Fig. 6(b). Effective dielectric constant calculated 
by 


1 Zz 
log Ee= 3 - log Exario3 +g log E(Bag.25°Stg-75)Ti03 - 


1000} 


O 


-200 - | 00 (@) 100 
Temperature °G 


Fig. 6(c). Effective dielectric constant calculated 
by 


il 9 
log & =F log Exatio;+ Ties E(Bag. 445°Sr9..555)Ti03 « 


culating the effective permittivity of solid 
solutions. Then, in the initial state (a) of 
Fig. 5, it is given by 


il il 
log 6.= 9 108 € patio; + 9 log €srrio; (7) 


which is shown in Fig. 6 (a). A broad maxi- 
mun on this curve is observed in Fig. 1 (a) 
or Fig. 2 (e). Fig. 6 (b), in which the effective 
permittivity is calculated by 


1 2 
log C= “3 10g E BaTi03-+ 3 108 é (Bag _.25-Sro.75)Ti03 ( 8 ) 
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may correspond to the state of Fig. 5 (b), and 
Fig. 1 (b) or Fig. 2 (a) show the similar 
characteristics. The one near the final state 
is shown in Fig. 6 (c), where only 1/10 frac- 
tion of barium titanate remains unreacted. In 
this region, the effective Curie point shifts to 
the high temperature side with the increase 
of the firing time. This coincides with our 
experimental data. As the effect of porosity 
and the detailed distribution of concentration 
of solid solutions have not considered in this 
calculation, any quantitative comparison with 
the experimental data would be impossible. 
As long as the Curie temperature varies 
with the firing time, it means that the reac- 
tion is yet incomplete. This fact shows us 
that we must pay our attention to the firing 
conditions in making. solid solution having 
uniform structure and stable characteristics. 
The ratio of two firing times, which are 
appropriate to the realization of the similar 
distributions of the concentration, t,: ts, is 
known to be equal to /?,: 7%, if the linear 
dimensions of the particles are /;, and J, res- 
pectively. Accordingly, it is more efficient, 
in the firing, to use fine powder rather than 
to prolong the firing time. Furthermore, from 
rough calculations using the simple model 
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stated above, it is found that a very long firing 
time is necessary to get completely uniform 
distribution of ions, so that the higher firing 
temperature has to be used for this purpose, 
even if we don’t want to get dense ceramics. 
The cause of the previously reported fact that 
the two phases of barium-strontium titanate 
soild solution co-exist at the Curie temperature 
may be perhaps attributed to the non-uniform 
distribution of Ba?* and Sr?* ions. But this 
problern will be solved thoroughly only when 
the atomic arrangement in the solid solution 
in the ceramic state becomes clear. 

The author is grateful to Assist. Prof. S. 
Sawada of Tokyo University for his helpful 
discussion. 
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The ordered arrangements of the defects of iron atoms in FeSe, have 


been studied for several compositions by X-ray analysis. 


tend to assume an ordered arrangemen 
New phases are found in the region 
sidered as the single phase region. 

pseudo-orthohexagonal unit cells for 
unit cell dimensions of the superstru 
are twice as large as that of the 
and b-axes, and three times along t 


These defects 
t as in the case of pyrrhotite FeS.14. 
(a=8/7~4/3) which have been con- 


If we choose the orthohexagonal and 


x=8/7 and 4/3, respectively, the 
cture resulting from this ordering 
fundamental structure along the a- 
he c-axis for 2=8/7, and on the 


other hand, twice only along the c-axis for 7=4/3. 


Introduction 


§1. 

From X-ray analysis with powder method, 
Hagg and Kindstrom” have found that iron 
selenide FeSe; has two phases in the range 
w=1~4/3 at room temperature, namely the 
phase of the PbO type structure for x=1~8/7 
(the a-phase) and of the NiAs type structure for 
a=8/7~4/3 (the 8-phase). In the 8-phase region, 
the lattice parameters decrease gradually as 
the excess Se content (#>1) increases. They 
have concluded that the decrease of the para- 
meters might be ascribed to the formation 
of vacant lattice points of Fe atoms i.e. the 
defects of Fe atoms, although there have been 
some discrepancy between the values of the 
X-ray and the pycnometrical densities. 

Recently, Hirone, Maeda and Tsuya” have 
found that FeSe, has ferrimagnetic properties 
similar to those of iron sulphides FeS,,2). 

The ferrimagnetism of pyrrhotite Fe;Ss has 
been considered to come out from the ordered 
arrangement of the defects of Fe atoms. The 
existence of the ordering was suggested by Néel 
and verified by Bertaut by X-ray analysis with 
single crystal method. In the NiAs type 
structure* Fe atoms are arranged in layers 
perpendicular to the hexad axis, alternating 
with layers of S atoms. Bertaut has found 
that the defects are restricted to the alternate 
iron layers and distributed in such a way as 
to be as widely dispersed as possible. The 
ferrimagnetism based on the: superexchange 
interaction between Fe atoms in these layers 
requires not only the existence of the defects 
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of Fe atoms, but also that the number of Fe 
atoms in one of these layers is different from 
that in the next iron layers. 

The similarity between the ferrimagnetism 
of FeS, and that of FeSe, suggests the fact 
that the defects of Fe atoms are arranged 
orderly also in FeSe,. Therefore, it should be 
interesting to study the ordering of the defects 
in FeSe, in order to establish relations between 
the magnetic properties and the crystal 
structures. In this paper, the results of 
X-ray analysis obtained for the single crystals 
of the 8-phase at room temperature are des- 
cribed. The a-phase crystals have not been 
studied because good specimens were not 
available. A paper treating their magnetic 
properties will be published in near future. 


§2. Crystal Preparation 


Single crystals were prepared for 2=8/7, 7/6, 
6/5, 5/4 and 4/3 by the following methed: the 
powdered mixture of electrolytic iron 
reduced by hydrogen and redistilled 99.997% 
selenium in proper proportions was sealed in 
an evacuated silica tube. In the case of 
Fe;Ses, for example, the mixture was heated 
to 1150°C and kept at the temperature for 70 
hours, and then cooled gradually down to 
room temperature taking 5 days. Also in the 


other cases the similar heat treatments were 
carried out. 


* 


E. F. Bertaut® showed that pyrrhotite was 


only pseudo-hexagonal with a monoclinic unit cell 
(B= 992330) 
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All of these crystals have metallic lustre. 
The plane perpendicular to the c-axis is the 
cleavage plane in the case of Fe;Ses, but not 
so in the other cases as will be described in 
§4. In general, however, it was not easy to 
find out these cleavage surfaces when the 
ingot was broken. 

The compositions of these crystals were 
ascertained by chemical analysis and density 
measurements. Chemical analysis* with a 
small quantity (about 15 mg) of Fe;Ses showed 
that the specimen contained 38.15% iron and 
60.71% selenium in weight per cent.**, cor- 
responding to Fe;Se;.9. On the other hand, 
the X-ray density of Fe;Ses (6.37 g cm~’) is in 
good agreement with the pycnometric value 
(6.42 gcm=3). Since, also for the other com- 
positions, the density values by the two 
methods are in good agreement with each 
other as shown in Fig. 1 and Table I, we 
have avoided the trouble to carry out chemical 
analysis except for the case of Fe;Seg. 

According to the present study there is no 
such discrepancy between the two values as 
observed by Hagg and Kindstrém, whose 
result is also shown in Fig. 1 for comparison. 


§ 3. 

All X-ray data were obtained from Laue 
and oscillation (or rotation) photographs. For 
the latter method, iron filtered Co K-radiation 
was used and the camera radius was 4.99, cm. 
The exposure time were 1.5~2 hours for 0k 
oscillation photographs, 3~4 hours for rota- 
tion photographs, when applied voltage was 
~30kV, and beam current (focused by electro- 
static lens) ~15 mA. 

The specimens for X-ray diffraction were 
cut from the single crystals along the cleavage 
surfaces in the cases of Fe;Ses, FesSee, Fe,Ses 
and Fe:Se:. In the case of FesSe; the cleavage 
surface was not found. 

The specimens were coated with thin wax 
to prevent the oxidation. Their dimensions 
were of the order of magnitude 0.5mm. 
Sufficiently clear diffraction patterns were 
obtained from Fe;Ses, and Fe;Se:, but not 
from the others. 

The linear absorption coefficient of FeSe: 
(«=8/7~4/3) is larger than 600 cm-!, so that 
the shape of the specimen should be regulated 
for the absorption correction. In the present 
case, however, this caution has not been 
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® Pycnometric } (after present authers ) 
4 X-ray F ve 
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Composition , I 
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Fig. 1. Density versus composition. 


Table I. Density of FeSez. 


a SS | 7/6 | 6/5 | 5/4 | 48 


6.37 | 6.37 | 6.33 6.50 | 6.59 


X-ray | 
6.42 | 6.36 | 6.36 | 6.48 | 6.58 


pycnometric 


taken, because the fundamental crystal struc- 
ture (for instance the NiAs type for Fe;Seg) 
is well known and the considerable informa- 
tion about the superstructure is available even 
without the accurate intensity data. 


§4. Structure Determination 


(a) Fe;Ses 

On the ‘rotation photographs about the a- 
and c-axes of the single crystal of Fe7Ses, 
there are many weak spots besides the strong 
ones corresponding to the NiAs type structure. 
Their intensities are of the order of one 
hundredth of those of the strong ones. These 
weak spots are due to the superstructure, 
since they appear not only on the layer lines 
made by the strong ones, but also on those 
corresponding to the unit cell dimensions 
twice along the a-axis and thrice along the 
c-axis as large as those of the fundamental NiAs 
type structure. We may assume, thus, that 
the superstructure is due to the ordered 
arrangement of the defects of Fe atoms 
similar to the case of pyrrhotite Hie-Ssa ene 
splitting of the spots due to the monoclinic 
deformation of the fundamental lattice as in 
the case of Fe;Ss is not found in Fe;Ses. 


* We are indebted to Dr. K. Kumada, Faculty 
of Agriculture, Tokyo University, for chemical 
analysis. 

** Deficit of 1.14% is attributed to impurities 
and experimental error. 
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Table II. Distances between the neighbouring 
defects in A. 
- | Fe;Ses 
| Fe7Sg 
| type (i) | type (ii)| 
in the same (001) layer V2 We 6.86 
5.88 
in the next (001) layer | 6.91 &691 6.71 
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Fig. 2. Unit cell of Fe;Seg. Open and solid circles 
represent defects and Fe atoms pepe ee 
Se atoms are omitted for clarity. 


These rotation photographs are reporduced in 
Photo. 1. 

We can choose for the superstructure the 
following orthorhombic unit cell containing 
six chemical units Fe;Se,. 


Amy 3b=125;,, B=2a=7.23:. 

ene a Ci 36 — i Opt. 
The capital and small letters designate the 
unit cell lengths of the super and fundamental 
lattices, respectively. 

All the spots appearing on the oscillation 
photographs, taken with the oscillation range 
20° and 30° about the B- and C-axes, re- 
spectively, could be indexed on the basis of 
the above orthorhombic lattice. For all the 
observed hki reflections, h+k were even. 
This extinction rule is satisfied in the orthor- 
hombic system only in the case of the space 
groups D°—C222, Cw—Cm2m and Dy,— 
Cmmm. 

Since an extremely inhomogeneous distribu- 
tion of the defects is improbable, the only 
plausible arrangements of the six defects of 
Fe atoms in the unit cell are as follows: 


K. HIRAKAWA (Violaelilr 


pyelegt | 
(1) (0, 0, 0; 2 ’ 2 , 0) 
‘aft: Pepe Oh pony aan 
i 4 s) 4 ? 2 ? 4 ? 4 ? 3 ? 
z at eges ae 
(ii) (0, Oy-05 9° 9? 0 )-+(0, 9? 3 ) ; 


For the type (i), the calculated structure factor* 
F(hkl)=0 if 1=3n (n; integers) and h and k 
are odd. For the type (ii), on the other hand, 
|F.(hkl)|=<0 for all the reflections which obey 
the above extinction rule. Moreover, |F.(hk/)| 
is larger for 7=3mn than for /3<3n. 

The observed intensities favour the type 
(i), that is, the reflections for which /=3z and 
h is odd are not observed or very faint for 
smaller indices. For larger ones (about 10), 
however, the intensities become the same order 
of magnitude as those of other superstructure 
spots. This fact is explainable when we 
assume slight displacements of Fe and Se 
atoms from their original positions due to the 
appearance of the defects. The magnitude of 
the displacement will be of the order of one 
hundredth of the unit cell dimensions**. The 
same diffraction patterns were obtained from 
different specimens. 

The distances between the neighbouring 
defects for the type (i) and (ii) are given in 
Table II, and are compared with those in 
Fe;Ss. The comparison suggests that if the 
“A-likes-B” type ordering is the case as in 
Fe;Ss, the structure of the type (i) may be 
more stable. 

From these considerations, it seems that the 
structure of the type (i) is more probable. 
The most probable structure of Fe;Ses is shown 
in Fig. 2, whose space group is D,°-C222. 
(When we choose the hexagonal unit cell as 
shown by broken lines, the space group is 
C,'-P 62 Or Ce°- P64.) 


(b) Fe;Se, 


Fe;Se, is monoclinic, whose Laue symmetry 
is C2,—2/m. The lattice parameters of the unit 


* We assume that the atomic structure factor 


of the defect is equal to that of Fe atom. 

** If this is the case, the extinction rule for the 
fundamental NiAs type structure must be also 
violated. The weak spots whose indices correspond 
to the prohibited reflections for the fundamental 
lattice are observed. But at present we cannot 
distinguish whether these are due to the funda- 
mental or superstructure lattice. 
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Fig. 3. Unit cell of Fe;Se,. Open and solid circles 
represent defects and Fe atoms, respectively. 
Se atoms are omitted for clarity. 


cell containing two chemical units, Fe;Se,, are 
A=6i67, B=3.537, C]le=11.17 4 
and i920 ae 
The rotation photographs about the C-axis is 
the most characteristic, since the splitting of 
the spots corresponding to the monoclinic 
deformation of the fundamental lattice and the 
deviation of A/B from the value / 3 are 
observed and, furthermore, many weak spots 


corresponding to C=2c are found. These 
weak spots may be probably due to the 
superstructure resulting from the ordered 


arrangement of the defects of Fe atoms as in 
the case of Fe;Ses. On the rotatation photo- 
graphs about the A- and B-axes, such weak 
spots are not observed except on the layer 
lines made by the strong ones. Two of these 
rotation photographs are reproduced in Photo. 
2: 

All the reflections on the oscillation photo- 
graphs taken with the oscillation range 30° 
about each axis could be indexed on the basis 
of the monoclinic lattice. For all the observed 
hkl reflections, h+k-+/ were even. Therefore 
the lattice made of the defects should be body 
centred as shown in Fig. 3. (The reflections 
for which h+k+/=even were observed 
without exception.) 

From this structure, it is expected that 
Fe;Se, cleaves along the (101) planes. The 
calculated value of the angle between the 
(101) plane and the A- or C-axis is in good 
agreement with that determined by observing 
the shadow image of the specimen. 

(c) Fe,Ses 


Although the diffraction pattern of Fe,Se; 
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shows asterism in general, one among several 
specimens examined gave pattern sufficiently 
clear for the analysis of the superstructure. 

Fe,Se; is monoclinic, whose Laue symmetry 
is Cy.—2/m as in the case of Fe;Se,, and the 
lattice parameters of the unit cell containing 
two chemical units, Fe3..Se,, are 

A=6.21¢, B=3:59:;, C=2e=11.32 4, 

=O”. 
The rotation photographs about the three axes 
are quite the same as those of Fe,Se, except 
for the systematic displacements of the spots 
resulting from the differences of the lattice 
parameters. By the oscillation photographs 
in the range of 30° about the B-axis, the 
same extinction rule as in the case of Fes3Se, 
was confirmed. 

In Fe,Se; it seems, therefore, that the 
ordered defects in the structure of Fe;Se, are 
occupied at random by the excess Fe atoms. 
If this is the case, the intensity of the super- 
structure spots should decrease to (4/5)?=0.64 
compared with that of Fe;Se,. Although, be- 
cause of the difference of the absorption effect 
depending on the shape of the specimen, the 
quantitative comparison over the whole range 
of scattering angle was not carried out, the 
intensity decrease by the factor of about 0.5 
was confirmed by visual estimation on eight 
high angle reflections (@>60°). 

Also in this case, the cleavage plane is the 
(101) plane. 


(d) Fe;Seg 


In this case the diffraction patterns are 
highly obscure. We could not find the suffi- 
ciently good specimen to analyse the super- 
structure thoroughly, although the existence 
of the superstructure was sure as described 
below. 

On the rotation photographs about each axis 
of the specimen whose pattern was relatively 
clear, we found many weak spots correspond- 
ing to the unit cell dimensions twice as large 
as those of the fundamental structure. But 
by closer examination of this pattern it was 
revealed that the specimen examined was 
composed of several crystals having orienta- 
tions slightly different from one another. This 
was also confirmed by Laue photograph taken 
with the incident beam parallel to the B-axis, 
since this photograph was similar to that of 
Fe,Se; except for the splitting of spots. This 


and 
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splitting remained after dividing the specimen 
into two pieces whose dimensions were 0.1.x 
0.1x0.2mm and 0.10.2 0.4 mm. 

The other specimens giving spots as clear 
as those of the above-mentioned one gave also 
the same patterns. 

We may assume that Fe;Se, is fairly un- 
stable in accordance with the fact, that in the 
course of the crystal preparation, the silica 
tube exploded four times out of six although 
the preparation condition had been varied, and 
that near the composition x=6/5 the density 
is minimum throughout the #-phase. 

The lattice parameters of the fundamental 
sturucture are estimated as follows: 


a=6.24, b=3.61, c=5.84A and 
8B: probably 90.0°~90.5°. 
(e) Fe,Se; 


Also in this case it is difficult to find the 
specimen giving sufficiently clear diffraction 
pattern for the analysis of the superstructure. 
Two kinds of specimens whose diffraction 
patterns were different from each other were 
obtained from the same ingot. 

In the first case, on the rotation photographs 
about three axes, we found many weak spots 
similar to those of Fe;Ses. Unlike the case of 
Fe;Se;, these were not contributed from 
more than one crystal, but the extinction rule 
could not be obtained, because superstructure 
spots at higher angle were weak and with 
asterism. Within the definition the splitting 
of the fundamental structure spots may be 
attributed only to the deviation of A/B from 
VY 3, without any monoclinic deformation. 

In the second case, the rotation photographs 
about the C-axis was quite the same as that 
of Fe;Ses except for the systematic displace- 
ment of the spots due to the differences of 
the cell dimensions, and these spots were 
markedly clear compared with those in the 
first case. By the oscillation photographs in 
the range of 30° about this axis, the existence 
of the same extinction rule as in the case of 
Fe;Se, was confirmed. (The intensity of the 
superstructure spots is smaller than expected 
from the composition as compared with 
Fe;Seés.) 

Therefore Fe,;Se; seems to be a mixture of 
the crystals with the Fe;Ses type structure 
and probably of those with the Fe,Se, type 
one although the structure of the latter is 
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Fig. 4. (a) Measured lattice parameters of funda- 
mental unit cells versus composition. 
(b) c/b (average of e/b and V 3 c/a) and volume 
of fundamental unit cell versus composition. 
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unknown. 

The unit cell dimensions of the fundamental 
structure obtained in the first case are as 
follows: 


a=6.23, 6=3.61, and c=5.88 A. 


§5. Conclusions 


It is found that the defects of Fe atoms in 
FeSe, are arranged orderly in the region 
x=8/7~4/3. 

For «=8/7, all the distances between the 
neighbouring defects are almost equal to 2a, 
that is, these defects are distributed as 
widely as possible similarly to the case of 
Fe;Ss, but the structure of Fe;Ses shown in 
Fig. 2 differs from that of Fe;Ss in the 
following respects: the former is hexagonal 
with C=8c while the latter is only pseudo- 
hexagonal with C=4c. In the region 2=8/7~ 
7/6, further defects corresponding to these 
compositions may now appear in those layers 
perpendicular to the C-axis, in which for the 
case of Fe;Seg we can not find any defect. 
When x increases beyond 7/6, the periodicity 
of C=8c vanishes and that of C=2c becomes 
dominant. In the region w2=5/4~4/3, the 
structure becomes the Fe;Se, type with C=2c, 
and the excess defects to the composition 
may probably be occupied at random by Fe 
atoms. In Fe;Se,, the defects are arranged 
along the B-axis without any intervenient Fe 
atom and each of the rows of those defects 
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parallel to the B-axis is surrounded by six 
neighbouring rows of defects with almost the 
same distances (Fig. 3). 

According to the different types of the 
ordering mentioned above, the #-phase region 
may be divided at least into two regions, 
that is, e=8/7~7/6 and 2=6/5~4/3, although 
the arrangement of the defects near 2=6/5 
are unknown. This may be also supported 
by the measurement of the lattice parameters 
and the volume of the fundamental unit cell, 
which are shown in Fig. 4. 

The authors are much indebted to Assist. 
Prof. T. Okada for his encouragement and 
valuable comments. They also wish to ex- 
press their cordial thanks to Dr. N. Tsuya 
for the communication of the results obtained 
at his laboratory prior to publication. The 
present investigation was supported by the 
Scientific Research Expenditure of the Ministry 
of Education. 
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Determination of Elastic Constants of Metals and Alloys 
by Temperature Diffuse Scattering of X-Rays 


By Shoichi ANNAKA 
Physics Department, Tokyo University of Education 
(Received March 27, 1956) 


A new simple but fairly accurate method for the determination of 
elastic constants of cubic crystals from the observation of the temperature 
diffuse scattering of x-rays has been developed. The elastic constants 


of silver, 


copper-zinc and silver-copper alloys were determined by this 


method. Diffuse scattering due to the disorder of atoms as well as due 
to the thermal motion of atoms were considered in the case of alloys. 
In silver-copper alloy, the abnormal diffuse scattering, probably due to 


the former cause, 
reciprocal lattice point. 


was found along the [001] direction from the (004) 
The elastic constants obtained were as follows: 


C11 Cj2 C44 
Ag: ee 10 0.899 x 10” 0.42, x 10 dyne/cm? 
CugeZnig 1.55 x 102 ilieel, exea Oe 0.687 x 104 
AgosCus 0.42, x 10! 


§1. Introduction 


Theories and experiments of the temperature 
diffuse scattering of x-rays have been develop- 
ed by many workers” and it has been shown 
that elastic constants and elastic spectra of 
crystals could be obtained by measuring of the 
temperature diffuse scattering?®. Wooster 
and his collaborators, for example, determined 
elastic constants of some cubic crystals accu- 
rately and proved that this method was one 
of the important method of obtaining the 
elastic constants of crystals®. Recent deve- 
lopment of the Geiger-Miiller counter technique 
has much facilitated the application of this 
method. 

In the present work, we have attempted to 
obtain the elastic constants of some metals 
and alloys of cubic structure from the temp- 
erature diffuse scattering of x-rays. But in 
the case of certain alloys, we have to take 
account of the fact that the diffuse scattering 
of x-rays is also produced by the disorder of 
atoms due to such causes as difference in 
atomic radii®, order-disorder transformation”, 
etc. Furthermore, the temperature factor in 
the intensity formula of Bragg reflection is 
not known usually for alloys. 

Taking these factors into consideration, we 
have determined the elastic constants of Ag, 
CugoZnis (the equilibrium phase) and AgosCus 
(the non-equilibrium phase) at room tempera- 
ture by measuring the temperature diffuse 


scattering of x-rays™. 


§2. Experimental Procedure 


A copper target x-ray tube was operated at 
about 30 kv so that half-wave length compo- 
nent could be neglected. The intensity of x- 
ray beam was monitored by an air-filled 
ionization chamber and was controlled by 
regulating the input power manually. A small 
bent monochromator of lithium fluoride crystal 
was used. The diffuse scattering of x-rays 
from single crystal sample was observed by a 
halogen-filled Geiger-Miiller counter and the 
absolute intensity was determined by measur- 
ing the Compton scattering from paraffin wax 
at the scattering angle of 120°. 

The single crystal sample were prepared by 
cooling slowly the molten metal and alloy in 
quartz tubes. But the sample of silver-copper 
alloy was quenched from equilibrium tempera- 
ture to room temperature. The (001) faces cut 
out of the samples were first polished mecha- 
nically and then electrolytically. The area of 
these flat faces were about 1xlcm?. Laue 
photographs taken at several points on each 
face gave good crystalline reflections. 

The intensities of the diffuse scattering were 
measured in [100], [001] and [101] directions 
around the (004) reciprocal lattice point and at 
three points along each direction. Before ap- 


* All compositions are expressed by atomic perc- 
cent in the present paper. 


937 


938 


plying the observed intensities to the calcula- 


tion of the elastic constants necessary 
corrections were applied. 

The first set of the corrections, for white 
radiation and mosaic structure, were done 


along [001] and [100] directions respectively 
after Ramachandran and Wooster. However, 
these corrections are very difficult for points 
too near to the (004) point. The observation 
point, therefore, was chosen to be reasonably 
remote from the (004) point. 

The second correction is the skew correction 
which is due to the angle of incidence and 
reflexion being unequal. 

After applied the above corrections, the 
three intensity values I, I, and I; along the 
direction concerned are plotted against 1/R? on 
a graph and connected by a smooth curve, 
where FR is the absolute of the wave vector 
R. This curve is not linear generally since 
all corrections are not yet completed. By 
extraporating the curve, the intensity of the 
diffuse scattering I, corrected up to for white 
radiation, mosaic structure and skew effect, 
can be obtained at any point near to the (004) 
point. The nearer is the point in considera- 
tion to the (004) point, the less is the error 
due to using the value of structure factor and 
temperature factor corresponding to the (004) 
point in the intensity formula, in place of the 
values corresponding to the point concerned. 
The above procedure of obtaining the extrapo- 
lated diffuse scattering intensity I is also 
important as the intensity formula which is 
used to obtain the elastic constants is valid 
only for the small wave vector R. However, 
in order to be used in calculating the elastic 
constants, the extrapolated value should be 
subjected to further corrections as follows. 

The correction for the Compton scattering 
is calculated theoretically. For example, the 
next formula was used for silver®. 


4 1+cos?¢ O 
Bes fe Se a EES et 2 Be 
: mc 2, 2uUt Ma ROB 
(1) 


where the notations except the usual ones have 
the foliowing meaning: 
gy: the total deflection angle of the x-ray 
beam, 
v: the absorption coefficient of the sample, 
t: the volume of the unit cell, 
Q: the solide angle subtended at the face 
of the sample by the observation slit, 
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S\f?: the incoherent scattering function, 
B: the Breit-Dirac correction factor. 


The most important correction in our method 
is for the divergence of scattered x-rays. The 
divergence of x-rays for the incident x-rays, 
however, may be neglected because the dis- 
tance between monochromator and collimating 
slit was long enough in our experiment. 
Vertical and horizontal dimensions of the slit 
in front of the Geiger-Miller counter were 
3mm and 1mm respectively. The distance 
between the slit and the sample was 5.5cm. 
The calculation of the correction factor was 
done in the following way on the assumption 
that all of the observed diffuse scattering were 
the first order temperature diffuse scattering. 


(a) Correction for vertical divergence 


By Figs. 1, 2, 3 and 4 we explain the suc- 


cessive method of the correction [101] direction 
around the (004) reciprocal lattice point in 
silver. In Fig. 1 © indicates the (004) point 
in the reciprocal lattice space whose origin is 
o’. The intensity curve add’ is so drawn that 
the distance from the (004) point to any point 
of the curve, od for example, is proportional 
to the intensity of the diffuse scattering 
observed at the same distance from the (004) 
point of each direction. The line aa’ indicates 
the length of the slit which corresponds to 
pq in Fig. 3. By using Fig. 1 the intensity 
expected to be observed at the point b of the 
slit at an angle @ to the horizontal line oa can 
be obtained on the basis of the usual theory 
that the intensity of the temperature diffuse 
scattering is proportional to 1/R? in the 
neighbourhood of the reciprocal lattice point. 
This intensity is plotted against the angle @ 
as shown in Fig. 2. As the irradiated area of 
the sample face was chosen equal to that of 
the slit, when viewed from the direction of 
the slit, and lay on the same horizontal plane 
as the slit (Fig. 3), we could simply evaluate 
the intensity of the diffusely reflected x-rays 
from any point of the irradiated area of the 
sample face in the following way. When we 
want, for example, to obtain the intensity 
from the point z, we have simply to add the 
areas oabco and oab’c’o of Fig. 2. The value 
of this sum is plotted as ordinate #f’ in Fig. 
4. Thus the height of the curve rt’s shows 
the intensity I entering into the slit from each 
point of the irradiated area on the crystal face. 


1956) 


© (004) 


Fig. 1. Diagram showing intensity curve add’ 
and vertica Islit length aba’ in the reciprocal 
lattice space whose origin is 0’. 


ie) 6, 9, oy 


Fig. 2. Diagram showing the intensity I to be 
observed at apoint of the observation slit at an 
angle @ to the horizontal line. 


p 
Zz. Py aes, / 
irradiated z 
area 
DESI tt 
sample ql 
face 
Fig. 3. Schematic diagram of the diffuse beam 


diverging from the point 2 on the irradiated area 
of the sample face and falling on the slit pq’. 
The line zz’ is horizontal. 


The ratio of the area oado’ of Fig. 2 to the 
mean height In of the curve rt’s OfaFig. 4 lis 
the correction factor for the vertical diver- 
gence. 
(b) Correction for horizontal divergence 
The horizontal divergence correction was 
done in the same way as for the vertical one. 
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Fig. 4. Diagram showing the relative intensity 
of the scattered x-rays entering into the slit from 
any point of the face of the sample. Im is the 
mean intensity entering into the observation slit. 
The line pg shows the vertical length of the 
irradiated area. 


m O l 


Fig. 5. Diagram showing the divergence correc- 
tion along the R direction. The line lm is the 
horizontal breadth of the observation slit, o 
being the center of the slit. J is the mean 
value of the intensity entering into the slit. 


But in this case the horizontal edge of the slit 
is not perpendicular to R in the reciprocal 
lattice space. If the edge is almost parallel 
to R, the correction factor can be obtained 
from the following simple consideration. In 
Fig. 5 Jm corresponds to the horizontal breadth 
2a of the slit in the reciprocal lattice space 
and the curve /’o’m’ is so drawn that its 
ordinate is proportional to the inverse of the 


940 


squire of the distance R or the intensity of the 
temperature diffuse scattering of the point in 
consideration near the reciprocal lattice point 
(004). The mean value of the intensity enter- 
ing into the slit at the distance D from the 
(004) point in the reciprocal lattice space is 
that of the mean height of the curve, which is 
K/(D?—a*), where K is a proportional constant. 
The correction factor therefore is (D?—a?)/D’. 

Applying the corrections (a) and (6) for 
several directions, we could obtain the more 
exact intensity curve than the one add’ in 
Fig. 1. By using the new curve the same 
procedure as described above was repeated 
until the changes of the correction factors be- 
came sufficiently small. After these proce- 
dures we can obtain the correction factors 
provided the intensity curve are approximately 
correct. 

The alloys studied have imperfections due 
to the difference of radii of constituent atoms. 
The diffuse scattering due to this kind of 
imperfection was estimated by the Huang’s 
formula®. As the intensity of this diffuse 
scattering was very weak compared with that 
of the temperature diffuse scattering in our 
cases, the approximate values of the former 
diffuse scattering were subtracted from the 
above corrected. values of the observed diffuse 
scattering, only in [001] directions around (004) 
reciprocal lattice points. The intensity J; of 
this diffuse scattering was calculated for [001] 
direction by using the next formula: 


4e* ltcos’g 30 


ness 2M 2 

er er outR” ere) 
4d\*(sin 0)? sin 2ndR 

x( nat 2 ) {cos 2ndR +5 ondR ie 


(2) 
where the notations except the ones in Eq. (1) 
are as follows: 
f: the atomic scattering factor corrected 
for dispersion, 


pb: the atomic concentration, 
d: the lattice constant, 


Ad: the difference of the lattice constants 
of solute and solvent metals, 
e-**: the temperature factor. 


The evaluation of the small constant back- 
ground which is not corrected above can be 
obtained after Ramachandran and Wooster”). 
When the diffuse scattering intensities at three 
points in one direction are plotted against 
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1/R? after applied the above mentioned cor- 
rections, these three points can be connected 
by a straight line approximately. The value 
of the background is given by the intercept 
of the line with the ordinate. This constant 
contribution to the extrapolated diffuse scat- 
tering intensity, however, could be neglected 
within the experimental error in our case 
except the one to the weak intensity in [001] 
direction. 

The temperature factors for the alloys are 
not well known. We have therefore obtained 
the factors by comparing the intensities of 
the temperature diffuse scattering near (002) 
and (004) reciprocal lattice points at room 
temperature. We observe the diffuse inten- 
sities I¢g92) and J.) at the positions corres- 
ponding to the same wave vector R. By the 
corrections except that for the divergence, 
which is the same for either intensity, we can 
obtain the value of the ratio I¢o92)/Zcoos) in the 
following formula: 


1 ltcos*e 7 exp 2) 
4 1+cos?¢’f’ exp(—2M’) ’ 


(3) 
where the values of g, f and M correspond 
to the (002) point and ¢’, f’ and M’ to the 
(004) point. The mean-square amplitude of 
vibration can be obtained from the above 
formula. 

Applying the various methods for corrections 
described above for the observed diffuse scat- 
tering, we finally obtained the true intensities 
of the temperature diffuse scattering. The 
theoretical expressions for the temperature 
diffuse scattering were given by James, 
Laval®, Born®) and others. In the case of 
small wave vector R, thermal waves in a 
crystal are almost the same as elastic sound 
waves. Therefore, the intensity Ja of the 
first order diffuse scattering for small R can 
be given by the following formula and the 
second order diffuse scattering can be corrected 
by the Wooster’s method. 


Ee LCOS Dy 
m*ct 2 QUT 


I (o02)/Lco04) = 


(4) 
where 


oS 
SFr © xs cos* (q+ Ea) 
0 Var 
k: the Boltzmann’s constant, 
Fr: the structure factor at temperature ty 


2 gl 


po: the density of the crystal, 

: the vector joining the (004) point and 
the origin of the reciprocal lattice 
space, 

&,: the amplitude of the acoustical wave 


for a component of the wave vector 
R, 


x Ve 
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Va: the velocity of the acoustical wave for 
a component of the wave vector R. 
D shows the intensity reflected by a unit cell. 
For cubic crystals, 
$1 Cos*(q Eu) 
pV? 
can be reduced to the next formula: 


a=1 


=[h?{ C4? + Cs4(Cr1—Caa)(V? + 2) + (C11 + C12)(C11 —C12— 2C44)0?W?} 


+ RA Ca? + C44(C1r—Cas)(W? +?) + (Crit C12)(C11—C12— 2C ss )W?U?F +P 

* {C12 +. C44(Cri—Cas)(U? +02) + (Cr + C12)(C11 — C12— 244) U0" } —2hR(c12+C44) 
x {C44-+ (Cu —C12— 2€ 44) W? Juv —2RI(Cy2+044){ Cag + (C11 — C12 — 2C 44)? JUW 
—21h(C1o+C44){ Cra t+ (Cr — C12 —2€44)07 WU] 

+ (N+ RD) [Cc44? + Cag(C1i tC12)(Cu— C12 — 2Cas (WU? + 0°? +07") 


ah (C1 it 2C12 + Caa)(Cr1 == (oo 2C44)?U?v?w?| 6 


where h,k and / are direction cosines of q to 
the orthogonal cubic axes and u,v and w 
direction cosines of R to the same axes. Cn, 
Cy. and cy are the elastic constants. We have 
evaluated the above formula (5) for three 
directions and obtained the three independent 
elastic constants. 


§3. Result 
(a) Silver 

The observed intensities corrected for mosaic 
structure, white radiation and skew effect were 
plotted against 1/R? as shown in Fig. 6. The 
extrapolated values of the corrected intensities 
were obtained at the point 1/R?=0.5, where 
R was measured in cm in the reciprocal 
lattice space which had been drawn to the 
scale of 1/A=49.7cm. The values of the inten- 
sities in Fig. 6 shows the number of counts 
of the Geiger-Miiller counter when that of 
the total scattering of paraffin is 290. The 
curves in Fig. 6 become straight line after all 
corrections as mentioned in §2. For example, 
the relationship between the corrected intensity 
for the [100] direction and 1/R? is shown in 
Fig. 7, whose intensity scale is the same as 
in Fig. 6. The temperature factor was calcu- 
lated by using the mean-square amplitude of 
atomic vibration given by Lonsdale’- The 
elastic constants obtained are shown in Table 
I together with the corresponding values ob- 
tained by other method’. 


(b) Copper-zine alloy (CugeZn15) 
The alloy examined was in equilibrium at 


(5) 


Table I. Elastic Constants of Silver 
(in dyne/em). 


Ag Ag 
_ present author | Rohl 
eu, x 10” inet | 1.18 
42 x 10}2 0.899 | 0.879 
C44 x 10% 0.425 | 0.437 
Table II. Elastic Constants of Copper and 


Copper-Zine Alloy (in dyxe/em?). 


Cu CuZn4.s9 | CuZnjg CuZnzg 
Gaffney | Neighbours | present Masima 


and and author | and 
|Overton Smith _ Sachs 

Cy x 10” iL st 1.63 1.5¢ PRS 
C12 Xx 1012 les al ei | 1.16 
cu X10! | 0.752 0.742 | 0.68, | 0.72 


room temperature. The observed intensities 
corrected for the same effects as in silver 
were plotted against 1/R? as shown in Fig. 8. 
The intensity scale of the figure is the same 
as in Fig. 6. But the total scattering of 
paraffin wax in this case is 200. The curves 
in Fig. 8 become straight lines after all cor- 
rections as in silver. The mean-square ampli- 
tude of atomic vibration obtained by the 
method described in § 2 was 0.03 cm7?® instead 
of 0.021 cm=!* for puré copper. The amplitude 
of atomic vibration thus obtained will contain 
the effect of the irregularity due to the dif- 
ference in atomic radii of constituents. The 
elastic constants obtained are shown in Table 


942 
400 
eros 
whe mrexen| 
See ee 
I 
[ool] 
200+ 
loo} fe 
pe 
Cn ObwOke Osa Oa aCe ae 
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'R? 
Fig. 6. Variation of the intensity of the dif- 
fusely scattered x-rays in silver with 1/R2, which 


was corrected for white radiation, mosaic struc- 
ture and skew effect. 
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Fig. 7. Variation of the intensity of the dif- 
fusely scattered x-rays along the [100] direction 
in silver with 1/R?, for which all correctons 
were applied. 


II, where the elastic constants of some related 
metal and alloys are also shown for refe- 
rence!9)14)15) 
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Fig. 8. Variation of the intensity of the dif- 
fusely scattered x-rays in copper-zinc alloy with 
1/R?2, which was corrected for white radiation, 
mosaic structure and skew effect. 
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Fig. 9. Phase diagram of silver-copper system 
at lower copprecomposition. : 


(c) Silver-copper alloy (AggsCus) 

The alloy examined (the a phase) was not 
in equilibrium at room temperature as shown 
in Fig. 9. The intensities corrected for the 
same effects as in silver were plotted against 
1/R? as shown in Fig. 10. The intensity scale 
is the same as that for the copper-zinc alloy. 
This figure is entirely different from that of 
silver, namely the intensity along the [001] 
direction is much larger than that along the 


[101] direction, whereas the reverse is the 
case in silver. In this figure only the curve 
for the [100] direction becomes a straight line 
after all corrections. Moreover it was found 
that the intensity along the [001]. direction 
varied more or less from sample to sample 
and did not vary. like those of the other direc- 
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Fig. 10. Variation of the intensity of the dif- 
fusely scattered x-rays in silver-copper alloy 
with 1/R? which was corrected for white 
radiation, mosaic structure and skew effect. 


tions with temperature. This abnormality 
seems to be due to the disorder of atoms 
along the [001] direction in the non-equilibrium 
alloy*. As the diffuse scattering due to this 
imperfection was considered to be small in 
the [100] direction, we calculated approximate- 
ly the elastic constants cy, which was 0.42, 
x10? dyne/cm?. In this case the mean-square 
amplitude was 0.035 cm~!* instead of 0.026cm7!* 
for pure silver! 


§4. Conclusion 

A simple method of obtaining the elastic 
constants of metals and alloys of cubic struc- 
ture by observing the temperature diffuse 
scattering of x-rays has been described. The 
accuracy of the method depends mainly upon 
that of the measurement of weak x-ray beam 
by a Geiger-Miiller counter and the correction 
for the divergence of x-rays. Even for the 
diffusely scattered x-rays it was not difficult 
to obtain the absolute value of the intensity 
within the experimental error of 3%. A 
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method to test the accuracy of the correction 
for the divergence of x-rays is to calculate 
the intensity entering into the slit at any 
direction by using the finally obtained inten- 
sity curve and to compare it with the experi- 
mental value. In the present case, the error 
of the elastic constants thus obtained was 
within 5%. 

In the case of alloys, the diffuse scattering 
due to the disorder of atoms was also taken 
into consideration. 

In conclusion, the author wishes to express 
his sincere thanks to Prof. Mitsuo Miwa for 
his continuous encouragement and valuable dis- 
cussion. He is also indebted to the Ministry 
of Education for financial aids. 
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* The disorder of atoms seemed to grow more 
with the progress of annealing and gave rise to the 
splitting of some spots and streaks of diffraction 
patterns at last. Further study on this anomaly is 
now in progress. 
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Temperature Dependence of Anisotropy Energy of Ferromagnetics 
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The temperature dependence of anisotropy energy of ferromagnetics 
was calculated by the spin wave method which assumes the existence of 
only pseudodipole interaction which included some restricted long range 
forces. The temperature dependence obtained is (M/M))'S, a result which 
is in fairly satisfactory agreement with the experimental (M/Mo)”® law, 
and is an improvement on Van Vleck’s result (M/M,)?. This small dis- 
crepancy is discussed from the standpoint of s-d interaction. 


Introduction 


§1. 

The theory of anisotropy energy of ferro- 
magnetics based on Heisenberg’s model was 
developed by Van Vleck. According to his 
theory, in substances having spin 1/2, the only 
force causing anisotropy is pseudo-dipole inter- 
action, which gives correct direction of the 
magnetization in Ni. In substances having a 
spin value greater than 1, these is quadrupole 
interaction, and in Fe, it is believed that as 
the origin of anisotropy the quadrupole inter- 
action is more dominant than pseudo-dipole 
interaction. He also calculated the temperature 
dependence of anisotropy energy which 
dependence, however, is too weak to explain 
the experimental result. Experimentally, the 
temperature dependence of anisotropy energy 
in Fe is about (M/M,)"®, and in Ni, about (MW 
/M°)®. Van Vleck used the molecular field 
approximation to simplify his calculation, and 
the discrepancies between the theory and the 
experimental result must first be attributed to 
this approximation. Quadrupole interaction 
affects the anisotropy energy in the first 
order, and the situation is fairly simple. Van 
Vleck calculated on a more rigorous basis, 
taking into account the nearest neighbours’ 
interaction, while Zener”? calculated by using 
the classical model as a random motion, and 
recently Keffer® by the spin-wave method 
explained these calculations very beautifully. 
His calculations show that in low temperatures 
the quadrupole interaction gives temperature 
dependence of anisotropy energy as (M/M,)"° 
which is very satisfactory compared with the 
experimental result for Fe. On the other 
hand, pseudo-dipole interaction effect appears 
only in the second order perturbation, and the 
situation becomes more difficult. Recently 


Tessman” calculated the anisotropy energy of 
the ground state by the spin-wave method, 
but here temperature dependence has not yet 
been obtained. 

In this paper we calculate temperature 
dependence of anisotropy energy due to pseudo- 
dipole interaction by the spin wave method. 
The result is fairly satisfactory as compared 
with the experimental result for Ni. The small 
discrepancy is discussed according to the con- 
cept of s-d interaction which has recently been 
developed by the author®. 


§ 2. 


We consider the Hamiltonian as containing 
the exchange interaction and the pseudo-dipole 
interaction, that is 


EE. ae —- >> Uf (Ram) SniSm+ Sy DS'DRam) 


x {SnSm—3(Sn¥'nm)(SmPnm) } , ( 1 ) 


where Fam is the unit vector in the. direction 
of Raum. 

We introduce the spin-wave operator by the 
method of Holstein-Primakoff® 


Sn* =(2S)!/2(1 —an*an/2S)/2an 
G = CSreaaa| —An*dn|2S)V/? 


Se = On le 


Hamiltonian and Free Energy 


( dn == NE: SS exp (—ig Rn) dq 
q 
Gy = N- SPeXp (ld fen aa” (3) 
q 
and expanding to the first order in each term, 
we have 


H=E,+ y Agdg* dq ; 
a 
ae 3 CF GA+CiCe. 
q 


ay =e = Ba, @q,*@ay* daz 


a) 43 4» 


x 0(qi+q2—qs, mod K)+c.c. , (4) 
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where 
Ey= NS = {J (Rn)—D(Rn\1—3 In?} 


, 


(5) 
a=2S DY Rn) — exp (iqgRn)} 
m 5 DR —3r9!) exp (igRn) 
—D(Rn)\A—3 1n*)| , (6 ) 
G2 3/2)S > D(Rn)rn*? exp (iqRn), (7) 


a=3(2S/N )¥? 3 D(Ru)rattn* exp (igRn) . 
(8) 


and K is the principal wave vector of the 
reciprocal lattice. We consider a cubic crystal, 
therefore the last terms of (5) and (6) vanish. 

Next, we operate a unitary transformation 
to reduce the third and the fourth terms of 


(4). Writing new operators as a* and aa, 
we have 


H=exp (—iS/h)F exp UiS/h) , 
where we put 
S=ih Ss (Cq/2Aq)aq*a_g*+ Cic. 
q 


4h > D3 21B1,/(Aa, + Agg— Aas) 
3 


9 Wy 


(9) 


x O(gi+q2—9@2, mod K)aq,*aa,*aq,+C.c. 
(10) 
Then, picking up only the diagonal terms of 
the first order, we have 


H=E,-—> | Co [?/2Aq aE D(Eq? + dq) aa" aq ) 
a 4 


(11) 
where &,° is the isotropic term 
EQ =2S >) J(Ra){1—expiqRn)}, (12) 
and 4, is the anisotropic term 
4g= --2 = D(Rn)1—3 Mn”) exp (igRn) 
eelerikegela —|BatBa|? 
Aa Zz; qj 44 Ag, + Aa,— Ae 
x 0(qitq.—q, mod K). (13) 


Eq. (11) is the basic Hamiltonian for our 
calculation. 
The free energy is written 


F=—rT In [Tr exp(—A /«T)]. (14) 

Using the Hamiltonian (11), and dividing 

the isotropic terms and the anisotropic terms, 
we have 


F=FisotFantso ? (15) 
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Fiso=Ey+kT > In [1—exp (—€_"/«T)] , (16) 
q 
= 1 Cy]? 
an = ae ¥ 
i 9 oy ve +P x In 


y 1—exPl= (Ea? + 4a)/eT] 
1—exp(—€,"/«T) 

Now we are interested only in the anisotro- 

pic part. Using approximations mentioned 

above and assuming «TS>4q, Eq. (17) becomes 


(17) 


, 1 Ga)? 
lo hig = wal 
QA, + date 
Lip 2 7 
Se 24 deer (18) 
where 
ma=[exp(Ea°/eT)—1} , (19) 


n'a={{exp(&a°/kT) —1}{1 —exp(—&q9/eT)}J-1. 
| (20) 
In 4q in (13), the second and the third terms 
are higher in order compared to the first term, 


so that we can neglect them in the third term 
of (18). 


§3. Calculations 
Now we calculate each term of (18). 


We assume in the following calculation that 
the pseudo-dipole interaction D(R) is not limited 
to short range force but includes as well long 
range force, while Ag, Ba and Cy in (6), (7) 
and (8) have such properties that they can be 
expanded in power series of g? and, as is 
easily seen, begin with the term g?. This as- 
sumption is correct for short range forces and 
also for s-d interaction as regards exchange 
interaction. 


(i) The first term 

This term was calculated for pure dipole by 
Tessman and also for pseudo-dipole interaction 
between nearest neighbors. The tecknique of 
our calculation is the same as his. 

Substituting €,° for A« the first term be- 
comes 


9 Ss D(Rn)D(Rin)¥n* 74m? EXP (tqRnm) 
1692S J(Rw)— DI (Rn) exp ighn) 
(21) 
By the above assumption, the contribution 
from g near the maximum value is predomi- 
nantly large in the summation over q, and 


thus we can neglect the second term of the 
denominator when it is compared to the first 
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term. Then the summation of (21) is straight- 
forward. Using the relation 


Sexp(igRn)=0 when Rrx<0 (22) 
(21) enone: 
—(9/16)(NS/J (0)) S D{Rn)L—27n?—1n*") 5 
; (23) 
where 
J(Q= XJ (Rn) exp (iq Rn) . (24) 


Next, we transform the coordinates from the 
direction of the magnetization into the direction 
of the principal axis of the cubic crystal, and 
performing the summation over the direction 
by fixing the distance Rn, we have 
FP? G98 5 (25) 
crt n=Kre>n—A re n—3 My 1nd (26) 
where < >» means the average in directions, 
fixing the distance Rn, while 7g, 7% and 7g are 
direction cosines of Rn referring to the prin- 
cipal axis &,7 and €, and 
V=aga,+aracrtaca? ; (27) 
Here a,@ and ag are direction cosines of 
the magnetization referring to the principal 
axis &,7, and €. 
Thus (23) becomes 


—(3/16 )(NS/J(0)) 3 DX Rn)\1— 3 ren) 


—(9/8)(NS/ J (0)) x D* Rn) (309222) n= ren) is 
(28) 

(it) The second term 

As mentioned in the preceding section, among 
the terms of 4, the first term is lower in 
order than are the second and third terms. 
Since mq is isotropic, however, the contribution 
to anisotropy energy by the first term is 
exactly zero. 

By the above assumption, we can expand 
4q in a power series of g? where, in our ap- 
proximation, only the first terms, that is, the 
constant terms, should be picked up. Thus 
the contribution of the second term of 4, is 
zero in our approximation, and only the third 
term is considerable. 


In our approximation the third term of (18) 
becomes 


4 = Na=NS4(M,—M)/M, , (29) 


where M, and M are respectively the magneti- 
zations of the system at the absolute zero and 
the finite temperature we are considering. 


Tadao KAsuYA 


(Vol. il, 


For 4, we have 
9 

Shire 
SDS D(Rn)D( Rm) 10? tn * Vn? Vn= exp (ig’ Rum) 

~ ST (Re) — SJ (Re) exp (iq’ Rn) 
The technique of calculation for (30) is the 

same as that for (21) and 


do= —3NS{(Mo—M )/Mo J (0)} & DX Rn) 
« (1—3<ren) +18 NS {((Mo—M )/My J (0)} 
x EDRn)(361n?2 72> n— (re ny. 


4o= 


(31) 

(iii) The third term 

As stated in section 2, we can neglect in 
4, the second and third terms, and thus 4,? 
is proportional to q'. By partial integration, 
we can easily see that this is a higher order 
term than the second term of (18) and should 
be neglected in our approximation. 

Thus the anisotropy constant A, is obtained 
as 


mee NS 2/ (yp Qype Lo A 
Ge 8 7) = 0} CAEN CXGA: V¢ >n {Ye >n) 
M 16 
32 
x(a) (32) 
using 
. M—M, _ evak 39 
1—-16 Fi elton OY Whee: (33) 


in our approximation. 


§4. Discussions 


The result that AK, is proportional in low 
temperatures to (M/M,)'® agrees fairly well 
with the experimental result (M/M,)?° for 
Ni. On the other hand, the result of Van 
Vleck gives only a very low power law, that 
is, about (M/M,)*. This very low power law 
of Van Vleck’s is owing to his having used 
the molecular field method which does not 
include the most important term for tempera- 
ture variation as does our treatment. 

The remaining discrepancy between our 
result and the experimental result seems to 
be caused, in part, by neglecting the second 
term of the denominator of (21) and (30) in 
our approximation, and, in part, by assump- 
tions cited at the beginning of §3 but not 
justified in cases of long rang forces. In fact, 
as is shown in our other papers, s-d interaction 
plays a very important role in many phenome- 


1956) 


na, even for ferromagnetic transition metals 
such as Ni, Fe, etc. 

Finally, we must point out the restriction 
mentioned in §2, that is, «7S>4,. In fact, 
when gq approaches zero, 4q does not approach 
zero; it approaches finite value 4). Therefore, 
spin-waves of quite long wave length have 
negative energy. This means that the pertur- 
bation method is not applicable to such long 
wave excitation since in actuality the mixing 
of such spin-waves may occur. This mixing 
seems to give rise to the line width of the 
microwave resonance absorption of ferromagne- 
tics. We will treat with these phenomena in 
another paper. 
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Paramagnetic Resonance Spectra of Some Cupric Salts (1) 


By Hidetaro ABE and Kazuo ONO 
Institute of Science and Technology, University of Tokyo 
(Received March 14, 1956) 1 


The paramagnetic resonance spectra of some ammine, ethylenediam- 
mine, and pyridine derivatives of hydrated cupric salts were examined, 
using their single crystals and microwaves of A4=32~5 mm. Inthe cases 
of [Cu(NH3),] SO,-H,O and [Cu(en)s] Cly-wH,O , detailed analysis of 
spectra was performed using the structural data from x-ray analysis 
given by Mazzi. In the other cases, analysis was discussed under an 
assumption of inequivalent magnetic units. Results thus obtained are 
fully explained by the treatments given by Abragam and Pryce with 
modified 2, the spin-orbit coupling coefficient, so the forces acting 
between the central copper ion and the surrounding nitrogen atmos are 
supposed to be mainly ionic rather than covalent, as in the cases of 
usual hydrates. Exchange energies between copper ions are also discussed. 


Introduction 


§1. 

Many papers on paramagnetic resonance 
absorption in cupric salts already appeared. 
We were interested in paramagnetic resonance 
experiments on copper complex salts besides 
its ordinary hydrates, because the hypothesis 
of ‘“‘covalent structure ’’ with hybridized (3d) 
(4s)(4p)? bonds was early introduced by Pau- 
ling? in coplaner complexs of divalent copper. 

So we examined single crystals of ammine, 
ethylenediammine and pyridine derivatives of 
hydrated salts of copper by the usual method 
of paramagnetic resonance absorption with 


microwaves of 4=32 ~5mm. 
Detailed measurements were achieved in 
copper tetrammine sulfate monohydrate 
[Cu(NHs3)s|SO« -H,0, 
copper diethylenediammine dichloride 
[Cu(en)2!Cl,-2(H20) 
copper pyridine sulfate* 
[Cu(py)m|SO.-nH,O and 
copper pyridine nitrate™ 
[Cu(py)m](NO3)2-nH,O 
where (en) means ethylenediammine (NH,CH2 
.CH.NH.) and (py) pyridine (NC;Hs), respective- 
ly. The composition of latter two compounds 
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with asterisk is not yet chequed chemically. 

A preliminary report on single crystals of 
copper tetrammine sulfate monohydrate, 
which is abbreviated hereafter as c.t.s., was 
read in 1952. In that report, strong ex- 
change coupling between copper ions was 
pointed out from small line width and from 
the fact that only single peak was observed 
in any direction of the static field even at 
our upper most frequency (A ~ 5.4 mm) where- 
as more than one ion is expected in unit cell 
(rhombic system). Though the results contain 
some interesting features, the more detailed 
discussion on the resonance data, at that 
time, was impossible, by the lack of x-ray 
analysis on this salt. 

Recently an explanation with covalent bond- 
ing hypothesis was suggested by Okamura 
and Date» for the paramagnetic spectra 
observed in two salts of copper tetrammine 
group. As their results do not agree with 
ours both in g-value and in line width beyond 
experimental errors, we carefully repeated the 
resonance measurements and obtained results 
consistent with our earlier ones. Appropriate 


analysis of experimental data with assumed - 


molecular arrangements was discussed” and 
a report was prepared. Recently, however, 
x-ray analysis in two of these crystals was 
carried out by Mazzi®? and by Zemann®, so 
our resonance data can now be analysed by 
their structural results. 

Miduno et al also examined® the paramagne- 
tic resonance in some salts of this group and 
their results agree with ours. Lancaster and 
Gordy” have examined, on the other hand, 
paramagnetic resonance on some cupric salts 
in powder form. Their g-values for c.t.s. and 
for copper tetrapyridine nitrate are too much 
smaller than our results. As their work, 
however, was a preliminary survey, as point- 
ed out by Weidner and Whitmer in technical 
side, we may ignore this disagreement. 


§ 2. 


Preliminary Discussion: Peak observ- 
ed under strong exchange coupling 


Generally speaking, it is said under a strong 
exchange coupling that peaks originated from 
the inequivalent ions in unit cell would be 
unified to a single peak which appears ata 
field given approximately by their arithmetri- 
cal mean. In the case of two inequivalent 
ions in unit cell, the g-value of the unified 


H. ABE and K. Ono 
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peak is given by 


g= 549) (1) 
where g’ and 9’ stand for the g-values which 
may be expressed by each ion when the ex- 
change coupling becomes negligible. This 
situation was shown theoretically by Ander- 
son!) and experimentally by the following 
authors; In the case of CuSO,-5H,O by Bag- 
guley and Griffiths™ using microwaves down 
to A4=8.5mm and by one of the authors 
(K.O.)) down to 4=5.4mm and in K,CuChk 
-2H.O by our group™. 

The ground state of a free Cut+ ion, (3d), 
is 2D. In crystal, it is subjected to several 
interactions. The theory of the crystalline 
fields was worked out by Polder’? and by 
Abragam and Pryce™. Interactions may be 
shown by the following Hamiltonian 


SH = FF ,+X(L-S)+BA(L+2S) (2) 
and are treated by the usual perturbation 


method, where ~; means the interactions 
from the surrounding ions in crystal, considered 
as an effective crystalline electric field, A(L-S) 
the term of spin-orbit coupling and the next is 
the interaction with a magnetic field applied 
externally. By a cubic field the orbital levels 
are spilit into a low-lying doublet and a triplet 
several thousands cm~! higher. Furthermore, 
these levels are completely removed by a in- 
terplay of lower symmetry crystalline field 
and the spin-orbit coupling, remaining Kra- 
mers’ degeneracy. This yields, in our case 
of tetragonal symmetry, the g-values for the 
external magnetic field parallel and perpendi- 
cular to the tetragonal axis, g/; and g1, re- 
spectively, as 


8A 
2.0\ = fee Coe 
(91/2) pee 
(3) 
(g1-2)=— 
jek 


where £; is the energy of the lowest orbital 
level, and &, and &; are those of higher levels 
split from the upper triplet as shown in Fig. 
1. They may be approximately expressed as 


aio 

(9-2) = 1B 
(4) 

(1-2) =— 24 


where 4F represents a mean energy difference 
between the ground state and the upper levels 


from the triplet. Eq. (4) gives rise to an ap- 
proximate relation 


(9//—2)/(g1—2) = 4 (5) 


On the other hand, g-value for each ion, 
When an external field is applied in a direc- 
tion making angle @ from the tetragonal axis 
of crystalline field, will be given by 


9’?=9//? Cos? 6+ 9.1? sin? 0 (6) 


so the principal values of g-tensor shown by 
the unified peak are 


Gi 9.1. 
g2={9// sin? a+91" cos? a}/? Gi) 
gs={9// Cos? a+ 91? sin? a}/? 

where 2a means an angle between two tetra- 
gonal axes of inequivalent ions, assuming unit 
cell contains two ions inequivalent in space but 
identical in their situation. g-values so defin- 
ed are in an increasing order g1< g2<.g3 in 
general. 


§3. Experimental Procedures 


Measurements were made by the usual 
method at room temperature with micro- 
waves having wavelengths of 32, 11, 6.5 and 
5.4mm. The experimental apparatus is the 
same as described elsewhere™, although for 
3cm band the layout has been simplified as 
like as for shorter wavelengths. Special cares 
were taken for the determination of g-values. 
Exciting current of each electromagnet which 
produces static magnetic field was supplied by 
a set of storage batteries provided only for 
its use. The reading scale of precision meter 
for the exciting current was calibrated by 
means of proton resonance. It was driven 
under the same condition as it was calibrated 
in order to avoid errors caused by the 
hysteresis. A speck of the organic free radi- 
cal a-diphenyl 8-picryl hydrazyl!! measured 
simultaneously with the studying crystal gave 
a mark of g=2.0036. 

In order to determine the principal values 
of g-tensor, we must rotate sample crystal in 
such a manner as the direction of static 
magnetic field may pass through the principal 
axes of g-tensor. Desired axis of g-tensor, 
however, often deviates from the plane in 
which the static field is rotated. This devia- 
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4E 


E, 


E, 


Fig. 1. Schematic energy levels of Cu ion 


in crystalline electric field. 


g-value 


[1 eS Se Le ee, 
0 5° 10° 0° 5° ¥ 
Fig. 2. Curves of g-values to determine its 
principal value. 


tion may amount to even several degrees by 
sum-up effect of the following reasons: (1) 
‘The error in cutting or grinding the desired 
plane, especially when the external shape of 
crystal is not suitable for this plane or when 
the nature of crystal (e.g. perfect cleavarage) 
prevents these treatments. (2) Rough setting 
of sample to the mount by polystyrene cement. 
(3) Imperfect setting of resonant cavity. in 
the gap of polepieces. 

To avoid errors from these origins we adopt 
the following treatment with some indifference 
to crystal form. For instance, let us assume 
to determine the g-value g3 for x-axis, one of 
the three mutually perpendicular axes. For 
convenience, we can assume g; is the maxi- 
mum value without loss of generality. We 
cut a sample crystal with xy-plane as correct 
as we can, which we call the “‘ vy-plane ’’. 
We set this sample with this ‘‘«y-plane”’. 
Measurements of g-value or of magnetic field 
for the peak absorption give such a curve 
shown as (i) in Fig. 2 (a.). Then we change 
the setting angle g of this sample by 2~3 
degrees around the y-axis by insertion of a 


950 Hl. ABE and K, Ono (Vol. 11, 
Table I. Observed g-values and line widths at 4=32 and 11mm. 
Spaiee | 93 92 Nn AH in oer + ee 
[Cu(NH3)4]SO4- H,O 2.181 +.0.005 2.104+0.006 2.054 +0.003 20 (for a)~31 (for ce) 
(=9e) (G7) (=9a) 
[Cu(en),]Cly-7H,O* 2.244+0.010 2.057 +0.010 2.050 +0.004 120 (for g, and gi) 
[Cu(py)m]SO4-72H,O** 2.314-+0.010 2.081-+0.006 2.072 +0.004 =60<> 80 (for gi and gz») 
2.161+0.008 2.124+0.015 2.056+0.004 160 (for g:) ® 


[Cu(py)m](NO3)2-2H,O** 


 celh faye. as 
** Chemical formula is not yet examined. 


1 1 ) 
$i 1 


! —e 
0 90° 


80° 

Vig. 3. Variation of g-values with the angle of 
the static magnetic field H in Cu(NH3),SO,-H,O 
with 4=32 mm. 


(a) ab-plane (b) ac-plane 


polystyrene speck. We have a different maxi- 
mum g-value near at the ‘‘2’’-direction as 
Repetition of these 
Maxi- 
mum g-value of each curve plotted against 
the angle ¢ gives such a curve as PigeZetp): 
The greatest maximum thus obtained should 
be taken as the correct value for g3. Deter- 
mination of g, and g; is done with the same 
Cares may be taken for 
the determination of 9, because it is a saddle 


shown (ii) in Fig. 2 (a). 
procedures gives a group of curves. 


procedure as above. 


point of the g-tensor. 


§4. Results and Discussions 


a) Copper tetrammine sulfate monohydrate 
(c.t.s.): [Cu(NH3)4](SO,)-H.O 

The samples of this crystal under observation 
were obtained by the usual manner: An ex- 
cess NH; is added to aqueous solution of 
cupric sulfate, the colour of which changes 
from blue to violet. Many crystals are slow- 
ly precipitated with alcohol. They are in 
dark violet. 

They have rhombic symmetry!® and easily 
grow along its a-axis. Crystallographic data 
are 

a:b: e=0;5903. 71 20,88925 


When exposed in air, they loose ammonia 
easily and decompose slowly. But, even after 
2 years’ storage in alcohol within open vessel, 
the main part of a single crystal shows the 


_ same properties as the newly prepared samples 


for the paramagnetic resonance experiments, 
though its outer part is removed out. Samples 
of wedge shape having the largest dimension 
of 10~ 20mm and the thickness of several 
mm were chosen and ground, taking care of 
cleavage. 

In all directions we observe only one peak. 
One of the results of g-value in c.¢.s. is shown 
in Fig. 3. In this rhombic crystal, the princi- 
pal axes of g-tensor coincide with the axes 
of crystalline form. Precise measurements at 
the three principal axes through the above- 
mentioned treatments give the g-values listed 
in Table I. It is rather easy to determine 
the g-values in this crystal, since the absorp- 
tion is very sharp and strong in its intensity. 

According to the result of x-ray analysis 
by Mazzi», unit cell has a dimension of 


a=7.07, b=12.12 and c=10.66 kx (+1%) 


and it contains 4 formula molecules. But 
from the magnetic point of view, they mean 
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2 inequivalent molecules; Z=2. Schematic 
constitution projected on the bc-plane is shown 
in Fig. 4, in which ---H,O---Cu---H,O---Cu 

- chain extends clearly along the c-axis in 
the bc-plane. The line joining H,O——H.O 
makes an angle of @ from the c-axis. Angle 
a@ obtained by x-ray data is 26°20’+4°. Cu 
atom is surrounded by nitrogen atoms of am- 
mine group NH3 as shown in Fig. 5 which 
make normal square co-ordination. So a te- 
tragonal symmetry would be fairly assumed 
to the crystalline field acting on the central 
Cut* ion, which leads to a tetragonal sym- 
metry in g-tensor. We then assume that the 
axial direction of crystalline field coincides 
with the H,O——H,O direction. 

The best fit is given between observed g’s 
and estimated ones using Eq. (7) when _ para- 
meters 9//, g1 and @ are chosen as in Table 
II within the experimental errors. The agree- 
ment in g, and g- is fairly well, and g-values 


Table Il. The principal g-values, g;; and gi, and 
the angle a to be given to a molecule of copper 
tetrammine sulfate monohydrate in order to have 
the best fit with the observed g-values (gu, gy 
and gc). 


Jil JL a Jv Jeo 


AGT oe00 P21 a6" 19. 26° 208, S271 

Raleiaatis 1 gsi "| 30° 2.09, 2.181 

— 2,05, | 26°20’'+4° | 2.104 2.181 

Obs. +0.003 | from x-ray | +0.006 +0.005 
(Ja) data 


* According to our assumption, ga, the observed 
g-value at the a-axis, was used as gu. 


in Table II yield an approximate relation, Eq. 
(5), which may infer that the assumption of 
tetragonal symmetry in crystalline field is 
adequate. The colour of CuSQ,-5H;,O i.e. 
[Cu(H,0),|SO.-H,O is blue and [Cu(NHs),|SO. 
-H,O is violet. Then, it may be deduced 
that the optical absorption band of the latter 
crystal indicates a larger level difference than 
that of the former. Data of their optical 
absorption in aqueous solution are reproduc- 
ed in Fig. 6. If we assume the absorption 
peak of this data corresponds to 4E ie. 
energy difference between ground state and 
orbital upper levels in crystal, we have 


AE for Cu(OH:),-SO,-H,0 = 12 300 cm7? 
AE for Cu(NH3)4-SO.- H,0 = 14 200 cm-?. 
To explain Eq. (4), in case of CuSO,-5H,0, 
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Fig. 4. Projection of the unit cell of Cu(NHs), 
SO,-H,O on its (100) plane. After F. Mazzi® 
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Fig. 5. Atomic configuration surrounding a Cu 
ion in Cu(NH3)4SO,- H20. 
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Fig. 6. Optical absorption spectra by aqueous 
solution of (a) CuSO,y-5H2,0 and (b) Cu(NHs3)4 
SO,-H,O. After Dreisch and Trommer!9), 


we had to adopt 2=—700cm-! from gy,; and 
A=—370cm7! from gi. This disagreement 
between 2’s may be deduced from the ex- 
istence of rhombic part in crystalline field in 
copper sulfate. As a measured value for the 
free Cut+ ion™, we have 24=—852cm-!. In 


1. ABE 


t | 


Ca-plane 


ttn 0 80 tr 
Direction of Static Fleld H 
Fig. 7. Absorption line-width 4H} in Cu(NHs3)4 
SO,-H,O at 4=3.2 cm. 


crystalline state, the 4 for ions is lowered 
to some extent from a value in free ion 
state. After this report was completed, we 
knew that Owen tried to explain this reduc- 
tion of 2 by the admixture of covalent bond- 
ing. In case of Cu(NHs),-SOQ.-H,O, 4= 
—390cm-! is necessary to explain both g// 
and gs deduced from experimental data, which 
is reasonable compared with the case of the 
hydrate. 

Roughly speaking, the observed line-shape 
is Lorentzian, though it is difficult to say 
rigorously about its line-shape because of its 
sharpness. At 4=32mm, the full width is 20 
oer (for a-axis), 31 oer (for c-axis) and an in- 
termediate value (for b-axis). The variation 
in line width at 4=32mm is shown in Fig. 
7. The vertical lines indicate the range of 
our errors which were estimated to be 3 oer. 
Width observed at 4=5.4mm does not differ 
appreciably from that by 32 mm wave beyond 
the experimental errors; i.e. the width is in- 
dependent on the measuring frequency within 
our limits of errors (A=32 ~5 mm). 

The estimated dipolar width?? 4Hap» is ap- 
proximately 360 oer. According to Anderson’s 
definition®?®, dipolar contribution H,? to the 
width, assuming that unit cell is a cube of a’ 
cm%, is given by 


Hy? =5.1 x (gBn)?-S(S+1) (8) 


where m=a~* is the density of spins per cm}. 
In our case of c.t.s., Hp? is estimated to be 
2.410! oer?. 

On the other hand, the Curie temperature 
Y deduced from the Curie-Weiss’ law 


C 


aoe) 


(9) 
is reported? to be about 15°. . This corres- 
ponds to an exchange energy 2J/=7cm7! by 
Weiss molecular field equation 


and K. Ono 
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3kO 
Zn-SS +1) 
where 6 is given to Z,, approximate number 
of the nearest neighbours. According to the 
expression by Anderson and Weiss, the ex- 
change field is given as 


2J= (10) 


Hos=V 2.83 J ISS+ DP" (1)* 


Then in our case Hez=5.2x104 oer. So the 
full line width 4H for the extreme-narrowed 
line by exchange is given by 

4H=2[(10/3)Ap?|/Hex (12) 
which gives us 4H=3.1 oer. in our present 
case. This is too much smaller than our ex- 
perimental width 20 oer., at the direction of 
the a-axis where two inequivalent ions in unit 
cell are placed under the same situation; g’= 
gy’. This disagreement is attributable to the 
neglect of the hyperfine structure and of the 
spin-lattice relaxation. This circumstance is 
also observed. in K,CuCl,-2H.O™. 

The line width becomes the smallest when 
H is applied along the a-axis i.e. the direc- 
tion perpendicular to the tetragonal axes of 
both ions. This situation was already ex- 
perienced in CuSQO,-5H.O. 

When the anisotropy of g-tensor is taken 
into account, the line width under extremely 
narrowing case becomes greater than that 
given by Eq. (12) which is valid only when 
the g-tensor is isotropic. Theory for this 
case is treated by Anderson™. 

The similar fact was also obtained in copper 
Tutton salt? in which it is well ascribed to 
the unresolved nuclear hyperfine structure. 
In our extremely narrowing case, this hfs 
effect also contributes to the line width” 
through a field expressed as Hy in an equation, 

4H=2[(10/3)H,?+ Aa? |/H- (13) 

Since Hy gives its maximum value at the 
axial direction of crystalline field where g- 
value reaches to its maximum”, g7/;, the 
variation of line width is reasonable also from 
the view-point of hyperfine structure. 

The contribution to the line width of c.t.s. 
from the spin-lattice relaxation must be smaller 
than the smallest observed width, 20 oer. It 
should be noted that this crystal has such a 
small spin-lattice relaxation at room tempera- 

* There is a misprint in Eq. (28a) of Anderson’s 
report™, the factor 2,83 must be read as V2.83, 
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ture, compared with the case of hydrates. 
Some of the copper Tutton salts are the ex- 
amples of the latter group. The contribution 
to their line width from the spin-lattice re- 
laxation is estimated, at room temperature, 
to be 150 oer. which means that their spin- 
lattice relaxation time tsz is 2Xx10-® sec.3 
The experimental facts (e.g. the line-shape 
is close to be Lorentzian, the width is very 
sharp and they are independent on measured 
frequency) suggest us the exchange interac- 
tion between Cu** ions in this crystal should 
be very large. The mechanism for this 
strong exchange coupling becomes clear by the 
--Cu---H,O---Cu--- structure in Fig. 4. 


b) Copper diethylenediammine chloride: 
[Cu(en),]Cl,-«H.O. 

This crystal was prepared by the usual 
way; by adding excess ethylenediammine to 
an aqueous solution of CuCl, followed by slow 
precipitation?». Thin blade-shape crystals (e. 
g. 10x10x0.5mm) easily grow and they are 
bright blue, slightly nearer to violet than that 
of CuSO,-5H,O. Absorption intensity of their 
paramagnetic resonance is strong and only 
one peak is observed in any direction of static 
field. Data obtained are listed also in Table 
I. Two principal axes of g-tensor are in the 
wide face of the blade-shape crystal, which 
correspond to gy; and gz; in the table. This 
wide face seems to be the {010} plane observ- 
ed by Mazzi” who gave crystallographic data 
as a monoclinic system* 


@bze:=0.81961 -0:40loandsp=111°20'; 
By his x-ray analysis, unit cell of this crystal 
ay =12.48+0.01A, bo =15.22+0.03A, 
Cy) =6.23+0.01A and @=111°20’: 


contains 4 unit molecules (i.e. Z=4) and be- 
longs to the space group P2.1/1. The molecule 
of this crystal is somewhat curious as shown 
in Fig. 8. Copper atom is surrounded by 4 
nitrogen atoms of two ethylenediammines 
which make square co-ordination. Perpendicu- 
lar to this plane of nitrogens, there is one 
chlorine atom 2.89A apart from Cu atom, 
while on the other side there is one oxygen 
atom of water 2.68A apart. Although the x- 
ray analysis shows that the unit cell of this 
crystal contains 4 inequivalent molecules, 1.e. 
Z=4, from the view-point of magnetic absorp- 
tion, there are only two inequivalent orientations 
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(a) 


Fig. 8. Atomic configuration surrounding a Cu++ 
ion in Cu(en),Cly-wH,O. where «=1 or 2. After 
F. Mazzi” 


of molecules in unit cell, which are in mirror 
positions with the ac-plane in each other. If 
we assume the Cl-Cu-OH, direction is the 
axis of crystalline field, it makes an angle of 
6°10’ with the ac-plane and we shall call this 
angle a. From the molecular shape of this 
crystal, crystalline field acting on the Cu ion 
can be assumed to be tetragonal. Hence we 
can deduce g1=91=2.050+0.004 directly. 
Then, we can deduce g//=2.250 with g3=2.248, 
92=2.05; and a@=6°10’ which’ are in close 
agreement with the measured values shown 
in TableI. On the contrary any manipulation 
with g//<(gi1 can not explain the observed 
data. This means that the usual treatment 
with crystalline electric field and with usual 
sign of deformation as in CuSQ,-5H;0 is 
adequate for this salt. 

‘“Apparent’’ line width was measured in 
the directions of the principal axes of g-tensor. 
It is larger when it is observed in the direc- 
tion giving larger g-value than that in the 
direction of smaller g-value. In the directions 
giving g, and gy, it was observed as about 
120 oer. From these data of line widths, we 
expect as an exchange field H., a value about 
1/5 times of that of Cu(NH3)4-SO,-H,O. Then 
for the temperature 9, we expect, though we 
have not yet any available data, ~3° for 
Cu(en),Cl.-~H,O. Here, the term ‘apparent 
width’’ means that obtained without correc- 
tion of cavity tuning, though we put some 
cares to reduce the dispersion effect by using 


* Mazzi determined the number of hydration a of 
this crystal is one, as Cu(en),Cl.-H,O although 
Werner et al?) thought a=2 namely Cu(en)2Clo-2H,0. 
We have no data around this porn, so we remain 
this number as 2, 


Table II. 


Principal g-values | 


Ji! | JL 
[Cu(NH3)4|SO.- H20 IS 2.22° 4) 2055 
{Cu(en)»]Cl.-«H,0* ie 2aobe ly 2205 
[Cu(py)m|SO4-2H,O | Dee ait oa NG 
[Cu(py)m](NO3)2:”2H2,O lL) 2226 | 2.055 
[Cu(OH2)4]SO4- H20 2.46 | 2.06 


tie ==ile OTEZ). 
Chemical composition is not yet examined. 
RK 
T. H. Gaballe and W. F. Giauque: 
K. S. Krishnan and A. Mookerji: 


a) 
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a small enough sample to the case. So it 
may happen that the correct width is some- 
what smaller than this ‘‘apparent’’ width. 
c) Copper pyridine sulfate: 
[Cu(py)m]-SO,-nH,0 

The crystals for this study were prepared 
by slow precipitation through vaporization 
from aqueous solution of copper sulfate added 
by somewhat excess pyridine. Since they are 
not yet chemically analyzed, the number of 
pyridine and water in a molecule is remained 
as m and m, respectively. They grow ina 
shape of elongated rectangular hexahedron 
which may lead to an assumption of rhombic 
or tetragonal system. They have a colour of 
blue as that of CuSO,-5H,O but more plain 
one. Three principal axes of g-tensor are 
along the three edges of the external form. 
The line width depends on the direction of 
static field as the preceding two crystals do. 
It is 60 ~ 80 oer. in directions of gi and g. 
The apparent g-value seems approximately to 
have an axial symmetry. Then we may 
choose g//=2.31; and g1=2.07; within our ex- 
perimental errors. If there are, however, 
more than one inequivalent Cut+ ions in unit 
cell having g-tensor of rhombic symmetry, 
the above results must be changed to make 
gi larger and g1 smaller, as in the case of 
K,CuCl,-2H,O observed at longer wavelength. 
Again they can be fairly explained by Eq. 
(5). The line width infers an exchange energy 
of 1/5 of that in c.t.s., by which we may ex- 
pect 9 = 3°. 
d) Copper pyridine nitrate: 

[Cu(py)m]-(NO;),-nH,O 
The crystals under examination were obtain- 
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Results of our measurements. 


Hex in oer 


Number of inequivalent 


/ from line from 90 | ions in unit cell 


| width eh Or d ‘ ‘ 
~7500 52000 Z-=2 (from x-ray: data) 
~1500 = Z-=2 (from x-ray data) 
~1500 | — Z-=1 is assumed** 
~ 600 | _ | Z =2 is assumed** 
~3000 160008) Z-=2 (from x-ray data) 


Here, influences on the line width by the hfs and by the spin-lattice relaxation are neglected. 
Jour. Amer. Chem. Soc. 74 (1952) 3513. 


54 (1938) 841. 


ed by the'same way as in its sulfate except 
starting from Cu(NO;),:3H,O. They grow in 
rhombic symmetry and are transparent. The 
colour of them resembles to that of concentrat- 
ed aqueous solution of copper nitrate. 

In all direction of H, we have only one 
peak. We assume that unit cell of this crystal 
contains two formula molecules, i.e. Z=2, 
and the crystalline field acting on the copper 
ion has an axial symmetry. Then we have 
the following parameters using Eq. (7) and 
observed g-values listed in Table I: 


G//= 2.225, J1=2.05; and a=38°40’ 


which are reasonable values. The minimum 
line width is about 160 oer. at A=11 mm. 


§5. Conclusion 


The measurements reported in this paper 
have yielded, together with the x-ray analysis 
of atomic arrangement, informations on the 
nature of bonding between Cu and N atoms 
in some metal complexes. Observed g-values 
can be explained out by the Polder’s treat- 
ment with coefficient 4 somewhat reduced and 
by assumption of strong exchange coupling 
which may be reasonable from the fact of 
their sharp absorption. g/; and g. thus deduc- 
ed from our experimental data are listed in 
Table III. 

Values for the two former samples in this 
table are reliable. Those for the following 
two cases, however, are less reliable, because, 
for these two cases with asterisks, we have 
not yet confirmed their chemical compositions 
and we assume, by the lack of x-ray analysis, 
the number of inequivalent ions and the axial 
symmetry of g-tensor belonging to individual 
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ions. Generally speaking about these results, 
gi; in these compounds is considerably 
smaller than that in CuSQ,-5H,O. Since Eq. 
(4) gives larger 4E for smaller (g//—2), it 
may be concluded that 4E for these compounds 
is considerably larger than that of usual 
hydrates. The colour of these compounds 
also indicates this circumstance. However, 
the coplaner structure of four squarely co- 
ordinated nitrogen atoms does not necessarily 
support the covalent bonding hypothesis. The 
reason why g,; for copper diethylenediammine 
chloride is larger than that of c.¢.s. may pro- 
bably due to the change in distance between 
Cu and N atoms (from 2.05A in c.é.s. to 1.99 
A in Cu(en),Cl,-2H,0). It may be also affect- 
ed by the difference in radicals to which the 
nitrogen atoms belong and the difference in 
atoms which locate perpendicularly to these 
co-ordinated nitrogens. Without regard to 
these rather minor facts, the observed g- 
values can be well explained by Eq. (7) re- 
sulted from the ‘‘crystalline electric field’’ 
assumption which treats the effects of sur- 
rounding atoms as a rigid charge distribution. 
The theory with covalent bonding has been 
shown to explain the experimental results in 
cases of palladium (4d) and platinum (5d) 
group compounds) and of K;Fe(CN),??. In 
cases of our Cu compounds, however, it is 
impossible to give a reasonable explanation 
for our experimental results under a stand- 
point of gj;<g1. So theories giving y//=2.00 
is not adequate to explain the resonance ab- 
sorption in Cu-N, group. By the electronega- 
tivity consideration, considerable portion of 
covalency may be expected, especially in the 
case of Cu-N; group. Sometimes the forces 
between the copper ion and the surrounding 
atoms were supposed to be covalent rather than 
electrostatic, even in the hydrates of copper. 
To explain the anomalies of the hfs in the 
copper Tutton salts, treatment on covalent 
bonding hypothesis was attempted by Abragam 
and Pryce!®2®. The strong square bond con- 
structed by hybridizing the dsp? orbitals makes 
an electron in a state p, responsible for the 
magnetic properties of the salt. This struc- 
ture leads to g//=2 and gi 72 and to a dif- 
ferent symmetry properties from the ionic 
structure which can be expected no resonance 
between them. So the explanation by covalent 
bonding hypothesis had been rejected. 
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It may contain, at the present state, only 
a few importance to discuss the detailed cha- 
racter of Cu bonding in crystal, whereas the 
effects produced by the attached atoms or 
molecules (e.g. OH2, NH3, etc.) are remained 
for theory which treats them as an effective 
static crystalline field. 

The authors wish to express their sincere 
thanks to Professor Hiroo Kumagai for his 
continuous encouragement. They wish to 
thank Professors J. Zemann and F. Mazzi for 
their communications and Professor R. D. 
Myers for the marker radical. 
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Zeeman Splitting of Nuclear Quadrupole Resonance 


Line of lodine 
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Zeeman patterns of the nuclear Quadrupole resonance line of I” were 
studied with a single crystal of iodine at medium and weak magnetic 
fields. The asymmetry parameter of coupling, 7, and the angle between 
bond axis of the iodine molecule and crystallographic ¢ axis, y, were 
determined from the pattern at a medium magnetic field of about 120 
gauss. The result was 7=—0.16-40.01 at 14°C when crystallographic 6 
axis was chosen as # axis and y=31°38/+60’. The absolute value of 7 
is in accord with the value obtained by the two resonance frequencies, 
i.e. 0.151+0.001 at 11°C. go agrees with that obtained by the X-ray 
diffraction, 32°47. At a weak magnetic field, Zeeman patterns of the 
fine structure of iodine were examined at three directions of magnetic 
field against the iodine crystal, i.e. the 6 axis, the c¢ axis and the 
direction of 60° from the 6 axis in the bc plane. Behaviour of the 
superregenerative detector used for these N.Q.R. measurements was 


studied and the observed shape of the resonance line is discussed. 


$1. Introduction 


The pure quadrupole spectrum of I” in 
solid iodine has been measured by Dehmelt”, 
Pound® and Kamei®). The absolute value of 
the asymmetry parameter, 7, which is ex- 
pressed by 7=(dz2—Qvy)/dzz with respect to 
the principal axis system (x, y, 2) of field 
gradient tensor was determined from the two 
resonance frequencies. The obtained value 
of 7, 0.152, was explained as a result of 
intermolecular coupling by Townes and Dailey” 
and Gordy et al». The sign of y can be 
determined only by analysis of Zeeman pat- 
terns of the pure quadrupole resonance line. 


This analysis, also, can present data con- 
cerning crystal structure. We studied the 
Zeeman patterns of solid iodine, so as to 
check the theory of the Zeeman effect, to 
determine the sign of 7 and to obtain some 
information of the structure of the crystal. 
In the course of this experiment, we found 
a fine structure in the lower frequency ab- 
sorption line of solid iodine at zero magnetic 
field. This fine structure was not explained 
by multiple absorption lines due to crystallo- 
graphically nonequivalent atoms, but by split- 
ting due to electron coupled nuclear spin-spin 
interaction”. With an external weak magnetic 
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field below 40 gauss, the lines of the fine 
structure were shifted independently and the 
separations between the lines were different 
from what the theory of Zeeman effect pre- 
dicted. The variations of the lines were 
measured with increasing magnetic field. 

For all measurements, the superregenerative 
spectrometer was used because of its high 
sensitivity and stability against external electric 
or mechanical disturbances. When it was 
used under unsuitable conditions, however, the 
detected line was broadened and, sometimes, 
had an additional hump on the side of the 
line. This hump might be mistaken for a 
fine structure. We examined in some detail 
the behaviour of the superregenerative de- 
tector. These results are described in the 
Appendix. 


§2. Calculations of First-Order Zeeman Pat- 
terns 


By Zeeman effect on the nuclei of spin 5/2, 
a single resonance line, corresponding to the 
transition ,=+1/2©5 +3/2, splits into four 
lines. The frequencies of these lines are 
expressed by 
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1 
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where 

Yo= (3Qq-:-/20 hy =| 1.093 i) ‘ 
The theory of the first-order Zeeman effect®” 
gives 


S| 0-8 . a {are-+(2.25—-4.750( Fr) f 


Fr 


045.5060) Poo (2) 


where H,, H, and H; are the components of 
the magnetic field referred to the principal 
axis system of the field gradient tensor and 
p is the magnetic moment of iodine nucleus, 
1.4185 x 10-2 erg gauss“!. The relative in- 
tensities** of the four lines in the Zeeman 
pattern are dependent upon the direction of 
the magnetic field against the principal axes 
of the field gradient tensor. 

Solid iodine forms a orthorhombic crystal 
of a layer-like structure. The lattice constants 
are as follows!*: a=4.7761 A, 6=7.2501 A 
anid ic=9.77118A.ati19°C.» Phe positions of 


re 2 
222.254.8957 —6x( =F) 
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Fig. 1. 
structure of solid iodine upon its crystal- 
lographic b-face. 


A projection of the orthorhombic 


atoms are shown in Fig. 1. Bonds of all 
molecules are perpendicular to the 6 axis. 
Half of them are oriented +32°4’ from the c 
axis and the other half —32°4’. Correspond- 
ing to the two classes of molecules, two sets 
of the principal axis systems of the field 
gradient tensor (#1, Yi , 21) and (a, Y2 , 22) must 
be taken into account, where 2, and 2, axes 
lie along the crystallographic b axis and, the 
z, and z, axes along the molecular bonds of 
each class. If the intermolecular coupling is 
taken into account, the z axis will be slightly 
different from the molecular bond (§ 6). 

In order to calculate the Zeeman patterns, 
it is convenient to use coordinate axes, &, 7 
and &, which fit on the c, @ and 6b axis, 
respectively. Generally the Zeeman patterns 
consist of eight lines, four of which are due 
to the molecules of one class and the other 
four to those of the other class. When the 
magnetic field is applied parallel to the €& or 
fy plane, the molecules of the two classes 
give rise same patterns, so only four lines 
will appear. In this case components of the 
applied magnetic field H are expressed by 

H,=Hcos@, H,=+Hsin@ sing 
and H.=Hsin@cosgy for H in €& plane, 
H,=Hcos@, Hy=—Hsin 9 cos ¢ 
and H,=+Hsin@sing for H in €y plane, 
where 0 is angle between the direction of the 
magnetic field and the € axis, g is between 
the z and € axes and double signs, =, cor- 


respond to the two classes. With Eq. (2) we 
can calculate the separation of lines. These 


* Notation ao, bo and co in the literature (10) 
correspond to 6, ¢ and a in this report respectively. 

** The calculation of the variation of the rela- 
tive intensities was given by H. Kriiger and Meyer- 
Berkhout, Z. Physik 132 (1952) 221. See also, Eq 
(16) in the reference (9). 
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Fig. 2. The Zeeman splittings when the magnetic 


field lies on the ¢ or ¢7 planes. The values 


are reduced to those of 100 gauss. 


Fig. 3. Gnomonic projection of the magnetic field 
where seven lines were observed. Three lines 
of them were due to the molecules of one class, 
in which s=0Q, and the other four lines were 
due to the molecules of the other class. 


results are shown in Fig. 2. 

The value of the asymmetry parameter, 7, 
can be determined by analysis of the pattern 
for 6=0, because the pattern of this direction 
is not so sensitive to @ and the doublet sepa- 
ration, (v7,1r—vrrr, rv) , depends rather strongly 
on 7. In this case 

Yy—Yy = 0.8566 x 103 


xX {—29 +(2.25—67 +4.83372)/2}- -(3 ) 
viv —¥o=0.8566 x 10° 

x {29+ (2.25—67+4.833y2)/2} -- 
These equations give 

vi-—Vriy =—3.426nH (kc) 
When 7 is negative and small, the value of 


(vrv—¥o) is almost independent of 7 and equal 
to 1.285H kc. Intensity ratio of vz,77 to 


oC) 
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virt,rv at 0=0 is calculated by considering 
the direction of magnetic field H and the 
radio frequency field H,. When H, is parallel 
to the € axis or the &y plane, intensity of 
vr,rr OY Yirr,ry is zero respectively. Inter- 
mediate value of this ratio is obtained when 
H, is pointed to direction between the two 
extreme values. 

The value of the angle between the z and 
£ axes, y, can be determined from the angle 
between the two directions of the triplet pat- 
terns in the €& plane, in which directions 
s=0 in Eq. (2), for all molecules. But ex- 
perimentally, it is more easily decided from 
projection of the direction of applied magnetic 
field to the & plane, in which s=0 for one of 
two classes of molecules. This projection is 
shown in Fig. 3. Angle 6; between those two 
directions in the &y plane, in which s of Eq. 
(2) for one of two classes of molecules is 
equal to zero, is given by 


cos (6; +2¢) =0.0588-+ 1.3307 —1.6747? . --( 6) 


§3. Experimental Procedure 


Iodine can be liquefied at about 120°C ina 
sealed tube. A single crystal of about 30 gr. 
was made by the method of “ pointed bottom 
crucible”. The spectrometer was a super- 
regenerative type and the pattern was ob- 
served on C.R.O.. The frequency separation 
of the split lines was measured in such a 
way that the quench frequency was changed 
and one of the side bandes of the wave meter 
signal was used as a marker of the frequency. 
Magnetic field was produced by a Helmholtz 
coil. Instead of rotating the crystal, the 
magnet was rotated. The crystal axes were 
determined by study of the Zeeman patterns. 
Two planes, in which four lines were ob- 
served, were searched. One of these, con- 
taining triplet lines, was the C& plane and 
the other was the Cy plane. These axes were 
further confirmed with intensity variation!) 
of the absorption line at zero magnetic field, 
when the single crystal was rotated against 


Hi,. All measurements were carried out at 
I. 


§4. Results at a Medium Magnetic Field 


In order to study the general aspect of the 
Zeeman patterns, we have set the magnetic 
field to be parallel to the €& and €y planes, 


where molecules of the two classes inclined 
same angle against the magnetic field. The 
field used was of 120 gauss for almost all 
measurments. In this region of field strength, 
fine structure could not be seen in each split 
line vr, vir, Yrrr OY Yry and their frequency 
separations and intensity distribution were 
almost symmetric against the frequency of 
center of the fine structure at zero field (§ 5). 
The half values of the separations of lines, 
(vr—vrr)/2 and (v111~rv)/2 were plotted against 
6. The result is reproduced in Fig. 2, where 
the separations are reduced to value for 100 
gauss. The theoretical curves with 7=—0.16 
and g=32°4’ are also shown in the figure. 
At 0=0, (v;—»7)/2 was I82kc at 100 gauss 
and (vr—vry)/2 was 57 kc. So y=—0.166 with 
Eq. (5), and 7=—0.155 with Eq. (3)., Using 
these values, we determined 7=—0.16+0.01. 
In the case of positive sign of 7, half of 
separation of the outer lines, (vr—vrr)/2, 1s 
approximately equal to 1.285Hkc. So, at 
6=0, the splitting will be much smaller than 
that shown in Fig. 2. Photographes of the 
Zeeman patterns at 0=0 were shown in Fig. 
4 for two directions of the vf field H, against 
H. As mentioned above, four lines are ob- 
served, (upper photograph). However, in a 
special direction of the radio frequency field, 
two of them disappear, (lower photograph). 

In Fig. 3, Gnomonic projection of the di- 
rection of the applied magnetic field nearly 
to the £ plane, in which seven lines were 
observed, is shown. Three lines are due to 
one of the two classes of molecules for which 
s=0 and four lines due to the other class. 
In this figure, calculated curves, with 7=—0.16 
and g=31°38’, are shown. The observed 
value of 6; in Eq. (6) was 38°6’:2°. Using 
this value of @; and —0.16 of 7, the value 
of ¢ was determind as B1238/se60 


§5. Zeeman Patterns of the Fine Structure 


At a magnetic field weaker than about 40 
gauss, fine structure was observed. Frequen- 
cy separations and photographes of the pat- 
terns at 0°, 60° and 90° of @ in the CE plane 
are shown in Figs. 5*,,6*, 7* and 8. In the 
figures, full curves show behaviour of the 
line predicted by the theory of the first-order 
Zeeman effect if it has no fine structure. The 
O point of the ordinate in frequency scale 
was decided so that observed points at the 
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Fig. 4. 
two different angles between 
and H=60 gauss. 

90 
(kc) 


Photographes of the Zeeman patterns for 
Hf and GH; @=0- 


O 10 20 30 40 50 60 
(gauss ) 


Fig. 5. Observed Zeeman pattern of the fine 
structure as a function of the magnetic field 
parallel to the ¢ axis. 


* In these figures, the points denoted by a 
open circles were measured by the author and the 
points denoted by crosses were measured by Ogawa 
and Minematsu with another crystal. Both measure- 


ments were consistent within experimental erra. 
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@ =60° in S& plane 


100 
(kc) 


50F 
E 
D 
C 
@) 
B 
A 
EO) 
—1|00 
0 30 60 (gauss) 
Fig. 6. Observed Zeeman pattern of the fine 


structure as a function of the magnetic field. 
The direction of the field is in the ¢é plane 
and @=60°. 


medium magnetic field were in accord with 
the full curves. This point at zero magnetic 
field was on the middle between B and C 
lines, which were much more intensive than 
A,D or £, and rather close to C, 4kc apart 
from this line to lower frequency side. 


It was rather difficult in some places to 
determine how each line in the zero field 
pattern shifted and split with increasinz 


magnetic field, because each line had width 
of about 10 ke and such a shape which seemed 
to be further resolved. As shown in the 
figures, however, the lines A,B,C, D and E 
approached gradually to the asymptotes »v,, 
Yir, Yirr and vry, which were predicted by 
the calculation in § 2, with increasing magnetic 
field. On the way, some of them split or 
crossed. When the magnetic field was applied 
parallel to the € axis, the pattern at more 
than about 20 gauss was nearly in accord 
with the full curves and, for other directions 
in Figs. 6 and 7, a little stronger field was 


90 eee 
(kc) ; YY 


aS 
~ 
-~ 90+ p ANS 
L i= {= eee I 3 ees es aN 
O 10 20 30 40 50 60 
(gGuss ) 
Fig. 7. Observed Zeeman pattern of the fine 


structure as a function of the magnetic field 
parallel to the é axis. 


a 


Fig. 8. 


Photographes of Zeeman pattern of the 
fine structure. 


a. the direction of the magnetic field is the ¢ 
axis and H=19 gauss. 


b. the direction of the magnetic field is the g 
axis and H=6 gauss. 
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necessary. Line width of the medium field 
pattern observed on the C.R.O. was slightly 
increased with magnetic field because of in- 
homogenuity of the field and deviation of its 
direction from the C& or €7 plane. But line 
width of each line at 50 gauss was about 25 kc 
and this value was much narrower than total 
width of the zero field pattern, 50 kc. 


§6. Discussion 


As shown in Figs. 2 and 3, general tenden- 
cies of distribution of observed points in a 
medium magnetic field are in accord with the 
theory. In this case, fluctuation of the ob- 
served points seems to be mainly caused in 
measuring the intensity and direction of the 
applied magnetic field. The asymmetry para- 
meter, 7, determined through the Zeeman 
effect, —0.16+0.01, at 14°C was well con- 
sistent with the value of 0.151+0.001 which 
was obtained with two resonance frequencies 
of 331.61 and 644.39Mc at11°C. From these 
results, theory of the first-order Zeeman effect 
were well confirmed and the known crystal 
structure of iodine were also consistent with 
the present result. Minus sign of 7 was 
favourable for the discussion about inter- 
molecular origin®» of 7. The bond switching 
model®” suggests that the principal axis of 
field gradient tensor, z, does not coincide with 
the molecular axis 2. The angle between 
the z and z axes, 9, is given by Eq. (18) 
and (20) of reference (9). In solid iodine 
@en=0°30'*. Observed value of the angle 
between the principal axis z and the crystallo- 
graphic c axis, was 31°38’+60’ and the value 
of the angle between the molecular axis 2 
and the c axis obtained by the X-ray diffraction 
was 32°41. Therefore, 900s was 0°26’, but 
this was comparable to magnitude of error 
both in the X-ray diffraction data and in the 
present measurements. 

As already reported, the electron coupled 
nuclear spin-spin interaction” seems to be the 
origin of the fine structure. In this case, it 
is expected that, in a weak magnetic field, 
the patterns are very different from those 
predicted by the ordinary Zeeman theory and, 
when the Zeeman splitting is comparable with 
the zero field splitting, this anomalous charactor 
decreases, because of decoupling of spin-spin 
interaction. As shown in Fig. 5, each line 
approached to the asymptote calculated with 
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the first-order Zeeman theory at about 20 
gauss, where overall calculated splitting was 
70 kc. This was comparable with the extent 
of the zero field splitting, 50 kc. 
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Appendix 


When the superregenerative detector is used 
as a spectrometer for N.Q.R., it is frequently 
experienced that deformed or broadened shapes 
of spectral lines are observed. Characteristics 
of the superregenerative spectrometers”, which 
were used in preceding experiments, were 
measured and examined. The results were 
summarized as follows. 

1) Spectral lines must be observed in the 
region where oscillation of the 7f oscillator is 
coherent in successive quench cycles. When 
spectral lines are observed in the region in 
which the oscillation is incoherent in suc- 
cessive quench cycles, their line shape will 
be broadened. Because incoherency makes 
the frequency components of the oscillation 
to have continuous distribution. 

2) Quenching of the superregenerative oscil- 
lator yields a large frequency modulation for 
the oscillation of the oscillator. As a result, 
the detected spectral line has a shape of 
mixing of absorption and dispersion. 


Coherency of Oscillation 


§1. 


If the amplitude of oscillation, of which 
frequency is f, is modulated with frequency 
fa, many side bands are observed in addition 
to the center frequency f. In the case of the 
superregenerative detector, fa corresponds to 
the frequency of the quench oscillator. How- 
ever, if the oscillation of the 7f oscillator is 
incoherent in successive quench cycles, i.e. 
the oscillation stops in every quench cycles, 
it consists of a train of pulses, and phases of 


* The value of @ which was given in the 
reference (4), 4°9’, seems to be erroneous. 
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the oscillations in pulses are random* with 
respect to each other, since we assume that 
each oscillation is started by noises. In this 
case the discrete side bands cannot be observed, 
and frequency components have a continuous 
distribution centered at f, as shown by a 
Fourier integral of a pulse of oscillation. If 
the oscillation is partially incoherent, i.e. the 
oscillation does not always stop in every quench 
cycles, each of a center line and side bands 
has frequency distribution, of which width 
depends on duration of the coherent part of 
the oscillation. When the quench voltage is 
sufficiently large, the vf oscillation is inter- 
rupted at a region of each negative half cycle 
of quenching oscillation. In this region the 
vf voltage in the tank circuit decayes as 
V. exp (—xft/Q), where V. is the rf voltage 
at the instant when the oscillation is inter- 
rupted. If this decayed vf voltage at the 
beginning of the next quench cycle is higher 
than noise voltage, Vn, the oscillation will be 
always coherent, even though the quench 
voltage is large. Therefore, in order to be cohe- 
rent for the large quench voltage, the quench 
frequency must be higher than some critical 
value. The critical quench frequency, fc, is 
derived as 


rooo(—§ § )evve 


where // V,2 is rms value of the noise voltage 
induced in the tank circuit, and equal to 
DA walters 

The existence of the critical quench frequen- 
cy was confirmed by experiment. The broaden- 
ing of the resonance line was observed at the 
large quench voltage, of which frequency was 
lower than f.. Ina case of f=200Mc, f-. 
was measured as about 200kc. Eq. (6) was 
satisfied with these values. In the region 
where the broadening was observed, a rushing 
noise could be heard in a receiver of the wave 
meter. This noise may be due to incoherency 
of the oscillation. For fy lower than f., with 
increasing quench voltage V,, the observation 
showed that the width of the spectral line 
became broader and its intensity decreased. 
In the course of these observations, a small 
hump was observed on a side of the line. In 
Fig. 10c, an example of the broadened line 
was shown. In this case, strong rushing 
noise was heard outside of the frequency 
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region of the resonance. About the center 
of the resonance, sometimes, the rushing 
noise could not be heard and there was 
hysterysis of frequency of the rf oscillator 
for the direction of the frequency sweep. In 
this region it may be possible that the emis- 
sion due to resonance in preceding quench 
cycle makes the oscillation of the next quench 
cycle to start and, in such a case, no rushing 
noise is heard. 


§ 2. 

In the superregenerative spectrometer, a 
mixed shape of absorption and dispersion 
types is observed. This mechanism may be 
supposed as follows. In addition to the ampli- 
tude modulation, the frequency modulation is 
inevitable because of variation of the working 
conditions of the oscillator tubes with quench 
voltage. Observed frequency excursion from 
the carrier frequency f often amounted to 
several hundred kilocycles at f=270Mc. In 
such a case, the vf voltage in the tank 
circuit, V(¢), may be expressed in a form 
with amplitude and frequency. modulation as 


VH=Vo {i+ Si Qn COS (2rnf gt + éo)} 


Frequency Modulation 


Xx cos {anfe 3 bm sin (27f af + Gm) } ; 
m=1 


=e {1+ dan cos (27f gt + bo) 


x Job) +zAOy cos {2n(f Hf, )t} 


4+ Ju(by) cos {2n( f +2fat}t:++ +], -+(7) 
= 3 Ancos{2n(f +nfvt+On}. --(8) 


N=— oo 


In Eq. (7) ¢1 is neglected. 

If the resonance frequency of the sample 
is equal to the frequency of the center line, 
f, the only component which participates in 
the resonance is Ay cos (2zft+@)) because the 
frequency of the induced voltage in the tank 


circuit is f. The induced voltage 4V is given 
by!) 


AV=40qQ(t! Hin )V crete eee (9) 
where q is the effective filling factor and 


* It is possible by the suitable conditions of 
quenching that the phase difference between the rf 
oscillation and the quench oscillation is always 
constant at the start of each quench cycle. In 
such a case the frequency spectra of the oscillation 
consist of line spectra of which frequencies are 
nfq (nv is a positive integer). 
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V=A) cos (2zft+@)). The receiver detects 
only changes in magnitude of the vector 


— —> 
(Vit)+4V) as shown in Fig. 9. 


The locus of AV is a circle. Therefore 
the shape of the detected signal depends upon 
the angle @®) between V(t) and Ay in the 
vector diagram. The sensitive time of the 
superregenerative detector is limited only in 
the small part of a quench cycle, i.e., begin- 
ning of the growth of vf oscillation. In this 
small part of quench cycle, the amplitude of 
V(t) is much smaller than A) and the angle 


®) can be considered to be constant. @, is 
approximately given as 
@)=tan-{a, sin $3J1(81)/Jo(b1)} 
+tan-1{2 sin (27fot) Ji(b1)/Jo(b1)} . + (10) 


In the case of ®=0 or z/2, the center line 
is of pure absorption or dispersion type, re- 


-20 0} BO(ke)=2 
a b 
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Fig. 9. Diagram of the voltages in the tank 
circuit. 


measured ratio was 1.8, for resonance of Br”, 
as shown in Fig. 10. The absorption curve 
were measured also by the autodyne spectro- 
meter for the comparison. The result agreed 
completely with that of the damped oscillator 
type. Because the sensitivity of the super- 
regenerative detector is nonlinear for the 
magnitude of signal, so discussion for the 
exact line shape will be difficult except the 
line width, but the valuable in- 
formation about the line shape 
will be obtained by the measure- 
ment of the ratio of width of 
a dispersion curve to that of a 
absorption curve, as discussed 


above. 
no rushi 
pati References 
Fig. 10. Derivative curves of the resonance lines of Br79 “ oat eee Sore peel 
( : 


in pBroCeH, at 268.03 Mc. 
a. pure dispersion line. 
b. pure absorption line. 
c. broadened line. 
the frequency sweep. 
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is necessary for ®=7/2, is nearly equal to 
one if” a;=sin ¢;=sin 2zf,t=1. It was pos- 
sible to obtain a pure absorption or dispersion 
pattern by adjusting Vo, fa or plate voltage 
of the rf oscillator. Such examples are shown 
in- Fig. 10. 
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The complex structure of the line which was found in the nuclear 
quadrupole resonance in solid iodine was studied with recording instru- 
ments. The recorded pattern of the low-frequency line spreaded in the 


range of about 80 kc and resolved into five lines at least. 


The pattern 


changed considerably when the radiofrequency field was orientated with 


respect to the crystallographic axes. 


The structure was explained to 


be caused by the electron-coupled spin-spin interaction. 


§1. Introduction 


By earlier observations of nuclear quadru- 
pole resonance in solid iodine, two absorption 
lines were found and their frequencies were 
reported as 332 Mc and 644Mc at room tem- 
perature.»»*) Recently, Tsukada and one of 
the present authors (S.K.) revealed that the 
low-frequency line had a fine structure.”* 
Their experiment was carried out with a 
method of low-cut amplifier and oscilloscope, 
which gave a intermediate pattern between a 
true absorption curve and its derivative curve. 

One of the aim of the present work was to 
study the fine structure of the line precisely 
with the aid of recording instruments. Asa 
result, not only accurate derivative curves 
were obtained, but also a dependence of the 
intensity of absorption upon the direction of 
the radio-frequency field was clarified. 

For the high-frequency line such structure 
has not yet been observed.» A precise study 
for the line was attempted with a recording 
cavity spectrometer and it was found that 
the shape of the high-frequency line was 
slightly asymmetric. 

These results are interpreted from the stand 


point of the electron-coupled spin-spin interac- 
tion. 


§2. Experimental Procedures 


a) Experiment for the low-frequency line. 
The main part of the apparatus was a 
super-regenerative oscillator with a transmis- 
sion line tuned circuit, which was essentially 
the same as that reported proviously. A fre- 
quency modulation of small amplitude was 


applied for the oscillator, and the method of 
narrow band amplifier and phase-sensitive de- 
tector was employed. Since the modulation 
amplitude was reduced to a fairly small frac- 
tion of the line width, the recording meter 
gave a derivative curve. A block diagram of 
the circuit is shown in Fig. 1. The modula- 
tion frequency was 160cps and the band 
width of the amplifier was about 5cps. The 
time constant of the recording was about 0.8 
sec for most experiments. The frequency 
sweep at the rate of 17 kc/min was establish- 
ed with a capacitor which was derived by a 
phono-motor. For a frequency scale, signals 
of a UHF signal-generator were occasionally 
recorded. 


Reference 
Amp. 


Phase 
Sensitive 
Detector 


Biswas 


Block diagram of apparatus. 


A single crystal of iodine of about 30 gr 
was prepared by a method of pointed bottom 
crucible.’ The sample was located within the 
rf coil of two turns of the tuned circuit. 

For the determination of the crystallographic 


* More recently, Watkins and Walker discussed 
the shape of the absorption line.) 
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(ee) O=sb7 Wi 
Fig. 3. Derivative curves of low frequency resonance line OL eat seven orientations of 
ae rf field in the b—c plane. @ is the angle between the rf magnetic field and the 


crystallographic ¢ axis. Frequency in creases from the left to the right. 
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(a) 0=0°. 


Cay) C45? 
axes of iodine the Zeeman splittings of the 
line were used, since the relation between the 
splitting and the orientation of axes was 
already known”. The effective direction of 
the rf magnetic field was also determined 
from the intensities of the Zeeman components 
by using the relation that the molecules paral- 
lel to the rf field did not give rise the absorp- 
tion. Then the sample was carefully mount- 
ed in such a way that the crystallographic a 
axis was perpendicular to the rf field. 
Crystalline iodine is known to consist of 
distinct diatomic molecules which are ar- 
ranged on layers as shown in Fig. 2.® 
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(c) @=90°. 


Fig. 4. Shapes of the low frequency line. The 
upper curves are the corrected derivative curves. 
The lower curves are the integrated curves. 


Thus, there are two sets of molecules, in 
each of which molecular bonds are parallel. 
When the rf field is in the direction perpen- 
dicular to the @ axis or to the c axis, it makes 
same angle against the axes of molecules of 
the both sets. 

b) Experiment for the high-frequency line. 

The main part of the apparatus was the 
coaxial cavity spectrometer which was describ- 
ed elsewhere.®? The out put of this apparatus 
was fed into a set of narrow band amplifier, 
phase-sensitive detector and recording meter. 
The frequency sweep of the rate of 20 kc/min 
was achieved with the stub which was equipp- 
ed perpendicularly to the modulation stub and 
derived electrically with a relaxation oscillator 
of a long period. The sample used for most 
of the experiments was a_ polycrystalline 
block shaped like a doughnut. 


§ 3. 

Derivative curves of the low-frequency line 
of the nuclear quadrupole resonance of iodine 
were recorded at the various orientations of 
the rf field in the range between the direc- 
tions of the 6 axis and the c axis of the 
crystal. One example of the series of record- 
ings are reproduced in Fig. 3, where the angles 
between the rf field and the ¢ axis of See oer 
35°, 45°, 55°, 65° and 85° correspond to the 
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angles between the rf field and the molecular 
bonds of 32°08", 39°37", 45°047, 53°05, 60°50’, 
68°57’ and 85°46’ respectively. Two small 
signals appeared at both ends of the recordings 
are the frequency markers, the separation of 
which is 132kc. The series of recordings il- 
lustrates the change of structure of the line 
clearly. The recorded curve at the angle of 
53°05’ shows the most complex structure, 
which is resolved at least into five lines. 
Whereas the curve at the angle of 32°08 is 
obscure for the 4th and 5th lines and the 
curve at the angle of 85°46’ for the 3rd line. 

The integrated curves were calculated from 
the recorded derivative curves. The obtained 
curves which were taken from another set of 
recordings are reproduced in Fig. 4. The chan- 
ge of height of the integrated curves is mainly 
due to the fact that the absorption is caused 
by the perpendicular component of the rf 
field with respect to the bond axes. The in- 
tegral curves do not illustrate the structure 
so clearly as the derivative curves do, but it 
is evident that the low-frequency resonance 
line of iodine is composed of several lines. 

A recording of the high-frequency line of the 
nuclear quadrupole resonance of iodine is re- 
produced in Fig. 5. This recording was taken 
for the polycrystal of iodine. Although the 
high-frequency line has less clear structure 
than that of the low-frequency line, its asym- 
metric shape suggests that it is also com- 
posed of lines. 


$4. Discussion 


It was shown by the present experiment 
that the nuclear quadrupole resonance line in 
solid iodine was composed of several lines 
whose spreading was about 80kc. It was 
also known that these lines displayed anoma- 
lous Zeeman effect for weak magnetic field.” 
What is the origin of this complex structure 
of the line ? 

‘Multiple resonance lines are often experienc- 
ed in pure quadrupole spectra. Such multiplet 
was first observed by Dehmelt on the doublet 
of iodine resonance in Snly.*° The most com- 
plex case was found by Livingston on the 
multiplet of chlorine resonance in CCly, which 
consisted of fifteen lines.1? These multiplets 
were explained from non-equivalent positions 
of the nuclei in the crystal lattice. Since 
crystalline iodine has a simple structure as 
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(b) 
Fig. 5. Shape of the high-frequency line. (a) 
Recording of derivative curve. (b) Integrated 
curve. 


shown in Fig. 2, it can not give rise multiplets 
due to this effect. 

In nuclear magnetic resonances in solid 
some structures of lines are frequently observ- 
ed. Pake first observed such structure of the 
proton resonance in CaSO,2H,0.'” This struc- 
ture was explained with the direct nuclear 
spin-spin interaction. This mechanism is 
valid for the nuclear quadrupole resonance. 
However, the splitting due to this effect 
amounts to about 3kc for the iodine molecule. 
It is too small to account for the observed 
effect. 

Recently, nuclear magnetic octapole moment 
of iodine was discovered by Jaccarino e¢ al.'” 
But in solid there are no magnetic field to 
couple this moment. 

Electric hexadecapole interaction of iodine 


was first taken into account by Wang.'? 
This interaction, however, only shifts the 
energy levels. Therefore, it can not be the 


origin of splitting. 

In nuclear magnetic resonances in gases 
liquids, a multiplet structure due to 
electron-coupled nuclear spin-spin interaction 
is known. This effect was first suggested by 
Ramsey and Purcell for the nuclear magnetic 
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Fig. 6. Derivative curves of low-frequency reso- 
nance line of I”. (a) Rf field was applied to 
be parallel to the a axis. (b) Parallel to the ¢ 
axis. 


resonances of gaseous HD.!°!® On the other 
hand, Gutowsky, McCall, Slichter and McNeil!” 
and Hahn and Maxwell'® found in liquid a 
multiplet of the nuclear magnetic resonance 
in independent experiments. This multiplet 
was completely explained by Gutowsky eZ al 
and Hahn and Maxwell? with this indirect 
spin-spin interaction.! This interaction was 
expressed by the from AZ,-L, where J and 
I, were the spins of chemically non-equivalent 
nuclei. Between the equivalent nuclei this 
interaction vanished. In iodine crystal all 
nuclei are equivalent. But the indirect spin- 
spin coupling in the case of nuclear quadru- 
pole resonance remains because of the different 
form of unperturbed part of the Hamiltonian. 
Itoh calculated this interaction for the solid 
iodine and obtained the form: 


AL,-h+ Be: Leet Ly Toy) (1) 


where %, and J, were the nuclear spins of two 
iodine atoms. The constants A and B were 
expressed by 


oe2 {87 Pe i: F 
A= aa 5 x| (0)? +- 5 ay ne. 
(2) 
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(Vole us 


2 8x 5 oe ee 
Be 5 aw al) 5 ax zp 
(3) 


where a was the s-character of the I-I bonds, 
8 and y were the gyromagnetic ratio of the 
electron and the nucleus respectively, and 4# 
was the mean energy difference of excited 
levels from the 133) ground state. When the 
s-character was about 20% or 30%, this theory 
yielded a result which agreed with the obser- 
ved separation of the line. 

Itoh and Kambe calculated the pattern of 
the line taking into account asymmetry para- 
meter of the field gradient tensor. This cal- 
culation gave fifteen lines for the transition 
of mz=1/2 <> 3/2. These fifteen lines would 
form the observed patterns on account of 
their finite line width. The comparison be- 
tween their theory and the present experiment 
will be given elsewhere.” 

Very recently Watkins and Walker found a 
similar pattern of the resonance line in solid 
iodine.» Their interpretation is completely 
same as ours. Thus, the electron-coupled 
spin-spin interaction seems to be most impor- 
tant for the origin of the observed structure 
of the resonance line. 

The change of pattern which occurs when 
the orientation of the rf field is varied seems 
to be unreasonable so far as molecules of 
iodine are concerned. On molecules the change 
of inclination of the rf field with respect to 
the bond axis gives the change of intensity 
of absorption but not the change of pattern. 
On iodine crystals, however, a finite value of 
the asymmetry parameter of the field gradient 
tensor indicates that the direction of the cry- 
stallographic 6 axis which is one of the princi- 
pal axes of the tensor, say x axis is not equi- 
valent to the direction of another principal 
axis, Say y axis*. This asymmetry may yield 
the change of pattern. If this interpretation 
is true, the rf fields parallel to the @ axis and 
parallel to the c axis will give rise same 
pattern for the reason that these directions 
are both perpendicular to the 2 axis. The 
intensity of absorption, however, will be 
different, since these two directions have dif- 
ferent inclination with respect to the plane 
perpendicular to the bond. This expectation 


* The 2 axis is taken along the bond axis. With 
respect to this coordinate system 7= —0.15”, 
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was verified by observation. The record- 
ings were obtained for the both directions of 
the rf field by the apparatus with smaller gain 
than the case shown in Fig. 3. The pattern 
at the rf field parallel to the @ axis excellently 
agrees with the patterns at the field parallel 
to the c axis which are given in Fig. 6b and 
Fig. 3a. Asa result the change of pattern 
can be accounted for the existence of asym- 
metry of the field gradient tensor. 

Such structure can also be observed in 
solid bromine and ICI.» The study of solid 
bromine will be reported in paper II in this 
series. 
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Rotational Intensity Distribution of the OH Band 
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The anomaly of the rotational intensity distribution of the OH band 
excited by vacuum discharge is explained as due to the existence of 
two unstable excited states of H:O molecules, through which a radical 


OH in the excited states ?>°) is produced. 


It is shown that the intensity 


distribution of the band excited by electrons with known energies depends 
upon the energy of impinging electrons in the electron impact ex- 


periments. 


The feature of the distribution of the band intensities from 


molecules excited by usual electric discharge can be understood as to be 
determined by the energy distribution of electrons in discharge tubes. 


Introduction 


§1. 
An OH band spectrum 23’—?/77 (A 3064 A) 
observed in a glow-discharge tube containing 
water vapor shows anomalous intensity dis- 
tribution. Besides first intensity maximum, 
which is expected from thermal equilibrium, 
this spectrum has a second maximum near 
K=19. Bonhoeffer and Pearson» and Olden- 
berg” have explained it as follows: Dis- 
sociation of a molecule H.O and excitation of 
a radical OH occur simultaneously with col- 
lision of an electron, 
H,0+e-OH*?3)+H+e ) 
OH*>OH(CH)-+hy» j a) 
The excited radical OH™* receives a rotational 
moment as a reaction from the dissociated H 
atom, and consequently many radicals are 
produced in higher rotational states. Experi- 
ments show, however, that the intensity distri- 
bution depends considerably on conditions of 
the excitation?, and we can not explain it 
considering only molecular collisions within 
the life time of the excited radical. 

There have been two explanations of this 
dependence of intensity distribution on dis- 
charge conditions. The first one is the fol- 
lowing: The excited radicals OH* may be 
formed not only by electron collisions with 
water molecules, but also by re-excitations of 
produced radicals OH in ground state. The 
emitted spectrum from  re-excited radicals 
should have a thermal intensity distribution. 
Hence the frequency of each kind of OH* 
formation, and therefore the intensity distri- 
bution, may depend on conditions of the dis- 
charge. Actually Frost and Oldenberg® have 
observed ultraviolet absorption spectrum of 


of the normal OH immediately after stop of 
the electric discharge and the existence of 
the normal OH in a discharge tube has 
recently been ascertained also by observations 
of microwave absorption”. 

The second explanation is the following: 
There are two unstable excited states of a 
H.O molecule (1A;* and *B,), through which 
H.O dissociates into a H atom and an excited 
OH* radical. The rotational moments received 
by OH are different according to unstable 
states of the water molecule, from which OH* 
is produced. The excitation cross-sections to 
1A,* and *B, vary differently with velocities 
of impinging electrons. Hence according to 
the variation of the energy distribution of 
electrons in the discharge tube the intensity 
distribution of the OH band changes”. 

Several years ago the author® made an ex- 
periment on the electron impact with known 
velocities for the purpose of clarifying these 
phenomena. He observed that the intensity 
distribution of the OH band did not change 
between 25 and 200 V and concluded that the 
re-excitation of normal OH radicals was a 
cause for the variation of the intensity distri- 
bution. But later the fact that the band 
intensity is linearly proportional to the dis- 
charge current and the fact that the intensity 
distribution is independent of the current 
intensity have been confirmed. Hence it has 
become difficult to consider that there-excitation 
of OH would play an important role, because 
the frequency of the reaction, 


hy 


H,0>H,0*>OH*30H , (2) 


may be proportional to the discharge current 
and for the reaction, 


970 


1956) 


H,O>0H, OH—>-OH*0H , (3) 
that may not be the same. 
In order to solve this inconsistency, the 


author made an electron-impact experiment 
in region of lower electron energy than 25 V. 
In the following results on this experiment 
and several facts in vacuum discharges will 
be reported. 


§2. Experimentals 


a) Vacuum Discharge 


Discharge tubes of 2, 6, 17.5, and 25mm 
inner diameters were used. They had two 
Al-electrodes in their side tubes and a window 
of quartz-plate. The electrical discharge was 
maintained by a 50—oo transformer. Water 
vapor was let flow continuously from ice, 
cooled adequately by liquid air, into the dis- 
charge tube through a controled leak and was 
pumped out from the other end of the tube. 
The pressure of water vapor in the discharge 
tube was measured by a McLeod gauge and 
a Pirani gauge. 

The (O,O) band of OH was photographed 
end on by a Hilger E-1 spectrograph. In 
order to examine the effect of the self-ab- 
sorption of the emitted quanta due to the 
normal OH radicals, spectra from a quartz 
discharge tube were observed end on and 
from side, but there was no difference between 
them. So it was unnecessary to consider this 
effect throughout the present work. 

The line intensity was recorded by a Riken- 
B-type microphotometer and was corrected by 
the method of intensity marks. 

Typical intensity distributions of the Q:- 
branch in the (O, O) band are presented in 
Fig. 1, which show two maxima at about 
K=2~3 and K=19. Characteristics are the 
same in other branches. In the usual plot of 
the logarithm of the intensity J devided by 
the intensity factor A versus the rotational 
energy &, the linear relation, indicating the 
Maxwell-Boltzmann distribution among fro 
tational states, holds only in the region of 
small rotational quantum numbers, as shown 
in Fig. 2. For large quantum numbers the 
curve indicates that more radicals than ex- 
pected from the equilibrium exist. 

The ratio of the heights of two intensity 
peaks varies with conditions of the discharge. 
If we take the ratio X of the intensities of 
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Fig. 1. Rotational intensity distribution of 
OH (O, O) band excited by glow discharge. 
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Fig. 2. Logarithmic plot of rotational in- 
tensity distribution of OH (0, O) band in a 
positive column. 


Q,(2) and (19), which are isolated and not 
hindered by other lines, X depends on the 
pressure in the discharge tube as shown in 
Fig. 3. In Fig. 3 results obtained in the tubes 
of several diameters are shown. They agree 
qualitatively with Broida’s experimental re- 
sults. 

The radii R of the discharge tubes also 
have an influence upon X, the larger the R 
the larger the X, as shown in Fig:3. ~ iiwe 
take Rp as abscissa instead of p the values 
of X trend to be on a curve although in- 
completely. 

Intensity distributions depend upon types of 
the discharge. For example, in Fig. 1 are 
shown two distributions observed at the 
positive column and at the negative glow of 
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the same discharge. 
published their results on the positive column, 
condensed discharge, 
high frequency ring discharge. 

The relations between the discharge current 
and the intensities of @,(2) and @,(19) are 
in a considerably wide range 20~ 
3000 mA/cm?; and therefore the ratio X does 
not change with the current intensity (Fig. 4). 

In order to see an effect of the re-excitation 
of free OH radicals on the intensity distri- 
bution of the OH band, the author observed 
the spectra from a tube of 6-mm diameter which 


linear 


6mm 


2mm 


(Vol. 11, | 


| 


Horie et al.» have also 


low voltage arc, and ~ 


coated by KCl or contained Cu pieces, and 
compared them with that from an ordinary 
6-mm tube under same pressure and current. 
But any difference could not be found. Since 
KCl and Cu work as catalyser for recombi- 
nation of OH, it seems that free OH radicals 


igen. 


10 


Pressure ot Water Vapor (mmHg) 


X: ratio of intensities of Qi(2) and 
Qi(19) versus pressure in various discharge 


tubes. 


described by Bernard), 
coated Pt-cathod, an accelerating grid, and an 
equi-potential space between a second grid 
and a Faraday cage, which were maintained 
In low voltage experi- 
ments the voltage of the accelerating electrode 
was 35 V, and then the electrons were retarded 
The pressure in the tube 
was about 0.01 mmHg, controled by cooling 


at a desired voltage. 


to desired voltages. 


Intensity of Lines and X (arbitrary) 


(a) 


In 2mm diameter tube 
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have not an important effect on the intensity 
distribution. 

b) Electron Impact 

The apparatus used in this experiment had 


four electrodes and was similar to a tube 
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Fig. 4. The intensities of Q:(2) and Q:(19) and the ratio X versus discharge current. 


There were an oxide- 


and by a leak cock. The light from the field- 
free space was photographed by a Hilger E- 
1, spectrograph; the intensities were measured 
in the same way as the case of vacuum- 
discharge experiment. 
exposure was necessary to geta good spectro- 
gram by E-1l, and it was very difficult to 
keep other experimental conditions than voltage 
constant for long a time, it was unsuitable 


Since a long time of 
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for getting the excitation probabilities at 
various voltages. 

The rotational intensity distributions of the 
(O,O) band of OH excited by 75 V and 15 V 
electrons are represented in Fig. 5. The in- 
tensities at small AK of the spectrum by 15 V 
excitation are higher than those by 75 V. 

In Fig. 6 the quantity X, intensity of Q,(2) 
divided by intensity of Q,(19), vs. the electron 
voltage is plotted. It shows that X is almost 
constant over about 20 V, but varies greatly 
below this voltage. 

The relations between the electron current 
and line intensities were linear. Since the 
electron current was weak and flow of water 
vapor was considerably rapid, it was not 
necessary to consider the existence of OH in 
the ground state in these experiments. 

As is clear from the above two figures, 
the intensity distribution of OH band excited 
by the electron impact varies with the electron 
energy, and the band excited by lower energy 
electrons has stronger line intensities at low 
rotational quantum numbers. Therefore it 
may be natural to consider that there are 
two unstable excited states of H,O, whose 
excitation probabilities are different functions 
of the electron velocity. 


§ 3. Discussions 


As described in the preceding section, the 
intensity distributions vary with the impinging 
electron energy when the potential is lower 
than 25 V. But at higher potential than this 
voltage the variation of the intensity distri- 
bution with the electron energy is too small 
to be observed obviously. If we assume ac- 
cording to Niira’s theory two unstable excited 
states, 1A,* and *B,, through which excited 
OH radicals (2) are produced, the excitation 
1A, (normal state)—*B, can occur only with 
the exchange collision of electrons. Then its 
cross-section decreases rapidly for higher 
energy of electrons. Therefore at the region 
higher than 25 V we may observe the in- 
tensity distribution excited only by the 
transition: 

H,O(¢A;)H,0*(1A1*) -OH*?2) OH PID) 
Let us call this distribution f,. Let us further 
define f-=f—fa, where f is the distribution 
at lower energy multiplied by a factor so as 
to make intensity coinside with that of f, at 
K=19. Then f. is practically a normal distri- 
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Fig. 5. Rotational intensity distribution of 
OH band excited by known energy electron. 
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Fig. 6. Relation between X and energy of 
impinging electron. 


bution for the rotational temperature 600°K. 
The line intensity at K=19 for the normal 
distribution of 600°K are very weak and so 
the operation adjusting intensities at K=19 is 
reasonable. Hence if we assume that the 
spectrum for the other transition, 


H,0(1A;)-H,0*(?B,) -OH*?.) OH CID) , 


be a normal distribution, we may consider fe 
as the distribution for the latter transition. 
If we make the same operation in the case 
of vaccum discharge, fa—fa is also practically 
a normal distribution for rotational temperature 
600~1200°K, when fa is a distribution excited 
by the vaccum discharge. Therefore we may 
consider that the other part of the band than 
the part due to the transition, 14,>!A,*, has 
a normal intensity distribution; but it is un- 
certain whether this part is for the transition, 
14,—'°B,, only. However, we can show the 
fact that X becomes 3~4 when the electron 
temperature is about 15,000°K under following 
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assumptions: If the variation of cross-sections 
for the transition 'A,—°B, with impinging 
electron energies is similar to that of the 
exchange collision of helium and the excitation 
voltage is 10 eV, the same as that of 14,—> 
14,*, and the maximum value of this cross- 
section is 1/3 compared with that of *A.-> 
14,*. As these assumptions are reasonable, 
we may consider that the band spectrum 
observed in a discharge tube comes from two 
transitions 14,-1A,* and 1A,—°B,. 

When slower electrons are abundant, the 
frequency of the transition 1A,->*B, is large 
compared with that of 1!A,-1A,*, and so X 
becomes large. The dependency of the in- 
tensity distribution on the pressure or the 
radius of tubes as shown in Fig. 3, can be 
understood as due to the variation of the 
electron temperature, since it decreases as 
Rp decreases”. 

The rotational temperature of fa—f, and 
consequently the position of the intensity 
maximum for small K change with conditions 
of the discharge as described by Broida”, 
especially up to 2,000°K and AKimax=8 in nega- 
tive glow. These may be understood by con- 
sidering that the rotational moment of H,O 
is maintained at least partly as the rotational 
moment of OH after dissociation. 

The linear relation between the band in- 
tensity and the discharge current is natural 
according to this interpretation. 

We can write the ratio of the re-excitation 
of free OH and the excitation of H,O as 


Vv 
Nou | CourV exp, (- atv 
Nu,o ee eV 


on V exp. (- RT 


jav 


where Non and Ny.0 are concentrations of OH 
and H.O, C are cross-sections of excitation 
by electrons of energy of eV, and T, is the 
electron temperature in discharge. As the 
excitation voltage of OH is only 4 eV compared 
with i0 eV of H.O, the above integral for 
OH is large compared with that for H,O. But 
under the assumption that Cox is equal to 
Cu,o except movement of the excitation voltage 
to 4 eV, we can show that the above ratio 
becomes larger than 0.1 when Non/Nu,o is 
more than 0.01 and T. is 15,000°K. Accord- 
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ing to Frost and Oldenberg the concentration 
of OH was the order of 0.1% in their inter- 
mittent discharge; and we can estimate it 
below 1% in our experiment; so re-excitation 
of OH does not play important role. However, 
as Townes et al. have observed larger con- 
centration of OH by microwave absorption, 
this excitation mechanism of OH will become 
important in case of such a high concentration 
of OH, if T. is not very high. 

According to Niira OH dissociated from *B, 
of H,O would receive larger rotational moment 
compared with that from 1A,*; but on the 
contrary our experiments show that OH from 
14,* receives larger moment. Whether OH 
from 1A,* or from *B, receives larger moment 
is determined by the potential surface of H.O 
and especially the energy of excitation to 1A,* 


and ?B,. So more accurate calculations are 
desired. 
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Transmittance and reflectance of 


magnesium fluoride films deposited 


on optical glass and fused quartz are measured as functions of wave- 
length between 3500A and 6000A. Film deposited on fused quartz kept 
above 240°C shows remarkable scattering as compared with that of film 


deposited on optical glass under the 


explained by the affinity of film to substrate surface. 


is determined from wavelength of 
thickness. The aging effect can not 
of films are discussed. 


a: 


Much work has been done in the past on the 
optical and structural properties of films pre- 
pared by evaporation. The properties of 
these films often differ from those of bulk 
material, and moreover there are considera- 
ble variations among films deposited under 
varying conditions. The optical property of 
magnesium fluoride films is also one of those 
investigated by several workers??®”, and 
it was found by some of them that the re- 
fractive index of the films was considerably 
smaller than that of bulk material and chang- 
ed with time. Besides the refractive index 
of film, optical phenomena such as scattering 
of light by film are worthy of investigation 
as useful means of film structure analysis. 
Some investigators®® have found the ex- 
istence of some evidence which seems to show 
that transmittance and reflctance of fluoride 
films deviate from the values obtained from 
interference theory. However, no detailed 
observation has been reported concerning in- 
tensity of scattered light by fluoride film. 

It is the object of the present investigation 
to correlate the observed optical properties of 
films such as scattering loss and refractive 
index with the film structure, and to survey 
some factors which might cause the variation 
of film structure. 


Introduction 


§2. Experimental 


Films were prepared in vaccum by evaporat- 
ing a known amount of material from molyb- 
denum boat heated by electric current. Metal 
trap cooled by mixture of dry-ice and alcohol 
was set between evaporating chamber andor 
oil diffusion pump to prevent contamination 
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same condition. This difference is 
Index of refraction 
transmittance extremes and film- 


be observed. The causes of porosity 


of oil vapor on substrate surface. Optically 
polished plan-parallel plates of crown glass 
(BK7) and fused quartz, 1cmxlcm in size 
and 2mm in thickness, were used as substrate. 
In order to know the effects of substrate on 
film structure, a crown glass and a fused 
quartz plate were arranged horizontally side 
by side 25cm above the molybdenum boat. 
Film was deposited on a part of substrate in 
shape of rectangle of 5mm in width. To 
degas the adsorbed molecules from the sur- 
face, the substrate was heated at 350°C for 
an hour in high vacuum, then the film was 
deposited on the substrate keeping it at 
various temperatures. Temperature of sub- 
strate was measured by a copper-constantan 
thermocouple inserted in a hole drilled at the 
side of substrate. Film was deposited at the 
rate between 30A/sec and 60A/sec. The pres- 
sure during deposition was 5x10-° mmHg or 
less. 

The thickness of the film was measuredby 
the method of multiple-beam interferometry”. 
The transmittance Tr and reflectance Re of 
the coated portion relative to the uncoated 
portion of the plate were measured by using 
monochromater and photomultiplier tube. 
These measurements were carried out within 
6 hours after deposition. True transmittance 
T and reflectance R of the film were calculat- 
ed by the following formulas» 


_Rp2/1+N—-(TPr/A+ny, 


SST (Pas 7i Qt eine 
1— Rr 
j= eons ? 


where 7 is the reflection coefficient of the 
Substrate surface. The values. of .(1-T-R) 


5 


976 


G1H 


Specimen 
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Table I. 


Substrate 


| optical glass 


fused quartz 
optical glass 
fused quartz 
optical glass 
| fused quartz 
optical glass 
| fused quartz 
optical glass 
fused quartz 


(se 
0-97 
0-96 


0:04 
io 
0:03 
0-02 
<a a Se eS at J | 
3500 4500 5000 5500 6000 
WAVE -LENGTH (24) 
Fig. 1. T, R, (1-T-R) vs. wavelength for the 
film GIOL. 


indicate the relative amount of light lost in 
the film due to scattering or absorption with- 


in the film. 
§3. Results 


1) Loss by scattering in the film 


Five pairs of specimens were used to deter- 
mine the relative amount of light lost in the 
film. Film-thickness, kind of substrate and its 


Substrate temperature Film- thickness 
Dip? 240° iC 596 mp 
” 610 7 
room temperature 533 7 
a | 534 » 
400°C 829 » 
1 835 7 
350°C 1090 » 
a 1095 7 
room temperature 697 41 
” 687 17 
VG2L X GIOL 
4OQ2L O QIOL 
+ 0-015 
9 Vv 
a 7 5 XX 
oe = V)AYVV 
A 
o o4 59x Sh Ba bs gRSk Bod 388%Q 
Ie KRXXo Sx * 0% 4a 
-0-Ol4 
fe ! 
eae 4000 4600 5000 ‘ 5500 6000 
WAVE- LENGTH (A ) 
Fig. 2. (1-T-R) vs. wavelength for the films de- 


posited on the substrate kept at room tem- 
perature. 


rl L ait ! 
4500 5000 5500 6000 


WAVE- LENGTH (A ) 
Fig. 3. (1-T-R) vs. wavelength for the films 


deposited on optical glass kept at. higher tem- 
peratures. 


J | 
3500 4000 


temperature during deposition are shown in 
Table I. The specimens prepared at the same 
time have the same number in the table. 
Typical results observed of T, Rand (1-T-R) 
are shown in Fig. 1. The values of (1-T-R) 
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Table 


Specimen | Substrate 
eee = Al. x 
Ql1L | fused quartz | 
Q12H | i 
G13H | optical glass 
G15H | : 
G16H | y | 
0-080+ © @IH 
A 
0.0704 * ne 
x Q7H 
0-:060+4 at! 
tage: 
0-050- ox oy 
xO 
<P BSc 
~ 
~0-0404 Sacte 
x x 
a bere 
a OX, 
~ \l3 
0-030 x 
Nae A 
0-025 aoe’ 
oN 
SN 
Bs a 4o 
ie} fe) 
0-020-4 A NS A 
oa’ e 
Ysa 
ISS 
0-015 WOK 
| Se 
X15 
aN 
? Ais 
A 
0-010 
! ewe i 
3500 4000 4500 5000 5500 6000 
WAVE - LENGTH ( A.) 
Fig. 4. (1-T-R) vs. wavelength for the films de- 


posited on fused quartz kept at higher tem- 
peratures. 


for various specimens are shown in Figs. 2, 3 
and 4. As seen from Fig. 2, the relative 
amount of light lost in films deposited on 
substrate kept at room temperature was found 
to be below 1%, and showed a slight increase 
towards shorter wavelength and no variation 
with the kind of substrate. On the other 
hand, the films deposited at higher substrate 
temperatures showed marked variation from 
substrate to substrate. Namely, the values 
of (1-T-R) for the films deposited on optical 
glass were always about 1%, as seen in Fig. 
3, but the films deposited on fused quartz 
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Substrate temperature | Film-thickness 


room temperature 


395 mu 
S002 | 358 7 
320°C | 470 » 
room temperature 350 7 
DOUG 362 7 
VG2L O° QIOL 
AQ2L @eQliL 
xGIOL AGI5L 


-44 


INDEX 


REFRACTIVE 


1 fi i ! 
3500 4000 4500 5000 5500 6000 


WAVE-LENGTH (4) 


Fig. 5. Refractive index vs. wavelength for the 
films deposited on substrate kept at room tem- 
perature. The results of Hall and Ferguson 
are also shown. 


showed loss of light of ‘several percent, as 
shown in Fig. 4. So the loss of light in the 
film deposited on fused quartz kept at a 
higher temperature must be due to the scat- 
tering of light in the film and not due to the 
absorption. 


2) Refractive index of the film 
Five specimens in addition to those listed in 
Table I were used to determine the refractive 
index of the film. Film-thickness, kind of 
substrate and substrate temperature of the 
five specimens are shown in Table II. Trans- 
mittance of normally incident light upon the 
non-absorbing plan-parallel film attains extreme 
value at the wavelength which satisfies the 
following condition, 
nyt=mda/4 (1) 
where ¢ is the film-thickness, 2; the refractive 
index of the film, and m an integer. The re- 
fractive indices calculated from Eq. (1) are 
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AGIH a QliH 
x GBH @® Q6H 
0G7H @ Q7H 
VGIZH ¥ QI2H 
©GI6H 
FG A 
A 
1.444 
a 
x ¥ es = 
w x 8 SC ms 
z1-424 n® i] A x 
i aus 
= asta oy nw " 
= ® 
O1l-4054 
<q 
E i 82 , 
id a 
1-384 i 
{+365 


= = aan! 1 1 SS 
3500 4000 4500 5000 5500 6000 


WAVE- LENGTH (A) 
Fig. 6. Refractive index vs. wavelength for the 


films deposited on substrate kept at higher 
temperatures. 


x 3 HOURS AFTER DEPOSITION 
O | MONTH AFTER DEPOSITION 


1.034 
e 
ke fo) 
| ” 5% 8 o% 
1.02 S % 
0 x 
5 ro) x 6 
1-01 be) x 
; res Q (6) 
& vor © 
1-004 R 60 
— 1 = —— ae 1 
3500 4000 4500 5000 5500 6000 


WAVE - LENGTH (4) 


Fig. 7. Transmittance vs. wavelength for the 
specimen GIOL, measured immediately after 
deposition and a month after deposition. 


shown in Figs. 5 and 6, for the films deposit- 
ed on substrate kept at room temperature and 
at higher temperatures, respectively. The 
latter fluctuates more extensively than the 
former. This fact must have close connec- 
tion with the variation of scattering loss among 
the specimens deposited on substrate kept at 
higher temperatures. 
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Table III. 
Film-thickness 


= — eS = = —= 


measured im- measured a 


Specimen 
' mediately after month after 
deposition deposition 
G1H 597 mp 596 my 
QIH 6ll 7 610 7 
G2L 533 7 534 7 
Q6H 835 7 834 7 
G10L 697 » 693 7 
Ql1L 392 7 386 7 
Q12H 358 7 360 7 
G14H 471 » 470 » 


3) Aging effect 


In order to find out if the films change 
their properties with time, transmittance of 
the coated plates was measured again a month 
after deposition, and also the film-thickness 
was measured at another border of the film 
strip 5mm apart from the border at which 
the film-thickness was measured immediately 
after deposition. The results are shown in 
Fig. 7 and Table III. The film-thickness of 
most specimens in Table III showed no change 
beyond experimental error with age, except 
a few specimens which were deposited on 
substrate kept at room temperature. Trans- 
mittance also suffered no change during a 
month as shown in Fig. 7 for the specimen 
G10L. Therefore, even if we take the con- 
traction of film-thickness for the specimen 
G10L into account, the increase of refractive 
index does not exceed 0.6%, which is smaller 
than the value 1.8% reported by J. F. Hall 
and W. F. Ferguson”. 


§4. Estimation of the Error of Observation 


For the determination of film-thickness, 
about thirty lines of Fizeau fringes were 
measured along one border of a film strip 10 
mm in length, and these measurements were 
repeated several times under different sepera- 
tion between two silvered plates. The error 
of the mean value of film-thickness thus ob- 
tained was less than +20A. This error in 
film-thickness corresponded to an uncertainty 
between -++0.002 and -£0.008 in refractive 
index. The slit width of the spectrometer 
for transmittance measurement was 20A at 
the wavelength of 4360A, and the wavelengths 
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of transmittance extremes were accurate to 
+20A, which corresponded to an uncertainty 
between 0.005 and -+0.008 in refractive 
index. The absolute values of transmittance 
and reflectance of the films were accurate to 
within 0.004, the error being caused by the 
divergency of nearly parallel beam and the 
relative position of incident beam to the 
sensitive surface of photomultiplier tube. 
Therefore, the values of (1-T-R) were accurate 
to within +0.008. 


§5. Discussion of the Results 


The refractive indices obtained from the 
films deposited on substrate kept at room tem- 
perature showed the variation of +0.01 from 
the most probable dispersion curve obtained 
therefrom, as shown in Fig. 5. The results 
obtained by J. F. Hall and W. F. Ferguson” 
are also plotted on the same figure. They 
obtained the refractive indices from the values 
of minimum reflectance. Their films were 
porous in structure and showed the aging 
effect, namely in case of thicker films (ca. 
8000A), it took about a week to reach their 
ultimate indices. J. L. Rood” estimated the 
refractive index as 1.35 from the minimum 
reflectance value and also reported the aging 
effect. The cause of discrepancy between 
these results seems to lie in the difference of 
film structure. The film deposited on the 
substrate which had not been degased, and 
particularly in low vacuum, would often show 
dark interference color, which is the evidence 
of lower index of the film. Such films usual- 
ly are aged and poor in tenacity.» In their 
observations of the structure of antimony 
films, H. Levinstein! found that if the sur- 
face was contaminated by grease, the film 
consisted of aggregates, whilst if a freshly- 
formed surface was used, the film formed was 
continuous within the resolution limit of some 
1008. In the present experiment, the sub- 
strate surface was outgased sufficiently before 
deposition by heating it in high vacuum and 
was protected afterwards from contamination 
of the vapor of diffusion pump oil by cooled 
trap. The film obtained showed scarcely any 
aging effect both in film-thickness and in 
transmittance vs. wavelength curve, and may 
be thought not porous. The refractive indices 
for such films is expected to show the values 
proper to magnesium fluoride. The values of 
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refractive indices obtained by the author were 
in agreement within the error of +0.01 with 
the values of aged films obtained by F. J. Hall 
and W. F. Ferguson. 

Films deposited on fused quartz kept at a 
higher temperature scattered several percent 
of incident light at shorter wavelength. This 
phenomenon indicates that such a film consists 
of aggregates, the size of which is of the order 
of wavelength. G. Bauer! calculated the in- 
tensity of light scattered by a dielectric sphere 
of varying diameter as a function of wave- 
length, and found that Rayleigh’s scattering 
formula can be applied up to the size of 5004, 
and for larger particles the exponent of 
wavelength in the scattering law becomes 
smaller. In Fig. 4, plotted in double logari- 
thm, the intensity of scattered light is shown 
to be proportional to 2-!-3~-!- instead of 2-4. 
Therefore one can estimate the size of ag- 
gregates to be considerably larger than 500A. 

Films deposited on substrate kept at higher 
temperatures showed remarkable difference 
from substrate to substrate in the scattered 
light intensity. The fact that whilst the film 
deposited on optical glass showed no detecta- 
ble scattering of light even at a thickness of 
ly, the film deposited on fused quartz ag- 
gregated, indicates that the number of nuclei 
on fused quartz substrate is insufficient to 
build thick continuous film at a higher tempera- 
ture. The optical glass used as substrate 
contained B,O3, K;0, Na;O3, and BaO besides 
70% of SiO,.. These oxides except SiO, in 
glass substrate may be thought to bind with 
fluoride molecules more tightly than SiO,, and 
so the film deposited on glass does not ag- 
gregate. Whilst film deposited on fused quartz 
kept at room temperature would often crack 
and peal off from the substrate when the 
film becomes as thick as ly, film -deposited 
on optical glass at the same time showed no 
such phenomena. This difference might also 
be explained by the weak affinity of SiO, to 
magnesium fluoride molecules compared with 
that of other oxides. 

As seen from the comparison of Fig. 6 with 
Fig. 5, the values of refractive indices obtain- 
ed for the films deposited on substrate kept 
at higher temperatures showed larger varia- 
tions than those obtained for the films deposit- 
ed on substrate kept at room temperature. 
This fact also indicates that the surface of 
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the film deposited on substrate kept at a 
higher temperature is considerably rough, and 
Eq. (1) can not be applied for such a film. 


§6. Summary 


It was found that films deposited on fused 
quartz kept at a higher temperature showed 
remarkable scattering, whilst films deposited 
at the same time on optical glass kept at the 
same temperature showed no detectable scat- 
tering. This could be explained by the tight- 
liness of film to substrate surface. 

The refractive indices of magnesium fluori- 
de were obtained from the film-thickness and 
transmittance extremes, and the dispersion 
curve was obtained within the error of 0.01. 

The change of film-thickness and transmit- 
tance vs. wavelength curve by aging was ex- 
amined. The aging effect was scarcely 
detectable in nearly all the specimens. The 
causes of porous films being deposited which 
may sinter in age, as reported by some 
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workers, were considered. 

In conclusion, the author wishes to express 
his hearty thanks to Dr. K. Shinohare for his 
kind encouragement and guidance. 
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A general formula for the expansion coefficient of one atomic orbital 
in spherical harmonics around another center, which is useful in numerical 
evaluation of molecular integrals, is derived and applied to the evaluation 


of certain two center integrals. 


Introduction 


§1. 


In the non-empirical treatment of the ele- 
ctronic structure of molecules, one has to 
evaluate several molecular integrals between 
atomic orbitals centered around different points 
of the space, and it is often convenient (es- 
pecially in the evaluation of many center 
integrals) to expand an atomic orbital 


by= Yovm(Ovbv)g(%)/ Vo 
centered around point B in the spherical har- 


monics Yaim(Oa¢a) around another point A. 
This problem is treated in a well-known paper 


by Barnett and Coulson” and is also discussed 
by Léwdin®. In the former, the expansion 
coefficients fim(%a| Pv)/7a are given for l’=0,1,2 
for the case of analytical (Slater type) radial 
function 9()=7” exp (—a@7) while in the latter 
a method convenient for numerically given 
g(r) is investigated. In calculating these ex: 
pansion coefficients, both of these authors use 
the method of recurrence relations and hence 
explicit expressions for the arbitrary /,l’ anc 
g(r) have not been stated. It is the purpos 
of this paper to derive a general expansio1 
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formula which would enable us to calculate 
them directly, and to apply it to the evaluation 
of certain two center integrals in terms of 
the coefficient function. 


§2. The Expansion Formula 


A and B are denoted for the two centers, 
the distance of which is written as R. Taking 
an arbitrary point P in space, we denote the 
distances PA and PB as r, and 7 respectively, 
and set 


Ca=TalR , Ov=N/R. (el) 


The angles “PBA and “PAB are denoted as 
8 and @ respectively, while the polar angles of 
the vector BA are w, ¢. (see Fig. 1) 

As is well known, the atomic orbital function 
$y=YVovmg/r* with its center at point B is 
expanded in the spherical harmonics Yqim(@a¢a) 
around point A under appropriate conditions: 


Vourmg|1o= 21 Y aimfim( Ta gl m’)|Ta ( 2 ) 
m 
where 


Sina | Vm )|ra = \ Yume Y viem29[ 7G Qy ( 3 ) 


The suffix z attached to Yam, Yourm- in the 
above expression indicates that these spherical 
harmonics are “ quantized” with respect to z 
axis. 

Now these functions can be written in terms 
of the spherical harmonics referred to the 
coordinate system, having the BA direction 
as Z axis (this new 2 axis is called 2) axis in 
the following), that is, in terms of the spherical 
harmonics quantized with respect to 2 axis. 
If we denote the rotation which brings this 
new axis to the z axis by R, this relation 
proceeds as follows: 


Yimz=R Yimeg => Yims reg D@ : (Re) mm 5 (4) 


where D©(R)mm is the m”’m element of 
21+1 dimentional irreducible representation 
matrix of the rotation R. If we carry this 
into the expression (3), we get 


Ke 
Bi) Yana¥ornerglr 


x dOgDO*(R)mrmDO UR) meme (5) 
When we use the following property of the 
representation matrix 
D©*(R) mem = (— ym" t™DO(R) m7, —m ( 6 ) 
and the relation between the Wigner coe- 
ficients and the matrix D: 
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p 
Mp ie 
/ \ 
B A 
Laigex al 
D©(R) -m2e—-mdDO Rae ermee 
=> U-m' Vm” | kq)D© (Ria 
kaq 
x (kq|l—m, lm’), CH) 


(5) can further be transformed: 


PS | SS (=)™0 VonmyY virmg(l—m Um | R 0) 


ka J ™ 
g/7rdQ..D®(R)ox(—)m(kq|L—m, I’m’) .. (8) 
where we have used the fact that the integral 
is non-vanishing only when m’’=m’”’ (this can 
be easily seen when we carry out the inte- 
gration with respect to the azimuthal angle ¢, 
around 2 axis.). As is well known, D@(R)poq 
can be expressed in terms of the spherical 
harmonics whose arguments are o, @: 
D®(R)or=y/ op Yul op)=CM(od) 
; — — 

=C®(BA)=(—)C(AB). 

so that we have 


(9) 


p> | (g/rv) S (—)0Y army Y 017mg(2 — mol! 20 | Ro) 
an 


x dQ4C(BA—)"(kq|1—ml!'m'). (10) 
Here we change the integration variabie from 
a’=n—a, bq to 7, da by means of the follow- 
ing relation 

cos &! =(%?— 172 —R*)/2Ra (11) 

then the volume element can be written as 
AQa=(N%/Rradndba : (12) 
and therefore, we have, after carrying out 
the integration with respect to $a and chang- 
ing the argument of Qaim, from cos a’ to cos & 


R+r 


Fin(a| gl'm!) => air) | “ drig() 
kq IR-1,\ 
X [SO at-m(COSA)Oo1rm(cosB)(—)™(Z—mil'm | Ro) 


m 


(13) 


OL; the definition of ‘the spheric! harmonics 
we adopt that of Condon and Shortley*): 


Y(lm)=OUm) Om) . 


x (—)!C2(BA)(—)"(kq| 1—ml'm!) 
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BigaeeZ: 


Thus we have separated f into two parts, 
i.e., that depends upon m, m’ (the part which 
relys upon the choice of the quantization axis) 
and that does not depend upon them. Our 
purpose is to express explicitly the quantity 
in the bracket 


SGarm(Cos &)Opi7m(cos B)(—)™(l—ml’m|] Ro) 
=e S(iUVR; 0200) 

2 
in terms of oa and po. 
As can be seen immediately, S vanishes 
unless we have the so-called triangular condition 


Wile Rarer (15) 


between /,/’ and k, owing to the Wigner coe- 
fficient in the expression (14). Furthermore, 
consideration on the parity of both sides of 
the expansion formula shows that it also 
vanishes unless 


(14) 


1+ +k=2g=even integer (16) 
Therefore we set 
S=(—)9-*V (21+1)(2/ +1) 0/0 | RO) 
X pa po “OLR; apo) ; (17) 


where the Wigner coefficient (J0/’0|k0) ensures 
the condition (15) and (16). 

As will be shown in the Appendix, the 
function o(ll’k; pap») can be expressed in terms 
of Appell’s hypergeometric function of two 
variables® 


Fiaprr’; xy) = » A@)mnsn(B)mn amy” 
mn (1) m(7 )nm 'y! 


in the following way 


(18) 


Ti d— 2) —3) 
g! WU @+l—g—3) 
x Fi(—q, g—l-l +3, —I+3, —l’+3; a" 00") 
(19) 


oR; paov)=(—)9* 


where 
(A)m= I'(a+ m)| 1 (a) (20) 


and 
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I (n—1/2)=V (n+1/2)/F (1/2) 
=(n—1/2)(n—3/2)- +3/2-1/2 , p(>0) 
W (—n—1/2)=(—)"/0 @—1/2) ; 
II (—1/2)=1. 
(21) 
The right hand side of (19) is not an infinite 
series because a=—g is a negative integer. 
If we put (19) into (17) and write out the 
function Fy; explicitly, 
S=currpa ‘fo 
<M +a+k—-9— HEP ===) 
D,a (g—p—q)! Dp! q! 


2p p24 
X Pa? Ov" , 


(22) 
where 

Oure=(—)9-*V (214+1)(2/ +1)C010| RO), (23) 
and the summation in (22) is taken over all 
values of p and q for which the factorial 
notation has a meaning (0!=1). 

Thus we get the following result for the 
coefficient 


Fil %a| gm) = x (1/2R) 


> 
R+Ty 


SUR; Pao) 
IR=75| 
; — 
x yr) dry —)'C(BA)—)m(kq | f—ml’m’) . 
(24) 
or if we put 
F,® (rq | gl’) =(1/2R) 


R+r 
x | © nal oo-VollR; papa)y(rr)dr» , (25) 
|R-7rq\ 


then 
= > FO (ra | Wl ow 


—> 
x (—)”C,(AB)(—)™(kq|l—ml’m’), (26) 
or 


= py FP, (74| gl’)\(—) (2k+1) 


x (—)'C,C*(AB)(Im| Cm’). (20) 


When the z axis coincides with the direction 


—> => 
of BA or AB, 
=> FY (ra | WM) oun 


x(—)? or (—)'"(—)(RO|l—ml’m) 0mm’). 
(28) 
Comparing this with Lowdin’s” definition of 
axNZLM|\ar), that is, (Fig. 2) 
Pi“ (cos 9)f wi(R)/R 


=> Pi (cos @)axNZM |a,7), (29) 
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we find 
o,(NLM| a, 1) =(2k-+ 1))/ eee 
x 2(—) 7 “(ROLO | p0)(—)"(k—MLM | p0) 


x FyO(r| frrrL)/r . (30) 

It is interesting to observe that the general 
formulae (22), (24) obtained include both the 
classical Hobson’s formula® for solid spherical 
harmonics and the formula recently obtained 
by Nosawa” in the study of the wave potential 
as its special case. 

Some of the elementary properties of the 
function follow at once from the definition: 
1) Sk; oapv) is defined for the values of 6a 
and o» in the region of 

| Pa—00| <1< pat oo (31) 
and is symmetrical with respect to /oa and 
Vp, 

SVR; papv)=SU TR; 00a) (32) 
2) For gatov=1. it reduces to a constant 
SUR; PaOv) =(—)9* oun 
and similarly, for pa=oo.+1, 
=(—)9-oy% 
and also for p=patl, 
=(—)9- oun 
3) If we take a limit, o»—1, oa-»0 in such 
a way that lim (1—9»)/pa=cosa@, then 
S— (—)9-"¥ oP: (Cos a) . 
In a similar way if we take p1—1, o»—0 and 
at the same time lim (1—9z2)/o,=cos B 
— (—)9-ounPr (cos B) , 


(33) 


(34) 


and if pa”, pv —-™ in such a way (»—$a 
=cos 0 

> (—)9- oP (cos 0) é 
§3. Evaluation of Certain Two Center 
Integrals. 


Now we turn to the evaluation of certain 
two center integrals in terms of the S function. 
The method is not new, being essentially that 
of Barnett-Coulson and Lowdin.» The purpose 
of this section, therefore, is to show how all 
these integrals can be concisely expressed in 
terms of S functions. 

a) The Overlap Integrals 

The overlap integrals betweens Pa= Yurmfa/%a 
and $y=YoirmG/7% can readily be calculated 
from (24): 
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Fig. 3. 


haXpyodt 
=: (U/2R) \\ f*(ragl SUR; papo)dradrs 


Ss 
(—)'C,(BA)(—)™kq | l—ml’m’) . (35) 
b) The Coulomb Integrals 

The following relation can easily be es- 
tablished in the same way as (10). 
LaMmalvmy | 1/ni2 | La Ma To’ Mv’) 
— > 
= Jala ar Tol’ Ax)(—)'0*'a"Cy™ (BA) 

kA Ay 
(—)™a(Lq—Mala’ Ma’ | Ait) 
(—)™(Jy— mol »’ mo’ | Anfte) 


x (Aiprdote | kq) (36) 
where 
Ticdaba’ Ax , Volo’ 22) 
= Gamal yey |1]713| ta! ma’ bo’ my’) 
MyM’ 
(—)ma(Lq— Mala’ Ma’ | Arf) 
(—)mo(Ly —Myly’ mr’ | Asftz) 
x (Arperdatts | RO)(—)'a*"a” , (37) 


and the axis of quantization is in the direction 


of BA in the latter. 

In order to evaluate this we expand 1/712 
in the following way. (For the notations, see 
Fig. 3) 

Ura > (=Y"Cn© (O01, G01) 


x Cn (Gr2 ’ $2) 7 r5"™ 


re, F> being smaller and larger respectively 
of 7, and 7,. Then we have 
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Ik= > | 7 on hae | Goa (—)"Cn© (O06) Vtg mg (— "(La — Mala’ Ma! Ayer) 
mm,” a a 
MyM) 7 
im 


x are. 9 C2 (ts) | BODY Em, Cm (B04 05) ¥ 15, my (—)"( lo — Molo mv" Apts) 


x (—)latla’(Aypy , Avfts | RO) . (39) 
If we carry the integration with respect to Q, and use the following relation 
V 2-41 (Lome | Cm | Ly’ mo’) =(—)'o-*-m0-™(Ty |] C |] Lo *Lo— alo’ mo’ | Im) (40) 
we get, 
a | Dra, f*f" BOY Fy Vig! ng Cug?? (O00, — "(la Mala! ma! | Arp) 
x | dra realty —por"lly | 09 NIV 2441 
X (Ayer Asfts | RO) —)'a*'a’ (41) 
We then use the following formula between three spherical harmonics 
Vim Yig’ma! = > Yim(—)"-'’ (La || C® || La!\da— mala’ ma |lm)[V 40 » (42) 
4a Im 


for the product of spherical harmonics in (41) and carry out the summation over MaMa’. 
The only nonvanishing terms are those for which (J7)=(Aiy41). Therefore 


> [ara S °F | BOY v0 (Fry hay) Y rgug(Oo Go, Arr Arte | kO) 


Pyle 
x | GG 12] 122*}) (—)d2t!0-1a" (—) atta’ [225+ 1) 


X (La, || COP |] la’) Zr || CO” |] 20") , (43) 
Finally we obtain the following result from (14). 


Jie= (JOE Ta || CO || La) Co |] CO | Lo) /2R 


* i Baier Ay SA Ak; Tay/R , %5/R)(%,/ 70) 
0 


x ‘ AT Go (7</1>**1)/(242+1) (44) 
0 


As is clear from the above expression, J; vanishes unless all of the triads Inla’2,, Isl’ 2s, 
A,A,k satisfy (15) and (16). 

Similar results would have been obtained if we used the expansion formula of 1/7. with 
respect to A instead of (38). 
c) Hybrid Integrals 

Again we set 


> 
(Lammalymy | 1/112 | bo’ mo’ ly’ my") = Pa LicQabo’ dy , dol” ’gX —)'4C{(BA) 
STS 
(—)ma(La— Maly’ mo’ | Ayps)(—)”" (Lo molo”’ my’ | Aap) (Arter A opts | Rq) , (45) 
and calculate 
lips SE : (Lamalomo | 1/712 | Ly’ m0’ ly’ m0’’) 


MaMpyMmp’ My’! 


x (=)"4(La-— md ly’ mo’ | Arps) —)™(lo— mole! mv! | Asfa)(ArperAgfte | RO)(—)'a (46) 


* UC] Y)=(=)2-"V Olt) Cries , 1+! +-=2g=even integer. 


L 
Cun=| Pr (cos w) Py (cos w) Px (cos w)d (cos ) . 
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Here it is convenient to use the expansion of 1/71. with respect to the center B. The 
result is 


Le=(—)!0#?2dy || COP | h/)/2R SS i drat *(tay) | dre! (tr )SUalk: taxfR 74/R) 
0 


x \ AG (122[ 12) Bag 41 
{|| COP || lo! VTE 1a, bo! Aa(DR | Lede! (Ar) aak) , ve 


where Jaly’2,, 4:4. must satisfy (15), while J.d/’A, must satisfy both (15) and (16), and 
li t+ly’+k+2. must be an even integer in order that Z; does not vanish. The transformation 
matrix (da, ly’ Ao(D)R\lty’(A1)A2k) can be written in terms of Racah coefficient in the following 
way” 
V (214+-1)(24, 41) W labo’ kd; Ail) (48) 
and is simply evaluated. 
The author wishes to thank Professors T. Inui and M. Kotani for their kind advice and 


encouragement, and he is also indebted to Professor S. Sueoka who read and criticized the 
manuscript. 


Appendix 


Because the proof the author has obtained for the formula (22) is a little awkward, though 
elementary, only an outline of it shall be sketched here. 

If we express @(Jm) on the right hand side of (14) by linear combination of the product 
of O(l—1, m’) and @(1,«) by means of the formula 


Om) = > OU—1.m’)@(16)(1—1m'1e | lm) 2(21-+1)/32 (Asal) 


mo 


we get the following recurrence formula for S(/l’k; pap») (to simplify this we write it as 
S(ll’k) below) 


Sik) = Dy {cos aS(I—1Vk’)(k’0 | 0|k0)— V2/k’(R’ +1) sin aDSU—1Vk' )(k’1 1-1 | R0)} 
x V (21+1)/10—-1 Vik) LR\I-11(OVk 
—V 2/k(k+1) = (cot a+cot 8) sin aSU—1 Uk’ )(h |k)(RL1~1 | k0) 
< 


XV (2+) /i U-1 (1 Rk I-11 OR) (A .2) 
where 
(k+1|k)=2[(g—l4+ Dg lg +2)9— —3)/(2k+1)(2k+3)]'”, (A.3) 
(k—-1|k)=2[(g—14+ )G—l —D9g—h/2k-V R41)” , 
and 
cos @=(pa?— pv?+1)/20a , CoS B=(00?— 92? +1)/20a (A.4) 
and 
: 0 : 0 
Oa Sin aD=(o0?— a?+1)/2- pa Are wei ovo? +1)/2- oar 
0a (cot a+cot 8) sina=1 (A.5) 


This recurrence formula for S(//’k) leads to the following formula for o(//’k) 
0 / 7 ' 
ait 8) = {(o0'—pt—D)| ag, = bet] Hoe pt+))| o ae ~k-1 lod k-+1) 


x(g—B)(g—H+ 3) / Met dehy 
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3 a mie} 1—\Vk—-1 
+4008 08D] 0m g0— 141 [+(e oF +D| 0 on 1 +h lho ) 


¥ (9+ 5 o—1/teek +1) 


+{(o|l—1V’k+1)+o(—1V/k—-1)} 
1 
x4(9— (9-145 \( 9+ 


Now if we could find out the expression for o(0///’) for an arbitrary /’, all o(/l’k) for 
which the triad (/l’/k) satisfies (15) and (16) would be determined by means of the above 
formula. As is directly verified by substituting, o(/l’k) given by (19) satisfies (A6) and 
reduces to the following expression when we set /=0 k=/’: 
s(-) IhG+a-)T Ua) 
ra Cp =o)lep gull ps) 
which is nothing but »!’P:-(cos B)= po" SOU’; paps)/oune expanded to the powers of pa and 
fp» as is shown below. 

Because, by definition 


a tk R+V(2k+V (A.6) 


21 2 
2? 0y74 


o(0V 1) = 


ye eee Be Ca ok 
PAO) Saag 2). aa 
and if we set 
«= (pr? —pa?+1)/2 pr 
3 al CGR oma (Qr—1’)! p02 pa2” 
Poms BING Neat miner ma)! Ong? 
or » 
ie RE (27)! ee 
Sua aga: 15 Goi eee 
while we have 
UN en oe Cs ae U(r —4) 
a ae eee aes Vani rt¢q—1)! Gab=o)! 
(eS) (=e ee ee 
= r s! (q—s)! (stl —p—2q)! q! Uv —p—@! I (—p—gq—d) 


(by Van der Monde’s theorem) 
a (p-+-q—3%) I (—@q—3) 


U—p—qg! qi I (p-3) ’ 
so that finally 


Mids > (p+a—2) (9-2) ay ag 
Oe ie Peet aah vO ep hann tea Cale 
and this coincides with (A7). 

Thus (19) or (22) is proven. 

Finally it can be remarked that though the recurrence formula (A6) is not convenient in 
actual calculation of o(/l’k) of higher 7, much simpler relations can be derived from the 


recurrence formulae which hold for the hypergeometric function FPYaBrr’ 5 xy). 
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As a continuation of the previous study on the impulsive motion of 
an advancing wedge (J. Phys. Soc. Japan 10, 221 (1955)), we now con- 
sider the case in which the wedge is receding. The general features of 


both cases are similar. 


We now have rarefaction waves instead of the 


shock waves which played a fundamental role in the previous paper. 
The two limiting cases of small, and almost blunt, vertex angles are 


discussed analytically. 
presents new features. 


$1. Introduction 


In a previous paper”, the author studied 
the transient flow in a gas generated by a 
wedge which was moved instantaneously 
from rest to a constant velocity uw in the 
direction of negative X-axis as shown in Fig. 
la, and found that this flow was similar to 
that in the case of diffraction of a shock wave 
by the wedge. 

The purpose of the present paper is to 
consider a closely related problem, namely the 
case of a wedge receding to the direction of 
the X-axis (Fig. 1b). This problem is very 
similar to the first one. Rarefaction waves, 


(a) 


Fig. 


two independent variables X/¢t and Y/¢ only. 

By considerations similar to those in § 1 of 
the first paper, we may show that the part 
of the wedge, where the effect from the 
apex O does not reach, behaves as if an in- 
finite plane rigid wall moved obliquely, and 
the flow generated by this wall is the same 
as that generated by the wall receding normal 
to its surface at a constant velocity wm) sin 0; 
for the upper surface, and mw sin 6, for the 
lower surface, respectively. 

The flow due to the wall receding normal 
to the surface with a velocity zw» is well 


The former is essentially the same as the cor- 
responding case of the advancing wedge. 


On the other hand, the latter 


and in particular the centred wave, play a 
fundamental role in the problem as did the 
shock waves in the previous problem. 

After discussions on some properties of the 
flow field in §2, two limiting cases of 
0\=0,=0<1 and 0, 0,~7/2 are studied analy- 
tically in §3 and § 4 respectively. 


SP 


Just as in the first paper?, the concept of 
the pseudo-steady state of the flow due to 
lack of a particular scale to measure time or 
space is also useful in the present problem, 
and the flow field can be represented by the 


Some Properties of Flow Field 


(b) 


known and can be represented by centred 
rarefaction waves»: the front of the rarefac- 
tion wave propagates in the direction of 
negative &-axis with the sound velocity Cy of 
the undisturbed region (Fig. 2; the &-axis is 
fixed in space, and €=0 is coincident with the 
initial position of the wall); the distributions 
of the particle velocity #, the sound velocity 
c, the pressure p and the density 0 behind 
the front of the wave are represented by 

* Weizmann Fellow, on leave from Tokyo Elect- 
rical Engineering College. 
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centred simple constant 
wave region (R) region(U) 


u 2 UC VE weet 
00 up 
C5 
one >-(1- ri a 
Cte = a Cay: 
1) 
Cc ye r—lu >0, 
Co 200 'C; 


Z ares pi seh GZ} 
Po Co Po Co 


where Py, Oo are quantities of the undisturbed 
state and 7 is the ratio of the specific heats. 
These relations are illustrated in Fig. 2. 
For the velocity wp >2c,/(r—1), the expan- 
sion is complete and there remains a region 
of vacuum between the wall and the wave. 
The fact that equations (1) and (2) all in- 
volve only &/e,¢ corresponds to the above- 
mentioned pseudo-steady state of the flow 
field. 
It is more convenient for us to use a 
&’-axis fixed to the moving wall, where 


E’=E—Uyt. 


Thus, equations (1) and (2) are transformed 


into 
GP (ae )- r—1 Up 
tel Col T+1 G’ 
Un z &’ r—l Up 
==(( jee Bei 
CWS. ( Cope Cite : 21 eps 
Co x 
—1 wu» &’ 
ed ify ee D \s — 3 
( 2 Co => Ci 5) ( ) 


2 

Pp at c en v7 =( ae a 

Do Co : 090 Co 
3) 
Returning to our present problem, it will be 
seen that in the regions (I), (Iz) (Fig. 3) 
having appropriate distances from the apex 
O, two rarefaction waves parallel to the 
walls propagate with the front velocity ¢ , 
and the distributions of velocities, sound velo- 
cities, etc., behind them are represented by 
(1), (2) or (3), (4), if we use &1, &1, wm, G, 
Pi, 01, My sin 6, for the upper surface and &:, 
E,’, Uo, C2, Do, 02, MU Sind, for the lower sur- 
face respectively in place of &, &’, wu, c, D, 0, 
up. As for the region (II) (affected by the 
apex O), it may be asserted that the front of 
it also propagates with the velocity c. Then 
the front of the whole domain affected by 
the motion of the wedge may be formed 
from the three parts: A,Aj’, a straight line 
parallel to OC,, A,’SA,.’, a circular arc of 
radius cot and A,’A;, a straight line parallel 
to OC, where Aj, A.’ are contact points of 
A, Ay’, and A.A.’ on the circle, respectively. 


§3. The Case of a Wedge with Small 
Vertex Angle 


The essential feature of this case is the 
same as in the corresponding case in §2 in 
the first paper». The deviation of pressure 
p from the undisturbed one fp is determined 
by the same wave equation as equation (3) in 
the first paper, 

02 p’ o( Ob  Ozp’ 
“oe (gaat aya): oy 
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So 


Fig. 4 


where 


» =X—uel, 


i 


Utilizing the concept of pseudo-steady state 
of the flow field, equation (5) can be reduced 
to the conical flow equation 


(6) 
where 
2=X' (et), y=Y' (ect), B=Dd'/(oteoCo)- 


As we have done in § 2 of the first paper”, 
we must distinguish between the different 
configurations according as M>1 or M<1. 
The first case is trivial, since the apex O of 
the wedge has no effect on the wall of the 
wedge as is shown in Fig. 4a, and the values 
of p on the walls are simply —0, for the 
upper surface and —90, for the lower surface. 
On the other hand, the circumstance of the 
second case M<1 is precisely the same as in 
the corresponding case in the first paper? 
and the flow field for 01=0.=0 is obtained 
from equations (14), (17) and (18) in the first 
paper» simply by replacing 0 by —9. 

The Case of Almost Blunt Wedge 
Angle 


§ 4. 


The flow in the case of 41, Oo~r/2 or 
&, <1 (1=2/2—41, &=7/2—6,) is not far 
different from that generated by a plane 
wall shown in § 2, and the flow field is eX- 
pected to be approximated by a small per- 
turbation from the state expressed by equa- 
tions (4) and (3). Some difficulties arise from 
the fact that the original unperturbed solution 
(3) and (4) has a singularity at the boundary 
(B in Fig. 2) between two regions. We must 
find the perturbed solutions separately in 


both regions and connect them on the boundary 
to make the physical quantities continuous 
there. 

Since the flow is irrotational, the basic 
equations of the field are 


Geary te Orr eee OC 
ai + ax’ OX’ ' OY’ OY’ 
ro—no( FF gya)—o 
HSE) abe 
= uit atin (8) 


where @’ is the velocity potential. 
Utilizing the concept of the pseudo-steady 
state of the flow field and putting 


XE Ww oD’ ( Cc ) 
si _—— F =— @ = ’ Y= = . ’ 
Cee y Cat Cot Ch 
M=—", (9) 


equations (7) and (8) are reduced to 


(O,—22)V2+(Oy—y) V+ (T—-1)¥ Dez + Oy) =9, 
(10) 
1 


1 1 
= 2 2 
5 Ae 


O—xO,—yO,+ 5 (02+ Or") +.- 
r 


U (11) 
The solution of equations (10) and (11), which 
is equivalent to equation (3) and (4), is 
obtained by putting 9, Yo for ©, ¥ where 
@, %y are functions of x only. In this case, 
equations (10) and (11) are reduced to 


(Doxz—2#) ¥ ox tt (7-1) ¥ Vorz= 9, (12) 
1 1 i 1 
iy OD x 5 @ x ~ =- nVe 
@y—2 oto a 9 ASE 
(13) 
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and their solutions @, and ¥%, are expressed 
as 


fe (@+M-+1)?—Mz, 


Y= t— Dox)", 
rie o= (x oz) 


Oo= 
a 


(M+) <e<—(1- 751m), 


UY bat esa y ( pol ) 
0,= a “M), 
: ait 7M) +M(1-", 


¥y=(1-7> mM), -(1- "5 "M)<#<0. 


2 
(14) 
In the region «<—(M-+1), the state is un- 
disturbed and ®,=M(M-+1), ¥,=1. Now we 
put 
D=D,+¢, V=V¥ +9, (15) 
and assume that g, ~ are small throughout 
the region. Inserting (15) into (10) and (11), 
and utilizing the relations (12) and (13), we 
have 
F oxP2—(e— Dor) Pe—YPy 
+H(7-1)% 4¢4+Gorup)=0, (16) 
(7¥-1}{9—-(@—Doxe)Pe—YHy}+P=0, (17) 
neglecting small quantities. Eliminating 
from (16) and (17), we have 
{Yo (%@— Dz) }@r2t+ (Vo—Yy) Guy —2(a@—Dor)Y Oxy 

+{¥ oe/(, -—D +7 (@—D oz) Doxr2} Vx 

+ (7-1) Doxe(ySy—¢) =0. (18) 
? is determined by equation (17), using the 
solution g of equation (18). 

Because of the different behaviours of Qo, 
Y, in the different regions of x as shown in 
equation (14), the equation (18) has different 
forms in different regions of x. In the region 
(R) (say); 

1 M), 


—(14+M)<2«<-— (- 7s 


equation (18) becomes 
{(e@— Dp 2)?—Y? }}Gyy—2(a— Doz) YPzy 
+2(%— Dx) P2+(7¥ —1)Oox2(YOy—Y) =0. 
Introducing a new variable 2;: 
2 = — Don = x —2al(y +1), 
l>m%2a, a=1—(7—-1)M/?2, 
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w=(r—-1)/@t+)), 
this equation is reduced to 


(2207) (ar —y) Pun 2 Y Pry +2192, + YPy—P= 0. 


(20) 
In the region (U) (say): 
-(1-TF i) ses0 or a <4, 
equation (18) becomes 
(@—2?) Gre—20YyPryt (W—Y) Quy= 9. (21) 


Equation (21) is exactly the same as the 
conical flow equation of Busemann, as expect- 
ed; on the other hand, equation (20) has an 
unusual appearance, but we can nevertheless 
solve it. To do this, we put 

YOy—9=F. 
Then, equation (20) is reduced to 
(2y7y)~ (@y?2—y?) Fy—2F2,+F =0, 

and its characteristic equation is 

dx, dy dF 

—a, (2py)-Mey—y) —F" 
Two integrals of this equation are readily 
found as 


(22) 


Fa =c, {x2—U1—2p?)y*}a-1? =C., 
where ¢;, Cc, are arbitrary constants. 

The complete solution of equation (22) is 
obtained by setting an abritrary functional 
relation between ¢., Cy as 


C1=fil(Ce). 
Then we have 
P= Yoy— 9 = fi(ar- 14? {x2 — (1-222) y?}). 


The final solution ¢ of equation (20) is readi- 
ly obtained and we get 


exif) BAZ) dyes woh, 


Z= 1-118? {a2 — (1 —2y)y?\, (23) 


where f2(a1) is an arbitrary function of 2}. 

X’, Y’ components of perturbation velocity, 
“ and v, are obtained by differentiating ¢ 
with respect to a and y respectively and we 
have 


7: = Q2= Or, = — nl Us (Z) ro =e ay 1H (y? — 974?) AZ) ay +Heed | (24) 
f= | ay ays PAZ) thle) (25) 


The pressure — is given by ~ in equation (17). 
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Equcation (21) becomes hyperbolic in the region r=//2?+y?>a and elliptic in r<a and the 
solutions for #, v, p in the respective regions are as follows®): 


Uu ot+éd a-0 

: = Ox= \ f(t) cos tdr + | F(t) cos tdr, 

0 

v o+60 o-6 

== O/= | f(t) sin cdr — F(t) sin tdr, 

Co fer <a, (26) 

p— p UOe a-6 
pan =P He He =— a | Stt)de+ F(t) ar), 


%=rcos@, y=rsin@,- oc=cos'(a/r). 
and 
u for 
= 02=RAWIO),  ? =90=RAWIO}, PH? -9—29.-yo0= RAWLO)} 
0 Co 0 Co 
—26aW2(C)=(C+DWi'(f), 2 aWs (€)=(C?-)) Wi’), for r<a, 
€=E+in=Re”, z=xt+iy= re’, R=(a—V @—P)/1, oe 
where p’, 0’ are the undisturbed values in the region (U) and given by pya/O-Y, py a?/A-Y 
respectively, using equations (4), (9), (14) and (19). f#, F, Wi, W2, Ws; are all functions to 
be determined by the boundary conditions. 
Now, the velocity must be continuous at the boundary between regions (R) and (U); namely, 
u (of (R))=u (of U)), v (of (R))=v (of (U)) at the boundary. (28) 
Since #;=—*=a on the boundary, we have from equation (26), s=z+6 there. Then, using 
equations (24), (25) and (26), boundary conditions (28) yield 


Sh Jyh 5 Le Pez, TNC RS r x 20+ 
wy yp e+ 5 —A-1m? (y2—@?) fi’ (Za) + dy+fr’ (a) |= (ct) cos tdr+ const., 
Le 


[SAiZady flZa)+ fala) =|" fe) sin cde-+const., 


where Z,=a''-?{a@?—(1—2y2)y?}. Differentiating these equations with respect to y, we get 
— 18) |S Zo) +S ave (yea) fi(Za} dy 


wel 


se 5 Paz 12H? 91m? (ya) fi(la)\ +f @| 


do 
dy’ 
j : do 
—2ai-1? (1-22) fi (Z,) = —2f(20 +7) sin aoe ; 
Eliminating f(20+7) and utilizing the relation tan 20 =2ay(a?—y")-!, the above equations are 
reduced to 


= —2f(20+ 7) cos 20 


(29) 


Pri (Ze) +} 7 aya) fi Z)}ay ty ZAHA) =. 
y w i 


If we differentiate this equation again with respect to y, we get simply 


Fi (Z)=0, upper region and u=0, v=€:% for the lower 
and region, and so equations (30) are simplified 
fi(Z.)=A (=const.) and we have 
Then equations (24) and (25) are reduced to un y _(—&M, y>0 
—=0, ria 0 (31) 
u|co= —pw{—At+yfr' (x)}, vleo=f2(x1). (30) Co Co 2M, y<0, 


Referring to the two regions where the apex f is given by equation (29) and also vanishes 
O has no effect, w=0 and v=—€ % for the and 


Fig. 6 
i @=0. 


By considering the condition «=0 on the wall 
where 0=-7/2, we have from equation (26) 


oF /2 
O=const.+ | F(t) cos tdt 


EG\=03 
Then the flow in the region r>a in (U) 


and we get 


becomes the same as in equation (31). Accord- 
ingly the state is not disturbed in the region 
(R) and 7>a in (U) except on the line y=0. 
This rather curious result is, however, also 
acceptable from another point of view. Be- 
cause, as we can see from Fig. 5, the breadth 
of the region which is affected by the apex 
O is represented by Aj/A,’ and is, of the 
order of &, &. In this first order theory 
which we are now considering, this region 
must be reduced to the line y=0, where the 
solution becomes singular. 

Now the remaining problem is to find the 
functions W,(€), W.(f), W3(C) in r<a, satis- 
fying the following boundary conditions on 
the circle =a and on the surface of the 
wall: 

v= —Em, on |C|=1 (v=a), x >0>z/2; 

v= Eu, on |€|=1 (v=a), 32/2>0>r7, 
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prone OP); (32) 


they are shown in Fig. 6. 

Because of unknown singularities of p’—p 
and uw at B, we cannot use the values of u 
and p’—p as a boundary condition, though 
they are zero on the semicircle except atau 
But we shall later verify that our solution 
gives the correct boundary values. 

Since “=0 on the wall, v must be symme- 
trical about the y-axis and so the function 
W:(€) can be obtained easily by constructing 
a function of which the real part takes the 
constant values —&,M, &,M on each semicircle. 
Then we get 


WilO= Fal ~24 2log —log(—1} 
+6} 2Iog =£ —to(—0} | 


Differentiating this with respect to €, we 
have 


ez MV) 


(33) 


W;’ ( e ) = BELE)M . F; 


1—?° 
Then W, (2), W.2(€) are obtained by equation 
(27) as 


ie are ji re 

ae Se EG, (34) 
Wye) = 21+ &) eae 

= Et) Ma 5a +C, (35) 


where C, C’ are constants and are determined 
by the conditions (p’—Dp)/co?0’ =R.(W,) =0, 
u/Co=Re(W.)=0 on the circle except at B, B’. 
By putting €=7 for example, we have 


C=(61+&)Ma/z, C’=0. (36) 


Now the values of (f’—p)/o’cy? and w/c) on 
the circle are given by 


— 
ae 2 =R, W,(e? 
( 0’ Cy” R-1 . i(e )} 
= {ee —1—e7 
: 7 1—e!@ \, 


( ue ) —R{W,(e!)} 
Co /R=1 
pf 2Et&)M et 
Soares 


and it is easily verified that they reduce to 
zero except at B, B’ where W, and W, have 
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simple poles as we can see from equations 
(34) and (35). 

Thus we can find p, w, v in the field by 
taking real parts of equations (34), (35) and 
(33), and in particular the pressure distribu- 
tion on the wall is given by 

Diz Dray he 
ng ae 1 
which is reduced to 


p—-p me ayia) 
7 VG): 


0’ Cy? 
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by use of equation (27), where a is 1—(y—1) 
x M/2 by equation (19). 


References 


1) A. Sakurai: J. Phys. Soc. Japan 10 (1955) 221. 

2) Courant-Friedrichs: Supersonic Flow and 
Shock Waves (Interscience Publishers, 1948) 
pp. 104-106. 

3) R. Sauer: Hinftihrung in die theoretische 
Gasdynamik (Springer, 1951) pp. 158-160. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 11, No. 9, SEPTEMBER, 1956 


Heat Loss from a Partially Insulated Solid Body 


By Joseph GILLIS 


Department of Applied Mathematics, Weizmann Institute of 
Science, Rehovoth, Israel 


(Received April 14, 1956) 


We investigate the problem of a thermally conducting solid, initially 
at a uniform temperature, part of whose surface is insulated. The unin- 
sulated part of the surface radiates heat into a medium at zero temper- 
ature. We deal especially with the case in which the insulated and 
uninsulated regions cannot be represented as distinct coordinate surfaces 
in variables in terms of which the conduction equation is separable. 

An integral equation is derived for the boundary values of the temper- 
ature and solutions of this equation are obtained in two special cases, viz. a 
semi-infinite solid insulated except for a single infinite strip, and the 
same solid insulated except for two equal parallel infinite strips at a 
considerable distance apart. In both cases we show that the solution 
can be represented for large values of the time ¢, by a series of inverse 


powers of logt. 


In case the strips are very narrow we obtain closed 


expression which approximate the sums of the series. 


§1. Introduction 


We propose to investigate the problem of 
heat loss from a conducting body part of 
whose surface is thermally insulated and such 
that from the uninsulated parts heat is radiat- 
ed into a medium which remains throughout 
at zero temperature. The central difficulty 
of the problem arises when the insulated and 
uninsulated portions of the surface cannot be 
represented as distinct coordinate surfaces in 
variables in terms of which the fundamental 
equation is separable. We shall show how 
the most general case can be reduced to an 
integral equation in which the boundary con- 
ditions are taken care of automatically. All 
the results obtained apply, of course, to any 
diffusion process with suitable definitions of 


the quantities involved. 

Feshbach [1), cf. also 2)] has discussed a 
similar problem in connection with the Helm- 
holtz equation, using a Green’s function to 
reduce the problem to an integral equation. 
Our chief concern in this paper will be the 
study of the time-dependence of the solution, 
and to demonstrate methods for calculating 
this dependence in some special cases. A 
particular difficulty arises when large values 
of the time are in question, since the various 
iteration procedures often useful for integral 
equations now either diverge or else converge 
so slowly as to be of no practical value. 
This is related to the fact that the kernel of 
the integral equation, regarded as a function 
of the time, has an essential singularity at 
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the upper limit of integration, a fact which 
is, in turn, related to the irreversibility in 
time of the diffusion equation. 


2. 

We begin by considering a slightly more 
general problem. Let S denote the surface 
of a solid body, D, and suppose that the 
emissivity of the surface S is h(@, y, 2) where 
h varies with position. The whole body is 
initially at constant temperature V and we 
denote by ¢(2, y, 2, 2) the temperature at the 
point (a, y, 2) of D at any subsequent time 7. 

Then, ¢ has to satisfy the following equa- 
tions: 


aD) 


Derivation of Integral Equation 


1 0¢ 

fees mete 
O= sot 
in the interior of D, where k is assumed to 
be a constant. 


(ii) 


(2.1) 


Li 
On ar 2 hte, Y, Z)o 


on S, where x is the outward normal to the 

surface. 

(iii) 

throughout D. 
To begin with, consider the same set of 

equations except that (2.2) is replaced by 


Oba a 
On Pa, Y, zy t) ? 


where # is taken to be a known function. 
The system (2.1), (2.2’) and (2.3) can be solv- 
ed by a Green’s function. In fact, we require 
a function G(x, y,2z; t|x’, y’, 2’; 7) which denotes 
the temperature at (a, y, 2,2) due to an in- 
stantaneous unit point-source at (@’, y,’ 2’, T) 
and such that 0G/On is zero for (a, y, 2) on 
S. This function can always be constructed 
[3), p. 291] and it is then easily seen that 


G(x, Ys 2, p=\ b(2’,y!,2",0) 
D 


(2.2) 


b(a, y, 2, N=V (2.3) 


(2.2) 


-G(a’, y’, 2; tla, y, 2; 0)d2' dy’ dz’ 


§3. Specialization of Problem 
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t 
—1 ac| Gy 2 tN GY, oe) 
0 Ss 


Po’, W'3 as c)dS’ (2.4) 
satisfies (2.1), (2.2) and (2.3) where the sur- 
face integral in (2.4) is taken with respect to 
the variables (a’, y’, 2’). The first integral on 
the right-hand side is, by (2.3), equal to 


v| Gla’, y’, 2; tle, y, 2; Ode’ ny! Az Akasa) 
D 


But the integrand in (2.5) represents, by de- 
finition, the temperature distribution which 
would obtain in D after the action of the in- 
stantaneous point-source and in the absence 
of any heat loss through S. The integral 
must therefore be constant and equal to 
unity. Hence 


d(x, y, 2, t) 
t 
=v-#| ac| G@; oP ztheey 23 
0 Ss 
D(a’ ,y’,2, t)dS’. (2.6) 
We now consider the problem in which S 
consists of two parts, S:, Sz such that 


i h on Sig 
hl, 2) ‘ ee 


where h is a constant. In equation (2.6) we 
can replace ~ by the unknown function 
hia’ ,y’,2)(a’, y’, 2, t) and we get the equation 
d(x, y, 2, 2) 
=v—ne\ ar| d(x’, y’, 2’, 7) 
0 Ss) 

Ga, Yi Lied cee” (2.8) 
It we now let the point (x, y,z) approach the 
boundary from the interior of D, then (2.8) 
becomes an integral equation for the bound- 
ary values of ¢. Since our main concern in 
this paper is the study of the rate of heat 
loss, it will be sufficient by (2.2) and (2.7) to 
calculate the value of g on S;. The proviso 
that (x, y, 2) approach S from the interior of 
D is necessary, since (2.8) does not hold for 
(a, y, 2) outside the body. 


(2.7) 


In what follows we shall consider only the special case in which D is the semi-infinite 


solid «<0. Then it is easily verified that 


G=[4rk¢—r)]9” exp| 24 (—2') 


Ak(t—t) 


satisfies all the requirements. 
for ¢ becomes 


Ve] tens 


On the boundary we have #=0 and so our integral equation 


sen[ 22) ea 


1956) Heat Loss from a Partially Insulated Lolid Body 995 


1 b 9)’ \2 4\2 
y, 2, t)=V —— hk-WV2n-3/2 LBS ee ages Gao) + ais liye, 
PY, 2, t) geen Kaa t)-Mp(y", 2’, 7) exp | - tht —t) dy’dz’. (3.2) 


Moreover we shall confine our attention to the case in which S, consists of infinitely long 
parallel strips of finite width, i.e. such that 


ly—dil|< a Galo), (3.3) 


Clearly ¢ is then independent of z and so the 2 integration in (3.2) can be carried out im- 
mediately. We then get 


= ,_h : —r)-l y=) / , 
oly, D=V pa r) exp | os [oa nay. (3.4) 


In what follows we shall consider ways of estimating ¢ for some special systems of 6;, a. 


§4. Initial Behaviour 


We begin with the case where S; consists of the single strip 
ly|j<a@. (41) 
Then (3.4) can be written 


eon 2 


rel \" (t{— rt)" exp eomeiuce c)dy’ . (4.2) 


Ak(¢t —r) 


The r integral on the right-hand side of (4.2) is the convolution of ¢(y’,¢) with ¢exp[—(y—y’)*/4k7]. 
We take Laplace transforms with respect to ¢ and write 


fly, »)= [Pe oly dt . (4.3) 


The convergence of the integral in (4.3) is assured for all f>0, since ¢ is bounded by the 
initial temperature, V. Moreover the Laplace transform of ¢?exp[—(y--y’)?/4kd] is 
2KiV d/R(\y’ —y|)] (cf. 4), p. 146], where Ky is the modified Bessel function of the second 
kind. Hence 


7 


Be aN P iy’ —y| | fy’, Day’ 4.5 
fn =E 2M" x [iy — ai | Aw, Day. (4.5) 


We are looking for an expansion of ¢ which is to be valid for small ¢, and for this we need 
an expansion of f(y, p) valid for large p. This is readily obtained from the standard itera- 
tion procedure. Consider first |y|< a, and write f=V/p for the first approximation. Then 
the next approximation gives 


nV ANVS poy Bae 4.6 

fy, =e OO oy By — fe 4.6) 
VS VCs iain ¢ d eo ie Ki(0)d 4.7) 
5 ~ oe | jodt+|" (©) cl. 


But for large p, each of the integrals on the right-hand side of (4.7) is a + O(e-*'v) for 
some positive M, (cf. 4), p. 205], and so 

Sy, P)~Vp3+ Vb? for |ylce. (4.8) 
Again, if |y|>@, it is easily seen that (4.5) becomes 


V plkC ly \+a) 


fy, P= Vp-—(vnie!/np°!)) Kel O)dt = Vo O(e-™) (4.9) 


pik lu -&) 
for some positive M, [4)]. 
We insert the approximation (4.8) into (4.5) and repeat the iteration. Since the integrals 


in (4.7) are each 4 z+o(p-”) for every positive N while that in (4.9) is, analogously, simply 
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o(p-¥), it follows that, to the order of p in question, the integrals cannot change the situa- 
tion. Hence, for sufficiently large /, 

Ky, p)~ Vp hl vp-—vaerp-sr}y/ = Vp —Vhav k p+ Viekp-*, (4.10) 


while (4.9) still holds for |y|> a. ; 
Inverting (4.10) and (4.9), we get [4), p. 233] 
oly, OV ~1—2hy/Mt +WekE for lye, 
7 » 
and 
~1 for |yl>a@. 


(4.11) 


The above argument can clearly be continued and it follows that for lyl< a and small 7, 
the y dependence of the surface temperature is o(¢”) for every positive ¢. Similary, for 
ly\> a, the surface temperature remains at V-+o(¢” ). This is in accordance with the physi- 
cal reality that, initially, all the lines of flow are normal to the surface. It follows that, 
for small ¢, any gaps in the insulation, whatever their shape and number, will radiate in- 
dependently and that the temperature in each such gap will be given by (4.11). It is clear 
from (4.11) that the time range for which these considerations are valid is given by hVki<1. 

The problem of large values of ¢ is less amenable to treatment by means of? (4:5):2 Ee 
logarithmic singularity of the function Ky at the origin makes it very difficult to use (4.5) 
effectively for small p. We shall therefore use other methods to deal with the case ¢> 1. 


§5. Large Values of ¢. S; consists of a Single Strip 


In order to obtain some insight into the general behaviour of the solutions of (3.4) when 7% 
is large, we again consider the case in which S, consists of the single strip -a=y<a@ and 
we therefore have to deal with (4.2). Our first interest is to find the order of magnitude of 
¢ as a function of £as t>. To this end we make the approximation of ignoring the 
dependence of ¢ on y as the latter varies over S, and write 4(0, z)=x(Z). Then (4.2) become 
a Jars. (6.1) 
Ak(¢ —t) ; 
Now the left-hand side of (5.1) tends to zero as t-> co and so the double integral on the 
right-hand side must tend to zV/h. This implies that the rate at which % tends to zero 
must just balance the order of infinity of 


tCa eC ) 4 é Oe d ‘di 
—tT)- — ee 
\\\. ae | cea ak 


ta 
oJ0 


; 
x()= v—(nir)| | (—e)-¥H6) exp] — 


The latter integral 


=| dy’ \s oe-* da =| Exly’2/Akt)dy’ (5.2) 
0 


0 (y/2/4kt) 


Now, for large z, the integrand in (5.2)~—log (y’?/4kt)=log t—2 log y’ +O(1) [5), p. 143]. Hence 


ta ‘2 

a exP| — py 5 tora alo t+ 00) as LB 0 . 6.3) 
This suggests that X(¢) should behave like (log #)-' as £-> «©, a fact which will be established 
more precisely below. However, we note at this point an important difference from the case 
in which the entire surface of the semi-infinite solid can radiate (i.e. S.=0, a=). It is 
known [3), p. 53] that the surface temperature for large values of ¢ is then O(¢-”?). The 
essential distinction between the two cases lies in that the double integral in (5.3) has a dif- 
ferent order of magnitude, as a function of ¢, according as q@ is finite or infinite. 


In fact, in 
the latter event, we have 
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al gM p)-1ety'de BO 
\eh exp| — oe 5 | —2)-! dy de =2V ake . (5.4) 
Before proceeding further we shall make some simplifying changes of variables. We write 
n=y/a, Y=y'/a, th=Rtla®, t%=ke/a*, Sy, t)=oy, D/V and Ut)=x@/V. 


This makes all our quantities dimensionless, and equation (4.2) becomes 


SQ, 4)=1 —(ah/2n)) [@ —t)"!exp eases o1)dy/ dey (5.5) 
while (5.1) becomes 
Ults)=1—(ahin)|) \ (:—2)texp| — ae = [Urner an. (5.6) 


In view of the considerations discussed above, we begin by trying in (5.6) a solution of the 
type A(logz;)-!. This would lead to 


i dn/ dt 
A(log 4)-1=1—(a@hA cane ee 
(og 4)"=1 (a in|"\ exp| — ae 
ds 
pane tk / en1!?/4s 
1 (ahAln)\) dy ee 0 ioe es 
=1—(ahAjn)\ dy a 5 emp (log) + (og t)-*] + ee) 
(bic FATE 
asl ps ahs tereee | 2 des ds. Dad 
+(log t1) eee ei s (5.7) 


But it is easily verified that, for large 4, 


ones ds =""40(") @ che 0) ; 
0 
and (5.8) 


‘g t = e~’"/48 ds=log t, + [log 4—7—2 log |7’|]+0(1) , 
0 


where 7 is Euler’s constant. 
From (5.7) and (5.8) we get 


eae ret ~(ahAjn)\ dy’{1-+O(/log i}. (5.9) 


This suggests the possibility of expansion in an asymptotic series of descending powers of 
log ¢,. With this in view we accordingly go back to (5.5) and write 


Si, t)= ie ih A,s(log t)-"7°, (5.10) 


and shall seek constants A,s to satisfy (5.5). But, by the argument of (5.7) and (5.8) we have, 
for any real 0, 


liz t : 
| “(log £:)-” exp| — Os ] Gan | : : e184 (log yi 
0 0 


A(t, —T) t,— aa 
oo 32 r(7-+1) Smt er Oe ent - ‘jas 
+ r(log #1) ihe ar Aa ae [+ 5 (log ¢1) Fe ont 


SCR a 7—2 log |@|]+ O(4:-})} 
; (log t)-7-1+4— pHr+ Glog ty) 72+ (5.11) 


where 
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Z 
n=l ri Poe aj(¢ +79) 
Hence, if we substitute (5.5) from (5.10) and write Z,(¢;) for (log ¢:)-" we get 


BB = Arsn®Ly(ts) 


rs An\ {L,-x(d:)-+[log 4—1—2 log In’ —alZAty) 


See 


+ a rm Loar ty) + 5 P+ VCLraalty)+ es 


Sey Ss Ars{| Lr-s(6) +08 4—1)Ldts) +5 Wp Bena 
7 re1 soo 
: Ua sy ol, | Slog jn’ — | an’! 5.12) 
tee rt )GLra(t) | a(s+1) (£1) a7 og |v’ — y| dy fu ( 


Now it will be shown in §7 (a) that, for |y|<1, 


" n'* log |n’—| dy’ = sa iete log (1—7) +[(—D*+- 951] log (1-47) 
=i 


wit, 1 s-2 1 s-4 )= < 5.13 
— (tg? +0 -* f Fm) (say), (5.13) 
and hence 
2 oo 0” Er ( 2 9 = 42"- 1 (6 14) 
Fin(q)= — n+1) +m (Orth | (Qr— WOReOnen) 


and so, for |y|<1, 


SS Applet) = 1“ § SB Anf be i(ts) + (log 4—7)Lr(dh) +5 17 Lasts) 
r=1 s=0 


HEM ESS AnFdnLo(t). (5.15) 


Be 570+ DELraatt) + a SBT "Phra 


But it is clear from symmetry that S is an even function of y, and hence we need consider 
only even values of s. It will therefore be taken for granted in what follows that Ars is 
aero for odd s, which permits us to rewrite (5.15) more simply as 


Sey Ayr, osq?>Ly(t1) 
r=1s=0 


=1-15, 3 5 Dae rr Lrex(ts) +5 N+ WGEres (ti) + | 
1, © co Y 
ae ola) oe Se 
24 2 2a Oe TY A pQp— rary G16) 


where 2=ah/z and »=log 4—7 ~ 0.8091. 


Next compare the coefficients of the individual terms 7°Z,(¢,;) beginning with the terms 
s>0. We have from (5.16) 


eee A 
JA\ =— 2 3 Ta2l 
ON 2 erpsOs ge 1): (5.17) 


Now (5.17) is an infinite set of homogeneous linear equations in the unknown A’s, and the 
system can be investigated in the usual way to determine the ratios of the successive A,,9s 
for fixed 7. We note, however, that the coefficients in (5.17) are independent of 7 and so 
therefore are the ratios. It follows that we can write 


Ay j2s=%rAt,2s=%rBs (say), (5.18) 
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where the quantities depend only on the suffixes indicated, and %;=1. The significance of 
(5.18) is that to the accuracy of the representation (5.10) the space and time variables are 
separable. In fact 


Sy, 4)= 2 XrLr(ts) 2 Bort. (5.19) 


To get an estimate of the B’s we shall make the approximation of neglecting terms corres- 
ponding to s>3. Equations (5.17) now become 


1 
= 74] Bo Bi Ba 52 5 
el Peal i) 1 1 
B,= —A\ —Bo+ =—Bi-— —B.- = 
= 5 Ee ot Bietien® aa 5B|. (5.20) 
i ih Maa | 1 i 1 
B;=—A\ —Bot = —B,— =B 
3 D) ie ot 9 B,+ 3 2 3 | . 
The three equations (5.20) are sufficient to determine the ratios By):B,:B,:B; and we get 
2 ee By = B; ei 
iSomies if 16 ds ea ISG, 6 1G. Mel ate. Sa (6.21) 
ee a ee aa Sra er Fe aa ee 
TE INES a7 AS) DRE Ae Aa Os 242 2 ae 9 


Incidentally we see from (5.20) why equations (5.17), in spite of their form, do not in fact 
lead to an eigenvalue problem for 4. At whichever point we choose to break off the Bs 
sequence in (5.17) we shall always have one equation fewer than the number of unknowns, so 
that we can solve for the ratios of the latter. It is clear, of course, from physical considera- 
tions that there cannot be preferred values of 2, and that the problem must have a unique 
solution whatever 2 may be. 

We now have to determine w, and for this we consider the term independent of 7 and of 
ft; in (5.16), containing 
pais = Bs 


S143 4¥ S115 5.22 
eat, ~ st+l s=0 2s+1 ( ) 
From (5.21) and (5.22) we deduce that 

: —— eS ee ae (GZS) 


Gln i(5 © 30dusT Ata am 


The next step is to investigate the values of X%, (v=2, 3, -+-). For this purpose we put 
7=0 in (5.16) and use (5.18) and (5.22), obtaining 


() ce = Bs 4 
By = trLr(t)= i a aS Ur[ Lr 2i(ty) + pL, (tr) ‘7 ] 2 25+ 1 


=1->% | Zee) + uLr(th) + 2 17? Ls (t1) +) 7+ 1)GLrsa(ts) + °° ‘| . (5.24) 
r=1 


Comparing coefficients of the successive L,’s we get 


O=1— ie Boti=— U1 —%2 , | 


1 1 (5.25) 
Box.= ig 77% —UXy—A%3, Bolz= —Ghi—s T?X_y—pPk3— Us . | 


The first of these equations was already known, but the subsequent equations give 


2 2 
%=—(Bote), %= (Base)? > X= — (Bote +5 (Bot “)—G ’ (5.26) 


where B, is given by (5.21) and (5.23). We are thus able to estimate the time dependence 
of the surface temperature up to the term in (log #,)~*, and the process could clearly be con- 
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tinued further if necessary. 
To evaluate the rate of heat loss from the body we note that, by the boundary conditions, 

the only such loss is by radiation from the area |y|<@ and it is there proportional to the 

surface temperature. It follows that the rate of heat loss per unit z is proportional to 

co iby 


4 : 2aV 
= E — % Lp =. Nepley t ) BVH 
[" #0, day=2av "sey, t)dn=20V Sof, Bi tell) =" Btls), 6.27) 


by (5.19) and (5.22). But 2=a@h/z and so we can write the rate of heat loss at time ¢ per 
unit z as 


R(t)=(22VKjh) pS, L,L(t;)=(2nVK]/h)Mx(t;) (say) , (5.28) 


where 7,=kt/a? and K is a constant of the materials involved. The function M, is easily 
evaluated numerically. We note incidently that, when 4 is very small, it follows from (5.21) 
and (5.23) that By ~ 4-! and so, by (6.26), %, ~~ (—1/A)’-!. Hence 


Malt) =[1+ 0(A)]Zalt) & (=1/2) Zr alh) = ae 4, (5.29) 

provided that log ¢; > 47!, and, in this case, 
R(t) ~ 2aVK/{1+ (ah/z) log (kt/a?)} . (5.30) 
In particular this is the solution for the case of a very narrow slit S; (i.e. a<1), provided 


that aa enen 


$6. S,; Consists of Two Equal Strips 


We shall conclude by considering the case in which S; consists of two equal parallel strips 
at a considerable distance apart, 


St: |y—d|< 30 +. and. ald tp ene ee 7 ; (6.1) 
The total area exposed, per unit z, is the same as in the case discussed in §5 and we shall 
investigate the dependence of R(t) on d. It is assumed that da. We again write y=y/a, 


h=kt/a?, --- etc. and also d=d/a. The integral equation for S now becomes 
hf dtr —$4+1/2 8+1/2 (n—7’)? 
Ae alte t, - = +| | ae : ; : 
: 2m Jo t1—T1LJ-s-1/2 §-1/2_] ae 4(t;—11) Or ruey (6.2) 


We again assume for S an expansion of the type (5.10). More precisely we shall write 


§ jf) = Fa — ane SiG) at 4 
(9, th) 2A (log 4,)-"(y—0) in S ] 


and (6.3) 


= = > A,s(log t1)-"(—7—0)s ih Om j 


It is clear that this expansion has all the necessary symmetry requirements in 7 though we 
shall no longer have A;s=0 for odd s. Now let us take 7 in S*. Substituting from (6.3) into 
(6.2) gives, on writing 7=0+¢, ‘=0+€’ in S* and y= —04+0' in S-, 
; a 1/2 
SS Axel) =1—(ah/2n > Anf\ [Zr-x(th)-+ (4-2 log]€—€/ |)Zr(th) ++ + -Je*de’ 
1/2 
HDT rslt) be? logl€—€’ +20|Zr() + + +16’ ‘i 
=1-4y ~ Ar, os Tone - tons: 
ra 2(O541) rit) + (ti) + 6 17” Drs (ti) +++ “| 


“a ne /s 
>) Ankdty\ € “tlogl€—C’|+(—1)' log | -€’ +26] } de’ . (6.4) 
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We shall write 


1/2 co 
Ei6)=| Clog |I€—C | dt’ =>) CnpO” , (3 = dl (6.5) 
=A p=0 2 
and 
: Ma = 1 1 
Gy, i ae —C’ o— Ns p id =i a ° 
=|" Clog lee +281de' =F am, Oer. (Iel< 5, a= 3) 66) 


The actual evaluation of the coefficients €n», Yn,p(6) will be deferred to §7 so as not to con- 
fuse the main argument. Then 


BRAC T=1AAD, pigs iy Et + Ee) + «| 
+4 o Ars[€sp+(—1)89s, p(O) Z(t) C?. (6.7) 


As in the case of the single strip we begin by comparing coefficients of C°Z,(¢,) for p>0. 
This leads to 


2. pS Ayslesp+(—1)*9sp(0)] . (6.8) 


As before we see that the coefficients in this infinite set of equations for the A,» are in- 
dependent of 7. Hence the ratios of the successive A,»’s (p=1, 2, ---) are independent of 7 
and we can write 


Arp=ArAip=%rCy (say), (6.9) 


where, again as before, %1=1. Again, putting €=0 in (6.7), we get 


Cys mil 
= QoL t)= 1A x 225(2s Cam her oS Ar{ Ly t1) + Lr (ty ae ye 
+23 4,L,(h) = Cs[ so + (—1)89s0] (6.10) 


Since the left-hand side of (6.10) has no term independent of ¢:, we must have 


Crs 


; (6.11) 
LPF 2eese) a 
and hence 
ss) 
Cy 3S xrL(t)=1—-d tr Lri(h)+ L, (1) + Fm es a +} 
ita ie 
+A 3S Lr (br) = Cs[€so+(—1)*9s0] 
r $2! 
=1— 3) xf Lr-(t)—u Lb) + -+ }4+AD & Lh) (say), (6.12) 
i.e. 
(Cy—AD+ 3) toLelts) =1-E, w| pale) + 7 Erelt) + | ; (6.13) 
r=1 r= 
We now compare coefficients of corresponding Z,’s, obtaining 
0 = at cart x1 > 
(Q—AD+#)m1=—% 
(C1 D+ Wie= "Eh (6.14) 


(CQo—AD+ 1) %3= Se Dae X2—%s, ete. 


and hence 
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iia a ’ 
t2= —(Co—AD+H) , 
1s=(C—AD4 u)— 27, (6.15) 


t= —(Co—AD + p+ 5 2(Cy— AD + 1) -G 


Now the rate of heat loss from S* is 


12 A K _ 
KV. ee IEAGS i Py be t ° 6.16 
KVa\"" Str b)dg= KV aD oage5.) ent D telat) (6.16) 
The same is true for S- and hence the total rate of loss of heat is 
VK 
Rs)= *hYe py Xr. Lt)= aoe = Xr: ILA@®): (6.17) 


Hence the estimation of Rs(¢) depends entirely on the y,’s and these, by (6.15), can be ex- 
pressed in terms of Cy, D. We can get a reasonable estimate of Cp by solving (6.8) with 
the approximation that all the Cp for p> 4 are negligible. We take the asymptotic values 
of gs»(O) valid for large 6 and obtain, when d6>1, 


308 ( L +5 er 


WGN dl Cee A 
I. 3 Ee f° EEL CY A omnes 
Dn 6 aS Go G+CGH4%) 
45a( 42 Jo 15 
Q HES ) Toa A it 
‘ ca 32) 15 lds 
Btatg Bie 9 
while 
1, 182, 2,927 
_log 815 48" 2254 + 16,200 
== 79 RichiSmoNeen ae ne (6.19) 


aa 6) 


If 6 is very large while 4 is very small, then we see, by an argument similar to that used 
to establish (5.30) that 


Rs(t) ~ 2aVK/{1+(ah/z) log (kt/a?6)} . (6.20) 


Comparison with (5.30) shows the effect of having two ‘‘half-slits’’ at a distance apart 26 
times their combined width as compared with that of a single ‘‘ full-width ’” slit. 


§7. Derivation of Formulae {oe ieee) | 
a) Proof of (5.14) r+ (4-1)? 
Since [y|<1, = An(7) log (1+7)—-Baly) (7.2) 
Frm) ie mlog (g-7')d +[ log (9! —9)dz7’ id 
nn=\ 9’ log (n—x’)dy n'™ log (n! —y)dy 
= n 1 
ee ee Anin=m.en & (")(- ad od ee (7.3) 
= —()r] A n é i= 
|, "asm towcace | "remo cde ang 
= n(7)+(-1)"bn(—7) (say). (7.1) Bana Bn) l+y7\"_ 1 
AN )= oi | 
oe USS pis a ; ) Gain: 74) 
Now 
n- 7 n tae no 
dnlQ)= Ie 1)"” ie \\, ¢" log¢d¢ nae Lin \r, ity 2Ne 
2:02) (ong ea ee 
-Sew(" an 
Hence 
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1 2 F 
Ani) =2(1-+7)\ (--=" n) 6, Again 
0 0 Gn a( 1/2 nt 
ve Se n aC BION Ce 
esl), eae Gail” SEGRE 
} i since |¢|<$, 3=1 
while ‘ Crm log (23-+-0)dC" s 1/2 (/n+r 5 
; =| loeb Ode — > le 
Buln) =0"1+7) | Se" (1-4 Jat uit ami 
r 4 =" Jog (28+ 0) 
th grr (3 : i l+7 n+l d 2n+1(m-+ 1) 
aaare ule | = 4 *) fe. a 5 bale EE hooded (7.10) 
Hence rar TOT+N+1) 2FTHVAG+ 0)" 
Bulpe(=1)"Bo( 27) To use (7.10) we note that 
eS iB 1 <2 i 1 
lL (1 [yd—a)+a)et+1—[y1—a2)—a)rtt Oe ee et 1G : a 
= =| = wd Pratik ~<a 2 r(mt+r+l) n+l 2 ON Ae perl 
Puen > a ay 2r(] —@)n-27d Sapp etS Hsien i 
ea Fares eS hi (1—2) x (n+ lx 2 n+1 
9 ae ante) log — a). (gail) 
= SS noe (00 BQr +1, m= 241) Sie 
N+) pin or Gn,a(¢) and the coefficients of its expansion can now 
29 gna? ae be obtained immediately. 
eS r<an 2r+1 ‘ eS 
Equation (5.14) is now an immediate consequence References 
ee an 1) H. Feshbach: Phys. Rev. 65 (1944) 307. 
b) The functions En(¢), Gn,s(¢) 2) W. Karush and G. Young: J. Appl. Phys. 23 


From (6.5), if |¢|<1/2, (1952) 1191. 


1/2 3) H.S. Carslaw and J. C. Jaeger: Conduction 
Enlo=| Cm log |¢’—¢la¢” of Heat in Solids (Oxford, 1948). 
ee Saad Ae IZ -¢ld 4) A. Erdelyi: Tables of Integral Functions, I. 
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c2 1 ike ighe a LOns, 
= si {i tee 2c lor af’ way 5) i A nscendental Functions 
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1+(—1)” log 2 1 
=— ait n+l ote Qn+1 Fr (2¢) . (7.9) 
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Note on the Drag on a Circular Cylinder moving with Low Speeds 


in a Semi-infinite Viscous Liquid bounded by a Plane Wall 
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(Received April 14, 1956) 


The steady slow motion of a circular cylinder in a semi-infinite viscous 
liquide bounded by a plane wall is discussed on the basis of Stokes’ 
equations of motion, assuming that the cylinder is moving parallel to 


the bounding wall. 


It is shown that the components of velocity satisfy- 


ing the boundary conditions on the bounding plane wall as well as at 
the surface of the cylinder, satisfy also automatically the conditions at 


infinity. 


A second approximation for the drag on the circular cylinder 


is obtained. As far as higher order terms are neglected, it is in perfect 
agreement with the first approximation obtained recently by the present 
writer on the basis of Oseen’s linearized equations of motion. 


Introduction 


Sab 

In a recent paper, the present writer has 
made, on the basis of Oseen’s linearized equa- 
tions of motion, an investigation on the steady 
motion with low speed U of a circular cylin- 
der in a semi-infinite viscous liquid parallel to 
its bounding wall, by developing an analysis 
similar to that in Faxén’s treatment of the 
sphere problem». Thus, it was found that 
the drag on the cylinder is of the so-called 
Stokes’ type in the case of sufficiently small 
Reynolds numbers R (=Ud/y) and R* (=Ub/»), 
where d is the diameter of the cylinder, 5 is 
the distance between its centre and the wall, 
and » is the kinematic viscosity of the liquid 
concerned. 

As is well-known, by using Stokes’ equa- 
tions of motion it is impossible to satisfy all 
the conditions for the steady motion produced 
by the translation of a circular cylinder through 
an infinite mass of liquid. The above results 
suggest, however, that, in a semi-infinite vis- 
cous liquid bounded by a plane wall, Stokes’ 
equations of motion are also effective for the 
steady motion of a circular cylinder, and to 
this enquiry the present note is directed. 
Thus, a second approximation for the drag 
on the cylinder is obtained. 


§2. Method of Solution 


As in the previous paper, suppose that a 
cylinder of radius @ is moving, with constant 
slow velocity U, from right to left in a semi- 
infinite viscous liquid at rest parallel to its 
bounding plane wall. Referring to rectangular 


coordinates Oz, Oy with its origin at the 
centre of the cylinder, where the 2- and y- 
axes are taken parallel and perpendicular to 
the wall respectively, the fluid at infinity 
flows, with constant velocity U, past the 
cylinder at rest in the positive direction of 
the a-axis (Fig. 1). In this case the bounding 
wall should also move, with the same velocity 
U, from left to right in its own plane, so as 
to satisfy the boundary conditions. 

Using the stream function #, Stokes’ equa- 
tions of motion for the two-dimensional steady 
motion of a viscous liquid are expressed as 
follows: 


44p=0, (2.1) 
where 4=0?/02?+02/0y?. 
U 
plane wall 
y=-2b 
Rigel, 


The solution of (2.1) can be written in the 
form 


p= itd, (2.2) 


where 
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Ad, =0, (2.3) 
AAdo=0), (2.4) 
The solutions satisfying (2.3) and (2.4) are given respectively by 
d= Ay lnr+ = Aur” cos 20+ By + >34 Bur” sin n6 , | (2.5) 
n= nm=1 
Po= aor In ry cos 0+ y anr-™*) cos (2+1)0+ borin rsin 0+ Ss b,r-™*! sin (2+1)0 , (2.6) 
n= n=1 


where w=rcos0, y=rsin@. As mentioned already, the boundary conditions at infinity for 
unbounded liquid are not satisfied with the first two terms in qd». 

If we confine ourselyes to the approximation of order (a/b)? in the expression of the drag 
on the cylinder, it suffices to take only the first four and six terms in (2.5) and (2.6) re- 
spectively. We then have 


wd iad: oxy a Lex? 29? xy Ay 4y 
~ Oy Agr A +Bo ae oe fe tay t—a(it— e) 


re) 
De 10zy l6zry3 y? Qa dary? 3 18y?  16y! 
stew ae oEM, 


Od x e272 ety 2x y? 
=—~=—A,— +A SPE WAL 8}, SE Me —_ + ad 
v Ae on ( i ) Bo r B, ag(1 Iny :;) 


__, sey ik 140. iar Ly 2y 4y8 bay 16: 
ay AN +a, — ee OF) —bet bA AE tb aie ae 


s ). (2.8) 
Now, In 7 can be expressed in an integral form as: 
_ LP ah. bee ei) 
In ——— = gine ally da+ C 7 (2.9) 
2 eee 
where C is an appropriate constant so chosen as to make the integral convergent. 


Making use of (2.9) and its derivatives with respect to x and y, we obtain integral expres- 
sions for the components of velocity in the forms: 


ee i (Art —éB +¢Asa # — Bilal ovee-tatin da 
2 \ ee aly |a| \y| 
(ee if y rene. Nate 4 
Shy) = Di, AS + 3a, —30,|2!) 
ie i ee es Ge 


+(—iaof Ee 2a,|a|—2iaser|a y +(by + 2ibre + 2b,a)|y|bere tei da, 
a \ 


PE Ue: |" (—i4o @ _p,Y 4 Ala|+iBa asi de 
2 J} x |@| ly| \y| 
=5\" |(-aa¢ +ayla| +ida 1) + (—ay— Bia — Daa”) 
x Yul al | | 
— (ibe, —20sjee +2 Jy fete etn da. (2.10) 
a 


where the constant C has been omitted, for it can be added whenever it is necessary. 
Further, by Fourier expansion, we obtain from (2.7) and (2.8), 


: oe / Boel b, , .a 
w=u-iv=bi( 5 + In r\— ial —In r\+ led a) +00 ) 


, B fol A yO MOE: 
ernie (— pte) +i ay— zi en +i \t ioe (2.11) 
| s on the bounding plane wall as well as at the 


In order to satisfy the boundary condition 
done by Faxén in the case of sphere problem, 


surface of the cylinder, we now superpose, as 


1006 Yorisaburo TAKAISI (Vol. 11, 


a flow due to images, which is defined as: 


Litas aa fled) (1- i relat + eae MeN DEY ee 


+5) te) {(- ce 218 “i —3la| + Sie) 


+(1-} a < +2lal|-+2ier+-2a?— Rial iy + 26) bere lela +20) Ga 


vt — 5 |" fila (1-4 lal + der )eteetetevaan da— 5" sla) {(— jt lal + ia) 


\a| |a| 


+(-1 —i fiat 2la|—2ar— Dial \y i: Zi aaer ine) da, (2.12) 


where Db denotes the distance of the centre of the cylinder from the wall (see Fig. 1), and 
fi(@) and f(a) are unknown functions to be determined by the under-mentioned boundary 
conditions. 

The boundary conditions to be satisfied on the bounding plane wall y=—JO as well as at 
the surface of the cylinder are as follows: 


(i) (UtU*)y--»=0, (U+0*)y--1=0, (2.13) 

(ii) (W+0*)-a=—U , (2.14) 
where w*=u*—zv* . 

It will become clear later in §4 that the boundary conditions at infinity are satisfied 
automatically by the components of velocity, which satisfy the above-mentioned conditions. 


§3. Determination of the Functions f(a) and f2(a) 


Inserting the values of (w, v) and (u*, v*) as given respectively by (2.10) and (2.12) into 
(2.13), we can express the functions f(a) and f(a) so far undetermined in terms of the 
unknown constants Ay, Bo, ---, by as: 


a 1 Zn gal = a 
A lea Cb Bene eT Cera 


—+ta,a-+- b,\a| 
|| 

i (it aime et 2ibya\a\b 

+ (lal+ia’] —2Adlal +Ba(51 5+) 


zs A(5+ lal) —2Bya*— poo taila +a 5+ la )— 3dya0 

+b{Ao(1+ 2@?)—2By|a|—2A,a?+ B,(|a| +2a?|a|)+309|a|—6a,a?—4b,|a|—6a,a2 
+5lal+8atal)} +04 —Di(l +20") + 2a\(lal + 2a%|a) + Aba daxe|a|—26,(a*-+ 204) | 
+ (lal — ia)| Ads) a 1) +2Byla|-+-2Ara*+B,( 5 +lal)+bilal +3a.a?+bs (- tal) 


+b{—2A)|a|—Bo(1+2a?)—A,(\a| +2a2|a]) 
—2B,a?—2by)+4a,|a|—6b,a?—a,(\a| +8a?|a|)—6b,a?} 


Mami + 4b,20a/) | , (3.1) 
1 
= 1 act Dad {+40 Ay —Brlal—pboi2, +412 +B(by— Resa + 26.0%) | 
el-ioyAlel+2oWedel aa, (3.2) 


and also we have a relation 
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a=0. (3.3) 


Inserting these expressions into (2.12) and after some lengthy calculations, we obtain, 
neglecting all terms higher than &, 


LA B2/ 1. 3 ¢ 1 ls 3 
* op at SEAN (oe 2 Af tice 2 [lee Peo 
w ion aCe 3 ae (S+ 5 -E eal At 2°) oe) 
wagons 
2 


BO 1B SN0- Leaf) 


B\ 4 


ES if Ao iy B, 1 Qa, 1 
Ee-10{ __- cs i : 
+1865 2 B20 we) 
il Jay 1A Db, 3 ay 1 Ao Ws il Qa, se) 
Eet0 = 1 atl = 
+ belt) be on ob -F pt i, Oa es fa ey 
i WAG SubaweL Wane 3 05 ISB eS AT helo mesra 
E2e-210 eae Se 1 . 1 4 0 SIS Ak a :)} 
re Sub RIGENIG. * tad: Tada 16 Abo 8B 
AN ao Bae 3 Bia ALY eB neo eAnemes 01 m2.0C> 
& yt eu ad ee 1 2 ( #0 we 1 alge es )} 3.4 
tee tg 16 4b ee AB bt BB 41GB)’ aa 
where €=7/b. 
§4, Determination of the Constants Ao, By, ---, and b, 
The constants Ay, Bo, ---, and b, can be determined by inserting (2.11) and (3.4) into (2.14), 
and we have, after some calculations, 
Bo=Ai=hh=a.=0, Ay ~ O(€o?) ~ 0, 
T 1 3 . (4.1) 
B,=( jy eh *)a aby 9 Qn= i aod A b= gaeo'dn : 
and 
ae U (4.2) 


In (2b/a)—(1/4)E0? ’ 
where &)=a/b. 
Making use of (3.3), (4.1) and (4.2), we have finally the expressions for the components of 
velocity, which satisfy the boundary conditions on the bounding plane wall y=—Q# exactly, 
and the conditions at the surface of the cylinder to the order of (a/b)?, in the forms: 


1l@ tL oF 2ypN -2ay y 
tee ee a ges) 7 (1- ne 


ass at _ 18y? ae - 
+iIn¢v-+ eae Wee SApLaTga 0 
2b) 16(y+b)(y+2b) 
+(5- Led )O{ —1 4 tee ) 16(y+ y- * 
2 16 Jr? ry? ry 
nr, Geert 2by +6) , Ab(y + y+ 25)” 
: rT ry! 
L a. (Aly+2b) A(yt2b3+24b(yt D(y+26) , 32by+b)(y+ 2b) 
+5 Ze" —— t s 
2n T1 re Ti 
2 by(y+4b 
3 ee {— _34 189 +26) eee Ny +40) 
167; Vy 
16(y-+2b)!-+16(y-+ b)(y-+ 26) + 192b(y + b)\(y+2b)? a 192b(y+ b)(y+2b)* 
iin weit Circ ryt ro 


it z QaEyxy? wy, 3 way 8y? 
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he a Bl 
ee 

co ( Z, 1 6 Te re 

1 a, (4ay(y+2b)+ 8ba(y +6) 
at Ep . 3 re 

2 os YT 
146 re c { rT? 
_ 192ba(y+b)(y+2b)% 

ro j 


where 72=2?+(y+2b)?. 
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ri 


3} eC | 2ae(y + 2b) —4a(y+ b) cr 16x(y +b)(y + 26)*) peel Aba(y + b)(y +26) 
0) a er =e f = 


rs Ty? 
32b2(y+b)(y+26)? ) 


- 
Te 


3a. ,{ Gey , L6ay(y-+2b)*+ 162a(y+b)(y+ 2b)? + 96b2(y + b)(y +20) 


Ta 


(4.3) 


As mentioned already, it it easily verified that the conditions at infinity are satisfied 


automatically by (4.3). 


§5. The Drag experienced by the Cylinder 


Now, by integrating the fluid stresses over 
the circular cylinder, it is easily shown that 
the drag D experienced by the cylinder per 
its unit length can be expressed as: 


D=Arpby , (5.1) 


where is the viscosity of the liquid concerned. 
Hence, if use is made of (4.2), we have 


Ar 
In (2b/a) — 1/4-(a/b)? ° ee 
As far as the term involving (a/b)? is neglect- 
ed, this formula is in perfect agreement with 
the first approximation obtained recently by 
the present writer on the basis of Oseen's 
linearized equations of motion. 

As an addendum, in the recent analysis, 
there is a lift on the circular cylinder per- 
pendicular to the bounding wall, however, no 
lift appears in this case. 


DipU0= 


$6. Summary 


The steady slow motion of a circular cylin- 
der in a semi-infinite viscous liquid bounded 


by a plane wall is discussed on the basis of 
Stokes’ equations of motion, assuming that 
the cylinder is moving parallel to the bound- 
ing wall. It is shown that the components of 
velocity satisfying the boundary conditions on 
the bounding plane wall as well as at the 
surface of the cylinder, satisfy also 
automatically the conditions at infinity. Thus, 
a second approximation for the drag on the 
circular cylinder is obtained. As far as the 
term involving (a/b)? is neglected, the drag 
on the cylinder is in perfect agreement with 
the first approximation obtained recently by 
the present writer on the basis of Oseen’s 
linearized equations of motion. 

In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 
for his continual encouragement and also for 
his kind inspection of the manuscript. 
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The steady slow motion of a circular cylinder in a viscous liquid 
bounded by two parallel plane walls is discussed on the basis of Stokes’ 
equations of motion, confining ourselves to the case when the cylinder 
is moving midway between the bounding walls. A second approximation 
for the drag experienced by the cylinder is then calculated and compared 
with White’s experiments. But the disagreement existing between the 
first approximation obtained recently by the present writer on the basis 
of Oseen’s linearized equations of motion and White’s empirical formula, 
when the values of the ratio (distance between the walls/diameter of the 
cylinder) are smaller than 20, has hardly been removed. As far as 
higher order terms are neglected, the second approximation”is in perfect 


agreement with the first approximation. 


§1. 


In quite a recent paper”, the present writer 
has made, on the basis of Oseen’s linearized 
equations of motion, an investigation on the 
steady motion with low speed U of a circular 
cylinder in a viscous liquid bounded by the 
parallel plane walls, confining ourselves to the 
case when the cylinder is moving midway 
between the bounding walls. Thus, the drag 
experienced by the cylinder was calculated to 
Lamb’s approximation, and compared with 
White’s experiments® on wires falling in 
viscous liquids between two vertical plates. 
Allowing for some experimental errors, it 
was seen that the coincidence of our theoreti- 
cal results with White’s experimental ones is 
fairly well, provided the values of the ratio 
b/a are greater than 20, where a is the radius 
of the cylinder and 20 is the distance between 
the two walls. 

When the ratio b/a is smaller than 20, the 
disagreement between the theoretical results 
and the empirical ones became remarkable. 
Therefore, we should perhaps proceed with 
approximation one step or more, but the 
analysis based upon Oseen’s equations of 
motion would then become lengthy and 
difficult. For this purpose, however, Stokes’ 
equations of motion seem effective, as in the 
case of the steady slow motion of a circular 
cylinder in a semi-infinite viscous liquid bound- 
ed by a plane wall®, and to this enquiry the 
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present note is directed. 


§2. Method of Solution 


As in the previous paper, suppose that a 
cylinder of radius a is moving, with constant 
slow velocity U, from right to left in a 
viscous liquid at rest, which is bounded by 
parallel plane walls. Referring to rectangular 
coordinate-system Ox, Oy with its origin at 
the centre of the cylinder, where the «- and 
y-axes are taken parallel and perpendicular to 
the walls respectively, the liquid at infinity 


Fig. 1. 


flows with constant velocity U, past the cylin- 
der at rest in the positive direction of the 
v-axis (Fig. 1). In this case the bounding 
plane walls should also move with the same 
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velocity U from left to right in their own 
planes, so as to satisfy the boundary conditions. 

Using the stream function %, Stokes’ equa- 
tions of motion for the two-dimensional steady 
motion of a viscous liquid are expressed as 
follows: 


AAb=0 , (2.1) 


where 
4=07/0x? + 07/0y?. 


The solution of (2.1) can be written in the 
form 


p=hit¢dr, (2.2) 

where 
Ap,=0 (203) 
4Ap.=0 (2.4) 


If we confine ourselves to the approxima- 
tion of order (a/b)? in the expression of the 
drag on the circular cylinder, the solutions 
satisfying (2.3) and (2.4) are given simply by; 


= Ap In 7+ Ayr! cos 6 


+B0+B,r sin 6, (2.5) 
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(y=ado rn 7 cos 8+, Cos 20 +a,7~" COS 30 
+bor In rsind+b, sin 20+b,77! sin 36 , 
(2.6) 
y=rsing. 


where z=rcos0, 


In a special case when the cylinder is mov- 
ing midway between two bounding plane 
walls, we may put, due to the symmetry of 
the flow, 

Ap= Als QoSU=e2.=0. 
Moreover, referring to the analysis in the 
case of a semi-infinite viscous liquid bounded 
by a plane wall®, we may also put 


b,=0 3 


Now, Inv can be expressed in an integral 
form as: 


In ra)" l —eiwx-lallaldqtC , 
2, \ale| 


(2.7) 
where C is an appropriate constant so chosen 
as to make the integral convergent. Making 
use of (2.7) and its derivatives with respect 
to z and y, we obtain integral expressions for 
the components of velocity in the forms: 


Op 2 1 
= += — — aa—|a||y| 
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ei i : 
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58) [= jaetet (ej Zale) tsf cer tend, 
where the constant C has been omitted, for it can be added whenever it is necessary. 
Further, by Fourier expansion, we get 
ae, ee al a 1 1 shale 
ee iv=bo(In oo 5 )te 10( — bot Bi) rene (2.9) 


In order to satisfy the boundary conditions on the bounding plane walls as well as at the 


surface of the cylinder, 


we may now superpose, as done by Faxén®®» in the case of the 


sphere problems, flows due to images, which are defined as: 
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where f,(@)’s are unknown functions to be determined by under-mentioned boundary conditions. 
The boundary conditions on the bounding walls y=5 and y=—b as well as at the surface 
of the cylinder are as follows: 


(utur*tur**)y1=0, (to*tu**)y1=0 5 (AZ) 
(u+urk+u*)yr1=0, (vbo¥+0)y.-r=0 ; (2.13) 
and 
(w+w*+w**),c=—U , (2.14) 
where wt=u*—iv®, w**=u**—1y** . 


§3. Determination of the Functions /,(@)’s and the Constants B,, by and by 


Inserting the values of (u, v), (w*, v*) and (w**, v**) as given respectively by (2.8), (2.10) 
and (2.11) into (2.12) and (2.13), we can express the functions /;(@)’s so far undetermined in 
terms of the unknown constants By, bp and by as: 


= a. 1 ’ 2) -2b 1a! 
BE INO ipo oateep sore aap At te ePlal se Malek tt oe Ve }B, 
+(1—2b?—2b|a| —4b2a2—e-” 14 by + (1+ 2b|a| +6a?2—4b?a?— 807A + e-??'*"')bs], (Salp) 
= ite eels : 
SQ) =fi(@) = (1+2a@?)(e20!#! _ e-201a| — 4b\a|) 
x {—2a?B,+(—142b|@|+e-??'#!)by + (—4a?+4ba?|a| +2a%e-”'4")b,} (3.2) 


Inserting these expressions into (2.10) and (2.11), and after some calculations, we obtain, 
neglecting all terms higher than &°, 


1 
ers | — 1 2b-+6%e-20 =, + erer(— 1) bo 
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é , eat 
where €=7/b. The integrals in (3.3) have been evaluated numerica 
Finally, the constants Bi, 0 and b, can be determined by inserting (2.9) and (3.3) into 


(2.14), obtaining 
By=( -— 0.43116," )a%bo , b= 0.2358 Ey’a*p , ic) 
i; 


and 


p el (3.5) 
© In (b/a) — 0.9156-+1.7243 E,? ’ 


where &)=a/b. 
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D/pU calculated b 
4.2 


4.3) 


15 
O 50 ere by, !50 
Fig. 2. Curve I ; D/yU calculated by (4.2): second approximation, 
Curve II ; ” (4.3): first approximation, 
Curve III; y (4.4): empirical formula, 
@ A,B,---, H; data obtained by White’s experiments. 


$4. Discussion of the Result 
Now, by integrating the fluid stresses over 
the cylinder, it is easily shown that the drag 
D experienced by the circular cylinder per 
its unit length can be expressed as: 
D=4rpb, , (4.1) 
where is the viscosity of the liquid concerned. 
Hence, if use is made of (3.5), we have 
4r 
DU saa 02 eee 
Me In(b/a)—0.9156-+1.7243(a/b)? ° 
The first approximation for the drag obtain- 
ed recently by the present writer on the basis 
of Oseen’s linearized equations of motion is 
Pec, 
In (b/a)—0.9156 ° 
As far as the term involving (a/b)? is neglect- 


(4.2) 


Dia (4.3) 


ed, the formula (4.2) is in perfect agreement 
with (4.3). 

By carrying out experiments on wires falling 
in viscous liquids midway between two verti- 
cal plates, White obtained the data, corrected 
properly for end-effects, which are shown in 
Fig..2 by) points A,B --\,"G and) A eae 
cluding, due mainly to experimental un- 
certainities—perhaps 20% in error—, the data 
shown by G and AH, White obtained an empiri- 
cal formula for the drag in the form: 


ye Oe 
log (b/a) * 

The values of D/uU have been calculated by 

the above three formulae (4.2), (4.3) and (4.4), 


and they are shown for comparison by curves 
I, If and III respectively in Fig 2; 


D/pUu (4.4) 
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The disagreement existing between the his kind inspection of the manuscript. 


values of D/xwU calculated by the emprical 
formula (4.4) and the theoretical one (4.3) for 
values of b/a smaller than 20, has hardly 
been removed even by (4.2). We should 
perhaps find the reason for the disagreement 
elsewhere. 

In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 
for his continual encouragement and also for 
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Electrical Properties of Cd-Sb 


By Takeshi MIYAUCHI and Harunobu KIMURA 


Junior College of Engineering, 
University of Osaka Prefecture 


(Received March 12, 1956) 


Justi and Lautz)») reported that Cd-Sb is a 
semiconducting material. We also studied its 
electrical properties. The result shows some dis- 
crepancies from their reports. Specimens used in 
this work are of resistivity of the order of 0.1 
ohm-cm at room temperature and p-type. The 
n-type Cd-Sb cannot yet be produced, though the 
reason is not known in details. 
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A typical curve of the conductivity versus tem- 
perature is shown in Fig. l-a. The conductivity 
increases rapidly from about 120°C with increasing 
temperature. However, as an ionic conduction 
takes place at temperatures above 300°C, all 
measurements cannot be practised at temperatures 
higher than 280°C. So, in order to define the width 
of the forbidden band AH, we make use of the 
equation: 

24N_,=2 .33-103(m*)8T3 exp (—AH/kT) cm-&, 3) (1) 
where m*=(m mz)!/2/mo, m, and mz are the effective 
masses of electron and hole, respectively, mp the 
free electron mass, 7, and mz the densities of 
electrons and holes in bands. 

From measurements of the Hall effect, we may 
estimate the mobility to be 1100+200 cm?/volt sec 
for hole. Assuming the mobility ratio to be c~ 
1 from a reason that the thermoelectric power in 
the intrinsic range tends to zero but never becomes 
negative (Fig. 2), and also assuming that each 
mobility yields to 7-%/2 law at high temperatures, 
the carrier densities are obtained. The result is 
shown in Fig. 1-b, where the curve has a fairly 
well linearity. From this curve and Eq. (1), we 
may estimate AH to be 0.340.05ev and m* to be 
0.15+0.05. 

The thermoelectric power is measured and the 
result indicates an expected transition from the 
extrinsic to the intrinsic range at reasonable tem- 
perature. (Fig. 2) The plots give the experimental 
values and the rigid line is calculated by 


E me 

Q=- ene [ 2(ae1¢ ms) ~ mye In - Ree 
(uC col wie . 
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Q being the thermoelectric power. The calculated 
curve is drawn by taking m, and mz; as 0.1 mo, 
and fairly agrees with the experimental data. 

It may surely be said from Fig. 1-b and Fig. 2 
that the effective masses of carriers are relatively 
small (0.1-0.2 m). The energy gap is about half 
of, and the mobility is three times larger than those 
given in Reference 2). We could not find any 
rectification (at room temperature) in our samples, 
and n-type specimens are not found at all, while 
in the reference are reported weak rectification and 


300 


200 


100 


-0 


Fig. 2. 


existence of n-type, which exists sparsely in the 
p-type sample. The low mobility may be due to 
partial compensation by mixture of n-type. We 
wish to thank the editors of the Physical Society 
for several valuable advices. 
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The Effect of Adsorbed Water 
on the Phosphorescence 
of Sodium Acetate 
ByiKikusaburo OSADA 
Faculty of Engineering, Nagoya University 
(Received April 26, 1956) 


It was reported in the previous paper! that the 
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brightness of phosphorescence of sodium acetate 
depends on the treatment of the crystal. Further 
experiments were carried out to obtain the quantita- 
tive relations by means of photographic photo- 
metry. 

The specimen was recrystallized thrice, dried in 
a desiccator, and divided into several parts. When 
they are put iz vacuo instantly, they phosphoresce 
weakly with nearly equal brightness. Five speci- 
mens were prepared. One of them was kept in 
vacuo and the others were exposed to air for eS 
hrs. Immediately afterwards one of the latters 
was put im vacuo, and the other three were treated 
in a similar manner after drying in a desiccator 
for one, two, and four days respectively. The 
afterglow of their phosphorescence was photograph- 
ed and its density was measured with microphoto- 
meter. The brightness of phosphorescence de- 
creases with increasing time of predrying in a 
desiccator as shown in Fig. 1. (I—I.)/(I9o—eo) is 


Drying Time (days) 
2 3 4 


2) 
a 


Decrease of Brightness (1-1/1 = le) 
wl 
increrease ct Brightness (!/le) 


O 20 40 60 
Exposure Time (mins) 
Fig. 1. Decrease of brightness with the time of 


drying in a desiccator (—) and increase with the 
time of exposure to air (---). 


shown in the ordinate, where J is the brightness 
of partly dried specimen, J) that of undried, and 
I.. that of unexposed to air. 

Further, to measure the relation between the 
brightness and the exposure time in air, another 
four specimens were prepared. One of them was 
kept unexposed to air, while the others were ex- 
posed for 20, 40, and 60 mins. respectively. The 
brightness is proportional to the exposure time as 
shown in Fig. 1. (Z/Io) is shown in the ordinate, 
where J is the brightness of an exposed specimen, 
and Jy) that of an unexposed one. 

In the first case, on account of deliquescence, 
the crystal may adsorb water homogeneously during 
exposure to air, but may lose it slowly again when 
it is put ina desiccator. The quantity of the water 
adsorbed decreases with increasing time of drying 
in a desiccator. In the second case, the adsorbed 
water increases with exposure to air. When assum- 
ed that the brightness is proportional to the quantity 


1956) 


of water which the specimen holds before it is put 
im vacuo, the variation of the brightness should 
be similar to that of the adsorbed water in the 
usual drying phenomena”). From the experimental 
results, this assumption is supported. 

When the water vaporizes quickly iz vacuo, the 
crystal may become imperfect. The larger is the 
quantity of the adsorbed water prior to the drying 
im vacuo, the more imperfect is the crystal. There- 
fore, we may conclude that the brightness of the 
phosphorescence increases with the imperfections 
ot the crystal. 

These results seem to give some quantitative 
support to the previous conclusion), that the 
phosphorescence of sodium acetate is due to the 
imperfections of the crystal. 
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Proton Magnetic Resonance in Polyisoprene, 
Polychloroprene and Polyisobutylene 


By Hazime KUSUMOTO* 


Institute of Science and Technology, 
University of Tokyo, Tokyo, Japan 


(Received June 27, 1956) 


The proton magnetic resonance has been observed 
in polyisoprene, polychloroprene and polyisobuty- 
lene from liquid nitrogen temperature to room 
temperature. The apparatus used has been describ- 
ed elsewhere! and all the samples were commercial 


ones, namely, crepe rubber (polyisoprene), 
Neoprene W _ (polychloroprene) and  Vistanex 
(polyisobutylene). The results are summarized in 


Fig. 1 and Fig. 2. 

The line width variation of the crepe rubber was 
very similar to that of 30-minute cured natural 
rubber reported by Gutowsky and Meyer.”? How- 
ever, it should be noticed in connection with 
vulcanization mechanism that the decreasing of 
the line width began at 130°K, which was lower 
than the temperature of onset of the line width 
decreasing, 143°K, in the vulcanized rubber.» In 
the rigid state its experimental line width and 
second moment were 9.5 gauss and 18.4 gauss?, 
respectively, which were consistent with the values 
of the vulcanized rubber.” 

The neoprene had line width, 13.0 gauss, and 
second moment, 22.0 gauss? in rigid state, where 
the line had small inner peak separated by about 4 
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Fig. 1. The line widths vs temperature for poly- 


isoprene, polychloroprene and polyisobutylene. 
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Fig. 2. The absorption line derivatives for poly- 
isoprene, polychloroprene and polyisobutylene 
at various temperatures. 


gauss. The over-all features of the variation of 
the outer peak separation are comparable to those 
of natural rubber as shown in Fig. 1. Polychloro- 
prene monomer has a chlorine atom in place of 
the methyl group in polyisoprene monomer. The 
chlorine has only negligible contribution to dipolar 
broadening compared with the meteyl group. So, 
it would be expected that polychloroprene might 
have narrower line width and smaller second mo- 
ment in rigid state than crepe rubber in proton 
magnetic resonance. Therefore, the results would 
suggest that intermolecular broadening might con- 
tribute considerably to the line width and the 
second moment. The inner peak would be due to 
the isolated proton in the monomer. The inner 
peak was weakened with increasing temperature 
and was not observed above about 250°K. Since 
polychloroprene had no methyl group, the rotation 


1016 


of which causes gradual narrowing of the line 
width in low temperature range in the case of 
natural rubber», there might be certain type of 
molecular motion above 130°K. 

Polyisobutylene had sharp outer peak and broad 
inner peak at 91°K. The separation of the outer 
peak was 19.3 gauss and that of the inner peak 
was about 6 gauss in that temperature. The outer 
peak separation appears to be increasing still with 
decreasing temperature below 91°K. The experi- 
mental second moment was about 37 gauss? at that 
temperature. The features of the resonance in 
polyisobutylene as shown in Fig. 1 and Fig. 2 are 
very different from those found with natural rub- 
ber)2), Nylon®? and Teflon). The line width and 
the second moment would be attributed mainly to 
the two methyl groups in the monomer and the inner 
peak might be due to the ethylene group. 

The author wishes to express thanks to Prof. K. 
Oshima for his helpful discussions. 
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Anomalous Line Broadening of Paramagne- 
tic Resonance Lines in Cu(NH3),SO,H,O 
at Liquid Helium Temperatures 


by Muneyuki DATE 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


(Received July 6, 1956) 


Recently, we observed the paramagnetic resonance 
absorption of Cu(NHs3),SO,;H.O at liquid helium 
temperatures. As described in a previous paper, 
the magnetic resonance of Cu(NH3)4** group 
shows two interesting differences from that of 
Cu(H;0).*+. One of them is the small values of 
g-factor compared with that of the latter and the 
other is the anomalous sharpness of resonance lines 
in the case of Cu(NH3),+* group. Experiments 
were also repeated by H. Abe», Z. Mizuno et al2). 
independently. They expressed the opinion that it 
is not necessary to introduce a covalent bond con- 
figuration in the case of Cu(NH;);++ as well as in 
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the case of Cu(H,O)4++ in contradiction to our as- 
sertion. Recently, however, Carlson and Spence 
repeated this experiment) and the results of their 
analysis show that the ground state of Cu(NH3),+* 
group has a covalent bond configuration in addition 
to the usual (3d)? configuration of the cupric ion. 
Although it is unplausible5) to consider that the 
ground state of Cu(NH3),++ group consists of the 
covalent bond configuration only, it may be rea- 
sonable that the ground state of both Cu(H,O),++ 
and Cu(NH3)4+* groups contain, more or less, the 
covalent bond configuration as a constituent of the 
ground state wave function® and this fact is more 
conspicuous in the case of Cu(NH3)4+*+ group. The 
existence of the covalent bond configuration is also 
confirmed by the results of Raman spectra and other 
experiments. The detailed discussion on this point 
will be published later. 

We carried out paramagnetic resonance experi- 
ment of Cu(NH3)4++ group at liquid helium temper- 
ature, using the microwave of 9800MC/sec. It 
is interesting to investigate the magnetic resonance 
of this group at liquid helium temperature because 
of the following reason. As described above, the 
resonance line width of this group at room temper- 
ature shows extreme narrowing effect and this 
may be considered as the exchange narrowing as 
in the usual case. Accordingly, there is a possi- 
bility that the antiferromagnetic transition point 
may be found above the adiabatic demagnetization 
temperatures as in the case of CuCl,-2H,O. This 
expectation was not answered, but the anomalous 
broadening was observed in Cu(NH3)4SO,H,O. Fig. 
1. shows the experimental results. The resonance 
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Fig. 1. Temperature dependence of paramagnetic 


resonance lines in Cu(NH3)4SO,H2O at 9800 MC 
/sec. Abcissa shows the temperature in loga- 
rismic scale and 4H represents the full width 
at the half maximum point. 
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lines become broad when temperature is decreased. 
The reason of this phenomena is not yet clear. 
One possibility of explanation is that the broadening 
occurs just above the antiferromagnetic transition 
(Néel Point) and if so, the Néel point of the salt 
might lie near 1°K. It must also be noticed that 
the anomalous broadening of this type is observed 
in DPPH”-), the famous free radical, in the liquid 
helium temperature region. The experiments were 
also made with regard to Cu(NH3)4(NO3)2 and Cu 
(NH3),Cl,H.O, but no broadening effect was observed. 

Finally, the author wishes to express his cordial 
thanks to Dr. T. Fukuroi, Professor of low temper- 
ature physics, for his stimulations during the 
course of this work. The present research was 
subsidized by the Research Grant from the Ministry 
of Education in Japan. 
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Oscillatory Galvanomagnetic Effects in 
n-type Indium Antimonide* 


By Yasuo KANAI 
Electrical Communication Laboratory, 
Musashinoshi, Tokyo 
and Wataru SASAKI 
Electrotechnical Laboratory, Nagatacho, Tokyo 


(Recieved June 7, 1956) 


The galvanomagnetic effects of the tellurium- 
doped m-type indium antimonide (InSb) were 
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measured as a function of the magnetic field 
strength (H) in the temperature range from room 
temperature to 1.3°K. In the above temperature 
range, the resistivity (0) and Hall coefficient (R) of 
the samples were temperature independent) and 
had the constant value of about 6x10-*ohm-cm 
and 10cm3/coulomb respectively, and furthermore, 
R was nearly constant up to 26 kilogauss. At very 
low temperatures, the magneto-resistance (40/0(O) 
=0(H)/o(O)—1) was about several per cent at 5~20 
kilogauss for both the transverse and longitudinal 
effects, and in the stronger magnetic field a satura- 
tion behavior was found only in the longitudinal 
effect. 


6 10 
Kilogauss 


Transverse Effect 
T=(110) 
He (110) 


Longitudinal Effect 


T=(110) 
H=(110) 


—+>H in Kilogauss 
6 8 10 


t 


Fig. 1. Magnetoresistance (4o/o(O)) as a function 
of magnetic field strength (H) for a_ single 
crystal of 2-type InSb, at 1.3°K. 


Fig. 2. Hall coefficient (R) as a function of H for 
the same crystal as its 40/0 (O) is shown in 
Riguly at hook: 


In the course of precise measurements of the 
galvanomagnetic effects of an m-type InSb at very 
low temperatures, an anomalous behaviour was 
found in a weak magnetic field. As was shown in 
Figs. 1 and 2, the curves of 4o/o(O) and R versus 
H seemed to have an oscillatory character. Fur- 


thermore, Fig. 1 shows that this oscillatory 


1018 


character was isotropic under the rotation of 
magnetic field in a (100) plane. 

The oscillatory galvanomagnetic effects were 
found already for Bi, Sb, and graphite etc”)., and 
these phenomena may be explained by the same 
theory as the de Haas-van Alphen effect. If the 
oscillatory galvanomagnetic effects of ~-type InSb 
are caused by the same reason as the de Haas-van 
Alphen effect, then the theoretical value of the 
period of oscillations of 4o/o(O) and R versus 1/H 
curves would be calculated®) as 4.6x10-® gauss~}, 
while the experimental value is approximately 
ISIORe eee 

Further systematic investigation on this oscilla- 
tory effects is now under planing. 

We are grateful to Professor T. Fukuroi and 
his corworkers for the hosipitality given in 
using the helium apparatus at the Research Insti- 
tute for Iron, Steel and Other Metals of Tohoku 
University, and also to Mr. R. Nii for the x-ray 
determination of the crystal axis. 
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The Zero-Time Correction in Free 
Diffusion Experiments 


By Hiroshi FUJITA 
Physical Chemistry Laboratory, Department of 
Fisheries, University of Kyoto, Maizuru, Japan 
(Received July 16, 1956) 


The ‘‘ height-area ratio’’ diffusion coefficient Ds 
obtained in free diffusion experiments on dilute 
solutions is defined by 


D4=(AC)?/470t(OC / 0x)? m- 2, (Gls) 
where JC is the difference in concentration across 
the diffusing boundary, and (8C/0x)maz is the maxi- 
mum height of the concentration gradient curve. 
It is usually observed that experimental D4 values 
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drift with time and follow for sufficiently large 
values of ¢ an empirical equation of the form: 


Ds=D4(~)(1+At/t) . (2) 


The value of gt is obtained from the slope of a 
D4 vs. 1/t plot, and called the zero-time correction. 
The cause of the drift of D4 with time may be 
attributed primarily to the deviation of the ex- 
perimentally obtainable initial condition from the 
ideally sharp boundary as assumed in the theory. 
The purpose of this note is to consider the physical 
meanings of D4(co) and zero-time correction Jé for 
the case in which D does not depend on C. 

The starting equation is a general solution to 
the Fick diffusion equation for unidimensional free 
diffusion experiments on a two-component system, 
ews 


Clo d=ayap¢| Sex ie “pr | 


(3) 


where f(a) is the initial concentration distribution 


in the cell. It is assumed that f(a) is represented 
by 
CG, (-e<a<—Aa) 
Fe) =| C.+(dC) ew (—2<e<e) (4) 
Cy (EXH< 0) 


where (x) is an arbitrary function of x such that 
@(—4)=0 and (€)=1. Provided the values of 2 
and € are chosen sufficiently small, Eq. (4) repre- 
sents an initial solute distribution which is slightly 
deviated from the ideal form as generally assumed 
in the theoretical treatment of the unidimensional 
free diffusion. 

Substitution of Eq. (4) in Eq. (3) yields, after 
some calculations, 


hes IAG (agar as 
Ou 2VndDt 4Dt 2Dt 


Pe ois whee 
«| @ B66) exp | ie lus (5) 


The equation for (0C/0%) nx can be obtained from 
Eq. (5) and is expanded to give 


AC pu Le fteP red 
2VnDt pis avast) 


“°(ds)}: 


where P and Q are 


(00/02) maa = 


(6) 


a glade , o-( Ep(Edé. (7) 
=X -x 


Introduction of Eq. (6) in Eq. (1) and expansion 
leads to 
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1 1 1 
Da=D{1 py @P-5P*-2)+0( ee )} 


(8) 

comparison of which with Eq. (2) provides 
Dar)=D, (2) 
At=(eP—-1/2P2—Q)/D. (10) 


Thus, it is found that the Dy value extrapolated 
to infinite time gives actually the diffusion coef- 
ficient D for the given system, and that the zero- 
time correction depends not only on the blurring 
of the initial boundary but also on the reciprocal 
of D. 

Let us consider a simple case in which @(«) is 
given by a straight line such that 
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P(x) =(A+m)/(E+a) (—ACHCE) . (11) 
Simple calculation gives for 4t an equation of the 
form: 
At=(e+Ay/24D . (12) 
The sum €+A is the thickness of the blurred initial 
boundary. By way of example, assume that D 
=1x10-5cm.2/sec. and 4t=10sec. The thickness 
of the initial diffused layer is calculated to be 
about 0.05cm., which is expected to be of the 
order of magnitude as obtained in precision free 
diffusion experiments with such as the Gouy dif- 
fusiometer. 
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On the Interaction of Cosmic Radiation with Materials at 


32 m.w.e. and 200 m.w.e. Underground 


By S. HiGAsuI, I. HIGASHINO, M. OpA, T. OsuHio, H. SHIBATA, 


K. WATANABE and Y. WATASE 
Osaka City University, Osaka 
(Received May 7, 1956) 


Penetrating showers produced in lead and some other phenomena have 
been studied at 32 m.w.e. and 200 m.w.e. below the top of the atmosphere 
and at sea level with a counter hodoscope. As much cares as_ possible 
were taken to avoid uncertainties of the counter hodoscope study. The 
threshold energy of the penetrating showers observed was estimated as 
about 7 Bev taking into account the geometrical condition of the apparatus. 
The cross section for the penetrating showers at 32m.w.e. was con- 
cluded as (2.8+0.7) 10-%!cm?/nucleon and about ten times bigger cross 
section was obtained at 200m.w.e. Those events which were interpreted 
as the mixed shower coming from the earth above the apparatus were 
also studied. The energy involved in this phenomena has been estimat- 
ed to be very high and the cross section was suggested. Occasionally 
two or more penetrating particles have traversed the apparatus in parallel 


with each other without being accompanied with soft components. 


The 


intimate association of air showers with,these events was concluded. 


Introduction 


§1. 
The existence of the cosmic radiation below 
ground has been confirmed up to 3000 m.w.e. 
underground. Many observations have esta- 
blished accurate intensity-depth relation of 
the cosmic ray particle up to, say, 1000 m.w.e. 
so far. K. Greisen®, Hayakawa and Tomo- 
naga®), George” and Barret et al? have discussed 
on the interrelation among intensity-depth 
relation, various ways of losing energy of 
charged particles and the energy spectrum of 
the mu-meson in the atomosphere. These 
discussions gave us fairly strong .reason to 
believe that the particles are mainly mu- 
mesons, which enter the ground from the 
atmosphere and traverse the earth losing their 
energies primarily by ionization processes, and 
some secondary particles which are supposed 
to be in equilibrium with the mu-meson. 
‘Nuclear interactions have been observed by 
various investigators’? at more than ten 
meters below ground, since Braddick and 
Hensby!» had reported their observation. 
George and Evans’ have observed the stars 
in nuclear emulsions which were exposed at 
20 m.w.e., 34m. w.e. and 60 m. w.e. below 
ground. Since the occurence of stars de- 
creased very slowly by the increase of the 
depth, they concluded that the stars were 


produced by mu-mesons and the cross section 
for the nuclear interaction is the order of 10-*° 
cm2/nucleon. They have considered that the 
stars containing a fast secondary particle is 
produced by a simple scattering of the mu- 
meson by a nucleon in the nucleus and the 
star containing at least two of fast secondary 
particles are the example of pi-meson produc- 
tion by the mu-meson. There have been some 
trials to explain latter processes as an electro- 
magnetic meson production and they seemed 
to have succeeded in explaining the order of 
the magnitude of the cross sections. The ex- 
planation was unavoidably vague, however, 
since the nature of the electromagnetic meson 
production for higher energy involved in the 
process than the order of Bev is scarcely 
known. More difinite and quantitative infor- 
mations are needed for further discussions on 
the matter. Particularly, it is very important 
to know the cross section as a function of the 
energy of incident mu-mesons and the energy 
involved in the nuclear process, i.e. so-called 
threshold energy. It seems to be very diffi- 
cult, however, to measure the incident energy 
of the interaction since the elasticity of the 
interaction underground is expected to be very 
large and, hence, the incident energy may not 
correspond well to the size of the interaction. 
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Fig. 1. The energy spectrum of mu-mesons at 32 


m.w.e. and 200 m.w.e. below the top of the 
atmosphere calculated with the intensity-depth 
relation underground and the energy-range rela- 
tion of the mu-meson. 


The intensity-depth relation is well known 
and we can deduce the energy spectra of mu- 
mesons at various depths from this relation 
and the range-energy relation of mu-mesons 
which is not very doubtful except at extremely 
high energy. The energy distributions thus 
obtained at 32m. w. e. and 200m. w. e. are 
presented in Fig. 1. General features of the 
distributions are that the lower energy part 
decreases more rapidly than the higher energy 
part by the increase of the depth. Thus it 
it very likely that informations on the depth 
dependence of the cross section may help the 
discussions as an alternative of its energy 
dependence. Argan et al®) have measured 
cross sections for penetrating showers which 
involve the energy of at least 2Bev at 50 
m.w.e. and 200m.w.e. underground with a 
counter hodoscope. They have discussed on 
their experimental results and concluded that 
the results are not inconsistent with the 
theoretical interpretation of the nuclear in- 
teractions underground by George and Evans. 

Present authors had located a counter hodo- 
scope in a tunnel and observed during the 
period of 1952-1953 at two different depths 


the penetrating shower produced in a lead 
layer. The nuclear interactions underground 
are very rare and the average energy of mu- 
mesons underground is very high and, hence, 
occurence of high energy cascade shower is 
very frequent compared with penetrating 
showers. This is serious in counter experi- 
ments of the penetrating shower. And one 
has to be very careful to avoid false inter- 
pretations of the hodoscope pictures. It will 
be shown by the absorption measurement of 
the secondary particle that the lead absorber 
of at least 20cm thick is necessary to dis- 
tinguish the penetrating shower from its 
mixture with the cascade shower by the ap- 
pearance of the picture. Also an auxiliary 
counter tray which will be described later 
was found to be helpful for this purpose. One 
had to be careful of the chance of successive 
cascade showers being misinterpreted as locally 
produced penetrating showers. With these 
cares the cross sections of the penetrating 
shower were estimated for 32 m.w.e. and 200 
m.w.e. below the top of the atmosphere 
without big dangers of taking something else 
as the penetrating shower. A sort of Monte 
Carlo method was applied to estimate the 
detecting efficiency of the apparatus as a func- 
tion of the multiplicity of the shower. And 
it was concluded that the showers of small 
multiplicity are often missed and the multi- 
plicity of usually observed showers is at least 
4 corresponding to about 7 Bev of the energy 
involved in the shower if the relation of the 
multiplicity and the energy is similar to that 
of the showers at mountain altitude. 

Observations have been done for showers 
coming out from the earth above the appara- 
tus. A part of these were obviously cascade 
showers developed in the earth and the rest 
of them contained at least three penetrating 
particles each and were considered to be 
mixed showers produced in the earth. Also 
data will be presented for cases where two 
or more penetrating particles traverse the 
apparatus in parallel with each other. Their 
association with air showers was studied and 
will be discussed. 

The tunnel was rent by Japanese Govern- 
ment Railways and is located at Yaizu, Shizu- 
oka. The rock above the points of observa- 
tion is mos‘ly alkali basalt whose density is 
2.70.1 with mean atomic number 11. The 


1956) 


densities were measured by direct weighing 
of samples of the rock as well as by means 
of the measurement of gravities in and above 
the tunnel. 


§2. Experimental Arrangement 


One of counter arrangements which were 
used in the course of the experiment is shown 
in Fig. 2. Counters of trays C, D, E and part 
of A are of 4cm diameter and of 40cm effe- 
ctive length and those of B and part of A are 
of 2cm diameter and the same effective length 
of the former. Each counter is connected to a 
corresponding neon bulb which is arranged on 
a panel so as to duplicate the whole arrange- 
ment. Neon bulbs are usually lit and the 
electronics is prepared so that the bulbs are 
turned off except those which correspond to 
discharged counters always when it is trigger- 
ed and the panel is photographed. Thus one 
can have the hodoscope picture of the arran- 
gement for any desired triggerings. 2 is a 
lead producer of local showers whose thickness 
was 10cm in most cases and 3’ and &” are 
also lead layers used as absorbers of secondary 
particles of local showers. The thickness of 
3S” was fixed at 5cm. The thickness of 2”’ 
had been varied from 0 to 20cm in order to 
take absorption curves of secondery particles 
of the local shower produced in 2. Counters 
of B and D are separated from each other by 
lead plates of 1cm thickness to reduce the 
chance of knock-on electrons discharging the 
counter. 

The condition of triggering could easily be 
changed. As it is often very difficult to tell 
the difference between appearances of hodo- 
scope pictures of big shower and two small 
showers occured successively, we had to in- 
vestigate the occurence of very small showers 
including knock-ons with triggering in favor 
of those events. In most period of the obser- 
vation the hodoscope was triggered whenever 
at least any two of interior ten counters of 
B, any two of interior eight of C and any one 
of interior seven of D were discharged in 
coincidence within 20 microseconds. The elect- 
ronics was examined at least once a day. 
Because of natural activities underground, the 
discharge rate of the counter was not reduced 
much and hence we had to be careful of chance 
coincidences. So artificial master pulses were 
occasionally generated and the panel was 
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Fig. 2. Schematic diagram of the counter arrange- 
ment located underground. Shadowed section 
is lead. 2 is the producer of the local shower. 
S'’ and J!’ are the absorbers of secondary 
particles of the local shower. 


photographed to see the chance discharge rate 
of each counter. 
Events (AE<2) B=2, Ce 25) 1) == 7) mawete 
selected as the candidate of the penetrating 
shower locally produced in lead. If we observe 
the penetrating shower at sea level or at 
mountain altitude, we regard these events as 
the penetrating shower without much worry 
of mistake. But cosmic ray underground has 
comparatively big chance of high energy 
bremsstrahlung and so the high energy cascade 
shower may compete with the penetrating 
shower in such an arrangement if the amount 
of the absorber is not sufficient. The tail of 
the cascade shower is composed of low energy 
photons which have much larger absorption 
mean free path than cascade electrons and 
which discharge a counter by a probability of 
about a few percent per photon. If one can 
indicate the counter discharged by photons, 
one may drop most of the cascade showers of 
high energy from the competition with the 
penetrating shower. The tray E placed under 
D works for this purpose. The low energy 
photon which discharges the counter mostly 
by the photoelectric effect at the wall of the 
counter does not have much energy left to 
discharge E counter or, even if it has, pro- 
bability of discharging two counters on the 
path of the photon is very small. On the 
other hand, the secondary particle of the 
penetrating shower scarcely misses E counter 
after having penetrated the absorber and dis- 
charged D counter. So, if we require dis- 
charges of D counter and E counter ona line 
of the secondary particle to select the penetrat- 
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Fig. 3. The block diagram of the electronics. 
U.V. is the univibrator; C is the conventional 
coincidence circuit; M is the mixer; A.C. is 
“any m of m coincidence” circuit; M.P. is the 
master pulse generator; P.D. is the circuit to 
give incoming pulses directions shown by the 
arrows in the figure. D is the delay circuit. 
The time of delay is different for each of five 
channels so that the number of discharges is 
counted by the number of pulses in series. 


ing shower from hodoscope pictures, dangers 
of the misinterpretation are much reduced. 

An air shower monitoring counter tray was 
placed in a period of the observation on the 
ground surface above the apparatus. It 
consists of ten counters each of which is 4 
cm diameter and 40cm effective length. 
Whenever the hodoscope was triggered by an 
event the master pulse was sent to the air 
shower electronics. The master pulse opened 
the gate circuit of the electronics for the air 
shower tray and the informations of discharges 
of the air shower counters which were coin- 
cident with the event underground were sent 
back to the recording circuit. The tray was 
separated into five groups and the number of 
discharged groups was indicated on hodoscope 
panel. The block diagram of the whole elect- 
ronics is shown in Fig, 3. 


§3. Experimental Results 


Most of hodoscope pictures A<2, B>2, C 
=2, D=1 were to be interpreted as shower 
produced in Y. These events were named 
““local shower ’’. Events A>3 which corres- 
ponded to the cases of at least three particles 
entering the apparatus were named ‘earth 
shower ’’. Records of events or single parti- 
cles whose axes incline from the vertical line 
by more than thirty degrees were not taken 
for the analysis to avoid the complication of 


various corrections including that of the 
change of the detecting efficiency of the ap- 
paratus for large incident angle. The local 
shower of D=>2 and D=1 will be called p.s. 
and c.s. respectively. 

a) Single particle 

Hodoscope records which were regarded as 
single penetrating particles were counted of 
records obtained by the triggering B=1, C>1, 
D=>1. Intensities of the penetrating particles 
in the apparatus thus obtained are as follows 
at various points. 

32 m.w.e. below the top of the atmosphere; 

(1.35-£0.09) 103/hour 
200 m.w.e.; (56.8-+2.4 )  /hour 
sea level; (4.95+0.38)103 /hour. 
The knock-ons or the small showers produced 
at lead layers discharge another counter which 
is usually adjacent to the discharged counter 
on the track of the particle. Probabilities of 
those for each trey are given in the follow- 
ing; 

200 m. w. e. 
1.29+0.10% 
4.160.52% 
1.810.34% 


32 m. w. e. 

B 0.9440.12% 

Gy 3:25 3-0. 5125 

D 0.89+0.13% 

BE youaisiehel oe 
The chance of two adjacent counters being 
discharged in a tray is about an order of 
magnitude less. 


0)? CS AS2 b= 7/0— p=) 


Rates of this events are as follows; 


32m.w.e. (1.68 0.09 )/hour 
200m.e.w. (0.204+0.009)/hour 
sea level (6.6 0.7 )/hour. 


Changes of the rates were not observed by 
the change of 2X” from 0 to 20cm. They 
decreased very rapidly by the increase of the 
thickness of 3”. Absolute values of the rates 
agree with the calculation of the rate of the 
cascade shower which originate to the brems- 
strahlung of high energy mu-meson. Thus it 
was concluded that almost all of the events 
were cascade showers. 


€)o p. SV AS2) B= 2 CS2NDe2) 


Most of records p.s. were traceable assum- 
ing that they are penetrating showers. Some 
of them were not traceable unless we con- 
sidered complicated secondary phenomena and 
were discounted in the analysis. This neglec- 
tion did not influence the conclusion of the 
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present accuracy. Certainly a part of p.s. 
must be the cascade shower particularly when 
the amount of the absorber is not large 
enough. The least amount of the absorber 
which is enough to descriminate the cascade 
showers from the records p. s. was estimated 
as follows. Rates of p.s. are presented in 
Fig. 4 for various thicknesses of the absorber. 
One notices a knee of the curve around 15~ 
20 cm lead of the absorber. A calculation can 
be done for the frequency of the cascade 
shower which start from the bremsstrahlung 
of mu-meson at X and which may discharge 
the counter tray giving a hodoscope picture 
of p.s. Christy-Kusaka’s! formula and Grei- 
sen’s!®) calculation were used. As is seen from 
the results of this calculation drawn in Fig. 
4, the frequency of the cascade shower de- 
creases more and more rapidly by the increase 
of the thickness of the absorber. Also one 
should not see too much importance in good 
agreement between the calculated curve and 
the experimental results at the left side of 
curves, one may safely conclude that 20cm 
thickness of the absorber is enough to exclude 
the cascade showers from p.s. for both depths. 

Tray E was supposed to have a role in dis- 
tinguishing the penetrating showers in p. s. 
Indeed, rates of p.s. with E<1 rapidly de- 
crease by the increase of thickness of the 
absorber following the expectation for the 
cascade shower and, on the other hand, p. s 
with E>2 shows very small decrement for 
more than 20cm thick of the absorber as 
shown in Fig. 5. In the following p. s. of E 
>2 for the absorber of more than 20 cm thick- 
ness are tabulated. 


B=2 | B=2 |B=2 |B=3 |B=3 pee 

CoC Cs Ces Ce 

D=2 |D=2 |D23 |D=2 |DZS [ration 

| 964.2 

Ce luau lS pacecty iit: elaph 8 ANG 
| | 309.5 

200 m.w.e. il 4 0) | ff 3 hrs 


When a c.s. and a knock-on or a small 
shower occur succeedingly on the path of the 
mu-meson, the hodoscope picture may look 
like a p. s. The rate of those was calculated 
from the rate of c. s. and the probability of 
producing knock-ons or small showers. Al- 
most all of B=2, C=2, D=2 and a_ consider- 
able fraction of B=2, C=3, D=2 may be 
ascribed to this process. It was calculated 
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10 
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Fig. 5. Rates of coincidences SE? BZ Ce 2, 
D>2, E>2 (I) and A<2, B32, C2, D>2, v= 
1 (Il) at 32 m.w.e. (III) is the result of the 
calculation for the cascade shower. 


that"B23 C23) D=2iand Bas. C=3,,D23 
may be regarded as the penetrating shower 
with only small correction of successive events. 
Corrected rates of the penetrating showers 


* 
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which show the hodoscope picture of B=3, C 
>3, D=>2 E=>2 are as follows; 


32 m.w.e. (2.3 --0.6) 10-?/hour 
200 m.w.e. (1.0 =£0.35) 10-2/hour 
sea level (Clon t= OL) /hour . 


d) Earth shower 

Records of A=>3 were interpreted as showers 
produced in the earth. Inspection of the pic- 
tures seem to show that events are vaguely 
to be classified into two groups; 1) only one 
penetrating particle is involved in the process 
being associated with soft components, 2) 
three or more penetrating particles are as- 
sociated with soft components. Most of 1) 
are supposed to belong the cascade shower 
produced in the earth by the mu-meson. 2) 
may represent nuclear interactions occurred 
in the earth somewhere close to the apparatus. 
The rates of 2) are; 


32m. w. e. (2.40.6) 10-?/hour 
200 m. w. e. (2.0-++0.4) 10-2/hour . 
Caps Dap: 


A certain number of records showed the 
cases that two or more penetrating particles 
had traversed the apparatus simultaneously 
in parallel with each other. Also a fraction 
of the events may physically belong to the 
previous classification, namely the nuclear 
interaction in the earth, general features of 
the pictures suggest that majority of these 
events may be physically different phenomena. 
So, this phenomena were called ‘‘p. p. p.” 
following Amaldi et al®. The frequency of 
the p.p.p. is presented as follows; 


0.029 +0.005 /hour 
0.0020+0.0014/hour . 
During the period of 717 hours the air 
shower tray was put on the ground above the 
observing station 32m. w.e. underground. In 
this period 89 cases were interpreted as the 
earth shower with two cases of the association 
with the discharge of the air shower tray. 15 
Cases were interpreted as the p.p.p. 14 cases 
were not necessarily to be classified as the 
p.p.p. but can be interpreted as the cases 
where one of the penetrating particles aimed 
the side of the apparatus so that the paral- 
lelism was not well confirmed or one of the 
particles had stopped in the lead layer or had 
scattered or had produced the secondary 
interaction in the lead. A part of records of 


32m. w. e. 
200 m. w. e. 


the latter cases show rather complicated shape 
and were taken as the p.p.p. only because 
they may be the p.p.p. associated with 
secondary events such as the stop, scattering 
or big interaction in the lead in order not to 
miss the possible p. p. p. The above mention- 
ed 15 cases and 14 cases are listed as a) and 
b) respectively in the following. The number 
of discharged air shower counters are also 
given. 


number of discharged 
groups of air shower 0 il VW Ree) eeily 1) 
counters ! 


(a) Bs ocd spe le heal aa 


(b) Vee. st re 


Of nine p.p.p. associated with the discharge 
of the air shower tray two knock-ons were 
observed along the tracks of the particles. 
This number of knock-ons is consistent with 
the knock-on probabilities at each lead layer 
previously given. Twenty p.p.p. were not 
associated with the discharge of the air shower 
tray. Nine cases of them were that one of 
the particles did not reach E tray either by 
scattering out or the stop in the lead layer. 
Three cases were of complicated shape and 
may be interpreted as the p.p.p. associated 
with big interactions in the lead. Thirteen 
knock-ons were counted along the tracks of 
the particles. These are too much. to be 
interpreted as the electromagnetic interactions 
of the particle. 


§ 4. Discussions and Conclusions 


The cross section for the nuclear interac- 
tion of the mu-meson certainly depends not 
only on the depth but also on the experimental 
definition of the interaction. If the experimen- 
tal equipment is to favor the interactions of 
higher energy, the cross section turns out to 
be smaller than that measured with, for 
instance, the emulsion. Thus, the cross 
section is desired to be presented, if possible, 
in connection with the lowest energy of the 
interaction to be observed by the equipment. 
Present criterion of selecting penetrating 
showers (B=>3, C=3, D=2, E>2) simply means 
a requirement that at least three particles 
penetrate five centimeters of lead and at least 
two of them penetrate about 20cm or more 
of lead. However, the geometry of the ap- 
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paratus complicates the situation; the secondary 
particle may miss to hit the counter or two 
particles hit one counter so that one of them 
may not show up. Analytical calculation of 
these geometrical consideration is not very 
easy and the following means were taken for 
this purpose. 


Imitations of showers were made on paper on 
the basis of the Monte Carlo method. The 
producer was divided into thirty six sections and 
numbered. Multiplicity (7s) distribution and the 
angular distribution of shower particles were 
assumed to obey ms-Y and cos”@ where @ is the 
angle between the shower particle and the vertical 
line. The distribution curves were divided into 
sections of the same areas and also numbered. By 
using a random number table, locations of the 
origins of showers and. multiplicity were deter- 
mined and then @ and the azimuthal angle of the 
shower particle with respect to the vertical line 
were determined. Thus a group of imitations of 
showers were made which follow the assumed 
distributions. Absorption mean free path was 
assumed as about 300g/cm?. Hodoscope pictures 
which would have been presented by these showers 
were compared with those experimentally obtained 
and n=20 or about 15 degrees of average angle of 
shower particles and y~2 were concluded. And 
the probabilities (7) of penetrating showers present- 
ing D=2 are obtained for various multiplicities. 
The overall detecting efficiency for the penetrating 
shower of ”s>2 is about 20%. The total number 
of the shower is expressed by 


26%) Ss) 


where f(ms) is the multiplicity distribution and 
n(ms) is the detecting efficiency as a function of 
ms given above. This expression may be ap- 
proximated by omitting 7(7s) and taking a different 


number of the smallest multiplicity; i.e. > fms): 
Ng~4~ 


ms=v4~5 may correspond to about 7 Bev of energy 
involved in the shower if we may assume an equality 
of the shower underground and at mountain 
altitude. This energy may be called the threshold 
energy of the interaction in this apparatus. 


The cross section of the penetrating shower 
a(x, Em) was defined as a function of the depth 
and the threshold energy (&m) of the shower 
observed as; 

a(a, Em) = f (a, Em)/I(a)-N-X , 

where f(z, &m); the rate of showers 
I (x); 
a or 


the intensity of incident particles 
Loschmidt number 


Interactions of Cosmic Radiations Underground 


1027 
X ; thickness of: the producer » in 
g/cm? . 

Thus cross sections of the penetrating showers 
whose threshold energy is 7 Bev are concluded; 
o(32 m. w.e.); (2.840.7) 107! cm?/nucleon 
«(200 m. w. e.); (2.9-41.1) 10-%° cm?/nucleon . 

Cross sections for 2) type of the earth 
showers are expressed as; 


o(a)=f (2, Em):s[R-N-S-I(@) , 


where 

R ; the average range of the secondary 
particle 

S ; the area which primary mu-mesons 
of these earth showers aim 

s 3; the effective area of the apparatus 

I(x); flux of mu-mesons in the apparatus. 

R is presumably assumed as 300 g/cm’. 


Since the apparatus was located four meters 
beneath the roof of the tunnel and s is about 
40 x40 cm2. S is much larger than s unless the 
secondaries of the shower were ejected in a 
very narrow cone. For assumptions of the 
average spread angle, corresponding S and o 
(a) calculated by the formula are tabulated in 
the following. 


| | 
average | 
2 o (32) ® (200) Em 
spread | > icm?/nucleon |cm?/nucleon | ~* Bev 
angle | | | 
iby? ~4 2.5 x 10-336 x10 -2>70/S>100 
10° ~ 2 \25 10 -88551.2 x 10-8130 55100 


De ~2/9=1.5 «10 -123.6 x 10-9 10/2100 


The total number of penetrating secondaries 
ns which should have been produced to present 
at least two particles on the apparatus are 
estimated in the sixth column. Threshold 
energy of events &m is crudely estimated from 
n; on the basis of assumption that the relation 
of ms and the energy is given by Fermi’s'” 
theory. s270 may not be the case because the 
intensity of the particle of such a high energy 
is too small to explain the occurrence of the 
events. Thus the cross section of the order 
of 10-22cm?/nucleon and 107% cm?/nucleon 
are suggested for this event at 32m. w. €. and 
200 m.w.e. respectively whose involved energies 
are larger than 100 Bev. 

Since about one third of the p.p.p. is as- 
sociated with the discharge of the air shower 
tray whereas only one hundredth or one 
fiftieth is so for earth showers or other events 
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as was described before, the strong relation 
between the p.p.p. and the air shower is 
obvious. As was mentioned above, the p.p.p. 
associated with the air shower show knock- 
ons of reasonable frequency but the p. p. p. not 
associated with the air shower show much 
more knock-ons than expected from the knock- 
on probability and scatterings or stops in the 
lead. So it is presumed that the former p.p.p. 
is composed of mu-mesons and at least a part 
of the latter is composed of strongly interac- 
ting particles, say pi-mesons. Thus the for- 
mer is reasonably interpreted that after the 
electronic component of the air shower being 
rapidly absorbed in the earth the mu-meson 
component remains as the skeleton of the air 
shower and turns out to be the p.p.p. The 
probability of a counter of area s being dis- 
charged by the density 4 is (l—exp(—4:s)). 
Therefore, the most probable electron density 
4, of the case where m of m counters of area 
s each are discharged is obtained by solving 
the following formula; 


aa\(n )(exP—4-3))"-"—exp(—d-s))»} =0 


s is 160cm? and m=5 for the air shower 
counter tray on the ground. Thus we obtain 
4,~7/m?, 4,~16/m?, 43~29/m?, 44~50/m?, 45>>50 
/m?. n was 1~4 for eight cases of nine p.p.p. 
and for five of them m=1. At first sight it 
may seem strange that the density of the 
electrons on the ground is too low to give 
rather high density of mu-mesons underground 
from our conventional knowledge that the 
density of mu-mesons in the air shower is 
about a percent or less of the density of the 
electrons. This is understandable if we sup- 
pose that the mu-mesons in the air shower 
are distributed in a circle more or less uni- 
formly whereas the electrons have a sharp 
lateral distribution around the core of the air 
shower. Thus, when one observe the air 
shower on the ground, the dense core is usual- 
ly caught. And the core is not necessarily 
important for the p. p. p. but rather the tail 
of the air shower where the electron density 
is low but the mu-meson density remains re- 
latively high may mostly contribute to the 
p.p.p. 

The air shower tray was not set on the 
ground for the observations at 200 m. w. e. and, 
hence, the previous classification of the p.p.p. 
is not possible. Barret et al. had taken the 


decoherence curve of the meson showers at 

1600 m. w.e. Their result shows that about 

a half of the p. p. p. might have been due to 

the mu-meson component of the air shower. 

Considering this and the present result that 

about one third or more of the p.p.p. at 32 

m.w.e. is due to the air shower, it is 

presumed that about the same fraction of the 

p.p.p. at 200m.w.e. is also due to the air 

shower. 

The conclusions are summarized as follows; 
1) Cross section of nuclear interactions in lead 

by the cosmic ray particle underground, 

the threshold energy of which is estimated 
as 7Bev, are (2.8-+0.7)-10-*! cm?/nucleon 
for 32m.w.e. and (2.9+1.1) - 10-3° cm?/nu- 

cleon for 200 m. w. e. 

2) The cross section of the nuclear interactions 
in the earth, the threshold energy of which 
is larger than 100 Bev, is the order of mag 
nitude of 10-*2cm?/nucleon for 32 m. w.e. 
and about one order larger for 200 m. w.e. 

3) Mu-meson components of the air shower 
present two of them simultaneously in the 
area of 0.16m? at 32m.w.e. by the fre- 
quency of about once per hundred hours 
mostly giving the electron density about 10 
~50/m? on the ground. At 200m. w.e. the 
frequency may be reduced by a factor of 
ten. 

Comparisons of present conclusions with 
other studies and a discussion on the inter- 
pretation of nuclear interaction underground 
will be presented elsewhere. 
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A quantum-statistical method of finding molecular expressions for 
kinetic coefficients is formulated so as to be applicable to the case where 
the external disturbance which made a system deviate from equilibrium 
can not be taken as a definite additive term in the Hamiltonian of the 
system, such as the heat conduction and the viscous flow. This method 
provides an extension of the fluctuation-dissipation theorem to such 
quantum-mechanical systems. A quantum-statistical expression for the 
entropy of a non-equilibrium system is defined so as to be consistent 
with Gibbs’ relation, and is shown to give a quantum-statistical basis 
for the thermodynamics of irreversible processes. Two ways of applica- 
tion of our method to each special system are shown; one is concerned 
with deriving the phenomenological equations of motion, and the other 
with calculating the entropy production of the system. Thus, quantum- 
statistical expressions are obtained for the relaxation time of an energy 
transfer between two sub-systems and that of momentum relaxation 


phenomena, and for the coefficients of thermo-electricity. 


§1. Introduction 

According to Kirkwood’s program), the 
principal objectives of the statistical mecha- 
nics of transport processes are the formulation 
of phonomenological equations of motion such 
as the equations of hydrodynamics from the 
standpoint of molecular dynamics, the investi- 
gation of the limits of validity of empirical 


linear relations such as Fourier’s law between 
heat flow and temperature gradient, the deter- 
mination of kinetic coefficients such as the 


* The main contents of the present paper was 
published in Japanese (Busseiron Kenkyu 90 (1955) 
25; 93; 92 (1956) 24). 

** Present address, Department of Chemistry, 
Metcalf Research Laboratory, Brown University, 
Providence 12, R. I, U.S.A. 
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coefficient of thermal conductivity from known 
properties of molecules, and the molecular 
interpretation of the linear stimulus-response 
theory. 

Kirkwood’s theory of transport processes 
has given some great insights into these pro- 
blems. His theory is concerned with classical 
systems and is intended to be so general as 
to be applicable to the transport phenomena 
in liquids and dense gases. One of the most 
important results is the molecular expression 
for the friction constant € of a Brownian 
particle in an isotropic equilibrium fluid, 

c= ayer) |" dtP(0)- PO, 


c 


(Lt) 


where P(t) means the time derivative of the 
momentum P(t) of the Brownian particle at 
time ¢, <--->° the average over a canonical 
ensemble at the temperature T of the system 
and te the decay time of the correlation func- 
tion <P(0)-P(t)>°. 

Eq. (1.1) establishes a quantitative corre- 
lation between dissipation and equilibrium 
fluctuations. An intuitive interpretation of 
such a connection may be that an irreversible 
process is a transfer of energy from a macro- 
scopic degree of freedom to microscopic degrees 
of freedom, while fluctuation is the transfer 
of energy in the reverse direction, and the 
course of the transfer of energy is characte- 
rized by the kinetic coefficient. 

This idea, on the ground of which Nyquist» 
derived the well-known relation about thermal 
noises in electrical circuits, has been develop- 
ed in a fluctuation-dissipation theorem by Cal- 
len, Welton® and Takahasi”, which relates 
the response of a system to a small external 
disturbance with the spontaneous fluctuations 
of the system. They treated systems whose 
Hamiltonian depends linearly on a small per- 
turbation induced by a driven change of some 
external parameter, X(t), as follows: 

A)=H+ XQ , (1.2) 
where @ is the generalized force associated 
with the external coordinate X. This theorem 
has more extensively been discussed by Callen 
and Greene». Kubo and Tomita® have pre- 
sented a clear-cut method for this problem in 
their theory of magnetic resononce absorption 
to obtain generalizations of Takahasi’s theory” 
for classical systems to quantum-mechanical 
systems. This method is general and rigorous 
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enough to provide a satisfactory quantum- 
statistical formulation of the linear stimulus- 
response theory. Thus, on the basis of the 
fluctuation-dissipation theorem, we may calcu- 
late the values of kinetic coefficients from the 
molecular standpoint. Actually, this program 
has been carried out by Green”, Kubo, Tomi- 
ta® and Nakano* in respective interesting cases. 
Kubo and Tomita’s method, however, may be 
strictly limited to the case where the external 
disturbance can be taken as a definite additive 
term in the Hamiltonian like Eq. (1.2). 

On the contrary, there are many important 
phenomena which are not the case, such as 
the heat conduction and the viscous flow. 
Green® has defined a complete set of macros- 
copic variables to be a set of functions of the 
representative point in the phase space of a 
dynamical system which is such that their 
present values completely determine their ex- 
pected future values. On the basis of 
Onsager’s'1) postulate that the average re- 
gression of spontaneous fluctuations obeys the 
same laws as the corresponding irreversible 
processes, he has derived the phenomenologi- 
cal equations of motion of the set, which 
provide a generalization of the fluctuation- 
dissipation theorem to the latter case. 
Yamamoto’ has derived Green’s results from 
Liouville’s equation for the phase-space 
distribution function by use of Kirkwood’s» 
time-smoothing procedure. These theories, 
however, may be limited to classical systems 
and may not straightforward be generalized 
to quantum-mechanical systems. 

The principal purpose of the present paper 
is, therefore, to give a quantum-statistical 
formulation of the general theory of trans- 
port phenomena which gives a microscopic 
basis for the phenomenological equations of 
transport and provides molecular expressions 
for the kinetic coefficients involved in such 
equations. At present, it seems, however, 
that one has no systematic method of approach 
to this problem. Hence, in § 2 we begin with 
quantum-statistical inspection of the assump- 
tions underlying the phenomenological theory 
of transport processes to integrate some 
of the ideas latent in Kirkwood’s» general 
theory of transport processes and the other 
theories of irreversible processes into such a 
form as to be convenient for our treatment. 
It will be shown there that, in order to obtain 
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molecular expressions for the kinetic coeffi- 
cients, we have only to investigate the time 
behavior of the statistical ensemble of the 
system in question for a short time interval 
under a given initial condition. The short 
time interval is much shorter than the rela- 
xation time for the system to attain an equili- 
brium state, but far longer than a characteristic 
molecular time. The magnitude of the time 
interval depends on the phenomena in question, 
and is, in the corresponding case, of the same 
order as that of the short time interval used 
in the time-smoothing procedure introduced 
by Kirkwood to obtain an adequate macros- 
copic description of the secular variations of 
observable properties of a non-equilibrium 
system. The initial condition means that, at 
the beginning of that time interval, the dis- 
tribution of the system is approximated by a 
coarse-grained distribution corresponding to 
the macroscopic state of the system, which 
may be in a close relation with Gibbs’ 
coarse-graining procedure in phase space. 

In § 3, we shall embody the thus obtained 
lines of thought in a concrete formulation to 
derive macroscopic equations of motion. Our 
fundamental assumption made there is that 
the initial distribution can be approximated 
bywsuch a form. as p:=Z 7 exp(—K)- This 
form makes our quantum-mechanica! analysis 
possible. Most of interesting systems will be 
shown to satisfy not only this assumption but 
also a relation K=(1/kT)SnJnXn(f), where Xi 
(t)’s are the thermodynamic forces'” and Jn’s 
such dynamical variables that a kind of 
averages of them are the thermodynamic 
fluxes. The reason for our introduction of 
this assumption has an intimate correlation 
with why Green” has defined a complete set 
of macroscopic variables. Thus, we shall 
obtain macroscopic equations of motion whose 
classical limit are essentially identical with 
Green’s phenomenological equations of motion. 
These equations will be applied to an energy 
transfer between two subsystems at different 
temperatures to obtain a molecular expression 
for the relaxation time (§ 4), and also applied 
to momentum relaxation phenomena (§ B) 

In §6, we shall deal with a_ statistical- 
mechanical expression for the entropy of 
non-equilibrium states, which will be done on 
the basis of quantum statistics. The expres- 
sion for the entropy, whicn is consistent with 
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Gibbs’ relation in the thermodynamics of ir- 
reversible processes, provides an entropy 
production having the same structure as the 
entropy production in the thermodynamics. 
Thus, a kind of averages of J,’s will be shown 
to be the thermodynamic fluxes, and linear 
relations between these fluxes and thermo- 
dynamic forces will be derived. The coefficients 
appearing in these linear relations satisfy 
Onsager’s!® reciprocal relations. These linear 
relations will be applied to the phenomena of 
thermo-electricity to give molecular expres- 
sions for the kinetic cofficients of these 
phenomena (§7). The expression for the 
electrical conductivity is identical with Naka- 
no’s®) expression. 


§ 2. 


We shall inspect the assumptions underlying 
the phenomenological treatment of transport 
processes!» from the — statistical-mechanical 
standpoint to find out an approach to the 
statistical-mechanical theory of transport 
processes. 

As a simple illustration, we consider an 
energy transfer between two sub-systems I 
and II at the different temperatures 7] and 
Ti respectively, such as the energy transfer 
between the spin system and the crystalline 
lattice in the paramagnetic relaxation or bet- 
ween the ion and electron systems in the gas 
discharge plasma. The change with time of 
the temperature of the sub-system I, is des- 
cribed by 

dT;/6t= —(1/tr)(T1— Tn) : (Zale) 
The relaxation time t, is usually independent 
of the temperature diference AT=T,—Ty, so 
far as the total system is departing slightly 
from thermal equilibrium. Introducing the 
specific heat Cy and the internal energy Ey of 
the subsystem I, Eq. (2.1) can be written in 
the alternative form more convenient for the 
following treatment, 
OE /6t= —(Cy/tr(T1— Ti) - (2.2) 
The statistical ensemble of quantum-mechani- 
cal system can be described by the density 
operator p(t), which obeys the equation of 
motion 
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iho(t)=1A, o(t)) , (2.3) 


where [A, B]I=AB—BA. H is the Hamilto- 
nian of the total system and hereafter will be 
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assumed to be a constant of motion. The 
formal integration of Eq. (2.3) is readily shown 
to be given by 
o(t-+s)= U(s) o(t) U*(s) (2.4) 
with 
U(s)=exp (—7sH/h) . (285) 
Therefore, the expectation value of the observ- 
able F which does not depend explicity on the 
time can be written as 
Gy C+s)=TrpGrsl 
=Tr p(Z)F\s) , (2.6) 
where 
F(s)=U*(s)FU(s) (2.7) 
is the Heisenberg representation of the observ- 
able F following the equation of motion 
ih F (s)=[F(s), H] (2.8) 
Thus, the internal energy E(t) can be ex- 
pressed as 
EN (G)—alsieo (i) piles (2.9) 
Hy being the Hamiltonian of the subsystem I. 
To obtain a molecular expression for the 
relaxation time t,;, we have only to investigate 
the time behavior of the total system for a 
short time interval between ¢ and ¢+r from 
the microscopic standpoint, because statistical- 
mechanical calculation of the rate of change 
with time of the internal energy £y, 


6) /0t=(Ex(t+r)—Ex(t))/c (2.10) 
ean at 
Sli ds 4 SH tts) (2.11) 
al dsTr o()Hi(s), (2.12) 
0 


and comparison between thus obtained equa- 
tion and the right-hand side of Eq. (2.2) may 
give us a molecular expression for t,. Here, 
it will become clear from the following con- 
sideration that the time interval +t has to be 
finite and hence Eq. (2.10) has to be strictly 
a quotient of differences. In Eqs. (2.10), (2.11) 
and (2.12), the unknown quantities are the 
following: 

(1) the initial distribution p(t) 

(2) the lower limit of the time interval tc 


It is clear that t<r, has to be satisfied. 
In the phenomenological theory, the follow- 
ing is usually assumed: 
(Al) The subsystems I and IJ are, approxi- 
mately, themselves in internal thermal equili- 
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brium with the temperatures 7;(¢) and Tu(?), 
respectively, at the time ¢ (The assumption 
of local equilibrium). 
Hence, we may approximate the initial distri- 
bution p(t) by the local equilibrium distribution, 


Hy Ay ) 
Baer Pee Fah 2.13 
RT, kTy/’ eke) 


which is a statistical-mechanical expression of 

the assumption (Al). For the validity of (A1), 

it may be necessary that the velocity of the 
progress of heat transfer should be slow and 
hence 

(A2) jd Tila Lote 

which is also necessary for the process to be 

linear dissipative. Moreover, the interaction 

energy H’ between two subsystems is usually 
assumed to be small, 

(A3) |H’|<|Hi|, |Anl « 

The process we are concerned with is ir- 
reversible, so that, as is well-known in the 
usual thermodynamics, it is impossible to 
define the changes with time of the thermo- 
dynamic quantities, such as the temperature 
and the entropy, continuously along the path 
of the natural development with time of the 
system, because it is possible only to do so 
along the paths of the quasi-static and rever- 
sible processes. Hence, the short time inter- 
val c in Eq. (2.10) must be finite, so far as 
the initial distribution p(t) of Eq. (2.12) is 
replaced by the local equilibrium distribution 
0:, (2.13). Here, let us remember that one 
can not obtain any transport properties, such 
as the heat conduction and the viscous flow, 
from the maxwell-Boltzmann equation in the 
kinetic theory of gases, as far as the local 
equilibrium is assumed for the velocity distri- 
bution function. In accordance with these 
circumstances, the following procedure is 
implicitly assumed’ in the phenomenological 
theory ; 

(A4) The local equilibrium is assumed at 
discrete values of time whose neighboring 
values are separated by a short time inter- 
val rt, and then these local equilibrium points 
are connected by the quasi-static processes 
with the help of the procedure of the vir- 
tual brake processes. 

Eq. (2.1) and (2.2) should be difference equa- 

tions in such a meaning, and the change with 

time of the internal energy E; along the 
natural path for the time interval tr may be 


o(H)=a=Z" exp( 


1956) 


pressed in the kinetic coefficient t-. These 
circumstances will be clearer in §6, where 
the temporal behavior of the entropy of the 
system will in detail be investigated from the 
statistical-mechanical point of view. The phy- 
sical meaning of the lower limit of + can not 
become clear within the domain of the pheno- 
menological theory. As will be discussed later 
on, it has to be far longer than a finite time 
interval, ce, characterizing the molecular 
randomness of the system, and hence the time 
interval t must be bounded by the inequalities 
Te<TKXTy . (2.14) 
For instance, in the case of transport equations 
in gases of such low density that molecular 
motion can be adequately analyzed in terms 
of binary collisions, the time interval rt, is of 
the order of magnitude of the mean free time 
of molecules. Such interpretation for the time 
derivative in the transcriptions from statisti- 
cal-mechanical to macroscopic equations is 
usually used in deriving Onsager’s reciprocal 
relations about kinetic coefficients!”!» and also 
will play an important part in our theory. 
From the above investigation, we see that, 
in order to obtain a molecular expression for 
the relaxation time t,, the approximation (2.13) 
may be taken at the discrete values of time 
whose neighboring values are separated by 
such a finite time interval tc as bounded by 
the inequalities (2.14). 


§3. General Formulation (I)—Phenomenolo- 
gical Equations of Motion 


In this section, we shall embody the above- 
mentioned lines of thought in a concrete for- 
mulation to develop a quantum-statistical 
method of deriving the phenomenological 
equations of motion of interesting macroscopic 
variables, which, at the same time, provides 
molecular expressions for the kinetic coeffi- 
cients involved in such equations. We shall 
not, however, go so far into the complication 
of general treatments of irreversible processes, 
but shall confine ourselves to the simple case 
of the linear theory, which assumes that the 
system is departing slightly from thermal 
equilibrium and the rate of change with time 
of the average value of a macroscopic observ- 
able of the system is linear with respect to 
certain small parameters describing the depar- 
ture of the system from the thermal equili- 
brium, 
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In order to obtain molecular expressions for 
the kinetic coefficients appearing in the 
phenomenological equations of transport, we 
shall, as stated in the preceding section, have 
only to investigate the change with time of 
the density operator for a short time interval 
(t~t+r) with the initial distribution  o(¢) 
suitably defined according to the physical con- 
ditions of the system under consideration. 

To carry out this scheme generally, we 
shall now consider a system whose _ initial 
distribution can be approximated as 


[Al] o(t)=p1=Z* exp (—K), (3.1) 


where K is an operator explicitly dependent 
on the time ¢ and Z the normalization factor. 
The explicit form of the factor K depends 
upon every special system and should be 
determined according to the physical condition 
of the system in question. For the example 
mentioned in the preceding section, we find 
that K=H,/kT;+ An/kTo 5 

The state of the system changes with time 
according to the Hamiltonian H and will, in 
a sufficiently long time, attain a thermal 
equilibrium state which is described by a 
stationary distribution 


= Zy exp (— BH) 


with [H, H|=0, (3.2) 


which is consistent with Eq. (3.1). We shall 
suppose that the deviation of the initial dis- 
tribution (3.1) from the equilibrium distribution 
(3.2) is very small, that is, 


[A2] IR|<|H| for K=B(H+R). 


This assumption may be satisfied by the so- 
called linear dissipative systems as will be 
seen later on. 

Now, we shall first investigate the temporal 
behavior of the system at an arbitrary time 
after the initial time ¢. With the help of the 
well-known expansion formula. 


exp (—f(A+B)) 
=(1 —\'a exp (—2A)B exp (AA) 


(3.3) 


B 
+|' dh, | di, exp (—A, A)B 
0 


MN 


xexp((A,—A)A)B exp (42 A)+ °° +} 


xexp(—BA) , 
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we find the first order approximation to op: 
given by Eq. (8.1), 


ie {1 = diexp(—AH) (R — <R)°) 


xexp(2H) oy + OR?) (3.4) 


In this expression and in the following, the 
averages over the equilibrium distribution @, 
are expressed as 


<A°=Tr. HA. (355) 
If one retains the first order in R alone, the 
last expression of Eq. (2.6) is written as 


<F’)(t-+s)— CF) °= — Or, n(s) + 8<F><R>® , 
(3.6) 
where 


B —s aks 
Or(0)=| da <exp(AH)F(s) exp (—2)G)s 
0 


(3.7A) 
x [Par <G exp (—AH) F(s) exp (AH) 


(3.7B) 
=Oe,r(—s) . GL“) 
The expression (3.7B) is readily obtained from 
(3.7A) by changing the integration variable 2 
to B—A. The above mathematical technique 
is the same as has been used in Kubo and 
Tomita’s® theory of magnetic resonance 
absorption. Eq. (3.6) completely determines 
the temporal behavior of the average value 
<F>(t+s) after the initial time ¢ and is of 
great use in the cases where the R-factor can 
be expressed in a handy definite terms, such 
as the magnetic resonance absorption®, the 
electrical conduction® and the energy transfer 
between two modes. However, the transport 
phenomena in continuous systems™, which 
are usually described by macroscopic differen- 
tial equations of transport such as the equations 
of hydrodynamics, are not the case. 
Therefore, we shall next derive a macros- 
copic equation for the change with time of 
the average value <F Y(t). Differentiation of 
Eq. (3.6) with respect to s gives 


d 
TIPE +S) = Dr, ils) (3.8) 
with 

R=(h) [R, 1], (3.9) 


because of O7,a(s)=—@, és). As will be seen 
in the later sections and the subsequent. arti- 
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cles, we have the following linear combination 
in most of interesting cases: 


[A3] Re Sy FeXaya (3.10) 


where /;,’s are dynamical quantities indepen- 
dent of the statistical state of the system and 
‘n(£)’s parameters characterizing the macro- 
scopic state of the system at the time ¢. For 
the example mentioned in the preceding section, 
we find that Jx.=H, and Xn(t)=—(Tn—T))/T. 
Then, substitution of Eq. (3.10) into Eq. (3.8) 
gives 


@<Fy(t+5) = 3 Or.z,()Xald). (3.11) 


The quantities X;,(f)’s will be shown to be 
the thermodynamic forces in the thermodyna- 
mics of irreversible processes'”, which give 
rise to the occurrence of irreversible pheno- 
mena. The fluxes in thermodynamics will be 
identified with the values of dynamical 
quantities /,’s averaged in a certain manner. 
These circumstances will be visualized in 
connection with the calculation of the entropy 
production as shown in the later section. 

The macroscopic rate of change with time 
of the average value <F(t) is, as stated in 
the preceding section, given by 


0 j= i i a 
POR | eS Pt+s). B12) 


Although this definition of the macroscopic 
time rate has been introduced according to 
the rather technical demand, it may be equi- 
valent to the time-smoothing procedure first 
introduced by Kirkwood” to obtain an adequate 
macroscopic description of the secular varia- 
tions of observable properties of a physical 
system. By using a mathematical identity 


d gl sit Gs tite 4 
PA a ae CPO+\"as ron 


(3218) 
for Eq. (3.12) and substituting Eq. (3.11) into 
thus obtained equation, we obtain 

Oy n 
_Po=s | 9r.24(0) 


Sil 


+" a(t — Soir 69) 1 Xa). (3.14) 


0 


This equation is certainly valid for arbitrary 
observables which do not explicity depend on 
the time, so far.as the assumptions [Al], [A2] 
and [A3] concerning the macroscopic state of 
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the system are statisfied. However, in order 
that this equation can provide an adequate 
macroscopic description of the secular varia- 
tion of the observable F, it is necessary that 
the time interval ct should be able to be select- 
ed to disappear from the right-hand side. 
This fact may impose a restriction on the 
property of the observable Ff. These circums- 
tances were in detail discussed by Kirkwood”, 
M.S. Green” and Yamamoto”). 

After a lapse of sufficiently long time to 
attain thermal equilibrium: 


lim<P)(¢+s)= Ey? 5 (3.15) 
we obtain 
lim Oy,;,(s) =0, 
with the help of Eqs. (3.6) and (3.10). Al- 


though this limiting property of O,,,;,(s) is 
naturally required from physical reasons, it is 
rather difficult to prove it rigorously. In fact, 
a logical justification is the most essential 
point of any rigorous theory of irreversible 
processes, which is beyond of the scope of 
this article. It is worth mentioning, however, 
that in the classical limit, ®y,¢(s) becomes a 
phase coefficient of correlation connecting G 
and F(s), B<G(£) F(t+s)>°, and then this limiting 
property represents the basic idea of molecular 
chaos'» which is of great importance in the 
foundation of the statistical-thermodynamic 
theory of equilibrium states from the ergodic 
theory. Therefore, we may define a decay 
time t(F, Jn) after which the function 9;,,, 
(s) effectively vanishes out, as follows: 


O7,3,(s)=0 for s>(F,Jx). (3.16) 
By introducing the largest value of c(F, Jn)’s 


(h=1---n), c(F), we then obtained, with the 
help of Eq. (3.11), 


<Fyt+s)=0 fore et Cll) 


which means that, if the approximation (3.1) 
is made at the initial time ¢, the acceleration 
of <F)(t+s) will effectively vanish in the time 
hs i 

Now, we shall assume the following rela- 
tion: 


[A4] (F)<c<ey , 


where t, is a time in which the average value 
<F)(t) is appreciably reduce to the equilibrium 
value <F)°, or the decay time of the relaxa- 


(3.18) 
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tion function Or_.79,p-<m,0(s). Taking such a 
time interval ct, Eq. (3.14) can be reduced to 


the macroscopic equation of motion of the 
observable F, 


jee mn 
OL (F(t) = 2 197.5, 0) +L, In) } Xn) ? 


(3.19) 
with 


k 7(F) 
LiF, m=| dsOinz,(s) (3.20) 


0 


ie 
0 


x < Juexp(—2H) F(s) exp (AH), (3.20B) 
which provides molecular expressions for the 
kinetic coefficients LIF ,Jn)’s. The assumption 
[A4] is the most essential point of our theory, 
and may, in the cases of Ie appear to be 
correlated to the complicated problem of Kirk- 
wood!)!”), that is, whether the integral 


as\. dh 


| ds(1—s/t)@7, @ (s) possesses a plateau value 
0 


nearly independent of the time interval r in 
the region bounded by the inequalities (3.18). 
Further investigation concerning this point 
will be postponed for later treatment. The 
magnitude of the time interval t, depends 
upon every special phenomenon. For example, 
in deriving the equations of transport in dilute 
gases, the mass current density and the energy 
density are taken as F, and then c(F)’s are 
of the order of magnitude of the mean free 
time of molecules, as will be shown in sub- 
sequent article. 


§ 4. 


By making use of our method mentioned in 
the last section, we shall derive a molecular 
expression for the relaxation time of the 
energy transfer between two subsystems which 
was, in §2, taken up as a simple illustration in 
inspecting the phenomenological theory of 
transport processes, and also discuss the cor- 
relation function of the energy of the sub- 
system I. 

The system will naturally approach to a 
thermal equilibrium state which is described 
by the stationary density operator, 


Energy Transfer Between Two Modes 


0y=Zy 1 exp (—H/RT)) (4.1) 
with 
H=H,4+Hy4+H’ , (4.2) 
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which is the total Hamiltonian of the system. 
Since the deviation of the system from the 
thermal equilibrium is small, the initial dis- 
tribution p(t) can, as stated in § 2., approximat- 
ed as 
: 5 Hy ‘(Ha —H 
o)=p:=Z* exe(— fin) , 
(4.3) 
which is consistent with the equilibrium dis- 
tribution (4.1). Therefore, the R-factor defined 
in Eq. (3.3) is in this case written as 


R=— pa — ie. Ge 
which satisfys 
|R|<|H1| (4.5) 
on account of the condition 
ii—Lols. fol eto (4.6) 


Therefore, the thermodynamic forces and the 
fluxes defined by Eq. (3.10) are, respectively, 


given by 
Xn(t)= —(Tr—T )/T (4.7) 


and 


In=Hn . (4.8) 
Thus, the assumptions [Al], [A2] and [A3] 


are satisfied, so that we obtain, with the help 
of Eq. (8.6), 
«Hp (t+s)—<Hp® 
= —On,-ap; ay(S) X(t) 
— On }-<ap, ayy (S)Xn(£) (4.9) 
with 
B 
r,3)=| dy <exp(AH)F(s) exp (—2H) G)°, 
0 
(4.10) 
where B=1/kT, . 

The loss of energy of the sub-system I 
almost changes into the gain of energy of 
the sub-system II, so that we can assume 

Ht Ay —Hi0 ; 
to obtain 
Or, a(S) + Op,z7y(S) =~ 0 ’ (4.11) 
where a condition, s<r,, may be necessary. 


If the function Oi71,7,(S) appreciably vanishes 
for values of s greater than r(q), i. e., 


Din,w(s)~0 for s>Sc(Hy), (4.12) 
and, in addition to that, a relation 
t(Hy)<c<c;, (4.13) 
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is satisfied, we obtain, by the use of Egs. 
(3.19) and (4.11), 


7 <a )=— =e (TT) , (4.14) 
with 


-, o (Hy) 
LH, =| ds Diry ins), (4.15) 


0 
because of the relation, Oy, 7(0)=0, which is 
readily obtained from the symmetry property, 
Op v(s)= Op, ~(—s), being a result of (3.7C). 
Thus, comparison between the right-hand 
side of Eq. (2.2) and that of Eq. (4.14) gives 


1tr= L(A, Hy)/ToC1 
i ee 


B PF. 
pre a RH Eh(s-tiha)>® 
an as| dACHET(s-+iha) 


-1Hy 0 
(4.16) 

for the relaxation time t, to establish the 
equilibrium of the energy partition between 
the subsystems I and II. Eq. (4.16) is, in the 
second order approximation with respect to 
H’, identical with Kubo and Tomita’s® ex- 
pression, if the region of integration (—t (Ay) 
~t(Hy)) is extended to the region (—co~ce). 

We shall here add a remark about the re- 
laxation function of the energy of the sub- 
system I. For simplicity, let us suppose that 
Ci<Cp.so.that 7u=T,. Then, Eqn Zee 
integrated to give 

<H})>(s) —< Hy» 

= —T,CyX{(0) exp (—s/tr) for s>t(Ht) , 

which is compared with Eq. (4.9) to give 

Ox ,-<1p(S) 

= Oy -arp", 70) exp (—s/t,) for s>r(H}) 


(4.17) 

because 
(Hy — <Ay)°)?>°=RT PCY . (4.18) 
Thus, the correlation function @(s) in this 


case drops exponentially to zero. 


§5. Momentum Relaxation Phenomena 


We shall next investigate momentum re- 
laxation phenomena, such as the electrical 
conduction and the friction of a Brownian 
particle in a fluid in equilibrium, which are 
the examples of historical significance in the 
statistical mechanics of transport phenomena. 

We shall tade up the electrical conduction. 
It is well-known, that, when the applied 
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constant electric field has been cut off, the 
average value of the total momentum P of the 
conduction electron system ina metal changes 
with time according to the equation 

6 iL 

Bt <P» aaa : (o.1) 
The relaxation time rt, is related with the 
electrical conductivity by the relation 

tr=(m/Ne?)o , (5.2) 

where the mass and the charge of an elect- 
ron were denoted by m and —e, respectively, 
and the number of conduction electrons in the 
metal by N, and the metal was taken to be 
a unit volume. 

We shall clarify the condition under which 
Eq. (5.1) can be justified, from the standpoint 
of our method and shall derive an expression 
for the conductivity in terms of molecular 
constants. 

The equilibrium state which the system will 
attain is described by the canonical density 
operator 

Oy=Z,'exp(—BH), (5.3) 
with 

H=H.+H,+H’ , (5.4) 

where H. and Hj, are, respectively, the Hamil- 
tonians for the conduction electrons and for 
the lattice vibrations, and H’ the interaction 
energy between them. AH. may be written 
down as 

H.= > pe}2m+U, 65.5) 
where U is the sum of the interaction energy 
between the electrons and the interaction 
energy between the electrons and the undis- 
turbed crystalline lattice. 

The average velocity of the conduction 
electron is given by 

v=<P>(b)/Nm . (5.6) 
As in the usual theory of electrical conduc- 
tion, we shall assume that the lattice vibrations 
are always in complete equilibrium and the 
electron system always keeps thermal equili- 
brium with the lattice vibrations. Then, the 
approximate expression for the initial distri- 
bution of the system in the sense stated in 
§ 3, may be given by 


p(t) =Z" 


is 2 
K exp] — a(S peste ae U++H)| ; 
(5.7) 
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which implies that the distribution of the 
electrons in the momentum space may be ap- 
proximated by a Fermi distribution the center 
of the Fermi sphere of which displaces from 
the origin by mv. Therefore, the R-factor 
defined in Eq. (3.3) is given by 

R=—P-v+(Nm/2)r? , (5.8) 
whence J- and X-factors defined in Eq. (3.10) 
be taken as 

J=P, X@O=—-v0®* (5.9) 
Thus, with the help of Eq. (3.19), we readily 
obtain 


0 
ae = —(tr-*)- <P> (5.10) 
with 
il TOP) 
(Ty Ly —— Nun \ ds 

8 ex: 

«| dk <P, Pz(stihd)y® , (gill) 
0 


where such an interval ¢ that <(P) <CZe,, 
was assumed to exist. 

In the classical limit, Z7=0, Eq. (5.11) be- 
comes 


(=P (ae ds {PyP.(s)}>® , (6.12) 
Nm 0 


where we have, for convenience, defined the 
symmetrized product {AB}=(AB + BA)/2. 
This equation may be used in order to derive 
Kirkwood’s expression for the friction con- 
stant of a Brownian particle in an equilibrium 
fluid. To do this, in the above equations, we 
have only to regard m and P as the mass 
and the momentum of the Brownian particle, 
respectively, and to take N=1. Then, He 
and H, represent the Hamiltonian of the 
Brownian particle and that of the equilibrium 
fluid, respectively, and H’ the interaction 
energy between them. Thus, we obtain, in 
an isotropic case, 
+(P) a 
c=mir,=8| ds <P,P2(s)y° (5.13) 
0 
for the friction constant € to dissipate the 
macroscopic energy of the Brownian particle 
into the random motion of the fluid. This 
expression is essentially identical with Kirk- 
wood’s” one. 
As remarked by Kubo and Tomita® in the 
case of magnetic resonance absorption, Eq. 
(5.12) holds also in the quantum-mechanical 
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system under such a condition that the energy 
differences Em—En of the various levels of 
the system connected by matrix elements of 
P should be much smaller than kT(=1/8), 
i.e., 
| Em—En|<RT . (5.14) 

Of course, P should then be treated as the 
quantum-mechanical operator and there the 
symmetrized product represents the quantum- 
mechanical counterpart of the classical one. 

Next, we shall, in such an approximation, 
deal with the electrical conductivity, which 
can, in an isotropic case, be expressed as 


ae ee ds {PzPAs)}>° . 
(5.15) 


We shall now observe that the Heisenberg 
operator F(s) of an observable F can be ex- 
panded in a Fourier series of the form, 


F(s)= > F(@) exp (tas) 


-7(P) 


(5.16) 
with 
F*(o)=F(—o) , (5.17) 
where F(w) is the matrix formed from all the 
matrix elements <m|F|n> of F which are ac- 
companied by the energy difference ha=E 
—E,. As to these harmonic components, we 
obtain the well-known relation 
{F*(o)F(o’)}>°=0 for wssw’ (5.18) 


where we have assumed that the decay time 
of the correlation function, 


V7,r(S)\=CFF(S)}° , (5.19) 
is finite. This relation means that the dif- 


ferent harmonic components are uncorrelated 
to each other. Thus, we obtain 


Vp, PAS) = x {P2*(o)Px(w) }>° exp (ios) . 

(5.20) 
It is due to the destructive interference bet- 
ween the various harmonic components oscil- 
lating with the different frequencies that the 
correlation function Yp.,p,(S) vanishes for the 
values of s greater than <(P), To obtain 
detailed informations about this situation, we 
should inspect the w-dependence of the spect- 
rum ¥p,, p,(@)= {P2*(@)P(w)}>°.. Simply, let 
us assume, however, that, similarly to the al- 
most pure random process, the spectrum ¥(o) 
is constant in such a wide region of w that 
|o|<z/c(P), that is, a white spectrum™®, 
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Then, we obtain 
6-1 =(2B/(Ne)) S| ({Pe*(@) Pw) }>°0(o) , 


(6:29) 


which is, in the second order approximation 
with respect to H’, identical with Nakano’s® 
equation, in which the asymptotic form of the 
after-effect function, Dp,, p, (t) < exp(— t/tr), 
has been taken into account, because <P,?>° 
=NmkT. As has been shown by Nakajima!” 
and Nakano», straightforward calculation of 
the expression (5.21) leads to the Bloch-Gri- 
neisen formula for the electrical conductivity 
of simple metals. 


§6. General Formulation (II)—Entropy 
Production 


As is well-known, the entropy plays an 
important part in the thermodynamical theory 
of irreversible processes!, the starting point 
of which is usually to calculate the irrever- 
sible production of entropy during the evolution 
of the irreversible process in question. The 
calculation reposes upon the acceptance of 
Gibbs’ relation for the entropy S; of each uni- 
form part of the system, 


TidS}= dE + pydVy— dur dNy', (6.1) 


where Fy is the internal energy, V; the 
volume, py the pressure, Ny’ the number of 
molecules and /;’ the chemical potential of 
the component 7 of the part. The relation 
(6.1) is thus assumed to be valid even outside 
thermal equilibrium. However, this is not yet 
justified from the molecular-theoretical point 
of view except for a particular model. 

Therefore, it is undoubtedly necessary to 
seek for a statistical-mechanical expression of 
the entropy of a non-equilibrium state, which 
may not only clarify the meaning of the as- 
sumption (6.1) but also serve to find out 
molecular expressions for kinetic coefficients. 
Although the generalized H-theorem investi- 
gated by Gibbs and others!) gave a great 
insight into the statistical mechanics of ir- 
reversible processes, many difficulties should 
be overcome until the generalized H-function 
can be taken as the entropy. Therefore, in 
this section, we shall investigate this problem 
by means of our method. 

To do this, we again consider the heat 
transfer between two subsystems at different 
temperatures already mentioned in §2. If the 
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local equilibrium is assumed at a time ¢, the 
entropy of the system at that time can be 
given by 

S@)=—k Tr o: In oe; (6.2) 
by virtue of the statistical mechanics of equili- 
brium states, where o: is the local equilibrium 
distribution (2.13). According to the assump- 
tion (A4) stated in § 2., this equation (6.2) may 
be taken at discrete values of time whose 
neighboring values are separated by the short 
time interval tr. Hence, we can obtain 


bS(0)/dt=(1/T)éE}/dt+ A/Ty)dE 1/4 , 


(6.3) 
where 0/df means the macroscopic time 
derivative defined in Eq. (2.10). Of course, 


this equation can also be obtained from the 
application of Gibbs’ equation to our system. 
In fact, Gibbs’ relation, which means that the 
entropy of the subsystem I, Sj, is supposed 
to depend explicitly only on the energy £y, 
may be regarded to be founded on the above- 
mentioned assumption (A4). 

First of all, we shall seek for such a 
statistical-mechanical expression for the en- 
tropy of the system at an arbitrary time as 
is consistent with Eqs. (6.2) and (6.3). By 
inserting Eq. (2.11) into the right-hand side of 
Eq. (6.3) and comparing thus obtained equa- 
tion with an alternative form of the left-hand 
side of Eq. (6.3), 


1 


- S(é)= a ds & Sit+s), 64) 

we can readily obtain, for s<c, 

d Stt-+) 
~ 1 4 opye+s +-fHmttts) 

Day Ss Ti ds 

(6.5) 
which is integrated to give 

S(¢+s)=—h Tr o(f+s) In ox (6.6) 


for s<t, which is consistent with Eq. (6.2). 
The local equilibrium distribution », depends 
explicitly on the time t only through the 
temperatures y(t) and Ty;:(t), which hardly 
change for the short time interval t, so that 
Eq. (6.6) can be obtained as a good approxi- 
mation of 

Sit+s)=—h Tr o(t+s) In Ot+s , (6.7) 


which is valid for an arbitrary magnitude of 
s. Thus, we find Eq. (6.7) to provide a 


A Quantum-statistical Theory of Transport Processes 


1039 


statistical-mechanical expression for the en- 
tropy of the non-equilibrium system. 

It is clear from the way of derivation that 
Eq. (6.7) is generally valid beyond a special 
example of the energy transfer between two 
subsystems, so far as the distribution g is 
chosen to be consistent with Gibbs’ relation 
corresponding to the system we are concerned 
with. 

Next, we shall demonstrate the following 
relations: 


S(tt+s)>S@), if o(f+s)2<6res 


S(t+s)=S(t), otherwise, (6.8) 
under the initial condition 
o(t)= Or . (6.9) 


The first equation of (6.8) shows that the 
value of the entropy S(f+s) will be larger at 
the later time ¢+s than at the initial time f, 
and will serve for the statistical-mechanical 
proof of the famous fact that the entropy 
production is always positive definite. More- 
over, it is worth mentioning in connection 
with (A4) in §2that Eqs. (6.8) tell us that the 
assumption of local equilibrium can at most 
be made only at the discrete values of time 
in the statistical-mechanical formulation of the 
irreversible processes. Since from Eq. (2.4) 

Tr o(f) In o(t)=Tr o(t+s) In o(t+s) , (6.10) 
we obtain, with the help of the initial condi- 
tion (6.9), 
S¢+s)—Sé) 

=k Tr o(t+s) (In o(t+s)—In pres). (6.11) 
As is easily seen from Neumann’s definition 
of density operator, a set of state vectors 
diagonalizing o(f+s) always exists so that, 
denoting the set by {|7)>}, the right-hand side 
of Eq. (6.11) can be written down as 


kX <m|ot+s)|m>(n<m| o(é+s)|m) 


—<m|In pr+s|m>) , 
where the matrix elements of operator A in 
that representation are denoted by <m|A|m)’s. 
To treat this expression, we shall first make 
use of the following lemma! concerning a 
Hermitian operator A: 


<m| In A|m>< In <m|A|m)> , (6.12) 


which is a simple consequence of a property 
of the concave function ¢(dn)=In adn , 


mean $(dn)<v(mean @n) , 
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because 


<m|A|m>= San] <nlm>|?,  Zl<alm>)?=1 


<m|InA|m>= > In dn] n|m>|? , 


where <n|m> is the matrix of the unitary 
transformation from the set {|7)>} to the set 
of the eigenvectors of A. This lemma gives 


Sé+s)—S@) 
=k > <m| o(¢+s)|m>(n<m | oé+s)|m> 


—Inim|pt+s|m>) . (6.13) 
Secondly, we make use of the following well- 
known relation: 

a(Ine—In y)—2+y>0 (6.14) 
for any pair of quantities « and y which can- 
not assume negative values and cannot equal 
each other. Hence, by subtracting 3! <m| 
o(t+s)|m> from and adding >)<m|p:+s|m> to 
the right-hand side of Eq. (6.13) we find that 
S(t+s)>S(), if o(f+s)-<0r4s. Thus, the first 
equation of Eq. (6.8) has been proved. The 
second equation can easily be obtained from 
Eq. (6.10). 

From the foregoing discussion, one may 
notice that there is an intimate relation bet- 
ween the entropy (6.7) and the generalized 
H-function. But, before going into the in- 
vestigation of the relation, we shall calculate 
the irreversible production of entropy of such 
a system that its initial distribution, 1, 
satisfys the assumptions [Al], [A2] and [A3] 
stated in §3. To do this, we may confine 
ourselves to the consideration of the temporal 
behavior of the entropy for the short time 
interval ((~t+r). For this time interval, the 
entropy (6.7) can be written, in good approxi- 
mation, as 


SG¢+s)=k Tr o(t-+s) K+C , (6.15) 
with the help of Eqs. (6.6) and (3.1), where C 
is a trivial constant term. Evidently, Eq. 
(3.6) can be applied to Eq. (6.15) to give 


= — FO asals)+C', 


which is differentiated with respect to s to 
give 


S(t+s) 


d 
a caro 


& (6.16) 
ds? (meee porns) 


for s<t, where T=1/k@ expresses the temp- 
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erature of the final equilibrium state to which 
the system approaches. Therefore, the 
macroscopic time derivative of the entropy, 
(6.4), can be written, with the help of the 
mathematical identity (3.13), as 


WO= ql 4 ¢ — = nits) (6.17) 


because of the relation 
Or,K0)=0, (6.18) 
which is readily obtained from Eq. (3.7C). 
By the use of Eq. (3.10), the function Opz 
(s) can be written in terms of the fluxes Jn’s 
as follows: 


Dzids)= SiS Or,,15(8) Xn) Xe(O), (6.19) 


where X;,(t)’s are parameters characterizing 
the macroscopic state of the system at the 
time ¢. Now, we define a decay time t(J/n,Jx) 
in which the function Qy,,,3,(s) effectively 
vanishes out, that is, 
95-7,(s\0 for’ si>cjinlen, at 62® 
which, as already stated in §3., may repre- 
sent the basic idea of molecular chaos. By 
introducing the largest value of t(Jn, Jz)’s (h, 
k=1---n),t-, we then obtain 
On2Xs)~0 for s>te, (GAD 
which leads to a remarkable conclusion that, 
if the coarse-graining assumption (6.9) is made 
at the initial time ¢, the acceleration of the 
entropy S(t+s) will effectively vanish in the 
time te in the case of t;<t;. 


Now, we shall assume, in accordance with 
Ba. (3.48). that 


Te<t<t, . (6.22) 
Then, by substituting Eq. (3.10) into the left 


R of Eq. (6.17), the entropy production is to 
be written as 


0 1 
a Sad ((Jn)) Xn=0 (6.23) 


with 


m=\" ds D5, ,2(S), (6.24) 


which may by regarded as a kind of average 
value of the dynamical flux j;. It is a direct 
consequence of Eq. (6.8) that the value of 
dS(t)/dt should always be non-negative. One 
may notice that Eq. (6.23) has the same 
standard form as the entropy production in 
the thermodynamical theory of irreversible 
processes'». Hence, we find that ((J,)) and 
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Xn are, respectively, the conjugated thermo- 
dynamic fluxes and forces. Substitution of 
Eq. (3.10) into Eq. (6.24) thus gives the linear 
relations, 


(J))= 3 LU IX), (H=1---0) 


(6.25) 
with 


Eel j= \"As O 54 3,(s) (6.26 A) 


= as\ OA < J, exp (—AA ) fils) 
xexp (AH)»° , (6.26B) 


which provides quantum-statistical expressions 
for the phenomenological coefficients in the 
thermodynamics. To state a symmetry pro- 
perty of (Jn, Jz) briefly, we now suppose that 
any enternal magnetic field is not applied to 
our system, so that the Hamiltonian H and 


also H in g are invariant to the reversal of 
the direction of the time axis. Therefore, if 
F and G change their sign (then being called 
odd variables) or remain invariant (even 
variables) with the reversal of time, we have, 
as prove by Kubo and Tomita® in the case of 
the magnetic relaxation function, 


Ov os)=€Er.c Or,g(—S) (6.27) 
with 


1, if F and G are the same kind 
of variables 


Cre= 
otherwise. 


Sib 
Combining with (3.7C), we thus obtain 
Or, AS)=€Ere De,r(S) (6.28) 


which is applied to Eq. (6.26) to give the 
Onsager reciprocal relations 


LG, Je =€7,; 3, Le Jn: (6.29) 


Thus, we see that the quantum-statistical 
expression (6.7) for the entropy of the non- 
equilibrium system may provide a microscopic 
basis for the thermodynamics of irreversible 
processes’). 

Now, we turn to discussion of a relation of 
the expression (6.7) to the generalized H- 
theorem. For brevity, we again take up the 
energy transfer between two sub-systems as 
in the beginning of this section. Then, de- 
noting the set of the simultaneous eigen- 
vectors of Hy and Hy by {\m>}, Eq. (6.7) 
can be written as 
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S(it+s)=—k py <m|(t+s)|m> In Pm(t+s) 


(6.30) 
with 
Pnif)=<m | 0: |m> 
2 1a pe Eq” 

=Z ‘exp( — ae ete ) 6.31 
PEROT SGN) 
where Ey” and Ey” are the eigenvalues of 
Hy and Hy, respectively. Pn(t) may be re- 
garded as the coarse-grained probability in 
the sense of Gibbs! even if the original 
definition is done in a manner somewhat dif- 
ferent from ours. By the use of the coarse- 
grained probability, the H-function (x(—R)) is 

usually defined as 
S(t+s)= —k DS Pn(t+s) In Prlt+s) ; (6.32) 


which is never equal to Eq. (6.30). We find, 
however, that, in the derivation of the H- 
theorem, not Eq. (6.32) but Eq. (6.30) is al- 
ways used. Eq. (6.30) has the essential 
connection with the generalized H-theorem, so 
that the relations (6.8) may be regarded only 
as a direct consequence of the H-theorem. But, 
the representation diagonalizing p:+s does not 
generally remain invariant with the lapse of 
time, and in such a case the usual method of 
proof of the H-theorem cannot be applied to 
Eq. (6.7). On the countrary, the above method 
may be more general and just fit for Eq. 
(6.7). The inequality (6.12) corresponds to the 
Klein lemma’®) and therefore represents the 
quantum effect which is usually called the 
quantum-mechanical spreading of fine-grained 
probability. It is well-known that the ine- 
quality (6.14) means the inhomogenous re- 
distribution of fine-grained probability which 
is also present in the classical statistisc. 


Cross-phenomena between Electrical 
and Thermal Conduction 

When the electrical and thermal conduction 
occur simultaneously, they interfere with each 
other and give rise to new effects, that is, 
the thermoelectric effects. Then, the averages 
of the electric and heat current densities are 
given, respectively, by2))) 


- ‘ae ps pl 
ARLES T#\4 sm pr 
jas (Hn (B+ ? aie 7 


§1. 


= TE jh 1 
= So ER poet \ tS) al 
q=S (n( E+ 3 V r)t (A) rad 


(7.1) 
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where —e is the charge of an electron, # 
the applied electric field, M the external 
magnetic field, 7 the local temperature and yz 
the local chemical potential. The coefficients 
satisfy the symmetry relations 


Sy PT) = Sy2O(— HH), Sey) = Sy 2 (— BH) 
SEO eS — Sy2(— H) (Hed) 


which represent the Onsager reciprocal rela- 
tion. These phenomena have always served 
as touchstones for the various theories of 
irreversible phenomena. For this reason and 
also because of the particular importance of 
the phenomena in question, we shall here re- 
formulate the equation (7.1) to find quantum- 
statistical expressions for the kinetic coefficients 
by means of the method stated in the preced- 
ing section. 

For brevity, let us suppose the applied 
electric field to have been cut off. The local 
equilibrium distribution of the system may 
then be given by 


0:=Z-! exp (= ac (2402) — sly) dx) : 


(ies) 
where n(x) is the local number density of 
conduction electrons and A(x)=1/kT(x). H(x) 
is the sum of the local energy density of con: 
duction electrons and that of lattice vibrations. 
We have here assumed that the electron 
system locally keeps thermal equilibrium with 
lattice vibrations. Therefore, if the coarse- 
graining procedure (6.9) is made at the initial 
time ¢, the assumption [Al] stated in §3 is 
satisfied. The equilibrium distribution of the 
system is given by 


Oo=Z) exp(—f(H—vN)) , (7.4) 


where H is the total Hamiltonian of the sys- 
tem, N the total number of electrons. Hence, 
the R-factor, 


— \ca — 8(x)/(8)H() 
—(4— B(x) 4(x)/B) n(x)}dx , (7.9) 


satisfies the assumption [A2], so far as the 
system is departing but slightly from the 
equilibrium. 

In order to find the conjugated dynamical 
fluxes and thermodynamic forces of the sys- 
tem, we shall first notice the equation of 


continuity and the law of conservation of 
energy, 
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n(x)=(1/e)7 -j(x) 

A(x)=—p-(q(x)+q"(x)) , 
where q’ is the heat current density of lattice 
vibrations and will hereafter be neglected be- 
cause it is usually very small in comparison 
with the heat current density of electrons, q. 
From the definition of R, (3.9), we thus obtain 


R=\(—a(x)- FT +e) pf dx (7.7) 


(7.6) 


For simplicity, we shall now suppose that the 
gradients of the temperature and the chemical 
potential are almost uniform. Then, Eq. (7.7) 
can be written as 


: i TE veph 
=—Q- T+J- a 7.8 
kR=—-Q ad ili d kept (7.8) 
which gives 
eT, Q 
IP’ np 1 
Xn=— —pT ; 
RoW aaee (7.9) 
for the conjugated dynamical fluxes and 


thermodynamic forces. Here, J and Q are, 
respectively, the total electric current and 
the total heat current, being expressed as 


J=—(e/m) Di 


(7.10) 


where, in the second expression, the terms 
due to the interaction between electrons are 


neglected as usual. Thus, from Eq. (6.25), 
we obtain 
(N)=LU, I)-t-p # — 10, g)- Ap 
é VT Th 
paaae) ae LU 
((Q))=L@Q, J): relia LQ, Q): rl yT 
TAL} 


for the thermodynamic fluxes corresponding 
to the dynamical fluxes J and Q. These 
equations are compared with Eqs. (ALS to 
give 


Sey (HH) = i ds\" d2<JuJ{s-+ibayy 
Sey (HH) =a| ‘asl AK QuIe(s+iha)y® 
Say) = \as)" aagats-+inayy® (7.12) 


Sey OED) =—\"as\"ai QuQe(s-Hiha)>® 
0 0 
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with the help of Eq. (6.26), where the system 
was taken to be a unit volume. The right- 
hand sides of Eqs. (7.12) satisfy the symmetry 
relations (7.2) as a direct consequence of Eq. 
(6.29) or that of the straightforward extention 
of it to the system in the external magnetic 
field. Eqs. (7.12) provide the molecular ex- 
pressions for the various kinetic coefficients 
of thermoelectric phenomena. The definition 
of the time interval te is evident from Eq. 
(6.20). Similar results to Eqs. (7.12) have 
been obtained by Kubo, Yokota and Hashi- 
tsume2 independently from the author by 
means of a new method. 

S®(H) is nothing but the electrical conduc- 
tivity and becomes identical with Nakano’s 
expression 


ce B 
ad as| AR < Jy Jelstihayy®, (7.13) 
0 0 


if t. is extended to the infinity by taking into 
account that, for values of s greater than Te, 
the integrand vanishes out. A way of deriv- 
ing the alternative expression (5.11) for the 
electrical conductivity from this equation is 
as follows. For simplicity, let us consider an 
isotropic case. Since 0;,, 7,(0)=0, we obtain 


8 
Dr, J,(S)= Os.» 14(0)-| G=s107., T(S) ds’ 
0 
7(P 


2 Oe s| Digs 54(8)ds’ 


0 

for c,>s>t(P). If the after-effect function 
Os, 7,(8) can be described in terms of one 
relaxation time, tr, aS usual®, that is, 


95,5 5,(5)=9s,) (0) EXP (—s/tr) 
or  SS6U2) y 


we readily obtain, by making a comparison 
between the two above equations at such a 


time s that (P)<s<t,, 
w= (Ne het as\" dic Je Jefe ina)»” 
2 Ne? 0 0 
(7.15) 


which provides Eq. (5.15). Eq. (7.14) may be 
equivalent to Eq.(5.1) and hence the acceptance 
of it may correspond to the procedure that 
approximation (5.7) is made at discrete values 
of time whose neighboring values are separated 
by such a time interval t that t(P)<r<te. 
Moreover, both te and t, are of the order of 
magnitude of the mean free time of electrons. 


(7.14) 


A Quantum-statistical Theory of Transport Processes 


1043 


$8. Summary and Some Remarks 


In our formulation of the quantum-statisti- 
cal theory of transport processes, our parti- 
cular intention was to establish the fluctuation- 
dissipation theorem which relates kinetic 
coefficiens, such as the coefficients of heat 
conductivity and viscosity, with the equilibrium 
fluctuation of the system in question. This 
was done by investigating the time behavior 
of the system for the short time interval 
under the condition that the initial distribu- 
tion can be approximated by such a distribu- 
tion as satisfies the assumptions [Ai], [A2] 
and [A3] characterizing the macroscopic state 
of the system. Thus, the macroscopic time 
derivative (3.12) led to the phenomenological 
equation of motion (3.19), which provided the 
molecular expressions for the kinetic coeffi- 
cients. The quantum-statistical expressin (6.7) 
for the entropy of the non-equilibrium sytem 
was shown to lead to the entropy production 
(6.23), which gave a molecular basis for the 
thermodynamics of irreversible processes. 
Thus, Eq. (6.26) served for the general proof 
of the fluctuation-dissipation theorem. 

This approach can readily be carried out 
for any linear dissipative processes, even if 
the suitable initial distribution is found out. 
For example, for the transport phonomena in 
liquid, we can take as 


K=\ so Ee) +20)-¥ picoyn'(e) SAV , 


which is consistent with Gibbs’ relation (6.1). 
But, in this case, we are usually concerned 
with the “local” entropy», which is of 
particular convenience in discussing the vis- 
cous flow. The detailed analysis will be 
postponed for later article, but it is here 
worth while to state the results briefly. It 
tells us that the coefficients of shear and bulk 
viscosities of an isotropic liquid are, re- 
spectively, given by 


1 =Ney;cy (w<y) 


4 
b= Naz;22— 3 im) 


where 
co B ‘ 
reviews as| AR tryTe'y(Stina)y? 
a J-o 


0 
with 


-(pipi—<pidi>”) 
j=1 Mi 


LSS (ry Fir) » 
aig 
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where rij=xi—x;, and Fi; is the intermole- 
cular force exerted on the 7-th molecule by the 
j-th molecule. This equation can be applied 
to the quantum gases to give results consistent 
with Chapman and Enskog’s theory in the 
high temperature and with Tomonaga’s”) re- 
sults for the extremely degenerate Fermi gas, 
as will be given in subsequent paper by H. 
Nishimura and the author. 

The present theory is based on the repeated 
use of the coarse-graining assumption (6.9) 
after each of a long succession of short time 
intervals. Therefore, it must be desirable to 
justify this procedure from a more funda- 
mental basis. Van Hove) has recently pre- 
sented an approach to such a problem for 
quantum-mechanical systems whose approach 
to equilibrium is produced by a perturbation, 
which may require a further investigation. 
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Non-additive Intermolecular Potential in Gases 


I. van der Waals Interactions 


By Yukio MIDZUNO and Taro KIHARA 
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The potential energy of van der Waals interactions between three 
spherically symmetric atoms at large separations has been investigated 


both by perturbation theory and by variation method. 


Without using 


any particular atomic models the van der Waals interaction is derived, 
from second- and third-order perturbations, in the form 


= Pag 127 © — 14937237 © — 31731 - 8+ YM 12723731) -3(3 COS 61 COS 62 COS 63+ Ds 


where 7;; is the distance between ith and jth atoms, 6;’s are inner 


angles of a triangle formed by the three atoms. 


An approximate rela- 


tion between yp and » is found by variation method: 


_ 2RiRpR3(Ri-+R2+R3) 


ere he, Fis Fae 


in which il 1 


f310%2 
a; being the polarizability of the 7th atom. 
identical the relation reduces to 4y=3ayp. 


1 
=m CLC... 
(42341 


In case three atoms are 
The accuracy of this simple 


relation is sufficient; for example the error is 1.8% for atomic hydrogen. 
The relation will be applied in a subsequent paper to the equation of 


state of rare gases. 


Introduction 


1. 

The intermolecular potential is usually as- 
sumed to be additive. It was recently shown, 
however, that the potential may not be con- 
sidered to be strictly additive. Hence it is 
desired to treat many-molecule systems without 
postulating potential additivity. 

The simplest system for which the non- 
additivity of the intermolecular potential plays 
a role is a system composed of three rare-gas 
atoms, which we will treat. In the present 
paper van der Waals interactions for a system 
of three distant atoms are considered both by 
perturbation theory and by variation method. 
The result will be applied, in the next paper, 
to the third cluster integral of gases. 

The intermolecular potential derived from 
second-order perturbation, which was_ first 
given by F. London, is additive. The poten- 
tial from third-order perturbation is a non- 
additive correction and was first calculated by 
Y. Muto® and by Axilrod and Teller» both 
for a simplified atomic model. It is important 
to note that the assumption we make in the 
present paper is only the spherical symmetry 
of atoms. 


§2. Perturbation Theory 


Let us consider a system composed of three 
spherically symmetric neutral atoms located 
at m,% andr3. Let mj=|ri—rj|. Each atom 
is assumed to be sufficiently separated from 
another so that only dipole interactions should 
be considered as the origin of intermolecular 
forces. 

Under this assumption the total Hamiltonian 
of the system is divided into two parts, 

H=H* bp] s ae 
with the unperturbed Hamiltonian H° for 
three independent atoms and the interaction J 
which can be treated as a small perturbation. 
The interaction J is a sum of three dipole- 
dipole interactions between pairs: 


J=J12)+f(23)+ J) . 


The first term, for example, is given by 
J(12)=pQ)-T12)-p(2) , 


1 —3e}2€12 
TU2)=—S2e2 
Ny2 
hist 
A= a? > 
T12 


where p(z) is the electric dipole of ith atom 
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at ri. 

Let us denote by En» the eigenvalues of H°, 
E, being the unperturbed energy of the ground 
state, and denote by Jnm the mm matrix 
element of J in the representation in which 
H°® is diagonal, Endnm. Then the energy W 
of the ground state is given, up to the third- 
order perturbation, by 


W= E,+ Walnie, 723, ¥31) + Wa(i2, 723; 731) » 


(2) 
— sy SonJno_ 
ah og rs om (3) 
Wiz Sy Lordnmbmo (4) 


n,m=0 (Esa Vlas aa) : 
where use has been made of the fact that Joo 
vanishes. 
The unperturbed Hamiltonian H® is a sum 
of three parts 


Sy yy Pooll): £02) -Dool2)poo(2): 


o, o, TX0 


where 


Y. MipzuNo and T. KIHARA 


[4,(1)+4.(2)][4,(1) + 4,(3)] 


(Volar 


H°=H(1)+A(2)+HA(8) , 
H(i) being the Hamiltonian for the 7th mole- 
cule. Let €,(1), €c(2) and &,(3) be eigenvalues 
of H(1), H(2) and H(3) respectively, €o() being 
the unperturbed energy of the ground state 
of the 7th atom, so that 
En=6€p(1)+€o(2)+ (3) 
for n=(p, 0,7), in particular 
Ey= €9(1) + €o(2) + €(3) . 
The pot, o’o’t’ matrix element of J vanishes 
unless 


p=). 02e0"», tat 
or p2<0', 0=0', T35t’ 
or o2<0, O2<0', T=T’. 


Therefore, the third-order perturbation W3; is 
a sum of six terms of the type 


T( 23): Por(3)pro(3)- T(31) -Dpo(1) 


> 


A(t) =Eo(¢)—Ep(2) « 


In this expression 3” poo(2)pco(2), summed over an orthonormal set which spans an irreducible 
representation space of the rotation group, is rotation invariant, i.e. unit tensor times 
*"Proo(2)pzo0(2), Pe indicating the zcomponent of p. Taking this fact into account we can 
reduce the expression to 


|Dzoo(1)|*|Pzoo(2)|?|Pzor(3)|? 


pe teo" [dp(1)+4o(2)][4,1) + 4,(3)] trace T(12)- 723) -FoL: 


Here the trace can be evaluated as follows 
trace T(12)-7(23)-7(31) 
= (712%23731) ° trace fe —3€2€12) : d — 3€23€23) § dd —3e31€31)] 


= 3(1127237s1)>[—2+ 34 (e531 12)? + (E12 €03)?-+ (€23*€31)?} 
—9(E12 *€23)(€23 : €31)(€31 : e12)| 


= 3(112123731) °(3 COS 8; CoS 8, cos O3+1) . 
Here 4, 02,4; are inner angles of the triangle formed by the three atoms, for example, 
COS 01 = —€31-€12= (731? + 42? — 193?) /27 31719 , 
and use has been made of the relation 
Cos”; + cos, + cos?03=1—2 cos 4; cos 92 cos 63 . 
Thus we obtain finally 


Ws(r12, 23, 31) =»(T12%237s1)~°(3 COS 81 COS O2 COS @3+1) 


with es. 
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1 


Y=0 > > 


3P2 cre TW TC RTNED Oy a PEE SECVP ROER EO) 


poeeert LWT! zon 
[4.(2)+4,(3)] [4-(3)+4,(1)] 


or 


| beoo(L)|PiBeoe(2)I*bao(3)|* 


yn12 SS yy Met de(2)+4-(3)] | a0p(1)l?[Droo(2)l*1Deor(3)1 


po, TO 


As regards W, the calculation is much 
simpler; the result being 


W2(ri2, Y23, ¥31) = — La" 12" ° — Le3a%23 °— L331 ie ae 


(6) 
where, for example, 
= |Prop(1)|*|Pzoo(2) |” 
HO 2s Ag) do(2) 


This relationship was given by F. London. 

The intermolecular potential W2 from the 
second-order perturbation is additive; the 
potential W, from the third-order perturbation 
is a non-additive correction, which is positive 
(repulsive) for Max (91, 92, 93)<117° and nega- 
tive (attractive) for Max (1, 92, 63) >126°. 

In the particular case of a system of three 
harmonic oscillators with angular frequencies 
wi, the matrix elements Proo(?) vanish except 
the 01 element pPzoilZ), for which 4,()=hoi, 
2nh being Planck’s constant @=1, Dy 3) 
Hence 

_ 2 (pL)? )oo(P(2)”)o0 
ee orto.) 
Ve a Orr Ors | 
~ 9 Ka, + 02)(@2t s)(@st or) 
x (p(1)”)oo(P(2)”)00( P(3)7)o0 
where use has been made of the relationship 
(p\00= 3(Pz”)oo- 

For a harmonic oscillator with mass m, charge 
e and angular frequency , (p*)oo is given by 
3he?/2mwH, which is 3hw/2 times the polariz- 
ability a=e?/mw?. We can therefore eliminate 
» from the above expressions by use of the 
relation 


yv 


2 
Spel Joo ; 
2, a 
obtaining 
La2= Renee A\A, ; Ci) 


[4,(1) +40(2)][4o(2)-+4,(3)][4;(3)+4,(1)] 


52 (m+ +73) M273 
(1+ 72)(72+ 73)(73-+ 7) 
in which 


(8) 


QA1A2A3, 


Ti=(P(t)?)o0/a@i « 
In case three atoms are identical, the energy 
of the ground state is of the form 


W=Eo— (M12 2 +7038 +1317 *) 
+Y(112%23731)° (3 COS A, COS G2 COS 3-++1) . 
(9) 
For a system of three identical harmonic os- 
cillators we have 


w= ae o0 (10) 
: (11) 


as 8 a*( p*)oo ’ 


from which we obtain a very simple relation 
Al STUD: 2 (12) 

The relations (7), (8), (10), (11), and (12) 
contain no model constant of the harmonic 
oscillator. In fact it can be shown that these 
relations hold for rare-gas atoms with the ac- 
curacy of the variation method. Details will 
be given in the next section. 

It is to be noted that Y. Muto” derived 
the relation (9) with “=(3/Dhoa?, v=(9/16 hoa? 
for harmonic oscillator model and Axilrod®? 
derived (9) with “=(3/4) Via?, v=(9/16) Vie® for 
a particular atomic model with the ionization 
potential V;. From these relations follows 4v 
—3ap at once. The point which the present 
authors emphasize is that the relations (9) and 
(12) hold for any spherically symmetrical atom, 
the former exactly, the latter accurately 
enough. 


§3. Variation Method 

For the purpose of evaluating the energy 
W of the ground state, variation method is 
usually more convenient than the perturbation 
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method. A theorem will be first shown. 

For a system of three identical harmonic 
oscillators the ground-state energy W given 
by (2) coincides, up to the term proportional 
to the cube of the interaction J, with the 
result of variation calculation by use of the 
simplest trial function 


p=(1+Alf)do. (13) 
Here ¢ is the unperturbed eigenfunction of 
the ground state and A is the variation para- 
meter assumed to be real. 

In general, an upper limit for the ground- 
state energy obtainable with this trial function 
is given by the minimum of the expectation 
value of the Hamiltonian (1) for function ¢: 


[1+ AJ )EP+J)\ 1+ AJ)]oo/[L+ AJ Joo « 


This expression becomes, since Jy=0, (H°J)oo 
= (JH) 9= 0 and EOE E 5 


[Eo +2A(J*)o0+ AXJ HJ )o0t+ AS *)ool 
[1+ A*(J?)oo] , 


which is equal, up to the term proportional 
LOM tO 


Lu +2A(J*)oo 
— A*[E(J*)oo—(J 2° J) 00 —( Jo] 


This takes a minimum with respect to vari- 
ation of A when 


A= (J*)oo/LEo( J*)00— (J H° J oo —(J*)oo| ? 


the minimum being 


Byes See Aiton a 
Eg J?)0—(J HD )00—(J*)oc 


This is equal, up to the term of TEN 


fete Al [Teal oo 
Ev J*)oo-FA'J)o0 [Eo J?) 0—(JH°J)ool? 
(14) 
It is easy to see that the expression (14) 
coincides with (2) for a system of three iden- 
tical harmonic oscillators. Thus, for this 
particular system the lowest upper limit for 
the ground-state energy obtainable with (13) 
is exact up to the term corresponding to the 
third-order perturbation. It is therefore 
reasonable to adopt the trial function (13) also 
for real systems composed of identical mole- 
cules. 
It will be shown in the following, by use of 
the trial function (13) and the expression (14), 
that the relations (10) and (12): 


4y=3ap, 271=a(p)y (15) 


Y. MIDZUNO and T. KIHARA 


(Volley) 


hold for spherically symmetric atoms with 
accuracy of the variation method. 
we must first calculate 


(JEP J)oo= (J (12)? J(12))00 
+(J(23)H°J(23))o9 (J (31) API (31))o0 5 
in which, for example , 
(J(12)H° J(12))oo 
= (J(12)H(1) J (12))o0+ (J 12) (2) J (12) 00 
+(J(12)H(3)J(12))oo - 
The right-hand side of 
(J12)H (VI 2))o0 
= (p(2):T(12)-p(1)H1)p1)- T12) -p(2))oo 
can be transformed, by virtue of the spheri- 
cal symmetry of the operator H(1), into 
rE p(2)- T(12)-pQ)p): T.12)-p(2))oo 
Here & is the unperturbed energy of the 
ground state of an atom, 3&)=E); the coef- 
ficient « is a dimensionless constant of the 
atom. We thus obtain 


(J(12)H (1) J(12))oo= KEo(J(12)*)o0 , 
furthermore 


(J12)H°J (12) )oo= (2 +1)Eo(J(12)")o0 » 


and finally (JH°J)o9=(2«*+1)€o(J)o0 « (16) 
Substituting (16) into (14) we have 
36+ (fo _ 4 __(J*oo (17) 


2(1—)&> * [21—x)Eo]? ” 
The matrix element (J*)oo and (J%)o9 can be 


calculated in the same way as in the preceding 
section, the results being 


(Too == [(D)o0]*(r1a-8 + rag-8 + rar) , 


(J*) 00 = = [(P el iaresrny? 


X(3 COs 4; COS O2 COS 63+1) , 


(p=|p|). Substituting these expressions into 
(17) we obtain the expression (9) with 
i 1 [(D*)o0]* yp (le [(D*)ool® 
3 (1—«)€,’ 6 [(l—n)&,]? * 

(18) 
In order to obtain (15), therefore, we need 
only to prove that the polarizability @ of an 
atom is given by 


2 (b?)oo 


[02a 

The Hamiltonian of an atom in an electric 
field F is given by H(1)+F-p. By use of a 
trial function similar to (13) the energy gained 


(19) 
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Table I. 
1 ee ae : eses os @ Not q Peres 
He 0.201 A’ — 1.9x10-® cm? ILsBisyseil)= rene, A’ 0.156 x 10-1 erg A® ; 
Ne 0.390 — 7.2 529) d.5 
A 1.62 —19.4 1558 12.8 
Kr 2.46 — 28 23 28 
Xe 3.99 —43 35 70 
by the interaction with the field is given by  (f(2)=|p(2)|) gives 
[(F'-pp- Foo)” ps Hopi Selva: specu mee ey, 
&\(F-pp-F)oo—(F-pH\)p-F oo tas Hieetategt ees oie 
This expression is calculated, since From these values follow 
(F-pH(1)p- F)9= *E€o F' pp: F)oo Ay _ 268 2h melts 
and 8a 273 QP) 117° 
i ; Hence the accuracy of the relations 4y=3ay 
(F-pp- ed. Sep rhe tare = : : 
F-pp F)oo 3 OT a ed and 2=a(p)o) is very high at least for hydro- 
fe be gen atoms. 
(p?) We have been considering a system of 
NAW pe three identical atoms. With regard to a sys- 
30 — —K)Eo 


from which (19) follows. 

For rare-gas atoms (p”)y, can be evaluated 
from observed values of molar diamagnetic 
susceptibility xmo1 by use of the relation 


(D*)oo » 


peti Se Ce 


where m, is the electron mass, c light velo- 
city, L=6.0x10”8. Observed values of @ and 
% together with the derived values of aso 
and yw are given in Table I. 

For: atomic hydrogen 


epee eo), = 30d, =O, 
2a 
where e is the electron charge and a is the 


Bohr radius. 
Substituting these expressions into (18) and 
(19) we have 
u=6e7a), 
A higher approximation by use of the trial 
function 
g=f1+AJ+B 
« {(p(1) +P(2)) J (12) + (b(2) + PB))J (23) 
+(p(3)+p0))J(3)) 140 


yv=18ea,°, a=4a,*. 


tem of unlike atoms we can similarly show 
that the relations (7) and (8) hold for any 
spherically symmetric atoms in the accuracy of 
the variation by use of the trial function 


p= [1+ AJ(12)+ BJ(23)+CJ31)Iho 
with three variation parameters. The generali- 
zation of the relation 4v=3 ay is 
2RiR2R(RitR2+Rs) 
~ (Ri + Rs)(Rat+Rs(Rs+Ri) ’ 


in which 
1 i 
dogs “estes Se eee EL 
Ry, Lira [312 Lo3Q) 
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II. 


Cluster Integrals 
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The van der Waals interaction discussed in Part I are applied to the 


equation of state of rare gases. 
identical atoms is assumed to be 


The potential energy between three 


U (riz, 723, 731) = U (112) + U (723) + U (131) + v (112723731) ~3(3 COS 61 COS 62 COS 3-+1). 


Here 75 is the distance between ith and jth atoms, 6;’s are inner 
angles of the triangle formed by the three atoms, and 


U(r) =hr-12— pr-8 , 


Use is made of a relation proved in Part I, 4y=3au, in which « is the 


polarizability. 


For this model of the intermolecular potential we have 
calculated the third cluster integral including quantum effect. 


By virtue 


of the non-additive part of the intermolecular potential agreement be- 
tween observed and calculated values is very good. 


Introduction 


§1. 


The equation of state of gases may be ex- 
pressed in terms of cluster integrals b; by 


Po=kT(1 shat ea emt a -) 
Vv v 


or 


—b, 5b,?— 263 
Po=kT(1 + P ie ee 
Here P is the pressure, v the volume per 
molecule, k the Boltzmann constant, 7 the 
temperature, and 0,’s are functions of the 
temperature. The second cluster integral b, 
depends on the intermolecular potential be- 
tween two molecules; the third cluster integral 
b; refers to the potential between three 
molecules. 

For practical calculation of the third cluster 
integral we have been assuming that the in- 
termolecular potential be strictly additive, 
namely that the potential energy of a three- 
molecule system be equal to a sum of three 
potential energies between pairs. However, 
since there is a small disagreement between 
calculated and observed third cluster integrals 
an investigation of the effect of non-additivity 
is desired. 

The non-additivity of the van der Waals 
interaction between three molecules was dis- 
cussed in a previous article. The aim of 
the present paper is to apply the result to 
the third cluster integral of single-component 
rare gases. 


peal 


§2. Intermolecular Potential 


Taking account of the fact that the negative 
potential energy between two molecules at a 
large separation is proportional to the sixth 
power of the distance, the intermolecular 
potential is usually assumed in the form 


Un=Ar-?— pr , Gl) 
Here r is the intermolecular distance, 2 and 


“ are molecular constants. We also adopt 
this potential function for two-molecule 
systems. 

The potential energy for a system of three 
molecules is then of the form 


U(nie, 123, 731) = U(ty2) + U (123) 

+ U(7s1)+U(Niz, %23, 731) (2) 
rij being the distance between ith and jth 
molecules. The last term (712, 723, 731) indicates 
the effect of the potential non-additivity. It 
is expressed, at large separations at least, 
in the form 

U(Ni2, Y235 131) 
= (112123731) °(3 Cos 8; Cos A, cos 03+1), G33) 
where 4,,42,0; are inner angles of the triangle 
formed by the three molecules, and »y is 
another constant. We assume this relation for 
all separations, not only for large separations. 


Between and » there exist a simple and 


useful relationship 
4y=3aun , (4) 


a being the polarizability of the molecule. 
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The molecular constant 2 and y can be 
determined from analysis of observed values 


for the second cluster integral. The other DO as ua bO+ (a et 


pressed in the form of series in h?/4mkT, 


costant » will be calculated with the help of mkT 4mkT 
(4) and by use of observed values of the (5) 
polarizability. 


where 2zh is Planck’s constant, m the mass 
of a molecule. 
The first four terms of the second cluster 
Excepting the case of helium at very low integral are”, for the intermolecular potential 
temperatures the cluster integrais are ex- (1), 


§3. Cluster Integrals 


aN 7 2i—-1 \ at 
8) Sra) 
: 6 \RT ar 4 Ae 


1/12 © = — 
LES ae anes 


Gane t=0 3 12 al” 
oe tHe \718 = 30240? +4728 t+-767 r( ae 
4 6 er ) ish 30 ee eee 
See EP ee = 5356825 + 3032162? + 491076¢+ 180615 Finch ole 
: --=(7,) = 70 4 fii? 


where 


Ca 
Ri NA 


The classical limit of the third cluster integral is given by 


2 UG, Vas, 7: U(r) U(72s) 
srt fle an 


T 
—exp( — ee) ) +2 Jrsrorndriadrndre : 


where the integral is to be taken over all values of 712, %23, %31, which form three sides of 
a triangle. We expand it into a series nT 


1 = (6s) -0 (FE ) ARAL 5 (6) 
OVE 6 


in which 
(B30) y=0 = \\ | [f (nz, 723, 731) —f(riz) —f (123) —f(731) 112% 2373112230731 ; 
fin=exp[—U(n/kT]—1 , 


U(r12) + U(r23) + U(ra1) 
I ni2, Y235 731) = €Xp |- (Pas): ie oS in 


and 
BOSON ANN \ exp| 2 U(ri2) + Urs) + Balas 8 COS 2.008 O51 iy, dp sdrs, 
Ov en ok. kT (112%23%31)” 
Higher terms in the series expansion can be neglected except at very low temperatures. 
Each term in (6) can be expanded in y. For the first term 


2 \'i22 ; 
(b,), <9 =(7- mi Gy ; 


in which 
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1 fl 


Gi=tn| | CrEndydée ’ 
1=§ 


0 


1 Peet edits 
CHEF r( 7 )isére<iaye 0/2 <6] for fal, 
Cry [E- in £494 In 74 (6) In (129) . 


For the second term 


in which 


i= es 1 r Taal ale (6>*(12)-@t+/4 3 COS 9; cos O» cos Var ge F 
3 ft! 4 0 Ji-€ aig 


Here the bracket notation has been used in the sense 
M=1+o*+y-% 


The values of G; and H; obtained by numerical integrations are given in Table I. 


As regards the quantum correction 6; we obtain 


1/3 © 
Os) vn0= (7 ) Shy, 


(Vol. 11, 


kT t=0 
in which 
2 — 1 1 
po hr =i | {(3¢+4)(34—2)[12, 12)<12>2-#9/0-246)*— <6] 
: Of Jd 

—64(3t—2)[<12, 6><12y2-8/8-16)*-1_ 6] 
+ 94(t—L[K6, 612) 2-89/46>'-2— 6) }Endnd é 

xl OmAe bo + Ci/amkT) By - ° 


Os 


Fig. 1. The third integral of helium. 


Here another bracket notation has been used The values of J; are also given in Table I. 


in the sense The third cluster integral 


(a, b>=<a+b+2> 
. 0b, | 

HELEN Le a/A b-[ oe) | 

poCmeee sd) 2) 722214 


$ (Ey Bf E02) E24 DY +] gua OP D-0t 
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O 100 200 300 


200 300 400 500 
Fig. 3. The third cluster integral of argon. 


can be approximated, excepting the case of 
helium at very low temperatures, by a sum 
of three terms calculated above. 


§ 4. Comparison with Experiment 

Comparing the calculated and observed 
second cluster integral (given in Table I]) we 
can determine two parameters 2 and yw of the 
intermolecular potential (1). This potential 
can be rewritten in the form 


Kr 


a (ize 
OK Sa 


-4 
300 400 500 600 


Fig. 4. The third cluster integral of krypton. 


-10 
300 400 500 600 
Fig. 5. The third cluster integral of xenon, 
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Table II. Observed values of the second and 


third cluster integrals. 


b3 x 10-3 Aé Reference 


SENSE by A$ 

He 20.35 + 4.6 —0.52 a 
65.15 — 15.6 +0.14 
90.15 — 17.6 +0.37 
123 — 18.9 +0.45 
173 — 19.8 +0.52 
223 — 19.8 +0.53 
273 = ID.7 +0.67 b 
323 = IL +0.64 
373 — 18.8 +0.58 
423 — 18.4 +0.53 

Ne 65.2 + 34.8 =F 1 {65 Cc 
90.6 + 13.6 —0.24 
123 = OZ —0.30 
N73 — 10.7 —0.05 
223 — 15.1 +0.14 
273 — 17.7 +0.28 
373 — 19.7 
473 — 21.7 
573 — 22.8 
673 — 22.8 

A 173 +106.8 be c 
223 + 62.7 +5.5 
273 + 36.7 +0.4 
323 + 18.3 —1.0 
373 AEs Hath —-1.4 
423 - 1.9 —1.3 
473 —- 7.8 —1.2 
573 — 18.6 

Kr 273 +104.5 +18.0 d 
323 + 71.1 + 7.0 
373 + 47.9 46 AS, 
423 + 31.2 — 0.5 
473 + 18.5 -— 1.5 
523 + 9.5 — 2.1 
573 + 1.9 ae, 

Xe 290 +229 +96 e 
323 +184 +60 
373 +135 +31 
423 +100.9 +15.6 
473 + 75.4 + 7.2 
523 SOON. + 2.4 
573 + 39.1 — 0.3 

a. The values are taken from J. Otto: Handbuch 


d. Experimentalphysik, Bd. 8, Teil 2 (Aka- 


demische Verl. Leipzig, 1929) p. 144. 


b. A. Michels and H. Wouters: Physica 8 (1941) 


923. 


c. L. Holborn and J. Otto: Z. Physik 33 (1925) 1. 
d. Beattie, Brierley and Barriault: J. Chem. 

Phys. 20 (1952) 1615. 
e. Beattie, Barriault and Brierley: J. Chem. Phys. 


19 (1951) 1222. 


Table I. 

t G; HA, I, 

0 11.278 2 StU) +211.8 
1 —17.733 1.080 — 80.22 
» + 3.498 0.557 —40.42 
3 1 492 0.268 — 33.80 
4 Ono 7a 0.1203 — 20.55 
5 0.201 0.0505 — 9.85 
6 0.0662 0.0201 — 4,75 
Th 0.0206 0.0076 — 1.652 
8 0.0062 0.0027 — 0.586 
9 0.00178 Ss — 0.197 
10 0.00049 ae — 0.063 
11 0.00014 

Table II 
Uo/ke °K rm A wu x10U erg AS 

He 10.8 2.88 0.170 
Ne 35.8 3.09 0.86 
A 119 3.83 10.4 
Kr 173 4.03 20.4 
Xe 224 4.56 Bis) 


womel(2)"-2(2)]. 


where U, is the depth of the potential mini- 
mum, and 7% is the intermolecular distance 
correspoding to this minimum. The values 
of U,,7, and yw for helium, neon, argon, 
krypton, and xenon are given in Table III. 

The value of the model parameter » is not 
far from the value of the asymptotic 4 given 
in Part I. Hence it is self-consistent to use, 
for a system of three molecules, the asymptotic 
formula as a relation between model para- 
meters. 

The curves for third cluster integral thus 
calculated are compared in Figs. 1, Zoe Aan 
5 with observed values given in Table II. In 
the same Figs. also shown by broken curves 
the third cluster integrals calculated on the 
assumption of the potential additivity. Ex- 
cepting xenon agreement is very good. Slight 
discrepancy for xenon is perhaps due to the 
fact that for the large xenon atom the poten- 
tial (1) needs some modification, if it is not 
due to experimental errors. 
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Spiral Cleavage of Mica* 


By Koreo KINOSITA and Jun NAKAYAMA*™ 


Department of Physics and Chemistry, Gakushuin University, 
Mejiro, Tokyo 


(Received May 31, 1956) 


We chanced on a slice of mica which was cleaved spirally. The spiral 
lamella was several hundredths mm thick. Detailed observations on the 
structure of this specimen including polarization microscopic and X-ray 


studies are described. 


A tentative explanation of the origin of this 


unusually thick growth-layer is proposed assuming that an external force, 
which was exerted during the formation of the crystal, caused the left 
and right halves of the crystal to make a small relative rotation around 


the a-axis. 


Introduction 


§1. 

When we were trying to prepare a 1/2,- 
plate of mica, we chanced upon a slice of mica 
which was cleaved spirally. The specimen 
perhaps belongs to muscovite from India. It 
had been cut out in the shape as illustrated 
in Fig. 1. There was a cleavage line starting 
from the centre of the uppermost surface and, 
terminating at the periphery. We inserted a 
needle at the point of intersection of the 
clevage line and the periphery, and let it go 
round along the periphery. When the needle 
came back to the starting point, it was found 
to be beneath the lamella, which at the begin- 
ning was under the needle. On continuing, 
we could trace the spiral for several turns. 
Then the spiral structure ended, and lamellae 
which could be cleaved perfectly followed. 
The spiral lamella was several hundredths mm. 
thick. 

We thought that this specimen would be of 
particular interest to the workers in the theory 
of crystal growth and dislocations, and start- 
ed a systematic investigation of the specimen. 


Observations 


SOF 

For the purpose of investigation, the speci- 
men was cleaved into five sheets*, from No. 
1 to No. 5, as illustrated in Fig. 2. Among 
the five sheets, No. 1 and No. 2 exhibit spiral 
structure. Originally they formed a single 
continuous spiral. Nos. 3, 4 and 5 are cleaved 
perfectly lamellarly. 


1) Sheets which are cleaved perfectly 


Fig. 3 is a photograph of Sheet No. 4. There 
is a straight edge running across the sheet 
and dividing it into two, the left half (L.H.) 


and the right half (R.H.). L.H. and R.H. 
meet at the edge with a small exterior angle 
of the order of 1°. The edge which is seen 
in Fig. 3 is a reentrant edge, and there is a 
corresponding entrant edge on the rear side 
of the sheet. A ribbon surface bounded by 
these edges is the crystal boundary between 
L.H. and R.H. It is inclined to the basal 
plane and looks bright when viewed at an 
appropriate angle. L.H. and R.H. are differ- 


Fig. 1. Top view of the specimen. 


NO.! 


NO.2 
—NO.3 


Ves 

No.5 

Fig. 2. The specimen has been cleaved into 
five sheets. 


* This paper was presented at the Symposium 
on Crystal Plasticity and Dislocation at Nikko held 
on the occasion of the International Conference on 
Theoretical Physics, 1953. The publication in 
print has been delayed because something went 
wrong with the publication business. 

** Now at the Research Laboratory, Asahi Glass 
Co. 

* Jt is suspected that there was another sheet 
between No. 2 and No. 3, which had been broken 
and lost before the systematic investigation was 
started. 
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Fig. 3. Sheet No. 4. 
0.045 mm No.3 No.2 No.! 0.05emm 

oe 0.080 
0.006 fe 00lo 
field Z| 0.05) 
0,235 0.255 

A ° 

No.5 No.4 10°6° 2° 471s? 
Fig. 4. Vertical section of all the sheets 


along the broken line in Fig. 1. 


EDGE 
VA 
L.H R.H 
Fig. 5. Crystallographic orientation of L.H. 
and R.H. 


ent in thickness. 

No. 3 and No. 5 have essentially the same 
structure as No. 4. Detailed particulars are 
illustrated in Fig. 4, which shows the vertical 
section of all the sheets along the broken line 
in Fig. 1. 

Investigations by X-ray and_ polarization 
microscope proved that L.H. and R.H. of Nos. 
3, 4 and 5 are single crystals respectively. 
In other words, the specimen is a bicrystal. 
If we let the X-ray beam fall upon the bound- 
ary and take a Laue photograph, each of the 
Laue spots splits into two. The angle be- 
tween the basal planes of L.H. and R.H. as esti- 
mated from the separation of the split spots 
is about 1.5°. Both halves have the b-axis in 
common, which is parallel to the edge divid- 
ing the both halves (Fig. 5). 

Polarization micrographs reveal that there 
are interesting surface or internal patterns of 
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EDGE 


Y 


TORN OFF 


Fig. 6. Polarization micrograph of the central 
part of Sheet No. 3. This sheet is very thin, 
and has been torn in three places. 


EDGE 


EDGE 


Fig. 7. Sheet No. 1. In order to demonstrate 
the spiral structure of the lamella, part of the 
hem of the uppermost surface has been cut 
away. Dotted line indicates the original 
periphery. 


a spiral nature in these sheets, by the inspec- 
tion of which we can infer that L.H. and 
R.H. have grown as one body. The spiral- 
like pattern is especially well-developed in 
Sheet No. 3. This is shown in Fig. 6. 


2) Sheets which are cleaved spirally 


Fig. 7 is a photograph of No. 1, the upper- 
most sheet. The spiral nature of the lamella 
will be best seen in this photograph. Fig. 8 
shows Sheet No. 2. This sheet consists of a 
spiral of about four turns. 

For further description, it is convenient to 
discriminate the upper and Jower parts of the 
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sheet. The terms ‘upper’? and “lower”? 
will be used referring to Figs. 7 and 8. In 
the lower part of Nos. 1 and 2, the reentrant 
and entrant edges are nearly straight, and the 
boundary surface bounded by them makes a 
small angle with the basal plane, as was the 
case in Nos. 3, 4 and 5 (cf. Fig. 4). In the 
upper part of Nos. 1 and 2, however, the edge 
is no more straight, but is curved as is seen 
in Figs. 7 and 8. The axis of the spiral lies 
in the neighbourhood of the first bend of the 
edge. In the upper part, the boundary sur- 
face between L.H. and R.H. cannot be seen 
with the naked eye, because it is nearly per- 
pendicular to the cleavage plane. This means 
that the boundary surface is twisted at the 
first bend of the edge (Fig. 9). Examination 
by Laue photograph proves that the basal 
planes of the crystals on both sides of the 
edge make a small angle in the upper part 
as well as in the lower part. 

Fig. 10 (a) is a polarization micrograph of 
the central part of Sheet No. 1. The spiral 
pattern which is only faintly visible in the 
ordinary photograph (Fig. 7) shows itself beau- 
tifully. It is clearly seen that the spiral 


‘lines are the cleavage lines, or the boundaries 


of terraces on the surface. In this sheet, the 
inner spiral terrace is lower than the outer. 


EDGE 


| 


(a) Sheet No. 1. 
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A similar pattern is observed on the upper 
surface of Sheet No. 2 (Fig. 10(b)), which 
was facing No. 1. On the face of No. 2, the 
inner terrace is higher than the outer. Thus 
the spiral patterns on the two surfaces are 
perfectly-fitting. 


EDGE 


e 


STRIP 
CUT 
OUT 


J UPPER 
PART 


LOWER 


PART 
~\ 


STRIP 
EDGE CUT OUT 


Fig. 8. Sheet No. 2. A spiral of ca. 4 turns. 
The sheet has a checkered appearance, because 
two narrow strips have been cut out. Bound- 
ary surface between L.H. and R.H. looks bright. 


[Solale R.H, 


Fig. 9. The boundary surface is twisted at the 
bend of the edge (Sheets No. 1 and No. 2). 


EDGE 


Y 


(b) Sheet No. 2. 


Fig. 10. Polarization micrographs of Sheets No. 1 and No. 2. Central part. 
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It is difficult to locate the exact position ot 
the spiral axis. Polarization microscopic study, 
as well as X-ray study, shows that the micro- 
scopic structures in its vicinity are very com- 
plicated (See Fig. 10 (a)). 

Although the spiral is composed of a single 
continuous lamella, its thickness is not uni- 
form. In the first place, there is variation 
of thickness due to spiral terraces on the 
surface, which was just mentioned. Secondly, 
there is an abrupt change of thickness at the 
boundary of L. H. and R.H., as is illustrated 
in Fig. 4. 


§ 3. Discussions 


The observations described above would at 
once stir up the association of the Frank 
mechanism of crystal growth. 

It is true that there are difficulties in at- 
tributing the spiral structure of this specimen 
to the growth due to screw dislocations*. In 
the first place, the thickness of the spiral 
lamella is too great. It amounts to 10‘ times 
molecular height. In order that such a step 
can be realized, we have to assume as many 
screw dislocations concentrated at the axis of 
the spiral. Secondly, the thickness of the 
lamella is not uniform. There are difficulties 
in explaining the observed distribution of thick- 
ness. 

Nevertheless, we are inclined to assume that 
the Frank mechanism did play the main part 
in the growth of this crystal. The surface 
or internal spiral patterns which are seen in 
Figs. 6 and 10 cannot but be the evidence of 
the intrinsic spiral nature of the crystal. 
Twisting of the crystal boundary at the ap- 
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parent screw axis also indicates that numerous 
screw dislocations are concentrated there. 

As to why such an extraordinary concen- 
tration of screw dislocations occurred, we 
suppose tentatively that an external force, 
which was exerted during the growth of the 
crystal, has caused it. If this caused the left 
and right halves of the crystal to make a 
small relative rotation around the a-axis, i.e. 
the axis which is perpendicular to the b-axis 
and lies in the basal plane, further growth 
could and would take place in a spiral manner. 

The mechanism of the change of thickness 
is not clear. Before we go into this problem, 
more detailed examination of the distribution 
of thickness will be necessary. 

We have searched for other specimens of 
mica which are cleaved spirally. We examin- 
ed a lot of mica slices which had been classi- 
fied as ‘‘inferior slices’? and left in a mica 
condenser factory. A number of them showed 
an indication of incomplete spiral cleavage; 
we have not yet found, however, such a well- 
developed spiral structure as described here. 


It is a pleasure for us to express our cordial 
thanks to the colleagues of the Department of 
Physics and Chemistry: to Prof. S. Yoshida 
and Mr. S. Kurokawa for their assistance in 
X-ray works, and to Profs. A. Ookawa and 
S. Chikazumi for useful discussions. 
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* AmelinckxY observed evidence of screw dis- 


location in mica. In his case, however, the step 
height was only 140 A. 
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Point Contact of Pt and 7-Cue2S 


By Shin-ya MIYATANI 
Department of Physics, Faculty of Science, Niigata University 
(Received June 7, 1956) 


Point contact between platinum needle and cuprous sulfide in its y- 
phase (<105°C) shows d.c. characteristics which is apparently quite 


similar to those of metal-semiconductor rectifiers. 
be attributed to ionic conduction in the semiconductor. 


This, however, must 
A theoretical con- 


sideration shows that the V—J characteristics are given by eV/kT= 
log (1+ AZ) as in the theory of rectification and that the time of relaxa- 
tion depends on the effective contact area, s, electronic conductivity, op, 


and ionic conductivity, oi, as So,/0%. 


The experimental results show 


fairly good agreement with the theory. 


§1. 

Cu,S is a p-type electronic semiconductor 
in which Cu ions are mobile??-®. It has two 
transition points at about 105°C and 470°C, 
being divided into three phases; 7 (below 105 
°C), B, and @ (above 470°C). In regard to the 
ionic conduction in the @ and a@ phases, we 
have reported in the previous papers®*. 
Those results are illustrated in Fig. 1 some- 
what schematically. The general features 
may be summed up as follows: The ionic 
conductivity, o:, is structure-insensitive, while 
the electronic conductivity, o, varies widely 
according to the Cu/S ratio. The number of 
Cu ion vacancies in excess is equal to the 
number of free holes, since the change of the 
former is equal to that of the latter when the 
Cu atoms are removed from the sample. The 
ionic conductivity shows no jump at the a-B 
transition, whereas it changes discontinuously 
at the @-7 transition. 

When a voltage is applied between two 
electrodes, Cu ions move toward the cathode, 
but they do not deposit there and a stationary 
state is attained (polarization process). In the 
y-phase, the ionic conductivity is very small 
and hence the time required for the polariza- 
tion to build up becomes very long, as seen 


Introduction 


from the time constant given by? 
ONZE Oiton 
lfc Aen, aD. i 
i as) pkT Ot , ae 


where L is the length of the specimen, and 
p is the mobility of holes. In order to make 
ct small, L must be made small. In a thin 
sample, however, the boundary condition at 
the electrodes will give an important effect 
to the time constant of the polarization. In 


our present work, Pt point contact is used as 
one of the electrodes. With this layout, the 
relaxation time can be made comparatively 
small, though the process in this case is not 
exponential, and hence the accuracy of 
measurements is worse than the one-dimen- 
sional case taken up in the previous work. 


= 
—Electronic Conductivity % 
-----Tonic Conductivity 0; 


se ial | 
iG O (ere) 200 300 400 500 
Temperature (°C) 
Fig. 1. o, and oj vs. Temperature. 
§2. The Diffusion Theory 


At first, let us assume that the contact of 
Pt with Cu.S is semi-spherical for the sake 
of simplicity (Fig. 2). Next, it is assumed 
that the barrier layer does not exist, that 
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is, the contact is ohmic. When a voltage is 
applied between Pt and the base metal (Pt), 
the concentration of Cu ion vacancies changes 
near the contact point, resulting in a change 
of the contact resistance. In the case of the 
constant current intensity, the potential drop 
changes with the time. Let us derive the 
diffusion equation in this case. The principle 
is the same with that used in our previous 
work. The current densities due to holes and 
ions are given by 


n= ony (4 +0) (Ze 
Or\ e€ , 
icone (3) 


respectively, where is the chemical poten- 
tial of a hole, and @ is the electrostatic poten- 
tial. The chemical potential of an ion is 
assumed to be independent of the composition 
of Cu,S as assumed in our previous works 
for Ag»S and B-Cu,S. When the concentration 
of holes is not too large (non-degenerate), yu 
is given by 

U=kT log n+ const. (4) 
From Eqs. (2), (3), and (4), using the total 
current density, 7=2:+7:, we have 


Gia ah ice 1 On 


i i a 

o pe é@€ n Or? Ce) 
Pulon. Sean kT On - 
Ae o ‘ 6. e@ nor (8 


where o is the total conductivity; o=o;-+on. 
Further, we assume that the number of free 
holes is equal to the number of excess Cu ion 
vacancies. This assumption has been proved 
to be right in the case of 8-Cu,S. In our present 
case of 7-Cu.S, it may not be right. But it 
may be approximately right at least in the 
case where the o, does not depend upon the 
temperature. This is the case when the 
sample has rather small conductivity and the 
temperature is above the room temperature 
(Fig. 1). We shall discuss within such a limit. 
Then the equation of continuity for the ion 
vacancies is given by 


On 0 Li 
SC yee 
es Ot ap 207 € i, 


where m is the density of Cu ion vacancies 
which is equal to that of free holes. Substitut- 
ing Eq. (5) into (7), and putting op/o=1 (oi/¢ 
is smaller than 10-2), we have 


Ge 
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a = -- 8 
at aes n Or/}- ee 

Now, a: is almost independent of the compo- 
sition as in the # phase (see later experimental 
results), Eq. (8) can be reduced to 


sOn oO On } 
4 Shae. a ap ya, 

_kTo; UD Soe Jee 
A= ; I= T p= 2nkTp © 


where / is the total current intensity. The 
potential difference between Pt and the base 
metal is given by 


; JEN PO GE 
Vex \elegpene Sool ap 
i o a 2nxep \, nr’ » 


where a is the radius of the contact semi- 
sphere (Fig. 2). 

The initial potential drop, Vo, is given by 
[/2x0.a, where oo is the initial conductivity. 
The final stationary state is attained when 
the ionic current, z:, decays out. Putting the 
right-hand side of Eq. (5) to be zero, we have 

dn if 

ea ne Th 

dr pr oT 
Integrating Eq. (11) and substituting it into 
Eq. (10) or (4), we obtain the stationary 
potential drop, Vs, given by 

eVs el If 

—— = 16 (1 ae = ons 

pee ee) log(1+ 2) a: 
The change of the potential drops from Y, 
to Vs is given by solving Eq. (9). This equa- 
tion is not linear and it is difficult to solve 
this exactly. If J is sufficiently small, how- 
ever, Eq. (9) may be approximated by 

On _A O/,, On 
"Ot No pee 
which can be solved rather easily with the 


initial condition N=MNo, and the boundary 
condition 


(10) 


(13) 


J+72tt 9 at r=a and o~. 
r 


The result is as follows: 


n2=N+J1—FE, Ve iia (14) 
where 
2(° 2At \si 
we, I a sin y-+(y/x) cos y 
e rice Na exp( coy y(1+(y/z)?) dy, 


where e=(r—a)/a. Substituting Eq. (14) into 
Eq. (10), and remembering that J is assumed 
to be small, we have 
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pa 2G 
Then we have 


V;s—V = dr 
Mover |, ole, Ns 


4 co 
=—\, exp (—7?r)(1 +941 “e 5 (008 n+78Iin 7) 


C= 


; 713 ' a4 
Si 1) +0 cos y—sin 7)Ct » (an ) (16) 


BWAC kT psi 


=—— — 
Nae CA*On, 


(17) 


Siy and Ciy can be referred to, e.g. Jahnke 
and Emde’s book. When 7 is sufficiently 
large, v decreases as 1/;/7. Fig. 2 shows 
the calculated v-7 plot. 


§3. Experimental Arrangements 


The samples of Cu.S are prepared from Cu 
blocks and sulphur powder in proper propor- 
tion, which are together sealed into an eva- 
cuated hard glass tube and made to react at 
about 600°C. The conductivity of the samples 
obtained by this method is rather large. In 
order to obtain the samples with smaller 
conductivity, the cell Pt|Cu.S|Cul|Cu is used 
as shown in Fig. 3 (b): A specimen forming 
this cell is inserted in a glass tube which is 
evacuated by a diffusion pump and heated in 
a furnace and then sealed. By sending a 
current across the cell at about 340°C, the 
sample can be changed from S rich one to 
Cu-saturated one. (We wish to discuss about 
this cell in other paper in the future.) 

When the temperature is required to be 
kept constant, the specimen tube is immersed 
in an oil bath thermostat. The method of 
measurements is as usual (Fig. 3). 


§4. Experimental Results 


(a) One-dimensional measurements of oi”? 


If the conductivity is small and the tempera- 
ture is near the transition point, the one- 
dimensional method can be carried out (Fig. 
3 (a)). An example of measurements is illu- 
strated in Fig. 4. The mobility of holes, p, 
is obtained by the use of Eq. Cie wl iie 
number of holes in the 7 phase is almost 
equal to that of the Cu ion vacancies as in 
the # phase, if Eq. (1) is valid even in the 7 
phase. Then the theory described in § 2 may 
be used. 
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Fig. 5. Stationary V-—J characteristics. 
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Fig. 6. (a) An example of y-t plot, 
(b) tij2/o vs. a. 


(b) Stationary characteristics of Pt point 
contact 


Fig. 5 (b) shows the results of a series of 
measurements. The numbers in small circles 
represent the order of measurements. The 
conductivity is changed by the use of Cul as 
mentione in § 3. 

General features look like usual rectifiers, 
although there are important differences, that 
is, the direction of rectification is Opposite 
and the time of relaxation is far larger, The 


experimental results are in good accordance 
with Eq. (12) both at positive J and negative 
I as shown in Fig. 5 (a), though the deviation 
from Eq. (12) becomes remarkable when I/¢ 
is too large. In the case of negative J, the 
deposition of Cu takes place at a certain 
potential, Vz, depending upon the Cu/S ratio, 
and hence the contact resistanse decreases 
suddenly. The potential, Va, varies as o 
varies at a temperature, and decreases slightly 
as the temperature rises. It is approximately 
given by eVa=kTlogo+/(T). The critical 
point of deposition is reached when the 
chemical potential of Cu atoms at the contact- 
ing point becomes equal to that in the Cu- 
saturated sample (the sample in equilibrium 
with Cu metal). Remembering our previous 
assumption that the chemical potential of Cu 
ion is independent of the Cu/S ratio, the above 
condition can be represented by 


eVa=p(o)—p(a)=hT log  =kT log 7. , (18) 


where suffix s denotes the value in the Cu- 
saturated sample. Eq. (18) agrees with experi- 
mental results, justifying our viewpoint. 
(c) The time rate of polarization 
Fig. 6 (a) shows an example of v—+ plot, 
where v has been defined by Eq. (16). It 
corresponds to one with the same mark in 
Fig. 6 (b). In these measurements, Vo is 
made smaller than 12 mV in order to compare 
the results with the theory. Then (7(a)—m,)/m0 
=J/ano=eVo/kRT<0.5 at the room temperture. 
Considering our poor accuracy of measure- 
ments, Eq. (13) may be applied within this 
voltage limit. As seen in the figure, v has a 
rather long tail, making the measurements 
inaccurate. This is the same with the curve 
in Fig. 2. The curve in Fig. 6 (a) is the 
theoretical one properly adjusted by assuming 
that experimental V,-value is not real statio- 
nary one, but corresponds to the value when 
t=90. For the sake of simplicity, the half- 
value period, t1/2, that is, the time it takes 
for v to be halved, is chosen as the measure 
of the time rate for polarization. The theo- 
retical value of Ti/2 is given, from Fig. 2, by 
€Q76n, 
Bee We : (19) 
Fig. 6 (b) shows the exprimental t1/,/6 vs. a 
plot, where a is obtained by the relation V, 
=1/2z0.a mentioned already (see also Fig. 3 
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(c)). Although the experimental points are 
widely scattered, it can be said that a-depen- 
dence is just as expected from Eq. (19), and 
6; is independent of on. Using Eq. (19) and 
assuming p=2cm? sec7! volt7! (it is not too 
reliable), o; can be estimated as 1.6x10-5 Q-} 
emactat 15°C: 

The time constant decreases as the tempera- 
ture is raised, and, assuming f is constant, 
the temperature dependence of «; can be 
represented as 


o:=Bexp(—eU/kT), (20) 
where U is about 0.30 eV. It is the same 
with that in Fig. 4, when the temperature is 
lower than 95°C. By the use of the o; value 
in Fig. 4, which has been obtained by the 
one-dimensional method, we have B=2.4. 
Using these values, we can estimate o; at 
15°C as 1.31075 O-? cm which agrees well 
with the one obtained by the point contact 
measurements (Such a good agreement may 
be rather fortuitous). 


§5. Discussions 


(a) In our present work, the semi-spherical 
model is taken up for the sake of simplicity. 
The stationary V-J characteristics are, how- 
ever, independent of this simplification. Even 
with more complicated contact, the stationary 
potential, Vs, is given by 


€Vs= Me— Lto= kT log” ; 
No 


where the suffix c denotes the value at the 
contacting point. From the linearity of the 
equation which gives the gradient of 2 @= 
—kTpon/Os) we can expect that (Ne—No)/No iS 
in proportion to the current intensity, result- 
ing in the same equation with Eq. (12), where 
a is not the radius, but some parameter. The 
radius, a, may, therefore, be regarded as 
“ effective radius,” and 27a? as “ effective 
contact area.” The time constant for the 
polarization to build up is, however, expected 
to depend more or less upon the condition of 


Point Contact of Pt and y-Cu.S 


1063 


contact. 

(b) In the case of Pt contact, the barrier 
layer can be neglected, since the contact 
resistance in the initial state is almost ohmic. 
In the case of other metals, e. g. Cu or Al, 
the barrier layer seems to be formed although 
it is rather unstable. 

(ce) The point contact of Pt and Ag.S shows 
similar characteristics». The difference is 
that AgeS is u-type and the interstitial Ag 
ions are mobile, and, hence, the V-I characteri- 
stics changes the sign of V- and J- axes, in 
comparison with the present case, as given by 

—eV;/kT=log (1—J/ano). (21) 
For positive Vi(Pt positive), sulphur seems to 
deposit, and for negative V, Ag deposits at 
certain potentials respectively. The experi- 
mental result shows a good accordance with 
Eq. (21) at least for posive V. In regard to 
the time constant, somewhat different diffusion 
equation from the present one should be used. 

(d) As seen from Eq. (19), the change of 
potential due to polarization becomes measur- 
able even if o;/o, is very small, only if a is 
sufficiently small. We imagine some of the 
creep phenomena of the usual rectifiers of the 
point contact type may be attributed to the 
ionic conduction as our present case. 


Finally, the author wishes to express his 
sincere thanks to Mr. Y.Suzuki, Mr. I. Yokota 
and Mr. S.Endo for their kind discussions. 
This work was supported by the research 
grant of the Ministry of Education. 
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Using NaBr-NaCl mixed crystals, we have observed the quadrupolar 
effect on the nuclear resonance absorption line of Na. The minority 
halogen plays the role of “impurity” or “solute” as in the case of 
alloys treated by Bloembergen and Rowland. The satellites of Na in NaCl 
are affected when the solute Br comes at the third halogen site counted 
from Na site, where the field gradient then becomes g~107!cm-%. From 
our analysis the antishielding factor 42 for Na is given as ~10. The 
asymmetric broadening of the central line due to the second order 
perturbation occurs when and only when the solute comes next to the 
Na nucleus. The specimen being a single crystal, the satellites of the 
second order arise at the definite positions depending upon the direction 
and strength of the external magnetic field. By measuring this shift of 
the resonance field, we see that the field gradients produced then at the 
Na site are nearly 1.41023 cm-3 and 2.0 «102% cm~-3, when Br- and Cl- 
are the solute ion, respectively. On account of the segregation of the 
solute ions within the crystal, each Na site has rare chance to have more 


than one solute next to it. 


Introduction 


§1. 


The quadrupolar effects of imperfections on 
the nuclear resonance of ionic crystals, 
especially alkali halides, have already been 
investigated by some research workers. For 
example, Watkins» and Watkins and Pound 
observed the resonance absorptions of the 
halogen ions in KBr and KI single crystals, 
whose nuclear spins are 3/2 and 5/2, re- 
spectively. Br and I have large electrical 
quadrupole moments and hence it is expected 
that there should be considerable interaction 
between their nuclear quadrupole moments 
and the random electric field gradients around 
the nuclei caused by the internal strains in 
the crystal. In fact it was shown that the 
portions which correspond to the satellite 
components of the absorption lines were almost 
completely smeared out, leaving only 0.4 and 
0.28 fractions for Br and I, respectively, as 
the intensities compared with the total in- 
tensities expected for these nuclei. Further- 
more, Watkins» showed that the broadening 
to the central line due to the second order 
perturbation occurs after a strong plastic defor- 
mation in both crystals. 

In the meantime, the quadrupolar effects 
have been observed also in metals. Bloem- 
bergen and Rowland) confirmed that there 
arises considerable change in the satellite 


contribution in pure copper corresponding to 
cold-working and that by mixing zinc atoms 
so as to make a-brass there occurs the second 
order broadening of the central line. The 
latter effect is attributed to the field gradients 
due to the local strains which are caused by 
the introduction of zinc atoms into copper. 
Further experiments were made by Rowland® 
on aluminum containing zinc and magnesium 
as solute atoms and similar results were 
reported. 

In the case of pure KBr and KI, the inter- 
nal strains which are responsible for the 
local field gradients are considered chiefly due 
to dislocations and Watkins estimates the dis- 
location density from his own experimental 
results. While in the case of alloys, the 
excess charge and size effects of the solute 
atoms would be the dominant one and the 
influence of the dislocations only seems to be 
less effective compared with the case of KBr 
and KI. This will partly be explained by the 
difference of the magnitudes of the quadru- 
pole moments and partly by the difference of 
the magnitudes of the field gradients in the 
cases of atomic and ionic displacements. So we 
naturally have the expectation that if we 
employ some ionic crystal and examine a 
nucleus with smaller quadrupole moment, say 
Na in NaCl or NaBr, the quadrupolar effect 
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due to “impurity ” might chiefly be observed. 
Such “impurity” can be achieved either by 
introducing divalent ions into the crystal thus 
producing excess charge effect around them, 
or by making a mixed crystal like NaBr-NaCl 
thus producing size effect around the solute 
ions, namely, the negative ions of the minority 
component. In this way, we shall be able to 
make an experiment similar to the case of 
alloys. We should, however, always keep in 
mind that there is a fundamental difference 
between these two cases. In the case of 
alloys, we are forced to employ powder in 
order to avoid the skin effect, but in dealing 
with alkali halides we can use single crystals 
for the resonance measurement. The availa- 
bility of single crystals in the latter case 
indeed is a very strong merit, especially when 
we examine the asymmetric character of the 
absorption line which accompanies the second 
order broadening. This asymmetrical broaden- 
ing at the plastically deformed single crystals 
of KBr and KI was found by Watkins. In his 
case, however, the chief role was played by 
the dislocations and therefore the asymmetry 
character should be independent of the angle 
between the crystalline axes and the external 
magnetic field. On the other hand, as we 
shall show later in this report, if the impurity 
is responsible for the broadening effect, the 
asymmetric character will have remarkable 
angular dependence, which turns out to be a 
strong tool in analizing the quadrupolar 
effect. 


§ 2. Experimental Techniques 


In our experiment the r-f oscillator and re- 
ceiver were those of the Pound-Knight-Watkins 
type. The magnetic field was sinusoidally 
modulated with 30cps and the signal thus 
detected was led through the phase-sensitive 
mixer-amplifier to the automatic recorder. 
The magnet was an electromagnet designed 
and made at the laboratories of the Tokyo 
College of Science and was drived with four 
six-volt storage batteries. The field strength 
was rather convenient nearly at 3,600 gauss 
and the r-f frequency was fixed at ~4mc 
corresponding to this field strength in observ- 
ing the Na-line. The sweep of the magnetic 
field was established by the natural drift due to 
the heating-up of the magnet and the 
scanning rate was adjusted through the 
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velocity of the cooling water. The sinus- 
oidal modulation was made 1.2 gauss peak 
to peak, small in comparison with the 
observed line width both for NaBr and for 
NaCl. All the samples were prepared at our 
laboratory and so shaped as to fit the r-f 
coil with 12mm in diameter and 20mm in 
height. The pure NaBr and pure NaCl, the 
latter being used as the standard for the in- 
tensity measurement, were annealed three to 
four hours long at about 50°C below their 
melting temperatures, and then cooled down 
at the rate of nearly 40°C per hour. While 
the NaBr-NaCl mixtures were left unannealed 
on account of the reason which will be stated 
in the later section and shaped soon after the 
crystallization. The compositions of the 
mixed crystals were determined by the density 
measurement, which showed some slight dif- 
ference from the preliminary measurement 
before the crystalization. In order to establish 
the state of negligible saturation, the r-f oscil- 
lation level was made as low as 0.015 V. All 
the measurements were carried out at room 
temperature. 


§3. Experimental Results and Their 
Analyses 


For a crystal having the cubic symmetry 
there should be no quadrupolar effect; 
however, on account of the lattice vibrations, 
point defects or dislocations, which destroy 
the cubic symmetry, there arise nonzero 
electric field gradients and they couple with 
the quadrupole moment of the nuclei in 
question. The energy level of the nucleus 
with spin J split into 2/+1 levels specified 
by the magnetic quantum number m and the 
energy difference between two adjacent levels 
is in the first approximation given by 


W mom—1 

=hyv,—(2m—1)\1—3 cos?20)3e?qQ/81(2I—1) , 

ec) 

here v, is the resonance frequency, m the 
magnetic quantum number, @ the angle be- 
tween H and the axis of the electric field. 
Evidently for the transition m=1/2-m=-—1/2 
the second term on the right-hand side of (1) 
vanishes; that is, this transition is unaffected 
by the first order perturbation and observed 
as the central line. While all other transitions 
give the so-called satellites. Now in case that 
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NaCl-side 


0.\ 0.2 
Cc— 


Fig. 1. The relative absorption intensity for 
c NaBr-(1—c)NaCl. 


the field gradients become so large that we 
have to consider the effect of the second order 
perturbation, the position of the central line 
also shifts according to the following formula: 


h4v = A(1—9 cos?@)(1—cos?6) , (4) 
where 


_9 | _@I+3) | etg?Q? (3) 
64 4/?(27—1) hy 
As we shall see later, such second order effect 
in our case can occur only when the solute 
ion comes at the nearest neighbor position to 
the Na nucleus. The axis of the electric 
field gradient then lies in the direction con- 
necting the Na ion and the solute negative 
ion. Hence by rotating the crystal we can 
vary the angle 0 and see the corresponding 
change in the shift given by (2). 


3-1) Intensity of the Absorption Line 


First of all, in order to decide whether the 
intensity of the Na-line in a pure crystal is 
nearer to 1.0 or to 0.4, comparison was 
repeatedly made with the Na-line in the 
Saturated solution of NaBr added by Mn and 
it was concluded that, differing from Br or I, 
Na in pure NaCl is very nearly 1.0 in its in- 
tensity. Second, comparison of the observed 
integrated intensities was made between a 
well-annealed and an_ oil-quenched crystal. 
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Again, despite the repeated trials, little dif- 
ference was seen and this led us to the con- 
clusion that the defects produced by the 
quenching process, namely, vacancies and 
dislocations give no striking quadrupolar 
effect. By the NaCl powder sufficiently 
ground in the mortar, however, the intensity 
dropped nearly to 0.6 compared with that by 
a single crystal of pure NaCl. 

Finally, by the mixed crystals, very strik- 
ing intensity reductions were observed. Fig. 
1 shows the relative intensity of the Na-line 
plotted against the solute ion concentration 
when Br- is the minority ion; i.e., when a 
small amount of NaBr is added to pure NaCl. 
The measurements in this case were made 
with the [100] axis of the crystal being 
parallel to the applied magnetic field. We 
see that the intensity drops, e.g., to 0.63 for 
2.5 percent solute ion concentration and for 
10 percent there hardly remains the satellite 
contribution, in other words, the intensity 
drops nearly to 0.4. Now we can make an 
analysis similar to that by Rowland for alloys 
for the region where the satellite contribution 
is still appreciable. Namely we put forward 
the assumption 


I/Ip—0.40¢(1—c)” (4) 


and construct a double logarithmic plot for 
both-hand sides. Here c is the solute fraction, 
i.e., relative concentration of the minority 
halogen, and this being small compared with 
unity we may put In(l—c)~—c. The ex- 
ponent 7 signifies the number of the halogen 
sites included within the critical sphere which 
bounds the region around the Na nucleus and 
in which the solute ion can affect the satellites. 
The subtraction of the number 0.4 means, of 
course, the removal of the central line 
contribution for Na whose nuclear spin is 
Bye The available experimental points 
for this plot are only three in number, yet 
by the repitition of the measurement all 
these values were made as accurate as 
possible and we _ believe that they are 
quite reliable. From the slope of the straight 
line in Fig. 2, which shows the double 
logarithmic plot mentioned above, we obtain 
n=38. This is the number of the negative 
ion lattice sites which includes as far as the 
third halogen neighbors counted from the Na 
nucleus. It has indeed been surprising that 
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such a sharp cut-off can be obtained in the 
case of a mixed ionic crystal. 

Next we will mention briefly the case when 
Cl- is the minority ion; i.e., when a small 
amount of NaCl is added to pure NaBr 
crystal. The situation is quite analogous to 
the opposite side of the mixed crystal and 
we show in Fig. 3 the plot of intensity vs. 
solute ion concentration similar to Fig.1. In 
this case of NaBr-side, however, the measur- 
ments were made with the [110] axis of the 
crystal being parallel to the external magnetic 
field with the intention of making the peak 
higher than in the case of the other direc- 
tion. Moreover, the standard of the intensity 
is that of the pure NaCl on account of the 
fact that by our pure NaBr crystal the in- 
tensity did not reach 1.0, but remained 
less than 0.6. The reason is not clear but 
probably a considerable amount of impurities 
such as divalent metal ions would have affected 
the intensity of the Na-line in NaBr crystals*. 
In addition to this, a couple of sample at 
the side of the lower solute concentration had 
somewhat slant cylindrical axes so that there 
might have been some ambiguity in the 
measurement of peak intensity for these 
specimens. All these circumstances made the 
data for the NaBr-side less unambiguous than 
those for the NaCl-side and accordingly a 
very accurate analysis could not be made. 


3-2) Shapes of the Central Lines 


As the solute concentration is increased, 
there appears asymmetry of the line in addi- 
tion to the reduction of the intensity. This 
line asymmetry is most striking for [100]//H, 
rising sharply at the higher magnetic field 
side and having a long tail at the lower field 
side. For [110]//H, on the other hand, the line 
rises extremely slowly at the higher field side 
and drops rather gradually at the lower field 
side. This situation is shown in Fig. 4 by 
the integrated absorption curves. Needless to 
say, the asymmetry is far more pronounced 
by the recorded derivative curves. Such 
asymmetry character is well explained by 
considering Eq. (2) which gives the fre- 
quency shift due to the second order pertur- 
bation. To see this most clearly, we shall 
for simplicity assume that the second order 
broadening occurs only when the solute ion 
comes next to the Na nucleus and assume 
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1.0 


NaCl-side 

0.10 

@) 

! 

° 
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0.01 
0.05 O10 
C— 
Fig. 2. The double logarithmic plot determining 


the number of halogen lattice sites within the 
critical sphere, which turns out to be 38 for the 
NaCl-side. Here the approximation In(l—c)~-—e¢ 
has been made. 


NaBr-side 


Fig. 3. The relative absorption intensity for 
(1—¢)NaBr-c NaCl. 


further that only one of the six nearest 
neighbor sites is occupied by such a solute 
ion. These two assumptions will later be 
justified. Now when the static magnetic field 
is applied along the [100] axis of the crystal, 
then, as can be seen from Eq. (2), there 


* Ajl the crystals used in this experiment were 
grown from commercially available reagents. The 
degree of purity for NaCl reagent was designated 
as “special”, while no reagent of such high purity 
was obtainable for NaBr. 
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should be no shift at the two. sites for 
which @=0 and should be a shift of 4v=A/h, 
or, in magnetic field unit, 4H=—2zA/rh, at 
the four sites for which @=7/2. 

By resolving the observed asymmetric line 
into two parts, as shown on the left sides of 
(a), (b), (c) and (d) in Fig. 4, the greater one 
corresponding to the unshifted central line 
portion for which responsible are the Na 
nuclei having none or one solute neighbor 
ion with 6=0, while the other small peak ap- 
pearing on the lower field side being associated 
with the Na nuclei having a solute neighbor with 
6=7/2, we are able to determine the mag- 
nitude of 4H for the field strength employed; 
namely, the distance between the two separate 
peaks. In Table I are shown the values of 
|4H| thus determined and the intensity ratios 
I;/I, of the two peaks, J; denoting the intensity 
of the shifted line, or the satellite of the 
second order, while J, the intensity of the 
unshifted, or the central line component. 
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The directional effect of the line asymmetry 
for the specimens with various compositions. 
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On account of the obtruding 
noise level at the far end of the 
line tail, the careful analysis for 
such small peak of the satellite is 
rather difficult; moreover, the 
determination of the relative peak 
intensity Js/J- has to be obsessed 
with considerable error. Never- 
theless the acquired values given 
in Table I suggest some interest- 
ing fact: If the solute ions are 
uniformly scattered all over the 
crystal, then the probability that 
a solute comes next to the Na 
nucleus with @=7/2 should be 
4c(1—-c)’ and hence Js/(Je+Is)~Is/Tc 
has to be equal to this. The 
actual values of J;/J-, however, 
obviously are smaller than 4c1l— 
c)» given in the last column of the 
table. The gap wider for the 
greater concentration of the solute. 
This fact suggests that the solute 
in no ways has uniform distribu- 
tion in the crystal. More detail- 
ed discussions concerning this will 
be given in §4. All values of 
|4H| listed here are those de- 
termined for H,)=3,600 gauss. 
As acharacteristic of the quadru- 
polar effect, Eq. (3) gives the 
following relation between 4H and H: 


9n?(2I-+-3)e'q?Q? 
1477h?42(2I—1)H, 


Gauss 


Gauss 


Gauss 


|4H\= (5) 
or, in short, |4H| is inversely proportional to 
H,. Hence, changing the static field strength 
will make a simple criterion for this effect. 
Actually the magnitude of 4H obtained for 
the 0.19 NaBr. 0.81 NaCl crystal under the 
application of the static field of H)=5350 
gauss dropped to about 1.8 gauss, thus pro- 
viding consistency with the relation (5). 

For the case of [110]//H, two out of the six 
nearest neighbor sites have @=7z/2 and cor- 
respond to the same shift as in the case of 
[100]//H discussed above, while the remaining 
four sites have 0=7/4 and will make a shift 
toward the inverse side with the magnitude 
of 4H=3.5zA/rh. Now that the satellites 
appear on both sides of the central line, the 
exact curve shape for the unshifted component 
is uncertain so that the separation of the 


1956) 


Table I. The shifts and relative intensities of 


the satellites for [100]//Hy, Hy being fixed at 
3,600 gauss. 
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NaCl-side 
car |AH| (gauss)  J4/Ie 4e(1—e) 
0.025 one 0.08 0.088 
0.04 nO Or 12 0.130 
0.09 PLAS 0.10 0.225 
0.19 Dail 0.20 0.265 
NaBr-side 
col |AH| (gauss) Talc 4c(1—c)5 
0.06 3.5 (One Lo 176 
giv 375) Omi 0.246 
Onsli7; Ball 0.15 0.268 
OZ oe 0.10 0.258 
Table II. The shift and relative intensity of the 


satellite for the mixed crystal extremum, with 
HA//[100] and Hy~3,600 gauss. 


oo |AH| (gauss) Tile 


0.48 3.6 0.17 


central line and the satellites is hardly pos- 
sible. Thus we give merely the skeleton 
diagrams on the right side of Fig. 4, together 
with the experimental curves, derived by 
trusting the values of 4H and J;/J_ obtained 
for the case of [100]//H. The fit between the 
experimental curves and the skeleton diagrams 
is hardly said to be very excellent; however, 
the characteristic of having the greater tail 
on the higher magnetic field side correspond- 
ing to the shift of 4H=3.5zA/rh is common 
to all the experimental curves for the dif- 
ferent values of c. 

Finally, investigation was made of 50-50 
crystal for the extreme case of mixing. A 
precise density determination later showed 
that the real composition of this specimen 
was 0.48NaBr. 0.52NaCl. The integrated 
absorption curves for this specimen are shown 
in Fig. 5 and the values of 4H and I;/Jc 
similar to those given in Table I are listed in 
Table II for the direction [100]//H. The signal 
to noise ratio during the observation was 
poorest at this specimen so that the analysis 


by no means was easy. 


§4. Discussions 


Various kinds of imperfections producing 
the electrical field gradients which are re- 
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Fig. 5. The asymmetry characteristics of the 
absorption line for the mixed crystal extremum 
0.48 NaBr-0.52 NaCl. 


sponsible for the quadrupolar effects in solids 
are considered. For example, dislocations, 
vacancies, lattice vibrations and impurities 
are always present even in the ordinary 
“pure” crystals. In the case of pure NaCl, 
however, we could meet with no appreciable 
quadrupolar effect unless we made sufficient 
grinding. Whereas by introducing a small 
amount of “impurity” into the crystal, we 
were at once able to produce a striking effect. 
Hence we were naturally led to the belief that 
the presence of “impurity”, or solute ions, 
are chiefly responsible for the effect. More- 
over, both Cl- and Br~ being monovalent 
ions, the excess charge effect is out of ques- 
tion for the present and we can safely assume 
that the local strains due to the difference of 
the ionic radii of Cl- and Br- are playing the 
dominant role throughout. If we write a and 
a; for the radii of the solvent and solute ions, 
the relative displacement of neighboring two 
ions placed at distance 7 from the solute ion 
will in continuum model be given by” 
(6) 
where a is the lattice constant. The change 
in field gradient corresponding to this com- 
pressional displacement will then be 
A(eq) =6e(ai—a,)/7°a . {ie 
Substitute this into (1) and we have the 
frequency shift for the first order broadening: 
1822Q)(ai—a) ,_ (2m—1) 
1 auaaatiaa 4 gr(21—1) 


Aa=(ai—a@)a*/7’ , 


(3 cos?0—1) 
(8) 


The quantity 2 here is introduced in order to 
take into account the effect of all neighbors 
and the antishielding factor due to the dis- 
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tortion of the ion core around the nucleus by 
the fields gradient of the external charge. If 
dv is so widely spread out, then the satellites 
will become utterly unobservable. In our 
case, considering the signal to noise ratio, 
such a frequency range for which the satellites 
to vanish will be 4y~10x10* cps. By sub- 
stituting 2 for the region of the values taken 
by 3cos?@—1 and putting Q=0.1 x 10™ cm? for 
Na®, a@=1.80 A, ai=1.95 A, the ionic radii of 
Cl- and Br~ respectively, and for rv taking the 
radius of the critical sphere obtained from 
the double logarithmic plot of (4), we get A 
~10 or g~10"*cm-* due to the olute at the 
third halogen site. Considering the crude 
nature of the estimation of 4», this value for 
A offers a reasonable agreement with 1+|7..| 
=5.5 calculated by Das and Bersohn” who 
took the variational technique and also with 
the value 5.1 independently deduced by 
Sternheimer and Foley®. 

What is of further interest is the problem 
of the asymmetric broadening by the second 
order perturbation which is observed as we 
increase the solute ion concentration. In fact 
such a broadening is observed when the solute 
concentration becomes considerably high, say 
10 percent, so that there is appreciable pro- 
bability of finding a solute ion next to the 
Na nucleus. From this we have assumed 
that the condition for the second order brouden- 
ing is provided only by the solute ions at the 
nearest neighbor sites. Now we shall justify 
this assumption. From Table I, it would not be 
much erraneous to put |4H|=2.5 gauss for 
the NaCl-side. Then from (3) we get g:~1.4 
x 1073 cm7? as the field gradient at the position 
of Na nucleus due to the solute ion placed 
next to it. The suffix indicates the first 
neighbor. Next, for the field gradient pro- 
duced by a solute coming into the second 
negative ion neighbor site we obtain 


ge=(ni/72)°qx<0.1 X10%cem-3 . 


This is less than a tenth of g, and indeed 
too small to give an observable frequency 
shift. Similarly for NaBr-side we obtain 
q@i~2.0X 10%cm-3. 

Using these values of g; thus derived, we 
may again calculate the antishielding factor 24 
both for the NaCl-side and for the NaBr-side. 
For the former we get ~3.6 and for the 
latter ~4.3 Both of them are smaller then the 
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value obtained from the analysis of the first 
order effect or than the theoretical values de- 
duced by Das-Bersohn and Sternheimer-Foley 
as well. This fact tells us of invalidity of using 
the continuum model for the case of the solute 
ion coming so near as next to the Na nucleus. 
Another assumption made at the beginning of 
the analysis was that not more than one 
solute ion come to the nearest neighbor 
position. It seems that such an assumption 
may become questionable as the solute ion 
concentration is increased. In fact, if the 
solute ions were scattered completely at 
random, then the probability of one, two and 
three of them coming next to the Na nucleus 
would be as follows. 


Table Il]. The probabilities of finding one, two 
and three solutes next to the Na nucleus. 


¢ Py=6c(1—e)) Ps=15e%(1—c)! P3=20c%(1—c)3 
0.05 0.1891 0.0305 0.0021 
0.10 0.3543 0.0948 0.0146 
0.15 0.2452 0.1762 0.0415 
0.4932 0.2458 0.0819 


0.20 


Exact quantitative prediction for the case 
of more than one solute neighbor is difficult, 
since the effects of ionic displacement and ion 
core deformation will now entangle the pro- 
blem almost beyond saving. However, if we 
simply consider the solute like a point charge 
so that no such effects need be taken into 
account, then two solute appearing on the 
opposite sides of Na nucleus would give twice 
the field gradient as one solute neighbor, and 
those which appear at right angle through 
Na would give a field gradient the same as 
the case of one solute neighbor in magnitude 
and vertical to the plane of the three ions 
concerned. Thus these would make some 
contribution to the satellite peaks with dif- 
ferent intensities and positions. We may as 
well further proceed to the case of three 
solute neighbors. However, out of twenty 
arrangements of these solute around the Na 
nucleus, merely eight will produce field gradi- 
ent. Moreover, on account of lack of axial 
symmetry, the problem becomes still com- 
plicated. Remembering the very ambiguous 
nature of point charge substitution for 
actually deformed and displaced ions, we 
doubt the meaning of such tedious and 
rather foundless analysis and hence we would 
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like to leave it undone. We are convinced 
that this will make no serious error, since 
P;, the probability of finding three solute 
neighbors, itself is small compared with P, 
and P:, which have similar meanings as P;, 
as seen from Table III, and the actual in- 
tensity ratios will further be reduced on 
account of the existence of zero shift arrange- 
ments. Thus taking only one and two solute 
neighbor cases into account, we give in Fig. 
6 the line shapes expected from the random 
distribution of the solute ions, (ajeton c=0A 
and (b) for c=0.2, both with [100]//H for 
simplicity. For comparison, the experimental 
curves are drawn in dotted lines, with c=0.09 
and 0.19 for (a) and (b), respectively. The 
differences between them for both c values 
are remarkable. Such differences indicate 
that the assumption of uniform distribution of 
solute ions should primarily be forsaken; in 
other words, the solute ions are subject to 
segregation in the crystal and the probability 
of more than one solute ion actually coming 
next to the Na nucleus is considered to be 
extremely small. This indication of segrega- 
tion is connected with the preceding state- 
ment concerning the Table I, that for larger 
values of c the actual values of J;/J- are much 
smaller than the calculated ones listed in the 
last column of the table. 

With the intention of changing the state of 
distribution of the solute ions, we annealed 
two specimens of mixed crystals having the 
compositions 0.19 NaBr. 0.81 NaCl and 0.79 
NaBr. 0.21 NaCl at about 50 to 100°C below 
their melting points, though not so certain, 
for nearly three hours. The result, however, 
turned out to be negative and practically no 
change was detected. Probably the annealing 
would have been insufficient for producing the 
rearrangement of the negative ions. 

Finally, mention should be made of the fact 
that the values of 4H for the NaCl-side and 
for the NaBr-side differ rather greatly. As 
the general tendency; it is larger at the NaBr 
side. Since 4H is proportional to the square 
of the field gradient, this means that the field 
gradient produced when Cl- is the solute ion 
is larger than that when Br7 is considered to 
be the solute. This would be of much in- 
terest for further theoretical investigation. 
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Fig. 6. Comparison of theoretical and experimental 
absorption lines for [100]//H. 


§5. Conclusion 


The chief results concerning the Na-line 
deduced from our present work are briefly 
summarized as follows: 

1) The observed absorption intensity for 
the Na-line in pure NaCl is nearly 1.0, while 
that for pure NaBr less than 0.6. Both of 
them are little affected by quenching or an- 
nealing process. 

2) The reduction of the satellites occurs as 
soon as a small amount of solute ions is added. 
The microscopic situation, if analized at the 
NaCl-side, is such that this occurs if the 
solute comes into the critical sphere which 
extends as far as the third negative ion 
neighbor site, where a solute will make the 
field gradient of order g~10"%cm-* at the Na 
nucleus concerned. The magnitude of the 
antishielding factor 2 for Na deduced from 
this analysis is ~10 and agrees fairly well 
with Das-Bersohn and Sternheimer-Foley’s 
calculations. 

3) The asymmetric broadening of the cen- 
tral line due to the second order perturbation 
occurs when and only when the solute comes 
next to the Na nucleus. The specimen being 
a single crystal, the satellites of the second 
order arise at definite positions depending on 
the direction of the external magnetic field; 
thus the curve shape undergoes a remarkable 
angular dependence. 

4) The observed magnitude of the second 
order shift 4H gives g,;~1.4x10"%cm-* when 
Br- is the solute ion and ~2.0x10%cm7* 
when Cl- is the solute. 

5) Inside a mixed crystal, the solute ions 
are in no ways uniformly distributed all over 
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the crystal, but subject to considerable 
segregation. Hence the probability of finding 
more than one solute ion in the nearest neighbor 
positions to the Na nucleus is very small. 

In this report we have presented the results 
of the quadrupolar effect in the mixed crystal 
having different but equally-valenced negative 
ions. Further experiments in a similar fashion, 
for example, the quadrupolar effect caused by 
introducing divalent ions into the crystal or 
the investigations in a mixed crystal having 
different positive, not negative, ions are now 
being planned. 
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Thin evaporated alloy films of the aluminium-silver system, mainly of 
hexagonal close packed phase and cubic ’-phase, were examined by 


electron diffraction. 


In the evaporated films, the h.c.p. lattice with an 


axial ratio of 1.63 was apt to be produced, which seemed to arise from 
the change of (111) stacking in the f.c.c. lattice, especially when the 
evaporation was carried out on to substrates at elevated temperatures, 
while the @/-phase was in general difficult to form by the evaporation 


only. 


The processes were also examined, through which the evaporated 


alloy films ultimately attained the equilibrium state after successive heat- 


treatments. 


Sp 


Electron diffraction studies on thin alloy 
films give us important and interesting in- 
formations in view of crystallography as well 
as metallography. For example, there are 
some experimental works!-® about the problem 
of ordering in copper-gold and copper-palladium 
alloy systems, carried out by such a method 


Introduction 


with considerable success. In order to con- 
tribute to studies on phase-diagrams, Taka- 
hashi e¢ al. have systematically examined 
many kinds of alloy films of the copper- 
aluminium system containing various inter- 
metallic compounds with complex structures. 
About the aluminium-silver system, Boettcher”? 
has carried out the electron diffraction work 
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and the measurement of electrical resistance 
of vacuum evaporated alloy films to make 
clear the structure of films and its change due 
to the thermal treatments, discussing the dif- 
fusion process in such films. Recently, 
Goéttsche® has also studied the above system 
by electron diffraction. He prepared alloy films 
containing 30 wt. per cent silver on heated 
rocksalt by vacuum evaporation and, in addi- 
tion to a spot pattern due to the cubic phase, 
obtained two kinds of satellite spots around 
cubic spots, one kind of which is due to the 
hexagonal close packed y-phase and the other 
due to lattice defects arising from the growth 
of 7-phase. 

As the electron diffraction work on this alloy 
system seemed to be. interesting and worth 
while investigating further, the present work 
has been undertaken. Alloys with various 
compositions, extending over the whole of the 
aluminium-silver system, were studied here. 
In Fig. 1, 6- and a-phases have the structure 
of face-centred cubic type, 7-phase (Ag»Al) the 
structure of hexagonal close packed type, {’- 
phase (Ag;Al) the structure of 6-Mn type and 
B-phase the structure of body-centred cubic 
type. Among these phases, the hexagonal 
close packed 7-phase and the cubic 2’ -phase 
were chiefly examined by electron diffraction. 


§2. Experimental Method 


An electron diffraction camera of a_ hot 
cathode type and of a camera length 309mm 
was used and a high voltage of about 50KV 
was applied. Aluminium and silver were 
simultaneously evaporated in vacuo from fine 
wire (0.1~0.2mm. in dia.) suspended in a 
tungsten filament onto cleavage surfaces of 
rocksalt maintained at various temperatures 
(from room temperature to 460°C) or some- 
times onto collodion films supported on pin 
holes in nickel supporter maintained at room 
temperature. Quantities of evaporated metals 
were so controlled that alloy films formed had 
desired compositions. Because of alloying of 
aluminium with tungsten, the real composi- 
tions of the films may somewhat have shifted 
from those planned to silver-side, but they 
were difficult to determine accurately. The 
compositions described in the following 
sections are those planned. All films were 
heated at desired temperatures for desired 
periods in a copper tube and quenched by 
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Fig. 1. Phase diagram of aluminium-silver 
system, 
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Fig. 2. Diffraction patterns of 60% Al-Ag film 
formed at room temperature, 
(a) before thermal treatments (only f.c.c. rings), 
(b) after heating at 100°C, lhr. (b.c.p. rings 
appeared). 


(a) 


pouring water onto this tube”. 


§ 3. Experimental Results 


From a standpoint of composition, the 
examined alloy films are classified into the 
following three groups: 1) Alloy films con- 
taining aluminium more than 50 wt. per cent, 
ii) alloy films containing aluminium of about 
20~40 wt. per cent, and iil) alloy films con- 
taining aluminium less than 15 wt. per cent. 
In the following sections all the concentration 
will be represented in weight per cent. 

i) Results for the alloy films containing 

aluminium more than 50 per cent. 

Alloy films formed at room temperature 
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Fig. 3. (a) Diffraction pattern of 60% Al-Ag film 


formed at 450°C. 

(b) Illustration of (a). Diffraction spots due to 
h.c.p. lattice and to lattice defects appeared 
owing to the rotation of crystallites (~15°) 
in the film. 


showed comparatively sharp  f.c.c. Debye 
rings (@=4.05-+0.01A) in their diffraction 
patterns, where the background intensity was 
very strong (Fig. 2a). As the heating proceed- 
ed step by step from 100°C to 400°C in vacuo, 
h.c.p. rings began to appear faintly in addition 
to f.c.c. rings becoming very sharp and in- 
creased in intensity and sharpness with 
increasing temperature and heating duration, 
occasionally consisting of sharp fine spots, and 
at the same time the background intensity 
decreased (Fig. 2b). The lattice constants 
obtained from the h.c.p. rings slightly varied 
with thermal treatments: for example, an 
axial ratio c/a of about 1.62 was obtained from 
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very weak and diffuse h.c.p. rings appearing 
above about 100°C in a film containing about 
60 per cent aluminium. With further anneal- 
ings at 150~200°C for several hours these 
rings became sharp and strong and the lattice 
parameters progressively approached to the 
values, @=2.88 A, c=4.59 A, c/a=1.59, which 
agreed with X-ray results for 7-phase obtained 
by Westgren and Bradley (Table I). 

Alloy films formed at about 460°C contain- 
ing 85~60 per cent aluminium gave patterns 
as shown in Fig. 3a. In these patterns, the 
f.c.c. diffraction spots are observed, accom- 
panied with satellites bearing some resemblance 
to those due to twinned lattices in evaporated 
films of f.c.c. metals, such as silver, gold, 
copper, nickel and palladium. Fig. 3b is a 
schematic figure of Fig. 3a. Recently, 
Gottsche» has also obtained quite similar 
patterns using alloy films containing 30 per 
cent silver. According to him, some of these 
satellites were explained to be due to the h.c.p. 
lattice formed during the condensation of films, 
which arises only from the change of the 
stacking order of (111) plane in the f.c.c. 
lattice without any other change of the lattice. 
The other satellites are due to two kinds of 
lattice defect produced as a result of the 
formation of the hexagonal lattice. From 
these circumstances, it is understood that the 
orientation relationship between f.c.c.- and 
h.c.p.-lattice is such as: {111}+.c.c//(0001)n.c.p., 
<110)¢,¢.¢.//{1120>n.e.p.. The axial ratio c/a for 
this hexagonal lattice should naturally be 1.63 
and was so in Géttsche’s case, while it was 
estimated to be 1.59 in the present case, a and 
c being 2.87 A and 4.57A. This discrepancy 
will be discussed later. 

Films formed at 350°C also showed patterns 
due to the f.c.c. d-lattice and to the heezps 
lattice. In these films, a greater part of the 
h.c.p. crystals has such an orientation as 
(0001 )n.c.p. //(001) act, 1120)8 9: //<110> Nac, and 
the remaining smaller part has such an 
orientation as (0001)n.c.p.//A11) xact and 
<1120>n.c.p, //<110>xaci, just as obtained at 460°C. 
The lattice parameters of d-lattice and of 
h.c.p. lattice were measured to be as=4.04 Ag 
Qnep. =2.87 A. Cre», =4.66A and (C/@)n-0.5, 
=1.62, respectively. 

Even when the specimens were heated at 
about 470~500°C (within the 6-phase region) 
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and quenched, the pattern due to the h.c.p.- 
phase (c/a=1.61+0.01) strongly remained, 
though intensities of the spots due to lattice 
defects decreased. This fact will be discussed 
later. 


ii) Results for the alloy films containing 
about 20~40 per cent aluminium. 


Films containing about 40 per cent alumi- 
nium, condensed at room temperature, indicat- 
ed almost similar behavior to those containing 
aluminium more than 50 per cent, condensed 
at room temperature, as described in the 
previous section, but films containing about 
20 per cent aluminium already gave the h.c.p. 
rings having the lattice constants, a@=2.88 A, 
c=4.59 A, c/a=1.59, in addition to the f.c.c. 
rings (a@=4.05+0.01 A) immediately after con- 
densation, and the aspects of the patterns 
scarcely changed with further heat-treatments. 

Films formed above 400°C showed very 
clear patterns due to the h.c.p. lattice and 
weak f.c.c. patterns, as shown in Fig. 4. The 
crystal orientation of h.c.p. lattice is the same 
as in films condensed at 350°C described in 
the previous section, i.e., (0001)n.c.p, //(OO1)nact 
and <1120)n.c.p, //<110>xac1, and such orientation 
faintly appeared also in films condensed at 
room temperature in the present composition 
range. The axial ratio is 1.59 in the present 
case, corresponding to the value of 7-phase 
saturated with aluminium, while it was 1.62 
in films containing aluminium more than 50 
per cent, condensed at 350°C. 


iii) Results for the alloy films containing 
aluminium less than 15 per cent. 


Films formed on the rocksalt substrate at 
room temperature containing about 10 per cent 
aluminium showed diffraction rings due to the 
f.c.c. lattice (a=4.08 A, a-phase). After being 
heated at 200°C for 7 hours, sharp rings 
corresponding to the ’-phase (a@=6.92 A) 
appeared in addition to rings of the a-lattice, 
and hence it was found that the structure of 
this film tended to its equilibrium state by 
heat-treatment. When this film was again 
heated at 400~500°C, the rings due to the f’- 
lattice disappeared and only those due to the 
a-lattice remained. This fact coincides with 
the phase diagram, provided that the composi- 
tion shifted from the planned value to silver- 


side. 
From the film formed on the rocksalt sub- 
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Fig. 4. Diffraction pattern of 20% Al-Ag film 
evaporated at 450°C. This pattern almost 
corresponds to h.c.p. y-phase. 


strate at 200°C containing about 13 per cent 
aluminium, sharp rings due to the h.c.p. phase 
were obtained, accompanied with weak ones 
due to the f.c.c. d-phase (a=4.04 A), as shown 
in Fig. 5a. In this case, the lattice parameters 
of y-phase were measured to be a=2.87 A, 
c=4.57 A and c/a=1.59 respectively, and these 
almost coincide to those of aluminium-side of 
y-phase. After being heated at 200~300°C 
for several hours, however, the lattice para- 
meters changed to the values, @=2.86 A, c= 
4.62 A, c/a=1.61, indicating that the composi- 
tion of y-phase shifted from aluminium-side 
to more silver-side, and a sharp pattern due 
to #’-phase appeared (Fig. 5b) and the f.c.c. 
pattern vanished. At 400°C, a major part of 
the diffraction rings belonged to #’-lattice and 
only a few rings to h.c.p. lattice (Fig. 5c). 
The measured lattice constant of #’-lattice is 
6.92 A and well coincides to the X-ray result.” 
After being heated above 500°C, the com- 
ponent of this film changed to the h.c.p. lattice 
(cla=1.63). The @-lattice again appeared by 
the successive annealings at about 200~250°C 
for several hours. 

Films formed on the rocksalt substrate at 
300°C containing about 10 per cent aluminium 
showed an oriented structure containing 7- 
lattice and f’-lattice (Fig. 6). The orientation 
relationship is such as (0001)y//(.11)e-. After 
being heated at 250°C (below the condensa- 
tion temperature) for about 3 hours, a greater 
part of the pattern arose from the #-phase 
and a smaller part from the a-phase, as if the 
composition shifted with heating. 

These behaviors of silver-rich films in the 
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Fig. 5. Diffraction patterns of 13% Al-Ag film 
evaporated at 200°C. 

(a) immediately after evaporation (before further 
heat-treatments). Strong h.c.p.-rings and 
weak f.c.c. rings (a=4.04 A) 

(b) annealed at 300°C, 3.5 hr. Continuous rings 
are due to y-phase and spotty rings to 
B’-phase. 

(c) annealed at 400°C, 2hr. 
almost due to #’-phase. 


This pattern is 


Fig. 6. Diffraction pattern of 10% Al-Ag film 
formed at 300°C. This pattern corresponds to 
h.c.p. y-lattice and cubic £’-lattice. 


course of successive heating will later be dis- 
cussed. 


§ 4. Discussions 


In the present study, the axial ratio c/a for 
the h.c.p. lattice changes between 1.63 and 
1.59 with the film composition and the thermal 


treatment. According to the Westgren- 
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Bradley’s X-ray examination, it has been 


——-(520),432) known that the lattice parameters for the 


h.c.p. 7-phase in the equilibrium phase diagram 
vary with aluminium content as shown in 
Table I. The discrepancy between c/a of 85 
~60 per cent aluminium formed at about 
460°C, 1.59, and that in the G6ttsche’s case, 


_. (499) 
||| 37) 
(411),(830) 1.63, seems to arise from the following reason; 


(4I0),322) in the course of slow cooling of films from 


the condensation temperature to room tem- 
perature in the present case, the h.c.p. lattice 
formed at the time of condensation becomes 
nearly saturated with aluminium and the axial 
ratio results in 1.59, while films were quenched 
so quickly from 450°C immediately after the 
evaporation in Gottsche’s experiment that the 
h.c.p. stacking built up in such a way as he 
suggested, having an axial ratio 1.63 corres- 


ponding to an ideal closest packing, still 
persisted (non-equilibrium — state). If the 
evaporation is carried out at lower tem- 


peratures, e.g., at about 350°C, an axial ratio 
becomes about 1.63, even in the present ex- 
periment, because the slow-cooling effect after 
the condensation is insufficient in this case to 
make a stable y-phase. From these facts, 
including the Gottsche’s results, it can be con- 
sidered that, in the films containing aluminium 
more than 50 per cent and not subject to heat- 
treatments after condensation, the h.c.p. 


Table I. Variation of lattice parameters for 
h.c.p. Y-phase with aluminium content.» 
Weight ae 
weno ME | aC) | (Ay | ef 
8.5 2.865 4.653 1.625 
10.5 2.869 4.625 1.612 
13.8 Meo ll 4.579 1592 
15.9 2.879 4.573 1.588 


lattice, having an axial ratio of 1.63, is con- 
sisted of ABABAB.... stacking simply translat- 
ed from ABCABC.... stacking of the f.c.c. 
lattice by a simple shear. Such a lattice is 
not in equilibrium, but approaches to the 
equilibrium state on the phase diagram through 
the successive thermal treatments, i.e., 7-phase 
saturated with aluminium and having an axial 
ratio of 1.59 is formed by diffusion of atoms. 
Thus the h.c.p. lattice formed by simple 
shearing of (111) stacking should be distinguish- 
ed from the h.c.p. y-phase formed as a result 
of thermodynamical equilibrium and may have 
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some connection with the intermediate state 
produced in the course of precipitation from 
supersaturated 0-solid solution. It seems that 
the change in c/a of the h.c.p. lattice in films 
formed at room temperature as described in 
§3, (i), ie., the change from 1.62 to 1.59, 
corresponds to the transition from the h.c.p. 
lattice due to simple shearing to the ;-lattice 
on the phase diagram, considering that there 
is an error of +1% in the measured value of 
c/a. 

In the present experiment it is noteworthy 
that the pattern due to the h.c.p. lattice (c/a 
=1.61+-0.01) was already present immediately 
after the samples containing 85~70 per cent 
aluminium were quenched from temperatures 
of d-solid solution (470~500°C) and hence the 
supersaturated solid solution could not be 
produced in these alloy films by means of the 
present quenching method. Moreover, 
Winkelmann™ has recently reported that, in 
the electron diffraction pattern of the thin 
evaporated aluminium-silver alloy film (38 per 
cent silver), hexagonal reflections clearly ap- 
peared immediately after the films was 
quenched from 530°C to —10°C. Therefore 
it seems to the present author that the h.c.p. 
lattice precipitates far faster in thin films than 
in bulk alloys or the quenching methods 
adopted by Winkelmann and by the present 
author are both not suitable for thin films. 

In the composition range less than 15 per 
cent aluminium, it appears that the apparent 
composition of films immediately after being 
condensed at elevated temperatures seemed 
richer in aluminium than the equilibrium com- 
position achieved by further heat-treatments. 
In this connection, it is reasonable to think 
that silver atoms are in general so quickly 
evaporated at the beginning of condensation 
that a greater part of film successively evap- 
orated is composed of aluminium-rich crystals 
as already stated by Boettcher,” and that when 
the condensation is carried out at elevated 
temperatures such aluminium-rich parts ap- 
proach to their equilibrium and 0-, y-, or p’- 
phases appear, as described in the previous 
section, in the course of cooling from con- 
densation temperatures. The underlying silver- 
rich parts which are small in quantity com- 
pared with aluminium-rich parts do not give 
observable diffraction rings, probably because 
of the absorption effect.1? 
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Here, the following remarks should be made. 
The fact that films formed at room tem- 
perature containing aluminium more than 50 
per cent gave only f.c.c. d-rings accompanied 
with no other rings, as described in § 3, (i), 
is considered not to show that the film 
structure is in the quenched state (super- 
saturated solid solution), but to mean that the 
silver-rich parts which must be present do not 
give observable diffraction rings because of 
the absorption effect, as in the above-mention- 
ed case. 

Now, we return to the topic on the films 
containing aluminium less than 15 per cent. 
With further heat-treatments after detachment 
of films from substrates, the  silver-rich 
parts react with the aluminium-rich parts 
through diffusion, and hence the aspect of 
diffraction pattern changes to some extent 
from aluminium-rich to silver-rich after suf- 
ficient annealings for homogenization. If the 
homogenization once occurs in this way, the 
film subjected to further various thermal treat- 
ments gives the patterns expected from the 
existing phase diagram, as already described 
in the previous section. We must pay atten- 
tion also to the fact that the real composition 
of the film slightly shifted from those planned 
to silver-side due to alloying of aluminium 
with tungsten. In general, moreover, it seems 
that the p’ -lattice is difficult to be formed 
on the rocksalt substrate by the evaporation 
method alone also in the case of room tempera- 
ture condensation and that the h.c.p.-lattice is 
easily formed especially in the case of elevat- 
ed temperature condensation and the film 
structure approaches to an equilibrium state, 
increasing the quantity of #’-phase with 
successive heat-treatments. The films contain- 
ing about 10 per cent aluminium condensed 
on collodion substrate, on the other hand, 
were nearly in the equilibrium state, indicating 
the very clear rings of @’-lattice, even when 
the evaporation was carried out at room tem- 
perature. This fact should be interpreted as 
follows; owing to the temperature rise of the 
collodion substrate of small heat capacity due 
to the radiation of filament, the initially in- 
homogeneous films immediately approached to 
nearly stable state, without further heat- 
treatments, while the temperature of rocksalt 
substrate did not rise appreciably due to large 


heat capacity. 
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On the whole, it can be concluded that the 
obtained results do not conflict with predictions 
from the existing phase diagram, if attention 
is paid to peculiar properties of films, e.g., 
such as those concerning their inhomogeneity 
after condensation, the hexagonal phase forma- 
tion, etc. 

In conclusion, the author wishes to express 
his sincere thanks to Prof. S. Ogawa for his 
kind guidance and ardent discussions.. This 
work has been supported partly by the fund 
of the Ministry of Education in Aid of 
Scientific Researches. 
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Microwave resonance formulas of a ferromagnet with a small hexagonal 
anisotropy in a basal plane besides with a uniaxial anisotropy are 
phenomenologically derived. The comparison with the resonance ex- 
periments on « Fe,O; single crystals is made and they are satisfactorily 


explained. 
pointed out. 


§1. 


It is well known that a Fe,03 shows a weak 
ferromagnetism!-» and recently ferromagnetic 
resonance experiments on a@ Fe,O; single 
crystals have been performed at three labora- 
tories*-®. Above the Morin transition tem- 
perature”, which varies from 15°C to 50°C 
according to the samples and at which a sort 
of magnetic structure transition takes place, 
the common results are as follows. A strong 
resonance line having a width of about 500 
oersted is observed with magnetic field per- 
pendicular to the rhombohedral axis. This 
resonance field does not vary appreciably with 
temperature and the resonance line disappears 
completely below the Morin temperature. 
With larger deviations of the magnetic field 


Introduction 


A few contradictions with the static measurements are 


from the basal plane the values of the re- 
sonance field become larger. This shows that 
the easy direction lies in the basal plane 
above the Morin temperature and is compatible 
with the static measurements!-») and the 
neutron diffraction experiments. Neglecting 
a small anisotropy in the plane and the 
demagnetizing effect one obtains about 30000 
oersted for the uniaxial anisotropy field Hy 
from the usual resonance formula in the basal 
plane, Hy?=w?/7?= H(H+H.), where Hy is the 
normal resonance field, w/2z the microwave 
frequency, +=ge/mc the magneto-mechanical 
ratio and H the resonance field in the plane. 

As regards the small anisotropy in the basal 
plane, different observations have been re- 
ported. Anderson et al® obtained the re- 
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sonance field, H=(2270+60 sin 6¢) gauss, in 
the plane at 1.25cm wavelength. Here ¢ is 
the azimuthal angle of the magnetic field in 
the plane. Kumagai et al” did not clearly 
find the regular symmetry in the plane. 
Kojima® found a period of 180 degrees. These 
discrepancies may be attributable to the dif- 
ferences of the samples and the imperfections 
in the crystals. Kumagai et al? and Kojima® 
obtained the resonance fields at several wave- 
lengths and from their results a natural re- 
sonance frequency of @ Fe,O; is found to be 
about 10000 Mc/sec in the plane. In order to 
calculate the natural resonance frequency in 
the case of the easy direction being in the 
basal plane, it is necessary to keep the small 
anisotropy energy in the plane in addition to 
the large uniaxial anisotropy. In the present 
paper the writer will derive the ferromagne- 
tic resonance formula of a Fe,03; assuming 
it to be a simple ferromagnet and keeping 
the hexagonal anisotropy energy in the plane 
so as to fit the experimental facts obtained 
by Anderson et al. 

At shorter wavelengths, that is, higher re- 
sonance fields the experimental values of the 
resonance field in the basal plane are well 
explained within the experimental errors 
assuming proper values of the anisotropy 
energies. At lower fields (~1000 oe.) the 
calculated values of the resonance field are 
larger than the experimental ones. This dis- 
crepancy may be due to the fact the magne- 
tization does not saturate at such lower 
magnetic fields. The resonance in the plane 
containing the rhombohedral axis is as well 
explained as already Anderson et al did. 
Finally the values of the anisotropy energies 
determined from the resonance data will be 
compared with the results of the static ex- 
periments. There are some inconsistencies 
between them and these cannot fully be 
settled here. Simultaneous resonance experi- 
ments and static measurements on the same 
a Fe,O; single crystals are desirable. 

The same discussions given in- this note 
will be applicable to the pyrrhotite single 
crystal and other ferromagnetic crystals 
which have easy directions in the basal plane, 
but unfortunately resonance experiments on 
these crystals are scarce. It may necessitate 
higher magnetic field or shorter wavelength 
than the usual one because of their larger 
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U(K2 Be %) 
Kigweals 
anisotropies!). 
§2. Resonance Formulas 


We take the rhombohedral axis as z-axis. 
Let the direction cosines of magnetic field H 
and magnetization M be (A, wu, v) and (a, 8,7) 
respectively and their polar angles be # and 
@ respectively, as shown in Fig. 1. The 
azimuthal angle on the «wy plane of the 
magnetization M is yg. We assume the 
following anisotropy energy in a Fe,0;, 


je 5 HaMlr? + Krt+ K(a®—15a046? 
+15a?6!—°)], Ha>0, K’>0. Gp) 
The third term in the square bracket is the 
same as sin°@xcos 6g and gives the hexago- 
nal anisotropy in the basal plane. From this 
anisotropy one can obtain the x, y, z compo- 
nents of the effective field, 

H,¢= AH—3HaK (a®—10a*p?+5aB*) , 

H,¢=4H+3H4K (85—106%a?+5Bat) , 

Hf =vH—Hay(14+2Ky7?) . (2) 
Here we neglect the demagnetizing fields as 
the magnetization of a FeO; is of the order 
of a few emu/cc. The equilibrium direction 
of the magnetization M under the magnetic 
field applied along the direction (A, 4, v) is 
obtained from the equations, 

Hf /a=Hy’/B=H2'/r : (3) 

It is convenient to use new. axes &, 7, € in- 
stead of the x, y, z axes, where the € axis is 
the direction of. the magnetion M in 
equilibrium and the & and 7 axes are ortho- 
gonal to each other and to the € axis. Let 
the direction cosines of € and y axes relative 
to the a, y, z axes be (a, Bi, 71) and (a2, Be, 72) 
respectively. The components of the effective 
field with respect to the new axes are 


He =a,H2 +A +71?’ , 


1080 Masao SHIMIZU (Vol. 11, 


A, = 02H! + B.A, +72? , He = H(aa+ Bet yy)— Har +2K7?) 
H¢=aH,!+ BHy+rH¢e , (4) —3H4K’(a®—15a4B?+ 150784 f%). (6) 
and the same can be said of the components J[f there are small fluctuations of M~ and M,, 
of the magnetization. In static equilibrium, that is, 0Me and OM,, the effective fields 
the components of the magnetization have @#,¢ and dH,’ appear in the directions of & 
values, and 7. From Eqs. (2), (4), (5), (6) these fields 


Aa Le at can be written as 
M;=M,=0 5) M;=M, ay) 


5 OHg¢ =Ay,O6Me+ApdM, ’ 
f the effective field are 
and the components o e effectiv Sip gS COUNT: (7) 
lEk2=lsh = » where 


AuM=—15Huk’ {(ay?— B,)(at—6a? B+ Bt) +801 8(@p>—a5B)}— Har 21 +6K7?) , 
AnM=—15HsK"{(a,?— 8”) (a! — 6a? B? + B*) + 8a282(aB3—a*8)}— Har2(1+6Ky?) , 
AwM= AnM=—15H4K’ {(a@:a2—B1B2)(at—6a?B?+ B*) 
+4(a1 82+ a281)(aB? —a°8)}— Hariv2x1+ Kr?) . (8) 
Thus the resonance condition with the anisotropy energy of Eq. (1) and an applied field in 
an arbitrary direction (2, 4, v) is given by 
Ay?= 0?/7?= MA Ax — Ais”) —He M(Ant An) + He? . (9) 
The resonance formula (9) is rewritten by Eqs. (6) and (8) in terms of 0, g and 9, @ being 
an the angle between the magnetic field H and the magnetization M, as follows, 
H,?=?/7?= H*cos?@+ HH. cos O(1—3 cos?0+6 K cos? 
—10K cos*@—21K’ sin®0 cos 6¢) 
+H? cos?0{(2 cos?0—1)+4K cos?0(3 cos?@—2)+4K? cost 6(4 cos?0—3)} 
+6H4’K’sin®@ cos 6¢{(4 cos?@—3)+2K cos?0(5 cos?0 —9)} 
+9H 47K’? sin®6(6 sin‘@ cos? 6—25 cos?0) . (10) 


Since K’ is assumed to be small, the resonance field H is expanded in powers of K’, and 
we have 


1 ee ee ee : 
H cos 9 = 9 V 4H,?+ H.2 sin‘00 +6K cos?0)? 


a > Ha(1—cos?6+6K cos?@—10K cos‘6) 


il aif 15H.4(1-+-cos?0)(1+6K cos?) 4 
—H,K’ sin®6 6 SS ae O(K’?) . Teh 
Mokrrie 121+ 7eHecH nT SR oath pete? oo 
In the basal plane the above resonance formula takes a simpler form, because $=0@=7/2 and, 
since the hexagonal anisotropy field in the plane, 3H,K’, is supposed to be much smaller 
than the magnetic field H, the magnetization is nearly parallel to the magnetic field in the 
plane, ic. @=0. Then we have from Eq. (10), 
o?/7? =H? + HH 4(1—21K’ cos 6¢)—18H.42K’ cos 69 +-54H 4? K”°cos*6¢@ , (12) 
and from Eq. (11) 


if Eh Se ib 3 oS 
H= 9 \V 4H + He — Ha} + 2 H4K’ cos 69(7-+5Hu/V 4H,?+ H4?) 


+229? H 47K’ H4?+4H,2)-3/2 cos6g + O(K’?) . (13) 


A natural resonance frequency is obtained from Eq. (12) taking cos 6g=—1., 
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(07/7?) waverai = 18H 42K’ (14+3K’) . (14) 


g a the case of $<n2, the magnetization deviates from the direction of the resonance 
ae , as the uniaxial anisotropy field is supposed to be stronger than the ordinary resonance 
eld, and we must take into account the equilibrium condition (3). If the component of the 


magnetic field on the basal plane is larger than the hexagonal anisotropy field in the plane 
we can take G=0-—-q¢ and Eq. (3) becomes 


H cos $=H sin ¢ cot 9+ Ha cos 0(1+2K cos?6) . (15) 


With this equation the resonance field is given by 


: ~— 
Hsin o—. sin 0V 4H,?+ H4sin‘0(1+6K cos? 0)? 
ss pit 4sin°6(1+6K cos?@) 


3 re 
aie 5 H4k’sin’6 cos 6¢{7+5Ha(1+cos?0)(1 +6K cos?4) 
x (4H,2+ H 2? sin‘6(1+6K cos?6)*)-1/2}+O0(K”) . (16) 


Table I. Resonance fields in the basal plane of a Fe.O3, g=2, 
E222 102 Oem he — 1 < 10s 


Wavenumber Le. Heal. VHe+H a4 as Sia J SHAK! {7 4 Vi pe taes| 
Cans Oe. Oe. Addo" Gide 
Oe. Oe. 
1.84 11380 + 100 11450 11510 60 
St) 8800 + 100 8800 8862 62 
ail 5980 + 100 5912 5977 65 
0.90 3400+ 50 3532 3600 68 
0.65 1300+ 70 1925 1996 71 
Qacill 0) 411 486 Mo) 
0.16 — ol 130 79 
0.12 = 0 FZ a 


It @ is eliminated from the above Egs., the 
resononce field H can be written as a function re 
of #. Similar formulas to Eqs. (15) and (16) 
neglecting the hexagonal anisotropy have 


already been given by Anderson et al.” ae rig aerguelith 2 era 
@ ae 

§3. Comparison with Experiments - 8 6 ee aes 
As the experimental values of the resonance ae et al) 

fields in the plane for a Fe.Os, which have z Z 

been reported by Kumagai et al” and are a 

listed in the second column of Table I, are 2 

the minimum values in the plane, we take 5 4 

cos 6y=—1 in the Eg. (13); the calculated 2 


values from Eq. (13) are. given in Table I 
and Fig. 2, where we choose g=2 and 
Hy =2.22x10' oersted\in order to get the best 
agreement with the experimental values and 
K1.9x10-* in order that the hexagonal part 
of the resonance field becomes of the order Fig. 2. The resonance fields in the basal plane 
of magnitude of the experiments (~60 oe). It as a function of wave number. 


Le) 


o6 0.2 0.406 08 10 1.2 1.4 16 18 2.0 


wave number cm! 
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Fig. 3. The resonance fields at a wave number 


0.9cm~-! in the plane containing the rhombo- 
hedral axis as a function of the angle % between 
the rhombohedral axis and the magnetic field. 


should be noted that the magnitude of the 
hexagonal part of the resonance field depends 
slightly on the wavelength. The value of 
the natural resonance frequency thus obtained 
is 3640 Mc/sec. This is fairly low althongh 
we can get a much higher frequency if the 
value of K’ is assumed to be much larger. 
In a range of shorter wavelengths the 
agreement is satisfactory within experimental 
errors. Discrepancies in a longer wavelength 
range might be due to that the magnetization 
is not saturated. In hysteresis measure- 
ments’? on a@ Fe,O3. single crystals the 
magnetization in the plane is not saturated 
up to the range of 1000 to 2000 oersteds, in 
spite of the small anisotropy field (3H4K’~13 
oersted) in the plane, and the coercive force 
is about 500 oersted. Wohlfarth have esti- 
mated the anisotropy field in the plane to be 
roughly 1000 oersted. from the hysteretic pro- 
perties of powdered sample of a Fe,O3 assum- 
ing a trigonal anisotropy in the basal plane. 
This value seems to be too large toexplain a 
small variation of the resonance field in the 
plane and the natural resonance frequency. 
The large values of the magnetic field which 
are necessary to saturate the magnetization 
of a Fe,O; may be due to imperfections in 
the crystal. A definite conclusion of this 
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Table Il. Resonance fields in the vertical plane 
containing the rhombohedral axis at wave 
number 0:9 cm=7!, g=2; Ha=2.22*1020e,, K= 
2A EN Oa aes 


@ H1eai. Heai.sing Heai.cos ~ 9 
Oe. Oe. Oe. 
908 3532 S02 0) 90° 
Byicson 4178 3525 2244 flay 
38°06’ 5698 3515 4485 80° 
20 Sik (syal 3498 6715 thy 
PAA Re! 9590 3484 8935 70° 
WL 20) 11674 3478 11144 65° 
14°38’ 13789 3484 13342 60° 
12243! 15904 3504 15514 Don 
pa Satyes 18075 3534 17726 SOe 
10°08/ 20229 3561 19913 45° 


point and on the symmetry character in the 
plane cannot be got until further experiments 
on microwave resonance and static measure- 
ments on the same sample of a Fe,0; single 
crystal are made. 

In the plane containing the rhombohedral 
axis the calculated values at a wave number 
0.9cm7! are given in Table II where we use 
the values g=2, H1=2.22x10! oersted, K’= 
1.9x10-* and K=1/24 so as to make Hsind 
=constant. These are graphically compared 
with the corresponding experimental values 
after Kumagai et al” at a wave number 0.9 
Chim seine ious 

As seen from the above discussions the 
uniaxial anisotropy field H, of a Fe,Q; is 
very strong (~22200 oersted). When a mag- 
netic field weaker than Hy is applied in the 
rhombohedral direction (difficult direction) and 
the magnetization M is assumed to’ be satu- 
rated, a Fe,O0; is nearly paramagnetic in this 
direction and the susceptibility is expected to 
be y=M/H4. Using the data M=1.6 emu/cc”, 
we find y=7.2x10-*/cc. This value of the 
susceptibility is of the same order of mag- 
nitude as the experimental value 10.5 x 10-5/cc*) 
which has been supposed by Neel*) to be yan 
of the main antiferromagnetism of a Fe,0; 
on which the weak ferromagnetism exists 
parasitically. It is desirable to make sure 
whether the experimental values of x in the 
rhombohedral direction is due entirely to the 
antiferromagnetism or partly due to the fer- 
romagnetism with a strong anisotropy. If the 
parasitic ferromagnetism is independent of 
the main antiferromagnetism the value of the 
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susceptibility parallel to the rhombohedral 
axis will be greater than that measured in the 
basal plane under a sufficiently strong field. 
In the experiments®»» however, this does not 
hold and these two values of the susceptibility 
of a Fe,O3; above the Morin temperature are 
nearly equal. The parasitic ferromagnetism 
is not independent of the antiferromagnetism. 
And so it is necessary to obtain the resonance 
formula based on a more reasonable model of 
the parasitic ferromagnetism in the main 
antiferromagnetism. This is a future pro- 
blem. 

The author wishes to express his sincere 
thanks to Professor T. Nagamiya and Dr. K. 
Yosida for their king advices and Mr. J. 
Kanamori for his valuable discussions. The 
present work has been supported by a Yuka- 
wa scholorship, with which the author 
was able to stay a few months in Osaka 
University. 
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The change of magnetic properties due to the replacement of manga- 
nese by chromium in manganese antimonide (MnSb), which is of the 


NiAs structure, was investigated. 


It was found that, with the increase 


of the concentration of chromium, the magnetic behaviour of these com- 


pounds (Mn,-zCr2)Sb changes as follows: 


(1) at w=0 (MnSb), the tem- 


perature-magnetization curve shows typical behaviour of ferromagnetic 
substance, (2) in the range 0.12720.7, it deviates remarkably from the 
Weiss curve in proportion with the chromium content, and the temperature 
dependence of the reciprocal susceptibility above the Curie point is of 


a ferrimagnetic type. 


(3) In the range 0.82720.9 a transition from 


ferrimagnetic to antiferromagnetic was observed, and finally (4) at ipseilt 


(CrSb) a typical antiferromagnetism could be seen. 


of such transitions is given. 


§1. Introduction 
It has been proposed” that, if magnetic 


cations in an ionic crystal are replaced by 


A short discussion 


* This investigation was supported in part by 
the Grant- 2 in-Aid of Fundamental Scientific 
Research of Ministry of Education. 
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another kind of magnetic cation, a new type 
of exchange coupling between the cations of 
different kinds will be introduced in addition 
to the original ones between the cations of 
the same kind, and that, in such a case, 
various types of the ordered arrangement of 
their magnetic moments, together with the 
transition among them, will be expeoted. If 
we made such binary systems of compounds 
by combining two kinds of ionic compounds 
of ferromagnetic and antiferromagnetic types, 
then it will be considered that their magnetic 
properties will change from ferromagnetic to 
antiferromagnetic due to the concentration 
change, and that the intermediate type of 
ordering of the magnetic moments of cations 
will occur. From these points of view, we 
have investigated magnetic properties of the 
binary system of manganese and chromium 
antimonide, both of them being of the same 
crystal structure of NiAs type, and the former 
being ferromagnetic and the latter antiferro- 
magnetic. According to the present investiga- 
tion, it was found that both compounds make 
perfect solid solutions in all proportions. In 
the following lines the results of the measure- 
ment of their magnetic properties and some 
discussions thereupon are given. 


§2. Preparation of the Specimens and the 
Measuring Apparatus 


Eleven specimens having the concentration 
of (Mn,-2Cr.)Sb, where x took the values from 
zero to unity in every interval of 0.1, were 
made by means of the ceramic method. The 
powders of manganese, chromium and antimony 
of below 100 mesh were mixed at the desired 
proportion, sealed in evacuated silica tubes 
respectively, and heated during about 24 hours 
at 1000°C. Then the reaction products were 
slowly cooled down in the furnace. 

In order to confirm the mutual solubility of 
both antimonides, we examined all the speci- 
mens by means of the X-ray analysis. Powder 
photographs showed monophase patterns of 
crystal structure of NiAs type in all range of 
composition, and the lattice constants a, c and 
axial ratio c/a were determined. Fig. 1 shows 
the variation of the lattice constants a, c as 
well as axial ratio c/a with the chromium 
content zx. As can be seen from the figure, 
one of the lattice constants a is nearly constant 
throughout the range of chromium content, 
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0.8 1.0 
(C 33) 


—— Concentration of Cr, X 
oy (| JA 


Fig. 1. The curves of lattice constants @, ¢ and 
axial ratio e/a as a function of chromium 
content. 


| i nae 02 04 0O6 


while another parameter c and the axial ratio 
c/a decrease linearly with increasing chromium 
content except the range 0420.2. So we 
may say that the reaction products form com- 
plete solid solution in the range z=S0.2, Phe 
abrupt change of the slope of the c vs. x curve 
at x=0.2 shown in Fig. 1 would be somewhat 
strange from the above standpoint but we 
consider the samples in this range to be also 
the continuation of the solid solutions, since 
the compounds with 720.2 and MnSb are of 
the same NiAs phase with the equal para- 
meters, and as will be shown below, liva— 9 
curves and the Curie point in the whole range 
show continuous change with composition. 
Hence we can presume in the whole range of 
« these reaction products would make perfect 
solid solution. 

The apparatus used for measurement of 
magnetic properties was an automatically 
recording magnetic balance2), 


§3. Experimental Results and Discussions 


MnSb is a ferromagnetic with the Curie 
point of about 310°C) and CrSb is an anti- 
ferromagnetic with the Neel point of about 
440°C. Then, there must be a composition, 
which separates a ferromagnetic phase from 
an antiferromagnetic one. To see this, molar 
magnetizations M and molar susceptibilities 
xu were measured as functions of temperature 
for samples of various compositions. 

From the results of the measurement of 
Magnetic susceptibility, the relation between 
1/yu and temperature T was obtained, the 
result being shown in Fig. 2. Fig. 3° shows 
the result of the measurement of the field 
dependence of Magnetization for a few 
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Fig. 2. The curves of reciprocal of the magnetic susceptibility, 1/ya, versus 


temperature. 
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Fig. 3. The curves of magnetization per gr., @, 


versus magnetic field. 
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Fig. 4. The curves of magnetization per mol, M, 
versus temperature. 


specimens. From this result, it can be con- 
cluded that the magnetization reaches satura- 
tion at about 4000 Oe. The relation between 
saturation magnetization M; and temperatue 
was also determined from such measurements, 
and the result is shown in Fig. 4. From these 
figures one can trace the whole behaviours of 
magnetic change of this binary system. For 
the manganese antimonide the reciprocal sus- 
ceptibility decreases linearly with the fall of 
temperature until Curie point. It is also seen 
from Fig. 4 that the saturation magnetization 
below the Curie point changes nearly according 
to the Weiss curve. From these facts one 
can assume a ferromagnetic ordering of the 
magnetic moment for manganese antimonide. 
The extraplated saturation magnetization to 
absolute zero of temperature takes a value 
3.49 m, wz being Bohr magneton, which is 
slightly smaller than the spin magnetic mo- 
ment of 4 xs of Mn?*. With the replacement 
of maganese with chromium, the Curie point 
decreases, and in addition, there appears a little 
bending of the 1/xu-T curve near the Curie 
temperature, like a ferrimagnetic substance. 
The deviation of the temperature-magnetiza- 
tion curve from the Weiss curve becomes 
the more significant, the higher the chromium 
concentrations. One of the peculiar features of 
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Fig. 5. Relation between temperature of magnetic 
transition and chromium content; ©@) indicates 
the ferro- or ferrimagnetic Curie point and x 
indicates the antiferromagnetic one respectively. 
Chain line shows the border between ferro- and 
ferrimagnetic regions. 


1) 02 04 O06 O8 
(MnSb) 


—— Concentration of Cr, Xx 


1.0 
(CrSo 


Fig. 6. The curves of saturation magnetization 
at the temperature of liquid nitrogen versus 
chromium content. 


these curves is that these have extraordinarily 
long tails near the Curie point. These be- 
haviours can be seen as a characteristic pro- 
perty of a kind of ferrimagnetic spin ordering. 
For the further range with richer chromium, 
viz. 0.822%<0.9, the reciprocal susceptibility 
also decreases linearly with the fall of tem- 
perature, but at a certain temperature it 
reaches a minium. With a further cooling it 


T. Hrrone, S. Magna, I. 


TSUBOKAWA and N. TSuYA (Vole 11, 


Table I. The ferro- and antiferromagnetic Curie 
point Ty and 7',, asymptotic Curie point @, the 
number of effective Bohr magneton and the spin 
quantum numbers are indicated as a function of 
chromium content. 


© Dg) ig Ea 6 Best | S 

0 (MnSb) [587 (°K), 587(°K)| 4.48 | 1.80 
0.1 565° 516 4.36 | 1.79 
0.2 553 506 3.83 | 1.48 
0.3 543 483 3.82 | 1.48 
0.4 

0.5 523 436 | 3.78 | 1.46 
0.6 | | 

0.7 315 310 3.45 | 1.30 
0.8 170 588 (°K)| 82 4.26 | 1.69 
0.9 | 673 ~ 190 4.91 | 2.01 
1.0(CrSb) | 713 —550 4.92 | 2.02 


increases slowly and, reaching a flat maximum 
at a certain temperature, it decreases again 
until Curie point. In the temperature range 
below the Curie point the spontaneous 
magnetization was observed, but the tem- 
perature dependence was quite different from 
that of the Weiss law. Finally CrSb was found 
to be antiferromagnetic; the curve of 1/%1—T 
indicates the characteristics of antiferromagne- 
tism, and the asymptotic Curie point, 6, takes 
a negative value. Such a result coincides 
perfectly with the result formerly reported,” 
hence it can be seen that in the chromium 
rich side the transition of a type paramagnetic 
— > antiferromagnetic—> ferrimagnetic occurs, 
and that the antiferromagnetic Curie point 
converges to that of chromium antimonide 
with the decrease of manganese content. In 
such a case after extinction of spontaneous 
magnetization at ferrimagnetic Curie point, 
antiferromagnetic rearrangement of spins will 
occur. 
In“IFig. 5, the relations between such a 
ferromagnetic or antiferromagnetic Curie point 
,and chromium content are shown. On the 
chromium rich side the antiferromagnetic 
Curie point falls with the addition of man- 
ganese and on the manganese rich side the 
ferro- or ferrimagnetic Curie point is lowered 
at first slowly and then more rapidly with the 
addition of chromium. In the composition 
range near «=0.7 both the ferri- and antiferro- 
magnetic Curie points coexist as mentioned 
above. In Fig. 6, the change of saturation 
magnetization with the concentration of 
chromium is shown. As is shown, the satura- 
tion value does not vary appreciably with the 
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addition of a small quantity of chromium to 
manganese antimonide (till 10%) but beyond 
a certain concentration it decreases linearly 
till it vanishes at z==0.8. We indicate in Table 
I the characteristic temperature of each 
magnetic curve, number of effective Bohr 
magneton and spin quantum number as a 
function of chromium content. 

Such a change of magnetic behaviours in 
the solid solution system between ferromagnetic 
MnSb and antiferromagnetic CrSb will now be 
considered based on the idea of the triangular 
spin arrangement proposed by Yafet and 
Kittel. In our case, the exchange coupling 
between manganese or chromium ions is sup- 
posed to be ferromagnetic or antiferromagnetic 
respectively, basing on their respective thermo- 
magnetic properties. If we assume the ex- 
change coupling between chromium and 
manganese ions to be ferromagnetic, the various 
types of magnetic behaviour can be explained 
satisfactorily. It is well known that the 
magnetic moments of cations in MnSb and 
CrSb are arranged parallel or antiparallel to 
c-axis respectively»®. We indicate this be- 
haviour by the symbols tf or tf as in Fig. 5. 
Replacing the manganese in MnSb by chro- 
mium, it can be considered that, for the low 
concentration range of chromium ion, the 
magnetic moments of both manganese and 
chromium ions will be almost parallel, because 
the saturation magnetization of the range UL 
0.1 does not change remarkably. However, if 
the chromium content increases, it can be 
supposed that the orientation of the magnetic 
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moment of chromium and manganese ions in 
this case takes different directions due to the 
antiferromagnetic interaction between a pair 
of chromium ions and ferromagnetic interac- 
tion between manganese and chromium ions. 
In the figure such a region is marked with 
r\Z>. It follows, from such a consideration, that 
a kind of ferrimagnetic behaviours in this 
composition range: on the chromium rich 
side, the antiferromagnetic interaction of chro- 
mium ions is predominant so that the type of 
spin ordering becomes antiferromagnetic. On 
the basis of the above mentioned idea and 
assuming appropriate values of interaction con- 
stants, one can reproduce the whole magnetic 
behaviours of this system completely. The 
details of the calculation will shortly be given 
by one of the present authors”. 
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On the Buckling of an Elliptic Plate with Clamped Edge I 


By Yoshio SHIBAOKA 


Institute of Polytechnics, Osaka City University 
(Received April 30, 1956) 


The buckling of a uniform thin elliptic plate with clamped edge whose 
periphery is subject to a uniform normal pressure in the plane of the 
plate is solved formally in an exact manner by the use of hyperbolic 
functions, circular functions, Mathieu functions and modified Mathieu 


functions. 


An approximate formula for the relationship between the 


critical buckling load and the eccentricity of the elliptic plate is derived 
correct to the fourth power of the eccentricity, which may be adequately 
used in case when the eccentricity is not so large. 


Introduction 


Sale 

It is well known that the buckling of a cir- 
cular plate whose periphery is subject to a 
uniform radial pressure can be solved exactly 
by the use of Bessel functions). The buck- 
ling of a square plate or rectangular plate has 
also been discussed by several authors, with 
satisfactory results, under various boundary 
conditions», and especially Professor Tomo- 
tika® has given a useful result for the buck- 
ling of a square plate when its four edges 
are subject to a uniform shearing force. On 
the other hand, the buckling of a thin elliptic 
plate compressed uniformly along the normal 
on its periphery has been attacked by S. 
Woinovsky-Krieger by the use of the Rayleigh- 
Ritz method”. 

In the present paper, the fundamental nor- 
mal mode of the buckling of a uniform thin 
elliptic plate with clamped edge is discussed 
formally in an exact manner in case when its 
periphery is subject to a uniform normal pre- 
ssure. However, postponing detailed numerical 
discussions to a future work, only an approxi- 
mate formula giving the relationship between 
the critical buckling load and the eccentricity 
of the elliptic plate is here derived correct to 
the fourth power of the eccentricity, which 
may be adequately used in case when the 
eccentricity is not so large. 


§2. General Solution of the Fundamental 
Equation 


Let the rectangular coordinate axes (a, y) 
be taken in the middle plane of an elliptic 
plate of uniform small thickness, d, in such a 
way that the origin coincides with the centre 
of the plate and the axes are along the major 


and minor axes of the ellipse respectively. 
We denote Young’s modulus and Poisson’s 
ratio of the material of the plate, which is 
assumed to be homogeneous and isotropic, by 
E and o respectively. 

Then if w be the transverse displacement 
of a point on the middle plane, the differential 
equation for determining the deflection of the 
buckled plate subject to a uniform normal 
pressure P per unit length on its periphery is 
given by 

Otw Ow O4w 
Aen: are) 
ee Oe 
aul Oy? ): 


Ox? 
D= Ea?/{12(1—o?)} . 
If, for simplicity, we write k,?=P/D, equation 
(1) becomes 


0? Om S/O oO? 
Me aa ) w+ be( Ox ap Oy? \w=0 , 
(2) 
or 


o2 2 02 : ON o2 . ‘a 
(art alee + tht =O. 


(3) 


The solution of this equation is given by 


Gl) 


with 


W=W,+U» , (4) 


where w, and wy, satisfy respectively the diffe- 
rential equations: 


Ow, | Ow, _ F 
Ox? Oy? ar, 0 > ( oO ) 
and 
02w O2w. 
ni Oy? +k,uw.=0 5 ( 6 ) 


Denoting the focal length of the ellipse by 2h, 
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we now introduce the elliptic coordinates (&, 
ny) defined as: 


a+ty=hcosh (E+77) . 
Then, equations (5) and (6) become respectively 


Ow, Ow, 
ae tO Mi? 
Ow. Ow é 
aE On? +2k?(cosh 2E& —cos 27)wWo= 0 , 
(8) 
where 


2k=kth=V P/Dh. 

If we restrict our attention to normal modes 
of buckling in which the displacement is sym- 
metrical about both axes, as in the case of 
the fundamental normal mode of buckling 
under consideration, the appropriate particu- 
lar solutions of equations (7) and (8) can be 
expressed in terms of hyperbolic function 
cosh 2m€, circular function cos 277 and Ma- 
thieu function ceem(7, g), modified Mathieu 


function Ceon(E, g). Thus, 
Ww 2™ = Cym cosh 2m cos 27 , (9) 
W 2) = ComCeam(E, q) Clam(Y, @); (10) 
with 
jz 
== *_h, ll 
q=k aD (11) 


where m takes any positive integral value, 
zero inclusive, and Com, Com are arbitrary 
constants. Hence, summing up all these par- 
ticular solutions, a formal general solution of 
equation (3) can be written in the form: 


co 


w= {w,2™ 4+ wee™ } 
m=0 


= Ses cosh 2mé cos 277 
m=0 


+ CamCeam(E, Qcean(%; qQ)}. (12) 
Now by the use of the well-known relation 


Ceam(?, Q) = >: An®™ cos 277 , (13) 
t=0 


we eliminate the functions Ceam(”, g) from the 
right-hand side of (12). Then, we have 


w= Seo cosh 2mé cos 27 
0 


m= 


+ CypiCOan(Es QZ Ane™ Sos 2h} 
l= 


= 3 {Com cosh 2mé& 


m=0 


4+ SG Agm@CenlE, Qt cos 2my . (14) 
1<0 
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If the clamped edge of the elliptic plate be 
expressed by &=&), the boundary conditions 
at this edge are given by 


Ow 
(W)gn5=0, (eae) =; 
: 0E =o 
and substituting the expression (14) for z into 
these conditions, we have 


(15) 


2 (Camcosh 2méE 


+ S1Cy Aom@Cesi(Eo, a)} cos 2m7n= 0 : 
1=0 

5 (16) 

L{2mMCm sinh 2mEq 


+ GarAan Cen! (Eo, q)} cos 2mn=0. 


In order that these two relations should be 
satisfied for all values of 7 between —7/2 and 
7/2, we must have, for any positive integral 
value of m, zero inclusive, 


Com cosh 2mEo-+ SCorAam2?Ceai(Eo, @ 
1=0 


== 
2mComn sinh 2mé 


+ Ca Aan?Cen (Eo qg=90. 


(17) 


If we eliminate the constants Cym’s from these 
equations, we get a system of simultaneous 
linear equations for determining the constants 


Cys, hus 
SUnCu=0 > (18) 
v=0 
CUE AEROS) 
with 
Gim = Aym? {2m sinh 2mE Ces(Eo, @) 
—cosh 2m£ Cen’ (Eo, q)} - (19) 


The solution of this system of symultane- 
ous linear equations would in general yield 
the result that all the Cy’s are zero; but if 
a certain special relationship exists between 
the dimensions of the plate and the strength 
of the load P, namely, if the relation obtain- 
ed by eliminating all the Cu’s from the system 
of simultaneous linear equation (18) exists, we 
can obtain a displacement in the normal mode 
of buckling, and with the aid of the said re- 
lationship the critical buckling load can be 
determined as a function of the dimensions 
of the plate and the elastic constants of the 
material of the plate. 

By eliminating all the Gu’s from (18), we 
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ca 
hess 5 safes 
15 t———+-—_b : 
13 = r 
Le feet hie 7 1 on 
! 
i | is 
9 (sp T if T 7 
7 eee t + 
5 + + ae is es 
3 1 ———L 
© Ol O02 03 04 O5 O6 O7 O8 69 1.0 
e 
Wenig Il 
have the required relationship as: 
G0 Gin A209 Azo ++ °° 
Qo, Gy, Az, 31 +°°> 
A= |Gor G12 G29 G33 = (20) 


G3 413 Ar3 33 °++- 


If we obtain the numerical value of the root 
q of this infinite determinantal equation, the 
numerical value of 7/ P/D a can be obtained 
from the relation: 


VP/D @=2Yq /€, 


which follows immediately from (12), where 
a and € are respectively a half length of the 
major axis and the eccentricity of the ellipse. 

When a, € and D are fixed the only vari- 
able remaining in the determinant 4 is qa 
which is connected with the critical buckling 
load P by the relation (21), so that the small- 
est root of 4=0 will give the critical load of 
the fundamental normal mode of buckling, 
with which we are mainly concerned in the 
present paper. 

The solution expressed by (20) is, however, 
merely formal. To find out whether it can 
be used to determine the actual value of buck- 
ling we must examine its convergence. For 
this purpose we may form, as in Professor 
Tomotika’s treatment of the transverse vib- 
ration of a square plate clamped at its four 
edges”, a series of finite determinants 41, As, 
43, -+--, dy by taking 1, 2, 3, ---, N rows and 


(21) 
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columns starting at the left-hand top corner 
TONES If it 
Qi G1 
is found that the smallest root of 4y=0 con- 
verges to a definite limit as N increases this 
root gives the required critical load of the 
fundamental normal mode of buckling of the 
elliptic plate under consideration. However, 
we here restrict our attention to deriving only 
an expansion formula for YP/D @ in powers 
of € from the infinite determinant equation 
(20). Detailed numerical discussions of the 
roots of equation (20) will be carried out ina 
near future. 


of 4, so that Aj— apn 4 5 tawex 


§3. An Expansion Formula for / P/D@ in 
Powers of & 


When an elliptic plate differs only slightly 
from a circular plate, its eccentricity € is very 
small, and accordingly g is also very small, 
as will be seen from the relation g= 
1/4 (\/ P/ Da)’ which follows immediately from 
(21). In such a case, YP/D a can be expand- 
ed in a power series of é. 

We have obtained such an expansion for- 
mula for YP/D a correct to the order of €&. 
To this end we have expanded the elements 
ai;’s of the determinant 4 into series correct 
to the order of &*. After rather lengthy but 
straightforward calculations we have 

V P/D @=uUptm62+u,&4, (22) 
where 2, is the value of P/D a for the funda- 
mental normal mode of buckling of a circular 
plate of radius @ with clamped edge and is 
given by the smallest root of the equation: 

Ji(u)=0, 
J; being the Bessel function of the first kind». 
Thus we have 

Ug= 3.8317 . 
Both the coefficients #, and uw, can be expres- 
sed in terms of the Bessel functions with ar- 
gument uw). Using the value 3.8317 of Uy We 
have calculated the numerical values of mu, 
and w#, obtaining 

4,=0.9579, u,.=1.0382. 

Thus we have finally 


V P/D a=3.8317 +0.9579€2+ 1.03826", (23) 


The value calculated by using this expansion 
formula are shown by a thick-line curve in 
Fig. 1, while those calculated by a formula 
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obtained by ignoring the last term in the same 
formula are shown by a thin-line curve. The 
dotted-line curve in Fig. 1 shows the results 
which was obtained by S. Woinovsky-Krieger 
by the use of the Rayleigh-Ritz method”. It 
will be seen that the expansion formula (23) 
is particularly useful for calculating the nu- 
merical values of /P/D @ in case when the 
plate is nearly circular. 


$4. Summary 


The fundamental normal mode of buckling 
of a uniform elliptic plate clamped at its edge 
is investigated in an exact manner. A formal 
exact solution of the partial differential equa- 
tion governing the buckling of the plate is 
obtained by the use of hyperbolic functions, 
circular functions, Mathieu functions andmo- 
dified Mathieu functions. An expansion for- 
mula for YP/D @ in powers of € is derived 
correct to the order of &*, where P is the st- 
rength of the critical load, @ a half length of 
= Ed | 
1907) - 
E and o being respectively Young’s modulus 
and Poisson’s ratio of the material of the 
plate and d being the thickness of the plate. 
Comparing graphically this relation with the 
results obtained by S. Woinovsky-Krieger it 
is shown that such an expansion formula is 


the major axis of the ellipse and D= 
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particularly useful for calculating the value 
of VY P/D @ in case when an elliptic plate dif- 
fers only slightly from a circular plate. 
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The Drag on a Circular Cylinder placed in a Stream 


of Viscous Liquid midway between 
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The drag on a circular cylinder placed in slow stream of viscous 
liquid midway between two parallel planes was first obtained in 
numerical form for a special case by Bairstow, Cave and Lang as early 
as 1921 on the basis of Stokes’ equations of motion. In 1923, Harrison 
obtained an analytical expression for the drag experienced by the cylinder 
using a kind of image method. But, no agreement can be found between 
these two results. In this paper, we treat the same problem based also 
upon Stokes’ equations of motion using image methods which are de- 
veloped by Faxén in the case of sphere problem. Our result is in good 


agreement with Harrison’s. 
$1. Introduction 


The drag on a circular cylinder placed in 
slow stream of viscous liquid midway between 
two parallel planes has been calculated by 
some writers. In 1921 Bairstow, Cave and 
Lang” discussed the treatment of problems 
which require a solution of the differential 
equation 42/=0, and as a sample for illustra- 
tion the slow motion of a viscous liquid past 
a circular cylinder in a parallel-walled channel 
was chosen. Thus, by using analytical and 
then partly numerical methods, they obtained 
the drag on the circular cylinder in numerical 


form for a special case in which b/a=5 and 
Oe wras: 


D=2.26 xn, (1.1) 


where a is the radius of the cylinder, 20 is 
the destance between the two walls, U is the 
free stream velocity in the middle of the 
channel, and y is the viscosity of the liquid 
concerned. 

In 1923, by developing quite a different 
analysis on the basis of Stokes’ equations of 
motion and using a kind of image method, 
Harrison obtained an analytical formula for 
the drag on the cylinder as: 


4(a/b)>—8 z) 
1.8584 —3.5209(a/b)2+-2 In (a/b) ° CIR.) 


D=npU 


For the special case in which b/a=5 and U= 
1, (1.2) reduces to 


D= eileen GES) 


The disagreement between (1.1) and (1.3) is 
too large to take it caused by neglecting 
higher order terms in the course of the 
analyses. 

In this paper, we treat the same problem 
based also upon Stokes’ equations of motion, 
using image methods which are developed by 
Faxén®® in the case of sphere problems. 
Thus, our result is compared with (1.1) and 
(133) 


§2. Method of Solution 


A cylinder of radius a@ is fixed relative to 
the parallel walls of a channel so that the 
distance between its centre and each of the 
walls is 6, Viscous liquid is forced through 
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the channel in quantity sufficient to give slow 
constant velocity U to the liquid in the centre 
of the channel at infinity. 

Let (@, y) be the rectangular coordinates 
having the origin at the cylinder, the axis of 
x in the direction of the undisturbed velocity 
U at infinity, and the axis of y perpendicular 
to the parallel walls. 

Using the stream function ¥, Stokes’ equa- 
tions of motion are expressed as follows: 


Arup (0), 
where 4 stands for 0?/2?+07/Oy?. 


In our present problem, the appropriate 
solution of (2.1) can be writen in the form 
Pa=ptditgtPrt+y™, (2.2) 
where # is the stream function for the un- 
disturbed stream in the channel; ¢, and ¢» 
are the stream functions for unbounded stream 
satisfying 4¢;=0 and 4?¢.=0 respectively; 
and finally ¢* and ~** are stream functions 
for image flows to be superposed in order to 
satisfy the boundary conditions on the bound- 
ing plane walls as well as at the surface of the 
cylinder. If we content ourselves with the 
approximation of order (a/b)? in the expression 
for the drag on the cylinder, the solutions 
for ¢o, ¢: and #, reduce simply to 


(2.1) 


bo =U( if al (2.3) 

j=Br (2.4) 
3 awa) 

$s = boy In r+be( | 2.5) 


where x=rcos@, y=rsinJd. 
We have from (2.3) 


f) 
ne 
y? 
=U(1-F5 iy (2.6) 
Oho 
Oeste OF 
or 
Wy = Uy —2U0 
= { met, ia 1 r = O40) 1 ar eh. 
Slop) ae) Le 


@..7) 
Now, Inv can be written in an integral 
form as: 


acca al 
ae. 2.8 
Inv=—> a Bip 


eiex—|%| ly] da+C, 
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where C is an appropriate constant so chosen 
as to make the integral convergent. Making 
use of (2.8) and its derivatives with respect 
to 2 and y, we obtain integral expressions for 
the components of velocity as: 


0 
“Uu= Oy (gy ae (be) 


=-3| B,\a! e'%z—-|4!|¥| dq 


en ee 
| Apa let) 
+(—3]a4|-+2e2|y ba | ete teri, 
v=- 4 -Wit bs) 


= aoe le Bia Y_ pide—\e\\y! day 
rr 


gee a 
—3\ tart 


+(e 2a ay) permeate da, 
y 

(2.9) 
where the constant C has been omitted, for 
it can be added whenever it is necessary. 
Further, by Fourier expansion, we get 


W=u—tVv 


1 , 1 1 
=b4(In r+ jE ae 9 0 + Bs) 
sued 
-) e? yy 


(2.10) 


Components of velocities due to image 
flows may be written 
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(2.12) 


where fn(@)’s are unknown functions to be 
determined by under-mentioned boundary con- 
ditions. 

The boundary conditions on the bounding 
plane walls y=b and y=—5 as well as at the 
surface of the cylinder are as follows: 


Pde neki \2.13) 

(Vo tv+ v¥+ v**)y-,=0; 

Uy +u+u*+u**),-».=0, 

orem g = Maheds 
and 

(Wo -+w+w*+w**).4=0, (2.15) 
where w*=u*—iy*, w** =y**—jy**, 


§ 3. Determination of the Functions Fn(@)’s 
and the Constants B,, b) and b, 
Inserting the values of (%o, Vo), (4, v), (UX, 
v*) and (w**, v**) as given respectively by 
(2.6), (2.9), (2.11) and (2.12) into (2.13) and 
(2.14), we can express the functions Fnr(@’s 
so far undetermined in terms of unknown 
constants B,, by) and b, as: 
Fi(@) =f;3(a) 
i 
"a (1+ 2a?)(e201#| — g-20|#| 45] a]) 
x [{1+4a?+2b|a|+4ba?|a} 
+(1+ 2a)e-21411B, 
+(1—2b?—26|a| —4b2a2—e-2141)h, 
+(1+26|a] + 6a?—4b2a2—8ha4 
+e-Ial) b,), 


(3.1) 
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Srila) =fs(a) 
1 ——$5$ ——$ —— 
~ (1+ 2a®) (e2?1#|—e-2141— 4b] a1|) 
x {—2a?B,+(—1+ 2b|a| +e-2!4!) By 
+ (—4a?+4ba2|a| +2a%e-2l#!) by}. 


(3.2) 


Inserting these expressions into (2.11) and 
(2.12), and after some calculations, we obtain, 
neglecting all terms higher than &°, 


w* = wre 
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+E? MO (BE*—BEt + AES) ot —AES eB] ae 
(3.3) 
where €=7/b. The integrals in (3.3) have 
been evaluated numerically. 
Finally, the constants B,, by) and b, can be 
determined by inserting (2.7), (2.10) and (Geo) 
into (2.15), obtaining 


ee aE yU + (5-0-4811 e.") abe 


(3.4) 


b,=— aetU+ 0.2358 Eo? abo , 


and 
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E°—2)U 

b —— gests 0 i) posal) We 

* 1.8312—3.4486 &)?+2 In Ep ’ (3.5) 
where Gaal. 


§4. Discussion of the Results 


Now, by integrating the fluid stresses over 
the circular cylinder, it is easily shown that 
the drag D experienced by the cylinder per 
its unit length can be expressed as: 

D=4rpby , (4.1) 
where yw is the viscosity of the liquid con- 
cerned. 

Hence, if use is made of (3.5), we have 

4(a/b)?—8 
1.8312 —3.4486(a/b)?+.2 In (a/b) © 
(4.2) 
Putting b/a=5 and U=1 as in the case of 
Bairstow, Cave and Lang’s calculation, (4.2) 
reduces to 


D=ryU.- 


D=5.14 7p. (4.3) 


The present result is in good agreement with 
Harrison’s, but not with Bairstow, Cave and 
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Lang’s. 

A slight disagreement between the present 
result and Harrison’s might perhaps arise 
from the conditions at the surface of the 
bounding plane walls. It is readily verified 
that the boundary conditions at the surface 
of the walls (2.13) and (2.14) are satisfield 
exactly by the present analysis, whereas in 
Harrison’s analysis the conditions are satisfied 
only on a few lines parallel to the axis of 
the cylinder on the bounding walls. 

In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 
for his continual encouragement and also for 
his kind inspection of the manuscript. 
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As a continuation of the previous work (Journ. Phys. Soc. Japan 10 
(1955) 578), hot-wire measurements were made to determine the energy 
spectrum and decay of spectral components of turbulence behind two 
grids, the upstream grid having a larger mesh length than the downstream 
one, with a view to studying the characteristics of isotropic turbulence 
produced under various initial conditions and at high Reynolds numbers. 

Similarity of the energy spectrum holds only for high-wave-number 
range, while the low-wave-number characteristics of turbulence depend 
on the initial conditions and exhibit no similarity. On the other hand, 
similarity of the spectrum of vorticity is observed over almost entire 
wave-number region for the turbulence either behind single or double 
grids unless high-wave-number disturbances are superposed. Therefore, 
Lin’s decay law, u?~[a-!+ const. ], is expected to be valid for the 
turrblence either behind a single grid or with superposed disturbances 


of low wave numbers. 


Although superposed disturbances in high wave 


numbers destroy similarity of the spectrum, the disturbances decay out 
rapidly and the similarity spectrum is stable. 


fe 


When the Reynolds number of turbulence is 
large and the energy transfer between wave- 
number components plays an important role, 
the problem of isotropic turbulence has been 
treated by many authors by making plausible 
assumptions, such as the self-preservation of 
correlation function or the similarity of the 
spectrum during decay. The similarity 
spectrum, however, is expected to be only 
asymptotically correct for the large-wave- 
number range, its limit depending on the 
initial conditions and decreasing as the decay 
proceeds, and, therefore, the law of decay 
might also depend on the initial conditions. 
The importance of an experiment has been 
emphasized by Lin?” and Goldstein®) in order 
to find the dependence of the law of decay on 
the initial conditions in connection with the 
validity of the existing decay laws. 

With a view to studying the characteristics 
of isotropic turbulence produced under various 
initial conditions, measurements were made 
on turbulence produced by two grids, the up- 
stream grid having a larger mesh length than 
the downstream one. The results of decay 
and g-correlation measurements were presented 


Introduction 


in the preceding papers). 

As well known, the correlation and the 
spectrum have the Fourier transform relation 
to each other, and one of these quantities can 
be evaluated from the other. Nevertheless, 
the correlation is useful for understanding the 
large-scale physical process of turbulence dur- 
ing decay, while the spectrum for the small- 
scale process. Therefore, measurements were 
repeated on the energy spectrum and the decay 
of spectral components of turbulence produced 
by two grids, in order to investigate the 
similarity of the spectrum at high wave 
numbers of turbulence pertaining to various 
initial conditions. In this paper the results of 
these measurements are presented. 


§2. Experimental Equipment and 
Procedure 

a) Experimental Equipment 

Wind tunnel, two grids (the mesh lengths, 
M, and Mz, of the first and second grids are 
9 and 1 cm, respectively), traversing mechanism 
and compensating amplifier are the same as 
those described in detail in reference 5. How- 
ever, a hot-wire used in the present experi- 
ment was nominally 0.0002-inch platinum, 
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about 1mm in length, etched from a Wollaston 
wire, instead of a 0.0003-inch wire used for 
the measurements of energy decay and correla- 
tion. Working temperature of the wire was 
about 300°C at heating current of 67 to 76mA 
and the resistance of the wire was about 
10.6ohms. The time constant of the wire was 
then 0.7 to 0.5 milli-seconds. 

In order to measure the spectrum of tur- 
bulent energy w?, the out put from the com- 
pensating amplifier was fed into a harmonic 
wave analyzer or into a variable-frequency 
parallel-T R-C band-pass filter. 

The newly constructed harmonic wave 
analyzer was essentially the same as a 
Hewlett-Packard Model 300 A harmonic wave 
analyzer. The selectivity characteristics of 
our analyzer, however, were not so sharp, 
because high-Q coils were not available. This 
analyzer has an adjustable band width from 
70 to 350 cycles per second and a frequency 
range from 70 to 18,000 cycles per second. 

The tapered, parallel-T, R-C band-pass 
filter, which had been originally used by Hama® 
for the measurement of the spectrum of tur- 
bulence, was also used in this experiment. 
This instrument is a type recording nearly 
constant-percent band width, measuring the 
product of power spectrum times frequency. 
This has an obvious advantage in the high- 
frequency range where the energy of tur- 
bulence is very small. The selectivity 
characteristics of this analyzer are far from 
the optimum rectangular shape. The upper 
side of the selectivity curve is sufficiently 
steep and no appreciable error is attributable 
to the non-infinite slope for the spectrum 
measured in this investigation. Unfortunately, 
the lower side is not sufficiently steep?®, so 
that the non-cut-off characteristics of the filter 
provide erroneous results in the measurement 
of the spectrum especially in high-frequency 
range. In order to eliminate the influence of 
low-frequency components a simple capaci- 
tance-resistance low-cut network was added 
ahead of the filter. C and R were adjusted 
according to the tuning frequency of the filter. 
This filter has 30 tuning frequencies in the 
frequency range from 10 to 10,000 cycles per 
second. 

The out-put signal from the selective am- 
plifier of the harmonic wave analyzer or from 
the band-pass filter was fed into another am- 
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plifier in order to read the mean-square out 
put on a thermocouple milliammeter. In 
reading the out put, averages were taken over 
a period of 1 minute for the lower frequency 
range, accuracy being of the order of +10 
percent over most of the range. The accuracy 
is somewhat reduced near the low-frequency 
end below 50 cycles per second because of 
large-amplitude fluctuations and near the 
high-frequency end above 5,000 cycles per 
second because of low signal-to-noise ratio. 
The error due to a finite length of the wire 
increases as the scale of turbulent motions 
decreases and becomes significant at high wave 
numbers. No wire-length corrections were 
applied, however, because of lower accuracy 
in measurement in this range. The overall 
value of wu? served as a check and was good 
agreement with that calculated from the 
spectrum. 


b) Measurement of Energy Spectrum 


Measurements were made of the  one- 
dimensional energy spectrum Fk), which is 
defined by 


Fis” |r wae 
0 


k being the one-dimensional wave number, at 
a number of sections downstream of the second 
grid or a single grid for mean wind velocities 
of 5, 10 and 15m/sec. The distance, X, be- 
tween the two grids was 50, 200, 250, 350 or 
450 cm. 


c) Measurement of Decay of Spectral 
Components 
In order to study the process of decay in 
more detail, measurements were also made of 
the decay of the spectral components wu, 
which is defined by 
ye | weak bh tess MeSH 
0 
for mean wind velocities of 10 and 15 m/sec 
behind the two grids or a single grid. The 
distance between the two grids was 50, 200, 
250, 350 or 450cm. Measurements were carri- 
ed out by moving a hot-wire probe in the mean 
wind direction (longitudinally) and reading the 
out-put signal which passed through a filter of 
a fixed tuning frequency. For such a kind of 
measurement, however, the non-cut-off charac- 
teristics of the filter cause an appreciable 
effect which is apt to lead to an unreasonable 
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Fig. 1. Energy spectrum F'(k): Second grid 
alone, U=10 m/sec. 


k , cm! 


result in that the decay of the spectral com- 
ponents becomes slower as the frequency in- 
creases in the high frequency range. 


d) Determination of Microscale 


The microscale, or the dissipation length, 2, 
defined by the relation 


mee 0G 
2 2, Or? r=0 5 


Bo), PR de 
a? 0 

where 9(7) is the lateral double velocity-correla- 
tion coefficient introduced by von Karman 
and Howarth», can be measured by various 
methods: e.g., by the differentiation Circuit?!) | 
or by zero counting!®)!), In this paper, how- 
ever, the values of 4 were evaluated by 
integrating the k’F(k)-curves, in view of in- 
vestigating the similarity of the measured 
spectrum. When the mean wind velocity is 
large, the turbulence behind the second grid 


or 
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of fine mesh contains a large amount of high 
wave-number components at the very early 
stage of decay. Therefore, the k?F(k)-curves 
do not close sufficiently at the high wave- 
number end up to which the measurements of 
the spectrum were carried out and it becomes 
difficult to evaluate the value of 2 with suf- 
ficient accuracy. As is well known, however, 
there exists the minimum wave length, i.e., 
the maximum wave number, of turbulence to 
be resolved by the hot-wire of finite length. 
If the minimum wave length, Jin, of tur- 
bulence, which can be resolved by a hot-wire 
of 1mm long, is assumed to be 2mm, the 
maximum resolvable wave number, Rmax, of 
turbulence is 


Ras = 20 iene as DTG Oe Cinas > 


in which U is the mean wind velocity, and x 
the frequency. Consequently, the maximum 
frequency limits for various wind velocities 
become as follows: 


U, m/sec 5 10 15 20 
Wises e KCSEG R25 5 1.5 10 


Therefore, it may be emphasized that the 
determination of the higher moments of 
spectrum, or, the mean square of higher time 
derivatives of u, of the turbulence which con- 
tains a large amount of the higher wave- 
number components becomes unreliable, even 
if the measuring equipments, such as the 
compensating amplifier and the differentiation 
circuit, had good frequency characteristics up 
to a very high frequency range. 


§3. Experimental Results and Discussion 
a) Energy Spectrum 


The energy spectrum F(R) behind a second 
grid alone for U=10 m/sec is shown in Fig. 1, 
in which z, is the distance downstream of the 
second grid. The observed spectrum agrees 
with those already obtained by many other 
authors, e.g., by Liepmann, Laufer and 
Liepmann™, by Hama®, etc. As is well 
known, F(R) tends to a constant value FO) 
as k tends to 0 and decreases rapidly as k 
increases. The value of F(0) increases as the 
decay time proceeds, corresponding to the 


increase in the integral scale L=2\"g(r)dr 
0 


during the decay. Any definite power law of 
spectrum cannot be observed over a finite 
wave-number range except at very high wave- 
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Fig. 2. Energy spectrum Fk): First grid 
alone, U=10 m/sec. 


number region in these measured one-dimen- 
sional spectrum curves of F(k), as was pointed 
out theoretically by the present author’. 
Moreover, no definite conclusions can be 
deduced about the power law of spectrum 
over the very high wave-number region of 
these observed spectrum, since the accuracy 
of the measurement is unfortunately insufficient 
because of low signal-to-noise ratio. 

Results of the spectrum measurements 
behind the first grid alone for U=10 m/sec are 
presented in Fig. 2, in which 2; is the distance 
downstream of the first grid. It is seen that 
the value of F(k) at small & is very large 
because of the large mesh length of the first 
grid. 

Fig. 3 shows the spectrum F(k) at various 
distances downstream of the two grids placed 
350cm apart for U=10 m/sec. The distance, 
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Fig. 3. Energy spectrum F'(k); X=350cm, 
U=10 m/sec. 


X, between the two grids being large in this 
case, the high wave-number components of 
turbulence produced by the first grid have 
already decayed out and the low wave-number 
components are superposed on the turbulence 
produced by the second grid. Comparison of 
these results with those in Fig. 1 shows that 
the effect of the large-scale turbulence produc- 
ed by the first grid predominates and the 
value of the spectrum at low wave numbers 
is much larger than that resulted from the 
second grid alone. The spectra F(k) for 
X= 200, 250 and 450 cm are found to be similar 
to those in Fig. 3. 

Fig. 4 shows the spectrum F(k) for X=50 
cm and U=15m/sec. In this case, X is very 
small and the shapes of /()-curves quite 
resemble those for the first grid alone except 
at small values of a/M:. This is due to the 
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Fig. 4. Energy spectrum F(k): X=50 cm, 


U=15 m/sec. 


fact that the fine-scale turbulence produced by 
the second grid decays out rapidly and the 
large-scale turbulence produced by the first 
grid remains almost untouched. It is observ- 
ed that k-*/? spectral law holds over a finite 
range of wave numbers for the spectrum at 
2/M2=20. It was pointed out by the present 
author™ that when high wave-number disturb- 
ances are superposed on the isotropic tur- 
bulence the power law might hold for the one- 
dimensional spectrum. The above experimental 
result shows that this is the case. 

b) Decay of Spectral Components 

The experimental results of the decay of 
spectral components behind the second grid 
alone for U=10 m/sec are shown in Figs. 5 (a) 
and 5(b) in which tx? (a2/Mz)/0x2(20) is plotted 
against k and 2x,/M,, the parameters being 
w2/M, and k, respectively. The value of n in 
the power law, ux°(20)/ws2(a2/Mz)~(a2/M)”, 
increases monotonically from the value smaller 
than 1 at low wave numbers to oo as f in- 
creases. The decay of total energy 1(a2/M,) 
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Figs. 5 (a) and (b). Decay of spectral components: 
Second grid alone, U=10 m/sec. 


/u?(20) is also plotted for the purposes of 
reference in this figure. 

Figs. 6(a) and 6(b) show the decay of 
spectral components behind the first grid alone 
for U=15 m/sec. 

Figs. 7(a) and 7(b) show. the decay of 
spectral components behind the two grids 
placed 250cm apart for U=10 m/sec. The 
decay of the high wave-number components 
is similar to that for the second grid alone, 
but the decay of the low Wwave-number com- 
ponents is very slow and the effect of the 
superposed large-scale turbulence produced by 
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Figs. 6 (a) and (b). Decay of spectral components: 
First grid alone, U=15 m/sec. 


the first grid appears considerably. Moreover, 
it is readily seen how the decay of the low 
wave-number components affects that of total 
energy uw’. The decay curves for X=200, 350 
and 450cm are found to be similar to those 
in Figs. 7 (a) and 7 (b). 

The decay of spectral components for X= 
50cm and U=10 m/sec is shown in Figs. 8 (a) 
and 8(b). For small X such as this case, the 
turbulence produced by the second grid is 
superposed mainly on the high wave-number 
range of turbulence produced by the first grid. 
Therefore, the decay of spectral components 
over all wave-number range at the early stage 
of decay is influenced by the superposed dis- 
turbances. Since these superposed disturb- 
ances decay out rapidly, the decay of spectral 
components over all wave-number range tends 
to resemble that for the first grid alone. 

c) Similarity of Spectrum F(R) 

With the value of 4 determined by integrat- 
ing the k?F(k)-curves, the value of F(Ak)/a is 
replotted against 2k. Fig. 9(a) shows F(AR)/A 
for the second grid alone and U=10 m/sec. It 
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Figs. 7 (a) and (b). Decay of spectral components: 
X=250cm, U=10 m/sec. 

is seen that the complete similarity holds in 
the wave-number range for A4Rk>1, the actual 
deviation from the similarity being observed 
for AR<1. The value of F(0)/A decreases as 
the decay time proceeds. This tendency may 
be expected from the relation 


F0A=2L nd , 
in which 
LJa=2) “g(r/2)atria 
0 


since the g(7/4)-curves contract laterally outside 
the self-preserving region and L/4 decreases 
as the decay time proceeds. The same 
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Figs. 8 (a) and (b). Decay of spectral components: 
X=50cm, U=10 m/sec. 


tendency is observed for the results of 
measurements for U=5, and 15 m/sec, and 
also for the first grid alone. However, it is 
seen generally that as the mesh Reynolds 
number Ry=UM]/» increases the wave-number 
range for which the similarity of spectrum 
holds becomes larger and the deviation from 
the similarity at low wave-number range 
decreases. 

Fig. 9(b) shows F(AR)/2 for X=350cm and 
U=10 m/sec. Complete similarity seems to 
hold for 2k larger than 1, and the effect of 
the superposed non-similar large-scale tur- 
bulence may be observed. It is to be noted 
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that the value of /F(0)/A increases with the 
increasing x,/M., contrary to the tendency 
observed for the turbulence behind a single 
grid. This corresponds to the fact that the 
g(r/4)-curves of any family outside the self- 
preserving region expand laterally as a,/M, 
increases. 

Fig. 9(c) shows F(AR)/A in the presence of 
two grids placed 50cm apart for U=10 m/sec. 
In this case, the shape of F(Ak)/2 resembles 
those with the first grid alone except at small 
values of x,/M,. For small value of X, the 
turbulence produced by the first grid is 
predominant, and the small-scale turbulence 
produced by the second grid is merely super- 
posed on the high wave-number range of 
turbulence produced by the first grid for the 
latter of which the similarity of spectrum 
holds. The fact that the superposed small- 
scale turbulence decays rapidly and the 
spectrum curve tends to resemble the original 
one indicates the stability of spectrum. The 
experimental evidence thus supports Lin’s 
theoretical discussion on the stability of 
spectrum”). 

dad) Similarity of Spectrum of Vorticity 

By plotting Ak?F (Ak) against Ak, the similar- 
ity of k*F(k) was also examined. The quantity 
k?F(k) is proportional to the spectrum of 
vorticity, (0u/0z)?, and might be determined 
directly from the frequency analysis of the 
derivatives du/dt. In this paper, however, this 
was calculated from the measured energy 
spectrum F(R). Figs. 10(a), 10(b) and 10(c) 
show Ak?F (Ak) for the second grid alone, the 
two grids with X=450cm and xX=50cm, 
respectively, and for U=15 m/sec. It is seen 
that the similarity of 2R?F(Ak) holds over 
almost entire wave-number region in Figs. 10 
(a) and 10(b), while the deviation from the 
similarity is observed in Fig. 10(c). Hence, 
it may be concluded from these results that 
the effect of the deviation from the similarity 
will be negligible in the computation of the 
rate of energy dissipation for the turbulence 
either behind a single grid or two grids except 
for the case of small X. Therefore, Lin’s 
decay law))®), 4?=az-1+ 8, is expected to be 
valid for the turbulence behind a single grid 
or with superposed disturbances of low wave 
numbers. This decay law was already con- 
firmed by the experimental results of the 
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dependent of the initial conditions and retain 
the similarity. The similarity of the spectrum 
of vorticity, on the other hand, is observed 
over almost entire wave-number range for the 
turbulence either behind a single grid or two 
grids except for the case in which the high- 
wave-number disturbances are superposed. 


Figs. 10 (a), (b) and (c). Spectrum of vorticity 


Ake (Ak): Second grid alone, two grids with 
X=450cm and X=50cm, respectively, and U= 
15 m/sec. 

Therefore, Lin’s decay law, w=ax1+8, 


which is derived under the assumption that 
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the actual deviation from the similarity will 
be limited only for small values of wave 
number and hence the effect of the deviation 
will enter only in the calculation of energy 
but be negligible in the computation of the 
rate of energy dissipation, is valid for the 
turbulence either behind a single grid or with 
superposed disturbances of low wave numbers. 
c) Superposed disturbances of high wave 
numbers destroy the similarity of spectrum, 
so that Lin’s decay law cannot be relized. 
The disturbances, however, decay out rapidly 
and the similarity spectrum becomes stable. 


The author would like to express his sincere 
thanks to Dr. F. R. Hama of University of 
Maryland for his suggestion of this problem 
and his continual guidance and encouragement 
in the course of this investigation, to Prof. 
I. Tani for his valuable advice and discussions, 
and to Mr. Y. Onda for his active assistance 
in conducting the experiments. This work is 
supported partly by the fund of the Ministry 
of Education in Aid of Scientific Research. 
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Experimental Investigation of the Wake behind a Sphere 
at Low Reynolds Numbers 


By Sadatoshi TANEDA 
Kobe University of Mercantile Marine 
(Received June 19, 1956) 


Wakes produced by a sphere moving in a tank of water were photo- 


graphically investigated at Reynolds numbers from 5 to 300. 


results obtained are as follows. 


Main 


1. The critical Reynolds number at which the parmanent vortex-ring 
begins to form in the rear of a sphere is about 24. 
2. The size of vortex-ring is nearly proportional te the logarithm of 


the Reynolds number. 


iS) 


The wake behind a sphere begins to oscillate at the rear of the 


permanent vortex-ring when Reynolds number of about 130 is reached. 


$1. Introduction 

Up to the present, many theoretical and ex- 
perimental investigations have been carried 
out concerning the viscous fllow past a sphere. 


It is well known that when Reynolds number 
is sufficiently low, the theoretical calculations 
of the flow around a sphere can approximately 
be made by the methods of Stokes and Oseen 
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or by other appropriate methods,.)2*) 

However, the interest of the experiment- 
alists have centered, in the past, mainly round 
the problem of the drag and no observation 
seems to have yet been made concerning the 
flow pattern for the case of Reynolds number 
lower than 150. (Reynolds number, R, is Ud/v; 
where U is the model speed, d is the diameter 
of the sphere and » is kinematic viscosity.) 

In the present report, detailed photographic 
observations of the velocity field in the wake 
immediately behind a sphere, at Reynolds 
numbers from 5 to 300, are described, together 
with some remarks about the apparatus and 
the experimental technique concerned. 


§2. Apparatus and Experimental Method 


The experiments were carried out with the 
glass water tank of 100cm in length, 20cm 
in breadth and 30cm in depth. A general 
description of the appratus and an account of 
the experimental technique were given in the 
previous paper, and so need not be repeated 
here. 

Various modifications, however, were made 
in the apparatus. In order to eliminate the 
very small vibrations of the carriage, the base 
of the gear box was separated from the 
foundation of the water tank, and the nut, 
which was attached to the carriage and 
engaged with the lead screw, was allowed 
“play” in a direction normal to the axis of 
the lead screw. As the result of a careful 
adjustment, a sufficiently smooth and uniform 
velocity of the carriage was obtained. Fig. 1 
shows the general arrangement of the ap- 


paratus. 
Steel ball-bearings of three different sizes 
were used as the model. The ball was 


attached to one end of a fine piano wire serv- 
ing as a support. The piano wire was 0.5 mm 
in diameter and 15mm in length, and it was 
fixed to the carriage through a steel needle. 
In Table I the size of the models are given. 
The method of illumination was the same 
as in ultramicroscopy. A sheet of intense 
light from incandescent lamps behind a narrow 
slit was made to pass through a _ horizontal 
plane, containing the center of the sphere on 
it. The illuminated object was photographed 
from above with a camera fixed to the carriage. 
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CAMERA 
(A=, 
LEAD SCREW 


TIT = TA, APA © TLL LTT | F=4 iS 


Schematic diagram of the apparatus, 

Table If. 

Sphere 
d(mm) d'(mm) a’ /d EY /F 
19.82 0.5 1/40 1/190 
15.08 0.5 1/30 1/330 
9.52 0.3 1/32 1/840 


d Diameter of the sphere 

da’: Diameter of the support 

Fo: Sectional area of the sphere 

f: Cross-sectional area of the water tank. 


AL 


100 
Plot of s/d against log R. (Sphere) 


10 50 
Fig. 2. 


§3. Critical Reynolds Number at which 
Permanent Vortex-Ring begins to Form 


Concerning this problem there has been no 
experimental investigation except that by Nisi 
& Porter,® and little is known of the accurate 
value of the critical Reynolds number. 

The present experiment was made by means 
of aluminium dust method. Before beginning 
the experiment, a great care was taken to 
allow the water to become sensibly still and 
to prevent small air bubbles from attaching 
to the surface of the sphere. Many photo- 
graphs of the streamlines immediately behind 
the sphere were taken at various Reynolds 
numbers by making long duration of the ex- 
posure. In Photo 1 some of the photographs 
obtained are shown, 
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d) R=26.8 


Photo 1. Photographs showing 


As is seen from the photographs, when the 
Reynolds number is lower than 22, the flow 
around the sphere is perfectly laminar and 
vortex-ring can be found nowhere. When 
Reynolds number of about 25 is reached, 
however, a_ small permanent vortex-ring 
appears in the neighborhood of the rear 
Stagnation point. As the Reynolds number is 
increased further it grows and becomes more 
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(in) ees 


flow pattern in the wake immediately behind a sphere. 


and more elongated in the flow direction. The 
size of vortex-ring is plotted against the 
Reynolds number in Fig. 2. 

It is very difficult to determine the critical 
Reynolds number directly from the photo- 
graphs for the following reasons: (1) the 
dimension of vortex-ring is still very small, (2) 
the vortex-ring appears in the neighborhood 
of the rear stagnation point where the velocity 
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of the flow is extremely small. However, it 
can be estimated from Fig. 2 that the critical 
Reynolds number, at which the permanent 
vortex-ring begins to form, is about 24. It 
should be noticed that this value of Reynolds 
number 24 far exceeds the range in which 
approximations of Stokes or Oseen is valid. 

The present experiments were carried out 
at Fy/F<1/190, where Fy is the cross-sectional 
area of the sphere and F is that of the tank. 
The influence of the tank wall was scarecely 
detected. 

Furthermore, the influence of the support 
was also tested. It was observed that a slight 
asymmetry of the flow pattern was caused by 
the presence of the support; namely the 
separation point just behind the support was 
moved slightly forward. Of course, the 
smaller the diameter of the support was, as 
compared with that of the sphere, the less its 
influence was. In the present experiment the 
measurements were made at d’/d<1/30, where 
d is the diameter of the support and d is that 
of the sphere, and it was confirmed that the 
support effect was nearly negligible in deter- 
mining the critical Reynolds number. 


$4. Relation between the Size of Vortex- 
Ring and the Reynolds Number 


The permanent vortex-ring appears in the 
rear of a sphere at R=24 and, as the Reynolds 
number is increased, it grows and becomes 
more and more elongated in the flow direction. 

As will be seen from Fig. 2 the size of 
vortex-ring is nearly proportional to the 
logarithm of the Reynolds number. On _ the 
other hand, in the case of a circular cylinder, 
as was shown in the previous paper, the size 
of twin-vortices is proportional to the Reynolds 
number itself. (see Fig. 3). Thus there is a 
conspicuous difference between the two cases 
of a sphere (three dimension) and a circular 
cylinder (two dimension). 

The location of the center of the vortex- 
ring was also determined at various Reynolds 
numbers. When R was small, it was rather 
difficult to locate photographically the accurate 
position of a vortex center. Therefore the 
measurements were made only at R>50. The 
results are shown in Fig. 4. 


§5. Reynolds Number at which Vortex- 
Ring begins to Oscillate 
The experiments concerning the oscillation 
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fo) 10 20 30 ao 50 
Plot of s/d against R. (Circular cylinder) 


10 iefe) 
Fig. 4. 


Position of the vortex center. 


of the permanent vortex-ring behind a sphere 
were carried out in the past by Schmiedel 
(1928) and Moller (1938), but comparatively 
little is known of the critical Reynolds number 
at which the oscillation begins. 

As can be seen from the Photo 1, the per- 
manent vortex-ring becomes larger as the 
Reynolds number is increased, but the flow of 
fluid around a sphere is sensibly stationary so 
far as Reynolds number is less than about 
130. 

When Reynolds number of about 130 is 
reached, however, the faint periodic pulsative 
motion with a very long period occurs at the 
rear of the vortex-ring. And as the Reynolds 
number is increased further, the oscillation 
becomes more and more conspicuous. 

The flow behind the vortex-ring, however, 
was found to be perfectly laminar until 
Reynolds number of about 200 is reached. 
Moreover it was observed that the front-part 
of the vortex-ring was stably attached to the 
sphere up to R=300 or so. 

The process of development of the wake 
behind a sphere is illustrated in Fig. 5. 
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(a) F=104 
Photo 2. 


O(R( 24 


130 (R ¢(200) 


Fig. 5. Process of the development of the wake 
behind a sphere. 


90 


O d=19.82 mm 
@ d=!15.03mm 


aaa is 


O 
10 50 100 


Position of the separation. 


500 


As for the flow arround a sphere at 
Reynolds numbers exceeding 150, the detailed 
experiments have been reported by Moller in 
1938. 


$6. Position of Separation 


The position at which the separation occurs 
was determined by examining the photographs 
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(b) R=202 


Photographs obtained by means of condensed milk method. 


at Reynolds numbers between about 60 and 
300. 

The experiments were made mainly by 
means of condensed milk method. When a 
sphere thinly coated with condensed milk is 
set in motion in water, the milk melts in the 
wake little by little and reveals the separation 
point clearly. When Reynolds number was 
small, it was considerably difficult to deter- 
mine the separation point, because the stream- 
lines in the immediate neighborhood of the 
separation point were not clear. Therefore 
the measurements were made at R>60. 

The results are shown graphically in Fig. 
6, and some of the records are shown in 
Photo 2. 

In conclusion, the author wishes to express 
his thanks to Professor Hikoji Yamada of 
Research Institute for Applied Mechanics, for 
constant advice and encouragement in the 
course of this work. 
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On the Capacity of a Discrete Channel, II. 


Mathematical Expression of the Capacity of a Noisy Channel 


which is Expressible by 
Corresponding Two Multi-state Diagrams 


By Saburo Muroca 
Electrical Communication Laboratory 


* (Received December 7, 1955) 


In this paper, after some explanation of the use of Shannon’s diagram 
to describe a Markoffian process, a noisy channel of a general character 
in which the transmitter has constraints on allowed sequences of symbols 
and is disturbed by a Markoffian noise is described by correlating two 
multi-state diagrams which correspond to the transmitter and the receiver, 
respectively. The set of probabilities of transitions from a symbol in 
the transmitting diagram to one in the receiving diagram specifies the 
stochastic character of transmission. Then a mathematical expression 
for the transmission rate is deduced. Finally, the problem of finding the 
channel capacity as the maximum of the transmission rate is discussed 


with some numerical example. 


§1. Introduction 


In the previous paper (Part I), a mathemati- 
cal expression for the capacity of a noisy 
channel which is disturbed by noise symbol 
by symbol and is expressible by correlating 
two single-state diagrams, was dealt with”. 
The aim of the present paper is to discuss 
the capacity of a noisy channel of a more 
general character. That is, the channel is 
experssed by two multi-state diagrams, one 
for the transmitter and the other for the 
receiver, each line in the former corresponding 
to one in the latter under the disturbance of 
the noise. 

A noisy channel expressed in this way is 
comprehensive and we can easily find ex- 
amples which should be treated by such an 
expression. For example, a noisy channel 
with constraints on allowed sequences of 
symbols is no longer expressible by using the 
correspondence between two single-state dia- 
grams. The second example is a noisy chan- 
nel in which noise disturbs each sequence of 
several symbols, instead of each of symbols 
independently though symbols are transmitted 
indenpently of each other. Another example 
is a case where the transmitter is expressed 
by a multi-state diagram and noise disturbs 
each sequence of symbols, that is, cases like 
a teleprinter communication where a figure- 
blank signal and a letter-blank signal have 


some after-effects on following symbols, and 
a radio communication channel under influence 
of the fading where the receiver is provided 
with an automatic gain control in order to 
overcome disturbance influencing sequences 
of symbols. These channels can not be treated 
by a model of single-state diagrams in Part 
Il, 


§2. Shannon’s Diagram 


Shannon introduced elegantly a. diagram 
consisting of a finite number of states con- 
nected by oriented lines, to express an in- 
formation source and a channel with their 
statistical properties. Some authors dis- 
cussed its mathematical foundation®>”, so 
only its practical aspects will be mentioned 
here. A multiple Markoffian process for a 
source or a channel can be reduced to a 
simple Markoffian process by this diagram 
which offers a simpler form. So we shall 
extend his idea further. 

This diagram will be called Shannon’s dia- 
gram hereafter and the following classification 
may be convenient. 


(a) Shannon’s diagram of the first kind. 
Assume we have a certain information 
source which generates N letters, Li, L2,--- 
and Ly. Now we will consider how to write 
a diagram to express the information source 
of a multiple Markofhan process where a 
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(L, »Ly fess Ley sly ) 


lage, Ob. 


¢ (La, er yLa »Lg) 


Imyex, 8}. 


letter is generated with a probability depend- 
ing on the preceding vm letters. 

First let us label the states of the number 
of N” in a diagram, by N* coordinates, (Li, 
Mec bi) (la,li, «:,lajLs), ele eie): 
each of which is an arrangement of » letters 
out of WN letters. Let us take any state among 
them and find another state as follows: an 
arrangement of the letters from the second 
to the m-th in the coordinate of the former 
state is just that of the letters from the first 
to the (7-1) th in the coordinate of the latter 
state. Now draw a line from the former to 
the latter with an arrow in that direction 
and label it with the n-th letter of the 
coordinate of the latter state, as shown in 
Fig. 1. This letter should be considered to be 
generated when a source follows this line from 
the former state toward tha latter. Especially 
for a state with a coordinate where all letters 
are the same, the second state which should 
be searched by the above procedure coincides 
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with itself, so we make a loop connected to 
this state, the coordinate of this state con- 
sisting of the same letters. 

Next take a certain state, for example 
(Li, Le, ---, Ln). As easily seen, when the 
source stands at this state, a sequence of 
letters Li, Ly, ---, Ln were generated in the 
past. Then attach a probability pr,...1m(Ls) 
and a letter L; on a line going to the next 
state (L;; ---,Ls,L,) from this state as in 
Fig. 2. py,..-tn(Ls) is the transition probability 
that the letter L, follows the sequence of 
letters Li,---, Lx in the original information 
source. 

All of N” states should be numbered in this 
way. Here assume that two states in Fig. 2 
are given numbers 7 and j/, respectively. The 
probability Pr,...1m(Ls) described above then is 
the transition probability p(7) from the state 
7 to the state 7. Then the diagram in Fig. 2 


can be simplified into the one in Fig. 3. Of 
course Spel (las) 
J 
must hold for all 2’s. 
Transition probabilities .(j)’s between 


States completely specify the statistical pro- 
perty of this information source. When 
any state in this diagram can be reached from 
any other state by following a definite number 
of states, the diagram is called irreducible. 
Hereafter we shall be concerned only with 
such diagrams. Now let fi(m) be the probability 
that the first return to a state 7 occurs after 


following just 2 number of lines. The sum 
f= DH (2) 


may be interpreted as the probability that the 
source ever returns to the state 7. The state 
7 is called recurrent or transient according to 
whether a return to the state 7 is certain or 
not (that is, according to whether f=leoo 
fix). For a recurrent state i, 


i nf ir 


n=1 


(3) 


is the mean recurrence time. A recurrent 
state 7 with infinite mean recurrence time is 
called a null state. 

The state 7 is called periodic with a period 
t if a return to it is impossible except in ¢, 2¢, 
3t,-++ steps and f>1 is the greatest integer 
with this property. 

A recurrent state which is neither a null 
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(A) St{MPLE MARKOFFIAN CHAIN 
( 2 SYMBOLS) 


(B) a 
Pee SE) 
~ (A 


(C) SIMPLE MARKOFFIAN CHAIN 


(3 SYMBOLS) 


Fig. 


state nor periodic is called ergodic. As in 
Shannon’s theory, we will consider only on an 
ergodic source which consists of only ergodic 
states. The following theorem in the theory 
of the Markoffian chain is important for us: 
In an irreducible diagram all states belong to 
the same class, that is, they are all transient, 
all recurrent null states, or all recurrent non- 
null states. If it is periodic, they have the 
same period. This theorem will be useful for 
us to decide whether a diagram obtained by 
calculation of maximizing the transmission 
rate to get the capacity is ergodic or not. In 
a case of an ergodic source the probability 
P(i) that the source takes a state 7 is uniquely 
determined from pi(j) by the following 
equation: 


(4) 


where 3}P(i)=1. The probability P(z) for the 
state z, that is, the coordinate (Li, Ua, Oe og bese 
Ln) in Fig. 2 is the multidimensional joint 
distribution probability P(Li, Ls, ---, Le-1, Ln) 
that a sequence of letters, Li, L2,--:, Ibsen le 
take place in the original information source. 

Fig. 4 shows some examples of the Shanon’s 
diagram to express the Markoffian processes. 


(b) Shannon’s diagram of the second kind. 


Diagrams explained in (a) may suffice for 
mathematical expression. However, simplifi- 
cation of such diagrams may be desirable for 


py Pipl =P)) 
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(B) TWO-DIMENSIONAL MARKOFFIAN CHAIN 


(2 SYMBOLS) 


(D) SIMPLE MARKOFFIAN CHAIN 
(4 SYMBOLS) 


numerical calculation or its detailed discus- 
sion. 

In the diagrams of the type in (a) all lines 
toward the same state generate the same 
symbol and there is only one line from a state 
toward other state in that direction and a 
state can have at most one loop. Such restric- 
tions may be removed. Then numbers of 
lines and states will be reduced than those in 
(a). 

Take a simple example of a diagram for 
the Morse Codes where neither word spaces 
nor letter spaces follow each other. In the 
diagram of Fig. 4 (d), states (B) and (C) 
should be merged into one state, after taking 
off two loops because of the above restriction 
and then states (A) and (B) into one state. 
Regarding the symbols A, D,B and C as the 
dash, the dot, the word space and the letter 
space respectively, we get the diagram of 
Fig. 5 which Shannon used. 

To express the Markofhian process where 
preceding symbols affect the next one 
and where WN different symbols appear, 
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N” number of states are in general needed in 
the expression of (a), but number of states 
can be reduced in the extended expression 
of Shannon’s diagram of the second kind. 
That is, if any sequences of symbols 
from the information source are allowed to 
be transmitted, this case will coincide with 
that of Part I since the number of states is 
reduced to only one, but if constraints are 
imposed on allowed sequences of symbols, 
the number of states will be reduced to at 
least nm. However how many numbers can be 
reduced depends on the complexity of con- 
straints on the diagram as seen in the above 
example. 

Let pi(j, s) be the transition probability that 
a transition from a state z toward a state 7 
takes place through the s-th line between the 
two states, and then the transition probability 
fi(j) from a state 7 toward a state 7 in 
the form described in (a) will be given by 


pli=> pli, 8) (5) 


Also the probability f(z) that a state 7 is 
occupied is determined by the set of linear 
equations: 


X PO & BiG) = PY) ; (6) 


where >) P@)=1. In short, we can calculate 


the probabilities as in the case (a), by regard- 
ing the bundle of all lines from a state toward 
the other as a single line. 


§3. Construction of a Noisy Channel 


When the information source is expressed 
by the Shannon’s diagram, we shall receive 
sequences of symbols which can be expressed 
by the exactly same diagram, if there is no 
disturbance of noise. If there is noise, how 
shall the noisy channel affect on the diagram 
at the receiver? As an answer it may be 
proper to express the disturbance of noise by 
correspondence of two lines, of which the 
one is in Shannon’s diagram for the trans- 
mitter and the other in that for the receiver. 

Now assume that the information source is 
following the s-th line from a state 7 toward 
a state j in the diagram D; at the transmit- 
ter, provided that the diagram D, at the re- 
ceiver stood at a state a when D; was at the 
state 7. Then let Pijsa(8o) be the transition 
probability that D, moves toward the next 
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state B® through the o-th line from the state 
a in which it was, when D; moves to the 
state 7 through the s-th line from the state 7. 
That is, it is the conditional probability that 
indices 8 and o take place under the condition 
that the indices 7,7,s and a@ had appeared. 
Since the indices 8 and o may be thought in- 
dependent of other values of 7, 7, s and @ but 
of the above ones, the statistical property of 
this noisy channel can be specified by this 
Dijsa( Bo). A matrix 
abo 

1 [Diisa(Bo)] (7) 

ajs 
will be called a channel matrix hereafter. 
For all 7,7, s, and a where Pitsa(8o)=0, 


2 Pijsa(Bo)=1 (8) 


holds. 

Though it may look somewhat troublesome 
to make provision of a diagram D, at the 
receiver, we receive sequences of symbols 
disturbed by noise over the communication 
system but we may not always be able to 
know momentary variation of noise itself 
explicitely. Therefore it is quite natural to 
seize the noise disturbance by making statisti- 
cal correspondence of D; and D, rather than 
provision of a diagram for the noise itself. 

Here D, may be interpreted as expressing 
the transmitter with a transducer in the 
communication system, and D, the receiver 
with a transducer. ; 

By constructing of a noisy channel in this 
Way we can deal with a channel in a wide 
sense and )ijsa(Po) specifies the statistical 
property of the noisy channel while Dil) 
specifies that of the information source at 
the transmitter. As examples we can mention 
a case where noise disturbs every several 
symbols though the information source gene- 
rates symbols independently of each other and 
a case where the transducer in the transmitter 
imposes constraints on allowed sequences of 
symbols. To thus expressed channel we can 
connect any ergodic source which passes 
through all states and lines in the diagram 
D;. Stating it visually, D; is mapped on D, 
while the information source moves around 
in D:, but noise varies the property of mapping 
in a probabilistic way. 

Now we assume that D; and noise are 
ergodic and consequently D, is ergodic. Let 
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us consider the product space of D; and D,. 
In the product diagram of D, and D, in Fig. 6, 
the product state (i,@) of a state i of D; 
and a state a of D, is shown. And let Dia(j Bso) 
be the transition probability that a transition 
from the product states Ua) to the product 
states (jf) through a line (so) takes place. 
It also can be written as follows: 


Dial JBS0)= pial js)pijsa( Bo) , 
but since any movement in D, at the trans- 
mitter can not be affected by that in D,, pial JS) 
can be simply waitten as p;(js). Thus we have 
Dial 7880) = pil Js)pijsa( Bo) . (9) 
Ergodicity of D; and noise implies that this 
product diagram is ergodic and that D, is 
consequently ergodic. Besides this ergodicity, 
the fact that transition between states in D, 
is entirely independent of that in D,, requires 
that transition from the state (7, vw) toward 
any other state (7, 8) in this product diagram 
is always possible as to the first indices z and 
j, irrelevant of the second indices @ and £8, 
as far as transition from the state z toward 
the other state j in given D; is possible. 
Therefore properties which are required for 
the channel matrix [pijsa(Bo)| to be real are 
as. follows; (i) The product diagram is ergodic, 
and (ii) trasition from a state (7a) toward 
other state (78) in it is always possible 
irrelevant of the indices a and #8 as far as 
transition from a state z toward 7 is pos- 
sible in D:. 
In general a probabilistic property of noise 
which disturbs a line @, 7, s) in D; may not 
be independent of the noises that have dis- 
turbed the lines in the past history, but if 
independent, what property will the channel 
have? Suppose that there are h different 
modes of noise disturbance (let us write it as 
n(i,j,s)) on the line (z,j,s) in D;; that is, 
mM(i,7,s), ni,J,S),-°-° and n’(i,j,s). One of 
them in general corresponds to “no noise see 
that is, a transmitted symbol is received 
without any change. These modes of noise 
disturbance are proper only to this line (7, 7, s), 
and generally to other lines there may be 
modes of noise disturbance of a number dif- 
ferent from hk with reception of different 
symbols. For the line (@,/, $) in D: we get h 
different lines in D, by A different modes of 
disturbance. That is, provided that D, was 
in a state a before transmission of a symbol 
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(¢f) 
Pia lyRse) 
(ic) 


Bigs 26. 


for this line (,7,s), h different lines which 
may not always be led to the same state 
B will be possibly drawn starting from the 
state a. Let probabilities of these mapping 
be Pijsa(Bi01), Pijsa(B2or),--- and Pijsa(Bndn). 
But now since the mode of noise disturbance 
n(i, J, 8) is assumed to be independent of those 
having disturbed on the lines in the past, 
there are always the above h different modes 
of noise disturbance, 7}(i,7,s),---,n"(z,j, 8) on 
the line (2,7, s), whichever state of a particular 
a D, might be in. 

We can restate it as follows: For a channel 
where the modes of noise disturbance on a 
line (i,7,s) in D,; are independent of those 
that have disturbed the lines in the past 
history, when there are generated h different 
lines starting from a state a in D, by noise 
disturbance on this line with probabilities 
Dijso(B101), «++, Pijsa(Bnon), respectively, lines of 
the same number / even for other state a’ 
are generated in D, with the same _ pro- 
babilities. That is: with appropriate re- 
numbering of k’s for 8, and o,’, relations 

Dissa( Buon) =Dijsa (Bx on’) (R=1, ---, h) 

hold only for state @’’s such that D, is at a 
state a’ for D; being at the state 7. It some- 
times makes the property of the noisy chan- 
nel simpler. A channel where disturbance of 
noise on a line in D; is not independent of 
those on other lines, can be expressed by 
a proper transformation with diagrams 
which have the above property and then its 
property of the channel would be simpler at 
the expense of some complexity of the 
diagrams. 


§ 4. 
Let P(i) be the probability that a state 7 in 
D; is occupied and pi(js) be the conditional 
probability that the s-th line is followed 
toward a state j from a state 7. As shannon 
defined”), entropy per symbol for this diagram 
D,; will be as follows: 
H@)=— ~ P(i)pi(js) log pi(js) - 


Transmission Rate and Dissemination 


(10) 
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Then let P(a) be the probability that a 
state a in D, is occupied and pa(8o) be the 
conditional probability that the o-th line is 
followed toward a state 6 from a state a. 
Similarly for a diagram D, at the receiver: 


oD a p> P(a)pa(Bo) log pa(Bo). (11) 


For ergodic diagrams, P(i) and P(q@) are 
determined from p:(js) and pa(Bo), respectively, 
so H(z) and H(y) are practically functions of 
only pi:(js) and pa(Bo), respectively. 

Entropy per symbol for the joint distribu- 
tion of corresponding symbols at the trans- 
mitter and the receiver, would be properly 
calculated from the product diagram in Fig. 
6: 

Au, y=— Pagh MP ial IBS9) log pia(j Bsc) 


= — >) Plia)pi(js)pijsa(Bo) log pi(js)pissa(Bo) 
=— pe, Puapiss) log pi(js) 


eee (ia) pil js)pijsa(Bo) log pissa(Ba). (12) 


Using H(a, y)=H(x)+H,(y), the dissemination 
H;(y) is, from (12); 


H.(y)= Fcbol UOPMIS)Pissa(Bo) log Pijsa(Ba) . 


(13) 
Using A(x, y)=H(y)+Ay(x), the equivocation 
H,(«) will similarly be calculated. 
Therefore transmission rate (entropy/symbol) 
for this channel would be defined as; 


R=H(y)—Hy)= ~ 2 P(a)pa(Bo) log pa(Bo) 
+ ZF COPS) Pisa Bo) log Pijsa( Bo) . (14) 


As a special case, if diagrams at both sides 
are independent of each other, we have 


Pijsa(Bo) = pa(Bo) 


and P(ia)=P()-P(a@), and then R=Ofrom (14). 

Let time duration of a line (7,7, s) in D; be / 
(7,j,s) and that of a line (@Bc) in D, be l(a@Bo). 
Since as an average time duration per symbol 
we get 


T= 2 P)pi(js\l@js) 


= & Pla)pa(Bo\Mabo) , (15) 


the transmission rate for this channel in 
entropy/second will be R/T from (14) and (15). 

Next we will mention important relations 
between probabilities in D; and D,. As it is 
well known in the theory of the Markoffian 
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process, in ergodic D, there is the following 
relation: 


> Papx=P) (17) 
But since 
Pi(j)= 2 piljs) (18) 
holds, (17) gives us 
> P@p(js)=P) » (19) 
where 
SAGES 
: (20) 
> pijs)=1. 
As to D,, similarly 
> P(@)pal(Bo)= P(B) , 
where 
(21) 


SAG S| 
+ pa(Bo)=1. 


As to the product diagram of Fig. 6 we can 
get an equation corresponding to (17) as 
follows: 


> Pia) pia(jB)= PIB) . (22) 
Using 
Pia J B)= py PialjsBo) 
mee Dil J )PijsalBo) , (23) 
(22) will be 
p> Plat) 3 iD) PissalBo)= PGB). (24) 


It means that we can determine P(jP) from 
DilJ)Pissa( Bo) if they are given, where >) P(a) 
eg 
=1. Since P(ia)pia(j8so) expresses the joint 
probability that two product states Pia) and 
P(jB) connected by the (sc)-th line take place, 
what is summed over its 7,7 and s gives the 
joint probability that indices a, 8 and o appear 
in a successive order. That is, it gives 


> Pia) pial jBS0)= PlaBo) . 


Therefore from (9) we get 


> P(ia)piljs)pijsa(Bo)=P(aBs). (26) 


Similarly to a case in Part IY, we will in- 
troduce a set of characteristic equations as 
follows: 
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a XapoPa)pijsa(Bo) 


- P(1a)Pijsa( Bo) log Pijsa( Bo) (27) 


(for 7,7 and s). 

This set of equations whose solutions Xegs’s 
are auxiliary variables will be called as 
Characteristic Equations. It is an extended 
form of the previous case. If we set P(ia) 
=1, as a special case, these equations coincide 
with the previous case. Different from the 
previous case, Xaso’s can not in general be 
determined uniquely from the channel matrix 
for (27) includes P(i@)’s and therefore un- 
fortunately Xag.’s are functions of P(ia@) and 
therefore unfortunately Xuago’s are functions 
of P(ta) and moreover pi(js). But still it 
will be powerful for our analysis. 

(27) gives us with multiplication of pi(js) 
and summation of it over 7,7 and s; 


Pind oeo Pla) PuIS)PiieaBo) 
= each WOPIS)Pissal Bo) log pijsa(Bo). (28) 


Inserting (26) into this, the left side of this 
equation is 


P XapoP(aBo) ’ 


while the right side is —H,(y). Thus we get 
the following: 

Theorem 1. Dissemination H.(y) can be ex- 
pressed simply by the following: 


H(y)=— 2 XupeP(aBe) (29) 


Then the transmission rate (entropy/symbol) for 
the noisy channel expressed by correspondence 
of two multi-state diagrams is; 


Re ata) polBo) log patho) 
+2 XapoP(a)palBo) . (30) 


These two formulae are extensions of those 
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matical expressions will be made simpler with 
Xugo’S and it may be convenient to see their 
properties. Particulary when Xzeo’s can be 
calculated easily, they are very powerful for 
getting solutions. 

From the above theorem, the transmission 
rate in entropy per second is 


— =P (a)pa(8a)logpa(Ba) +>, XapoP (ct) pal G2) 
3 P(a)palBo ao) o 
(31) 


§5. Channel Capacity 


In order to get the greatest transmission 
rate of a noisy channel which was defined as 
its capacity by Shannon”, we will try to get 
the maximum of (31), first, rather than its 
greatest value. 

Lagrange’s method is useful for our’ maxi- 
mizing problem with constraints which are 
complex for Xago’s are functions of P(za@)’s. 
Now let us enumerate all constraints. First, 
a set of characteristic equations (27) for 
defining Xage’s are necessary. Since our 
problem requires specification of probabilities 
for all lines (, 7, s)’s in D; so that the maxi- 
mum may be given to the rate of the chan- 
nel, pi(js)’s should be specified and then other 
probabilities should be functions of pi(js)’s. 
Therefore, (24) for P(ta) to be determined 
from pi(js) may be necessary. Also (26) for 
P(aBo) to be determined from P(g) and pi(Js), 
and a constraint >) P;(js)=1 in D; are both 
necessary. (21) to characterize D, as an 
ergodic diagram, may be redundant since it 
is not independent of some other constraints 
but it will be included as a constraint for 
convenience of calculation. In order to 
obtain the maximum of (31) under these con- 
straints, it may be enough to get simply the 
maximum value of the following: 


in Part I. As we shall see it later, mathe- 
2 P(aBo) log {P(aBo)/> Plars)}+ >; XaupoP(aBo) 
7 abecet At Oe yo aBor pe Us 


a! > Plecso)I(aB0) 


+ 613s XapoPia)pijsa(Bo)— PCa)pijsa(Bo) log Pijsa(8o)] 


ape nal > PlaBo)— > P(Bao)] 


=i ~ viel Plia)pi(js) pissa(8o)— P(IB)] 
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+ DS Hagel XS P@a)piljs)pissa(Bo)—P(aBo)] 
aBo ijs 
ae SEs iis) +7 > P(a@Bo) , (32) 
a js o 
where Oijs, Ya, Vig, Habe, Ti and 7 are undetermined constants. Let us maximize V, that is, 


(32) with respect to PlaBo), Xape, pi(js) and Pua). Then with a notation C for the cpaacity 
to be calculated: 


OV 1 P(aBo) ‘ | 
Rds. Fe : pee EE ee cy 
OP(apo) > a ves = Dayore ape 
2k Nabe T ee iO (33) 
x Papoiane N8— Lase+ 7 

OV. Papo) appease an 0 (34) 
A Xupe = Beagaee a. > 6i5sPCa)pijsa( Bo) 
OVS yg Phi) pijzalBO)+ S HapePa)Pss.a(Bo)-+r1=0 (35) 
Opi(js) abo pry 
Bp = 3B diselXnaebisna(B0)—Prsa(Ba) log pisra( BO) 

Pia) jsBo 


ay > ¥3p 2 Bi (JS) Pijsa(BO)—via+ 2 Habe py Diljs)PissalBo)=0 . (36) 
Comparison of (26) and (34) gives us 
Bise= — PCJ)! Ds PaBo)l(aBo) . (37) 
Summing the equation (33) multiplied by P(a@Bc) over a, 8 and o, we obtain 
p> LapoP(apo)=7 , (38) 


since its first term becomes equal to C. 


Next, summation of (36) multiplied by P(t) over a, gives us an equation which will lead 
simply 


2: Hare PaBa)=0 : (39) 
Using (24) and (27). But comparison of this and (38) gives us 
goa 0.3 (40) 
Then, (383) with (40) gives 
LaBO) exp [—Cllapo)+Xuse + (te—1e Hare) DZ Plaga yl(aeBo)) , (41) 
2 Plaro) apo 


summation of which over B and o must be 1. That is, 
> exp (—%p 2 P(aBo)l(aBo))-exp {—C-l(aBo)+ Xuse— Mase— Lage ‘ P(aBo)l(aBo)} 


=CXDi—— pe 2 PaBolllabo)) (42) 
will be obtained. In order that these homogeneous equations (42) can have non-zero solu- 


tions, it is a necessary and sufficient condition that its coefficient determinant be zero. 
Then we obtain the following determinant; 


| exp [—C-(aBa)+ Xapo— Hare & PlaBa)-KaBo)|—O(aB)|=0 , (43) 


which will be called a Capacity Equation. The channel capacity C can be solved as a 
function of Xagc, age and P(@Bo) as the largest positive root of this. 
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Camparison of an equation which is obtained by summing (35) multiplied by p,(js) over 7 
and s, and an equation which is obtained by summing (36) multiplied by P(iw) over a@ 
with (87), gives us 


Cotas viaPda) . (44) 


Inserting this into (35) we obtain the following (45). 
After all, besides (41) and (43) we must solve the following five sets of equations: 


2 Mabe PU)Pi seal Bo) = 2% Pia) Pisea Bo vss—vea) ’ (45) 
ght) {Bessa BA) 10g Pisea(B0) —~Xubeb sel B0)] 

inte S P(aBo)l(aBo) jsa@ tjsa@ wBoPijsa 

sa = V5p > Pi(JS)Pijsa(BoO)—via+ 2i Mato x Pi(Js)PissalBo)=0 (46) 
and 

py Pia) pi(js)PissalBo) = PlaBo) (47) 
De Pia) piljs)pissa(Ba) = PIB) (48) 
» XapoPia)pi jsa( Bo) = 21 Pla) pi seal BO) log Pijsa(Bo) . (49) 


The latter three sets are relations between the probabilities Pia), pi( 7s) and P(aBo). 

In a general form it seems somewhat complex, compared with the case of Part I, though 
it would be much simplified for most of practical cases as we shall see it later in a numeri- 
cal example. However it should be noted as an indispensable condition that the probabilities 
bi(js), PGa@) and pa(8o) solved from the above equations are non-negative and to let D; and 
D, be both ergodic. Otherwise the value of C can not express the channel capacity 
any more, so we must solve the maximizing problem without some lines and states in D; 
from the beginning of our calculation, analogous to the latter part in §2 of Part I. 

Now let us check solvability of the equations from (45) to (49). Since > pi(Js)pijsa(8o)=1, 
the coefficient determinant of (46) as to the undetermined constants ED ei is zero. So the 
following set of equations, conjugate to (46), will be introduced; 


py Vics & Pil js)pissa(Bo) = asp i (50) 


This is exactly the same as (48). But (48) is always solvable as to Pa) for the ergodicity 
of the product diagram. Then (50) can be always solved, leading to wviw=P(ta). Therefore 
from the theorem on the simultaneous linear equations», a necessary and sufficient condition 


for the solvability of (46) is that 


. Dil Js) sh # 
= Pia = SReponapa tr ne haolbe 


—Xupopijsa(Bo)| + Pu Mabe py pi J8)bisa( Ba) |=0 (51) 


holds. Since (51) is reduced to (39) for its first two terms vanish by (49), (46) is always 
solvable as to vje’s. 

As to (49), if it does not have solutions, it must be dealt with directly as in §4 of Part 
I but we assumed existence of solutions for it. 

Solvability of the remaining (45) as to Hage and (47) as to pi(js) has connection with the 
rank of their coefficient determinants. When the rank is equal to the order of the deter- 
minants so that the numbers of lines and states in D; are equal to those in D,, respectively, 
and that | P(ie)pijsa(Bo)|=<0, the discussion which we have made so far may suffice if the 
result is to let D; and D, be ergodic. If the rank is lower, our calculation will be more 


complex, though it may be dealt with, analogously to Part I where some conditions for their 
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solvability should be included in (32) from the beginning. Here we will not go further. 

Now we will check our result in a special case of the noiseless channel and show that it 
will be reduced to Shannon’s determinant (page 9 of the reference (2)). For the noiseless 
channel, we have 


Pijsa,(Bjos)=1 
Pijsa(Bo)=0 (for other a, B and o, except ai, Bj; and os) (52) 


where a, 8; and o; are a, 8 and o in D, corresponding to 7,7, and s, respectively. Then, 
since the right side of (49) vanishes, we obtain Xugs=0. As easily seen, 


P(ia;)><0 (== PO) 
PUia)=0 for other a except a , (53) 


so (45) gives 
Ma, Bjr3= Via; —VIjB; - (54) 
And (46) where the brackt vanishes, gives. 
> Y 5p ;Dil JS)—Viay + ~ Ma,Bjosbi( Js)=0 . (55) 


So we have Mase=vie=0. Finally (43) can be reduced to the following determinant which 
Shannon obtained for the noiseless channel: 


S exp (—C-ago))— 8(ae8) |=0 pill (56) 


Thus, with a transformation W=exp(C) we can summarize the above as follows: 
Theorem 2. For the noisy channel whose channel matrix ts [Pijsa(Ba)|, the capacity C=log W 
is given by the largest positive root of the following capacity equation: 


> W-*82) exp (Xapo— Mato > Plapa)l(asa)—aa) =0, (57) 


where Xu3c, Uasc and PiaBc) are solved from (41) and (45) to (49) and satisfy the requirement 
to let Di and D, be ergodic. Especially, for the noiseless channel, the above equation is reduced 
to: 


> W-*8o)— §(ap)|=0. (58) 


The equation (57) is an extension of the determinant which Shannon obtained for the 
noiseless channel and it was shown now that the former can be reduced to the latter for 
the noiseless channel. 


§5. Numerical Example 


Now we will solve a simple numerical example. Suppose we have a transmitter which 
can be expressed by the diagram in Fig. 7. Four symbols A, B, C and D can be transmitted, 
and the time durations of A and B are one second each and those of C and D two seconds 
each. We number two states and six lines as shown in Fig. 7. 


(a) Capacity of the noiseless case: 


Since we receive a diagram exactly indentical to D; over the noiseless channel, the channel 
capacity log W is given by the largest positive root of the following determinant: 


2W7-1 0 2W-2|_ 
Mi een toes ell (59) 


Solution of this equation of the third degree gives W=2.594. Then, the channel capacity is 
logs W=1.38 bits/sec. 


Let P, and P, be probabilities of the states a@ and b, and p(s) be probability that transi- 
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Fig. 8. 
tion to the s-th line takes place. Thus we have; 
ae b(1)=p(2)=0.386 
P.=0.186 p(3)=p(4)=0.114 (60) 
p(5)=p(6)=0.500 


(b) Capacity of the noisy case: 

Now assume that the diagram D, at the receiver is exactly the same with D; of Fig. 7, 
being numbered in the same way, but that correspondence of D; and D, due to noise dis- 
turbance is expressed by the channel matrix of Fig. 8, where numbers of lines and states 
in D, are primed. The channel matrix satisfies the required property. 

The characteristic equations (49) where P(i@w) in both sides of each equation vanishes, give 
the following: 


3 1 3 San gk il 
ie ty Xa singe 28 ees pe 4 
1 2 1 log 2 
Eh (Gye te ae ee SE = vores 
ga tyke 3 SQ tg los 3 
3} il Beye al i 
, = , — ae — ] —- 
party log +7 los | 
1 3 3 Sokal 1 
—X, +—Xyr = — 1 —] 61 
gas ts sire aor te (61) 
1 1 1 
ES, Ree ae es 
2 X5 al 2 Xe og D) 
3 1 
Xe + Xe = rl log —-+— log ve 
whose solutions are 
Xyr= —0.2249 k 
Xn = —0.3022 k 
X3r= X4-= —0.2442 k (11) 
X5'=—0.4147 k 
Xe = —0.1874k 


where k=1/logie. 
The equations (48) can be much simplified and give wyv=/27=0 and vaa=vorr. The 


equation (46) do not give significant relations any more in this case. Now the capacity 
equation (43) is simply: 
exp (—0.2249 k-C)+ exp (—0.3022 k-C)—1 2 exp (—0.2442 k-2C) ay; (63) 
exp (—0.4147 k-C)+ exp (—0.1874 k-C) —1 
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which gives C=0.652 bits/sec. 
With the above C, Xape and papc=0, the 
equations (41) give the following probabilities; 


pa) =0.379 ee ne 
[pao p(6’)=0.628 (64) 
p39 =p(4) =0.152 


These probabilities and the relations 


2 P(@)pa(bo)= P(B) 


give P(a’)=0.767 and P(b’)=0.233. 
As to the probabilities in D;, the equations 
(47) and (48) give the following: 


P@=0.353 P(5)=0.488 
P(2)=0.344 eign 
POG)=P6=0.152- 

As our conclusion, values of the probabilities 
of the states in D; are equal to those in D, 
and the result recommends us more frequent 
use of the state a@ than b. The line 5 is 
mapped onto the lines 5’ and 6’ in D, with 
the equal probabilities, so the line 6 at the 
transmitter should be used preferably rather 
than the line 5. Similarly the line 1 should 
be used more than the line 2. 


(65) 


§6. Conclusion and Acknowledgement 


In this paper we have extended the treat- 
ment of a noisy channel in Part I. Naturally 
it may be somewhat complex but the intro- 
duction of the characteristic equations proves 
still powerful for our calculation. In the 
special case of the noiseless channel our ex- 
tension leads to the determinant which Shannon 
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Of the dielectric anomaly of 2-higher alcohols in 
the ‘‘ way state’’ stable at temperatures just below 
the melting point, Hoffman and Smyth” attributed 
the origin to Maxwell-Wagner polarization. Meak- 
ins and Mulley» found abnormally large dielectric 
absorption and dispersion of the dielectric constant 
at low frequencies, at temperatures below that of 
the waxy state, and explained the facts by the 
presence of hydrogen-bonded chains of hydroxyl 
groups capable of reversing their directions. On 
the other hand Asai and his cooperators®) considered 
that the high vaiue of the dielectric constant of 7- 
higher alcohols is only superficial and should be 
explained with Cole’s theory) of the conductive 
dielectric. 

If Asai’s opinion is correct the dielectric constant 
of a m-higher alcohol must vary with electrode 
seperation of the condenser as Cole pointed out. 
Therefore the present author measured the dielect- 
ric constant of cetyl alcohol and octadecyl alcohoi 
with different electrode seperation from 1.2mm to 
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Fig. 1. Complex dielectric constants of octadecyl 
alcohol at the temperature shown in the e/-T 
curve of the heating stage. 


6.7mm at 2 Kc/s and 0.6Kc/s, but could not find 
significant variation. So the dielectric anomaly at 
frequencies above 0.6 Kc/s does not seem to be a 
surface effect in the sense of Cole’s theory but 
principally a volume property. For the purpose of 
studying the dielectric mechanism it is often useful 
to determine the relation of the real part e’ and the 
negative imaginary part e’’ of the complex dielect- 
ric constant, and the author measured the two 
values in the waxy state and plotted a Cole-Cole 
diagram. The results were not the same in the 
heating and cooling stages. Fig. 1 is the diagram 
for the heating stage and consists of a circular arc 
with its center of little below the ¢’ axis. If this 
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diagram is correct the dielectric anomaly of 7- 
higher alcohols in the heating stage ought to be 
attributed to the orientational polarization as was 
advocated by Meakins and Mulley rather than to 
Maxwell-Wagner polarization. Fig. 2 is the dia- 
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Fig. 2. Complex dielectric constants of octadecyl 
alcohol at the temperatures shown in the e/—T 
curve of the cooling stage. 


gram for the cooling stage and shows conspicuous 
variation with temperature. This diagram can also 
be explained qualitatively if we assume that as the 
temperature becomes higher and the frequency 
lower the orientation of entire molecule becomes 
more likely to occur than that of the hydroxyl group 
alone. 

The detail of this research will be published in 
the Science Reports of Kanazawa University. 

The author wishes to express his sincere thanks 
to Professor H. Shoji for his kind guidance. 
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Surface Potential and Surface 
Conduction of Molybdenite 


By Ichiro NAKADA 


Kobayashi Institute of Physical Research, 
Kokubunji, Tokyo. 
(Received June 23, 1956) 


The measurements of surface potential and sur- 
face conduction of semiconductors in various gas 
ambients have given valuable information concern- 
ing their surface electronic states. With these 
measurements, Brattain, Bardeen and Morrison” 
have obtained a clear model of the surface space 
charge layer for germanium. 

Now, we have made similar measurements on 
molybdenite since it is particulary suited for such 
experiments, because thin foils of single crystal can 
be cleaved easily from a natural crystal. 

The measured samples are several microns in 
thickness with areal dimension of about 1x1cm?. 
At room temperature they are all n-type with Hall 
mobility of about 100cm2/volt, sec, and carrier 
density of about 10!%/cm*. These values are in the 
same order as those reported by Mansfield and 
Salam”), though their samples are p-type. 

The sample was placed in a vacuum vessel and 
HNO; and NH3 ambients were cycled alternatively. 
The surface potential was measured by Kelvin 
method, in which the gold net was used as the 
reference electrode. 


The typical result is shown in Fig. 1. For comp- 
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Fig. 1. The surface potential for different gas 
ambients. 


arison, the change of surface potential on Al plate 
for the same reference electrode and gas cycling 
was also shown in the figure. The surface poten- 
tial of molybdenite changes for different gas ambi- 
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ents in a rather complicated manner but the change 
with illumination has a clear relation to the ambi- 
ent. In HNO; it increases with the illumination in 
a similar way to the case of »-Ge in the ambient 
of O3 or dried air. For the case of NHs3 the effect 
is very small. 

Next the change of surface potential with illumi- 
nation (i.e. surface photovoltage) and surface con- 
duction were measured simultaneously. Here the 
surface potential change with illumination was 
measured by chopped light method and the surface 
conduction was deduced from D.C. conductivity. 
The typical result of one cycle is shown in Fig. 
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Fig. 2. Surface conduction and surface photo- 
voltage for different gas ambients. 


Apart from the quantitative details, we can inter- 
pret the result of Fig. 2 as follows. 

In the ambient of HNO:, adsorbed gas atoms 
would be charged negatively and might result in 
the formation of compensating positive space charges 
in the surface layer. For m-type semiconductors, 
decrease of surface conduction and increase of 
surface photovoltage can be easily explained by 
this model. The reverse would be the case for 
NH3 ambient. 

But from these results only, we could not deduce 
any detailed information about surface electronic 
states such as the energy levels and densities of 
the states. 
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Magnetic Anisotropy of the Iron Sulfide 
Single Crystal at a-Transformation 
Temperature 


By Takahiko KAMIGAICHI 


Physical Laboratory, Faculty of Education, 
Hiroshima University, Mihara 


Tadamiki HIHARA, Hideo TAZAKI 
Department of Physics, Faculty of Science, 
Hiroshima University, Hiroshima 
and Eiji HIRAHARA 
Department of Applied Physics, Faculty of 
Engineering, Hiroshima University, 
Hiroshima 
(Received July 2, 1957) 


We have observed the anisotropy of electrical 
conductivity of iron sulfides single crystals at a- 
transformation temperature (Ta), and have now 
been studying the magnetic anisotropy of this 
substance at the same temperature range by using 
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Fig. 1. Thermal variation of magnetic suscepti- 
bility of iron sulfide for various direction of 
external field H. 
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Fig. 2. Angle dependence of magnetic suscepti- 
bility of iron sulfide at constant temperatures. 


a magnetic balance. The samples of single crystals 
measured were prepared by the method mentioned 
in reference 1, and were made into a shape 
of parallelepiped, 3x2x2mm*%. The symmetry 
axes of the single crystal were determined by the 
Laue method of X-ray diffraction. The samples 
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measured contain an excess of sulfur #=0.04 in 
FeSiez: 

The results recently obtained are shown in Figs. 
1 and 2; curve 1 in Fig. 1 represents the thermal 
variation of magnetic susceptibility measured along 
the direction of the c-axis, and curve 6 the one 
along a direction in the c-plane, perpendicular to 
the c-axis. It was found that the thermal varia- 
tions of the susceptibility depend upon a direction 
of external field H. The results obtained are 
shown by curves 1~6 in Fig. 1, where angles in- 
dicated are those between the directions of H and 
the c-axis. The field H is in the plane including 
the c-axis. The angle dependence of susceptibility 
measured at constant temperature is shown by the 
curves A and A’ in Fig. 2 for two temperatures 
25°C and 120°C. When the crystal is rotated 
around the c-axis at the same temperatures, 25°C 
and 120°C, no dependence is observed as shown by 
curves B and B’ in Fig. 2. The angles indicated 
on the abscissa in Fig. 2 are those between the 
directions of H and the c-axis for curves A and 
A’, while, those between the direction of H and a 
reference line in the c-plane for curves B and B’. 

From the results described above, it seems that 
the anomalous thermal variation of the suscep- 
tibility of the substance is analogous to that of 
a-Fe,O3.22 Namely it is supposed that the direc- 
tion of antiferromagnetism is fixed parallel to the 
c-axis at lower temperature than 74, whereas it 
rotates easily in the c-plane so as to be disposed 
perpendicularly to the external field H at the tem- 
perature above Tq. 

As for the cause of such a large difference in 
susceptibility between the values of curves 1 and 
6 in the temperatures above TJ, it might be ex- 
plained by an anisotropic parasitic ferromagnetism 
depending on a direction in the c-plane, but its 
full explanation must be reserved untill more 
detailed experiments will be finished. 

This work was financially supported by the 
Scientific Research Fund of the Ministry of Educa- 
tion. 
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Photoconduction of Silver 
Chloride Crystals 


By Noriaki ITOH and Tokuo SUITA 


Department of Electrical Engineering, College 
of Engineering, Osaka University 


(Received August 1, 1956) 


The photoconductivity of silver halide crystals 
has been measured by several authors in D.C. 
fields»2). However, the effects of dendrite forma- 
tion and space charge seem to be serious, especially 
at room temperature. We measured the photo- 
conductivity of AgCl with rectangular pulse voltage 
to minimize these secondary effects. 

The measuring procedure we used, is as follows. 
The rectangular voltage pulse of 200 sec duration 
was applied to two specimens simultaneously and 
the current pulses through the specimens were put 
into the difference amplifier, which counterbalances 
the dark current and the charging and discharging 
current of both specimens. Photocurrent was 
measured by illumination of one specimen with 
450 watts tungsten lamp through a liquid filter. 
The photoresponce occurs immediately after the 
beginning of illumination and no delay was observed 
as in D. C. measurements. 

The specimens were cut from single crystals 
grown by Kyropoulos method. The electrodes 
were thin silver films developed on the surface of 
the specimens by photographic developer, and the 
specimens were illuminated through these electrodes. 

In virgin specimens the photocurrent decreases 
with time at the beginning of illumination as shown 
in Fig. 1. This decrease ceases within about 100 
seconds and cannot be observed at the subsequent 
illuminations at all. Therefore this decrease in the 
photocurrent seems to be due to photographic silver 
specks produced by illumination. These phenomena 
were observed also in the case of dielectric break- 
down): the breakdown voltage increases with 
illumination and saturates in a few minutes. 

The dependency of photocurrent on the applied 
voltage for specimens illuminated more than 100 
seconds is shown in Fig. 2. The photocurrent in- 
creases with increasing voltage for lower voltages 
and then saturates. Saturation effect may be ex- 
plained by considering that ““Schubweg’’ becomes 
comparable to the crystal in higher 
fields. In our results, the saturation occurs at 
higher field strength than the calculated value!) 
from the known value of mobility 50 cm2/volt-sec 
and life time 10-®sec%), and the discrepancy is 
larger for thinner specimens. Accordingly our 
results seem to show that the space charge lowers 
the effective field strength especially in the case 
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Fig. 1 The dependency of photocurrent on illumi- 
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of thinner specimens. More experiments are being 
carried out. 

We wish to thank to Dr. E. Mizuki and other 
staffs of the research laboratory of Fuji Photofilm 
Co. for their supplying silver halide materials and 
for their valuable discussions. We also thank to 
Mr. A. Yonezawa for his devoted assistance to 
our experiments. 
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On the Conducting Mechanism of Oxide 
Coated Cathode 


By Hiroyuki MIZUNO 
Matsushita Hlectronics Corporation 
Kyoto, Japan 


(Received August 20, 1956) 


According to Loosjes-Vink theory, the conducting 
current of oxide cathode is carried mainly by 
conduction electrons which move from a granule 
to a granule in low temperature region (<800°K), 
while it is carried by electron gas emitted from 
granules in high temperature region (>800°K)). 

If the conducting mechanism is such as above 
mentioned, the rectifying property between sleeve 
and coated oxide is naturally quite different in two 


regions. We can evaluate the differences as follow- 
ing. 
(A) Low temperature region 


According Mott-Schottky, we can write the recti- 
fication equation as below. 


I=I; [exp (eV/kT)—1} (1) 

Where Is is given 
I;=o0 V8rne(Vo— V)/E - exp(—eVo/kT). (2) 
Is=o/d(Vo— V) + exp (—eVo/kT) (3) 


for Schottky’s and Mott’s cases respectively and V 
is the voltage (positive value of V being forward) 
applied across the contact boundary itself, e the 
electronic charge, kT is thermal energy, m and o 
are the density of conducting electrons and con- 
ductivity in semi-conductors respectively, € is 
dielectric constant, d is the thickness of barrier 
layer and the value Vo is 


Vo=(¢ -)/e (4) 
where —¢ and —g are Fermi-energies measured 
from vacuum state. 

(a) Forward direction flow (V >0) 


Considering Vs>(kT)/e, in usual cathode temper- 
atures, we can induce next equation from Eq. (1). 
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log J=log Is+(eV/kT) (5) 
If the low conduction is attributed to the conduct- 
ing electrons across the granules as proposed by 
Loosjes and Vink, it is supposed that the rectifying 
action between sleeve and coated oxide is to be 
predicated by Mott-Schottky’s theory. There-fore 
the curves log J—(1/T) are to be linear and temp- 
erature dependencies of currents are to be changed 
with applied voltages which are applied from sleeve 
to coated oxide. 


(b) Reverse direction flow (V<0) 

When voltage is applied reversly and |V| is 
larger than k&T'/e, we can obtain the following 
equation, neglecting schottky effect and exp (eV /kT) 


term compared with 1 in Eq. (1). 
log|Z|=log In + {—(eVo/kT)} (6) 
We can see easily from Eq (6) that the log J—(1/T) 


curves are to be linear and these tangents are to 
be independent of applied voltages. 

(B) 

If the high temperature conduction is due to the 
electron gas emitted from granules as proposed by 
Loosjes and Vink, the rectifying equation is 
evaluated as following. 

(a) Forward direction flow (V >0) 

From diode theory, we can get next equation. 
IE e(o+Vim) 

=A Ofer et ee 7 
cai kT CQ) 

From Eq (7) we can see that the log(Z/T?)—(1/T) 
curves are to be linear and the temperature de- 
pendencies are to be equal with different applied 
voltages in high temperature region for forward 
direction flow. 


(b) Reverse direction flow (V<0) 


We can find the following current equation 
theoretically in reverse field. 
I, ev+iVvi) 

= 


log “rs og A LT (8) 


It is noted that the log(Z/T?)—(1/T) curves are 
to be linear and the temperature dependencies are 
changed by applied voltages. 

Using rectifying theory, we proposed an approval 
method of Loosjes-Vink theory, but the experi- 
mental application of this consideration is left to 


High temperature region 


log 


future work. 
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Emitter Current Noise in Junction 
Transister 


By Tatsuo YAJIMA 


Technical Research Laboratory, 
Broadcasting Corporation of Japan, Tokyo 


(Received July 4, 1956) 


While shot noise properties of junction transistors 
are becoming clear), physical nature of 1/f noise 
has not been well understood. Here some output 
noise current behavior of junction transistors in 
common base connection is studied over the fre- 
quency range 80c/s~300kc/s including both shot 
and 1/f noise region. Particularly to clarify the 
effect of current amplification factor ap, a measure 
of recombination, measurements are made mainly 
on npn germanium grown junction tetrodes, for 
which a can be widely varied independently by 
the applied transverse electric field in base region. 
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Fig. 1. Noise spectra of npn tetrodes. 


Fig. 1 shows typical frequency spectra of mean 
square collector short circuit noise current measur- 
ed on about 10 commercial units, including 3T201 
and 3T203 made in Japan and 3N23B in U.S.A. 
The emitter sides are effectively open-circuited in 
a.c. during this study. For these units the noise 
due to collector saturation current J,. (measured 
at J,.=0) is fairly low throughout the measured 
frequency range at relatively low collector voltages. 
Then observed noise can be attributed almost to 
emitter current 7,. The ‘‘bump”’ in spectrum as 
observed in pn junction diode®) could not be de- 
tected. 

Fig. 2a shows an example of o— and current 
dependence of nearly flat spectrum component do- 
minant at high frequency. The noise is nearly 
linear to Z,, and with decreasing ao, at first increases 
and then decreases through a maximum at about 
ag=0.5 for constant Z,. It is to be noted that the 
noise tends almost to zero for al or 0. This 
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outstanding behavior observed commonly agrees 
entirely with the low frequency partition noise 
formula) 7p2=2eI,a9(1— ao) in its tendency. Measur- 
ed absolute values are somewhat higher than the 
above formula, but agree within a factor 2 for all 
measured units. The predominance of partition 
noise in this situation can be explained by the shot 
noise equivalent circuit) as in the study of junction 
triodes”. So that this result may be regarded as 
the most direct experimental verification of parti- 
tion noise in transistor. The fact that the high 
frequency performance of partition noise?) could 
not be observed may be due to high « cut-off fre- 
quency (5~10 mc/s) of measured units. 
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Fig. 2. 


The magnitudes of 1/f component are widely 
spread among different units as usual and propor- 
tional to J,” where m~2 for small J, and x<2 for 
larger Ie. It is interesting, however, that ag de- 
pendence of it shown in Fig. 2b is quite similar to 
the partition noise mentioned above. This feature 
was also common except for the anomalous one 
showing large leakage current between collector 
and second base. 

There is a related phenomenon that the noise 
current sometimes shows slight but clear decrease 
with increasing collector voltage in the range 
where Ig, noise is sufficiently low. This is observ- 
ed on many low noise junction transistors of 
various types having a close to unity and for wide 
frequency range. This seems curious at first sight, 
but the following explanation is possible; depletion 
layer widening of collector junction results in the 
increase of a and so the decrease of noise. 
2b appears to confirm this point of view. 

In this way we find that 1/f noise also has a 
component to be called “ partition noise.’ Though 
detailed interpretations are left behind, the results 
may be a direct indication of that 1/f noise in 
junction transistor arises at least partly from the 
recombination process of injected carriers in the 
base and nearby surface. 


Fig. 
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The author wishes to thank Dr. K. Takeya and The composition of these etches are as follows: 


Mr. M. Kikuchi for their kind interest and valu- No. 3 etch: 18 N (HNO;) 100 cc, 13N (HCl) 
able suggestions on this work. 100 cc, 30% (H.O,) 30cc. etching time 20 
minutes. 
References No. 4 etch: 18N(HNO;) 100 cc, 13N (HCl) 100 
1) A. van der Ziel: J. Appl. Phys. 25 (1954) 815: cc, etching time 20 minutes. 
Proc. I. R. E. 43 (1955) 1639 Etch pits formed by CP-4 does not show the 


2) G. H. Hanson: J. Appl. Phys. 26 (1955) 1388 structure like this. When the etching solution is 
3) F. J. Hyde: Proc. Phys. Soc. 69B (1956) 231 weakened (e. g. by replacing HF of CP-4 by HCI 
and omitting Br. etc), the etch pits become to 
show characteristic terrace structure. It seems 
likely that the number of terraces in the pits are 
increased as the solution is weakened. 

Fig. 3 is a pit formed by No. 4 etch. As is 
shown, there is a group of small pits in the central 
portion of the bottom plateau, whose nature is not 
by Makoto KIKUCHI and Seiichi DENDA known at present. 
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A Microscope Study of Etched 
Germanium Surfaces 


Electrotechnical Laboratory, Tokyo Japan 
(Received July 30, 1956) 


It was reported by Ellis that there appeared 
small pits with closed terraces on germanium sur- 
face when certain etching solution was used. 
Recently, we have observed the same kind of etch 
pits using different kinds of solutions. Fig. 1 and 
Fig. 2 show the structure of the etch pits on (111) 
surfaces formed by No. 3 and No. 4 etching solu- 
tions, respectively. 


\S A 


" Fig. 3. Etch pit formed by No. 4 etch. 
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Fig. 1. Etch pits with terraces formed by No. 3 
etch. (111) surface. 
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Fig. 4. A pair of etch pits formed by No. 4 etch. 


In Fig. 4, a pair of pits of same size is shown. 
In most cases, it is observed that the terrace struc- 
ture of these two pits does not appear in the same 
manner, one of them is fine and the other is rough 

Further experiments are now being undertaken 


Reference 
De elhise aA Pee 260955) 140) 


Fig. 2. Etch pits with terraces formed by No. 4 
etch. (111) surface. 
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Experimental Investigation on the Transition of Laminar Separated Layer 


By Hiroshi SATO 
J. Phys. Soc. Japan 11 (1956) 706 


In Fig. 12, the scale of abscissa y/@ was in error. Numbers —2, —1, 0, 1, 2, 3, should be 
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Errata 
Structure of NQR Line I. Solid Iodine 
By S. KOJIMA 


J. Phys. Soc. Japan 11 (1956) 964 


Figure 3(e) on page 965 has been inverted. Rotation of the photograph through 180° 


establishes agreement with other figures. 
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Observation of the High-Energy Proton-Proton Collision in 


Photographic Emulsion 


By Shin-ichi KANEKO, Osamu Kusumorto and Shigeo MATSUMOTO 


Institute of Polytechnics, Osaka City University, Osaka. 
(Received August 10, 1956) 


The tracing-back method has been applied to the detection of showers 
which could be regarded as those produced by single nucleon-nucleon 
collisions in a stack of stripped emulsions exposed at the stratosphere. 
The method consists in tracing star-producing tracks back along their 
passage through successive emulsion strips and in finding primary inter- 
actions. It enabled us to detect the interactions without any bias irre- 
spective of the number of accompanying evaporation prongs. 

A shower of the type 1+5» detected by this method in a preliminary 
observation was analysed in terms of the single proton-proton collision. 
By the assumption of balance of transverse momenta for the charged 
outgoing particles alone, the incoming proton energy was estimated to be 
about 25 Gey and the inelasticity to be about 0.4. In this paper these 
results and another possible estimates has been presented together with 
a brief description of some features of the shower. 
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Introduction 


ae 

The phenomenon of multiple meson produc- 
tion in single nucleon-nucleon collisions at 
cosmic-ray energies has been studied by nu- 
merous workers making use of various experi- 
mental techniques. However, the results 
obtained are not necessarily in accordance 
with erch other”. 

Although the observations by nuclear emul- 
sions make it possible to analyse particular 
showers which are under favourable condi- 
tions», it is not easy to observe a sufficient 
number of events for the statistical investiga- 
tion. This difficulty is mainly due to the fact 
that the interaction of a high-energy nucleon 
with a hydrogen nucleus in emulsion is not 
accompanied, in general, by the emission of any 
heavily ionizing particle so that the event is 
likely to escape from detection by the usual 
area scanning method under a low magnifica- 
tion. These circumstances are in favour for 
the detection of high-energy showers since 
these emits, in general, a great number of 
shower particles into a narrow cone. But the 
method is not suited for the detection of low- 
energy showers. In fact, several showers 
which could be interpreted in terms of the 
single nucleon-nucleon collision were observed 
and analysed so far, but most of them were 
extremely energetic»®) (1000 Gev) or of re- 
markably high meson multiplicities®. It seems 


desirable, therefore, to search systematically 
free from detection bias for the meson showers 
due to single nucleon-nucleon collisions, in 
order to know the mechanism of multiple 
meson production at fairly low-energies (say, 
10-100 Gey). 

For this purpose, we have attempted a pre- 
liminary observation making use of a new 
method of searching which does not give any 
significant bias for detecting the showers. In 
this paper, we describe briefly the method of 
detection and the result of measurements on a 
particular shower which was detected by this 
method and was regarded as an example of 
single proton-proton interactions. 


§2. The Tracing-Back Method 


In a stack of stripped emulsions which was 
exposed at the stratosphere, numerous dis- 
integration stars initiated by secondary N- 
radiations as well as those by primary protons 
were observed. If the size of the stack is so 
large that it is comparable with the mean 
free path of nuclear interactions of N-radia- 
tions in emulsions, an appreciable number of 
shower particles emerging from the primary 
interactions which have occurred in the stack 
can also give rise to nuclear disintegrations in 
the same stack. If we trace, under a high 
magnification, tracks of relativistic singly- 
charged particles—mostly protons and charged 
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z-mesons—producing nuclear disintegrations 
back in the opposite directions of their motion, 
then either we will attain to a primary inter- 
action if the traced particle was that produced 
in the stack or we will leave the stack if the 
particle was that incident upon the stack. It 
is apparent that the primary interactions can 
be detected without any significant bias on the 
number of (heavy and thin) tracks associated 
with them. The interaction of nucleons with 
hydrogen nuclei should be detected approxi- 
mately at the rate of the cross section of 
hydrogen relative to that of the other elements 
in emulsion assuming that the number of out- 
going shower particles is independent on the 
mass number of the target nucleus. Then, 
the method seemed appropriate for searching 
for fairly low-energy nucleon-nucleon interac- 
tions. 

In practice, we have adopted the following 
procedure. First, nuclear disintegration stars 
with three or more heavily ionizing prongs 
were searched by the usual area scanning 
method in the lower half region of plates ex- 
posed vertically. Then tracks associated with 
the stars which satisfied all of the following 
criteria were selected: 

(i) The track lies in the upper hemisphere 
with respect to the star. 

(ii) The grain density is less than 1.4 times 
the plateau value. 

@ii) The direction of the track coincides 
nearly with the shower axis if it can be defined. 

(iv) The dip angle of the track is less than 
a certain maximum value. 

The possibility that selected tracks were due 
to relativistic secondary particles ejected up- 
wards from the stars is diminished by impos- 
ing criteria (i), (ii), and (ili) upon the tracks, 
though it may not be ruled out perfectly. 
The maximum acceptable dip angle in criterion 
(iv) is determined from the requirement that 
the track can be traced easily from an emul- 
sion strip to the next one and then it depends 
mainly upon the quantities of background 
tracks and random fogs. In the emulsions we 
have observed it was determined as cot7!7. 
The tracks which satisfied the above four 
criteria have been traced with oil immersion 
objectives back to the point of their production 
or incidence. 


In this way, it has been found that we can 
detect efficiently any interaction of very small 
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size as the types 0+2, and 0+ 1n (presumably 
an elastic proton-proton and neutron-proton 
collisions, respectively) which escape, of course, 
from the detection by the usual scanning 
method. Thus, we have detected the high- 
energy shower which will be described below 
in addition to several events which could be 
regarded as those produced by collisions of 
low-energy nucleons with hydrogen nuclei. 

The tracing-back method has two additional 
advantages. The energy of a traced particle 
may be estimated from the size of the star it 
has produced—the original star—or sometimes 
from the scattering measurements because of 
the small dip of its track. This means that 
it may be possible to estimate the energy of 
at least one of the shower particles emerging 
from the parent interaction if it has been 
found by the tracing-back method. Further- 
more, the fact that a traced particle has a 
small dip angle leads, in general, to the parent 
shower presenting a good geometrical condi- 
tion especially when the traced track is nearly 
on the shower axis of the primary interaction. 
(The shower which will be described in the 
following sections is an example of these 
favourable cases.) This is in favour of a 
measurement of the primary shower. It ap- 
pears also that the method enables us to study 
the process of successive interactions of N- 
radiations. 


$3. Measurements of the Shower 


In this preliminary observation, we have 
used a stack of Ilford G5 stripped emulsions, 
600 microns thick and 6x6 inches wide, flown 
at an altitude of 70,000 feet during four hours 
at Bristol*. The shower S of the type 1+5, 
shown in Fig. 1 has been detected by tracing 
back the primary particle (track 3) of the star 
A of the type 8+1, which was found by the 
general scanning. The target diagram of the 
secondary particles emerging from shower S 
in the laboratory system is shown in Fig. 2. 
The primary and some of the secondary parti- 
cles of the shower were dipping at angles 
much greater than cot~17, but careful observa- 
tions have made it possible to follow definitely 


* 


A stack of greater size which has been expos- 
ed at a lower geomagnetic latitude can afford, of 
course, better facilities for detecting high-energy 
showers above 10 Gev because of a smaller amount 
of contamination of low-energy stars. 
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Fig. 1. Microphotograph of the shower, S, which 
could be regarded as a single proton-proton 
interaction at about 25 Gev together with those 
of the secondary nuclear disintegrations of the 
types 8+1, and 6+0,» (A and B). 
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Kiges22 
ticles in the laboratory system and the trans- 
verse momentum diagram. The cross represents 
the polar angle @ and the azimuthal angle ¢ of 


The target diagram of the shower par- 


each shower particle. The radial vector repre- 
sents the transverse momentum pr=p sing of 
the shower particle. The transverse momenta 
of particles 2 and 5 (the dotted vectors) were 
estimated from those measured directly on par- 
ticles 1, 3,4, and 6 (the full vectors) on the 
assumption of transverse momentum balance 


6 
for the charged shower particles alone, >’ pr=0. 
1 


along these tracks from a plate to the next 
successively. Thus, it was found that shower 
particle 6 had given rise to nuclear disintegra- 
tion B of the type 6+0, and that particles 1 
and 4 had suffered a large angle single scat- 
tering of ~20° and ~3° at a point of their 
passage, respectively. 

The blob density of the shower track was 
measured in some of the plates traversed by 
it, except for the layers within 50 microns 
from the emulsion surface and from the 
emulsion-glass interface, respectively. The 
plateau blob density was determined in each 
plate making use either of flat tracks of elec- 
trons having high energies (100 Mev) in 
cascade showers or of primary protons (= 100 
Gev) giving rise to high-energy meson showers. 
The multiple Coulomb scatterings of shower 
particles 1, 3, 4. and 6 were measured in 
all of the plates traversed by them making 
use of the procedure recommended by the 
CERN standards». The results of these mea- 
surements are shown in Fig. 3 and Table I. 
In Fig. 3 are also shown for comparison the 
experimental relations between the ionization 
and velocity of relativistic particles obtained 
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Fig. 3. The normalized blob densities and mul- 


tiple scatterings measured on shower particles 
1, 3,4, and 6. The full curves are the experi- 
== mental relations given by Stiller and Shapiro). 
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Table I. 


Track length | Normalized blob 


Shower particle | per plate (mm) | density b* 

: | = rie 
1 113 0.84+-0.03 
3 6.4 0.93+0.02 
4 +50 0.91+0.03 
6 


0.8 


Is se), il 
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by Stiller and Shapiro”. Particles 1 and 6 
were presumably z-mesons. No definite iden- 
tification could be done for particles 3 and 4, 
but we have assumed in the following analysis 
that they were a z-meson and a proton, 
respectively. 

The energies of shower particles 2 and 5 
could not be measured directly since their 
tracks were dipping steeply to the surface of 
emulsion. In order to estimate their energies, 
we assumed tentatively that the transverse 
momenta of neutral particles emerging from 
the interaction have retained their balance 
independently of those of charged outgoing 
particles. This may, of course, not be the 
case, but the error resulting from this assump- 
tion seems to be small when a large number 
of particles were emitted. The resultant 


The results of measurements of blob density and multiple scattering of four shower tracks 
together with their identities and secondary interactions. 


Product of 


momenton et | Teeny ae 
(Gev/c) 
0.6+0.1 | T | ~20° scattering 
iON | n(P) Sabie 
TEE OE ES Ota | ~3° scattering 
0.07+0.01 é | 60, 


transverse momentum of all the charged 
shower particles should then vanish: 
6 


= Pr=0, (1) 


with 
DR=D sin 7] A 


where p and p, are the momentum and its 
transverse component and @ denotes the polar 
angle of the secondary particle with respect 
to the primary direction in the laboratory 
system. The transverse momenta of shower 
particles 2 and 5 can then be determined 
graphically on the assumption of Equation (1) 
making use of the transverse momentum dia- 
gram shown in Fig. 2. 

The momenta thus estimated are shown in 
the fourth column of Table II together with 
those measured directly for the other four 
particles. It should be noted that particle 2 
is very energetic as compared with the other. 
It seems reasonable to assume, therefore, that 
particle 2 was a proton (presumably one of 


the colliding protons) and that the remainder, 
particle 5, turned out to be a z-meson. 


§4. The Lorentz Transformation 


According to the well-known formulas of 
Lorentz transformation, the momentum and 
the polar angle of a particle emerging from a 
proton-proton collision in the centre-of-mass 
system are represented in terms of the cor- 
responding quantities in the laboratory system 
by the equations 
cp* cos 6*= (cp cos 0— B-U)(1—B-?)7}/2 ) 

Cp Sin 6*=epsin de J Se 
where U is the total energy of the particle in 
the laboratory system, . is the relative velo- 
city of the two reference systems in units of 
the velocity of light, c, and the asterisk refers 
to the centre-of-mass system. Then, it follows 
Cp) _@ 
Bon us 0+1.5 3) cp cos 8 ; 
Sens ta 


Ct) 
and 5} denote the sums over protons 


(3) 


Cp) 


where >; 
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and charged m-mesons, respectively. The 
numerical factor 1.5 in the formula comes 
from the assumption that the neutral z-mesons 
emitted were equal, in number and energy, 
to the positive and negative z-mesons. It is 
thus found that §.=0.963 for the present 


High-Energy Proton-Proton Collision in Emulsion 


1133 


shower. 

The momenta and angles of the shower 
particles in the centre-of-mass system are 
determined using this value of Be and Equa- 
tion (2). The results are shown in the sixth 
and the seventh columns of Table II. The 


Table II. The angles and momenta of shower particles in the laboratory and center-of-mass systems. 


Shower | Assumed |-——— ae es —., Azimuthal se eae 

particle identity Ses angle Momentum | Bie Polar angle Momentum 
, oe. deg.) B iGevjc) | CCE) Soe deg) Te cere 
1 | T 20 | 0.6 92 118 a 0. 2 shes 

2 | BP | 3 21.4 26 25 3.0 

3 | T | 35 Tel 188 135 0.9 

4 | 'P | 24 1.8 202 | 148 1.4 

5 de os | 14 1.6 291 86 0.4 

6 T | 39 Onl 320 168 0.3 

tt ee * 

Re R= (Toi +7 ps )/2 (5) 


Fig. 4. The target diagram of the shower par- 
ticles in the centre-of-mass system. The crosses 
and circles refer to those emitted into the for- 
ward and backward hemispheres, respectively. 


target diagram in the centre-of-mass system 
is given in Fig. 4. The kinetic energy, EF», 
of the incident proton in the laboratory system 
is estimated to be about 25 Gev by the equation 


Ey,=2Mc(7.?—1) , ee) 


where M™ is the rest mass of the proton and 
Ye=(1—fe?)-1/? is the Lorentz factor of the 
centre-of-mass system. The inelasticity, K, 
is defined as the ratio of the energy lost in 
the collision—the total meson energy—to the 
available kinetic energy of the two colliding 
protons before the collision in the centre-of- 
mass system: 


fos 
where 7»p:* and 7»:* are the Lorentz factors of 
the two protons after the collision in the 
centre-of-mass system. It is thus estimated 
to be about 0.41* using the values of the 
centre-of-mass momenta shown in Table II. 
The average momentum of the charged 
mesons in the centre-of-mass system is also 
found to be about 460 Mev/c. 


$5. Discussion 


Only one heavily ionizing track has been 
associated with the shower, but it has been 
shown that it is not a nuclear particle but a 
m-meson**, Neither visible nuclear recoil frag- 
ments nor slow electrons were observed. It 
seems likely, therefore, that the shower was 
produced by a collision of a high-energy proton 

* It is to be noted that this value of the inelas- 
ticity agrees well with that estimated by the equa- 
tion” 


1.52%¢ Sin @max 

2(%e — 1) 7 
where 2 is the number of charged mesons emitted, 
Omax is the limiting angle of the shower, and w is 
the ratio of the rest mass of the proton to that of 
the «-meson. 

** The fact that particle 6 (~40 Mey z-meson) 
gave rise to a small star (6+0») is consistent with 
the observations of nuclear interactions initiated by 
artificially produced r-mesons®). Furthermore, it 
should be remembered that a neutron-proton colli- 
sion observed at the Bevatron®) has emitted a low- 
energy x-meson in addition to several relativistic 
particles in a similar way to the present shower. 


Ke= 
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with a hydrogen nucleus. Although a_ possi- 
bility of a peripheral collision with a heavier 
nucleous which was not accompanied by an 
evaporation of charged nuclear particles can- 
not be discarded, it seems reasonable to assume 
that bound nucleons other than the colliding 
partner inside the nucleus play only a minor 
role in the process of meson production. The 
possibility that the primary particle was a z- 
meson cannot also be rejected perfectly. 
However, most of z-mesons of energies 10-100 
Gey produced nearly at the top of the atmos- 
phere should have decayed in flight before 
their arrival at the stack, so that their inten- 
sity should be negligible as compared with 
that of protons of the same energies. The 
contribution of z-mesons produced locally in 
the materials surrounding the stack can also 
be neglected. It was assumed, therefore, that 
the shower was produced by a single proton- 
proton collision. 

Concerning the scattering measurements of 
the shower particles, we should make allow- 
ance for a possible effect of the spurious 
scattering?!) due to small local dislocations 
in processed emulsions. This effect seems 
likely to reduce the measured value of 8 of 
any high-energy track to a certain value (say, 
pB~2 Gev/c). It might be possible to assume 
then that particles 3 and 4 were much more 
energetic than those estimated from the scat- 
tering measurements (Table I). However, it 
must be taken into account that the momen- 
tum measurement made on particle 4 is fairly 
reliable being free from the spurious scatter- 
ing because of its very long track length per 
plate’? and that the energy measured on 
particle 3 is in accordance with the visible 
energy of star A to which it gave rise. It 
seems probable then that the energies we have 
estimated are not seriously in error. 

The particle idientifications made in Section 
3 are, of course, not certain particulary for 
tracks 3 and 4. It may be possible, for inst- 
ance, that they were a proton and a z-meson, 
respectively, in contrast with the assumption. 
It appears, however, that the results obtained 
are not seriously affected by this possible 
misidentification. 

The primary energy and the inelasticity 
determined by the Lorentz transformation are 
based largely on the assumption of transverse 
momentum balance for the charged shower 


S. KANEKO, O. KusumMOTO and S. MATSUMOTO 


(Violas 


particles alone (Eq. (1). It seems, then, 
necessary to make a few remarks on this 
estimate. 

As an extreme case, it might be assumed 
that particle 2 had an energy of the same 
order of magnitude as those of the other 
particles. This assumption results in that two 
or more neutral particles having momenta 
similar to those of particles 3 and 4 should 
have been emitted in the azimuthal directions 
opposite to those of the latter particles in 
order to acquire balance of the transverse 
momenta (see Fig. 2) and that six or more 
mesons should have been produced in the 
collision. The primary energy is thus esti- 
mated to be at least 10 Gev*, since the recent 
observations at Berkeley show that the proba- 
bility of occurrence of six or more meson 
production in p—p or m—p collisions seems to 
be very small at the Bevatron energies®”™. It 
should be noticed that at the lower limit (E> 
~10Gev) of this estimate the inelasticity of 
the collision turns out to be approximately 
unity which seems improbable to occur. 

On the other hand, it is very unlikely that 
the primary particle was energetic far above 
25 Gev, since it would result in a strong 
angular asymmetry of charged meson emis- 
sions into the forward and backward hemis- 
pheres in the centre-of-mass system. 

These considerations seem, therefore, to be 
in favour of justifying the analysis given in 
Section 4, i.e., Hy~25 Gev. 


$6. Conclusions 


Although the incoming proton energy has 
been estimated to be about 25 Gev, there 
seems to be an uncertainty within about +15 
Gev. Therefore, definite conclusions on the 
process of meson production cannot be drawn 
from this particular event, but it might be 
interesting to note some special features of 
the shower obtained by the above analysis. 

The shower was accompanied by the emis- 

* This lower limit agrees well also with the 
value estimated simply from the median angle, 1/2, 
of the charged shower particles: 


By =2Me*( a 1) ; 
tan76;/2 


However, the latter is based on the crude assump- 
tion that mesons are emitted symmetrically into 
the forward and backward hemispheres with the 
velocity equal to Bc. It cannot be stated, therefore, 
that the latter estimate is better than that given 
in Section 4, 
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sion of a low-energy z-meson. This fact 
suggests that the criterion for detecting the 
single nucleon-nucleon collision, no existence 
of any heavily ionizing prongs, which has 
usually been employed thus far is not neces- 
sarily correct; i.e., in some cases of single 
nucleon-nucleon collisions a slow z-meson giv- 
ing rise to a heavy ionization may emerge 
from the interaction. In this connection, the 
tracing-back method described in Section 2 is 
available for detecting the showers irrespec- 
tive of the number of accompanying heavy 
tracks. 

If the energy estimation carried out in Sec- 
tion 4 is fairly satisfactory, i. e., E»~25 Gev, 
the kinetic energies of the two protons after 
the collision in the centre-of-mass system will 
be significantly different from each other (2.0 
and 0.7Gev). This fact relates closely to the 
marked angular asymmetry of charged meson 
emission in the centre-of-mass system as 
shown in Fig. 4. In this estimation the in- 
elasticity turns out to be about 0.4. 

On the other hand, if the primary energy 
was actually as low as 10Gev, though this 
assumption is less probable than the above, 
then it can be said that we observed a low- 
energy shower with a remarkably high meson 
multiplicity (6) resulting from an extreme 
loss of energies of the colliding protons. 
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The determination of crystal structure was performed on the ferro- 
magnetic nickel oxide obtained by the flame fusion method. Apart from 
a slight deviation of axial angle from 90°, it has a defect tetragonal 
structure belonging to the space group J4;/amd (D471), the lattice con- 
stants being a=5.899gkX. and c=8.343,kX. (¢/a=V 2 ) at 31.5°C. Con- 
sidering the deviation, the structure must be altered to a monoclinic one 
belonging to C2/m (Cy,3), the lattice constants being a=5.104,kX., b= 
2.9515kX., c=2.948.kX. and B=125°11.4’ at the same temperature as 
above. The details of the atomic arrangements in both cases are given 
in the last column of Table 8. The saturation magnetization estimated 
under an appropriate assumption for the spin alignment agrees fairly 
well with the observation. Thus the comparison of the present struc- 
ture with that of the ordinary nickel oxide may give us a peek into one 
of the processes of transition from an antiferromagnetic state to a fer- 


romagnetic one. 


Introduction 


§1. 

Nickel oxide crystals obtained by the flame 
fusion method sometimes exhibit fairly strong 
ferromagmetism. In almost all the cases, 
however, the magnetism must be ascribed to 
reduced nickel, the formation of which being 
naturally conceivable from the usage of hydro- 
gen gas in the course of preparation. But in 
one case there has been produced a crystal ex- 
hibiting ferromagnetism indigenous to the oxide, 

Dependence of its susceptibility on temper- 
ature observed by K. Igaki under an ap- 
propriate magnetic field is illustrated by the 
xy-curve in Fig. 1, which is said to be re- 
producible for several repetitions of heating 
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Fig. 1. Magnetic characteristics of ferromagnetic 
oxide. 

x-curve: Variation of susceptibility (in arbitrary 
unit) with temperature under the appropriate 
external field (after K. Igaki). 

gj-curve: Magnetization curve at room 


tem- 
perature (after E. Uchida and H. Kondoh), 


and cooling. The curve indicates that the 
specimen is a typical ferromagnetic different 
clearly from nickel. On the other hand, de- 
pendence of magnetization on external field 
was observed by E. Uchida and H. Kondoh 
at room temperature, the results being the 
og-curve in the same figure, from which the 
saturation magnetization can be estimated as 
2.59 gauss/gr.. In both measurements, no 
special regard was paid to the crystal orien- 
tation with respect to the external field. 

Though the magnetic characteristics can be 
considered fairly stable for heating in view 
of Igaki’s measurement, some parts of the 
crystal lose the ferromagnetism when reheated 
at nearly the same temperature as that of its 
formation. Besides, the magnetization seems 
to be lowered by mechanical pulverization, the 
fact being confirmed also by Uchida and Kondoh 
through observation analogous to that for the 
o9-curve. 

The present paper deals with the crystal 
structure of this ferromagnetic nickel oxide. 


IS. 
The starting material of the ferromagnetic 


Experimental 


annual meetings of the Physical Society of Japan 
held respectively on October 14, 1955 at Tokyo 
and on August 17, 1956 at Sendai. 

** The crystals of nickel oxide in the present 
experiment were prepared by Y. Nakazumi, Tochigi 
Chemical Indust. Co. & Ltd., Osaka. 
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ing nickel sulphate, from which an antiferro- 
magnetic crystal was also obtained in another 
course of preparation under nearly the same 
condition. The latter crystal was employed 
for comparison. Both crystals have not been 
subjected to chemical analysis on account of 
their limited quantity. 

X-ray analysis was performed chiefly by 
the rotating or oscillating crystal method with 
a cylindrical film of 4cm. in diameter and 
employed CuX radiations, which were mono- 
chromatized with a lithium fluoride crystal 
when necessary. The sample for this analysis 
was a cleaved cuboid with edges less than 
0.5mm., the size being sufficiently small to 
bathe in the incident beam in this experiment. 

In order to determine the lattice constant 
presisely, the Bragg angles of Niky reflexions 
from {422} planes (referred to the unit cell 
of NaCl type) of the oxide were measured in 
comparison with the reflexions of CuK, from 
(331) and (420) of nickel, whose lattice con- 
stant and thermal expansion coefficient are 
taken as @=3.5170, kX. and 1.37x10-9/°C. at 
15°C., respectively. Although the standard 
nickel used was always in a powder state, 
the oxide sample was in two forms, cuboidal 
and powder. Pulverization was never adopted 
to obtain the latter for the reason mentioned 
in the previous paragraph. In the case of 
the measurement on the cuboidal specimen, 
use was made of the spots on the equator 
line in a rotation photograph. 

The specific gravity was measured by the 
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(a) Rotation photograph 


Photo. 1. 
Rotation-, and oscillation-axis: 
Indexings are made referring to 


Rotation-, and oscillation-photographs. 
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ordinary hydrostatic weighing method using 
distilled water or methyl alcohol as the im- 
mersion liquid. 


§3. Results of Experiments 


Considering the general appearance of the 
diffraction pattern of the ferromagnetic nickel 
oxide, the structure does not seem to differ 
so much from the deformed NaCl type of the 
antiferromagnetic one. For the moment, 
therefore, the description will be made with 
reference to this cell. The ferromagnetic 
crystal as well as the antiferromagnetic one 
is a crystal aggregate, individuals of which 
are mutually in a twin relation with parallel 
(001) planes.”» The cell dimension and axial 
angles of the two were measured and are 
shown in Table I, where the values of specific 


Table I. Cell dimensions, axial angles and speci- 
fic gravities of nickel oxide crystals of two 


kinds. 
Cell dimension & axial 
angle 3 
Specimen | (Deformed NaCl type) Spee 
(0 eel ae hempaal en 
a(ReX.) ge 
Antiferromag. | 4.168) | 90°3.6! 30.0 6.80; 
Ferromagnetic| 4.1717 | 60°37) aie Gre 
gravity are also given. For the antiferro- 


magnetic oxide, the observed value of specific 
gravity is in good agreement with the calcu- 
lated one under the assumption that it has 
the stoichiometric composition. It must be 


Oscillation photograph 


(b) 
(CuK) 


© axis. 
the unit cell of NaCl type. 
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noticed that the ferromagnetic crystal has a 
definitely low density, though the accuracy 
of the measurement for this crystal is not so 
high as that for the antiferromagnetic one, 
because of the smaller size of the specimen. 

However, the most important feature of 
this ferromagnetic crystal distinguished from 
the antiferromagnetic one is that it has extra 
weak reflexions other than those of NaCl type 
as shown in Photo. 1. These reflexions will 
surely be characteristic of the ferromagnetic 
oxide, because they disappear when the oxide 
loses the ferromagnetism on reheating at the 
formation temperature. 

In spite of the presence of such extra re- 
flexions, the Laue symmetry of the ferro- 
magnetic oxide is apparently 22372 as in the 
case of the antiferromagnetic one. The true 
symmetry, however, might not be so high 


as this, considering the twinned structure 
mentioned above. Because, in this twinned 
structure, it is difficult technically to dis- 
tinguish the component crystal which caused 
the reflexion concerned. For the present, 
however, treatment will be made following 
the apparent Laue symmetry. 

According to the unit cell of NaCl type 
employed in Table I, there appear half-integers 
in many of the indices for the weak extra 
reflexions. Therefore, the edge length of the 
unit cell will hereafter be doubled (denoted 
by ar). The axial deformation is, for the 
present, neglected only for the reason of 
simplicity. 

The indices as well as the intensities of all 
the reflexions checked up by rotation or 
oscillation photographs can be classified as in 
Table Il, where the conventional notation is 


Table I. Results of observation by means of rotation (or oscillation) method.* 


General form {hkl} 7 Pine Sscetntaeel Gnicnae Hy 

it ee | {400}, {440}, {444}, {800}, {840}, (8443. | vs 
F Ne| Un+e, nee, An+2} | {222}, {622}, {662}. 7 | as 
| a RiGee: - 
5 El | {4n, 4n+2, 4n+2} one ee ane ee {822}, {660}, vw 

‘2 | {4n, 4n, 4n+2} | ae ge eae eae ces {820}, none 

Hae } {n3, Sts, sn+3} {393}, {533}, [5SSi HoDOF —— — 
3 | {8r+1, 8m41, 8n+3} {311}, {511}, {731}, {rat}, {931}, £951}. 4 
= | _ | {8nt1, 8nt3, 8n+3} | £931}, {581}, {551}, 733}, {753}. 4 | 

|D2 - ——— : — | — —— : none 

{8n+1, 8m+1, 8n+1} | aCe, iat, Soa a 


Indexings are made of F lattice, the lattice constant ap being twice that of NaCl ie. 


m is an Integer, positive or negative, including zero and its value generally differs posi- 
tion by position even in the same braces. 


* The letters v, s and w are the abreviations of ‘very’, ‘strong’ and ‘weak’, respectively. 
+ {911} reflexions can be observed very weak only by the small angle oscillation method. 


given to each group of forms. The only 
exception to this classification is the {911} 
reflexions which were observed, though very 
weak, in small angle oscillation photographs. 
It can be directly derived from Table II that 
the reciprocal lattice of this crystal is com- 
posed of four kinds of ajb;-plane, i.e., A, 1B}. 
C and D, the stacking along the c# axis being 
mirror-symmetrical across the planes A as 
shown in Fig. 2, where (c) shows the pro- 
jection of all the points onto the ayb}- plane. 


Here, a}, bf and c# are reciprocal vectors 
corresponding respectively to the edge vectors 
ay, by and cr of the unit cell in the new 
lattice. The reciprocal lattice, thus, has a 
unit cell with three edges 8a%, 8b and 8c%, 
respectively (larger square in Fig. 2 (c)), be- 
longing to the point group m3m, which is 
natural consequence from the apparent sym- 
metry. 

Microphotometer plottings of {440}-, {311}- 
and {511}-spots in a rotation photograph 


© © @ @ @ 
° ° e ° . . 1 
© © @© @ @ a sey i 
e ° . xe e e 
b aera bes a 
eo © +e Fe 8 3 
Toye Ge f Pes he ea 
° e @ e e a a a a a 
a a a a s 
° ° ° ° 
e® © © @ @ ‘ nee 
a s a a 
m B 
(a) Four kinds 
“e's 
o 4 
o © 
a 4 
@o 
ssh 
l plane CFO 
8 ao W ry A 
ra Saag aS ° @° 
6 ee te 4 6 
5 eS ve, v pe © - © 
4 = aR “@ 
oo ee ies 
(ee “219 
° A @- 
a oy oY 
(b) Stacking of a} bp —-planes (c) 


along cj axis 


Fig. 2. 


{3//} on the Ist layer 
{440} on the zero layer 


= {5p} on the Ist layer 


—-Deflection of galvanometer(Arbitr.unit) 


3350 0 560. 560 620 640(°) 
Sab, caer measured along the layer line 


Fig. Microphotometer plottings of three spots 
ina Bretton photograph taken by CuKa radiation. 


taken by CuXa radiations are given in Fig. 
3, from which the relative intensities (1) can 
be obtained as given in the second column of 


Table II]. After appropriate corrections for 
Table IJJ. Relative values of structure ampli- 
tudes of three reflexions. 
(C UU. Ka)_ z air 
thet} Uatitive Saative |F|-value ® 
intensity nae ee 
{440} 1 1 it 
{311} 0.12 | 0.24 0.20 
{511} | 0.08, 0.25 Gets 
a SS ae 
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various factors other than extinction effects, 
the relative values of the structure amplitude 
(E) can be roughly estimated as in the third 
column. El-reflexions were too weak to be 
traced. 


§4. Determination of Crystal Structure 


There are two difficulties in the determi- _ 
nation of crystal structure of the ferromagnetic 
nickel oxide. One is the ambiguity in its 
Laue symmetry originated from the twinning 
in the specimen. The consideration will, 
however, be made according to Table II. The 
other difficulty is due to the situation that 
the accurate chemical composition of the 
sample is unknown. This can narrowly be 
escaped as follows. The lower value of 
specifiic gravity of ferromagnetic nickel oxide 
indicates that there is a defficiency of cation 
or, though less probable, anion in this oxide. 
The number of ions per unit cell for each 
case is calculated as in the F-column of Table 
IV, where the linear dimension of the cell is 
twice that of the NaCl type lattice. 

Referring to this cell, the indices of all the 
reflexions detected are all even or all odd, as 
can be seen in Table Il. The lattice must, 
therefore, be face-centred which will be here- 
after called F lattice. Further, {Ok/} reflexions 
are observed only for k+/=42 (compare Nl, 
El and E2). This shows the existence of a 
‘diamond glide plane’ as a symmetry element. 
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Table IV. Summary of the conditions for the 
structure determination. 


Condition 


F F 
|, |Assumptioni| oo] 32 io 
a5 Ni-defficient | Ni 29.9530 | 14.9915 

: ig Assumption ii O | 24.5:-24 | 12.2=12 
z O-defficient | Nil, co. ae 
7 oa ae me cae 


2 | New symmetry — 
la element _ 


puter’ eles plane 
4 | | All odd eteeions | = 


= 
ar 2 BIOUDS 


The expression ‘all odd’ is reread to che 
F-lattice. 


* 


Another feature characteristic of this oxide 
is that the reflexions with all odd indices are 
classified into two groups, D1. and D2, this 
being presumed to come from an accidental 
extinction. All the features mentioned here 
are summarized in Table IV, which will be set 
as the starting conditions for the structure 
determination. In this table, the apparent 
Laue symmetry 3mm is not taken into account, 
because it may be higher than the true sym- 
metry as mentioned before. 

Among the space groups in cubic system, 
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there are only three, Fd3, Fd3m and Fd3c, 
which satisfy Conditions 1, 2 and 3 in Table 
IV, but all of these space groups contradict 
Condition 4 even when the accidental ex- 
tinctions are considered. Therefore, the cubic 
system must be excluded. Thus the Laue 
symmetry 37 is only apparent. 

Turning next to the tetragonal system, it 
can easily be recognized from Fig. 2 (c) that 
the tetragonal unit cell of the reciprocal lattice 
can be defined by three vectors 4a%+ 4b, 
—4aj+4b% and 8c%. As for the direct lattice, 
therefore, the unit cell may be considered to 
have the three edges 

a,=(arp+bp)/2 , b,=(—ar+b,)/2, 
Ci—Cr , GI) 
the lattice type being changed from F to the 
body-centred one which will hereafter be 
denoted by Z. Thus the starting conditions 
for the structure determination must be re- 
written as in the Zcolumn of Table IV. 
Now, in this tetragonal system, J4,md, 


T4,cd, 142d, I4,/amd and I4,/acd satisfy the first 
three conditions in Table IV, but 74;/amd(D% 
is the only one which does not conflict with 
the fourth one. This can be proved as follows. 

For this system, the indices in Tables II 
must, of course, be transformed by Eq. (1). 


Table V. Calculated structure factors of go oes nickel oxide as plbriamd (Day?). 


G x |Nota-] Ti ot petiaas © a = 
Group. (hykezlz) tion | Perfect Defect seaece | Inten- 
tion | wes | of structure =e —| sity 
ee ©, tier Mes ee ee General from | w=15, ae 0 (obs.) 
Ge, ie 8n) | | j i 16f, ce an Fa a 
+ Ei 3 | if ili 
nhs ee ee a fap). aes RUE (8p¢ + 8pat4Polie | 16% + 19h 
(4n, 4n, 8n+4) ici i. ——____—_- i ae 
Gnse, ‘int2, bn) | Pm 1fwct fo | Gehan aa ye 16fo+ Uf i 
Lae . Let | . | 
N2 6 | inn eee ) err! 
he Oo ine, Sn2 2) ; Py2 | —16fri+ Bf, | ~16f 0+ 8De+ Daf | ~16f.4+13 fm: vs 
Anti, (eT ea aiGvbear: |, jit See ey Spend 
El ? Ont 2 ) | 
Ol4n, 4n+2, 4m) ¥ | Fn +4fo +4pofni +2fmi | ww 
= its 4n, 4n+2) : hen 7 ' 7 aay = = 
N+2, Ane, 4n+2 Be 
(ees aed, 4n) Baas | e 0 0 none 
pi | Olmt1, 4n+2, 8470) Paige ; = a Orda fee 
© 4n, Ane, Re) | | Fo: Seemed od +{4(p,- Pa)+ 2Vopsiint | LoVe Fyre Ais 
| 7 2 : _ | : 
D2 O4¢nr+i1, 4n, 8+ 1) 
Odn+2, Ant, 8n+8) (tip eSiCles 2Vayfy + {4(p,—pa)— 2V 2pm 0 none 
*: mis an integer, positive or newivonenae | eal . F = 
g zero Shas ts vz ‘ He 
by position even in a same are tiene 1ts alae. generally differs position 
©: Cyclic only for h and k. 


All the combinations of double signes on this line. 
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The corresponding tetragonal indices thus 
obtained are arranged in the second column 
of Table V, the notations in the first column 
being the same as those of Table II. Consider 
that, following the second assumption in Con- 
dition 1, sixteen nickel atoms occupy the 
positions of 16% where the parameters x and 
z are 1/2 and 1/4, respectively, referring to 
the second setting of the two in the 1952 
International Tables (origin at center 2/m), 
and that twelve oxygen atoms situate at the 
points of both 4b and 8c or of both 4a and 8d, 
then the structure factor F for each classified 


= eh 
2=B 
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group is calculated as in the fourth column 
of Table V, which not only fulfil Condition 
4 put also may give plausible intensities. The 
structure under such consideration is as illus- 
trated in the upper left part of Table VIII, 
where the positions are given only for combi- 
nation (4b, 8c, 16h), as the identical configu- 
ration is obtained for the other combination 
(4a, 8d, 16h). 

The positions of 46, 8c, 8d and 16h in every 
(001) plane of this structure are illustrated 
in Fig. 4, with respect to the Flattice as well 
as F-lattice. It is clear that the distance 


i Ny 


@:4b e:8€ 0:8d «4:l16h 


Fig. 4. 


of ferromagnetic nickel oxide as I4,/amd (D 


between an anion and its neighbouring cations 
corresponds just to that in the ordinary nickel 
oxide as regards the oxygen in 8c, but as for 
4b-ions, the distance is shorter by about 
13 %(i.e. 1—V 3/2). Such a large amount of 
shortening can hardly be accepted even if the 
diminution of coordination number is con- 
sidered. Any adjustment in parameter values 
of 16h to give a plausible interatomic distance, 
however, results in a contradiction to Con- 
dition 4. The structure has been, so far, 
tacitly considered to be perfect (without any 
vacancy or interstitial atom). 

To avoid such a contradiction, we shall 
consider a defect lattice assigning ions as 
follows: 16 02-’s in 16h, 8p-Ni?*’s in 8c, 
8paNi2*’s in 8d and 4p,Ni3*’s in 4b, where Pc , 
pa and f» are the distribution probabilities of 
nickel among cation sites (the upper half of 


Distribution of equivalent points in every (001) planes 


19 
tn)” 


the last column of Table VIII).* In this case, 
the structure factors turn into those in the 
fifth column of Table V, This structure has, 
of course, cation deficiency and therefore cor- 
responds to Assumption 1 in Condition 1. 
Although, in this defect structure, all the 
interatomic distances are the same as those 
in the perfect one, it may be possible to assign 
to Ni atoms the narrow space of 4b because 
they may be there trivalent cations. 

Now, the values of distribution probabilities 
must be estimated in order to determine the 
structure specifically. The number of cations 
per unit cell, N, can simply be expressed as 
follows: 


* In accordance with the observation, such de- 
fects may not produce in diffraction patterns any 
detectable change other than in intensity (e.g. 
change in the shape of spots, occurence of diffuse 
scattering, etc.). 
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8he+ Bpat4po.=N 

In the present case, NW amounts to 15, 
although it is not necessarily an integer owing 
to the defect. On the other hand, the relation 

2x 8pce+2X 8pat3 X 4p) =2 x 16 

results from the condition of charge neutrality. 
Next, put the ratio |Fp:|:|Fwil as €, which 
was determined for the two pairs as in Table 
III, the extinction effects being Regie for 
simplicity. Then we have 


A(be—pa)+2V 2v=EK, 


where K=(Nf3416f29/f 2 
JM and f*! are the atomic scattering factors 


of ee for Nl and D1 reflexions, respective- 


Table VI. 


KOJIMA and S. SAITO (Volena, 
ly, and f¥1 is that of oxygen for N1 reflex- 
ions. For the comparison among the structure 
factors of extra reflexions, we consider only 
the coefficients as follows: 


{4(pe—pa) +2V 2 Po} :{4(be—pa)—2V 2 Po}: 
Apy=1:9;€ . 
From the above four relations all the quantities 
in question can be expressed in terms of NV 
and 7 as in the left column of Table VI, where 
the right column stands for the case V=15 
and 7=0. It is not unreasonable to regard 7 
as zero, because even the reflexions of {911} 
in Table II, the only one exception in D2, are 
extremely faint.* For these values of N and 


Distribution probabilities and ¢ and ¢ as functions of N and 7. 


General form 


| 
| 
| 


N=15 =0 


16—N LEY, 
Des iggy ayo ee 
3 ioe mie 
Bag Ne a V5 ae 
N 
Pv=8— 2 
é= 2V 2. 16—-N_ 
Se ahe 6 1-7 
f 1 
6 Vo 0) 


* 


‘ie 5 (13-+-2V 2)°=0.9893 


= “ (18-2 V 9)--0.6357 


Pp 

ell 
Po= 2 

2V 
Pete. 6 

K 

Lee 0.7071 
Ce Vone’ 


In order to keep exact conformity with the saturation magnetization value 


under a certain assumption on the spin arrangement, 7 should be 7= —0.01,, 
from which p,=0.985 and pg=0.649 result. 


7, the structure factors in the fifth column 
of Table V turn further into those in the next 
one, which may well explain the observed 
intensities (the last column). Moreover, E’s 
for two pairs, {311}/{440} and {511}/{440} 
(referring to F-lattice) can be calculated as 
in the last column of Table III for CuK, radi- 
ation under the consideration of anomalous 
dispersion, the agreement with the third 
column being rather good in view of the 
neglection of extinction effects. Thus the 
number of ions in each group of equivalent 
positions amounts to that shown in the pa- 
renthesis at the corresponding position in 
Table VIII. 

Now, it must be considered whether or not 
a 4b-site has sufficient space to accomodate a 
trivalent nickel ion. In what follows, the 
radii 7’s of various ions will be distinguished 


from one another by suffixing with their re- 
spective chemical symbol, e.g., ryi2+ etc. 
And further, of two sets of ionic radius 
values, Goldschmidt’s and Pauling’s, the former 
will be employed only for the reason of a- 
voiding the tediousness of argument. Then, 
under the simple assumption that ry ;3+/ryi2*= 
Tre®*/Tre?* with ryi2+=0.78 A, 7re3t+=0.67A and 
Yre** =(0.83 A, the radius of trivalent nickel ion 
can be estimated as ryi?+=0.609 A in the case 
of the coordination number 6. For the co- 
ordination number 4, the value turns out to 
be 0.56~0.59 A according as Born exponent 
is 6~12, from which the radius sum Taieus 
Eee 88~ 1. 91 A results as in the second 


* 


orm y can be limited no more Severely 
than —0.4142=-1-V9 <HS17-12V 2 =0.0296 in 
view of the three additional conditions, p,<l, 
Epi>F a and N=15. 
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Table VII. Interatomic distance between cation in tetrahedral site and its neigh- 
bouring anion in both ferromagnetic nickel oxide and magnetite. 


| * | 
5 | ‘ | b~h dist. b~h dist. 

Sok PPE X Mal By pe ; | 
Substance Wee (Seagal Tal? EA) Voce Fee (A) Gara 
Ferromag. NiO 0.56~0.59 1.88~1.91 1.81 0.96~0.95 
Magnetite 0.62~0.65 1.94~1.97 1.81 0.93~0.92 


* ro =1.32A 
line of Table VII, where the coordination num- 
ber effect on 7o2- is neglected. Thus, the b~h 
distance in the present structure, 1.81 A, is 
shorter than the calculated one by 4~5% 
(the last column). Although the difference is 
not so large as in the preceding perfect 
structure, it can never be negligible. Never- 
theless, one may well accept this shortening 


Table VIII. Crystal structure of ferromagnetic nickel oxide. 


* Aye 40,==8.380 kX. 
if it is considered that in magnetite there is 
more severe situation about 8a (8f according 
to Wyckoff’s notation)-site as shown in the 
lowest line of Table VII, where the analogous 
calculation was performed on this iron oxide 
of inverse spinel type structure® with the 
lattice constant a=8.380kX.” Moreover, this 
apparent tightness of the 4b-ions can be relaxed 


S| Perfect Defect 
° | 
<5 Space Broup 
Gs an A ne 
% E latices Atomic positions 120’s& 16 O's | 
3 constants | Be Ni’s N (15)Ni’s 
Ol te Fee gee Se Pe 4 Or | 4p»(2.000)Nit 
~ ee eu at On esl B 
Be eaeee00, kx ee 5 Sich Sch de ig eae 
— « | — US, 13 
m | c=8.34%,kX. | St oh Ree 
(S1%s° Cs platy es 4 ia EL ay 
: tion 7 7 | 9 O, | 2p¢(1.97s)Nis 
| es : enc, oF, os 2pq(1.271)Nis 
yegsi so! SS — ay, {NT ES ERE ORS cr 
| 2 Oz | 2p (1.979)Nis 
KG | a af ie 7 
= = — 2 == } - 
| et aE 27) Ni: 
C2/m | 2d i | opt z v : 
| (Cop3) tba et. ‘ (4 Oy | 4pe(8.957)Nia 
Spina Wik 5 Vinidicu teaser! ~ Apa(2.543)Nis 
S | b=2.9515kX. | Alix Neate pit eset loners 
@ | ¢=2.948. kX. 3 5. 4 Oy | 4p0(2.00)Nix 
is) Vii ie eth aise peal 
O |. @=125°11.4/ = 508% Z Li bi Ss 
(31.5°C.) ‘ elie 1 4 Ni 4 O 
44: = 4? = 4 Y rhs 
: 1 3 Ayes edie ed O 
| dis: a a Z= 4 ie = a 
rs : Saag 1 Ni 8 O 
| Speen OR Y=" 9 Cas Bai 


* These parameters are referred to the second setting (origin at centre 


2/m) in the 1952 International Tables. 
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by the presence of vacancies in cation sites, 
especially in 48 itself. Besides, in this defect 
structure, differing from the perfect one, a 
further relaxation may be attained by suitable 
slight adjustment in parameters owing to the 
occupation of 16h sites by oxygen atoms which 
have a smaller scattering factor than nickel 
atoms. This may actually be the case, con- 
sidering the occurrence of the weak but 
detectable reflexions of {911} in Table II. Due 
to rather qualitative data in the intensity 
measurements, accurate adjustment of para- 
meters can hardly be made, but the deviations 
of « and z from their respective standard 
values, i.e., 1/2 and 1/4, can not exceed the 
order of one hundredth. Therefore, to a 
rough approximation, z=1/2 and z=1/4 are 
employed as the correct parameter values. 

Thus, it can be concluded that, if the axial 
deformation of the lattice is neglected, the 
ferromagnetic nickel oxide has a defect tetrago- 
nal structure (deficient in nickel) belonging 
to the space group J/4,/amd(D'%), the lattice 
constants being @=5.899%kX., c=8.343,kX. 
(cla=Y 2) at 31.,°C., which have been derived 
from @ in Table I through Eq. (1). The 
details are summarized in the upper half of 
Table VIII. 

In deriving the above structure, the axial 
deviation from 90° has not been taken into 
consideration only for the sake of simplicity. 
Now the deviation must be considered. Then 
the symmetry must necessarily tend to C2/m 
(Cy,) and the edge vectors of unit cell (Ayr, 


by and cy) may be expressed as follows: 


ayu=—4,— C)= — 3p —3bp —ep 
by= 8 =—3dr+ibp 
CMm= @, =t4¢7+31b,_ 


The details of this monoclinic structure are 
also illustrated in the lower half of Table VIII, 
where it is assumed that no alteration occurs 
in any of the distribution probabilities when 
a group of equivalent positions in I4,/amd is 
divided into several ones in C2/m. Although 
4b in [4,/amd, which has no parameter, tends 
to 42 in C2/m with definite parameter values 
(e=3/8 and z=5/8) formally, these values 
should be considered to have the same ambi- 
guity as in those of the other sites. 
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$5. Discussion 

From the survey in the preceding section, 
the preference of the defect structure over 
the perfect one is surely correct, this being 
further supported by the unacceptable degree 
of oxygen deficiency in the discarded structure. 

The striking features of the ferromagnetic 
nickel oxide distinguished from the ordinary 
one are (1) that it has tetrahedral positions 
something like 8a (8f according to Wyckoff’s 
notation)-sites in magnetite and (2) that there 
is no equivalency between 8c-, and 8d-sites in 
I4,/amd (Di), this equivalency being one of 
the necessary conditions for NaCl-type. In- 
deed, the accidental extinction (Condition 4) 
is caused by the two features and the former 
feature is the origin of the El-reflexions. 

It is a well accepted fact that the oxygen- 
excess in nickel oxide is brought about by 
the production of cation vacancies which are 
distributed randomly among the cation sites 
in the structure of NaCl type. The structure 
here determined, however, can be said to deny 
such a uniform distribution of vacancies. It 
suggests that there exists not only a preferred 
distribution but also the production of inter- 
stitial cations with respect to the lattice of 
NaCl type. Thus, there must be a tendency 
of changing the symmetry even at the rather 
early stage of further oxidation of the stoi- 
chiometric oxide. 

Referring to such a defect structure, the 
Saturation magnetization of the present ferro- 
magnetic nickel oxide will be estimated. 
There are four in spin alignments, if all the 
spins of magnetic atoms on the same crystal- 
lographic sites point to the same direction as 
with Néel’s scheme for ferrites. Among the 
four, the following arrangement will be adopted 
here, which gives the lowest magnetization. 
The spin of a trivalent nickel ion on the 4 
site is parallel to that on the 8d site and is 
antiparallel to that on the &c¢ site, those on 
the 8c and 8d being thus antiparallel with 
each other. Then the atomic magnetic moment 
o, can be expressed as 


Os=(4Dp X 3yg+ 8fa X 2u1p—BP, X 2pB)/N , 


where wg is a Bohr magneton, 2p and 3y. 
being attached to a divalent nickel ion and a 
trivalent one, respectively. On the other 
hand, the saturation Magnetization per gram, 
%,, should be related to ox by the equation. 
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6¢=6,L](N Wwi/ 16+ Wo) , 

where Z is Avogadro’s number, Wy: and Wo 
are the atomic weight of nickel and oxygen, 
respectively. Considering Table VI, o, in 
gauss/gr. takes the form 


6g=31.46—29.67(1+7)/(1—7) 


foneiV=15.. As for the.case 7=0, -<¢,=1.7, 
gauss/gr. is obtained. The coincidence with 
the value (2.5) gauss/gr.) estimated from the 
magnetization curve in Fig. 1 is not so satis- 
factory. Such a discrepancy, however, must 
not be seriously taken in view of the rather 
crude model employed here. ‘Thus the crystal 
structure of the present ferromagnetic oxide 
seems to suggest one of the possible processes 
of transition from antiferromagnetic state to 
ferromagnetic one. 

With the argument along the same line as 
mentioned here, the abnormally high saturation 
value of magnetization will result for the 
perfect structure owing to the equivalency 
throughout the nickel ions. This can be said 
also to show the preponderance of the defect 
structure over the perfect one. 

One may well think of the reverse treat- 
ment of the above o,-equation. If use is 
made of the observed value of o,, which is 
more reliable in accuracy than the intensity 
data in X-ray analysis, 7 seems to be deter- 
mined more precisely as 7=0.063 and —0.01., 
the latter value corresponding to the negative 
value of o, with the same magnitude. Of 
these two values, the former must be ruled 
out because of the limitation about 7 described 
in the preceding section, i.e. 


—0.4142<y <0.0296 . 


Thus, from 7=—0.01,, which can sufficiently 
explain the diffraction pattern, we obtain pe 
—(,98, and pa=0.64 (the remark in Table VI), 
the values being fairly close to those derived 
only from X-ray data. At the present stage 
of investigation, however, the latter must be 
preferred in view of the introduction of the 
ad hoc assumption concerning the spin ar- 
rangement in the derivation of the former. 

Finally the following must be noticed. 
Although the ferromagnetic nickel oxide has 
a monoclinic structure, the symmetry is dif- 
ferent from the monoclinic symmetry of the 
magnetic structure in antiferromagnetics of 
MnO type, to which the ordinary nickel oxide 
may belong. 
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$6. 

The ferromagnetic nickel oxide surely has 
a defect structure deficient in cation, although, 
as for the diffraction pattern only, it may be 
explained also by a perfect one with oxygen 
defficiency. The lattice of this crystal is de- 
formed slightly just like the antiferromagnetic 
nickel oxide. When the deformation is neg- 
lected, the structure is tetragonal and belongs 
to the space group /4,/amd (D'?), the lattice 
constants being @= 5.8996. kX. and c=8.343,kX. 
(cla=V 2) at 31.,°C.. Strictly speaking, how- 
ever, it should be monoclinic because of the 
detectable deviation of axial angle from 90°, 
the lattice constants being a@=5.104,kX., 
O=2 O512KX.,.c5 2.948, kX. and B=125 sii 
at the same temperature as above. Thus, the 
space group in this case, tends to C2/m(C},). 
The detailed atomic distribution in the re- 
spective case is as illustrated in Table VIII. 

The order of magnitude of saturation 
magnetization can well be explained by an 
appropriate spin alignment, where the distri- 
bution of magnetic atoms with different spin 
vectors submits to the symmetry of chemical 
cell (in the sense mentioned in § 5). 

The atomic configuration in this structure 
can be derived from that of the ordinary 
nickel oxide by the preferred distribution of 
cation vacancies as well as the production of 
cation interstitials. Such modifications in the 
atomic arrangement, which can hardly be 
detected by the powder method, may cause 
ferrimagnetism in this oxide. 


Conclusion 
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State of Association of Water Molecules in Aqueous Solutions 
as deduced from Sound Velocity Data* 


By Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received April 12, 1956) 


As the molecular compressibility W(=M/0g”7, where M=mean mole- 
cular weight, o=density, and 8=adiabatic compressibility) in usual liquid 
mixtures is a linear function of the molar fractions of the constituent 
liquids within experimental errors, but slightly deviates from linearity 
in aqueous solutions (cf. Nomoto, J. Phys. Soc. Japan 8 (1953) 553), this 
deviation was attributed to the structure change of water molecules in 
aqueous solutions by the influence of the solute molecules. Computation 
of the molar fractions (7, s) of the associated and the single molecules 
of water in dependence on the concentration has been performed in 
aqueous solutions of methanol, ethanol, n-propanol, iso-propanol and 


acetone using existing ultrasonic data. 


It was revealed that the change 


of mq and ms by concentration is characteristic of each solution and 


widely different from one another. 


§1. 


Concerning our theory of the anomalous 
absorption of ultrasonic waves in aqueous 
solutions” to appear in near future it be- 
came necessary to know the state of associa- 
tion of water molecules in aqueous solutions 
and its variation in dependence on concentra- 
tion of the solute. We have devised a method 
of estimating it from the concentration de- 
pendence of the adiabatic compressibility data 
to be obtained from ultrasonic velocity and 
density, and when the ultrasonic absorption 
coefficients are calculated by employing this 
result, it gives a semi-quantitative agreement 
with the experiments”. So it is natural to 
conclude that this method of estimation is 
nearly correct. Also the other methods of 
estimation have been attempted in the early 
stage. For example, Jacobson’s theory) of 
the adiabatic compressibility of aqueous solu- 
tions was modified to give the degree of break- 
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ing of the hydrogen bonds and thus the molar 
fraction of the associated molecules of water. 
This method, however, proved to give no 
characteristic difference in the concentration 
dependence of the existence ratio of the as- 
sociated molecules according to the different 
kinds of the solutes. The ultrasonic absorption 
curves for aqueous solutions of methanol, etha- 
nol and »-propanol calculated by employing 
this latter estimation were not in agreement 
with experiments, the difference in magnitude 
of the absorption peaks between the three 
kinds of solutions being comparatively slight, 
and the concentration of the absorption peaks 
increasing in the order: methanol, ethanol, 
propanol,—a tendency, contrary to the experi- 
ment. 


It is known from various experimental facts 


* The text in Japanese of. this paper will ‘be 
published in “Bulletin of the Kobayasi Institute 
of Physical Research”, 
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that water consists of associated molecules, 
and also the origin of the excess ultrasonic 
absorption in pure water is attributed to the 
structure change of water by excess pressure 
(is Hall*): 

The ultrasonic velocity in pure water in- 
creases with increasing temperature up to 
74°C. This trend is contrary to that of ordi- 
nary liquids, in which the sound velocity de- 
creases with increasing temperature. The 
general temperature dependence of sound velo- 
city in ordinary organic liquids is due to the 
increase in intermolecular distance, and there- 
fore the compressibility, accompanying the 
temperature rise. In case of water, however, 
the compressibility consists of two parts, ac- 
cording to Hall. The first part, the instan- 
taneous compressibility 8., is due to the re- 
duction under pressure of the intermolecular 
distance as in ordinary liquids. The second 
part, the relaxational compressibility 8,, is 
due to the breaking of some of the associated 
water molecules under excess pressure, the 
more bulky associated molecules changing into 
the less voluminous single ones and thus re- 
ducing the volume. The temperature rise 
accompanies breaking of the hydrogen bonds 
and the reduction in the number of the as- 
sociated molecules, and this in turn reduces 
the relaxational compressibility of water. This 
effect predominates the increase in usual or 
instantaneous compressibility due to the in- 
crease in the intermolecular distance up to 
the temperature of minimum compressibility 
(64°C). The maximum of sound velocity takes 
place at 74°, a slightly higher temperature 
than that of the minimum compressibility, 
due to the temperature change of the density. 

It is supposed that the hydrogen bonds of 
water are partly destroyed in aqueous solutions 
by the influence of the solute molecules. This 
is to be concluded from the concentration de- 
pendence of the sound velocity in aqueous 
solutions. t is known that the ultrasonic 
velocity has a peak at some intermediate con- 
centration in many aqueous solutions (cf. 
Sette’s review article», Nomoto”, etc.). Ac- 
cording to Giacomini?”, the peak value of 
the sound velocity in water-ethanol mixtures 
decreases with increasing temperature, the 
concentration of alcohol for velocity maximum 
decreasing at the same time. The circum- 
stance is similar also in case of water-metha- 
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nol mixtures (Pesce and Giacomini”). Par- 
shad’ has ascribed the increase in the sound 
velocity of water by the addition of alcohol 
to the breaking of the association of water by 
the influence of the alcohol molecules. 

At higher temperatures, therefore, a smaller 
amount of alcohol becomes sufficient in break- 
ing the association of water and the velocity 
peak is attained at smaller concentration of 
alcohol, though with a lower maximum value. 
The association of alcohol molecules is broken 
at the same time, though, according to Par- 
shad’s opinion, the association between water 
and alcohol does not take place. Parshad!? 
discussed also the cause of weak association 
in water and that of the breaking of associ- 
ation of water by alcohol. 

The first quantitative approach to the ex- 
planation of the adiabatic compressibility of 
aqueous solutions has been made by Jacobson” 
based on these ideas. This paper describes a 
new method of estimating the existence ratio 
of the associated molecules of water in aque- 
ous solutions. 


§2. Concentration Dependence of the Mo- 
lecular Compressibility in Aqueous 
Solutions and the Decrease of Compres- 
sibility in Aqueous Solutions 

We” have investigated the concentration 
dependence of the molecular sound velocity 
of Rao} 

R=(M/o)V , (2.1) 
and the molecular compressibility of Wada? 

W=(M/p)B-“" , (2.2) 
in liquid mixtures. Here M means the mean 
molecular weight, p the density, V the sound 
velocity (in m/sec), and 8 the adiabatic com- 
pressibility (in 10-!%cgs. units). It was re- 

vealed that the molecular compressibility is a 

linear function of the molar fraction for all 

the mixtures of organic liquids except in aque- 
ous solutions, while the molecular sound velo- 
city was linear for most of the non-aqueous 
mixtures, though it curves concavely upwards 
if the density of the constituent liquids are 
widely different. In aqueous mixtures, both 

R and W deviated slightly upwards from the 

straight line*. The linearity of W in the case 

* It was erroneously stated in the previous 
paper® that only aqueous alcohol mixtures deviate 
from straight lines, but the linearity holds true 
for acetone-water mixture. Closer examination 
revealed that this is not the case. 
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of organic mixtures is within 0.5%, and pre- 
sumably within experimental errors. 

Although the theoretical reason of this linear 
dependence is not clarified as yet, we may 
consider that experimentally the molecular 
compressibility is a perfectly linear function 
of the molar fraction in usual organic mix- 
tures. The deviation from linearity in aque- 
ous mixtures is to be ascribed to the partial 
destruction of the association of water in 
aqueous solutions. It is known that other 
organic liquids, as alcohols, etc., also form 
associated molecules. The degree of associ- 
ation, however, is slight, forming trimers or 
tetramers for example, and no great change 
in volume or compressibility may be involved. 

In the case of water, on the other hand, it 
is to be concluded from our theory”” of the 
ultrasonic absorption in aqueous solutions that 
the associated molecules of water are very 
large, consisting of about 8000 monomers in 
the case of pure water. And the breaking of 
the associated molecules under excess pressure 
contributes not a small part of compressibility 
(the relaxational compressibility). So we will 
assume that the association of other consti- 
tuent liquids than water does not change the 
molecular compressibility to such an extent 
as to exceed the fluctuation due to the experi- 
mental errors and attribute the deviation from 
linearity of the molecular compressibility in 
aqueous solutions to the change in association 
of the solvent water with concentration. 

We denote the experimental value of the 
molecular compressibility with Wexp, computed 
by (2.2) from the observed values of the den- 
sity and compressibility and the mean mo- 
lecular weight 


M=(1—nr)Myt+ne My ’ (2.3) 


where My and My are the molecular weights 
of water and the solute respectively and mp 
the molar fraction of the solute. On the other 
hand, we can obtain the calculated value of 
the molecular compressibility of the solution 
(Wea) by linear interpretation 


Wea= (1—nr) WwtnrWre . (2.4) 


from the molecular compressibility of pure 
water W. and that of the solute We. Wexp 
is larger than Weai for aqueous solutions, as 
above mentioned. 

This discrepancy, naturally, is ascribable to 
the different behaviour of both density and 
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compressibility as compared to usual organic 
mixtures. For example, if a part of the as- 
sociated molecules of water is broken by in- 
fluence of the solute molecules in aqueous 
solutions, the volume must decrease or the 
density increase, and the compressibility must 
decreased. The total effect must be that 81/7 
is somewhat decreased. It is, however, not 
possible to estimate the variation of density 
exactly, because the density varies in various 
manners with concentration even in usual 
organic mixtures. So we will attribute the 
cause of deviation from linearity of W to the 
decrease of 8. Suppose a hypothetical liquid 
mixture with the same mean molecular weight 
and same density (exp at the same concentra- 
tion 2” with the aqueous solution, and obey- 
ing the linearity rule of the molecular com- 
pressibility (2.4). Then the compressibility 
of this hypothetical liquid mixture is to be 
computed from 


Wea =M]/pexpB cat . (2:5) 


This is supposed to be an usual mixture with- 
out structure change as in aqueous mixture, 
so the value of 8 ai is considered to be the 
normal compressibility value corresponding to 
this density and molecular weight (and the 
constants of the both constituent liquids). 
We can calculate Beat from (2.5) and put 


4B =Beai—Bexp eS 0) ) (2.6) 
then the experimental value of the compres- 
sibility is 

Bexp =Bcai—4B ) 


and smaller than the compressibility of the 
normal mixture by 48. This is considered to 
be due to the partial destruction of the as- 
sociated molecules of water in aqueous solu- 
tions. 

Fig. 1 to Fig. 5 show the values of Bexp 
and #cal in aqueous solutions of methanol, 
ethanol, 2-propanol, iso-propanol and acetone 
as functions of the volume fraction ¢ (ratio 
between the volumes of the solute and the 
solution), values of Bexp and o being taken 
from the Jacobson’s paper. 

The concentration is expressed in the volume 
fraction for the sake of comparison with 
Jacobson’s theory, in which a linear depen- 
dence of the compressibility in ideal solutions 
on the volume fraction is postulated. The 
word “ideal solution” is not defined in Ja- 
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Fig. 1. Experimental value of the compressibility 
Bexp and the hypothetical compressibility for 
normal mixture @ca1 in dependence on the 
volume fraction for aqueous methanol solution. 
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Fig. 2. Experimental value of the compressibility 
Bexp and the hypothetical compressibility for 
normal mixture fcal in dependence on the 
volume fraction for aqueous ethanol solution. 
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Fig. 3. Experimental value of the compressibility 
Bexp and the hypothetical compressibility for 
normal mixture Pea: in dependence on _ the 
volume fraction for aqueous z-propanol solution. 


cobson’s paper, but employed in the meaning 
of a liquid endowed with this characteristic.) 
Namely, the straight line denoted with Br in 
each figure represents the compressibility of 
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Fig. 4. Experimental value of the compressibility 
Bexp and the hypothetical compressibility for 
normal mixture cai in dependence on the 
volume fraction for aqueous  iso-propanol 
solution. 
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Fig. 5. Experimental value of the compressibility 
Bexp and the hypothetical compressibility for 
normal mixture fea in dependence en the volume 
fraction for aqueous acetone solution. 


the ideal solution of Jacobson and he has at- 
tributed the reduction of compressibility under 
this value to destruction of the hydrogen bonds 
of water. 

As seen in the figures, our compressibility 
for normal mixtures (with the same density 
but without structure change) Bea is placed 
far below the straight line 8;, and thus makes 
the value of 48 far smaller than in Jacobson’s 
theory. One of the contradictory results of 
Jacobson’s theory that the decrease in com- 
pressibility of the aqueous solution by com- 
plete destruction of the hydrogen bonds of 
water is about four times larger than the 
compressibility of water itself is ascribable to 
the assumption that the compressibility in the 
ideal solution is a linear function of the 
volume fraction. 

We encounter the need of transforming the 
volume fraction into the molar fraction, in 
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the course of the calculation. @ is transformed 
into the weight fraction p by 

p=$oelo , (2.8) 
where p means the density of the solution, 
and then into the molar fraction by 


Nr=Me|(Mw+mr) , (2.9) 


where 


Ma —p)/Mw ; mr=p/Mw 5 (2.10) 
§3. Change of Number of Moles of the 
Associated Molecules of Water in 


Aqueous Solutions 


The static compressibility 8) of pure water 
consists of two parts, the instantaneous com- 
pressibility 8.. and the relaxational compress- 
ibility B,, i.e., 


Bo=B.o+B; , (3.1) 


8. being the ordinary compressibility due to 
the reduction of the intermolecular distance 
and 8, being due to the decrease in volume 
of water by partial destruction of the associ- 
ated molecules. 

According to the theory of Hall® on the 
ultrasonic absorption in pure water, excess 
pressure 4, of the sound wave breaks some 
of the associated molecules of water and 
changes them into the single ones. The in- 
crease in the number of moles of single water 
molecules in 2, moles of water constituting 
of #s moles of single molecules and ”, moles 
of associated molecules is given by 


> _Nw(Va—Vs)Ap - “ tt : 
2RT{1+cosh (AF/RT)} 1+iéor ’ 


where va means the molar volume of associ- 
ated molecules of water, vs that of single 
molecules of water, 4F the difference in free 
energies (per mole) of single and associated 
molecules of water, R the universal gas con- 
stant and T the absolute temperature, w is 
the circular frequency and +c the relaxation 
time of the order of magnitude of 2x 10-12sec 
at room temperature. 

As the existence ratio 7/2; is changed by 
the influence of the solute molecules in aque- 
ous solutions, it is not convenient to compute 
4ns and 8, based on the number of moles of 
water %w. In writing (3.2), however, as 


C/o) rr 
RT{1+exp (4F/RT)} 1470 ’ 


with reference to the number of moles of as- 


A4ns= 


(3.2) 


Ans = 


(3.3) 
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sociated molecules 22, this relation is consider- 
ed to hold true also for aqueous solutions. 
We have from this the relaxational compress- 
ibility 

¥ Ma(Va—Vs)> 
~ pRT(1+exp (4F/RT)} ° 


As this equation holds true both for aqueous 
solution and for pure water, we have the re- 
lation 


B, (3.4) 


(3.5) 


where 8,9 means the relaxational compressi- 
bility of pure water and mo the value of 7, 
for pure water. 

If the existence ratio 7%/%w does not change 
with concentration, we have %1=%w%.0, and 
the relaxational compressibility of this hypo- 
thetical solution becomes 


(Beal =BoNw = 5 (3.6) 
So we have 
B= —"—(B,)eat=(Br)cai—AB (3.7) 
NwHao 
Accordingly 
Ma____48 ; (3.8) 
Nw B,. 
If we put 
Na =NyNig—ANa > (3.9) 
we have from (3.7), 
Ang _ 4B 
NwNay Br 
This becomes by (3.6) as 
UN (3.10) 


Nao = Bro Vw’ 


By employing this relation, we can obtain 472 
from 4p. 

Figs. 6~10 show the values of 2 and 22s 
obtained by this method for the aqueous solu- 
tions of methanol, ethanol, #-propanol iso- 
propanol and acetone in dependence on the 
concentration ”,. In these computations, we 
have employed the values of the existence 
ratios of the associated and the single mo- 
lecules for pure water: 


Nay =0.825 , 
Nsy=0.175 


These values are obtained as follows. By 
assuming the yalues of the constants to be 


; (20°C). (3.11) 
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Fig. 6. Concentration dependence of the molar 
fractions of the associated and the single mole- 
cules of water in aqueous methanol solutions. 
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Fig. 7. Concentration dependence of the molar 
fractions of the associated and the single 
molecules of water in aqueous ethanol solutions. 


Vp OVO GM? Us 1014 cm>, 
B,=27.8 x 10-12 cm?2/dyne , 

we have from (3.3) as the value of the dif- 

ference in the free energies between single 
and associated molecules of water 

4F=904 cal/mole . 

This gives the existence ratio by 
Ns[Nay= eXp(—4F/RT) . 

Other assumptions on the values of the quan- 

tities va, vs and B, result in different values 


of the existence ratio %s9/%a0. Discussions on 
this respect are made elsewhere (Nomoto”). 
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Fig. 8. Concentration dependence of the molar 
fractions of the associated and the single 
molecules of water in aqueous -propanol 
solutions. 
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Fig. 9. Concentration dependence of the molar 
fractions of the associated and the single 
molecules of water in aqueous iso-propanol 
solutions. 


The values of the constants here employed 
seemes to be the most adequate ones as judged 
from the result of our theory of the ultrasonic 
absorption in aqueous solutions. 
In the first place, we can obtain 4%, by 
(3.10), then we have % by (3.8), and ms by 
Ns=NyNsy t+ AN, . (3.12) 


As is to be seen in the figures, the variation 
with concentration of % and ms is widely dif- 
ferent according to the different kinds of the 
solutes. The decrease of % with increasing 


1152 


a eaten (eee Z | 


. Acetone 


Vin = EEE OU AG a COS 


Fig. 10. Concentration dependence of the molar 
fractions of the associated and the single 
molecules of water in 
solutions. 


aqueous acetone 


concentration is monotonous in aqueous metha- 
nol solution, while in the solutions of ethanol, 
m-propanol, iso-propanol and acetone, the de- 
crease of % with increasing concentration is 
rapid at first, but becomes more gradual in 
the intermediate concentration range, the 7 
vs. Mr-curve showing a nearly horizontal part 
and even a low maximum in this range. 


Although these may seem strange at first 
sight, the ultrasonic absorption coefficient ob- 
tained by employing these curves are in fairly 
good agreement with experiments (cf. No- 
moto”). The possibility of interpreting the 
non-monotonous decrease of 7% not as a real 
one, but only as an apparent one due to the 
mutual association between water and the 
solute, is also excluded, because this does not 
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give good absorption coefficients. So we have 
to conclude that these changes of % and 7s 
are real ones characteristic of each solution, 
although no theoretical explanations are availa- 
ble as yet. 


This work was financially supported by the 
Grant for Scientific Research of the Ministry 
of Education for the 1954 fiscal year. 
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The Measurement of Magnetostriction by means 


of Strain Gauge 


By Hideo TAKAKi and Toshiro Tsugi 
Faculty of Science, University of Kyoto 
(Received July 21, 1956) 


For the purpose of studying the relation of magnetostriction to technical 
magnetization, we used a strain gauge to measure the magnetostriction 
of long rod single crystals of 3.2% Si-Steel, and compared the results 
with those which had formerly been obtained on the same samples by 
using a mechano-optical lever. The latter method was applied in measur- 
ing the overall elongation of a rod sample, while the strain gauge re- 
corded the local magnetostriction. In some of the samples, these two 
methods often gave remarkable difference in the results. This is mainly 
due to the fact that the sample is not uniformly magnetized, especially 
in lower magnetic field; the magnetostriction measured by the optical 
lever method showed only the mean change of length even if the magne- 
tization is not uniform, while the result obtained by the strain gauge cor- 
responds rather well to the local magnetization. The latter method is, 
therefore, more appropriate for relating the magnetostriction to the 
magnetization. We also determined the magnetostriction constants which 
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are slightly different from the previous results. 


Introduction 


§1. 

Goldman? and many other authors”:3).9 
observed the anisotropy of magnetostriction 
by rotating the sample in high magnetic field. 
For this purpose, the sample was prepared in 
the form of a disk or an oblate ellipsoid, and 
the magnetostriction was measured by means 
of the strain gauge bonded on the sample. 
This method has a notable advantage that it 
can be used on small single crystals which 
are hardly accessible by other methods. 

But in the study of the relation between 
magnetostriction and technical magnetization 
it is more convenient to use a long rod single 
crystal, because we can measure its magne- 
tization precisely and the corresponding longi- 
tudinal magnetostriction with increasing 
magnetic field parallel to the rod axis. To 
observe the change of length, extending over 
the greater part of rod sample, an optical 
lever method was used under the assumption 
that the magnetization is uniform. As a 
matter of fact, however, the magnetization of 
the sample is not uniform, and the previous 
results obtained by the optical lever method 
do not correspond to the local magnetization. 
When we use a small strain gauge which 
allows us to measure the local magnetostric- 
tion it is possible to obtain the correspondence 


between the magnetostriction and the magne- 
tization. 

In our study we have used the long rod 
single crystals of 3.2% Si-Steel and measured 
the magnetostriction by means of the strain 
gauge. The results were compared with 
those” obtained by the optical lever method. 
§2. Experimental Technique 

In measuring the magnetostriction we have 
used commercial strain gauges of type K-12 
manufactured by the Kyowa Musen Kenkyu- 
sho. They are made of advance wire, 2cm 
in effective length and also have the gauge 
factor equal to 2+0.03. This value was 
calibrated by measuring a known elastic bend- 
ing of marble beam. The substance of the 
wire is in nonmagnetic phase at room tem- 
perature and it has a negligible magnetoresis- 
tance effect. The latter character was con- 
firmed by the fact that the electrical resistance 
of the strain gauge itself does not vary with 
magnetic field, and enables us to use the 
strain gauge directly to measure the magneto- 
striction. 

The change of electrical resistance of the 
strain gauge was measured by an ordinary 
Wheatstone Bridge in which all the arms are 
composed of the resistance equal to 120 Q. 
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Two of these arms consist of the same strain 
gauge, an active gauge and a dummy gauge. 
The former is bonded on the sample to fol- 
low the longitudinal magnetostriction, the 
other on a brass tube, by using the Duco 
cement as adhesive. After inserting the 
sample into the brass tube, we set it ina 
water-cooling solenoid which keeps the inside 
temperature constant so that the error due to 
temperature variation may be neglected. A 
schematic circuit diagram is shown in Fig. 1. 


dummy geuge sample 


KX XXX XXX XRYXK XXX XXX KK 
Raat 


galveno- 
meter 


DXXXXXXXAAXKXXXXX XXXXKXX 


i ing dial 
active gauge magnetizing coil balancing dia 


Fig. 1. Circuit diagram of magnetostriction me- 
asuring apparatus. 


Procedure of the measurement is as follows; 
After balancing the Bridge circuit by a dial 
the sample is magnetized gradually in the 
solenoid, and the process of which follows the 
strain of active gauge together with the 
sample. An unbalanced current due to the 
change of electrical resistance of the strain 
gauge is immediately measured by the deflec- 
tion angle of a mirror of galvanometer. In 
order to obtain high sensitivity we set 
up the scale of galvanometer keeping at a 
distance of 3m from the mirror. With this 
arrangement a strain sensitivity of the order 
of 1.5x10-7 per mm can be obtained. 


Table I, 
Sainie Direction Cosines (l/l) -Sat.Rem, x 108 
No. I ie aby Authors, | Takaki and 
-soccantetanilt Geli SRA oe | Nakamura. 
1 | 0.054! 0.086 0.995. “4.0 | : 
2 | 0.077| 0.2981 0.951] 4/5 | 43 
4 | 0.015 0.053 0.998 4.2 3.59 
13 | 0.123! 0.438) 0.891 2.8 2.78 
19 | 0.183 0.664 0.725 — 4/5 S147 
39 0.436, 0.615 0.657, — 6.0 —5.86 
42 | 0.048 0.619 0.742, _ 59 eral 
49 | 0.561 0.567 0.603 —10 4 = 6187 
50 0.108 0.134 0.985 5.0 7.22 
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§ 3. Experimental Results and Discussion 


We have used the long rod single crystals 
of 3.2% Si-Steel, as shown in Table I. They 
were prepared from molten silicon steel in 
our laboratory”, using a vacuum Tammann 
Furnace which could attain high temperature 
with carbon heater. Takaki and Nakamura” 
used these samples in their previous study of 
magnetostriction, where the longitudinal 
magnetostriction was measured by the optical 
lever method. Their results are reproduced 
here in Fig. 3 (B), Fig. 4 (B) and Fig. 5 (B). 
They also determined the magnetostriction 
constants of 3.2% Si-Steel from the following 
relation between magnetostriction and magne- 


tization, 
ope) 
L Sat.-Rem, nv 2 l+m+n 


—3(m? 7? + 071? 4+- 12m?) } asm 


+3(n?n? +P +Pm)din, (1) 


where (0//l)sat.-rem. Tepresents the difference 
between the magnetostrictions at the remanen- 
ce and that at the saturation, and /, m and 
m are the direction cosines of rod axis with 
respect to the crystal axes. Equation (1) ‘is 
based upon Kaya’s relation which states that 
the domain distribution at the remanence is 
uniquely determined by the crystallographic 
orientation of the rod axis. Kaya’s relation 
can be written in the form, 


1,/Is=1/2+m-+n), (2) 
where J, and Js; are the remanent and the 
saturated magnetizations respectively.  Al- 
though there is a good agreement between 
Kaya’s theory and experiment in the case of 
these samples we cannot find the agreement 
for the overall magnetization of the rod 
sample, but only for its centre, because the 
rod sample is not uniformly magnetized in 
lower magnetic field. We obtained the dif- 
ferent -H.x:, curves corresponding to several 
positions in a rod sample, as shown in Fig. 
2. In a weak field the sample has the maxi- 
mum value of magnetization at the centre of 
rod and the magnetization decreases gradually 
with increasing distance from the centre. 
We found experimentally that in a very weak 
field the rod sample has the magnetization 
distribution given by 
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Fig. 2. Descending hysteresis curves of a rod 
single crystal of iron. @ is the curve at the 
centre of rod, 6, c, d and e are those which 
correspond to the positions apart from the 
centre 1/10, 2//10, 31/10 and 42/10, respectively. 
(l is the length of the sample.) 


where Z is the length of rod, d is the distance 
from the centre and Ja is the magnetization 
at the distance of d. To a good approxima- 
tion the decreasing of magnetization is pro- 
portional to d?, when the coercive force of 
the sample is small enough. The magnetiza- 
tion of the sample becomes uniform with the 
increasing of magnetic field. 

Neglecting the fact that the sample is not 
uniformly magnetized Takaki and Nakamura 
measured the magnetostriction, extending 
over the greater length of the rod sample. 
In other words, they obtained the mean 
magnetostriction curve which could not be 
coordinated to the measured magnetization. 

In our case, however, we measured the 
local magnetostriction which corresponded 
well to the magnetization at the centre. 
With this result, we can determine the 
magnetostriction constants more precisely 
than before. Further we observed some local 
magnetostrictions at the other positions and 
compared the results with the previous ones. 


Magnetostriction Measurement by Strain Gauge 


Fig. 3 (A), Fig. 4 (A) and Fig. 5 (A) show 
the longitudinal magnetostrictions along the 
descending hysteresis curves for the samples 
having the rod axes nearly parallel to [100], 
[111] and [110] respectively. Every local mag- 
netostriction curve was plotted against the 
magnetization at the centre of rod to be com- 
pared with the previous results, 
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Fig. 3. (A) Magnetostriction curves along the 
descending hysteresis loop of a long rod single 
crystal of 3.2% Si-Steel (No. 59), having a rod 
axis nearly parallel to [100]. @ is the local 
magnetostriction curve at the centre, just cor- 
responding to JZ. 6b and ¢ are those at the 
positions apart from the centre 1/4 and 31/8, 
respectively. 

(B) Previous curve obtained by optical lever 
method on the same sample as (A). 
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Fig. 4. (A) Magnetostriction curves along the 
descending hysteresis loop of a long rod single 
crystal of 3.2% Si-Steel (No. 49), having a rod 
axis nearly parallel to [lll]. @ is the local 
magnetostriction curve at the centre, just cor- 
responding to J. 6 and ¢ are those at the 
positions apart from the centre J/4 and 31/8, 
respectively. 

(B) Previous curve obtained by optical lever 
method on the same sample as (A). 
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Fig. 5. (A) Magnetostriction curves along the 
descending hysteresis loop of a long rod single 
crystal of 3.27 Si-Steel (No. 42), having a rod 
axis nearly parallel to [110]. @ is the local 
magnetostriction curve at the centre, just cor- 
responding to JZ. b and ¢ are those at the posi- 
tions apart from the centre 1/4 and 31/8, 
respectively. 

(B) Previous curve obtained by optical lever 
method on the same sample as (A). 
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In the case of [100] direction, as is shown 
in Fig. 3, the local magnetostriction curve 
depends largely on its position measured. On 
the other hand, in Fig. 4 we can find that 
all the curves are similar. A tentative ex- 
planation for these phenomena is as follows; 
Every sample is not uniformly magnetized in 
lower fields, so that the local magnetostriction 
curve depends considerably on the position 
when the sample is elongated by the redistribu- 
tion of magnetic domains. And the previous 
curve in Fig. 3 (B) seems to be superposed 
on all the local magnetostrictions. But in the 
case where the change of length occurs only 
in higher magnetic fields we have similar 
curves, because the magnetization of the 
sample is more uniform. 

Before this study it has been a problem 
why a sample like that in Fig. 3 shows the 
sharp elongation at the saturation. This is 
one of the typical effects caused by the su- 
perposition on all local magnetostrictions. 
That is to say, even when the centre of the 
sample attains the saturation the other posi- 
tions, in particular the end of rod, is not 
saturated yet, and therefore, the previous 
curve, containing every part, has a sharp 
change near the saturation. But the local 
magnetostriction curve, just corresponding to 
I, has no sharp change any more. 

Another typical case we observed is the 
sample which has a rod axis parallel to [110] 
and its magnetostriction curve has a maximum, 
as shown in Fig. 5. The curve of the centre 
which corresponds to J has a maximum at 
the remanence point of J on abscissa, while the 
previous curve in Fig. 5 (B) has it a little 
above the remanence. The latter is strongly 
affected by the superposition on every local 
magnetostriction. According to  Becker’s 
theory the sample must be shortened with J 
from the remanence as it has the rod axis 
nearly parallel to [110], and our result is in 
good agreement with the theory. 

In this way we measured the magnetostric- 
tions of the other six specimens, obtaining 
results as shown in Table I. We determined 
the magnetostriction constants as follows. 


Present | Takaki and Carr and 
authors. | Nakamura. / Smoluchowski. 


Ayoox 10° | 29.242.2) 32.041.8 


26.6 
| 
Ain x 108 | (8.1 0.5) '—(5.6-£40.4) = 5.4 
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There are considerable differences between the 
values of (07/Z)sat.-rem, obtained by two different 
methods. The apparent change of magneto- 
striction measured by the strain gauge is 
always larger than that measured by the 
optical lever method. But as to (62/)sat.-Rem. , 
this is not the case. In the previous results 
(61/Dsat.-rem. Of the samples having the rod 
axes nearly parallel to [100] must be too large 
by the effect of the superposition on every 
local change, while in the case of [110], 
(61/Z)sat.-Rem. Must be shortened by the same 
effect. Then Aioo becomes smaller and 411; 1s 
larger in absolute magnitude than those ob- 
tained by Takaki and Nakamura, both pro- 
bable errors being the same order of magni- 
tude. Carr and Smoluchowski also determined 
the magnetostriction constants of 3.03% Si- 
Steel by using a disk-shaped sample, and in 
their results Aigo is closer to ours, while 4in 
is closer to the previous ones. 


Magnetostriction Measurement by Strain Gauge Nay 
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Radiative Collisions between Electronic and Molecular Beams 


I. Angular Momentum Distribution among OH* 


Radicals resulting from H,O Molecules 


By Tadao Horig, Takayuki Nacura and Masamoto OTSUKA 
Faculty of Science, Osaka University 
(Received August 9, 1956) 


The angular momentum distributions among the OH* radicals in radia- 


tive collisions between electronic and w 


ater molecular beams in the 


vacuum of 1x10-4mmHg lead to several predictions as regards the 


mechanism of the radiative decomposition of H,O as follows. (1) 
rotating OH* radicals to the thermally 


relative number of the abnormally 


rotating ones, both coming out of water 


impacts, is on the average 10 to 1. 
excited states of water molec 
lisions; one is caused by the ex 
the (3s) orbital, and the other 


oxygen (2p) and the hydrogen 


with higher principal quantum numbers. 
ii 7 former and the thermally rotating ones from 


atom flies off nearly in the direction of 


OH* radicals result from the 
the latter. (4) The recoiling H 


The 


molecules excited by electron- 
(2) Two different kinds of singlet 


ules play leading parts in the radiative col- 
citation of the oxygen (2p) electron up to 
by the simultaneous excitations of the 
(1s) electrons up to their respective orbitals 


@) “hae abnormally rotating 


the H-H repulsion with the highest probability. 


$1. Introduction 
The subject in this article is to study the 
rotational motion of the excited OH molecule 


which is born in an electrical discharge through 
water vapour and lives rather a long life as 
a physically stable molecule. In this molecule, 
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a light particle, that is to say, the H atom 
may approximately be considered to be circl- 
ing about the heavier O atom. The rotational 
energy distribution among molecules of this 
sort can be determined from the intensities of 
the rotational lines emitted from them. More 
than twenty years ago O. Oldenberg” found 
for the first time that this rotational motion 
was too highly abnormal to be reconciled with 
any thermal rotation and proposed an inter- 
pretation that in the dissociation process of 
H,O the recoiling hydrogen atom might be 
expected to give angular momentum to the 
excited OH radical, leaving it with a highly 
excessive rotation, because of the triangular 
structure of the water molecule. For example, 
it is estimated from the temperature of water 
vapour in an electrical discharge that only one 
molecule in 102° would have the rotational 
energy corresponding to the quantum number 
K’ of 26. Although it implys evidently much 
too small a concentration to be detected, the 
line Q, (26) due to the molecules rotating with 
such an abnormally high speed, contrary to 
expectation, comes out with a considerable in- 
tensity. This fact tells us that, in electrical 
discharges, any thermal equilibrium could not 
only be unestablished among the excited OH 
molecules, but also there should exist such 
abnormally rotating ones at an unexpectedly 
higher concentration. 

After the discovery by O. Oldenberg, a great 
number of experiments have been carried out 
in order to approach to the mechanism of this 
abnormal rotation. These experiments may 
be classified into two categories as follows. 
The experiments falling under the first cate- 
gory have revealed how the abnormal rotation 
varies in different types of electrical discharges. 
In the experiments falling under the second, 
it has been studied in what manner a subsidiary 
condition such as diminution of discharge 
pressure or dilution with inert gases makes 
changes in the abnormal rotation in certain 
types of electrical discharges. First of all, 
several examples of electrical discharges and 
the corresponding references will be cited in 
the following table. Generally speaking from 
these experiments, the rotational intensity dis- 
tribution for the (0, 0) band of OH has at all 
times two maxima in almost all of electrical 
discharges, as several examples of them are 
shown in Fig. 1, in which the intensity is 


Light source / Investigator | Reference 
| O. Oldenberg | (d) 
Geissler discharge | x 
|H. Wakeshima (2) (3) 
ey meer ve eee rs 
Low voltage arc | M. Ninomiya (4) 
= | = 


Spark at low | T. Horie, T. Nagura (5) 
pressure | and M. Otsuka 


High frequency | 
glow discharge 


H. P. Broida and 


M. Ninomiya (4) 


High frequency | @ 
electrodeless ring W. R. Kane 
discharge T. Horie 3 
Sensitized 
fluorescence E. R. Lyman (8) 
Electrical arc E. R. Lyman | (9) 


H. P. Broida and | (10) 


Hydrogen-oxygen K. 1d, Shuler 
fame | W. R. Kane and | (11) 


H. P. Broida 


plotted against the rotational quantum number, 
kK’, of the excited state. The first one ap- 
pers at lower K’ number, which may be call- 
ed the thermal maximum. The second one 
appears at high K’ near 17, which may be 
called the abnormal maximum. The former 
is due to the excited OH molecules in a Max- 
wellian distribution corresponding to a gas 
temperature in an electrical discharge and 
consequently the K’ value of it varies from 2 
to 8 in dependence on the type of discharge. 
On the contrary, the latter appears in any case 
near the K’ value of 17 and is surely due to 
the molecules rotating with abnormally high 
speeds corresponding to an extremely high 
temperature in comparison with the gas tem- 
perature. From the position of the abnormal 
maximum, the rotational temperature of these 
abnormally rotating molecules is estimated to 
be 14,000°K, even when the gas temperature 
is of the order of 600°K. 

In addition, the following features would 
seem to be noteworthy. The strength of the 
abnormal maximum relative to the thermal 
one changes fairly distinctly from one discharge 
to another. For instance, in a spark at low 
pressure the thermal maximum is quite pre- 
dominant over the abnormal one, while in a 
high frequency discharge the abnormal maxi- 
mum is well defined against the thermal one, 
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These variations may be dependent on the 
difference in the collision processes taking place 
in different discharge spaces. Consequently it 
looks quite important not only in analyzing the 
collision processes in discharge spaces, but also 
in studying the excited states of H.O, to make 
it clear in what manner the water molecule 
is excited and then an abnormally rotating 
OH* molecule appears. 


Omg el >, acl... co 


Fig. 1. 


Radiative Molecular Collision 


0 


Rotational intensity distributions in several kinds of light sources; (1) Geissler 
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In order to obtain an insight into the mecha- 
nism of the abnormal rotation, in the experi- 
ments falling under the second category, the 
change in the rotational intensity distribution 
has been studied in detail by varying a sub- 
sidiary condition in a fixed discharge tube. 
O. Oldenberg? and E. R. Lyman” have ex- 
amined the effect of the foreign gas He in Geiss- 
ler discharges. H. Wakeshima® has studied 


(0.1L 215) <cOgne5- K? 


f {igh frequency electrodeless ring 
i f at low pressure, (3) (4) (5) (6) Hig ri 
cena ais rien rn eee arent P,, Po, Q1 and Q» branches respectively, (7) High 
ischarg i ave gth, J 2 Qi ar che 
frequency glow discharge, (8) Maxwellian distribution for 800°K. 
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the effect of the temperature of water vapour 
in a Geissler discharge. H. P. Broida and W. 
R. Kane” have investigated the effects of the 
pressure of water vapour and the dilution with 
inert gases in a high frequency electrodeless 
ring discharge. G. Hayakawa!® and M. Nino- 
miya® have observed the effect of the grid 
potential in triode type discharge tubes filled 
with water vapour. W. R. Kane and H. P. 
Broida’» have investigated a hydrogen-oxygen 
flame diluted with inert gases. 

Notwithstanding that valuable data have 
already accumulated in abundance, the mecha- 
nism of this phenomenon has not yet been led 
to any complete understanding, and, what 
makes the matter worse, even different con- 
clusions looking hard to be reconciled with one 
another are sometimes prone to be drawn out 
of different kinds of electrical discharges. 
What in the world is the reason for such 
a danger of confusion? It may certainly be 
caused by the complicated and incomprehen- 
sible character of the discharge. All sorts of 
collision processes are often intermingled with 
one another in a small space of electrical dis- 
charge. This may be the very reason why a 
small glass tube with electrodes enclosed into 
it is sometimes looked up to as a treasure box 
of collision processes, and at other times looked 
down upon as a waste box of them. Of all 
sorts of collisions among electrons, positive 
ions, atoms, molecules, excited atoms, excited 
molecules, metallic surfaces of electrodes and 
glass walls, which one does play the greatest 
part in the abnormal rotation considered in 
this article? It may in general be impossible 
to make a strict answer to this question. Even 
if a sort of collision process were tentatively 
assumed as most leading, it is quite ambigu- 
ous whether the remaining ones can be set 
aside from the question or not. The ambi- 
guity like this seems to be unavoidable as far 
as electrical discharges are concerned. 

At any rate, in a certain electrical discharge 
through water vapour, the collision of electrons 
with water molecules may perhaps play the 
most important role for the production of the 
abnormally rotating OH* molecules. That is, 


(A) H,0+ée— OH*+H-+e , 


where the asterisk means the excitation of the 


electronic state. As a secondary process of 


importance, the recombination collision between 


T. Hornig, T. NAGURA and M. OTSUKA 
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the atomic hydrogen and oxygen may some- 
times need to be taken up as follows— 


(B) H+0O(+™) — OH*(+™) , 


where /M is a third body. Furthermore, the 
three body collision also may occasionally be 
obliged to be considered as follows— 


(C) H+H-+0OH — H,+OH* . 


On the other hand, as an origin of the 
molecules giving the thermal maximum, the 
electronic excitation of the OH radicals at the 
ground state wandering about in a discharge 
tube may at times be necessary to be taken 
into account, namely— 


(D) OH-+e — OH*-+e. 


In addition, the experiment of hydrogen canal 
ray impact made by the authors! shows that 
the water molecule is rather intensively excit- 
ed and dissociated by the collisions of the 
positive ions composed of proton, H,* and Ht, 
leaving OH* molecules with fairly normal 
rotations. In any discussion about the rotational 
intensity distribution, would it not be worth 
while to take the following collision into con- 
sideration at all? 


(E) H.O0+ posttive ton > OH*-+-+-H . 


Any ordinary discharge through water 
vapour, whatever sort of discharge it may be, 
doesn’t make it possible to study the abnormal 
rotation without being shadowed by these 
ambiguities. Nevertheless, in almost all the 
studies on the abnormal rotation, some one of 
discharges has so far been utilized chiefly be- 
cause it offers a sufficiently bright light source. 
The excited OH molecules emit a crowd of 
rotational lines with slight differences in wave- 
lengths. In order to measure their intensities 
precisely, it is of imperative necessity to use 
a spectrograph with a dispersion which is good 
enough to separate the adjacent lines from 
one another as far as possible. The dispersion 
is usually increased at the sacrifice of the f- 
number of a spectrograph and so the light 
source is desired to be as bright as_ possible. 
Every one of electrical discharges just meets 
this requirement. 


As the discovery of the abnormal rotation 
was born in an electrical discharge, it is quite 
natural that attentions should, to begin with, 
have long been payed to discharges. It looks, 
however, doubtful to succeed in drawing any 
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more definite conclusions on the mechanism 
of the abnormal rotation out of the observa- 
tions of electrical discharges alone, because 
the complete analysis of the discharge space 
has not yet been achieved. It may then be 
considered to be the only way left to the solu- 
tion of this problem to investigate what kind 
of abnormal rotation is brought about by the 
simplified collisions between water molecules 
and electrons or protons with known velocities. 
Moreover, the synthesis of the conclusions 
derived from such elementary collision proces- 
ses may also make it possible to understand 
much more fully the electrical discharge itself. 
Furthermore broadly speaking, the investiga- 
tions of such elementary processes may con- 
tribute not only to physics of electrical dis- 
charges but also to many other different 
branches of physics, namely—the theory of 
molecular collision, the theory of molecular 
Structure, the theory of chemical reaction, 
gas kinetic theory, atmospheric physics and 
astrophysics. 

The principle of the present experiments of 
purely electronic collisions is as follows. A 
beam of electrons with nearly homogeneous 
energies and a beam of water molecules run 
across at right angles to each other in the 
vacuum of 1x10-*mmHg. The intensities of 
the rotational lines emitted from the excited 
OH molecules appearing at the intersection of 
the two beams are measured by a quartz 
Littrow-type spectrograph with two prisms and 
a recording microphotometer. The _intensi- 
ties of the rotational lines must be proportion- 
al to the intensities of the electronic and 
molecular beams. Hence it is prerequisite to 
study how to realize a powerful beam of elec- 
trons, an intense beam of molecules and a 
highly evacuated collision chamber. After 
years of preliminary tests, it has become pos- 
sible to enhance the number of the excited 
OH molecules up to a desired amount. The 
molecular beam is projected into a collision 
chamber through an image slit via a source 
slit and then condensed on a metallic surface 
cooled by liquid air immediately after having 
run a short distance of ten millimetres or so. 
The electronic beam is emitted from an oxide- 
coated cathode in a specially designed electron- 
gun and focussed just in front of the image 
slit by electric and magnetic means. Both 
the hydrogen and oxygen gases appearing at 
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the intersection of the two beams and the 
residual gases emanating from the metallic 
wall bombarded by electrons are rapidly eva- 
cuated by three oil diffusion pumps designed 
for use in high speed pumping, 


§2. Experiment 


The main purpose of this experiment is 
firstly to make sure of the intrinsic abnormal 
rotation due to purely electronic collisions of 
water molecules and secondly to see its de- 
pendence on the energy of colliding electrons. 
It may, therefore, be necessary that only the 
collision process between water molecules and 
electrons with energies lying within a definite 
narrow range, namely— 


(A) H,0+e—> OH*+H+e, 


should be observed without being confused 
with all of the other collision processes, (B), 
(C), (D), (E) and so on as indicated in the last 
section. In order to realize such an idealized 
picture, the three axes at right angles to one 
another being taken in vacuo, in the direction 
of the y-axis the beam of electrons with nearly 
uniform velocities is shot and at the same 
time in the direction of the z-axis the beam 
of water molecules is projected. Nevertheless, 
at the intersection of these beams, various 
excitations of dissociated atoms may take 
place in company with (A) as follows: 


(b) H,O-+e— OH+H*+e, 
(c) H,0O+e > H*+H+O+e, 
(d) H,0+e > H+H+0*-re, 


and moreover miscellaneous ionizations as, for 


instance, 
(e) H,0+e — H,O*-+2e , 
may also occur as have recently been discuss- 
ed in detail by K. J. Laidler™. Quite fortu- 
nately, however, only the OH* in the process 
(A) emits a crowd of rotational lines in the 
neighbourhood of the wave-length 30604, 
which is able to be detected in the direction 
of the x-axis**. 
ae. precise measurement of the excitation func- 
tion by means of a molecular beam, a multiplier 
phototube and a lock-in amplifier is under prepara- 
tion in our laboratory, and in the meantime, for 
simplicity, the process (A) comprehends all of the 
processes as follows, without distinction of electronic 
state in the recoiling H; 

H,0+e > OH*+ H*(m=2, 3, 4, ---)-+e, 
and H,O0+e > OH*+H*+2e, 
where 7 is the principal quantum number, 
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The collision chamber. 


Fig. 2. 


The intensity of the rotational line emitted 
from the OH* molecule having an angular 
momentum corresponding to the rotational 
quantum number XK’, /(c’), is proportional to 
the number of molecules per unit volume 
N(K’) and the transition probability PUK’, 
K”). Since N(K’) must be proportional to 
the number of collisions per unit volume per 
second at the intersection of the two beams, 
in order to make /(K’) measurable by rather 
short exposures, it is of imperative necessity 
to enhance the intensities of both the electronic 
and the molecular beams. An intense beam of 
electrons is obtained from a specially designed 
electron-gun with electric and magnetic focus- 
sing actions. As shown in Fig. 2, thermal 
electrons are emitted from an oxide-coated 
surface at the top of the nickel cap (5) with 
a diameter of 8mm. The electrons drawn 
out of the cathode (5) by the probe electrode 
(6) are shot into the collision chamber through 
the accelerators (7) and (8) and brought to a 
focuss just in front of the so-called image slit 
(13), where they hit the molecular beam. 

The beam of electrons passes through the 
spot in a bundle of 6mm in diameter and its 
intensity is of the order of 50mA_ under 
favourable conditions. The focussing of elec- 
trons is attained by the co-operation of the 
magnetic field due to the electromagnet (11) 
with the electric fields between the cathode 
(5), the screening electrode (9), the probe elec- 
trode (6), the accelerators (7) and (8). The 
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energy distribution of the electron beam is 
measured by the electrodes (12) composed of 
a Faraday cage cooled by running water, a 
screen grid suppressing reflected and secondary 
electrons and a grid with varying potential of 
retardation. The separation of the thermal 
electron source from the image slit at a dis- 
tance of fifteen centimetres is suitable to 
prevent the oxide-coated surface from being 
damaged by scattered molecules. All parts of 
the vacuum system are made of metal and 
connected with one another by rubber pack- 
ings. A bird’s-eye view of the collision cham- 
ber, a side-view of the whole apparatus and 
an inside view of the electron-gun are present- 
ed in Figs. (3), (4) and (5) respectively. 


@ . ; o* Va : ‘ 
Fig. 3. A bird’s-eye view of the collision chamber. 


As the walls are all connected to the earth 
in order to ensure that the collision space 
may be free of electrical fields, the terminals 
of the electrodes in the electron-gun are all 
attached to the insulated disc (10). The most 
intense beams are obtained when the probe 
electrode is at the potentials ranging from 
500 to 800 volts higher than the cathode. The 
addition of potentials, either accelerating or 
retarding, to the succeeding electrodes allows 
to change the energy of the beam from 
1,000 down to 20 volts. Let (E)dE be the 
number of electrons which have energies 
lying in the range from E to E+dE, and the 
number of such electrons passing per unit 
time through the spot where the collision takes 
place is proportional to 2(E)\/EdE. The 
curves in Fig. 6 show some examples of 
ME)1/E versus E for different combinations 
of potentials imposed on the electrodes, the 
screening electrode (9) being always kept at 
equipotential to the cathode (5). Although the 
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shape of the curve more or less changes in 
dependence on the combination, the upper 
limit is always well defined and the lower side 
is somewhat diffuse. For instance, in the 
beam of 600 volts, the maximum is located at 
the & value a little lower than the upper limit, 
while electrons of nearly 400 volts are also 
contained in some measure. Strictly speaking, 
therefore, the homogeneity of energies in a 
given beam is not complete, but the order of 
separation in the energy distributions for dif- 
ferent accelerating potentials may be regarded 
as satisfactory for the present purpose. 
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A side-view of the whole apparatus. 


Fig. 4. 


The water molecules sent through the pipe 
(15) are projected into the collision chamber 
through the so-called source slit (14) and the 
image slit (13). Here are two requirements 
to be solved in order to enhance the intensities 
of the rotational lines. One is to make the 
molecular beam as strong as possible and the 
other is to keep the vacuum of the collision 
chamber as good as possible. Although they 
are at first sight contradictory to each other, 
this contradiction is avoided by the co-opera- 
tions of the very rapid condensation of water 
molecules on the metallic surface (2) cooled 
by liquid air trap (1) with the high speed 
evacuation by the three pumps of oil diffusion 
type joined to the flanges (17), (18) and (19). 
The beam of water molecules shot through the 
image slit which is one half millimetre in width 
and five millimetres in length in the direc 
tion of the x-axis is condensed on the lower 
surface of the copper cylinder (2), immediate- 
ly after having run a short distance of ten 
millimetres or so. The distance of flight is 
adjusted by the bellows (8). The scattered 
molecules in the collimator chamber between 
the source and the image slits are also rapidly 


Radiative Molecular Collision 


1163 


removed by the condensation on the silvered 
surface of the liquid air trap (16) and an oil 
diffusion pump. According to R. G. J. Fraser 
“Molecular Rays” Cambridge, a pump having 
the effective speed at the collimator chamber 
of 10 litres per second at a pressure of 1073 
mmHg is equivalent on the average to a per- 
fect condenser of rather less than 1cm?. In 
the present experiment, the effective areas of 
the cooled surfaces are about 200cm? in (1) 
and about 100cm? in (2). With keeping an 
eye on the ion gauge (4), the vacuum in the 
collision chamber is kept at the fixed pressure 
of 1x10-*mmHg, by adjusting the intensity 
of the molecular beam. 


An inside view of the electron-gun. 


Fig. 5. 


The intensity distributions of the rotational 
lines emitted in the direction of the x-axis are 
measured by the quartz Littrow-type spectro- 
graph with one 30° and one 60° prism, the 
dispersion of which is 5.5 A/mm, and the re- 
cording microphotometer with a phototube and 
a string electrometer. As the method of 
photographic photometry has already been 
described in detail elsewhere, only an example 
of microphotometric figure is given in Fig. 7. 
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Fig. 6. Energy distributions in electron beams. 
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§3. Results 

In the excited diatomic molecule, the different 
angular momenta—electron spin, electronic 
orbital angular momentum, angular momentum 
of nuclear rotation—form a resultant that is 
always designated J’. Since the electronic 
state of the OH* molecule is ?>)+, the result- 
ant spin of the electrons is represented by the 
quantum number 1/2 and the resultant orbital 
angular mometum precesses at right angles 
about the internuclear axis. The nuclear 
rotation is essentially a motion of a light 
particle, the H atom, circling about the heavier 
O atom, the angular momentum of which is 
represented by the quantum number AK’. A 
rotational level for a given K’ value splits 
into two levels corresponding to J’=K’+1/2 
and J’=K’—1/2. Furthermore since the pre- 
cession of the electronic orbital angular mo- 
mentum is not uniform in the rotating mole- 
cule, on the average a non-zero component 
results in the direction of K’. The energy 
difference in the doublet splitting due to these 
causes, however, is so small in comparison 
with the rotational energy of the H atom that 
the K’ value itself is taken as the parameter 
to use in describing the intensity distribution 
among the rotational lines. Let NUK’), [(K’) 
and P(K’, K’’) be the number of molecules 
per unit volume at the rotational state K’, 
the intensity of the rotational line emitted 
from these molecules and the transition pro- 
bability from the excited ?>)*+ state to the 
ground II state, and they are connected with 
one another as follows: 

TE )=CRK’, KONG), ly 
where C is a constant. The rotational inten- 
sity distributions for different energies of im- 
pinging electrons are shown in Fig. 8, in 
which the energy of an electron beam is re- 
presented by the upper limit for the reason 
given in the last section. 

The separation of rotational lines from 
adjacent ones is more favourable in the Q, 
branch than in any other branches. This is 
the reason why the present measurements are 
for the most part made in the Q, branch, 
which are shown by circles in Fig. 8. The 
rotational lines, however, lying in the region 
of the dotted lines are so close to their nearest 
neighbours that their reliabilities are judged 


< Fig. 7. The microphotometric figure for 500 
volts, 
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to be too low for intensity measurements. The 
judgements are made with reference to “A 
Spectrophotometric Atlas Ol them) 4— cll 
Transition of OH” by A. M. Bass and H. E> 
Broida™. The points denoted by triangles are 
calculated by making use of well isolated lines 
of another branches as follows. The proba- 
bility P(K’, K’’) in the equation (1) can be re- 
placed by the intensity factor 7(K’, K’’) which 
is equal to (2K’+1)P(K’, K’’) and has already 
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The abnormal intensity distributions among rotational lines in purely electronic 
The energy of electrons is indicated by the upper limit. 


been evaluated by L. T. Earls!®, namely— 

WK) =CiK’, K’)NEY/CK'+)) . (2) 
As I(K)/i(K’, K”) is equal to CN(K’)/(2K’ +1) 
which contains only K’, the values of log 
{IK |i(K’, K)} for different branches can 
all be plotted in the same one curve against 
the initial rotational energy B’K’(K’+1) as 
shown in Fig. 9. From these curves the 
triangular points mentioned above can be 
obtained by simple calculations. 
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Fig. 9. I(K)/i(K’, K") versus B'K"(K’+1). 


There may be involved in Fig. 8 the answers 
to the two questions which have long remain- 
ed pending, namely—what features have the 
abnormal rotations due to purely electronic 
collisions and in what manner does the energy 
of impinging electrons exercise an influence 
upon them? The first answer tells us that 
almost all of the OH* molecules are ab- 
normally rotating. The fact that the abnormal 
maximum is at all times predominant over 
the thermal maximum js standing in sharp 
contradiction to that in ordinary electric dis- 
charges as shown in Fig. 1. A question may 
arise as to whether the OH* molecules observ- 
ed here are born in the process (A) or in the 
process (A’) as follows; 


(A) H,0+e — OH*(1)+H+e, 
and 
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H,O+e — OH+H*-+e , 
OH-+e -» OH*(2)-+e . 


A further question may also arise whether 
either one of the two maxima is due to the 
OH*(2) molecules or not. If either one of these 
questions were the case, the intensities of the 
rotational lines should vary in a different 
manner from what would be expected in (A) 
in dependence on the intensity of the electron 
beam, because, contrary to the OH*(1) mole- 
cules, the OH*(2) may be expected to be pro- 
portional in number to the square of the 
intensity of the electronic beam. Both of the 
intensity distributions compared with each 
other in Fig. 10 were photographed on the 
same one photographic plate at the electron 
energy of 600 volts, one of which was taken 
by an exposure of 1 hour and an electron 
beam of 14mA in intensity, while the other 
by an exposure of 3.5 hours and an electron 
beam of 4mA in intensity. There may be 
any distinct difference neither in the intensity 
itself nor in the shape of intensity distribution 
curve. In conclusion, the predominant ab- 
normal maximum may be the very feature 
characteristic of the OH* molecules produced 
in the simultaneous excitation and dissociation 
of water molecules by purely electronic col- 
lisions. 

The second answer tells us that the rota- 
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Fig. 10. Dependence on the intensity of electron 
beam, 
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tional intensity distribution does not show any 
appreciable change in dependence on_ the 
energy of impinging electrons in the wide 
range from 20 to 1,000 volts. This distri- 
bution, therefore, may be attributable to the 
nature characteristic of the excited states of 
water molecule taking part in the process 
(A) considered. According to J. J. Hopfield!” , 
the absorption spectrum of water vapour ex- 
hibits three intense bands starting at about 
1800 A (6.9eV), 1380 A (9.0eV) and 12504 (10 
eV), each of them being called “ A-band a 
“B-band” and “C-band” respectively. The 
total intensity of the (0,0) band emitted from 
the OH* molecules in a triode-type discharge 
tube filled with water vapour has been mea- 
sured by G. Hayakawa! as a function of the 
grid potential, from which the excitation 
potential may be estimated to be in a range 
from 9 to lleV. 

According to F. O. Ellison and H. Shull®, 
the ground state MO electronic configuration 
for H.O is written as follows: 


(1a;)?(2a;)?(1b2)?(3a1)?1by)? , Ay. 


The excitation of one of the outermost lying 
lone-pair electrons may give the lowest excited 
states as follows: 


(1ay)*(2ay)?(1b2)?(3a1)?(1b1) (3s) , 


which might be attributed to the A-band. The 
excited states resulting from the excitation of 
one of the bonding electrons (3a,)? and (10,)?, 
namely— 


(1Lay)?(2a1)*(1b2)?(8a1)(11)(3s) , 


13B, ’ 


ms 3A, 9 
and 
(1a;)?(2ay)?(1b2)(3a;)?(1b;)2(3s) , Be, 


might contribute to the B- and C-band respec- 
tively as shown in Fig. 11. Either one or 
both of the last excited levels might also be 
attributed to the excited states concerning the 
process (A). After having been raised by 
electron impacts up to the excited states, '*A1 
or 1-3B,, some water molecules would probably 
be decomposed spontaneously into recoiling H 
atoms and abnormally rotating OH* molecules. 
If the potential-energy surfaces for these 
excited states will have been elucidated, the 
path of the recoiling H atom will be known 
and the excess angular momentum accepted by 
the remaining H atom will also be determined. 
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Fig. 11. Energy level diagram for H,0O. 


$4. Discussion 


Since a LCAO MO treatment for the excited 
states of H;O is not yet available at present 
time, there is no help for it but to begin 
advancing discussions forwards by means of 
a tentative interpretation of the mechanism of 
the abnormal rotation as follows. In a model 
without regard to hybridizations, the (2p) 
electrons of the oxygen atom are making 
electron-pair bonds with (1s) electrons of the 
hydrogen atoms. If either one of the two (2p) 
electrons is raised to the (3s) orbital by an 
impinging electron, two different states may be 
taken place as shown in Fig. 12. In the singlet 
state, there remains no longer any directional 
character of bonding, owing to the spheri- 
cal symmetry of the (3s) orbital. If the bond 
strength between the hydrogen (ls) and the 
oxygen (3s) is not strong enough to allow this 
hydrogen atom to move along a circle about 
the oxygen atom until making a linear stable 
molecular form, this hydrogen atom may fly 
off in a certain direction intermediate between 
the radial and the tangential directions. Then 
the law of angular momentum conservation 
requires the remaining hydrogen atom to ac- 
cept an excess angular momentum about the 
oxygen. On the other hand in the triplet 
state, owing to the anti-bonding character 
between the hydrogen (1s) and the oxygen (3s) 
electrons, the hydrogen atom may fly off in a 
direction nearly radial from the O, the remain- 
ing hydrogen atom being unnecessary to 
start any other excess rotation than its origi- 
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nal rotation due to thermal agitation. These 
tentative considerations would seem to lead us 
to the expectation that the abnormally rotating 
OH* molecules come out of the singlet state 
and the OH* molecules with thermal rotations 
result from the triplet state. 


GROUND STATE 


Fig. 12. <A tentative interpretation of the ab- 
normal rotation. 


Some question, however, may arise especially 
as to the contribution of the triplet state, 
because the ground state of HO is a singlet. 
Well known examples for transitions involving 
change of multiplicity from singlet ground 
state to triplet excited state are seen in He 
and Hg atoms. In He the transition is optically 
forbidden and the electron exchange collision 
plays a predominant role in electron-impact 
excitations. If it were the case with water 
molecule too, the rotational intensity distri- 
bution should be expected to show a remarka- 
ble change in dependence on the energy of 
impinging electrons, because the cross-section 
of the electron-impact excitation to the triplet 
state Q(T) must be finite only in the vicinity 
of the excitation potential. On the contrary 
in Hg, the transition is optically allowed and 
Q(T) remains finite up to higher energies of 
impinging electrons as well as the cross-section 
of the electron-impact excitation to the singlet 
state Q(S) does. If it is the case with water 
molecule too, the rotational intensity distri- 
bution may be expected not to show any ap- 
preciable change in the relative height of the 
thermal maximum to the abnormal in de- 
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pendence on the energy of impinging electrons. 
According to the experimental results presented 
in Fig. 8, it looks likely that the situation of the 
latter is similar to that of the electronic ex- 
citation of water molecules leading to both 
thermally and abnormally rotating hydroxyl 
radicals. 
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Fig. 13. N(K’) versus K’. 


The ratio of Q(S) to Q(T) is estimated as 
follows. In Fig. 9 in the last section, the value 
of LK )/iK’, Kk”), that is, NK)/(2K’+1) is 
plotted against B’K’(K’+1), all of them look- 
ing similar almost independently of the electron 
energy. The average distribution curve of 
N(K’) versus K’ is derived at once from them 
as shown in Fig. 13, in which the dotted curve 
corresponds to the Maxwellian distribution for 
300°K and the rest (1) gives the distribution 
for the abnormally rotating molecules. The 
ratio of Q(S) to Q(T) is given by the ratio of 
the areas under the two different curves and 
nearly equals 5 to 1. So much weight, how- 
ever, can not be placed upon this numerical 
value, because these curves can not be drawn 
without some ambiguities. For instance, if 
the total area is divided by a curve as shown 
by (2), the ratio increases up to 20 to 1. On 
the average, therefore, Q(T) seems to be of 
the order of one tenth of Q@(S). Since the 
electron exchange plays only a minor role in 
exciting water molecules, a question may arise 
as to the reason why the contribution of the 
triplet state is so large. 

If the thermally rotating OH* molecules 
were produced only in such a way as shown 
in Fig. 12, the triplet state considered here 
should not be of purely triplet character, but, 
due to spin-orbit interaction, contain an admix- 
ture of singlet character to some extent as in 
Hg. This is intuitively less probable and more- 
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over there is no reason why the triplet state 
should be the only source of the thermally 
rotating OH™* radicals. They may also be 
able to result from another kind of singlet 
state different from that discussed above. 
Actually in the present experiment, the path 
of the molecular beam looks reddish owing to 
the Balmer series, giving a fairly intensive 
lines due to excited hydrogen atoms as shown 
in the spectrogram of Fig. 14. These lines 
may be expected to appear from the processes 
as follows; 


H,O+e— OH+H*-+e , 
H,O+e — OH*+H*-+ 


In the present model, the simultaneous excita- 
tions of the oxygen (2p) and the hydrogen (1s) 
electrons up to the oxygen (3s) orbital and 
a hydrogen orbital with a much _ higher 
principal quantum number respectively leads 
to a sudden increase of a great amount in the 
equilibrium distance of O-H. In the process 
of this kind, therefore, even in a singlet 
state, the recoiling H may fly off radially just 
in the same way as in the triplet state con- 
sidered above. Accordingly, it looks more 
plausible that the thermally rotating OH* 
radicals result from such a species of singlet 
state under the condition of the present ex- 
periment. 
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Fig. 14. The hydrogen Balmer series and the OH 
(0, 0) band emitted from the intersection of the 
two beams. 


Let 4E be the potential difference of the 
hydrogen atom before and after leaving its 
original position, then the momentum after 
having been driven off is given by 1/2md4E, 
where m is the mass of H. Let @ be the 
angle specifying the direction of recoiling as 
shown in Fig. 15, then we have 


V2mdEasin0=M/K (K'+1/2x, (3) 
where the right hand side represents the 


angular momentum accepted by the remain- 
ing hydrogen atom and a is the O-H distance. 
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Let K’m be the maximum value corresponding 
to 6=90°, then we have 


V 2m4EG=W/K (Km +122 - (4) 
From (3) and (4) we have 
sin 6= VICK =D) KK 2 ie (5) 


It has been seen in Fig. 13 that the angular 
momentum distribution of molecular number 
for the abnormally rotating OH* radicals 
shows a maximum at the K’ value of 17 and 
exhibits a tail-end near 28. It may presum- 
ably be considered that the former of these 
rotational quantum numbers is closely related 
to the most probable direction for the recoil- 
ing H and the latter to the extreme value 
Km defined as above. Putting these numeri- 
cal values into the equation (5), we see that 
the most probable angle is equal to 37°52’, 
which is quite coincident with the angle_ “OHH 
of 37°45’, since the valence angle HOH is, 
as is well known, 104°31’. Accordingly the 
recoiling hydrogen atom may be expected to 
be driven off nearly in the direction of the 
H-H repulsion with the highest probability. 


Fig. 15. The direction for the recoiling H atom. 


It is a matter of course that the LCAO MO 
treatment including at least the (3s) orbital 
for the excited states of H,O should be desir- 
ed to examine whether all of the conclusions 
derived in this section merely by the tentative 
interpretation of the abnormal rotation based 
upon a simple model of water molecule are 
plausible or not. When one succeeds in evalu- 
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ating the potential-energy surfaces for the 
excited states of !°A, and }%B,, contrary to 
the above expectation, it might be proved 
that only one of them, for instance a single 
excited state 1A,, is enough for production of 
both the abnormally and thermally rotating 
OH* molecules. Some years ago K. Niira’? 
drived the first spade into the laborious cal- 
culations of the potential-energy surfaces for 
the excited water molecule from the standpoint 
of the AO method, in which, unfortunately, 
the contribution of the oxygen (3s) orbital was 
not yet fully taken into consideration. In 
order to obtain much more detailed infor- 
mations about the present problem, it seems, 
at any rate, to be keenly desired for the MO 
treatment of H.O to be promoted up to the 
higher excited states. 
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On the Magnetic Moment and g- 


By Hiroshi KAMIMURA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received August 11, 1956) 


Magnetic properties of complex salts containing paramagnetic ions of 
transition elements are studied on the crystalline field model. Strong 
cubic crystalline field splits d-orbital into dy and de, and the magnetism 
is due to incomplete de shells. The crystalline field is assumed to have, 
besides cubic part, a component of tetragonal or trigonal symmetry, 
comparable in magnitude with spin-orbit interaction. Energy level 
structures, g-values of the ground state and magnetic susceptibilities 
are calculated for (dey configurations 1<n<5, The effective numbers 
of Bohr magnetons, which measure the magnetic susceptibility, are 


obtained as explicit functions of two parameters «x=72A/TkT and Vi Aj lel 
where A is the coefficient of tetragonal or trigonal field, and 2 the 
constant of spin-orbit coupling. The result is applied to the discussion 
of magnetic properties of K3Fe(CN)s and K3Mn(CN)s. In Appendix, it 
is shown that the result for the field of trigonal symmetry becomes 
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Value of Complex Ions 


equivalent to that for the field of tetragonal symmetry. 


§1. Introduction 


It is well known that the magnetic sus- 
ceptibilities of some complex ions of the iron 
group transition elements differ considerably 
from those of simple salts containing the same 
metallic ions.* This has been explained by Van 
Vleck” as the effect of the break-down of the 
Russell-Saunders coupling caused by the very 
strong crystalline field. In the ferricyanides, 
for example, the 3d electron level splits into 
a higher doublet dy and a lower triplet dé 
under the influence of a large cubic field. 
The five 3d electrons of the central Fe*** ion 
must be housed in these dé states. Then the 
spins of two pairs of electrons cancel each 
other, and the ion shows the magnetic moment 
corresponding to one electron spin. According 
to this interpretation, magnetic moments of 
these complex ions are ascribed to the electron 
configurations (d&)”. This mechanism can 
account for the large reduction of magnetic 
moments of metallic ions in complex salts, but 
this simple theory usually predicts too low 
values of the magnetic moments, except in 
the case of (d&)?, as long as we take only 
spins into account. Moreover, the Curie’s law 
is not obeyed in most of these paramagnetic 
complex salts, especially in lower tempera- 


* he first interpretation of this fact was given 
by Pauling” on the basis of the directed electron 


pair bond. 


tures. However, this discrepancy can be ex- 
plained by taking into account the contribution 
of orbital magnetic moments, which are partly 
still alive in dé&-orbitals. This was pointed 
out by Kotani». He calculated the magnetic 
moments for octahedral complex ions of the 
type [MX,] upon the assumption that the 
crystalline field has cubic symmetry. Usually, 
however, the macroscopic symmetry of para- 
magnetic crystal is monoclinic, rhombic, etc., 
and the local crystalline electric field, to which 
paramagnetic ions are subjected, is lower than 
cubic, even if the ligands would take strictly 
cubic arrangement. Moreover, in all cases 
where we have a degenerate orbital state for 
a cubic arrangement, some distortion should 
occur to remove the orbital degeneracy, in 
accordance with the theorem of Jahn-Teller”. 
Therefore, we may expect that the central 
magnetic ion is subjected to a crystalline field 
with symmetry lower than cubic. 

From this standpoint, we are going to de- 
rive theoretical formulae for magnetic moments 
and g-values for electron configurations (d&)” 
for all possible values of ~, 1<m”<5 upon 
the assumption that the crystalline field is 
nearly cubic but has small tetragonal com- 
ponent or small trigonal component. For the 
field of rhombic symmetry, which is more 
general than the ones mentioned above, we 
can not obtain the expressions of magnetic 
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moments and of g-values in closed forms. 

In the present study, we intend to derive 
results of more or less general character, 
which enable us to understand, at least quali- 
tatively, the paramagnetic behaviour of the 
wide class of complex salts, rather than to 
carry out a detailed calculation for any parti- 
cular substance. 

This is the reason why we have assumed 
crystalline fields of tetragonal or trigonal. sym- 
metry and why we have put the crystalline 
field of rhombic symmetry aside in the present 
paper. In the present treatment the non-cubic 
part of the crystalline field contains a single 
parameter as far as we confine our attention 
to the crystalline field quadratic in the coordi- 
nates, and the effective number of Bohr ma- 
gnetons is obtained as a function of two 
parameters, «=7A/7kT and y=A/2kT, while 
g-values depend on a single parameter ¢= 


7PA/’. This enables us to discuss the general 
behaviour of these quantities fairly easily. 
On the other hand, a detailed investigation 
about a particular complex salt will probably 
require a more careful formulation of the 
crystalline field, especially at low temperatures. 
Howard’s calculation of K3Fe(CN), is an ex- 
ample of the studies of this sort. 


General Procedure 


§ 2. 
If we neglect the exchange interaction be- 
tween paramagnetic ions, each paramagnetic 
ion can assume its various substates according 
to Boltzmann’s law, independently of other 
ions. Thus we have effectively “single ion 
problem,” and the molar susceptibility can be 
calculated by the well-known formula” 


L > (Egan) /kT— 2B nl exp (—E£/kT) 

a Sem eRe Os saat 

ee 
where Z is Avogadro’s number, £° is energy 
values under no applied magnetic field, ED 
and E® are coefficients of the Ist and 2nd 
order Zeeman energies respectively, defined 
by the relation 


Eom. = BO ae E 


x 


OA BO F242... 


mm Trim ( 2 ) 
On the other hand, the g-value can be derived 
from the coefficient of the lst order Zeeman 
energy of the ground state. 


In order to apply this general expression to 
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the case of octahedral complex ions, we take 
the following Hamiltonian for the central ion 


HC = KH 0+ Vewie +V" 


+ S4b-s+bH- (+2s:)}, (3) 


where &, is the Hamiltonian of the free 
metallic ion without spin-orbit coupling, Veuvie + 
V’ is the electrostatic energy in the field of 
the neighbouring ions, Veuwie having cubic 
symmetry and V’ tetragonal or trigonal sym- 
metry, 4 is the constant of the spin-orbit 
interaction and H is the applied magnetic field. 
Our calculation is based on the following 
assumptions: 
(1) In the Hamiltonian (3) Veuvie is dominant, 
that is, the cubic field is so strong that the 
level dy lies sufficiently high above d&, and 
the central ion has the electron configuration 
(d&)" only. 
(2) £V° is; of thestorm 


V=A > Be2—72) , (4) 


in the case of the field of tetragonal symmetry 
whose axis is z-axis, and 


Vi 2a, (xiyst yizitZiai) , (4’) 
in the case of the field of trigonal symmetry 
whose axis is in (1, 1, 1) direction. The gener- 
al field of tetragonal or trigonal symmetry 
would contain other terms in addition to the 
ones mentioned above. We have neglected, 
however, these terms because these would be 
of higher orders. 

(3) The tetragonal or trigonal term and the 
spin-orbit coupling are of comparable magni- 
tude. The magnetic energy is always regarded 
as a small perturbation on these terms. 

(4) The exchange coupling between para- 
magnetic ions is negligible. 


$3. Caleulation of Effective Magnetic Mo- 
ments and g-values 


We give in the following our results for 
each value of ” separately. As it is shown 
in Appendix, the results for the field of tri- 
gonal symmetry become equivalent to those 
for the field of tetragonal symmetry by re- 
placing A with —A. Consequently the results 
for trigonal symmetry may be obtained from 
the following results for the tetragonal sym- 
metry by replacing A with —A. 

(1) In the absence of magnetic field the eigen- 
values and degeneracies of each state are 


1956) 


found to be as follows: 
(i) (dé) 
The sextet (orbital triplet with twofold spin 
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degeneracy) level splits into three following 
Kramers’ doublets. 


E (Onre =a A) — (doubly degenerate) , 
ls 1 a 
EM =—4 are er Ay + 2 AGA) + - y EE i) 
potty ele 1 Die iB 
EG=—7 A) +41- 3 /A@ay +P AP A) + ee y ), 


where 7 denotes { f(NPr'dr. Throughout 


our calculations, we have used the wave func- 
tions of the following form as unperturbed 
orbital wave functions: 


tral 1S. gonyetr, 


¥,=,/ 1 SF NHz2/72. , 


ES ar acetal 
Se \ 
* ha OE 
(6) —s_" 
4 
* ES pete Sh 
ae | 
(a) (b) (c) 
Gis mr Av © 
benyon, 


Assuming that A is positive, the ground 
state is #$°, and as A goes negative the ground 
state is E™. 

(ii) (dé)° 

Since (d&)® is a closed-shell configuration, 
energy levels for (d&€)® are obtained from 
formula (5) by reversing the signs of A and 
A, corresponding to a positive hole. In this 
case, the ground state is at 


E®=— “(FA) +53 


. oe Sf (neyl? . 


These levels are shown graphically in Fig. 
1. Six-fold degenerate level d& shown in (2) 
splits into three Kramers’ doublets as shown 
in (b) when tetragonal field and spin-orbit 
interaction are taken into account, and (c) 
shows further splitting caused by the magnetic 
field applied along z-axis. 


(b) (c) 


(ii) 


(a) 
A<oO 


A schematic energy-level diagram for (de)!. 


a(A)— ia = ae AG@ay+ sg 2 AGA) mae 
irrespective of the sign of A. 
(iii) (dé)? 

Since Hund’s rule holds in the present case”, 
the ground state belongs to *T,, which has 
nine-fold degeneracy. This nine-fold degener- 
acy is lifted partly by perturbation and we 
get the following levels: 


O22 (7A) ie Ly. 


ia 


il il 
Mos Ge 
E® Fe ge 


a PA Bee 
xy (er 


Dh rs 
Oy 224 eg 
B Wie 7 (772A) 9 


aan iat 7 
a 2Ae 
27) + 


(6) 
(doubly degenerate) , 
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E@=4 (72A) +// rae A+ > 22 (doubly degenerate) , 
E@=- @A)—y/ AA) be ; 22 ( y joc 


These levels are shown graphically in Fig. (d€)* by reversing the signs of A and 4. The 
2. In this case the ground state is a doublet ground state is a singlet at 
with energy E® for positive A and a singlet Pcs 1 1 ; aS 
with energy E% for negative A. Ze ait’) a Ng ov 774) +272 
(iv) (dE)* 

Energy levels for (dé)! are obtained from irrespective of the sign of A. 


( 
go \ 35 es ce ee 
} oe / Eo 
/ ay | H! ‘ | 
// Lee a IE 
Jie On fat fae a fii Eo? jl 
i / ——— ne | / we 6 BA —— ee 
pits Eo 3 Whe SS 
Vis fi ma 
9 ee 3 T, (9) yer (0) 
>-+ (9) “ oe ae Ee ¥ eee 
O Nene eee } 
AN WS ¢o) 1 
. “ ES ? 1 N \Y E yi ee Sea TS a 
a ke el x Ss ee 
\ \ (9) 
\ eo ; 4 Be 
. See \ a eee ee, 
(i) A>O (i) A<O 


Fig. 2. A schematic energy-level diagram for (dé)?. 


(v) (dé) (2) The g-values 

In this case the unperturbed state does not We find the expressions for g/; and g, in 
split, as long as we do not take account of the cases of (d&)! and (dé)’. 
the higher levels. Hence the orbital motion (i) (d&)! 


of electrons makes no contribution. With positive A, 
Ve - We aeeer meer en (7) 
3( pete jerk £4 \/ at Ee 
49 21 4 dl 2 49 21 4 
and 
WAS lt 6 1 (AEE. WO OTE [a 
——f? a Se ee alt 
st, hal a es = 49° wa 4 Ue sh 
ie ep RUE 2, Sea 
gi pee see's ing a 2 
G bs ze ae fox SW pet Be Ip ary 


where ¢=72A/2. 


With negative A, both g,/; and g. give 0, because the doublet E® has no Ist order Zeeman 


energy both when the magnetic field is applied along z-axis and when the field is applied 
perpendicularly to z-axis. 


(ii) (dé)° 
Irrespective of the sign of A, 
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PRR OMEESINET 263, 4 UT aes Ee 
Ss pees a8 Saas cd sae ee eee 
Gs 21 3) (= oN ge tates 


12 1 6 1 ns eae 
ae - -+- =) — z ,/ 2 z —=7 
Si Se | oman ee 


A ee 2, Ty /6 i 7 gt I Wk | 
3(—P +4 — Seo ey ade aoa a 
G at ri} aa >) ast Tayi t | 

The g-values for (dé)! and (d&)° are plotted in Figures 3 and 4 respectively, the variable 
parameter being 72A/2. 


(9) 


and 


(10) 


Both g/; and g. for (dé)! converge to the same value 2, as the parameter 77A/A tends to 
infinity. On the other hand, g/; and g,; for (d&)® converge to 4 and 0 respectively in the 
limit of large positive value of 72A/A and to the same value 2 in the limit of large negative 
value of 7A/2. 

(dé)? will only give a paramagnetic resonance if A is positive. In this case gj; and g. 
give 2 and 0 respectively. 

(dé)* has a singlet ground state so that no resonance will be observed. This agrees with 
the experiment (see § 4). 


L 1-0 20 3:0 te, 
A 
Fig. 3. The g-values for (de)! with positive A. Fig. 4. The g-values for (de). 


(3) The magnetic moment 

We give only our results for each value of a separately. Now instead of susceptibility, we 
will use the effective Bohr magneton number err. which is connected with susceptibility 
through the relation Nore, = 3RT7/LB?. We shall omit the diamagnetic term throughout our 
calculation. The experimental measurements of the susceptibilities of paramagnetic salts 
which we quote in the present paper are corrected for the diamagnetism. 
(i) (dé)? 


Ay? 2 dy? dy? 1 \2 al a 
2 3 Ca -1} — it 3 | 3A+(62+y)V/ A ai WL ex GVA) 

Meee.) = x aah 
1+exp (3//a4 )+ exp(—8e+ 5 9+5 V4 ) 

(11) 

and 
3 
Mert. y= . 


ao j Re eee 

1+exp (37/4 )+ exp (—se+5 9+ 3 VA ) 
do ayty—2—DV A 

| 2 es \3A—6e+y)/A } 
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4a?—* ary y?-+(20—yV/ A 


aes ores rach A. 
7 (99 ky —\/ AGATE ya 5 f exo ( TVG ) 


4 aan 
oD are 2 a 
i(( 2 +y°+6x— vay a Ag 3 ty tee deo + ety?) sete 
3A+(62+y)\/A (—2e+y—-V/A 3A+6et+y)/ A} 3439/7 


(12) 


Dimes =. p48 ee ae wi 
(ess y—(6x— vay fe ea A eae, 


3A—(6z+4)\/A (— sates \34—GCxtyy/a} 348? 


4 il LA 
=, 2 ay 2 as a! sa => - == 
where 4=40?+ 3 wyty, v= 7 RT and y= 2 aT 


(ii) (dE)? 
1 


Ppe-t 4 g- (+ Sve iva) 4 ¢- (o> be- 2a) 4 gp coven) gp eee 


108y? 108y? eee 
‘ & (U+3V/ u )(2v?+4y? Wap e (v-3/ u \(2v?+4y2—v// u ,) fos 


1089? en Gergutgve) a 108 eee) 
(+h / u (20? +4y+0// a4) (U-3Y u )(2u?+4y?—v/ a ) 
oe 2 3y” = ae Sy? —(B24Y +/ wy ) 
ae 1(2 w+ 3x7/w )) rate 


Peaweere panned ae per eee 
+6 {(2 2(w—3a/w ) ante er (13) 


and 


2 — 
Mert] 


6 


Mee. 1 =~ : =a Se — =: 
e D4 o-tLe =(s03 y+ era ae +e - (3042 Ws Va) 4 op een evgy 2e-Gery-Vw) 


u |-2 | (2y+30+V/w )? ne (2y+30—-V/w 
(Ba+y+7/2 ) (4y? +362?+1207/2 ) ) Ba+y— ho ) (4y?+ 36a2— 12%1/w ) 


+ Qy—Sa-V'w }? “(ate (2y—32+V/w )? lens 
(—3e-+y— Vw (49? + 36a?-+ 1221/29 ) (eS 3e+y+1/w *+)(4y?+ 3622 — —122)/w ) 


+f {3y?+ 2y(3e+4d/ u@ )+4(30-+ 3 IV u )3e+//w )}? 
2(ay+h are S45) \(4y2+- 3622 +1224/yy \(4y2+202-+oy/%) 
{3y? + 2y(Ba+37/ uw )T4Scth/ uw V3%—Yw ye he o Gat Bu+dvu) 
2ay+3V u +7/w \(4y?+362?—1201/w )(4y? +202+0// % ) 
+ {3y°+2y(3e—hH/ 4 )+4(82—h/ uy \ Be+/w )}P 
2(3Y—3V/ a —V/w \(4y?+3622+ 1221/2 \4y?+2e+0/ y ) 


(894 2u80— a )4AGe— b/w ICe—/ ae} «| sons uve) 
2(49— WY ae +1/w \(4y? +362?—12ey1/oy )\(4y? +2v°—v1/ y ) tl 


+ { 2(2y+32+7/ is (2y— 30—1/w ? 
(Be+y+ /w (4y?+362?+12e/y) (— Be ty—V/w \(4y?-+362?-+1224/ ry ) 
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2(4y—3// u —V w )(4y?+362? + 1L20/ w (4y?+202>—v// x ) eet 
| bee EY a (2y—32+V/w 
(3a-+y—V/w )(4y°+362*—1ey/w)  (8x—y—7/w ) (4y? +3602 day/w ) 
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Qdy+3V/ wu +V/w Ay? +362? 1227/2 \(4y? +20*+0// a ) 
= {3y?-+2y(3x— 27/4 )+4Be—IV/ u Be w )P mere 
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where u=(6x—y)?+8y?, v=32—3y and w=92?+y?. 


so)es, =O S07] (0) 01 02 03 O04, Fy 


-0-4 


Fig. 5. mere.cj/) for (de)*. 
fis (ae)? 

The formulae for (d&)°® can be obtained from 
(11) and (12) by substituting —« for # and 
-—y for y. 

(iv) (dé)* 

The formulae for (dé) can be obtained from 
(13) and (14) by substituting —x for # and —y 
for ¥. 

The behaviour of Merr.cjj) in the cases of (dé)! 
and (dE)’ is represented graphically in Figures 


5 and 6. 


= 210 220230 2:40 bso 2. 
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\ | 
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mert.cj/) for (de). 


Fig. 6. 


$4. Discussion of the Result and Com- 
pairson with Experiment 


We are going to discuss experimental results 
in the light of our theory. In this case it is 
desirable that there are experiments on com- 
plex salts in which each paramagnetic ion lies 
in the surrounding with exactly tetragonal or 
trigonal symmetry, but such experiments have 
not been reported. 

At present, experiment on temperature de- 
pendence of susceptibility has been reported 
only both on K3Fe(CN), and on K;Mn(CN)z, 
which correspond to electron configurations 
(dé)> and (dé)* respectively. 
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In the following we shall discuss the results 

for each case separately. 
(dé)‘, Mn+. The magnetic susceptibility of 
potassium manganicyanide has been measured 
at temperature from 4.2°K to 300°K by Cooke 
and Duffus® for powdered specimen, while. 
no paramagnetic resonance was detected by 
Bowers». This agrees with our theory, as 
we mentioned in section 3. 

Now we can not determine the symmetry 
of a crystalline field for this salt, because we 
have the experimental data only on the pow- 
dered specimen. By comparing with this ex- 
periment, however, we want to find the effect 
of the field with symmetry lower than cubic. 
We attempt to compare our theory, therefore, 
with experimental result by using the formula 


1 2 


2 — 2 2 
WW sce averige) a 3 Meee cf[ye 3 Mere.cry > 


Where mej, and m-,¢,, are given from the 
formulae (13) and (14) by substituting —z for 
« and —y for y respectively. 

Best agreement is obtained by taking A4/kR= 
410°K and 7A/k=—287°K. As is shown in 
Figure 7, the result of Kotani’s calculation is 
improved by taking account of the field with 
lower symmetry. 


2 
Net. ( average ) 


100 200 300 TK 


Fig. 7. Variation with temperature of the effec- 
tive Bohr magneton number of potassium man- 
ganicyanide (powdered specimen). Experimental 
points are shown as circles. The solid curve 
represents the variation predicted by our theory. 
The broken curve shows 
in the case of the 
taking 4/k=410°K, 


the theoretical curve 
field of cubic symmetry, 
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The value obtained for 2 seems to be rea- 

sonable, since the spin-orbit coupling constant 
in the crystal may be smaller than the free 
ion value (4/k=492°K). A slight change 
(less than 10 percent) in parameter A causes 
no appreciable difference in 7?,, . 
(dé), Fe®+. The susceptibility measurement 
on single crystal of K;Fe(CN),, over the tem- 
perature range T=300°K to 90°K, was carried 
out by Jackson™, while a single resonance 
line was found by Bleaney and Ingram™, The 
g-values have also rhombic symmetry, with 
values a-axis, 2.30; b-axis, 2.18; c-axis, 0.94. 
Here the accuracy is not very high because 
of the abnormally large line width: 

Although the principal values of the ma- 
gnetic susceptibility and of the g-value show 
that the symmetry of the local crystalline field 
to which the ion is subjected is rhombic, they 
suggest that the local field is very nearly axial 
in symmetry. Therefore, it is significant to 
use our theory in order to give a consistent 
and qualitative account of experimental results 
on the susceptibility and on the g-value. 

If we want to place much weight in quanti- 
tative agreement, such a more detailed calcu- 
lation as Howard” carried out will be required. 
Assuming the Hamiltonian of the form 

FC =(Az?+ By?—(A+B)2’] 
+Al-s+ BH-(I+2s) , 
Howard calculated the magnitude, anisotropy 
and temperature dependence of the principal 
magnetic susceptibilities of K;Fe(CN),. 

In his calculation, he set A=E-+ 4 and B= 
E—A and neglected the terms containing 
Square or higher powers of 4, assuming that 
4, the deviation from axial symmetry, is small 
compared with £, but as in the limit when 
4=0 and the crystalline field has axial sym- 
metry the result of his theory does not reduce 
to that of our theory, his theory seems to 
require correction. 

In comparing the results of our calculation 
with the experiment, Meeeco) ANd Jo have been 
taken as mre) and gy respectively. The 
values of the parameters are chosen to repro- 
duce as nearly as possible both the correct 
magnitudes and correct temperature depen- 
dence of the susceptibilities. We thus obtained 
vr A/k=—140°K and 4/k=700°K, which yield 
9//=1.6, 9g1=2.2. Howard’s theory has been 
revised by Bersohn!™, who finds that if the 
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g-values for the a- and b-axes are fitted, that 
for the c-axis comes to 1.5. 

In figure 8 it may be seen that the magni- 
tude and temperature dependence of the ma- 
gnetic susceptibilities are fairly well repro- 


Nett. 

6-00 

5-00 

4-00 

3-00 Zz = ‘heretical curve ‘given by our theory 


6éar — theoretical curve given by Howard” 


O 100 200 300 T°K 


Fig. 8. Variation with temperature of the square 
of the effective Bohr magneton number err. 
corresponding to the principal axes a, b, ¢ of 
potassium ferricyanide. 


duced by the theoretical results, but the 
experimental g. is much smaller than the 
value derived from our formula. 

If we adjust the parameters so as to get 
the good agreement with experiment for 72, ¢)/, 
and g-values, the experimental values for 722, ¢, ) 
show a large discrepancy with our theory. 

The value obtained for 2 is fairly larger than 
A4/k=635°K, the value for the free Fe?+ ion 
which was interpolated from the spectroscopic 
data of other iron group elements. 

If we use the method of molecular orbital 
in this case, the orbital g-factor will be lower 
and the constant of the spin-orbit coupling 
will be reduced”. 

The discrepancy with experiment may be 
due to the following facts. Firstly, we have 
neglected the matrix elements connecting dy 
and d&, because these elements are of higher 
order. Besides (d&)”, however, (d&)”-(dr) or 
(d&)"-2(dy)? may be included in some percen- 
tage in the ground state. Secondly, we have 
assumed the parameter A is independent of 
temperature, though actually the parameter 
A depends on temperature slightly. 

The main purpose of the present paper is 
to explain, at least qualitatively, the para- 
magnetic behaviour of the wide class of com- 
plex salts. Unfortunately the available ex- 
perimental data are not enough, but as was 
shown in this section the agreement of our 
theory with a few experiments is qualitatively 
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fairly good. 

It seems to us, however, that there is room 
for some refinements in our theory on the 
following ground. 

In the present paper we have assumed the 
ideally ionic structure M°-"(X-), for the com- 
plex ions of the type [MX,]-”, where M re- 
presents an iron group element and X repre- 
sents a ligand such as CN, but actually the 
central ion has probably some covalent char- 
acter. In other words, some of electrons 
which are assigned to X ions migrate into the 
central ion, and the amount of polarity is to 
be between M®-”(X-), and M-”(X)g. 

We shall study this point by the use of 
molecular orbitals and we hope to obtain the 
clearer insight into the nature of intramo- 
lecular bonds in the complex ions. 
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Appendix 


In this appendix we prove that the results 
for the field of tetragonal symmeiry become 
equivalent to those for the field of trigonal 
symmetry by changing the sign of the para- 
meter A denoting the coefficient of the quad- 
ratic term of a tetragonal crystalline potential. 

It is known that within a manifold of states 
for which L is constant the matrix elements 
of potential operators are proportional to those 
of appropriate angular momentum operators™. 

For example, the matrix elements of the five 
quanties 322-77, 2?—y?, ay, yz, ze which we 
will now consider in detail are proportional to 
those of 

38L7—L?, L2—L,?, 3(Lel,+L,Lz), 
$(LyLz,+L,Ly), 1 LL2+L£202) (A1) 
within a manifold for which L is constant. 

Now by comparing the corresponding matrix 
elements we can show that the matrix ele- 
ments of the five quantities (Al) and of the 
components of L in the d& sub-space whose 
basic states diagonalize the potential of cubic 
field are proportional to those of the same 
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expressions in the p space whose basic states are real. 


Thus 
[3Z.2—L?]ae subspace = —3[3L22—L’] p space » 
[ Zn? — Ly] ae sub-space= — 3|L2*—Ly*]p space » | 
[3(LeLy+LyLz)]ae sav-space = 3[3( Lely + LyLz)|p space 5 <A2> 
[8(ZyLe + L-Ly)]aesav-spaco= S13 Lo Let LeLa)|p space » | 
[3 LLet+-LeL, ae savspace= 3h L-Let LeLe)|p space 5 
elena =—LLalpsue » (Lalenoann=—LZa}vanen » | Save 
[ZJaesuv-space = —[Lelp space 5 


where the components of the orbital angular momentum are represented in the p space by 
the matrices 


Oe Oma Os Os 0-—z 0 
[Zz] p space — ( 0 0 —<% ’ [Ly] p space — ( 0 0 0 ’ [Zelp space — ( t 0 0 . <A4> 
Onis: oO —t 0 0 On O50 


In numbering the equation throughout this appendix, we will use an angular parentheses 
rather than a round one to enclose the number, in case the equation represents an equivalence 
between entire matrices rather than between ordinary algebraic quantities. 

From the operator equivalence given in <A2> and <A3>, it follows that the matrix of 
Hamiltonian (3) with (4) in the dé sub-space can be expressed by using the matrix of the 
orbital angular momentum in the p space; that is, 


GE kensaieaad => [ Veanic + Dy {A(3a— Ti) +24h-sit+BH- (k +2s:)} Ip, space 


= i Vieanie + Dy {ar A(3h,—B) ae A “Si aia BH- (di a5 2si)} |p, space 


=const. +] x {ar A(3kz,—P) Se XL “sit BH: CE ste 2si)}|ae sub-space 


=const.+ > {—3a7ABE,,—E,,)— Alvi si t+ BH: (—lnit 28} , <A5> 


2 
21 
total value 1,"=2, and its components are represented by matrices <A4). 

If we take 2’-axis along the (1, 1, 1) direction, Hamiltonian (3) with (4’) becomes 


where a=—~, P= [ir (7)P2tdr (see (5)), Ip is the orbital angular momentum, with the 


CO iain = Vente 5 x [A@Bzi’?— Tie) 35 Af “Si se SH’ . (Li’ +2s:’)] ? (A6) 


where prime denotes the quantities whose components are taken along the 2’, 7’, 2’-axis. 
By using the fact that 


[Z? Jaz sub-space — [3(L a6 L 7] Sis L:) *le stb-space — 3| Z2,| Pp space <A7> 


the matrix of Hamiltonian (A6) in the dé sub-space whose basic states diagonalize the 
potential of cubic field can also be expressed by using the matrix of the orbital angular 
momentum in p space, that is, 
Ce wikigtaan = [ Vanbis nF = {A(32i/2—-7i/2) +2b/ - Si’ = SH’ 5 (U;" +2si’)} Ip, Space 
=[Veuvie + 2 {7° A(3E,,—1?)-+ Ali’ -8i’ + BH’ -(li’ +-281’)} |e space 
—CONSt: +[ 2 {ar AB3E,,—-l?)+ Abi’ Si" +8 H’ (Li! “E28: )} las sab.space 


=const. + 3 3a7°A 30.4, Uy) — Alyy 8s’ + BH *(—L, +281’) <A8> 
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As Hamiltonian <A5> and <A8> are the same 
in structure except in the sign of A, they 
give the same eigenvalues except in the sign 
of A. 

We have thus found that the elements of 
potential operators of the second degree in the 
d€ sub-space are proportional to the matrix 
elements of similar operators in which Dea 
and z are everywhere replaced by Jpzr, Jpy and 
This holds not only in dé sub-space but 
also for the representation T; and T, which 
arise from the single f electron level under 
the influence of a cubic field. 


py 
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On Rayleigh’s Problem for a General Cylinder 


By J. C. COOKE 
Department of Mathematics University of Malaya 
(Received June 5, 1956) 


Rayleigh’s problem, solved by Hasimoto for a general cylinder moving 
parallel to its length, is solved for small ¢?=4rt/R?, where F is the radius 
of curvature of the section, in a series in ¢, by a different and more 
straightforward method which exhibits the velocity distribution at any 


point explicity. 


Five terms of the series are given and the skin friction 


is evaluated. This agrees to four terms with Hasimoto’s result, which 


is as far as he gave the series. 


§ 1. Introduction 


Hasimoto”, in two important papers, has 
solved in series the problem of an infinite 
cylinder of general section started from rest 
in a viscous fluid with speed W parallel to 
the generators, this speed being afterwards 
maintained constant. It is also a heat conduc- 
tion problem if the cylinder is maintained at 
a constant temperature W when surrounded 
by an infinite medium whose initial tempera- 
ture was zero. The first attempt at a solution 
was made by Batchelor®, but he was only 
able to give the first two terms of the series 
for small time ¢ and the first term for large ?. 


Hasimoto gave a series for the drag at small 
# and another series for large #¢, but his solu- 
tion cannot easily be used to calculate the 
actual velocity distribution in the fluid at any 
point in the case of small 7. 

It is the purpose of this note to solve 
the problem in this case, in a direct manner, 
in the form of a series which gives the velo- 
city at any point of the fluid. The series for 
the skin friction comes out to be the same as 
that of Hasimoto. 

Indeed this paper serves mainly as an ap- 
pendex to Hasimoto’s work, but gives perhaps 
a clearer physical picture of what actually 
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happens in the fluid. 


§ 2. The Problem 


The equation to be solved for the velocity 
w, parallel to the generators is 


oH vdw , 
with w=W on the cylinder for ¢>0, w=0 
everywhere when ¢=0, and w=0 at infinite 
distance from the cylinder. 

Putting ~¢=w/W the equation to be solved 
is 

dr=vd¢ , (Gi) 

with ¢=1 on the cylinder for ¢>0, ¢=0 when 
t=0, and #=0 at infinity. 


§ 3. The Coordinate System 

Proceeding slightly differently from Hasi- 
moto we take an orthogonal coordinate system 
y, 2,9 where z is distance measured along the 
cylinder, the planes z=constant being right 
cross-sections. The surfaces @=constant are 
planes through the generators normal to the 
cylinder, and we shall take @ to be the angle 
a plane makes with some fixed plane belonging 
to the family. The cylinder belongs to a family 
of parallel surfaces y=constant; we take y=0 
to be the given cylinder and y to be distance 
along a normal to the cylinder. If in the 
section by the plane z=constant the radius of 
curvature of the curve y=0 is R, then we 
can take in general 


ds? = dy? +dz+(R+y)?d0? 
We shall write yv=R+y. R is a function of 
0 only. 
~ is of course independent of z. 
system the equation (1) becomes 


LOd. 10 Ob Peele alo 

vot or ae aoa r aie ak @) 
For flow due to a circular cylinder the equ- 

ation is of the same form, except that there 

is no last term. This term thus represents 


the effect of the fact that the cylinder is not 
circular. 


With this 


§ 4. Solution as a Series for Small 
We put 


£=2(r2)2/R, n= 5 vty dy, T=RFy, 703) 


P=F (0, )+EF i, EF lg, +++ (A) 
We substitute in equation (2), multiply by 
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4yt(=£&2R*), and equate coefficients of powers 
of & This is laborious but straightforward. 
Where R/r and its square and cube appear 
we may use the relation 

r 

prlnen 
and expand formally its inverse first, second 
and third powers. This expansion is formal 
only and can be avoided by multiplying the 
equation throughout by (7/R)’, when the 
Binomial series become finite, but effectively 
the same results are obtained by either pro- 
cedure, though they may appear different. 

Proceeding in this way we obtain the fol- 

lowing equations: — 


Fo’ +2nf o =0, (5) 
Fi Hon f YY —2Ff1=—fo' 5 (6) 
fl +2uf oo —4fa=nfo —Si' , (7) 
Fs +2nf 3 —6f3=—fo +yfi —n7fo 
(4 —2@)f1, (8) 


Fil! bent a 8h =F Ae Se 
+98 fo —(6a?—20') f 2+ (Sa?—2a’ nf, (9) 
where primes attached to each /f denote 
partial differentiation with respect to y, and 
a=R’/R, the prime here being a total differ- 
entiation with respect to @. 

The boundary conditions, holding as they 
do for all &; lead to /,(0)=1, fs(0)=0 for 
Sea pico) 0) monis= 0) 

In the equations certain properties of the 
function f appear. For instance equation (5), 
together with boundary conditions holding for 
all 6, shows that fo is independent of @ and 
consequently its partial derivatives with respect 
to 6 which occur multiplied by & or &* do not 
appear in equation (7). In a similar way the 
partial derivatives of f; and f. with respect 
to @ do not appear in equations (8) and (9). 
The partial derivatives with respect to 0 of 
3, £4, etc. will greatly add to the complication 
in the equations for f;, fg, etc. 

We notice further that the first three terms 
of the series are the same as if the last term 
in equation (2) were omitted. In other words 
they are the same functions as would be ob- 
tained if the cylinder were circular and of 
radius R. The was pointed out by Hasimoto, 
though Batchelor had shown that the first vo 
terms were the same. 


$5. Properties of the Error Function 


Before solving the above equations we re- 
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capitulate here some properties of the Error 
function following Carslaw and Jaegar”. 
Using their notation we define 


2° erfc w=erfc v= ha a e- dt 


Van 

a” eric v= [Te erfc tdt , 
where 7 is a positive integer. Differentiation 
with respect to xz is equivalent to multiplying 


by —z-!. We may extend this for negative 
nm. Thus 
e d 2 
PeTAC Es (CLIC a) ee eee 
: me ea Van ee 


and so on. 
The recurrence relation 


221" erfc x=2"-* erfc x—2nt” exfcex, (10) 
given by Carslaw and Jaegar, holds for nega- 


tive 2 as well as positive, as does the formula 


o” etic v= — 7a Tee 
2°r(— n+1 
(5 +1) 
Note that 7” erfc »=0 for all integral 2, 
positive or negative. 


Finally we note that y=z” erfc x is a solution 
of the differential equation 
y+ 2ay’ —2ny’=0. 
The functions are tabulated by Carslaw and 
Jaegar for each ” between —2 and 6. 
For convenience we shall sometimes write 
z” as an operator. 


(11) 


§6. The Solution of the Equations 


The solution of equation (5), satisfying the 

boundary conditions, is 
fo=ericy . 

Hence fy’(0)=—2/)/ xz by equation (11). 

Making use of this result and writing 
fr=(Ai4+Bi-}) erfcy , 
which satisfies the boundary condition at in- 
finity, we find on substituting in equation (6), 
that 
—ABi-Lerfey=7-' erfcy:, 

and so B=—1/4. Using the boundary condition 
f:(0)=0 and equation (11) we obtain A=1/2. 
Hence the solution of equation (6) is 


fA=(5 i-4 i) erfc 7 . 


1 1 .. asl 
J+ gt tyerte 0 9° 
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Continuing in this way we obtain 


= 1 Stain to) 
Sa (3 = aaa? erie, 


and consequently f2/(0)=1/87// z ; 
Oy oes ee, 
ig (5 ee le Jerfen 


OP TEM ae weil 1 
Fay py eT fe at AV Se De = 
pad Wis Eye tee ') erfe 
In the last equation we have used the result, 
easily proved, that 


oar 2 (1), 
ds?\R 


where ds(=Rd0) is the element of length of 
a section of the cylinder. 


Hence we have 
R? ue 
ds?\R /]~ 
Again 


fs O)= 
ty hi Alb stds al s (ones ics 
fa \Cp+ 4 ais aa e304 Tye} 


eg OL trie 
S98 32 


guoriponal qt, $0 wR IMbaa: 55 ae 

+(sytey2 ae )+(ose (ee as i 
Spas: 

+5948? lerfer. 


Hence we may show that 
Te Apps s St aren O ae 
V % A O)=76g — 94% 2): 


All the functions given here are tabulated 
by Carslaw and Jaegar except z-*erfcy and 
t-* erfc 7 which may be calculated directly, or 
or from equation (10). 


§7. The Skin Friction 
The skin friction r, is given by 


Hence we have 
8S ty Af +E FEF! +--+} 
LW 2 
oe aC) 1 
—(niy2t oR \n) 4R 
wrge((eal @i 
el aetaalg )t 


| 25 7 @ (B) 
~ 7/2 |96R!'12R ds?\R j 


which is Hasimoto’s result with an additional 
term. 
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Effective Use of Radiation and Thermal Shields in 


a Vacuum Furnace 


By Yoshikazu ISHIKAWA and Shozo SAWADA 
Institute of Science and Technology, University of Tokyo, Tokyo, Japan 
(Received July 17, 1956) 


A method for calculating the efficiency of several sheets of thick radia- 
tion shields with finite thermal conductivity is presented. It is shown 
that in case of shields having infinite conductivity, the efficiency and 
temperatures of the shields are expressed by simple formulas. It is 
shown by several examples of this method of calculations that the most 
important factors for the efficiency are found to be emissivity, thermal 
conductivity of the innermost shield and its position. Effectiveness of a 
shield with small conductivity, which we call ‘thermal shield’ in this 
paper, especially at high temperature is emphasized. Several experimental 
results are shown; they agree satisfactorily with the calculations. 


Introduction 


Sil 


Recently, a group of compounds such as 
TiC or ZrC which have a high melting point 
and can only be sintered at very high tem- 
peratures (usually above 2000°C) have come to 
attract much attention from the view point of 
solid state physics, and a high temperature 
vacuum furnace is required to investigate 
these materials. In constructing the high 
temperature vacuum furnace, the heat effici- 
ency must be good. Radiation shields are, as 
is well known, used for this purpose, and 
methods of calculating the efficiency of shields 
with infinite conductivity have been given by 
several authors.22)® But no general con- 
siderations have been published under what 
conditions they are effective. This problem 
may become very important, especially when 
required temperature is very high. 

Furthermore, when we use radiation shields 
with poor thermal conductivity, which we call 
‘thermal shield’ and distinguish from “radia- 
tion shield’ which means.a shield with infinite 
conductivity, it is naturally expected that they 
would give the better efficiency. It is there- 


fore desirable to study how they are effective 
compared with radiation shields. 

This paper describes at first a method of 
calculating the efficiency of several thick 
radiation shields with finite conductivity, and 
shows that in case of shields with infinite 
conductivity, the efficiency and their tempera- 
tures are expressed by very simple formulas. 
Then, applying them to some special cases, 
several conditions which are required in order 


to use the shields most effectively will be 
obtained. 


§2. Theoretical Calculation 


Although the authors will treat here only 
a case where long cylindrical shields are con- 
centrically placed surrounding a long co-axial 
heat source, corresponding to many practical 
cases, the idea can easily be extended to 
more general cases, 

Suppose, as shown in Fig. 1, that a source 
and ” sheets of shields are kept in thermal 


equilibrium. Then, the equilibrium condition 
is expressed by 


Qn=O"'=Q!=QV= Gar =Q'-1 
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=Q=QUt=...=Qr=Qr P Gis) 
where @***1 means the total radiation flow 
per unit time and per unit length from the 


SOURCE Ist L-l-th {-th  i4l-th n-t 


>) As ‘ 7 


Fig. 1. Equilibrium diagram of the heat flow in 
a furnace. 


z-th shield to the 7+1-th one and Q‘ is the 
heat flow in the z-th shield by conduction, which 
is easily calculated for the present case and 
is given by 

'=2r«i(Ti—Ti’)/log n//" , (2) 
where Ti, Ti/ and , 7’ are respectively 
temperatures and radii of the inner and outer 
surfaces of the z-th shield and «; is its ther- 
mal conductivity. Q*+*! can be calculated 
considering multiple reflections between z-th 
and z+1-th shields by the procedure of Braun 
and Busch, although some errors in their 
paper® must be corrected. 

The radiation emitted from the outer sur- 
face of the zth shield per unit time is, accord- 
ing to the Stefan- Boltzmann’s law, @"t!= 
cA SiTi/* (Avi and S;’ are emissivity and 
area of the outer surface and o is Stefan- 
Boltzmann’s constant), which is diffusely re- 
flected on the z+1-th shield which has an 
emissivity Ais. If we assume fii+: times of 
the radiation which leaves the z7+1-th shield 
is incident on the?z-th shield, fii+101— Asso 
comes back to the z-th shield and then 
(1—Ai’)(1—Aisifit+1go"*! is reflected again on 
the i-th shield and reaches the 7+1-th shield. 
The radiation which dose not reach the 7-th 
sield at the first reflection on the 7+1-th 
shield is (1—fi+i)(1—Ai+dgo"*?. Then, the 
radiation which reaches 7+1-th from z-th in 
the second process is given by 


git? =(1— Ai’ )(1 Aisi fit+igo"™ 
+(1—fii+1)(— Ai+i)qo"!** 
=(1—fii+1 As’) —Ai+1)qo” 
==Ci+1do é 
Repeating this procedure, the radiation from 
j-th to z#+1-th in the m#+1-th process 1s 
generally given by 


ti == pa ip tO 
Qn ** = Cii+1 Jo ' 
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Then, the total radiation which 7+-1-th absorbs 
from 7-th is 


oo oo 
to+1 — it it 
qg 4 Seales 2 nth Atego SS Cian” 
n= n=0 


_ Asie? 
7 1—Ciiar 
In the same manner, the radiation which z- 
th absorbs from z+1-th is found to be 
git Ae go fits 
1—Ciis1 


Hence, @*‘+! defined above is given by 


7 ii+1 / i+li £. 
Qua gin git Ais As Qo" fetes 

1—Cits1 1—Cits1 
_ Ai Ain 


3 1—Ciie7 (SU Ti*—Siss fitsr Tear’) 5 


(3) 
fis, can be shown generally to be Si’/Si+1, 
if the 7+1-th shield surrounds the z-th sheild 
completely and two surfaces concerned have 
curvatures of the same sign,” which is equal 
to 7i//7i+, in our case. Putting this value and 
S:=2zri into Eq. (3), Q'‘*! can be written as 
i+ — 2no(Ty*—Ti+1*) 
 honileelid MelBets aloes he 
ti Yi+1 
where B; is the reciprocal of Ai. 
Using Eqs. (1), (2) and (4), we obtain 2” 
simultaneous equations for T:, Ji’ (¢=1, 2, 
-, m), the temperature of the source T) and 
the power @Q» required to maintain the source 
at this temperature being two parameters. 
Or, on the contrary, if a boundary condition 
is given on the outer surface of the n-th 
shield, the efficiency and temperatures of 
shields are obtained numerically as functions 
ofall 
When, as a special case, the shields have 
infinite conductivity, these equations can be 
reduced to 


ano Tot Tit), 2no( Piste) 


On, Bi, Baal sre dap Hee 
Yo. i N T 4-1 Ni 
we Sra Tt ey, ; (5) 
Bi Bisi—1 
ii Vi4l 


taking Ti=Ti’, which can be solved in a 
straight forward way and Qn is given by 
Q _ 9S To! — Tn’) 


6 
Dn 


where D, is given by 
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n ie | 
ID =i) > ees 1, Bs ) , 


fi \ 7 jn1 vj 
and temperature of the z-th shield T; by 
.\4 
“f) 
; De =! Dpi ( 7 ) 
= nal Dr, ; 
(7: 
where Dn; means the sum of the first z terms 
@u ID). 


§3. Special Examples 


In order to find conditions to use radiation 
and thermal shields most effectively, the ef- 
ficiency and temperatures of the shields are 
calculated for special examples using the 
above equations, and the results are shown 
in Figs. 2~9. Hereafter, we use a notation 
Q(n) to express the power required when x 
sheets of shields are inserted in the furnace. 
As an outer vessel for keeping vacuum always 
serves as a shield at zero temperature* in 
practical cases, @Q() corresponds to Qns, in 
the above paragraph. Then, the relative 
power which indicates the effectiveness in 
using 2 sheets of shields is defined as 


Q(7)/Q(0) = Qn+1/Q . 

In calculations, the radiation shields were 
assumed to be thin and to have the same 
emissivity on their both sides, a condition 
which is approximately realized in practice. 
1) A radiation shield 

Formulas used in this case are written as 


Q(1)/Q0) = D,/D, 
Bot ro) Fe Bo—1) | 


nee. %o/74(2B,—1) + To To Bv—1) 
D,—Dr,, ie 
D. 


2 


T,/To=( 
=| era Yel 7A Bo—1) 


1/4 

TAC MeN RST, 
where 7, and B, are respectively the radius 
and the reciprocal of emissivity of the vessel. 
Fig. 2 shows the relative power as a function 
of the position of the radiation shield where 
the diameter of the vessel is taken as a para- 
meter. Broken lines in the figure show the 


* 


In the calculation, the temperature of the out- 
ermost shield (the vacuum vessel) is assumed to 
be zero for simplicity, which does not introduce 
any appreciable errors when the temperature of the 
source is higher than 1000°K and the vacuum ves- 
sel is cooled by water. 
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Q(t) 1.0 
‘Q(O) 


0.5 


O25 05 ETO 


lo/y, 
Fig. 2. Relative power and temperature of a 
radiation shield as a function of its position. 
70/fy is taken as a parameter. Broken lines 
represent @(1) divided by Q(0) for 70/27,=0.1. 
The values of emissivity assumed in the cal- 
culation are shown in the upper corner. 


O 0.5 


\. 
Yo/n 


Fig. 3. Relative power and temperature of a 
radiation shield as a function of its position, 
when emissivity of the shield is taken as a 
Parameter. x represents a experimental result 
for stainless steel shield. A broken line is a 
curve calculated assuming Ao=0.5, A,=0.5, 
Ay=0.5 and 79/7y=0.2. 
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power always divided by Q(0) for %/7%=0.1 

in order to compare their absolute magnitude, Qui) 
because (0) is not the same in three cases. QO) 
The temperature of the shield is also shown 

as a function of its position. From Fig 2; 

we can know that the dimension of the vessel 

does not affect so much the efficiency and 

that the effectiveness of the shield becomes oe 
less as the vessel becomes smaller, although 

the power required decreases in this case. 

Fig. 3 shows a case when emissivity of the 

radiation shields is changed, which is found 

to affect the efficiency greatly as is expected. 

‘Fig. 4 shows the fact that the variation of 4 0 

O° 


o= 0.6 
Ai =0.4 
Yo/rv=0,| 


0.5 
O O5 1.0 


n Wo 


Fig. 5. Relative power and temperature of a 
radiation shield as a function of its position, 
when emissivity of the source is taken as a 
parameter. Broken lines represent Q(1) always 
divided by Q(0) for Ap=0.6. 


0.5 1.0 
Yo fr, 
Fig. 4. Relative power and temperature of a 
radiation shield as a function of its position, 
when emissivity of the vessel is taken as a 
parameter. 


emissivity of the vessel dose not influence the 
efficiency so much as that of the radiation 
shield. In Fig. 5, we can see the change of 
the relative power with the variation of emis- 
sivity of the source, which shows that the use 
of a shield becomes more effective as emis- 46) 


sivity increases, although then, as_ broken 


lines indicate, the power required increases. Fig. 6. Relative power and temperatures of two 
radiation shields as a function of the distance 


(te- hi), 


a ie solr Oe i rece Tour Cases, a of the second shield from the first one. Solid 
position of the shield is very influential on the lines in relative power correspond to 20) /Q(0) 

i and broken lines to Q(2)/Q(1). Solid lines in 
2 a tren. 3 temperature show that of the first shield and 
2) Two radiation shields broken lines that of the second one. The position 


In Fig. 6, the relative power, in a case of of the first shield 79/71 is taken as a parameter. 
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using two shields, is shown as a function of 
the distance of the second shield from the 
first one. We may see that the position of 
the second shield does not affect the efficiency 
so much as the first one, and broken lines 
corresponding to Q(2)/Q(1) indicate the effect 
of insertion of the second shield does not de- 
pend on the position of the first one. So we 
may expect that we need not too much con- 
cern the position of shields except the first 
one. 

3) Many radiation shields 


Figs. 7 (a), (b) show the change of the ef- 


fo=|5 mm 
tr =30mm 
f2-N=ls-le 

=--=5mm 
tv=|50mm 


Ao= 0.6 


Av=0.4 


0 : 
OL 2 46 87107 (2s n 
NO. OF SHIELDS 


Fig. 7 (a). Relative power as a function of the 
number of radiation shields, when all shields 
are placed with the same interval. Emissivity 
of shields is taken as a parameter. x repre- 
sents a experimental result. A broken line is 
a curve calculated. 


Ov iil 5 Te) eee 
ORDINAL NO. OF SHIELDS 


Fig. 7 (b). Temperatures of shields with A;=0.4. 
The number of shields inserted in the furnace 
is taken as a parameter. 
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ficiency and temperatures of shields with the 
number of radiation shields, when shields are 
placed with the same interval, which indica- 
tes that it is not so effective to use more 
than five shields for the sake of a convergent 
property, especially so when emissivity of 
shields is small. 


4) Thermal shields 


Fig. 8 shows a case when a thermal shield 


0.5 fg yy NEO)» [EY 
K=3X 10 OYeg cmsec. : 


(0) 1000 


2000 3000 4000 To(°K) 


Fig. 8. Relative power as a function of the 
temperature of the source, when a_ thermal 
shield is used. A shield of 5 mm thickness with 
emissivity of 0.6 is placed at 79/7,=0.5 in the 
furnace 79/7y,=0.1. Thermal conductivity is 
taken as a parameter. Chain lines show a case 
of thin radiation shields having emissivity of 
0.4. x represents experimental values. 


having large emissivity is used, from which 
we can find, comparing with a case of radia- 
tion shields shown by chain lines in the 
figure, that a thermal shield is very prefera- 
ble especially when high temperature is re- 
quired. Fig. 9 shows the relative power in 


aan? 


Q(Q) 


O 
O l00O ~=2000 3000 4000 


To (°K) 


Fig. 9. Relative power as a function of the tem- 
perature of the source. I. Three thermal 
shields of 5mm thickness with emissivity of 
0.6 are placed at positions of 7,=30 mm, 7=40 
mm and 73=50 mm in the furnace of 7)=15 mm 
and ry»=150mm. II. The second and_ third 
shields are replaced by thin radiation shields 
having emissivity of 0.4. III. All are replaced 
by radiation shields with emissivity of 0.4. 
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the following three cases; the case I when 
three thermal shields of 5mm thickness with 
emissivity A=0.6 are used, the case II when 
the second and third shields are replaced by 
thin radiation shields with A=0.4, and the 
case III when all are replaced by thin radia- 
tion shields with A=0.4. From this figure, 
together with Fig. 8, we might know that it 
is not so effective to set thermal shields in 
low temperature region of a furnace, and so 
it is nearly useless to insert more than one 


Shielding No. of 


Effective Use of Radiation and Thermal Shields 


Table I. Experimental results on efficiency in maintaining the furnace at 1300°C. 


Condition 
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thermal shield in a vacuum furnace as inser- 
tion of many porous ceramics would necessari- 
ly decrease the degree of vacuum. 

As far as there is only one thermal shield, 
numerical calculations are not tedious regard- 
less of the number of other radiation shields. 


$4. Comparision with Experimental Results 


In order to check the above calculations, 
some experimental results are shown in Table 
I. They are also plotted in Figs. 3, 7 (a) and 


Q(n)/Q0) Qin)/Q0) 


materials shields used experimental calculated 
molybdenum 1 tj—3 em 0.41 0.415 
ceramics coated 1 r=3cm 0.28 — 
by molybdenum 5 mm thickness 
stainless steel i ry=3cm 0.52 0.524 
stainless steel 1 fore nw Onon 0.564 
stainless steel il m=4cm 0.61 0.595 
stainless steel D f%j—3 cm 0.37 0.373 
oS OR OCI 
stainless steel 3 ry=3cm 0.27 0.297 
Ye=3.5cm 
r3=4cm 


Q(m) is the power input required to maintain the heat source at 1300°C, and Q(0) the 


power required to maintain it at the same temperature without any shields. 


In the calcu- 


lation, emissivity of the heater, the vessel, molybdenum- and stainless steel-shields were 
assumed to be 0.5, 0.5, 0.35 and 0.5 respectively. 


8. Broken lines in these figures represent the 
calculated values. The furnace used in this 
experiment is composed of a _ longitudinal 
brass vacuum vessel 30cm in length and 20 
cm in diameter which is cooled by water and 
a molybdenum heater wound on a ceramic 
tube 20cm in length and 4cm in outer dia- 
meter, between which the shields were insert- 
ed. Temperature was measured by a Pt-PtRh 
thermo-junction placed in the middle of the 
ceramic tube. The relative power is the ratio 
of the power input required to maintain the 
source at 1300°C to the power required to 
maintain it at the same temperature without 
any shields as was defined in the above para- 
graph. In calculations, we assumed emissivi- 
ty of the heater, the brass vessel and 
molybdenum- and _ stainless steel-shields are 
respectively 0.5, 0.5, 0.35 and 0.5, which 
values, though selected so as to fit experi- 
mental results, would not be unnatural.” 
Although the agreement is not 100 percent 


(see Table I and Figs. 3 and 7), because as- 
sumption made in deriving the above equa- 
tions are only approximate and especially 
emissivity of the stainless steel shields is 
greatly affected by their surface conditions 
and can not always be the same as was as- 
sumed in the calculations, we may safely 
conclude that the tendency of the results 
obtained by the calculations are generally cor- 
rect. This is also shown in Fig. 8, where we 
found that a ceramic shield coated by 
molybdenum on its inner side is very effective 
especially at high temperatures as was ex- 
pected in the calculation. 


§5. Extension of Calculations 


The above calculations can easily be ex- 
tended to following two cases. 
1. When a vessel is not cooled and no radia- 
tion comes back to it from outside, which 
corresponds to another extreme boundary 
condition, the above equations can be used 
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directly assuming that there exists one more 
outer shield with A,s,;=1 at zero temperature 
and at any position. 
2. When the shields are spherical shells sur- 
rounding concentrically a spherical source, @ 
and fii+1 must be replaced by 

gin tee( Tia Tr’) 
Q/n—llr/) ? 

Fiu=n|ner . 

Dy, in Eq. 6 is, therefore, given by 


1D) = To > oS 45") 7 
ja Tj-1 2 Tr; 


§6. Conclusions 


The above considerations show that the 
factors which affect the efficiency greatly are 
emissivity, thermal conductivity of the inner- 
most shield and its position. Thus in con- 
structing a furnace, it is important to use 
this shield most effectively under the restriction 
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usually imposed by its melting point and 
accurate measurements of emissivity and 
thermal conductivity of shielding materials at 
high temperatures are desired for this 
purpose. 
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hearty thanks to Prof. K. Murakawa for his 
kind criticism, to Profs. H. Kumagai and K. 
Oono for constructing the vacuum furnace. 
They thank also to Mrs. I. Tako for her as- 
sistance in the calculations. 
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A device has been made to calibrate anemometers at low speeds (a 
few cm/s—2m/s) of air streams. It consists of a wind-tunnel and a 
shaped nozzle, and anemometers are placed in the tunnel. The speed in 
the tunnel magnified by then nozzle is obtained from simple pressure 
measurement, and the initial speed is determined by conversion. Although 
the method is not new in principle, there are problems to be solved for 
actual use, and detailed experiments have been made to clear up the 
characteristics of the tunnel and the nozzle which will be suitable for 
the purpose, including the curvature and roughness of the surface of the 
nozzle, the length of the cylindrical part of the nozzle, the ratio of the 
sectional area of the nozzle to that of the upstream pipe etc.. Asa 
result it has been found that the conversion chart may be applicable to 
nozzles of somewhat varying profiles when they are within some proper, 
fairly wide range as regards the above factors. This gives a convenient 
direction in constructing the device. The device constructed by taking 
such a result into consideration does not seem to be inferior in accuracy 
and is more convenient practically in comparison with the whirling- 
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arm method. 


§ 1. 


Anemometers like those of hot-wire type 
are conveniently used for measuring air 
streams of low speeds. But, exact calibra- 
tion of such anemometers especially at very 
low speeds—down to a few cm/s—is con- 
siderably difficult. Usually the whirling-arm 
method is used as a_ standard method. 
Although the method is fairly accurate, the 
swirl produced by revolution of the arm and 
the draught in a room often give rise to mis- 
leading results. Moreover, in addition to the 
drawback that the method necessitates a 
large space, it is troublesome to attach anemo- 
meters and unless the anemometer is of a 
distant-reading type, the method is also in- 
convenient or even inapplicable to measure- 
ment. 

Thus, the writer has intended to have a 
device which has accuracy of the same order 
at the whirling-arm method and is convenient 
for practice. For this purpose, wind tunnel 
is used to produce an air stream whose speed 
is obtained by measuring the pressure dif- 
ference. Direct use of a pitot-static tube, 
however, cannot be made for low speeds such 
as less than 2m/s, owing to the lack of ac- 


Introduction 


curacy of the pressure measurement and also 
to the indistinctness of its coefficient. Hence 
a method is adopted to magnify the speed 
by preparing a constriction, such as an orifice 
or a shaped nozzle and then to measure the 
magnified speed from the increased pressure 
difference, obtaining the initial speed by con- 
version. So, the method is not new in princi- 
ple, but, there are some problems to be solved 
and so far the method has been left inapplica- 
ble to low speeds. 

Detailed researches have hitherto been made 
about constrictions, and the rules, such as 
the V.D.I. Rules? and the B.S.I. Code”, have 
been published and used generally. It is well 
known, however, that discharge coefficients of 
the constrictions vary, in general, with the 
Reynolds number, that is, although the 
coefficients become nearly constant at high 
Reynolds numbers, they vary distinctly when 
the Reynolds number decreases below a 
certain value. It is within the range of 
Reynolds numbers of constant discharge coef- 
ficients that the constrictions can be used ac- 
cording to the above results. Yet the range 
of air speeds we want to measure is rather 
low, and available data about the coefficients 
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of constrictions seem to be wanting. So, the 
writer has intended to study constrictions for 
the application to air streams of such a range 
of small Reynolds numbers. In this connec- 
tion, it may be noted that investigations have 
been made about new types of constrictions 
to keep discharge coefficients constant down 
to lower Reynolds numbers, and, for exam- 
ple, a cylindrical nozzle® has been devised. 
With such a nozzle, however, turbulence in 
flow is unavoidable and the measurements of 
flow velocity from the pressure difference 
seem to be accompanied by considerable 
errors, if the pressure difference and the 
quantity of flow are not calibrated directly. 
Thus, a shaped nozzle having a rounded 
entrance has been selected for the present 
purpose, by the use of which turbulence was 
scarcely produced and the flow became paral- 
lel at the exit of the nozzle and the coefficient 
was obtained easily. Then, experiments have 
been carried out to examine the discharge 
coefficients by measuring distribution of air 
speed in the section of nozzles with various 
speeds, and it has been found that, if the 
form of the nozzle is proper, the change of 
the coefficient with air speed is not serious 
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even for low Reynolds numbers, and, if once 
determined by precise preliminary experiments, 
this nozzle may be used with good accuracy 
for calibration at low speeds. The accuracy 
of the device for calibration of anemometers 
has been aimed at about 1%. 


§2. Experimental Method and Results 


Outline of the Method 

To get a stream-line flow of air of low 
speeds, it was decided to use a wind tunnel 
of suction type in a still room to avoid tur- 
bulence due to a driving blower. Generally, 
in a wind tunnel having an entrance of a 
rounded smooth profile, an air stream just 
behind the entrance has uniform velocity 
almost over the whole section except only a 
small part near the wall. Naturally, the 
present nozzle has this character. Thus, 
placing an anemometer at a point of uniform 
velocity in such a section of the tunnel, the 
calibration of the anemometer can be carried 
out by knowing the velocity at the nozzle 
from the pressure difference and by obtaining 
the velocity in the tunnel by conversion as 
explained later. 

Fig. 1 illustrates the device schematically. 


a) 


Tig. 


The sections of the wind tunnel near the 
entrance and the exit of the nozzle are both 
circular. If V and v and R and ,¢ denote 
respectively velocities and radii at those sec- 
tions, and again, if V) and v, denote veloci- 
ties at the central parts of the sections where 
the velocities are uniform, V, is related to 
Vo, as shown shortly after, as 

Vo=K(7/R)?r Gly) 
where K is a correction factor with a value 
of nearly unity. One of the methods to deter- 
mine the correction factor experimentally is 
to make a fluid such as water flow through 
the tunnel and correlate its rate of flow with 
the pressure difference at the nozzle, but this 
method requires contrivance of too large a 
scale to be available for the writer, so, instead 


of it the following method of measuring 
velocity distributions was adopted. 
The quantities of flow at both sections are 
R 
represented by a| 2xRVdR and pa\ 2x rvdr 
0 


0 
respectively, where 0; and 2 are densities at 


both sections. Now, if we put 
R 
al 2zRVdR=ap,r RV, , 
0 
and 
o| 2rrvdr= B porPrvy , 


0 


then 
R 
a=| 2tRVdR/7zR?V, , 
0 
fh (2) 
s-| 2nrvdr|zrVv, , 


i) 
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and we get, by the condition for continuity 
of flow, 


a0: TR?Vo=Bo.t7 vp , (3) 
or 
rb) 
aoni\R ey 
So, by putting 
r R 
B as) 2xrvdr a| 27 RdR 
I one , (4a) 
0, & T72Ug TRV, 


equation (1) is obtained. But, in the present 
case, the velocity v) at the nozzle is less than 
about 30m/s, and therefore the change of 
density due to the decrease of the static pres- 
sure is very small, that is, 


Se ea ea 

Py vik PD 
where p and y denote respectively the static 
pressure and the ratio of the two specific 
heats of air. Also, in the present case the 
loss of the pressure head by the frictional 


resistance in the tunnel is very small. Thus, 
XK may be put as 
r R 
8 | 2nrvdr 2xzRVdR 
oa CSS —, Ab 
i a YU jj TAR? V 4b) 


Accordingly, AK is obtained by measuring 
velocity distributions at both sections. 
b) The forms and dimensions of the tunnel 
and the nozzles 
The sizes of anemometers to be calibrated 
now are assumed fairly small. As an exam- 
ple, a thermocouple anemometer” illustrated 
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Fig. 2 (b) 
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in Fig. 11 (a) is considered, and the part en- 
closed by dotted lines is inserted in the tun- 
nel. Then a circular section of uniform 
velocity with diameter of 10cm will be suf- 
ficient for the present purpose. Too large 
a tunnel needs much air and is liable to pro- 
duce turbulence in the room, and consequent- 
ly in the tunnel. And, since the boundary 
layer near the wall is estimated as 1-2cm 
in thickness at low speeds the diameter of 
the tunnel was taken as 13cm and the tunnel 
was manufactured of wood. So, the tunnel 
is of so small size that it will be called the 
‘““pipe” hereafter. To this pipe a nozzle was 
attached at a place about 90cm distant from 
the inlet. The diameters of the nozzles were 
taken as 15mm and 30mm to measure the 
velocity in the tunnel from a few cm/s to 2 
m/s. The velocity of 4-40cm/s corresponds 
to about 3-30 m/s at the exit of the nozzle of 
15mm, and velocity of 20-200 cm/s corresponds 
to 3-30m/s at that of 30mm. These two 
nozzles were used according to the range of 
velocity to be calibrated. The profiles of the 
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pipe inlet and the nozzles are shown in Fig. 
2. Several nozzles were made to study main- 
ly the influence of profiles on the discharge 
coefficients. At first, the form prescribed by 
the V.D.I. Rules was aimed at, and the form 
of the nozzle of 30mm (No. 1) was nearly the 
same as designed, but that of 15mm (No. 1) 
differed distinctly owing to the difficulty of 
manufacturing. Profiles of other nozzles were 
designed differently from the Rules purposely, 
but also deviated more or less from the de- 
signed forms. The profiles of the manufac- 
tured nozzles were examined by impressing 
with modelling compound for dentists, and 
cutting the moulds through their middle 
planes. Profiles shown in Fig. 2 are close 
approximations substituted by one or more 
circular arcs. Degrees of roughness of the 
finished surfaces are shown roughly in Table. 


[Length of | 


‘Degree of surface | cylindri- 3 
toy | 
Nozzle roughness ‘cal part _ Material 


; (mm) 


15mm, No. 1Polishedalittleand 2 | 


fairly smooth | 

(superior to others) | 
No. 2Having some cutt- | 

ling scratches and | 

not so smooth 
No. 3,Not polished, but) 2, 

fairly smooth | 


No. 4 a ee 
30mm, No. 1) & 5 | C a 

No. 2 a ) 
Inlet of pipe|Polished with sand 
paper and lacquer- 
led, and fairly | 
smooth 


c) Measurements of velocity distributions 

In order to find a and 6, measurements of 
velocity distributions in the inlet of the pipe 
and at the nozzles were carried out as follows. 
The distribution in the pipe was observed 
with a thermocouple anemometer which, as 
shown in Fig. 3, consists of a hot wire of 
nichrome, a thermocouple of chromel and 
alumel attached to it, all 0.1mm thick, and 
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hot wire 


thermo- 
couple 


stem 


mm 

2, !0 20 
scale 

Higstes: 


stems of piano wires 0.5mm thick. The hot 
wire has a curved from (the radius is nearly 
equal to that of the pipe) and the thermocou- 
ple is placed back-ward the flow. The nichro- 
me wire is heated by a fairly small electric 
current (300 mA) and the E.M.F. produced by 
the thermocouple is a measure of air flow. 
Calibration of it was made by the present 
apparatus as follows. Using the nozzles, the 
coefficients of which were predetermined, flow 
quantities in the pipe were measured and 
simultaneously E.M.F. distributions in the 
pipe were observed. First, by the relation of 
mean velocity and E.M.F. (indication in the 
central part of the pipe), approximate or 
relative velocity distribution curves are obtain- 
ed. This curves were magnified to give flow 
quantities equal to that measured by the noz- 
zle, from this a corrected relation of velocity 
and E.M.F. is given and then distribution 
curves were redrawn. By such a_ successive 
method, exact distribution curves were obtain- 
ed. As described before, the thickness of 
boundary layer in this experiment is about 
lcm or a little more, and so disturbances 
due to the anemometer seems trifling. On 
the other hand, observations at the exits of 
the nozzles were made with a pitot tube 
manufactured of an injection needle. The 
dimension of the needle especially at the 
mouth is shown in Fig. 4. At the beginning 
of the experiments the needle shown by (b) 
in Fig. 4 was used for some time, but later 
it was chipped at its outside and the reform- 
ed needle shown by (c) was used throughout. 
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Fig. 


But observations with these ‘two pitot tubes 
agreed well within experimental errors. 
There are some problems about the measue- 
ment of the local velocity in a thin boundary 
layer with a pitot tube of finite dimension. 
But the slight errors in distribution curves 
cause errors in the discharge coefficients in 
less degree, and an error of as much as 1% 
will never happen in this case. From com- 
parison of the coefficients of the nozzles of 15 
mm and 30mm and the pipe of 130mm, 
shown later in Fig. 8, it is suggested that 
such errors will be very small. A pitot tube 
of smaller opening was one tried to use, but 


piezometer ring 


1000 ===> 
to blower 


Vo=3.2 m/s 
° 7mAs 


15mm nozzle 


ep eles ates tated 
18.0 19.0 32.0 33.0 
micrometer reading(mm) 
Fig. 6. 


ed differentially with a U-tube manometer and 
a reading-microscope of 1/100 mm scale. Fig. 
5 shows the pitot tube inserted in the nozzel 


it was abandoned. The first and main reason 
is that it has a very large time lag, and the 
second reason is that such a small tube when 
used for flow of low velocity will not indicate 
the true total pressure as the law 
1 2 
ai 
holds only for Reynolds numbers larger than 
30 at the opening. 

The pitot tube was attached to a spindle of 
a micrometer-head, and was traversed along 
diameters of the nozzle exits. The pressure 
of the pitot tube and the static pressure in a 
piezometer ring shown in Fig. 4 were observ- 


Ppitot —p static = 


00C=aae 
fo blower 


15mm _ nozzle 


exit. An example of velocity distribution 
thus observed is shown in Fig. 6. For con- 
venience of calculation, distribution curves 
are drawn showing v/v) at a point on a dia- 
meter. The abscissa means a_ distance 
between two diametral points equi-distant 
from the centre. Only observations of v/v 
greater than 0.5 are used, as those less than 
0.5 obtained near the wall are inaccurate ow- 
ing to the mutual interference of the pitot 
tube and the wall. Examples are shown in 
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Figs. 7 (a), (b), (c). (a) gives the curves for 
the nozzle No. 1 of 30mm, while (b) gives 
those for the nozzle No. 2 of 30mm. (a) 
shows a group of unstable curves. This in- 
stability is perhaps due to vena contracta 
produced by a steep curvature of the profile 
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of the nozzle. In the case of the nozzle of 
No. 2 (Fig. 7 (b)) the curves extra-polated to 
v/vy=0 seem to converge to a point which 
closely agrees with the diameter of the nozzle 
measured previously. An example of the 
distribution curves of a nozzle of 15mm is 
shown in Fig. 6 (c). The same results as in 
the case of the nozzle No. 2 of 30mm are 
seen to hold for all the nozzles of 15mm. 

From these results, it will be seen that, at 
low Reynolds numbers, when used the nozzle 
constructed according to the V.D.I. Rules pro- 
duces unstable flow due to a steep curvature 
of the profile, and cannot be used in this 
case. (Naturally the V.D.I. Rules adopt this 
nozzle in a range of Reynolds numbers far 
greater than those in this case.) And nozzles 
having different profiles should be adopted in 
the range of low Reynolds numbers. 
d) Discharge coefficients a and B 

a and §@ are calculated from the observed 
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distribution curves using Eq. (2). In practice, 
the integral calculations are replaced by sum- 
mation such that 


|, 2eRVaR SDL! AD: 
an A ee 
RV, D?/2 


where D is the diameter in the pipe and D; 
is the distance between two points on a dia- 
meter where velocities are equal to Vi/Vo. 
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Fig. 8 (a) shows a@ thus obtained plotted 
against central velocity Vo, and Fig. 8 (b) 
shows § plotted against v,. 

These discharge coefficients of nozzles, in- 
cluding the inlet of the pipe, are affected by 
various factors—profiles of the nozzles, dia- 
meters of both the nozzle and the pipes up- 
stream and downstream, the roughness of 
surfaces, the velocity, the density and the 
viscosity of the fluid. If nozzles are all 
geometrically similar (including the roughness 
of the surfaces) the discharge coefficient may 
be expressed by 


p=f (222, a ) | 


where p and y are respectively the density 
and the viscosity of the fluid at the nozzle. 
The inlet of the pipe is regarded as a nozzle. 
So, if the form is similar to that of the noz- 
zle, the discharge coefficient will be expressed 
by the same function f such that 


wns(U2e) 


(6a) 


(6b) 
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Now the discharge coefficients a and 8 for 
various nozzles and the pipe inlet are plotted 
against the Reynolds number in Fig. 9. It 
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may be seen that all the points lie very close- 
ly on a single curve. Deviations of the points 
from the curve are of the same order as ex- 
perimental errors. Hence, the following re- 
marks will be made. With regard to the 
geometrical forms, these nozzles are fairly 
different from each other and cannot be con- 
sidered as similar. Again, degrees of surface 
roughness are also different as shown in Table 
I, that is, one is polished and very smooth, 
while the other has cutting scratches. The 
fact that in spite of these differences in the 
form and roughess, all the points fall on a 
single curve within experimental errors shows, 
however, that considerable allowances may be 
given in designing and manufacturing the 
nozzle, that is, nozzles with profiles of gentle 
curvatures and with approximately smooth 
surfaces give very nearly equal discharge 
coefficients. But a nozzle with a profile of 
steep curvature such as No. 1 of 30mm gives 
a quite different coefficient as seen from the 
curves of velocity distribution in Fig. 6 (a). 
A nozzle with a long cylindrical part such as 
No. 4 of 15mm also gives a different coeffici- 
ent since the distribution curves changes due 
to development of the boundary layer, so the 
cylindrical part must not be too long for the 
present purpose. Further, nozzles with and 
without a front or an upstream pipe show no 
observable difference in flow characteristics 
at exits, so it may be considered that if the 
ratio of diameters d/D are fairly small, the 
discharge coefficient will hardly be affected 
by the existence of an upstream pipe. 

e) Measurements of static pressures—Use of 

the ring-piezometer 
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In order to know vz, at the exit of the noz- 
le, it is necessary to measure the dynamic 
pressure—the difference between the total 
pressure and the static pressure. In the pre- 
sent case, the total pressure is equal to 
the atmospheric pressure, as the energy 
lost in the upstream pipe is very small. 
To measure the static pressure, usual- 
ly a ring-piezometer is used, and the pressure 
in the ring space around the exit of the nozzle 
is regarded as the static pressure. But the 
pressure in the ring space will not always be 
equal to the true static pressure. The posi- 
tion and the form of the ring space and those 
of the pipe behind the nozzle may affect the 
pressure in it. If the discharge coefficients of 
the nozzles are determined by measuring flow 
quantity directly and comparing it with the 
pressure indicated by a ring-piezometer pro- 
vided at a proper position, it matters little 
whether the indicated pressure is equal to the 
true static pressure or not. But it is not so 
in the present case, so the correct static pres- 
sure must be obtained. Then, experiments 
were carried out to examine the equality of 
the pressure in the ring space and the true 
static pressure. 

For this purpose a small static tube was 
brought at the exit of the nozzle as shown in 
Fig. 10 (a), and the pressure of the static 
tube was compared with that in the ring 
space. Observations were made putting the 
hole of the static tube at various distances 
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The results are shown in 
leis SQ) (Lo) The errors converted to 
velocity iel, Avo/v or 4(D:—Dr)/(Parm—Pr) 
were plotted against the distance of the hold 
from the exit. These values undergo a little 
change with an increase of air velocity, but 
the change is negligible at fairly high velocity 
(15-30 m/s), and the figures show the values 
at this range. 

Generally, a static tube will indicate a cor- 
rect static pressure at high velocity, and 
if the flow along the static tube is paral- 
lel the indicated value may be regarded to be 
the true static pressure. As it may be seen 
in Fig. 10 (p), the pressure of the static tube 
changes continuously with its position along 
the axis and does not cease to change even 
at the cylindrical part and the exit with the 
nozzles No. 1, No. 2 and No. 3 of 15mm. 
The pressure difference converted to velocity 
is about 4% at the exit in the case of No. 1. 
In the nozzle No. 4 having a longer cylindri- 
cal part, the pressure indication of the static 
tube becomes constant at the exit and agrees 
with that of the ring space. With other noz- 
ales, No. 1, No. 2 and No. 3, this value is 
obtained at places several mms behind the 
exit. 

It will be inferred that the flow at the exit 
is parallel, because these nozzles have cylindri- 
cal parts prolonged from curved entrances 
and the distribution curves show that no vena 
contracta seems to have occurred. Therefore, 
the static pressure may be unaltered through 
this part (the pressure decrease along the axis 
due to friction in such a short distance and 
that due to velocity increase may be both 
negligibly small), and the phenomena describ- 
ed above will be explained as due to the in- 
fluence of the static tube itself. Thus =ait#is 
concluded that the finite dimension of the 
static tube itself makes it impossible to mea- 
sure such local static pressures. Perhaps it 
may be only when the flow is parallel in 
some proper distance compared with the di- 
mension of the static tube that the true static 
pressure is indicated. So, in this case the 
flow may be parallel in the neighbourhood of 
the exit, and the true Static 
correspond to the pressure at t 
in this device. 


from the exit. 


pressure may 
he ring space 
Further, to ascertain the in- 
fluence the following experiments were per- 
formed. An anemometer is calibrated by 
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means of the nozzles No. 3 and No. 4, and it 
is examined by which pressure, either of the 
static tube or in the ring space, the calibra- 
tion by No. 3 coincides with that by No. 4. 
The anemometer used for this purpose is a 
thermocouple anemometer shown in Fig. 11 
(a). The temperature of the nichrome hot 
wire heated by a constant current is indicated 
by the e.m.f. of the thermocouple of chromel 
and alumel attached to it, thus the e.m.f. be- 
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Fig. 11 (b) 


ing the measure of the air velocity. The 
results of the calibration show, as it may be 
seen from Fig. 11 (b), that both curves agree 
with each other when the pressure in the 
ring space is used as the static pressure. 
Thus it may be concluded that in this device 
the pressure in the ring space is equal to the 
true static pressure. 


ft) Correction factor K 

By Eq. (4) K is calculated as the ratio of 8 
to a when they satisfy Eq. (3), and when 
once K is obtained as the function of vp, Vo 
is easily found by measuring Yo and the ratio 
of two diameters. Calculation of K is per- 
formed as follows. First, Ky, the ratio of B 
to a corresponding to wv» and apparent V4, 
calculated with the ratio of two sectional 
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areas and vp, is obtained, this being the zeroth 120 
approximations value. Next, the ratio of 8 
to a corresponding to vw» and V,, calculated 
by the use of Kj, is calculated as the function 
of v, this is the first approximation value. 
By such a successive approximation the true 


value of K can be obtained. Practically the 

first approximation value is sufficiently close ee 

to the true value. The value of K of the ae 
6 ‘ A : TE nl pee ee ee 

second approximation is shown plotted against fo) 0 20 30 

Vo in Fig. 12. For the calibration, the nozzle eho) 

of 15mm is used for wind of low velocity of Hgade: 

less than 40cm/s, and the nozzle of 30mm is ly by the pitot-static tube. 

used for wind of 20-200cm/s. For higher Fig. 13 (a) shows an example of calibration 


velocity, if necessary, V, is measured direct- of the thermocouple anemometer. With a 
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heating current through the hot 
wire, the e.m.f. / of the thermocouple is 
plotted against Vy. Those points observed by 
two nozzles of 15mm and 30mm respectively 
are seen to lie on a single curve which seems 
to be the continuation of a curve obtained by 
measurements with a pitot-static tube. If a 
similar relation holds with this anomometer 
as with a single hot-wire anemometer placed 
perpendicularly to the air stream, a linear 
relation is expected to hold between E£-! and 
V,\/2 from King’s investigations. Fig. 13 (b) 
shows the experimental results of #-1 versus 
V2. It may be seen that three sets of 
points lie very closely on a single curve and 
satisfy nearly a linear relation between E71 
and V,!/?. 


constant 


§3. Summary 


A device was made to calibrate anemometers 
at low speeds of air stream—from a few cm/ 
s to 2m/s. The device consists of a wind 
tunnel and a nozzle which is selected from 
some nozzles to the purpose. The velocity in 
the tunnel is obtained by the measurement of 
static pressure at the exit of the nozzle and 
by the aid of a predetermined correction 
factor. 

In connection with this device, the follow- 
ing properties have been found about the noz- 
zles used in the experiments. 

1) The discharge coefficient (it is defined 
here as the ratio of the mean velocity to the 
maximum velocity in the section) increases 
with increase of velocity or Reynolds number, 
and the change is a little larger in the range 
of low Reynolds numbers, but when it is once 
measured accurately, it may be used with 
sufficient reliability in this range. 

2) By examination of nozzles having vari- 
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ous profiles it has been inferred that for 
nozzles of gentle curvatures, so far as 
examined in the experiments, the discharge 
coefficients are represented by a single func- 
tion of the Reynolds number even through 
profiles are not geometrically similar. But 
nozzles with profiles of too steep curvatures 
produce vena contracta and indicate unstable 
and variable coefficients. 

3) The influence of the roughness of the 
nozzle surfaces on the discharge coefficients 
is not oberved if surfaces are fairly smooth. 

4) When the ratio of the sectional area of 
the nozzle to that of the upstream pipe is 
small, the discharge coefficients do not change 
whether the upstream pipe is attached or 
not. ° 

5) With nozzles having fairly long cylindri- 
cal part, the coefficients decrease owing to 
the development of boundary layers. 

6) In this device the static pressure agree 
with the pressure in the ring space behind 
nozzle. 

Lastly the writer wishes to express his 
cordial thanks to Prof. S. Kawata for his 
kindly instruction for the present research. 
Thanks are also due to the Ministry of Educa- 
tion for the financial support. 
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A Possible Mechanism for the Fracture 
of Metals 


By F. Eiichi FUJITA 
Japan Atomic Energy Research Institute 
(Received August 6, 1956) 


{t is generally accepted that pre-existing large 
stress-concentrators, such as the Griffith crack, are 
inconceivable in pure metal crystals because their 
expected dimension is too large. The size of the 
mechanically stable crack of penny-shape of radius 
R and thickness # in a crystal may be estimated 
by the following equation. 


h? R 
Op Riise ee we 
T TSoqa-y) Oy (ig) 


which determines whether or not the crack collapses 
to reduce its energy leaving a dislocation ring of 
the radius #& and the Burgers vector h, where ¥ is 
the surface energy, » rigidity modulus, v Poisson’s 
ratio, and Ap the radius of dislocation core. Taking 
has a few atomic spacings, we have the value of 
F of order 10-&cm. Then, the stress concentration 
factor does not exceed about 20 which is unsatis- 
factory to cause fracture. 

On the other hand, it is experimentally well known 
that the fracture of metals is generally accompani- 
ed with plastic flow. So that, many dislocation 
theories dealing with the fracture of metals have 
been proposed recently.Y-®) A possible mechanism 
to produce a long flat void proposed by the author® 
is illustrated in Fig. la and b. The cross-section 
of the void is Z(=mA) in breadth and h in height, 
where 2 is the number of annihilated pairs of dis- 
locations, and 4 the Burgers vector of each dis- 
location. Although this mechanism seems to give 
rise to the large stress-concentrator in plastically 
deformed metal crystals, the eventual size of the 
void will be unsatisfactory to cause fracture be- 
cause of collapsing after a little further increase 
of ZL, as easily seen from the foregoing discussion. 

Reexamination of Fig. 1b, however, will lead us 
to expect another possible mechanism to cause 
fracture which is shown in Fig. 1c: When some 
excess dislocations of either sign are squeezed into 
the void due to the concentrated stress excerted by 
the rear dislocations in one side, the state of the 
void may be regarded as a hollow dislocation of a 
large Burgers vector mA, where 7’ is the number 
of excess dislocations contained. Approximating 
the crosssection of this void with an ellipse, we 
can calculate the stresses around the void by using 


A figure of size 


complex stress functions in an elliptical coordinates. 
The maximum tensile stress, occuring at the 
periphery near the tip of the void, is 
pn! 1 
m(1—v) ° (Lh)iP (2) 
When A becomes as large as (Lh)/2, the maximum 
stress will be of the order of y/27z(1—yv) which may 
be large enough to produce a crack from the tip 
of the void. However, the excess number of dis- 


Omax—= 


t i : 
Fig. 1. A mechanism to produce a long flat void 
containing dislocations. 


(Cc) 


locations which the void can contain should be 
restricted within some extent, because the shear 
stress excerted ahead of the void increases as »’ 
increases and will finally cause the slip which will 
then diminish 2’. This restricted amount of 7’ 
can be estimated, assuming that the shear stress in 
the slip plane in front of the void cann’t exceed 
the critical shear stress of the ideal crystal, and 
we may expect that m’A can become as large as 
(Lh)'/2 before the critical shear stress is reached. 

For example, taking as 1.2x10-*cm (about 4 
atomic spacings) and Z as 3x10~®cm, we have the 
excess dislocations of about 10 which can be con- 
tained in the void and may produce a crack. 

Another way of calculation for this mechanism 
is also possible by estimating the strain and surface 
energies associated with the void containing disloca- 
tions. The result of calculation also shows that 
this kind of void can produce a spreading crack 
even if it is considerably small in breadth ZL, say, 
of order 10-cm. 

A full discussion including detailed calculations 
will be published elsewhere. 
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Experimental Evidence of the Anisotropy 
of Hot Electrons in n-type Germanium 


By W. SASAKI and M. SHIBUYA 
Electrotechnical Laboratory, Nagatacho, Tolyo 
(Received August 27, 1956) 


One of us made a rough estimation of the critic- 
al electric field strength Hi, where the deviation 
from Ohm’s law occurs with the model of the 
spheroidal energy surfaces and found that we should 
introduce in the Shockley’s”) formula the numerical 
factor A which depends on the direction of the 
current flow and is not smaller thanl. W. Sasaki, 
one of us, suggested that it might be quite difficult 
to detect directly this anisotropy factor A by ex- 
periment, but it might be easier to detect the angle 
€ between the current and field vectors. His idea 
was accepted by J. Bardeen, and C. T. Tomizuka 
tried to detect this effect using thin 1cm square 
wafers of n-type germanium, but unfortunately he 
has not yet been able to get the decissive result. 

In order to avoid the secondary deviations from 
Ohm’s law due to carrier injection, we have design- 
ed specimens of the form shown in Fig. 1. Three 
samples A, B and C are cut from a highly homo- 
geneous single crystal of n-type germanium furnish- 
ed by M. Kikuchi and his colaborators in our 
labolatory. They are lying nearly, within the error 
of 5 degrees, in the (110) plane, and the current 
filaments are directed 0, 25 and 65 degrees from 
the cubic axis, in A, B and C respectively. 

Using half microsecond pulses, the rising time 
of which is less than 0.1 microsecond, the floating 
transverse voltages are measured by an oscilloscope 
through an imput pulse transformer. The results 
obtained at 90°K, for an example, in the sample B 
are shown in Fig. 2, with the data of the current 
density. These transverse voltages appeared in the 
weak field in this figure are caused by the fact 
that we can not cut the transverse probes just per- 
pendicular to the current filament. Eliminating 
these spurious voltages, we get the expected 
voltages caused by hot electrons. The signs and 
the order of magnitude of the angle between the 
current and field vectors are in pretty well accord- 
ance with the previous estimation in the region 
where the effects of the acoustical modes of vibra- 
tion are predominant. The results are shown in 
Fig. 3, comparing with the theoretical curve. At 
the higher field where we must not neglect the con- 
tribution of the scattering by the optical modes, 
the experimental results may suggest another new 
anisotropic effect. 

We are much indebted to K. Mizuguchi and Y, 
Matsukura who made an appropriate pulse amplifier 
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Fig. 2. Transverse field strength and the current 
density versus field strength in the current 
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for this experiment, to Z. Ishii who determined 
the crystal axes of the samples by X-ray diffrac- 
tion method and to G. M. Hatoyama under whom 
this work was done. 


References 


1) M. Shibuya: Phys. Rev. 99 (1955) 1189. 
2) W. Shockley: Bell System Tech. J. 30 (1951) 
990. 


UMEHY Se SOGe JAPAN dol (1956) 1203 


Pressure Dependence of Sound Velocity 
in Organic Liquids 


By Yasaku WADA 


Department of Applied Physics, Faculty of 
Engineering, 
University of Tokyo, Tokyo 
(Received August 30, 1956) 


M. R. Rao has pointed out that the function 
vu'/? is almost independent of the temperature for 
many organic liquids, where v is the specific volume 
and w the sound velocity. This fact is considered 
to support the theory ?-” that the sound velocity 
in liquids varies, in the first approximation at least, 
only with the intermolecular free volume and that 
the temperature dependence of the sound velocity 
is ascribed to the change of volume. 

From the above consideration it may be reason- 
ably concluded that the function vw}/* should be 
independent of pressure, too.5) Recently some 
reliable data of the pressure dependence of sound 
velocity have been published for several organic 


Table I. 

od Temp. 1 du B } 

Liquid (°C) AD (10-9 cm?/dyn) n 
(10- cm2/dyn) 

Benzene 25 2.96 0.97 Ball) 
50 3815 1.26 3.0 
70 4.42 153) 2.9 
Carbon 0) DPM 0.82 BY) 
disulphide 25 2.62 0.92 2.8 
: 40 2.89 1.01 2.9 
Carbon 25 Ono 1.09 Ste 
tetrachloride 50 4.42 IBY 3.0 
Water 0) 123 0.51 2.4 
oN 30 1.08 0.46 piss 
0.45 2F3 


50 1.02 


liquids) and water?-% and it has become possible 
to discuss the problem. If vw1/3 is independent of 
pressure P, it can be easily deduced that the ratio 
m of the pressure coefficient of sound velocity to 
the isothermal compressibility 6 should be a con- 


Short Notes 


1203 


stant equal to 3. In Table I, the calculated values 
of m are shown with the values of pressure 
coefficient of sound velocity and isothermai com- 
pressibility, computed from the initial slope of 
sound velocity-pressure curves and the volume- 
pressure Curves respectively .10) 

As is seen in the table, the value of has proved 
to be 3 within the accuracy of the data for the 
organic liquids. Water has a rather smaller value 
of x, which may be attributed to the complicated 
structure of this liquid, especially to the strong 
association of molecules, 

Taking the temperature 7 and pressure as the 
independent thermodynamic variables, both w and 
v can be regarded as the function of them and _ it 
is not difficult to show the following relation: 


1 (du 1 /du 1 /du feel 

ar), =U, Gp),/ 0+) /2] ‘ 
where a is the thermal expansion coefficient. Sub- 
stituting the experimental results above-mentioned, 
(du/0T), may be found to be zero. As (0u/OP), can 
be shown also to be zero in the same way, it can 
be concluded that w should depend only on one 
variable v. 


References 


1) M. R. Rao; Indian J. Phys. 14 (1940) 109. 

2) J. F. Kincaid and H. Eyring: J. Chem. Phys. 
6 (1938) 620. 

3) C. Kittel: J. Chem. Phys. 14 (1946) 614. 

4) F.C. Collins and M. H. Navidi: J. Chem. 
Phys. 22 (1954) 1254. 

5) Y. Wada: J. Phys. Soc. Japan 4 (1949) 280. 

6) J. F. Mifsud and A. W. Nolle: J. Acous. Soc. 
Am. 28 (1956) 469. 

7) G. Holton: J. Appl. Phys. 22 (1951) 1407. 

8) A. H. Smith and A. W. Lawson: J. Chem. 
Phys. 22 (1954) 351. 

9) T. A. Litovitz and E. H. Carnevalle: 
Phys. 26 (1955) 816. 

10) The vaiues of isothermal compressibility are 
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The Electron Density of the Thomas- 
Fermi Atom in Crystals 


By Masao ATOJI 


School of Chemistry, University of Minnesota, 
Minneapolis 14, Minn. U.S.A. 


(Received July 9, 1956) 


The electron density of atoms in crystal is always 
modified by lattice vibrations even at absolute zero 
temperature. The time-averaged electron density 
o(r) of an atom in isotropic lattice vibrations is? 


B_,\sin27rs 


nrv=[psnoryexn (Eo B25 


(1) 


where s=2sine/A is the distance in reciprocal 
space and f(s) is the x-ray scattering factor of an 
atom at rest. B=872u2 where wv? is the mean-square 
displacement of the atom from its average position. 
Altough Higgs?) used the crystal space for obtain- 
ing 0(r) of the carbon atom, the use of reciprocal 
space is directly connected with x-ray diffraction 
data such as f(s) and B. For the Thomas-Fermi 
(TF) atom Umeda*) obtained 
anBn 


Oey sersu ay 


nm S+ByZ7/> * bee 


where a,,, 8, are numerical constants and Z is the 
atomic number, We have then 


x exp (—2Qn) -erfo(V Pn— ack ) 


—exp 2Qn)-erfe(VPn+qze-)}, (3) 
where P,=B8,,Z7/3/4 and Q,=7 Vp,Z)r. Accord- 
ingly, o(r)/Z? of the TF atom isa function of Z1/3VB 
and Z1/%7, so that (7) of a TF atom can easily be 
applied to other 7F' atoms. 


0(0)= 2722 S anby'lt{y/ 5-— 7 exp(P,)-erfol VP, )}, 


(4) 
is always finite. The electron density of a TF 
atom at rest is 
p(r)=nze y, Inbal oxo _20,) . 

we Qn 
o(r)/Z? is then a function of Z!/’7 only, and 9(0)=. 
However, owing to the lattice vibrations including 
those due to the zero-point energy, we would never 
be able to observe o(7r) in the electron density 
maps of crystals, even if the 7 model were an 
exact treatment of the, electron distribution of 
atoms. 


(9) 
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o(r) of thec opper atom at absolute zero is shown 
in Fig. 1, where Rozental’s three-term approxima- 
tion?) is used for Eq. (2) and w?=0.0018 A? for the 
zero-point vibrations in the crystal). (7) of the 
TF copper atom is also shown in Fig. 1. It is 
seen that the very small vibrations modify stri- 
kingly the electron density near the origin. From 
Fig. 2, it is seen that, when the thermal vibrations 
are appreciably large, the 7 electron distribution 
of atoms tends to become identical to ones obtained 


100 


lop) 
(0,A°) 


50 


0.2 


0.1 
(A) 


Fig. 1. The effect of the zero-point vibrations on 
the electron density of the JF copper atom. 
The physical limiting case (B=0.14 A2) is shown 
by solid line and the mathematical limiting case 
(B=0), by broken line. 


20 
(0) 
(c.A?) 

10 
F 
c 
EE 

0 . 
3 4 5 7 8 q 10 


6 
B(A*) 
Fig. 2. The peak densities to atoms Li, Cand F 

for 3 A2=B=10 A2. The results obtained from 

the Duncanson-Coulson wave functions are shown 
by solid lines, and those from the TF’ method 
by ®@. 


from the Duncanson-Coulson wave functions®)»®), 
This is because the electronic orbitals are smoothed 
out by the thermal vibrations and the statistical 
treatment of the charge distribution becomes suitable 
even for lighter atoms. Fig. 2 shows that, if w2 
>0.04 A2, the electron distribution near the origin 
can be well represented by the TF’ model for the 
atoms with Z=9, 
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Bubble Chamber Study of Electric 
Breakdown of Liquid 


By Shigeo NAGAO 
Engineering Faculty, Tohoku University, Sendai 
(Received September 12, 1956) 


A bubble chamber is an apparatus to record the 
paths of ionizing particles, which was first develop- 
ed by D. A. Glaser to get greater stopping power 
of particles than that of cloud chamber.” It is a 
vessel filled with a transparent liquid which is so 
highly superheated that an ionizing particle moving 
through it starts violent boiling by initiating the 
growth of a string of bubbles along its paths. 

We applied this chamber to the study of electric 
breakdown of liquid as H. Raether applied cloud 
chamber to the study of gaseous discharge. Steel 
sphere electrode of 4mm radius was placed in 
diethyl ether against needle electrode, 0.8 mm apart 
one another and both insulated from metal parts of 
chamber by teflon gaskets. 

Several milliseconds after the expansion of the 
chamber began, rectangular pulse voltage with the 
duration of 1 msec. was applied between electrodes 
and xenon flash lamp with the duration of 0.6 msec. 
illuminated bubbles from right angle to the direc- 
tion of the axis of electric field. 

Fig. 1 shows pictures taken at 130°C with ap- 
plication of pulse voltages, when expansion ratio 
was about 1.06. Expansion without the application 
of voltage or voltage application without expansion 
did not generate any bubble. Distinct polarity 
effect of the picture of bubbles was not found and 
more bubbles seemed to be created near the sphere 
electrode than at the needle electrode without regard 
to the electric polarity of applied voltages. This 
fact may be due to the omission of degasing treat- 
ment of electrodes and poor purity of liquid used. 

Breakdown voltages were greater than 25 KV in 
both case of polarity. 

The auther wishes to express his sincere thanks 


(b) 
Fig. 1. (a) Negative needle. 18 KV. 
(b) Positive needle. 2i KV. 
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to Prof. Y. Toriyama for his supervision. 
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The Temperature Dependence 
of the Electrical Resistivity of the $-phase 
Titanium-Molybdenum Alloys 


By Susumu YOSHIDA and Yiko TSUYA 


The Government Mechanical Laboratory, 
Sumiyoshicho, Suginami-ku, Tokyo, Japan 


(Received August 2, 1955) 


S. L. Ames and A. D. McQuillan measured the 
electrical resistivity of @-phase Ti-Nb alloys con- 
taining more than 20 at. % Nb over the temperature 
range from —185°C to 900°C. They found that the 
temperature coefficient of resistivity becomes nega- 
tive at low temperatures in the alloys containing 
less than 25 at.% Nb. F. R. Brotzen et al.») also 
found a negative temperature coefficient of resistivi- 
ty in quenched Ti-V alloys containing from 15 to 
20 wt.% V. Nb and V depress the transformation 
temperature of Ti and are soluble in 8-Ti at high 
temperatures over the whole range of composition. 
In these alloy systems, the $-phase can be retained 
on quenching at concentrations above a critical 
amount of any of those addition elements. The 
present investigation was carried out on the Ti- 
Mo system which posseses the same characteristics 
as those of the above systems, over the temperature 
range from —190°C to 900°C and the concentration 
range from 12 to 30 wt.% Mo. 

Commercially pure Ti sponge (99.5% <) and Mo 
wire (99.9%) were melted together in an argon arc 
furnace. Alloys containing 12, 14, 17, 25 and 30 
wt.% Mo were prepared. They were rolled to 2mm 
thick plates and specimens of 2mm square section 
and 80 mm in length were cut from the plates. They 
were annealed in an evacuated silica tube at 950°C 
for 30 minutes or more. Then, pure argon was 
introduced into the tube and the specimens were 
quenched into water. It was ascertained by micro- 
scopic observation and X-ray diffraction that the 
8-phase was perfectly retained on quenching in 
these specimens. The experimental procedures of 
measuring electrical resistance at low and elevated 
temperatures and resistivity at room temperature 
were similar to those reported by Ames and Mc- 
Quillan. 

The results for each alloy are represented in Fig. 
1 in terms of the ratio of the resistivity at a given 
temperature to the resistivity of the same alloy at 
900°C. The dotted lines in the figure represent 
the temperature range at which the resistivity of 
the perfectly retained @-phase could not be obtained 
because of the decomposition of the B-phase. At 
relatively high temperatures and high Mo cocentra- 
tions, the resistivity-temperature curves are linear. 
The temperature coefficients of resistivity for 12~ 


Short Notes 


Wolly 


17 wt.% Molybdenum alloys become negative below 
150°C in the same way as 20 and 25 at.% Nb alloys. 
Moreover, at lower temperatures, the resistivity- 
temperature curve for each of the above alloys shows 
a maximum and then again decreases with decreas- 
ing temperature. This anomalous behaviour of the 
resistivity-temperature curves depends considerab- 
ly on the Mo cocentration. Both the magnitude of 
the maximum resistivity and the temperature where 
it appears increase with decreasing molybdenum 
concentration. The resistivity-temperature curves 
at low temperatures were identical when obtained 
by heating or cooling experiments and no hysteresis 
was observed. The resistance of 12 wt.% Mo 
alloy was measured 10 minutes after water quench- 
ing and thereafter for a weak, no change being 
observed. 


=20ON NO 200 400 600 800 |!000 


TEMPERATURE °C 


Fig. 1. Resistivity versus temperature curves. 
01°C, resistivity at t°C; go00°c, resistivity at 
900°C. 


The anomalous behaviour of the resistivity-tem- 
perature curves observed in the Ti-Mo alloys bears 
aremarkable resemblance to those of the alloys 
which are commonly used for electrical resistance 
use, such as Ni-Cr, Ni-Cu, Ni-Cu-Zn and Cu-Mn 
alloys. H. Thomas®) concluded that the anomalous 
behaviour of the latter group of alloys is due to 
some kind of a short range order caused by tem- 
pering. However, it seems difficult to attribute the 
behaviour of Ti-Mo alloys to the same origin, for 
temperature hysteresis and aging effect are lacking 
in this case. It may rather be attributed to a 
characteristic electronic structure of the B-phase 
Ti alloy with dilute concentration of the addition 
element or to some kind of intermediate structure 
formed during quenching. 

In conclusion the authors wish to express their 
sincere thanks to Mr. Y. Tomono and Dr. T. Kawada 
for their kind advices. 
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Microwave Spectra of Formaldehyde 
-di, -d, 


By Hiromasa HIRAKAWA, Takeshi OKA 
and Koichi SHIMODA 


Department of Physics, Faculty of Science, 
University of Tokyo 


(Received September 20, 1956) 


Microwave spectra of formaldehyde-d;, -d, mole- 
cules have been observed. To date 15 lines of 
HDC?20!6, one line of HDCO'* and 13 lines of 
D.C!2016 have been measured and assigned as shown 
in Table I. Lawrance and Strandberg) used a 
semi-classical approach to handle the centrifugal 
distortion effect of H,CO molecule, and there seems 
to be some discrepancy between their results and 
the calculation based on the analysis given by 
Nielsen2). Further investigation to reinterpret all 
the spectra of formaldehyde and its available 
isotopic substitutions found in microwave») and 
infrared#)5) region is now in progress. 
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Table I. Observed frequencies for formaldehyde 


1) 


2) 


3) 


ae eds 
Transition Observed fre 
quency F 
Pee Bagi le yh, (Mc/sec) Intensity 

HDC”O!6 

lina > dh,.6 5346 .64+0.03 S 

21,2 > 2151 16038 .06 S 

pee. sp 52,3 4489 .08+0.03 S 

62,5 > 62,4 8922.59 S 

72,6 > 12,6 15907 .38 Ss 
103, g 103, 7 3283 .09+0.03 MS 
113, 9 113,38 SLO2Z26% MS 
123, jo 123, 9 9412.51 MS 
133, 117133, 10 14873 .02 MS 
164, 13-7164, 12 2946.67 +0.03 MW 
174, 14-7174, 13 4713.90 MW 
184, 15-7184, 14 (822535 M 
19., 16> 194, 15 11074.30 M 
235, 19 2235, 18 3330.66+0.04 W 
24;, 20245, 19 5018.25 WwW 
HDC#oO!6 

li,1 > lio 5156.19+0.10 WW 
D,CPO1 

11,172 lio 6096.10+0.02 S 

21,2 > 21,1 18287 .90 S 

rr Sr 3687 .28-40.04 S 

5y, 4 —> 92,3 8519.10 S 

62, 5 = 62, 4 16759 .64 S 

Sees: Bs. 2850.62+0.03 M 

93, (mas 93, 6 5536.98 MS 
10,3, 8 103, 7 10304. 64 MS 
13:4, 19-7134, 9 3079.48 +0.03 MW 
14,, 1.27144, 10 5461.54 M 
154, 127154, 11 9259 .88 M 
164, 116.590 15080. 34 M 
195, 15-7195, 14 4508 .39+0.04 W 


* 


The measurement of this line was difficult be- 


cause it comes very 
43, 9 43, 1 line. 


near the strong HDO 
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On the Oscillating Cylinder Viscometer 
for Elastic Liquids II 


By Ali A. K. IBRAHIM, Ph.D. London 


Physics Dept. Faculty of Science, 
The University, Alexandria, Egypt 


(Received September 15, 1956) 


Consider an elastic liquid of density 9 in gm-cm~3 
dynamic viscosity 7p in gm-cm-!sec and dynamic 
rigidity N is inserted between two vertical, coaxial 
cylinders. If the outer cylinder (of inner diameter 
2b in cm) is oscillating through very small angles 
about 1° say. at various frequencies » in sec, 
the liquid assumes an oscillatory motion and vis- 
cosity comes into play. Since the inner cylinder 
(of diameter 2a in cm, and moment of inertia I in 
gm-cm?) is suspended by a torsion wire of restor- 
ing constant 7 in gm-cm?sec~?, then it experiences 
a shearing torque due to the liquid and a torque 
due to the suspension wire. As a result it acquires 
an angular acceleration. If 4 is the angle of de- 
flection of the inner cylinder, therefore, according 
to my theory) 

oy ee = oe dp) ee (1) 
[CN /w)?+- 7 p7]e8/ 2 — 2Nd(¥+dp) 
where 
w=2rn 
d=(b—a)/2 
R=(b+a)/2 


LZ is the depth of immersion 


@ is the phase angle by which the inner cylinder 
lags the outer cylinder. 


Table I. 
Tan ¢ 
Experiment | Calculated from equ” (1) 
0.396 0.415 


Markovitz et al?) have carried out Precise mea- 
Surements on a 12-8 Percent solution (density = 
0.96 gm-cm-3) of Vistanex polyisobutylne B-140, 
their results are listed below 

d=0.08cm. 
a=0.395 cm. 
T= (0eA75iemy 
__7.21 x 4n°(80)? — 140 

~ 2nx4.4(0.395)? x 4n2(80)2 
N=19200 dyne cm-? 
yp=12.4 Poise 
w=2 xn x 80 
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Now, applying the above mentioned data, therefore, 
From the above table the given equation (1) may 
be regarded as a satisfactory description of the 
facts for elastic liquids. (The slight deviation is 
due to the end effect.) 
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l-type Doubling Spectra of HCN and DCN 


By Hiromasa HIRAKAWA, Takeshi OKA 
and Koichi SHIMODA 


Department of Physics, Faculty of Science, 
University of Tokyo 


(Received September 20, 1956) 


Microwave absorption lines corresponding to the 
direct transitions between J-type doublets of 
hydrogen cyanide have been reported by several 
authors.v- This is the second note from our 
laboratory reporting one additional line of HCN 
(J =7) and three of DCN (J=7, 8, 9) in the frequency 
range between 10,000 and 17,000Mc/sec. The 
observed frequencies y are given in Tablel. The 
l-type doubling constants q=v/J(J+1) are in good 
agreement with those calculated from the formulae 
given before:*) 


HCN: q= 224.478 —0.002667 J(J+1) Mc/sec 
DCN: qg=186.193—0.002197 J(J+1) Me/sec. 


Table I. Observed frequencies and l-type 
doubling constants for HCN and DCN. 


1) HCN 
J v(Mcjsec) g=v/J(J+1) q=224.478 
— 0.002667 I(T +1) 


7 12562.46+0.03 224.330 224.329 


2) DCN 


Jv (Mc/sec)  g=v/J(T-+1) ¢=186.193 
— 0.002197 J(7-+1) 


7 10419.88+0.03 


186.069 186.070 

8 13394.50 186.035 186.035 

9 16739.42 185.994 185.995 
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The Reaction O(n, a)C" 


By Kiichi Kimura, Isao KUMABE, Kozo MIYAKE, 
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Using an ionization chamber filled with oxygen, the O'(, o)C13 reaction 


has been observed. 


The chamber was irradiated with moderated Li-D fast neutrons with 
continuous energy spectrum, and the output pulses produced by the 
reaction were registered and the pulse height distribution was determined. 
We obtained eighteen resonances corresponding to the excited levels of 
O” at (9.66), (9.45), (9.21), 9.07, 8.90, 8.75, 8.52, (8.41), 8.27, 8.06, 7.93, 
7.75, (7.57), (7.39), (7.28), (7.16), (7.09) and 6.89 Mev. 


§1. Introduction 


The present experiment has been undertaken 
to determine the excited states of OW using 
the O'(7, a@)C!8 reaction. 

The excited states of O!” above 6.5 Mev 
were investigated by several workers. Bur- 
rows, Powell and Rotblat» investigated the 
energy levels of O”. Measurements were 
made of the range in photographic emulsions 
of protons from the O%(d, p)O™ reaction and 
of alpha-particles from the F*(d, @)O" reac- 
tion. Eleven proton groups arising from the 
O1%(d, p)O™ reaction and fourteen alpha-particle 
groups arising from the F!%(d, w)O reaction 
were identified. Excitation energies for thir- 
teen O1 states were calculated by averaging 
the results of the two reactions. Watson and 
Buechner analyzed the energy spectrum of 
alpha-particles from the F(d, w@)O™ reaction 
at 90 degrees to the incident deuteron beam, 
using an annular magnetic spectrograph with 
photographic detection. Alpha-particle groups 
corresponding to the ground state and ten 
excited levels of O! in the range of excitation 
from 0 to 6.9 Mev were identified. 

Baldinger, Huber and Proctor? observed 
four resonances in the scattering of neutrons 
by O using the ionization chamber. Hughes 
et al. observed nine resonances in the scat- 
tering of neutrons by O¥. 

Jones and Wilkinson® observed the neutron 
yield from the thin target of carbon bombarded 
by alpha-particles between 1 and 2 Mev. Strong 
resonances were observed at 1.0660.005 and 
1.344+0.010 Mev. These correspond to states 
of O at 7.158+0.009 and 7.37240.011 Mev. 


By similar method, Trumble” observed also 
strong resonances at 2.44, 2.66, 2.76 and 3.30 
Mev in the alpha-particle energy range be- 
tween 1.0 and 3.5 Mev, and Walton, Becker, 
Clement and Zucker” at 2.25, 2.44, 2.70, 2.78, 
2.83, 3.09, 3.36 and 3.43 Mev between 1.6 and 
and 3.8 Mev. 

Seitz and Huber® determined the cross sec- 
tion for the reaction O'%(2, w@)C as a function 
of neutron energy by means of an ionization 
chamber filled with oxygen. Resonances were 
observed at 3.90 and 4.05 Mev in neutron 
energy. These correspond to excited states 
of O" at 7.81 and 7.95 Mev respectively. 

Wilhelmy® observed O(n, a)C¥ reaction 
using an ionization chamber filled with oxygen. 
The ionization chamber was irradiated by fast 
neutrons with continuous energy spectrum, and 
then the output pulses produced by the re- 
actions were registered and the pulse height 
distribution was determined. He observed a+ 
C-recoils having energies Ea+Ec=0.65, 0.85 
and 1.52 Mev with Po-Be and Rn-Be neutrons. 
In our laboratory’, experiment was carried 
out by similar method with Li-D neutrons and 
seven resonances were observed but no deci- 
sive conclusion could be obtained because of 
its poor statistics. Gierke’? observed also 
O(n, w)C¥ reaction. He observed thirty-two 
resonances corresponding to levels in O™ be- 
tween 6.8 and 12.8 Mev. 

However, there are some discrepancies be- 
tween the results obtained by the above work- 
ers. We have repeated the experiment with 
the improved condition and careful energy 
calibration, and obtained some reliable results. 
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$2. Experimental Apparatus and Procedure 


The arrangement of the present measure- 
ment is shown schematically in Fig. 1. 
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Fig. 1. The experimental arrangement shown 
schematically. M: Moderator (paraffin or gra- 
phite). 
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Fig. 2. The ionization chamber used. E, E’: 
Po: Polonium source mounted behind the col- 
limator, C. S: Shutter. R: Po source support- 
ing rod which is inserted to the position shown 
by the dotted-line with Po source, if necessary. 
Lh, La, Lg: Connected to the high voltage sup- 


ply, linear amplifier and pulse generator, respec- 
tively. W: Wilson seal. 


Neutrons were produced by bombarding a 
thick target of lithium metal with 310~330 
Kev unresolved deuteron beam of about 400 
vA from the Cockcroft-Walton type accele- 
rator, and the intensity was about 10 gram 
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Ra-Be equivalent. 

To moderate and smooth the energy spec- 
trum of Li-D neutrons, paraffin or graphite 
plate of various thickness was inserted be- 
tween the target and the ionization chamber, 
and the chamber was surrounded with paraf- 
fin or graphite plates. 

Fig. 2 shows the ionization chamber used. 
It consists of a parallel plate condenser made 
of two copper disks of 2mm in thickness and 
11.3cm in diameter. The depth of the cham- 
ber was designed to be 16mm after the know- 
ledge of the alpha-particle range of 3 Mev in 
N.T.P. oxygen gas. It was a good compro- 
mise between the disadvantage of the so-called 
wall effect and the demand for short collecting 
time, since the voltage required for a certain 
collecting time is proportional to the square 
of the chamber depth. Actually 5000 volt was 
applied to the high voltage electrode from a 
well-stabilized source, since the voltage was 
found to be the highest voltage practicable 
under the ordinary room humidity. The ebo- 
nite surfaces facing to the sensitive volume 
of the ionization chamber were covered with 
copper foil to shut out the recoil protons. 
Electrolytic oxygen dried by CaCl, was flowed 
through the chamber. 

The energy calibration of the pulse height 
was carried out in two ways by comparison 
with the pulses of alpha-particles from polo- 
nium. One polonium source deposited care- 
fully on a small silver plate was attached to 
the position of 27.75mm behind the inner 
surface of the high voltage electrode, and 
alpha-particles were admitted into the chamber 
through the collimator of 27.75mm in length 
and 2mm in diameter. This polonium source 
was usually covered with the shutter. The 
other polonium source was inserted between 
the electrodes from the outside of the chamber 
when the energy calibration was carried out. . 

The linear amplifier used is a conventional 
resistance-capacity coupled type with five 
stages. This is a modification of the circuit 
developed by Kimura and Uemura™ in our 
laboratory. Great care was demanded to sup- 
press the noise and the gamma ray disturbance 
from the Li-D neutron source. For this pur- 
pose, for the input tube we used UZ-6001 
selected carefully among many tubes of the 
same kind, which was operated with floating 
grid for the purpose of making the time con- 
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stant of the input system greater than about 
one second, and to avoid microphonic noise 
the ionization chamber and the first and second 
stages were mounted in a sound arresting box. 
And the time constant has to be selected small 
enough to suppress the noise but not so small 
as to distort the linearity seriously. After 
several trials and theoretical calculations, we 
chose the value of 1.8x10-?sec for the clip- 
ping time constant between the first and second 
stages and much greater values of 1x 10-2? sec 
for the later stages. The ratio of the clipping 
time constant to the ion collecting time (2.5 x 
10-* sec) was 7.2. This ratio is not large 
enough to insure the strict proportionality be- 
tween the ionization and the pulse height. 
The distortion, however, is not serious and 
the correction required is only about one per- 
cent. Thus we could obtain sufficiently good 
linearity and low noise level reduced to about 
64 Kev in the energy scale. 

For the adjustment of the gain and the 
linearity of the amplifier, a well-designed pulse 
generator proved to have satisfactory precision 
was used. The pulse was fed capacitively to 
the grid of first stage of the linear amplifier. 
The gain of the linear amplifier was checked 
every 10 or 15 minutes during the measure- 
ments. 

The pulses were recorded in the decade 
scaler and the gray wedge pulse height ana- 
lyzer!? of which the time constant was 10-? 
sec. A gelatin wedge obtained from “the 
Scientific Research Institute, Tokyo” was 
used, which has transmission range of 100~1. 

In the present experiment, counting rate 
was 50~300 counts per minute. 


§3. Energy Calibration 


In order to determine the nuclear reaction 
energy by measuring the total ionization pro- 
duced by charged particles in a pulsed ioniza- 
tion chamber with a linear amplifier, the fol- 
lowing effects must be taken into consideration. 

The first is the relation between the total 
ionization produced in the ionization chamber 
and the output pulse height. Thus, the time 
constant of the amplifier rt, and the collecting 
time of ions t- were chosen 1.8 x 10-° and 2.5 x 
10-* sec respectively, for the purpose of de- 
creasing the variation of the reduction less 
than one percent that depends upon the rela- 
tive magnitudes of rt. and tel”. 
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The second is the recombination of ions 
produced in achamber. This effect was negli- 
gible for the reaction particles, because the 
recombination was less than one percent for 
the particles except parallel ones with the 
electric field under our operated condition (= 
3100 volts/em). However, the correction for 
the columnar recombination was required for 
collimated polonium alpha-particles used for 
the energy calibration of the pulse height 
because their tracks were parallel with the 
electric field. 

The third is the relation between the amount 
of the total ionization and the energy of the 
particle. Now let g be the charge of ions 
produced in a chamber and e the charge of 
an electron. Then the energy of the particle 
E is generally expressed by 

E=Wd/e , (1) 
where W denotes the average energy expended 
to produce one ion pair in gas by the particle. 
The ionization-energy relations in various gases 
and for various particles have been reported 
by many authors!)19.1), and it has been 
usually shown that W increases considerably 
with the decreasing energy, and this variation 
is large at low energy. The empirical formula 
of W for alpha-particles in air reported by 
Ishiwari et al.’ is as follows, 


0.119. 
W.(E)= Wr (0. 18 + ae) 


(E>1.5 Mev) (2) 


where W,,. denotes W for polonium ailpha- 
particles, E is expressed in Mev and this re- 
lation is tangentially extrapolated to 1.10 Wpo 
at zero energy in the region below 1.5 Mev. 
According tc the measurements of W_ for 
alpha-particles in air, nitrogen and oxygen!» 
19),20),21),22)| there is constancy for the ratio 
W.(E)/1 Won(E). Then it is considered that 
the formula (2) can be used for oxygen. 
Furthermore, from the knowledge)?»? of 
the reaction energy of B(x, a)Li’ reaction 
by the ionization chamber, it is deduced that 
W for a heavy particle is equal to that of 
the alpha-particle with the same velocity. 
Therefore, We for the recoil nucleus C’ from 
O'%(72, w)C reaction becomes as follows: 


We(B)= Wal oH ik (3) 


where 72a and mc denote masses of the alpha- 
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particle and the nucleus C’* respectively. 
Since the average ratio of the energy for the 
alpha-particle and the nucleus C!* produced by 
the reaction is considered to be mc/ma, the 
relation between reaction energy @ and charge 
of ions ger produced by the reaction is ex- 
pressed as follows: 


qr _ Ea ai Ec : 
é i WalEa) Wo(Ec) 
Me Me 
_ Mea HF mo a Ma + Mc 
i: Te _ Me Mea 
| Wel eo ) 
Wel 2 ) MatmMy Mo 


(4) 


As shown in Fig. 3, the energy calibration 


Fig. 3. The photograph of the pulse height dis- 
tribution of the collimated polonium alpha- 
particles recorded in the gray wedge pulse height 
analyzer. 


of the pulse height was carried out by com- 
paring the standard pulses with the pulses of 
polonium alpha-particles in two ways. 

Figs. 4a and 4b show the pulse height dis- 
tributions of polonium alpha-particles non- 
collimated and collimated respectively. 

Now, let q. and q be the charges of ions 
produced by non-collimated and collimated 
polonium alpha-particles respectively, and qs 
be the charge that equivalent to the standard 
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pulse. Then, the ratios of the charges were 
measured as follows: 


29.05-+0.10 
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Fig. 4. The pulse height distributions of polo- 
nium alpha-particles (solid-lines) and standard 
pulses (dotted-line). 

(a) Non-collimated polonium 
Epo =5.3001 Mev. 

(b) Collimated polonium alpha-particles, EH,.= 
1.771 Mev. 


alpha-particles, 
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where Fp, denotes the energy of polonium 
alpha-particles that is equal to 5.3006+0.0026 
Mev, E, denotes the residual energy of col- 
limated polonium alpha-particles and f denotes 
the columnar recombination factor. Let R, 
be the collimator length and Rp, the range 
of polonium alpha-particle in air at 15°C and 
760mm Hg. Then the residual range PR, in 
air at 15°C and 760mm Hg. is expressed by 
R,=Rpo —Re/78 , 
_ 760 Ve 
288.15 P 
notes the stopping power of oxygen relative 
to the air. The room temperature and the 
atmospheric pressure were constant through- 
out the observation, namely 282.56°K and 
751.56 mm Hg respectively, and the collimator 
length was 27.75mm and Rp. was 3.842 cm. 
Thus, the value of R, was 0.8760.005 cm. 
According to the range energy relation re- 
ported by Bethe??, E, became 1.771+0.010 


where y= and 1/8(=1.060)!® de- 
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Mev. 

Furthermore, according to the theory?® the 
columnar recombination factor was calculated 
as follows: 


Therefore, putting these values into Eqs. (5a) 
and (5b), we obtain the following values for 
gs/e respectively. 


1 

/e=(1.560-++0.011 

qs/e=( 0 w..° (6a) 
1 

./e=(1.552-+0. 

qs/e=( of Wy - (6b) 


These values obtained in two ways are in 
good agreement with each other within the 
limits of experimental errors. 

If we take the values (1.556+-0.007)/Wp, for 
qs/e, from Eqs. (2) and (4) uncorrected reaction 


energy, Q’= = Wy, is expressed as follows. 


13 4 
7” ih 
am, 0119 5 4 eer 
(0.948 + a ) ( 1.1-0.03667 x x Q) 
135 it? ae 
17 
13 4 
Q Q 
Q'= ie 17 


13 
z ((,@>15 Mev 


i) 


Sea 
1.1—0.03667 x — 
( x179 ) ( 
Practically, the calculation of Q from Q’ 
was carried out graphically. 


Preliminary Experiment 


§ 4. 

As the preliminary experiment, in order to 
determine the suitable observing condition 
seven experiments were carried out with vari- 
ous moderator conditions and in various energy 
ranges. 

One example (Run 1) of the pulse height 
distribution is shown in Fig. 5. As can be 
seen in this figure, several peaks corresponded 
to reactions O+ were observed. Table I 
summarizes the peak energies in the seven 
experiments. The moderator conditions and 
total counts are shown in the last row. Values 
shown in parentheses in Table I were of 
doubtful peaks. The mean values in the last 
column were calculated as a weighted mean. 
We found the moderator thickness 3.5 cm for 
the best condition. 


110.08667x = x0 ) 


: (G7e<15 Mev ) 
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§5. Results and Discussion 

Since in the preliminary experiment the 
number of the registered pulses in each run 
was not yet sufficient, we could not conclude 
the reliable peak energies. 

Therefore further three measurements hav- 
ing more counts were repeated. 

One example (Run III) of the pulse height 
distribution is shown in Fig. 6. Table II sum- 
marizes the peak energies in the three measure- 
ments. Run I shows the mean values of the 
peak energies obtained in the preliminary ex- 
periment. 

Run II and Run III show the results of the 
measurements for the determination of the 
peak energies in low (0.5~2.5 Mev) and high 
(1.5~3.0 Mev) energy ranges respectively. 

Run IV shows the result using graphite 
instead of paraffin as the moderator. 

Thus, the reliable nine peaks and doubtful 
nine peaks were obtained. Total count was 
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Fig. 5. The photograph of the pulse height dis- Fig 6. A typical pulse height distribution of 


tribution of the reaction O'6+m recorded in the O'6-+2 (Run III). 
gray wedge pulse height analyzer. 


Table I. The peak energies (Mey) in the preliminary experiment. The total counts and the 
moderator thickness (cm) between the target and the chamber are shown in the last rows. 


Run 1 Run 2 Run 3 Run 4 Run 5 | Run 6 Run 7 Mean 
1 3.56 3.50 3.54 | 3.54 
2 3.28 3.31 3.38 | | 3.32 
3 3.03 3107an ly mer06 | | 3.06 
4 (2.87) = 2.88 | | (2.88) 
5 2.74 2.72 2.70 Die | | 272 
6 (2.54) = En ee 5h) 
7 2.37 2.33 2.40 2.35 | 233 | | a7 
8 223 = ve ae) es (2.23) 
9 2.09 2.06 Pa i OS 2.04 2.08 
10 1.84 1.88 1:85, ieISo1 | 1.88 
11 1.74 1.69 _ 1.75 73 We 1.74 
12 1.56 1.53 1.51 L57 0555) 7) 124s Weiss 1.53 
13 33 126, *| 9ae33y 1.322 193500) alae 
14 = (1.18) 120 SP ete19) 
15 — | 1.05 — | 1.05 | (1.05) 
16 0.91 = 0.96 | 0.92 0.93 
17 (0.87) = OSE 
18 0.655 0.655 | 0.655 
count 9,833 | 14,783 | 13,071 | 16,481 | 22,851 | 10,123 | 15,141 | total count 

, , | 98,283 

moderator - t eee . ol. See ee eee - 

7 7 3.5 3.5 | 0 7 3.5 


thickness 
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Table II. Summary of the results. 
Run I Run II Run III Run IV ean Mp ® fat ead Ol 
i ae (3.54) (3. 66.) (9.66) 
: ve (3.32) (3.44) (9.45) 
é ae ie (3.06) (3.18) (9.21) 
3 91 2.94 2.91 3.03 9.07+0.03 
o Pasi eo Do Bote 2.855 8.90+0.03 
6 (2.54) 2.60 2.58 2.58 2.695 8.75+0.03 
7 ES 2.36 Dy SV 2.31 2.34 2.45 8.52+0.03 
8 (2.23) (2.22) aa — (2.225) (2.335) (8.41) 
9 2.08 2.10 2.09 2.05 2.08 2.19 8.27+0.03 
10 1.88 1.84; — (1.85) 1.86 1.965 8.06+0.03 
11 ie 1.71 1.73 Wa W725 1.825 7.93+0.03 
We 153 1.50 1 eye eb; obi, 1.635 7.75+0.03 
13 1.34 135) — (1.345) (1.435) (7.57) 
14 (1.19) (1.13) | — (1.16) (1.245) (7.39) 
15 1.05 (1.035) (1.07) (1.06) (1.13) (7.28) 
16 (0.93) a. = (0.93) (1.00) (7.16) 
17 [re Or87) (0.884) | (0.835) (0.86) (0.93) (7.09) 
18 | 0.655 0.674 | 0.665 (0.72) 6 .89+0.04 
count 98 , 300 84,100 57,600 | 162,000 total count 402,200 


about 4x 10°. 

Now let us consider by what reactions these 
peaks appear. There are three stable isotopes 
of mass number 16, 17 and 18 in natural oxy- 
gen. The following reactions give rise to the 
emission of charged particles when oxygen is 
bombarded with fast neutrons: 


Vimgea N+) 
O4+n——— N-+d 
Sa C+a 


Because of the low relative abundance of O” 
and O*8 in natural oxygen, it is considered 
that the reaction rates of neutrons with O” 
and O' are sufficiently small as compared 
with that with O'%. Therefore, it will be seen 
that the peaks resulting from these reactions 
cannot be observed in the present experiment 
except the reaction O'(7, a@)C'* with thermal 
neutrons, of which cross section is fairly large 
(oinermai =0.46-£0.11 b®) and @=1.825 Mev*». 
It seems possible that the peak results from 
this reaction in the present experiment in 
which the thermal neutron flux is considerably 
intense. 

For the reactions O%(”, p)N% and O%(2, 
d)N, since the threshold energies of these 
reactions are very high and the level density 


of O in this region is very dense, we can 
exclude the possibility that the peak due to 
fast neutrons with continuous spectrum is 
observed. However, since the Li-D neutrons 
used have groups at 13.42 Mev, 10.90 Mev, 
---/ and m—p scattering cross sections around 
these high energies are comparatively small, 
it seems possible that the groups are not 
completely flattened out by the moderator 
and remain in the neutron spectrum in the 
chamber, and then the corresponding peaks is 
observed in the results. Table III shows the 
reaction energies if ‘the reactions take place 
by these neutron groups. Since the proton or 
deuteron emitted in the bombardment of O° 
by the neutron at 13.42 Mev has the energy 
of above 3 Mev, and its range in one atm. 
oxygen is considerably long as compared with 
the depth of the chamber used, it seems that 
peaks resulting from these reactions cannot 
be observed because of the very broad pulse 
height distribution as a result of the wall 
effect. And it seems that the peak resulting 
from the reactions with neutrons of 10.90 Mev 
cannot observed, because these neutrons cor- 
responding to the broad first excited level of 
Be’ shows the broad energy distribution. The 
peaks resulting from the reactions with neu- 
trons of 9.74 Mev are scaled out in the present 
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Table Ill. The reaction energies (Mev) in the O'(2, »)N!® and the O!(m, d)N!®© reaction due to 
the Li-D neutron groups used. : ao 
Bes Srey : O'%(7, p)N'® reaction energy | Ol6(n, d)N%S 
¢ Neutron =.8 ca. eet 7 ay 
eee Ground | First excited Second excited Third excited | 
state eae state state (0.113) | state (0.300) state (0.39) energy 
ac Le aa! eee | pb ees ere eee : s = 5208 4 ae 4 
: 1 0 teeAZ 3.803 3.690 3.503 3.412 3.536 
Z | 2.90 10.90 1 24S 1 0.983 0.892 1.016 
oO 4.2 9.74 0.123 0.010 — aa = 
Table IV. The excited levels of O!” obtained by several workers and by us. *: The values 


after the correction of W was carried out. 


O(n, aC CHain)O% Om, more! Fide Ne 
7 2 
| > | | | by z o 
a re Le | ee 
| 8s | #2] 5 | 2 | 88 | es | GS | 88 | Bee |) oe | Bs 
Be Aa Cates a See Fe | os | 88 | ASe |] es | as 
| | | "Ss. Ne PS ee Bs ly = f » 
1 | (9.66) (9.57) | | | (9.7) 
2 | (9.45) 9.34 | (9.5) 
3 | (9.21) 
bo ONOT | 9.09 9.06 
| 8.97 8.98 
5 | 8.90 | 8.84 8.91 | 8.87 
6 | 8.75 8.62 8.7 8.7 
7 | 8.52 8.51 | 8.5 (8.59) 
| 8.47 | 8.45 
8 | (8.41) | | 8.41 | 8.38 
9° |) 8.97 8.23 | “8.2% te tor pat aoe S127 
10 8.06 (7.98) | 8.06 
Te 7.93 Lawes ee | 
Pere St TRS 7 7.81 fe 
| | 7.63 | (7.62) | 
AST. OT i ook | 7-48. | oy 
14 | (7.39) | 7.40* | 7.35 | 7.372 (7.371) 
To 7. 28) 1 | | 7.28 
16 | (7.16) | 7.21") 7.11 | | 7.158 
17 | (7.09) | 7.05*| 6.99 | 7.01 (6.986) 
18 | 6.89 | 6.87*| 6.89 6.869 | 6.89 
experiment. Therefore we can exclude the serve only the decay of a level of O! above 


possibilities that the peaks observed by us 
result from the reaction O(n, p)N!® and 
O(2, d)N!. 

Thus, it seems that the peaks observed by 
us result only from the reaction O(n, a)C3, 
It is conceivable that the decay of the com- 
pound nucleus O” to an excited level of C% 
by alpha-emission is observed. Since the first 
excited level of C™* is located at an energy of 
3.09 Mev above the ground level, we can ob- 


9.6 Mev to an excited level of C3, On the 
other hand, the decays of the levels of Q!? 
above 9.6 Mev to the ground level of C13 were 
few in the present experiment, because it has 
been observed that the ratio of number of the 
pulses corresponded to above 3.5 Mev to 0.7~ 
3.5 Mev was about ‘1/20. Further, since the 
ground and first excited level spins of C™ are 
1/2- and 1/2+, according to the consideration 
of spin, parity, Coulomb barrier and densely 


distributed levels, number of alpha-particles 
decaying to the first excited level of C® from 
the levels of O! above 9.6 Mev is considered 
to be comparable as or smaller than that to 
the ground level of C3, Thus, the probability 
of the decay of O' to the excited level of C8 
is considered to be sufficiently small as com- 
pared with that to the ground level of C¥ in 
the present experiment. Since the Li-D neu- 
tron groups below 5.8 Mev have broad energy 
distributions, and their n—p scattering cross 
sections are comparatively large, it is con- 
sidered that no peaks of the reaction O'%(72, 
a)C (ground) corresponding to these neutron 
groups are observed. 

Thus, it may be concluded that ail the peaks 
observed by us are produced by the decay of 
O” to the ground level of C® by alpha-emis- 
sion. The excited level of compound nucleus 
O” is shown in Table IV. These excitation 
energies were obtained by making use of 
values of 4.143 Mev and 6.344 Mev for the 
neutron and alpha-particle binding energy in 
O'”. It seems probable that the eleventh peak 
is produced by the reaction O(n”, a@)C“. The 
fifth and sixth columns show the uncorrected 
and corrected reaction energies respectively. 
The probable errors of the excited levels of 
O” are also included in Table IJ, but errors 
due to the correction of W are not included. 

The excited levels of O!” obtained by several 
workers and by us are summarized in Table IV. 

The value of the energy of the level (4) in 
the present experiment is in good agreement 
with that obtained by Burrows et al.. 

For the six following levels the present 
values are in agreement with those obtained 
by Walton et al., although the values of the 
levels (6) and (9) are slightly higher than those 
obtained by them. The values of the levels 
(11) and (12) are slightly lower than those 
obtained by Seitz et al.. The value of the 
level (18) is in good agreement with that ob- 
tained by Burrows et al. and Watson et al.. 
The values of three levels in the other eight 
doubtful levels are in good agreement with 
those obtained by a few workers. 

Since the result by Kimura et al.'°? agrees 
with ours if the correction of W is carried out, 
the disagreement of Wilhelmy and Gierke’s 
with ours might be also due to lack of the 
correction of W. Our values are in good 
agreement with those obtained with the in- 
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verse process C¥(a, 2)O}6, 
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It is first shown that, for some special simple impedances, the stochastic 
equation describing the fluctuation of macroscopic variables, which is 
suggested by the fluctuation-dissipation theorem, comes out to be equiva- 
lent to the Langevin equation appearing in ordinary irreversible thermo- 
dynamics. This does not mean, however, that the ordinary irreversible 
thermodynamics cannot describe any variables other than those with the 
simple impedances. It is secondly shown that, on the contrary, any 
macroscopic variable whose impedance is of the form 


Z(t) =2-1/(tw) + 29+ (dw)et+ D1 5 /(tw — pi) , 
j 


can be described within the framework of the ordinary irreversible 
thermodynamics. This is proved by the fact that we can construct, 
starting from irreversible-thermodynamical equations and using the 
method of eliminating inner variables, a variable whose impedance is 
of the above-mentioned form and whose fluctuation-spectrum exactly 


coincides with that given by the fluctuation-dissipation theorem. 


§1. Introduction 


The fluctuation-dissipation theorem, one of 
the fundamental results of the statistical 
mechanics of irreversible phenomena obtained 
by Takahasi® and Callen, Greene and 
Welton®®, gives the relation between the 
impedance or admittance of the macroscopic 
variables describing the physical system and 
the spectrum of their fluctuations in equili- 
brium state. This relation suggests that the 
fluctuation of the macroscopic variable x(t) 
can be described by the equation of the form: 


LLeDj}=fO0, (1.1) 
where & is the operator, which is the tempo- 


ral representation of the impedance Z(tw) of 


* The contents of this ‘paper were already re- 
ported in Japanese: Busseiron Kenkyu, No. 75 
(1954) 36; No. 98 (1956) 26, 35. 


this variable, and /(Z) is the stochastic “force”, 
whose spectrum is given by the theorem. In 
the classical case, which will be considered 
below, this spectrum is given by the real 
part of the impedance Z(zw). 


On the other hand, for the system to which 
the ordinary irreversible thermodynamics is 
applicable, the irreversible change of the 
variables characterizing the system is known 
to be described by linear homogeneous dif- 
ferential equations of the first or second order, 
and, moreover, as Hashitsume® and Onsager 
and Machlup® have shown, the fluctuations 
of these variables, either accompanying their 
irreversible change or occurring in an equili- 
brium state, can be taken into account by 
adding to these egations the terms of random 
forces, thus converting them into the so-called 
Langevin stochastic equations. 


The spectrum of fluctuations of these thermo- 
dynamic variables has definite forms de- 
termined by the respective Langevin equations. 
For example, in the one-dimensional case, the 
spectrum has either the form 

F¢o)~4D/(B?2+ w?) , 
or the form 
Fo) ~4D/{(o?—w?)?+ Bw} , 

according as the equation is of the first or 
second order. On the contrary, the form of 
the spectrum given by the fluctuation-dis- 
sipation theorem is not restricted in such a 
way, and may have more general forms cor- 
responding to infinitely many possibilities for 
the form of impedances. 

In this paper it will first be shown (in § 2) 
that, for two special forms of impedances, 
(1.1) reduces to the Langevin equation which 
describes the fluctuation of the ordinary ir- 
reversible-thermodynamical variables. Thus, 
for these variables the fluctuation-dissipation 
theorem naturally leads us to the irreversible 
thermodynamics. The fluctuation-dissipation 
theorem may therefore lead us to a generalized 
irreversible thermodynamics which can describe 
the irreversible processes which are far more 
general than those dealt with in the ordinary 
irreversible thermodynamics. 

This does not mean, however, that the 
ordinary irreversible thermodynamics com- 
pletely loses its applicability to the variables 
with impedances other than the above-mention- 
ed special ones. In fact, it can be shown, as 
will be seen in §3, that any macroscopic 
variable whose impedance is of the form 


Ziw)=27!/(¢) +29 4+¢02'+ Die,[(Ew =p), (1.2) 


can be described within the framework of 
ordinary irreversible thermodynamics. We 
prove this by constructing such variables upon 
the irreversible-thermodynamical basis, after 
the method used by Meixner® in his thermo- 
dynamic theory of viscoelasticity, that is, 
through introduction and subsequent elimi- 
nation of appropriate “inner” variables. More 
precisely expressed, we first set up a system 
of Langevin equations of the first or second 
order which represents a many-dimensional 
irreversible-thermodynamical process, and sub- 
sequently eliminate all the variables but the 
particular one under examination, regarding 
them as the “inner” variables which should 
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not appear explicitly in our description. Then 
we obtain a variable whose impedance is of 
the above-mentioned form and whose spectrum 
exactly coincides with that given by the. 
fluctuation-dissipation theorem. This means 
that for such variables the irreversible-thermo- 
dynamical description is still possible, at least 
in principle. This is a natural result, since 
the fundamental assumption made in the deri- 
vation of the fluctuation-dissipation theorem 
requires that the resulting irreversible process 
should be essentially Markovian, i.e., that it 
may be represented as one-dimensional pro- 
jection of a certain many-dimensional Mar- 
kovian, hence many-dimensional irreversible- 
thermodynamical, process. 

Most impedances that usually appear in our 
experience are either exactly of the form (1.2) 
or can be approximated sufficiently closely by 
such a form. Although impedances which 
contain higher order terms of (¢w) than the 
first are also possible to occur, their occurrence 
is very rare in practice (the case of the oscil- 
lator with radiation damping is well-known, 
but perhaps the only example). The impedance 
of the form (1.2) may therefore well be con- 
sidered as a fairly general one covering almost 
all kinds of impedance. Thus it may be as- 
serted that most of the macroscopic variables 
appearing in practice can be described within 
the framework of the ordinary irreversible 
thermodynamics, and that the fluctuation- 
dissipation theorem is, in a sense, a compact 
description of such variables, dispensed with 
the complexity due to extraneous inner vari- 
ables. 


Derivation of the Langevin Equations 
in Irreversible Thermodynamics from 
Fluctuation-Dissipation Theorem 


In this section it will be shown that for 
two special forms of thermodynamic im- 
pedances the fluctuation-dissipation theorem 
naturally leads us to the ordinary irreversible 
thermodynamics. 

Consider the case in which 7 extensive 
variables 2!, w?, ----, 2” fluctuate simultane- 
ously. Let the Fourier transforms of the 
deviations of corresponding intensive variables 
f(t) from their equilibrium values F; be Bj): 


S27: 


fi)—Fy= (On)? |" doe Gi Canons 


and those of the responses ai(f)—X! (X’: 
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equilibrium values of the extensive variables) 
be a(t): 


wi(t)—XI=(27)-V? \ ee dwai(twm)exp(¢wt). (2.2) 


The thermodynamic admittances Y“(¢w) and 
the thermodynamic impedances 2Z;(¢w) are 


defined by 

iwaiio)= S YGo)Biéw), (2.3) 
and 

Bito)= > Zultoyiwatiw), (2.4) 


respectively. Denoting the Fourier transforms 
of Zu(éw) by Z(t), (2.4) can be transformed 
into its temporal representation: 


Tr ((+00 
fid= ZI" Zeer, 8) 
where for simplicity the equilibrium values 
were all put equal to zero (this simplification 
will always be made in the following). 

Callen and Greene®» showed that the ex- 
pansion of Y%“(¢w) at the origin must have 
the form 

Y1'(¢w)=t00X7/0F;+O(w?) , (2.6) 
in order that it is thermodynamically admis- 
sible. The same reasoning leads to the follow- 
ing form of the expansion of Z,;(éw) at the 
origin: 

Zito) =25;'/(¢0) +25, +20z), + O(w”) , 
23 =OF [0X . 

Now let us assume the 
satisfying this condition: 

Zji(tw) =25;'/(¢o) Hees 


(2.7) 


simplest form 


25, =OF;/0X' , (2.8) 
then (2.5) becomes 
SiQ)= = {2je'@)t2) 240}, (2.9) 


Thus in this case the law which gives the 
causal relation between the intensive variables 
Jit) and extensive ones w(t) reduces to a 
system of linear differential equations of the 
first order. According to the fluctuation-dissi- 
pation theorem, the fluctuations in equilibrium 
State must be determined by the equations 
(2.9), whose left-hand sides are replaced by 
fluctuating forces F(#) with spectra 


Ay (to)= —h2n) (Zi +ZH). (2.10) 


In the present case, since the real parts of 
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Zx are constants 25,, the spectra become 
(2.11) 


that is, /;(¢) are white random forces. Thus 
(2.9) turns out to be a system of ordinary 
Langevin equations. In passing, we may 
point out that (2.11) requires the negativeness 
of z§, for 7=7. We shall now show that this 
system of equations is equivalent to the one 
appearing in irreversible thermodynamics. 

Owing to the identity of the canonical and 
the microcanonical ensembles in  thermo- 
dynamics, the entropy of a non-equilibrium 
state S’ can be regarded as the same function 
of x as the equilibrium entropy S of X?@.? 
Hence 

—0?S'/0x70x* = —02(S’ —S)/02x02* 
= —0?S/0XI0X* = —OF;/OX* 


Fy (bo) = — (2/2)? kea,=const. , 


=—O0F,/0X: . (2.12) 
Denoting —0?S’/Ox02* by six, we have, 
according to (2.8), 

25 = OF /OX' = —sy= —Sij=2jzi. (2.18) 


Let us develop the entropy deviation 4S=S’—S 
in power series of (2’—X‘)’s, and neglect the 
terms of higher order than the second. Put- 
ting X’’s equal to zero, this becomes: 


ASE See ae (2.14) 
2 i,k 

From this follows the rate of entropy pro- 

duction: 


AS=— DO syxis® . (2.15) 
Jk 
What gives the law of macroscopic irrever- 
sible decay is the system of equations (2.9), 
with the left-hand sides put equal to zero: 


= {—sije(d) +20 ,a(O}=0. (2.16) 
Substituting this into (2.15), we have 
AS=— S22 yi3e* (2.17) 
i,k 
Now the affinities are given by 
Ai=T(O4S/0x')=—T PHO Ce (2.18) 
J 


and the kinetic coefficients Z‘) are defined by 


ws x L's A;; (2.19) 
we get therefore 
—-FS Seivi= >) Lyjas, (2.20) 
Zz 


where Zx;’s are the elements of the inverse 
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matrix of {Z*)}. Comparing this with (2.16) 
it follows that 


oar. (2.21) 
Substituting this in (2.17), we obtain 
AS=(1/T) 2 Lash) (2.22) 


This coincides with the ordinary expression 
for the dissipation function. 

Thus we see that, if we use the symbols 
of irreversible thermodynamics, the preceding 
system of Langevin equations is expressed as 


—TS IM FZ O= S {TIM spat} +e. (2.28) 
% J 


If we further use the symbols 
Ai = TS Uses, 


which have been employed by Hashitsume, 
and define that 


LED ee ~ TENG; (2) , 


this turns out to be 
ak + = Akptea f(t), 
Using the spectra of F;(¢) and the relations 
(2.21), we get 
{ A (bt) F; (t+) av=2kLij0(t)/T , 

and consequently 

<p¥(t)pit+t)> av=2kTLYO(c). (2.25) 
Thus it is shown that (2.24) coincides completely 
with the system of Langevin equations ap- 


pearing in irreversible thermodynamics. 
Next consider the more general case: 


Zi sto) = 277 (Go) +A j+ 102}; ‘ 
z= OF /OX? 
In this case the equations giving the relation 
between x? and /; are 


(2.24) 


(2.26) 


filb)= Sef tayo + ajo) « (2.27) 
Inasmuch as the equations describing the 
fluctuations in equilibrium or the irreversible 
decay from a nonequilibrium state are C2 
with left-hand sides replaced by the random 
forces A(t), whose spectra are again con- 
stants, (2.27) becomes the system of ordinary 
Langevin equations of the second order. We 
shall show that this is equivalent to the 
system of Langevin equations which Onsager 
and Machlup have obtained for the case in- 
cluding the velocity variables. 

As the entropy deviation we assume, after 
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Onsager and Machlup, the form: 
apa cha suey} 
1 9 * SF ~ miscles ‘ (2.28) 


From the same argument as before, it follows 
that 


sij=— 07AS/02'0a5 = —O0F;,/0X) 
= —0F;/0X'=sy=—2;). (2.29) 
Differentiating (2.28) with respect to time we 
get 


4S= — = Sue — Sy My 0"eI ; (2.30) 
tJ 4,J 


which, using the equations giving the law of 
macroscopic irreversible decay 


SsielO= SlaeO+aeoO), 231) 
becomes 
4S=— By eighth — Baht — 3 agit 
. ; (2.32) 


Since only the real part of the impedance 


contributes to the energy dissipation, 4S should 
not contain the coefficients z},. Also it should 
not contain m;, which have nothing to do 
with the mechanism of the irreversible change. 
Therefore we must put 
nhj=—zZ;, He 


(2.33) 


and 
A= —Li;/T. (2.34) 
Affinities are now given, from (2.31), by 


A SS Liajes= —T> ai es 
j j 
= =e Segui + lia >») ie? 
j j 
= T{0A4S/Ox' + (d/dt)(OAS/0%");- , (2.35) 
which, together with the expressions for 
entropy and dissipation function, coincide with 


the forms which Onsager and Machlup have 
given. If we further define 
pij=-TAD, 

the irreversible process including fluctuations 
is now described by the system of Langevin 
equations: 

s {T4305 + Liz? Tmij2?} =Dilh) , 

f; 

(pit)ps(t-+t) > av= 2kTLij0(t), (2.86) 

which is also of the form given by Onsager 


and Machlup. 
We have thus shown that the fluctuation- 


dissipation theorem naturally leads us to the 
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ordinary irreversible thermodynamics for the 
special forms of impedances. 


§ 3. Deri- 


Fluctuation-Dissipation 


Irreversible-Thermodynamical 
vation of 
Theorem 


In order to provide a thermodynamical basis 
for the theory of viscoelastic deformation of 
the matter, Meixner® showed that, by first 
introducing the “inner” variables which obey 
together with the variable under examination 
the equation of irreversible thermodynamics 
and afterwards eliminating them, the variable 
with viscoelastic impedance can be obtained. 
We shall show in this section that, starting 
not from the elastic relation between stress 
and strain but from the equation of irrever- 
sible thermodynamics itself containing the 
fluctuation term, we can construct a variable 
with a more general impedance, and that its 
fluctuation spectrum just coincides with what 
is given by the fluctuation-dissipation theorem. 

Let 2(¢) be the variable for which we should 
derive the impedance, and let us assume that 
this #(=&), together with 2 inner variables 
E"(a=1, 2----, ), obeys the law of irreversible 
thermodynamics. Then the entropy deviation 
in a nonequilibrium state is 


fo suet Dd SoavE*— 4 > SapE%E , (3.1) 
a=1 2 a ,B 
and the affinities for « and &* are given by 
Ao= T(OAS/Ox) =— Lsyo¢— gt SS Spas” ° 
Ag= TOAS/OE*) = = LSoac— de Ss Supe 5 
8 


(3.2) 
respectively. The equations for irreversible 
change of z and &* are (using the summation 
convention for the summation from 0 to 2), 


dz/di= I" A+ ~ D8 Ag+ p(t) =L8 Apt pd) , 


(3.3) 
d&*|dt=L” Ag+ LAs +P") =L*¥Ap+ p(t), 


(3.4) 
where BONG LACAN --++,”) are kinetic 
coefficients, and b*(Z)(a=0, 1, 2, «+--+, ») are 


fluctuating forces, whose correlation functions 
and spectra are given by 


<P* (PP (E+7)> ay= 2RTL "8 A(z) , 
PG) = (2[x)-KTL 8 , 


respectively. 


} (3.5) 
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Solving (3.4) for Aa, we obtain 
Aa=Laaliwk®)—Lapp*(é) , 
where Zag’s are the elements of the inverse 
matrix {Zap} of (#+1)x(#+1) matrix {Z%*}, 
and (gm) represents the differential operator 


d/dt*. Introducing this equation into the 
second equation of (3.2), we get 


3toLas + Tsap }& pes ¢oLeao Se Tsow)2 +Lapp® (¢) . 
We define the (#2) matrix {®as} by 


{ioLap ae Tsap} = Dagltw) ? 


and denote the inverse matrix thereof by 
{0*°} , obtaining 


E58 = — S) OB tw) {toLayt Tsya}x 
+ 2 OF Lay P(E) . 


On the other hand, from (8.2) and (3.3), 
tox=DL(—Ts27—T >) Soak) 


(3.6) 


te adn (Spee ~ Sap&")+ P(E) , 
which gives, with the help of (3.6), 
One +- (LT soo + Ie Sy LN" Soa)x 


= TL » Sap? (Zw) (ZwLyy+ Tsoy)x 
Y 
TL & Sap OP Go) LysP'H)+D\e). (3.7) 


Since {Zaps} and {sas} are both symmetric, 
they can be simultaneously diagonalized by a 
real matrix {T.°}: 


Py Ta? (Tspy+toLey) TY = (1+2zot«)Ove A 

ry 

and consequently ®Y® assumes the form 
DP Cw) = = Ts Ts°/(1+iors) . (3.8) 


Hence it follows, in conjunction with (3.7), 
that 


Lwa —+ (LESoo + rE SS, LD Soa) 


Ts’T 3° ,. 
= TL ‘a 
oh Sap erp ees iI Soy )@ 


Ts? Ts* 
l+zors 


Ly: P*O+P . 


(3.9) 
From this it is clear that the impedance is 
given by 


AZGo)=14 TL sy4+ 3 LS oa)/(¢w) 
a 


— TL SS Sap 
B,y,8 


* The symbolic method used here can be justified 


by the theory of Fourier transforms: see the 
reference [6]. 
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pipe Wey FETA 5 sc 
ae to(1+zwrs) Colorist ba 


(3.10) A Re Zéw) 
which has the form <14- 710 y 5 ap L's’ T'3°(—Ly+ Tsoyts) 
ZGw)=2(éw)-+2°+ > 65[o—p3), (3.11) a5 eee 
J 
where $;=—1/r; : ' (3.12) 
bj=—c;, which are all negative, The spectrum @ (iw) of the fluctuating force 


inasmuch as ts’s, the eigenvalues of the 
matrix {Tsee}~'{Zas}, are positive real. Thi ( ellis 

, are 3 is DY Bags Re eee é e 
corresponds to the physical realizability of a are *L+iots eal 


AGG) 3 ALT i 
t ee d - the numerical factor to be de- corresponding to the impedance Z(zw) is easily 
elow. The real part of this im- obtained by the use of (3.5) 


. 


A’? @ (G@)=(2/7)4RT AL 19%" bY TIL ET yt Ts. 
ge SapSa’B’- = =. - , 
B,7,8, B77 ,8” ae (1+éorts)(1—zwts-) aac aaae 


TsYT 38 
l+iuts 


Ts Ts 
1—twts 


—(2/m)/2RT2 Lo iD Sha LyeL—(2/n) RTL >, Sup LyeL* 


+ZixyveRTL” . 


The second and third terms of this expression vanishes since Z,-L°°=0,°=0. The first term 
can be transformed as follows: 


The rtist terme Ck . 3 Beediaecgept, meta ee taoatat 
B,B’,5, 57 (1+éwts)(1—zwts) 
=(2[nARTS YD L°9T0%' sypsqrpr te 
a’ ,B,B’,8 1+ @?t3" 
Tse T 3?’ 
4 (2)/2)2RT3LY 3 Low eee 
(2/7) Pee ie oe a (3.13) 


By virtue of the relations 
x T°’ Lprar= >) 308290" , 
7 € 
T SLT Y'surpi= © 5Su" 
7 e 


and 
Lop = —(1/L) >, £9" Lars: , 
a’ 


where {Sx} is the inverse of {Ta°}, the first term of (3.13) becomes 
T° 052Sa/°T5 

1+ ts? 
TT’ Lpra: 

14 273” 
Ts? Ts?’ Los: 


fis alh 1/2p 727,00 Oe ras ee. 
Q[ny PRT S Le see 7 worse 


=(2/n)V*RT? > LL’ sap 
a’ ,B,5,8 


=(2/n)V?2RT? > DL’ sap 
a’,B,B7,5 


Thus @ (iw) eventually reduces to 


; ‘ oe sap Ts? T3"(—Loy+ Tsoyts) ; 
AP (io)= Clr PRTLM 14 TL SO ae |. 3.14) 


constructed irreversible-thermodynamically as 
above is given by the real part of its im- 
pedance, just in accordance with the require- 


This coincides with (3.12) except for a nu- 
merical factor, that is, the spectrum of the 
fluctuating force corresponding to the variable 
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ment of the fluctuation-dissipation theorem. 
The numerical factor A should be determined 
so as to make this coincidence exact. Since 
fluctuation-dissipation theorem requires that 


@ (tw) = —(2/7)V*k Re Z(tw) , 


A must be 
=—TL” , 
so that the coefficient 2° in (3.11) must be 
2=—1/TL”, 


This again coincides with the value that 2° 
should have in the case involving no inner 
variables (where 1/Z%=Z,,) . 

It has thus been shown that for impedances 
of the form (3.11), the irreversible-thermo- 
dynamical description is still possible. 

If we follow the similar procedure of elimi- 
nation for the case where the velocity vari- 
ables exist, using the definition of entropy 
(2.28) and of affinity which Onsager and 
Machlup have given for such cases, we obtain 
the impedance which has the term proportional 
to zm and for which p;’s become in general 
complex. These constants, however, cannot 
be obtained as above as the eigenvalues of a 
matrix, since there appear, in addition to 
{Sag} and {Zag}, a new matrix {Map} which 
gives the quadratic form corresponding to the 
kinetic energy of the system. Consequently 
the equations become considerably complicated. 
Here therefore we shall content ourselves 
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with the proof for the simplest case of one 
inner variable. 

The entropy deviation and the affinities are 
given by 


4S=— ; Soot? — Sov — ; su€? 
iL Pe “ie, ae es 
a Moot? — My cE — 9 my&*, (3.15) 
and 
Ap= —T (Sot +Su€+2mo% +mné) , 
Ai= —T(snvt+sy€+2n% +mn€) , (3.16) 


respectively, and the Langevin equations take 
the form 


dz]dt= L°A,+L"A,+ p(t) , Gin 

d—/dt=L" Ay +L" A, +p, (3.18) 
where /%(¢) and p'(¢) are the fluctuating forces, 
whose correlation functions and spectra are 
given by 

(Pi Opi t+7)>av=2RTL40(r) , 

P Wie) =(2[n)PRTLS, 
respectively. Eliminating Ay) by making use 
of (3.17) and then A; with the aid of (3.16), 
(3.18) becomes 


—{Tsy 5 Tm (to)? +Li3(¢w) sé 
={ Tsu. + Troi (tw)? + Ly(éw) x 
‘3 (Lyop® +L p') Li 


(3.17) can be written, in virtue of (3.16) and 
this relation, as 


(3.19) 


toe T{LSo9+ LS; + (é@)2(L 97X99 +L" p91) }x 


= TL 5, +L: + Go) (ZL 9, +L 
Ts1+ Tinto)? +L (40) 
— PLES + E511 + (60) LZ og +L 97m1)} 
L511 + Tm, (¢w)?+ Ly(tw) 


which shows that the impedance should be 


AZ(éw) = 1-4 LE S00+L"501) 
ZO) 


_ TYL%so, + Ds, —O(L 1 + L911) H{ T801— Tig? + Lno(%o)} 
to{Ts,,— L710? + Ly,(¢a)} 


This clearly has the form (1.2). (That the im 
be shown also for the case of several inner varia 
of the random term). The real part of (3.21) is 


A Re Zio) = 1 a TREAT BU Sd Ea oe o(L ng, +L£%941) {Ly 1(So1 — M910") —Ly(Siur = 3,0") } 
léx vo? + (Gist. = Tm)? 


On tl 


m1) } {T5s»; = Tmoi(tw)?+ Lio(éw) hx 


(Li P’+Liup!)+P", (3.20) 


—- iO) TE g5 — L711) 


(3.21) 


pedance should have the form (1.2) can easily 
bles. 


Complexity occurs only in the spectrum 


(3.22) 


1e other hand, the spectrum of the fluctuating force appearing on the right-hand side of 
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(3.20) becomes 
noes T2{ Ls, +L%ls — 75a Lo Loy AKU) Uy \2 f 
) a 12R7 01 S11 wo M4 L m ) 4) ‘ 
oi L (Tsu—Tmnot Lyte? P+ 2L pol + Ly2D") 


— FEM St D8 su — 0 Ln +L My) } oy £4 74D) 
10 11 


Tsi—Tmo*?+ioLy, 


TELS + L%5,—O(L my +L my 
Ts1,— Tmo? —toly, 


YL yo whe al a | : 


(3.23) 


As before, the second and the third terms vanish identically and the first term can be 
transformed by the help of the relations between the elements of {Z'J} and those of {Zi;} 
so that we finally get the expression for the spectrum: ; 


(fern rive, Asad sn — 0X int mn) 
(Ts,.— Tmy,0*)? +L) ,20? 


x {(So1— 901.0") Ly — ($11 — 71.0) Ly} +1 | ; 


which just coincides with (3.22), provided that 
we put 

=—TlI, 
Thus it has been shown that for the im- 
pedances of the form (1.2), the irreversible- 
thermodynamical description is still possible, 
at least in principle. 


§4. Conclusions 


In the classical derivation of the fluctuation- 
dissipation theorem it is always assumed, as 
the fundamental postulate, that the average 
regression of the fluctuation coincides with 
the macroscopic irreversible decay (e.g., Callen 
and Greene [3]). As Onsager and Machlup® 
have pointed out, this is none other than the 
requirement that the process should be es- 
sentially Markovian. In one-dimensional Gaus- 
sian process this requires that the spectrum 
of the fluctuation be of the Lorentz-type. 
Since for general impedances the spectrum of 
the fluctuation is evidently not Lorentzian, 
the process cannot be one-dimensional Markov 
process in so far as we assume it to be 
Gaussian, the assumption which is physically 
most reasonable. Thus we are driven to 
consider it to be the one-dimensional pro- 
jection of a certain many-dimensional Gaussian 
Markov process. Now since the ordinary 
irreversible-thermodynamical process with 
several variables constitutes a several-(but 
finite-) dimensional Gaussian Markov process, 
it is natural to expect that for impedances of 
the form (1.2) the process suggested by the 
fluctuation-dissipation theorem can be re- 


(3.24) 


presented as its one-dimensional projection, in 
conformity with the fact that such a form of 
impedance implies the finite dimensionality of 
the process (finite number of relaxation times). 
This is just what was proved in §3. 

Almost all the variables that appear in 
practice are either exactly of the form (1.2) 
or can be approximated sufficiently closely 
by such a form. Thus we might conclude 
that most of the variables whose macroscopic 
behavior is described by their impedances and 
whose microscopic behavior is given by fluc- 
tuation-dissipation theorem can be described 
also by the ordinary irreversible thermo- 
dynamics. 

The author wishes to express his sincere 
thanks to Prof. S. Ono for helpful advices 
concerning this paper. He is also partly in- 
debted to the Ministry of Education for the 
financial aid. 
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On the Polygonization of Rock Salt Crystals 


By Sukeaki HosoyA, Seiya SATAKE* and Satio TAKAGI 
(Received August 9, 1956) 
Institute of Physics, College of General Hducation, University of Tokyo 


Ionic crystals can be plastically bent under water to a great extent 
This phenomenon has been known as Joffé effect, the mechanism being 
not fully elucidated. In the present work the X-ray diffraction method 
and etch pit techniques have been used in order to investigate the 
arrangement of crystallites in the bent and annealed rock salt. Both 
results show, with good correspondence, that the crystal consists of many 
polygonized crystallites which have the form like letter Z, with small 
angle boundaries between the neighbours. The mean thickness of these 
crystallites was about 0.02~0.03mm, when the radius of curvature of 
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bending was about 20mm. 


$1. Introduction 

Rock salt crystals can be plastically deformed 
under water to a great extent, with the glide 
planes {110} and with the glide directions 
<110>. This phenomenon has been known for 
many years as Joffé effect, being named after 
the first investigator», and it has been investi- 
gated by the X-ray diffraction, by optical ob- 
servations, by mechanical measurements and 
by other methods”-”, 

Konobejewski and Mirer®) obtained the elas- 
tic stress in the bent crystal, the thickness of 
the crystallites in bent and annealed crystals 
and other properties of the crystal, by observ- 
ing the splitting of the Laue diffraction spots. 
Komar® measured the radius of curvature from 
the focusing pattern of the Laue diffraction 
spot. Earlier works are introduced in the 
textbook by Schmid and Boas® and in the one 
by Tertsch®. 

Recently Amelinckx™:!) optically observed 
the polygonized domains on the plane (100) 
(Fig. 1) of the bent and annealed crystal, using 
the Francon’s method’, and found the ir- 


regular boundaries along [101] and [101] direc- 
tions on the (010) plane using the etch pit 
technique!) 13) , 

We have found, however, more regular 
polygonized domains by the same technique, 
which well correspond to the Laue spot pat- 
terns. 


$2. Investigations by Laue Photographs 


Rock salt crystals prepared from melt are 
cleaved into small samples which are usually 


* Now at Musashi Technical College vat : 


XG 


Eigele 
text. 


The crystal axes as are referred in the 


about 25x4x3mmi in size. This sample is 
bent under lukewarm water to such an extent 
that the radius of curvature is usually about 
20mm. The crystal axes will be referred later 
as shown in Fig. 1, that is, the bending axis 
is the y-axis. The bent crystal can be cleaved 
along (010) plane even before being annealed. 

One of the Laue photographs of bent and 
annealed crystals is shown in Fig. 2. The 
incident X-rays are parallel to the y-axis, each 
of the spots elongates more or less along con- 
centric circles, and some of them split into 
many well defined subspots. The degree of 
elongation depends upon the azimuthal position 
of the spots around the incident spot. Further, 
the clearness of splitting also depends upon 
the azimuthal position of the spots. In Fig. 2, 
for instance, the spots right above the incident 
spot show the largest elongation and those 
right below the smallest elongation. The spots 


on the upper right (hkh) and those on the lower 
left (hkh) show most clear splitting and the 
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Bion 2: 

(a) Laue photograph 
of a bent and annealed 
rock salt crystal, 
incident beam being 
parallel to [010]. 

(b) Enlarged print of 


splitted 424 spot. 


spots on the upper left (hkh) and on the lower 


right (hkh) do not show any splitting. Others 
show intermediate splitting. The elongation 
of the spots is, of course, due to the bending 
of the crystal lattice, as was pointed out by 
some earlier investigators. The elongation 
of the spot is largest at the convex side of 
the crystal, and is smallest at the concave 
side. 

The splitting of the spots indicates that the 
bending is not continuous, but the crystal con- 
sists of many polygonized domains or crystal- 
lites the shape and the orientation of which 
are known from the azimuthal dependence of 
the splitting above mentioned. The results 
are schematically shown in Fig. 3. Each 
crystallite is a thin wedge shaped plate parallel 


to (101) (or to (101)). 

The angle between the neighbouring crystal- 
lites can be easily measured on the Laue pat- 
tern. The average thickness of crystallites 
are known from the irradiated area of the 
specimen and the number of subspots in one 
Laue spot. The results are shown in Table I 


for example. 


the Polygonization of Rock Salt Crystals 
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inferred from the Laue photograph. The dotted 
line shows the external form of the bent crystal. 


424— 


Fig. 4. Laue photograph showing the splitting of 
both hkh and hkh spots, incident beam being 


parallel to [010]. 


Table I. Example of mean angle « between the 
neighbouring crystallites and mean thickness d 
of a crystallite. 


From Laue ef 0.020 mm 

photographs 24’ 0.028 

From Etch : 
| 27 0.026 

patterns 


Fig. 5. Laue photograph of a bent rock salt 
crystal (not annealed), incident beam _ being 
parallel to [010]. 


Sometimes, both the spots hkh and hkh 
clearly split on a Laue photograph. An ex- 
ample is shown in Fig. 4. It is inferred that 
in this case the X-ray beam irradiated two 


1230 


kinds of areas at the same time, in one of 
which the wedge shaped crystallite plates were 


parallel to (101) and in another, to (101). 
Before annealed, bent crystals give the Laue 
spots which already somewhat split into sub- 
spots, though the subspots are not well defined, 
as shown in Fig. 5. The polygonization, though 
incomplete, seems to occur before annealing. 
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§3. Investigations by Etching 

By the etching technique’! the boundaries 
between wedge-shaped crystallites can be ob- 
served on the (010) plane of the bent and an- 
nealed crystal. Fig. 6 shows that boundaries 
are not parallel but have a small angle and 
that crystallites have the form like letter L. 
From the angle between the neighbouring 
crystallites, the density of dislocations along 


—__ 


O-!mm 


Fig. 6. The crystallite boundaries visualized by etching on the (010) plane. 


the boundary is known to be in the order of 
10mm, assuming that the boundary consists 
of edge dislocations of the same sign only. 
It is reasonable, therefore, that the boundary 
in Fig. 6, is not a series of etch pits but ap- 
parently a continuous lines. The angle be- 
tween boundaries and the breadth of crystal- 
lites are in the same order as the ones inferred 
by Laue photographs. An example is shown 
in Table I. Further, the Laue pattern in 
which both the hkh and hkh spots split, as 
shown in Fig. 4, could be obtained, when we 
intentionally irradiate both straight portion of 
the L-shaped crystallites. These facts mean 
the good correspondence between the results 
by X-ray diffraction and by etch patterns. 


§4. Conclusions 


The results obtained by X-ray diffraction 
and etching clearly reveal the features of 
polygonized domains in bent and annealed rock 
salts, namely, the polygonized domains are 
wedge-shaped slabs, about 0.02~0.03mm_ in 
thickness and are parallel to one of {110} 


planes through the bending axis. This was 
also confirmed by the Laue photograph taken 
with incident beam parallel to the z-axis. 
Especially there were often found the L-letter- 
shaped polygonized domains, the corner of 
“L” being near the centre of the bent crystal 
slab, z.e., near the neutral plane of bending. 
These will be further confirmed, as rather 
general features, in another work'™ in which 
the colour centre colloids are used to visualize 
the boundaries inside the crystal. 


This research was partly supported by the 
research grant of the Ministry of Education. 
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On the Polygonized Domain Pattern in Bent and Annealed 
NaCl Crystals Visualized by Colour Centre Colloids 


By Sukeaki Hosoya 
Institute of Physics, College of General Education, University of Tokyo 
(Received August 8, 1955) 


Colour centre colloids have been used to visualize the dislocation 


networks in ionic crystals. 


The polygonization boundaries inside the 


crystal are also clearly seen by the decoration effect of the colloids. It 
has been found that these boundaries are usually Z-letter-shaped in the 


strongly bent and annealed crystals. 


This polygonized structure is well 


corresponding to the results derived from etch pits and X-ray diffraction. 
Polygonized boundaries were found to appear in the direction perpen- 
dicular to the glide planes when the crystal is annealed at 600°C or 


higher. 


§1. Introduction 


According to Smekal,” the strained part of 
rock salt crystals is preferably coloured when 
irradiated with X-rays. Rexer?) showed that 
Na colloids precipitate at the imperfections in 
NaCl crystals by the suitable heat treatment. 
From these facts, one would expect that the 
dislocation networks are to be visualized by 
colour centre colloids in the same way as 
Hedges and Mitchell® observed the networks 
in AgBr by the print-out effect. In fact, 
Amelinckx et al® succeeded in visualizing grain 
boundaries, dislocation lines, and dislocation 
networks, along this idea. In recent work, 
Amelinckx® obtained the regular networks 
and showed that their arrangements are well 
explained by the theory of Frank. The same 
work was being independently pursued in our 
laboratory. In the present paper, the macro- 
scopic pattern of polygonized domain bounda- 
ries will be chiefly mentioned. 


§ 2. Experimental Procedures and Results 


The crystals used were produced from 
melt. The purity of material is about 99.9%. 
The procedure of making colour centre col- 
loids is not essentially different from Rexer’s 
method.» After a block of crystal, bent or 
not bent, is cleaved, one block is bored and 
then one or more holes are filled with Na 
metal and this block is put into contact with 
the other block as shown in Fig. 1. When 
the crystal is bent, the bending axis is taken 
to be the y-axis throughout this paper. The 
cleaved surface is preferable to be used in 
order to prevent Na from escaping as vapour 
or from oxydizing. Natural rock salt is usual- 
ly too brittle to be bored by the dril. The 
crystal with Na in the hole was heated at 
600-650°C for about 30-50 hours, then it was 
cooled in the air or in the electric furnace. 

The crystal which was not deformed shows 
the irregular dislocation networks under the 
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microscope with the cardioid condenser as 
shown in Fig. 2, as Amelinckx et al” reported. 
The temperature used when Na diffuses in the 
crystal seems to have been too low to get the 
regular dislocation networks.” 

In bent crystals, on the other hand, disloca- 


Fig. 1. The schematic picture of the crystal 
which is to be coloured. The hatched parts 
are the holes to be filled with Na metal. 
When the crystal is bent, the bending axis 
is taken to be the y-axis. 


[eS 


O-lmm 


Fig. 2. Irregular dislocation networks in an 
annealed crystal. 


tion lines concentrate at the small angle 
boundaries. Fig. 3 shows the regular L-letter- 
shaped small angle boundaries. The round 
white part is the hole which was filled with 
Na. Polygonization does not seem to be in- 
fluenced by a hole bored, for the boundaries 
are not deformed in any way around the hole. 
In Fig. 4, however, some part of the crystal 
shows irregular patterns. It is reasonable, 
for this is the corner of the crystal which is 
different from other part of the crystal in 
strain distribution, and the irregular form of 


Fig. 3. 


Imm 


Polygonized domains. The round 
white part is the hole which was filled with 
Na. 


Imm 


Fig. 4. (a) Polygonized domains. There is 
the irregular region. 


S\ 
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Fig. 4. (b) The irregular region is 
schematically shown. 
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domains appeared there while annealing. 

The general features of polygonized domains 
were not essentially different, whether the 
crystal was annealed or not before the pro- 
cedure of making colloids, because the an- 
nealing effect always accompanies the heat 
treatment for making colloids. 

When the colloidal particles are suitable in 
size,” the domain pattern can be observed 
between the crossed nicols far more clearly 
than with the ultramicroscopic illumination. 


Imm 


Fig. 5. The typical polygonized domain 


pattern. 


Fig. 6. The schematic pattern of polygonized 
domains. 


The example is shown in Fig. 5, where the 
typical polygonized domains are seen. The 
neighbouring boundaries clearly seen have 
the angle 1.5 degrees in average outside the 
neutral plane. The less clear boundaries are 
observed between the clear ones. The density 
of these weak boundaries seems to depend 
upon the curvature of bending. In the extreme 
case that the bending is slight, this pattern 
of polygonized domains was not found. 


Polygonized Domain Pattern in Bent and Annealed NaCl Crystal 
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The part shown in Fig. 5 is in the middle 
of the whole crystal, which has such a pat- 
tern as schematically shown in Fig. 6. This 
polygonization pattern may depend upon the 
strain distribution, therefore, upon the condi- 
tion of bending. In the present work, the 
relation between this pattern and the bending 
condition was not investigated. It seems, 
however, that the middle part which is strong- 
ly bent from the beginning, has always the 
L-letter-shaped boundaries and the both ends 
which are not strongly bent have often the 
straight boundaries. Between these two re- 
gions, the transitional patterns are found. 

These L-letter-shaped polygonized boundaries 
were already reported as the results by etch 
pits and X-ray diffraction.” Laue photographs 
suggest us that these boundaries are parallel 
to the y-axis and they go through the crystal 
at least in the range of a few mm’s. In the 
present observation, such pattern as shown in 
Fig. 6 can be found in both A and B parts 
of the crystal (Fig. 1). Each clear line in 
Fig. 5 is the cross section of the polygonized 
boundaries. In most cases, however, it does 
penetrate the crystal; it is often about 1mm 
in breadth along the y-axis. This can be 
known by changing the focus of the micro- 
scope. This fact may mean that all areas of 
boundaries are not always uniformly decorat- 
ed. As expected, the boundary does not 
show the clear line, when it is observed from 
the direction of the x-axis. 

On the neutral plane, small angle boundaries 
meet from both sides. They are not simply 
curved, but are connected with neighbouring 
boundaries in a complicated way, as Fig. 7 
shows. The details can be followed by 
changing the depth of focusing plane. 

The needle shaped inclusions which Ame- 
linckx® reported as due to impurities were also 
observed in our case, when the undeformed 
crystal was heated at 700°C. Just outside 
the outer Liesegang ring the needles were in 
[010] and [001] directions (Fig. 8), but outside 
the inner ring they were in [010], [001] and 


[011] directions (Fig. 9). These inclusions 
were also observed in other equivalent 
direction. 


§ 3. Polygonization Mechanism 


When the wet crystal is bent between the 
crossed nicols, we can observe under the 
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Imm 
x 
Fig. 10, Glide planes in a bent crystal ob- 
served between the crossed nicols from the 
O-l| mm y-direction. 


Fig. 7. The magnified pattern at the curved 
part. 


0-5mm & . 
or oo 
DE 
Fig. 8. The needle shaped inclusions with Imm : y 
two directions. 


Fig. 11. Glide planes observed from the z- 
direction. 
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Fig. 9. The needle shaped inclusions with 
three directions. 
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Fig. 12. Etch pit pattern on the (010) plane 
of a bent and annealed crystal, 
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microscope how glide planes appear.» In 
most cases, when we inspect the crystal from 
the direction of the y-axis, the two equivalent 


families of glide planes (101) and (101) appear 
mixing densely each other. The crystal 
shows, therefore, chequer pattern, even if it 
is cleaved along the x-z plane as thin as 1 mm 
or so. In a fortunate case, the crystal has 
herring-bone like glide planes as shown in 
Fig. 10. Namely either of two equivalent 
glide planes is dominant on both sides of 
neutral plane. When this crystal is observed 
from the z-direction between the crossed 
nicols, the stripes are seen in the [110] direc- 
tion instead of the [100] direction as shown 
in Fig. 11. This will be mentioned in the 
next section. 

After this crystal was annealed and etched, 
it showed the regular L-letter-shaped etch pit 
boundaries (Fig. 12), which were perpendicular 
to the herring-bones in Fig. 10 in direction. 
This perpendicularity can be also proved by 
inspecting the Laue photographs as follows. 
Such crystals as shown in Fig. 10 give the 
Laue pattern in which the spots already split 
to some extent, and this pattern inform us 
of the direction of diffuse grain boundaries.” 
On the other hand, the direction of glide 
planes in the irradiated part can be known 
by observing the crystal between the crossed 
nicols. It was found that this direction of 
glide planes and the direction of diffuse 
boundary inferred by Laue photographs are 
perpendicular. After the crystal is well an- 
nealed, it does not give any pattern like Fig. 
10, and its Laue pattern informs us of the 
fact that the diffuse boundaries becomes de- 
finite, keeping the direction of the previous 
diffuse boundaries. 

Thus the perpendicularity between the 
direction of polygonized boundaries and_ that 
of the glide planes were well confirmed. This 
means that the usual mechanism of polygo- 
nization” occurs. 

In germanium, small angle boundaries are 
reported to arrange themselves parallel to 
the slip plane at a lower temperature and 
perpendicular to it at a higher temperature.’ 
In our case, the temperature used can be 
thought to be higher (600-650°C). At a lower 
temperature, the clear pit line could not 
easily be obtained. 

When the crystal is less homogeneous or it 
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is bent to a little extent, the etch pit pattern 
is less regular as shown in Fig. 13, but the 
region with L-letter-shaped boundaries still 
partly exist. 


_—— ee eee) 
Imm 


Fig. 13. The less regular etch pit pattern. 
The regular pattern is partly seen. 


The crystal with chequer pattern of glide 
planes also shows the same type of etching 
pattern as seen in Fig. 12. This structure 
extends as thick as several mm’s, which is 
proved by comparing the etch pit patterns on 
the several sections of cleaved crystal. This 
means that recrystalization or polygonization 
also proceeds in the direction along the y-axis. 


§ 4. Discussions and Conclusions 

By observing the glide planes in the bent 
crystal and the etch pit pattern after anneal- 
ing, the usual mechanism of polygonization 
was concluded to occur at least at the tem- 
perature higher than 600°C. Then the poly- 
gonized domains in bent and annealed crystals 
usually have such pattern as shown in Fig. 
6. The existence of Na colloids may not 
change the general pattern of polygonized 
domains, for the essential difference cannot 
be observed in Laue photographs of the 
crystal without them. 

The observation after making colloids can- 
not be used for the investigation of a bent 
and non-annealed crystal, for the annealing 
inevitably accompanies the diffusion of Na 


metal. 
The crystal with a pair of surfaces parallel 
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to the (101) plane were cut out. Only one 
family of the glide planes parallel to (101) 
might appear, if it can be bent. This at- 
tempt was unsuccessful, because this crystal 
could not be bent before it broke. 

The cleaved crystals usually show the 
chequer patterns, if it is observed between 
the crossed nicols from three crystal axes. 
The chequer pattern is clearest when seen 
from the y-direction. 

These patterns will be propably explained 
as follows. When the crystal is bent around 
the y-axis, the four glide planes other than 


(101) and (101) also appear parallel to the x- 
or z-axis. Now, the pattern obtained with 
the crossed nicols depends upon the integral 
rotation of the polarizing light by the strain- 
ed crystal. Therefore, in Fig. 11, for instance, 
the strain due to the glide planes (101) and 


(101) does not contribute and only the strain 


due to the plane (110) exclusively contributes. 
It is doubtless that the glide planes parallel 
to the y-axis is dominant and that the change 
of strain distribution is strongest. The above 
interpretation, therefore, seems to be support- 
ed by the fact that the stripes in Fig. 11 are 
not so sharp as those in Fig. 10. 

After the crystal is annealed, it is reasona- 
ble that the domains extend in such a direc- 
tion as release the strongest strain along the 
plones parallel to the bending axis. However, 
the fact cannot be simply explained that the 
crystal with two equivalent glide planes (101) 


and (101) everywhere also has the L-letter- 
shaped domains after it is annealed. 

When the wet crystal is compressed, usual- 
ly the chequer pattern appears. It was not 
investigated what pattern will appear after 
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the compressed crystal is annealed. 

The visualization of dislocation lines or 
networks might be also realized when the 
crystal is activated by the suitable fluorescent 
sensitizer. The activation centres may de- 
corate the dislocations. The preliminary ex- 
periments were made with several crystals 
including NaCl sensitized by Mn and Pb, but 
they were not successful, perhaps chiefly be- 
cause the fluorescent light was very weak. 
It may not be impossible if any crystal 
sensitized by the suitable impurities radiates 
intensive visible rays in the ultraviolet beam. 

The author is heartily thankful to Asst. 
Prof. S. Takagi for his continuos interests 
since the early stage of this work. This re- 
search was party supported by the research 
grant of the Ministry of Education. 
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Thermal and electrical properties of tungsten oxide were observed in a 
wide range of temperature. An entirely new anomaly was found at 
1230°C, where the rate of sublimation increased abruptly. The amounts 
of anomalous heat were found to be 330, 450, 280 and 120 cal/mol at the 
330°C, 740°C, 910°C and 1230°C transitions respectively, the entropy 
change being 0.55, 0.45, 0.23 and 0.08 cal/mol-deg at each of the transition 
temperatures. Any anomalous heat larger than 6 cal/mol was not observed 
near the —20°C transition point. At the mentioned transition points the 
anomalies of electrical properties were observed. The d.c. resistance 
decreases, on heating from room temperature, like a typical semi- 
conductor with the activation energies of nearly 2.2, 0.3, 1.7 and 1.3 eV 
below 740°C, between 740°C and 910°C, between 910°C and 1230°C and 
above 1230°C, respectively, the small value as 0.3 eV between 740°C and 
910°C being especially noticeable. A non-linearly of J-V relation was 
observed, indicating some anomalous electrical property of this substance. 


Introduction 


site 

Since the discovery of ferroelectricity in 
barium titanate in 1942~1944, many studies 
have been made not only on barium titanate 
itself but also on the related substances. 
Nagasawa pointed out the possible existence 
of ferroelectricity in tungsten oxide, judging 
from the very high value of permittivity as 
ten thousand at room temperature. Okada et 
al.» supported this point of view through the 
result of their measurements of permittivity 
and their observation of hysteresis loop of 
this substance. Matthias? also reported in- 
dependently the ferroelectric properties of 
tungsten oxide. In fact, the crystal structure 
of tungsten oxide, determined early by Brak- 
ken®, resembles well to that of barium tita- 
nate; that is to say, the general aspect of the 
former may be obtained by omitting Ba ions 
and substituting W ions for Ti ions in the 
latter. The resemblance of crystal structures 
of these compounds, together with the position 
of W on the periodic table, will lead us to 
expect some interesting dielectric properties 
of tungsten oxide. 

Afterwards, the electrical and thermal pro- 
perties of tungsten oxide were investigated 
on ceramic samples”, the domain structure 
was observed on single crystals and further 
the effects of mechanical stress, temperature 
and electric field upon it were found to be 


similar to those observed on barium titanate 
single crystals#~!). Although such state of 
affairs may be said to support the possibility 
of ferroelectricity in tungsten oxide, the pro- 
perties of tungsten oxide were re-studied from 
the stand-point of antiferroelectricity which 
has been found in lead zirconate and other 
substances of the XYO; type. Kehl et al.!? 
found that in tungsten oxide ions are arranged 
in an antiparallel manner along the c-direction 
above 740°C, and further Ueda and Koba- 
yashi!® confirmed an antiparallel arrangement 
of ions in all of the a-, b- and c-directions at 
room temperature. However, it has not yet 
been determined whether tungsten oxide is 
ferro- or antiferro-electric. Of course, an anti- 
parallel shift of ions alone does not necessarily 
give rise to antiferro-electricity, corresponding 
to the fact that a parallel shift is not a suf- 
ficient condition for ferroelectricity. 

The two main points which make it difficult 
to proceed accurate measurements in tungsten 
oxide are its high electrical conductivity and 
rapid sublimation observed in this substance. 
Since, at room tenperature, tungsten oxide has 
electrical resistivity as low as some thousand 
ohm-cm in ceramics and some ten ohm-cm 
in single crystal, the dielectric measurement is 
rather difficult even at room temperature and 
becomes very difficult to make various mea- 
surements and especially to carry out the x- 
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ray analysis at such high temperatures: 

Since tungsten oxide, as is seen in the fol- 
lowing, has a transition point also above 
1000°C and, moreover, the measurements of 
dielectric properties and crystal structure, 
which provide the most useful means of de- 
termining ferroelectricity or antiferroelectricity 
of a substance, are very difficult at high tem- 
peratures, it does seem hardly possible to draw 
a final conclusion regarding ferro- or antiferro- 
electricity of this substance. On the other 
hand, the electrical conductivity of tungsten 
oxide has not yet been throughly investigated 
and it would be interesting to investigate the 
conductive properties of this substance in a 
wide range of temperatures for clarifying 
semiconductor characteristics. 

The dilatometric measurements by Foéx! 
have discovered four transition points of tung- 
sten oxide as —20°C, 330°C, 740°C and 910°C*, 
which are confirmed through the observations 
recently made with the interest in the resem- 
blance of this substance to barium titanate. 
In addition, the author has found that almost 
all properties of tungsten oxide are anomalous 
at about 1230°C. 

It might be emphasized that we know few 
examples of substance having so many trans- 
ition points in a wide range of temperatures 
as in tungsten oxide. Hence it would be 
interesting to investigate the physical pro- 
perties of this substance from the view-point 
of not only ferro- or antiferro-electricity but 
also of phase transition in general. 


§2. Preparation of Samples 


Raw material used in preparation of samples 
was of bright greenish yellow power of 99.9% 
purity. A ceramic sample was prepared by 
pressing powder into a disc, sintering it at 
1100°C for two hours in a platinum or siliconit 
furnace. Nagasawa” has concluded that Oxy- 
gen atoms do not escape on sintering in air. 
We also have found that a sintering in oxygen 
for two hours of a sample which had been 
sintered for two hours at 1100°C in air did 
not affect its properties, although reductive 
atmosphere always changed a sample into re- 
markably conductive one. 

Single crystals were prepared by the subli- 


* These values of transition temperature arc 


found on heating. The values lower by 10~306°C 
than these are found on cooling. 
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mation method. Powder of about 15 g weight, 
packed in a silica tube, was heated up to about 
1400°C, in a vertical kryptol furnace, and then 
crystals of 1mm dimensions grew upon the 
lower surface of a silica disc which was sus- — 
pended at a position a little apart from powder 
and kept at about 1000°C. We can also find 
good crystals on the surface of powder heated 
in a furnace in which an appropriate gradient 
of temperature is prepared. 


§38. Thermal Properties 


3.1 Thermal Expansion 

The thermal expansion between —150°C and 
room temperature was measured by using a 
vertical dilatometer with an optical lever. On 
cooling, a remarkable contraction was observed 
at —50°C and, on heating, an expansion of the 
same amount at —20°C. This result agrees 
well with the previous ones!%2, but in our 
case the amount of anomaly was larger. 

The coefficient of linear thermal expansion 
between soom temperature and 850°C, deter- 
mined by using a horizontal dilatometer, has 
already been reported:*),. A rather gradual 
expansion was observed near 330°C and a 
steep contraction at 740°C, the amount of the 
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/ 
latter being 4//1=1.2 10-3. Although, at still 
higher temperatures, the absolute determina- 
tion of coefficient of thermal expansion is im- 
possible on account of apparent contraction 
due to the sublimation and sintering, we have 
shown a variation of length in Figs. 1 and 2 
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Fig. 2. Thermal expansion between 1150°C and 
1300°C. 
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in an arbitrary scale. A distinct expansion 
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is observed at 910°C and a slight contraction 
at 1230°C. 

The anomalies at =Z20°C, (330°C, -740°Gaand 
910°C agree well with those observed by 
Foéx!™ in both sense and magnitude of up- 
ward or downward. The anomaly at 1230°C 
was found for the first time by our measure- 
ment and is seen to correspond to anomalies 
of other properties at the temperature, which 
will be mensioned in the following sections. 
3.2 Cooling Curve 

The cooling curve was observed between 
700°C and 1400°C as a preliminary procedure 
for the measurement of specific heat. As is 
well-known, this is the most simple method 
to find out thermal anomalies not too small, 
though the amount of anomaly can hardly be 
measured accurately. 

A ceramic disc was suspended in a platinum 
furnace by a Pt-Pt-Rh thermo-couple. Since 
a single cooling curve can not be observed in 
so wide range of temperatures, the range be- 
tween 1400°C and 700°C was divided into five 
regions. Distinct anomalies were observed at 
1195°C, 895°C and 730°C, respectively. Fig. 3 
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Fig. 3. Cooling curve between 14.5~12.0mV. 


shows the result for a range of 14.5~12.0mV 
(expressed by the thermoelectromotive force 
of the couple). The ordinate is the time inter- 
val necessary to cool the sample by 0.1mV 
at each temperature. 


3.3 Specific Heat 

Although we have already reported the re- 
sults of measurement on specific heat of tung- 
sten oxide? 2.2), they were not so definite 
and not so self-consistent with each other 
owing to the variety of both sample and me- 
thod, the defect of apparatus, etc. In view 
of our former experience, now we measured 
the specific heat of the same sample through- 
out by the same method between —170°C and 


IB00RC- 

We have constructed four conduction calori- 
meters shown in Table I and adopted a new 
method of measurement in which the differ- 


Table I. 


—170°C ~room ; 
temperature cooper calorimeter for 
low temperatures 


room 


temperature ~ nickel calorimeter for 


moderate temperatures 


500°C 


nickel calorimeter for 
high temperatures 


500°C =~ 1000°C 


platinum calorimeter for 
high temperature 


1000°C_ =~ = 1300°C 
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ence of temperatures of a sample vessel and 
an outer case was measured for the current 
of furnace varied following a definite rule, 
instead of the usual one in which the current 
of furnace is adjusted so as to keep constant 
the above temperature difference. The new 
method is much more reliable and much less 
laborious than the usual one especially at high 
temperatures. The details of calorimeters and 
measuring method have been reported in sepa- 
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rate papers®:20. The measurements below 
1000°C was carried out in vacuum of 107%~ 
10-*mmHg, and the one above 1000°C in air 
in order to avoid the reduction sublimation of 
the sample. 

Fig. 4 (a), (b), (c) and (d) show the specific 
heat in the respective regions of temperatures. 


The value at low temperatures agrees well 


with that obtained by Seltz et al??. Although 
a slight anomaly* which is only a little larger 
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Specific heat between 500°C and 1000°C. 


* About 6 cal/mol. 
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Fig. 4 (d). Specific heat between 1000°C and 1300°C. 


than experimental error might be said to exist 
near —20°C, any noticeable anomaly corre- 
sponding to the remarkable one of thermal 
expansion was not observed. A gradual a- 
nomaly was observed near 330°C and the 
amount of anomalous heat was about 330 
cal/mol, the change of entropy being 0.55 cal 
/mol-deg. Distinct anomalies were observed 
near 740°C and 910°C and the amounts of 
anomalous heat were 450 and 280 cal/mol, the 
change of entropy being 0.45 and 0.23 cal/mol 
‘deg, respectively. Although the measure- 
ment above 1000°C is difficult and is less ac- 
curate, we can see a small but distinct anomaly 
of the order of 120 cal/mol at 1230°C and its 
change of entropy is 0.08 cal/mol-deg. 


3.4 Rate of Sublimation 

Tungsten oxide is volatile at temperatures 
above 1000°C and the rate of sublimation was 
measured quantitatively using a thermobalance. 
In Fig. 5 the abscissa is the reciprocal of 


Rate of Sublimation (arb. scale) 
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Fig. 5. Rate of sublimation vs temperature. 


absolute temperature and the ordinate shows 
the decrement of mass per unit time in an 
arbitrary scale. As is seen in the figure, the 
rate of sublimation increases abruptly at the 
1230°C anomalous point. This fact makes it 
very difficult to determine the crystal structure 
by the x-ray analysis above this temperature. 
Adopting a formula as 


V=Vpe7 B/kT 

for the rate of sublimation v, we obtain 
L=2al] eV =< 1230°Ce 
L=322 eV Ties 1 230eC 


§4. Electrical Properties 


4.1 Permittivity and Loss 

Nagasawa? first payed attention to the high 
value of permittivity of tungsten oxide and 
Okada et al.” observed a peak on the permit- 
tivity vs temperature curve at 20°C. We ob- 
served a remarkable hysteresis phenomenon 
in the permittivity vs temperature relation”. 
On cooling from room temperature the permit- 
tivity decreased steeply and next gradually, 
whereas, on heating from —40°C, the permit- 
tivity increased and a maxium and a minimum 
were observed at about 40°C and 90°C, respec- 
tively. On the second cooling, only a mono- 
tonous decrease of permittivity was observed 
and, on the second heating, we had smaller 
value of permittivity than in the first one and 
a shrinkage of the maximum was especially 
noticeable. After repeating this process several 
time, no maximum or minimum were observed 
on heating. The original state was almost re- 
covered after several or several ten days. 

Hirakawa® also observed the same hysteresis 
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phenomenon and found the decrease of permit- 
tivity with the increase of frequency. Further 
he observed a steep peak on the permittivity 
vs temperture curve at 710°C, by increasing 
the apparent resistance of a sample through 
putting it between nickel electrodes without 
sputtering”. 

Our present measurement of the permittivity 
has been carried out on a bar of the sample 
both ends of which were sharpened in order 
to decrease the capacity, between room tem- 
perature and 1300°C, using platinum electrodes 
pressed to the sample by a spring. Although 
sputtering was not applied upon the sample 
for avoiding the possible diffusion of metal 
atoms into the sample, reproducible results 
were always obtained by the use of this set 
of electrodes. The capacity and parallel re- 
sistance of a series circuit composed of the 
sample and an air condenser with adequate 
capacity were observed by a resonance method 
using 1043 KC and then the capacity and paral- 
lel resistance of the sample were calculated 
taking into account stray capacity and leakage 
due to the furnace and thermo-couple, etc. 
Fig. 6 (a) and (b) show the obtained result. 
The permittivity and specific resistance are 
given nearly by €=1500C, and p=1/100Rz. 
Anomalies are seen at 330°C, 750°C, 910°C 
and 1230°C respectively for both capacity and 
parallel resistance. 

It has been shown by an examination of 
Cole’s figure” that a sample of tungsten oxide 
can not be substituted even at room tempera- 
ture merely by a parallel circuit of a capacity 
and a resistance, so the physical meaning of 
thus obtained C,, R:, which were derived only 
formally, are rather ambiguous. It seems 
interesting, however, that contrary to our ex- 
pectation the capacity does not increase so 
much and the resistance increases, between 
740°C and 1240°C. 

4.2 Hysteresis Loop 

It has been reported by many authors”): ® 
that the ferroelectric E-D hysteresis loop is 
observed in tungsten oxide at room tempera- 
ture and that it tends to a linear relation with 
the rise of temperature. We also have ob- 
served the same phenomena in our repeated 
observations using 50C and 1MC. It is dif- 
ficult, however, to draw any conclusion con- 
cerning this matter, since a bridge method 
should be used for the observation of hyster- 
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esis loop of tungsten oxide in order to cancel 
the d.c. conduction of the sample. Observa- 
tions at low temperatures are much more reli- 
able owing to the decrease of d.c. conduction. 
Hirakawa® has reported that a typical hyster- 
esis loop observed at —100°C~—70°C tends 
gradually to a straight line on heating and 
some degree of curvature is still retained 
above room temperature. The fact that the 
hysteresis loop is clearly observed at the low 
temperature phase leads us to consider that 
this phase is ferroelectric. A contradiction of 
the hysteresis loop observed far beyond —20°C 
to the result by the x-ray analysis that an 
antiparallel structure is realized at room tem- 
perature, could possibly be removed by con- 
sidering that the transition process at —20°C 
does not rapidly occur due to relatively large 
relaxation time and then it is retained up to 
higher temperature. 


4.3 Non-linearity 

The anomalous dielectric property was ob- 
served through the measurement of the non- 
linearity of J-V relation at 1MC. The im- 
pressed voltage was measured by the amplitude 
on a cathode ray oscilloscope and the current 
by a vacuo-junction. Fig. 7 (a), (b) and (c) 
show obtained J-V characteristics at several 
temperatures. An upward deviation was ob- 
served at intermediate voltage, a downward 
one at high voltage and the inflexion point 
was displaced to the low voltage side with 
the rise of temperature. Although a part of 
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the upward deviation may be due to the 
Joule’s heat, the downward one is to be 
thought as a characteristics property of tung- 
sten oxide. Such property might be supposed 
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resistance near 910°C. 
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1400 


(Voltas 


ously the d.c. resistance and 
the thermo-electric power of a 
sample placed at a position in 
a furnace where there existed 
a temperature gradient of 
about 3°C. Fig. 8 (a), (b), (c) 
and (d) show the obtained 
value of d.c. resistance. A 
typical semi-conducting feature 
expressed by 


0 = poe?/2k? 


is seen between room temper- 
ature and 700°C, the average 
value of activation energy ¢ 
between 500°C and 600°C be- 
ing 2.2eV. The decrease of 
resistance with the rise of 
temperature becomes abruptly 
slow at the 740°C transition. 
A maximum and knick are 
observed at 910°C and 1230°C 
respectively. Adopting the a- 
bove formula, the activation 
energies between 740°C and 
910°C, between 910°C and 
1230°C and above 1230°C are 
found to be 0.3, 1.7 and 1.3 eV, 
respectively. Between 740°C 
and 910°C, the above formula 
does not hold so well and the 
small value of activation ener- 
gy as 0.3eV is especially no- 
ticeable. 


The value of activation ener- 
gy 2.2eV near 550°C is nearly 
the same with that of the 
energy gap between the va- 
lence- and  conduction-bands 
near this temperature, deter- 
mined by the observation of 
optical absorption edge?®), indi- 
cating that tungsten oxide is 
an intrinsic semi-conductor in 
this range of temperature. 


to correspond to the ferro-electric property of The abrupt decrease of the rate of decrease 


this substance, but no remarkable change was 


observed at each transition 


4.4 D.C. Resistance 
The most reliacle data 


perties of tungsten oxide can be obtained for 
We measured simultane- 


the d.c. resistance. 


temperature. 


of resistance above 740°C may be considered 
to be due to the creation of a new acceptor 


level by the change of lattice structure at this 


of electrical pro- 


transition, which is also expected by the ob- 
servation of optical absorption edge. 
discrete level may be in an intimate relation 


The 


with the crystal structure in which the corners 
of a cube are all vacant. and some of the 
oxygen ions might occupy these vacancies at 
high temperatures. 

The permittivity of single crystals is about 
ten times higher than that of ceramics, and 
d.c.- and a.c.-resistances of single crystals are 
about one tenth of those of ceramics, which 
fact seems to be due to the porosity of cera- 
mics. 


4.5 Thermo-electric power 

Our temperature control was not sufficiently 
accurate to derive the temperature dependence 
of thermo-electric power, but it was found 
that the thermo-electric power is +0.33 mV 
/deg at 700°C and decreases monotonously 
from 300°C to 1300°C with a rate of —1.3x 
10-4 mV/deg?. This value agrees with that 
obtained by Hochberg” near room tempera- 
ture. The thermo-electric power Q of an in- 
trinsic semiconductor is given by?® 


k c—l1 Ey a 
oe pao Ge a ee 
Slges eS a 


where the energy gap E« between the valence- 
and conduction-bands is expressed by 

Ee i Eo ed a 
and c by 


/4, #2 being the mobilities of electrons and 
positive holes. Putting a@=—0.857x10-% eV 
/deg® and Q=0.35eV/°K at 550°C, we obtain 
C— (Oro 
as the ratio of mobilities of electrons and 
holes. Then, using the well-known formulas 
for electrical conductivity o and number of 
electrons and holes per unit volume 7” 
O= NE( p+ Le) ? 
n— Ne-2e/2kt 
and assuming N ~~ 10”/cm’, we obtain the 
following values at 550°C: 
#=3.1x10""/em? , 
J =12 cm2/volt-sec , 
Jy = 23 cm?2/volt-sec , 
which values do not seem unreasonable, but 
a fact that the mobility of holes is larger than 
that of electrons is noticeable. 


It is well known that tungsten oxide is apt 
to be reduced. We really observed that the 
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electrical resistance of a sample decreased by 
a factor of 10 when it was kept at 1050°C in 
vacuum of 10-* mmHg for three hours. Thus 
tungsten oxide is expected to be rather an x- 
type semiconductor. The observed value of 
thermo-electric power, however, shows that 
in unreduced tungsten oxide primary carriers 
of electricity are positive holes. The specu- 
lated band structures at 550°C and 750°C are 
shown in Fig. 9 (a) and (b) respectively. The 


Conduction band 


\ 


P2828 U.B eS aSeueTe. 


(a) 550°C 


Conduction band 


Discrete level 


Buvectchearestesne 
seretceteeratroratietesreseranse 


Valence band 
py, CONG: 
Fig. 9. Speculated energy band scheme in WO3. 


mechanism of electrical conduction in tungsten 
oxide would become clearer by the measure- 
ment of Hall coefficient at each temperature. 

The author wishes to express his sincere 
thanks to Prof. Seiji Kaya, Prof. Toshinosuke 
Muto and Prof. Kiichiro Ochiai for their kind 
advises and criticisms and to Mrs. Ine Tako 
for her continual assistance in the experiments. 
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Microscopic and X-Ray Studies on Tungsten Oxide (WO.) 
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The domain structure of single crystals of tungsten oxide was observed 
between —130°C and 1200°C. An abrupt change of domain structure 
was observed at —50°C on cooling and it varied only gradually on heat- 
ing, as reported (previously). No change was observed at the 910°C 
transition. The crystal structure was investigated in detail near 910°C 
and 1230°C respectively. No change of crystal symmetry except for 
only slight anomalies of lattice constants was observed at these two 
transitions. Ferroelectricity or antiferroelectricity and bond structure 
of this substance were discussed using the result of observations, and 
it was stressed that these would be in an intimate relation with each 


other. 


$1. 

In the previous paper», we have reported 
the anomalous behavior of thermal and electri- 
cal properties at each transition temperature 
of WO;. Here, the results of our microscopic 
and X-ray studies shal] be reported and some 
possible discussions of the characteristics of 
WO; will be made, allowing for the results 


Introduction 


of both present and former experiments. 


§2. Observations of Domain Structure 


2.1 Observation at room temperature 

At room temperature we can observe the 
domain structure on single crystals using a 
polarized-light microscope. Most of plate 
crystals have the c-axis perpendicular to the 
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plane of plate and in these crystals domain 
boundaries make an angle of 45° to the 
cleavage surfaces of crystals. This domain 
structure arises from the inequality of lattice 
constants aand 6. Sometimes we have crystals 
having the c-axis on the plane of plate, in 
which the domain boundaries are parallel to 
the cleavage surfaces. Also single-domain 
crystals are not so rare. 

These features of domain structure and the 
effect of mechanical stress upon them agree 
well with those which have been reported by 
many authors.» 


2.2 Observation at low temperatures 
Fig. 1 shows our low temperature stage for 


a] 
= A 
J 


G) p 


Fig. 1. Low temperature stage. 


the observation of the domain structure at 
low temperatures. Cold air vaporized from 
liquid state is introduced into an outer vessel 
A covered by a rubber shield from an inlet 
P and then into an inner one B through a 
connector C. Using this stage, we can observe 
the domain structure between 20°C and 
—130°C continuously on both cooling and 
heating, under the consumption of liquid air 
of 21/hr at maximum. 

We observed a change of domain structure 
at low temperatures which agrees with that 
reported previously mainly on heating? —that 
is, at —50°C on cooling, each domain which 


Microscopic and X-Ray Studies on Tungsten Oxide (WOs) 1247 


had existed was split into minute ones by 
new parallel boundaries making 45° to the 
original boundaries, the latters vanishing at 
this temperature. On heating, this change is 
rather gradual. Although the new boundaries 
almost vanish at about —10°C, sometimes 
they remain faintly beyond room temperature. 
Matthias and Wood® have reported that the 
crystal structure of tungsten oxide below 
—50°C would be trigonal and the result of 
our observation of domain structure at low 
temperatures supports this supposition. 

On the other hand, fine domain boundaries 
parallel to the cleavage surfaces are sometimes 
observed on virgin crystals which have never 
been cooled below room temperature. We can 
certainly say that these domain boundaries 
are due to the monoclinic structure below 
330°C, since these vanish on heating up to 
350°C. It cannot be ascertained, owing to 
their too minute dimensions, whether these 
domain boundaries are the same or not with 
those observed on crystals above —20°C on 
heating after cooling them below —50°C. It 
may be said, however, that the monoclinic 
and trigonal structures would be in an intimate 
relation. 


2.3. Observation at high temperatures 

The domain structure at high temperatures 
was observed up to 1200°C by using a micro- 
furnace under the objective. On heating, any 
change of the domain structure was not 
observed until 740°C, where the domain 
structure vanished suddenly on c-crystals and 
this corresponds to the transition from or- 
thorhombic to tetragonal structure. On crystals 
having the c-axis on the plane of plate, such 
change was not observed and any change did 
not seem to occur up to 1200°C, but it is 
difficult to observe clearly the domain structure 
above 900°C owing to the radiation from 
crystals. The fact that there exists no change 
of the domain structure at 910°C is consistent 
with the fact that the crystal lattice does 
hardly change at this temperature. The 
observation above 1200°C was impossible for 
the sake of the rapid sublimation of crystals. 

The color of crystals is yellowish red at 
temperatures immediately below 740°C and 
becomes suddenly dark red at this transition 
point. The fact that this phenomenon is also 
observed on crystals having the c-axis on the 
plane of plate in which the birefringence 
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remains still above this temperature leads us 
to consider that the optical absorption edge 
which has already been displaced to the 
yellowish red region may jump to the infra- 
red region at this transition point correspond- 
ing to the change of crystal structure. A 
detailed investigation of the dependence of 
the optical absorption edge upon temperature 
will be shortly reported by Horie et al. 


An application of electric field of several 
hundred V/cm upon crystals at room temper- 
ature does not change the domain structure 
at all, in which case the change of domain 
structure might be prevented by the coersive 
force too high at room temperature, even if 
tungsten oxide were ferroelectric; so it is 
desirable to apply an electric field upon crystals 
at temperatures near 740°C. We applied a 
d.c. voltage upon a crystal, then the crystal 
was heated by the Joule’s heat and we could 
actually observe the effect of the applied d.c. 
electric field upon the domain structure of 
the crystal at high temperatures.” By this 
method, it was found that on a rectangular 
crystal with several domain boundaries inclined 
by 45° to the edges the d.c. electric field ap- 
plied between two parallel edges had an effect 
to increase the area of one sort of domains 
by creating many new boundaries parallel to 
the original ones. The process was not quite 
reversal and the crystal was covered by a 
great number of domain boundaries after 
repeated applications of electric field. 

Such change of the domain structure may 
hardly be ascribed to the thermal stress alone, 
supplied by the electrodes upon the crystal 
near 740°C, considering the slightness of the 
rise of temperature of the electrodes. Then 
the result of the above observation might 
show a possible existence of ferroelectricity 
in tungsten oxide below 740°C but such con- 
clusion seems to be in contradiction to the 
result obtained by the X-ray analysis. 

Hirakawa® observed a slight displacement 
of domain boundaries under the application 
of d.c. electric field of 1000 V/cm in the 
direction of 45° to the domain boundaries in 
the low temperature phase. Although this 
fact shows the ferroelectricity of this phase, 
it would be hardly possible to give any definite 
conclusion for the sake of very minute di- 
mensions of domain. 
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§3. Crystal Structure 


Brakken reported a crystal structure of 
tungsten oxide at room temperature in which 
W and O ions are shifted alternately in an 
antiparallel manner, by an equal amount, in 
the directions of both b- and c- axes. Recently 
Ueda and Kobayashi! have precisely studied 
the crystal structure of tungsten oxide at 
room temperature using a crystal having only 
two domains and obtained a result in which 
W ions are shifted in an antiparallel manner 
in the directions of a-, b- and c-axes, with 
the relative shift of 1:3.6:4.7, respectively 
and, on the other hand, O ions only in the 
b-direction. Both of these result suggest the 
possibility of antiferroelectricity in tungsten 
oxide at room temperature, which however, 
is in contradiction to the result of electrical 
measurements. 

Although the crystal structure at the low 
temperature phase below —20°C has not yet 
been studied thoroughly, the preliminary report 
by Matthias and Wood® shows | trigonal 
structure for the low temperature phase, 
which is not inconsistent with the result of 
observation of domain structure. If this phase 
is ferroelectric as is expected from the result 
of electrical measurements, it will be a phase 
similar to that of BaTiO; below —70°C. 

Above room temperature, the crystal 
structure of tungsten oxide varies from mono- 
clinic to orthorhombic at 330°C,!™ from ortho- 
rhombic to tetragonal at 740°C, 10.12 but 
no change has been observed at 910°C,1»12) 
On the other hand, Kehl et al.!» have reported 
that ions are arranged in an antiparallel 
manner in the direction of c-axis above 740°C. 
In view of such situation, we have made 
precise measurement of the crystal structure 
by the powder photograph method using the 
CuKa@ ray in the neighborhood of 910°C and 
1230°C respectively. 

Since tungsten oxide sublimates very rapidly 
at high temperatures, the x-ray photographs 
should be taken as quickly as possible. As 
an intense source of x-ray, we have con- 
structed a rotating anode type x-ray tube 
with an earthed cathode. Using this tube, 
the powder photograph of metals can be taken 
only in 10 sec and of oxides in 1~2 min, the 
voltage and current being 50 kV and 30 mA, 
respectively. A detailed description about this 
tube will be reported in another paper. We 
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used a high temperature camera of 80 mm 
diameter with a splitted platinum heater, con- 
structed at our laboratory.2 


Fig. 2 shows the lattice constants near 


Temperature (°C) 


Fig. 2. 


910°C obtained by an analysis of (122), (131) 
lines. Although there is not any change of 
crystal symmetry at this transition, as reported 
by the previous authors,!:!” we can notice 
a slight anomaly of lattice constants. How- 
ever, the amount of anomaly is only a little 
larger than experimental error and does not 
agree quantitatively with that obtained by 
the dilatometric measurement. 

It was impossible to take a photograph near 
1230°C by the ordinary method, even if the 
present intense source of x-ray is used, on 
account of the very rapid sublimation of the 
sample at such high temperatures, and some 


Lattice constants near 910°C. 


Fig. 3. Method of taking a photograph at high 
temperatures. 


special device was necessary. A platinum 


wire was coated by powder until a rod of 
2~3 mm diameter was obtained. As shown 
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in Fig. 3, a vibration photograph with an 
amplitude of 90° was taken, the surface of 
the rod being always kept at the center of 
camera during the sublimation of the sample. 
Fig. 4 shows the result of an analysis of 
(122), (131) lines near 1230°C. Although there 
is no change of crystal symmetry, we have 


so 1220 
Temperature (°C) 


Fig. 4. Lattice constants near 1230°C. 


an anomaly of lattice constants which is also 
a little larger than experimental error. In 
this case, however, the result obtained by the 
x-ray analysis is not inconsistent with that 
by the dilatometric observation. 

The tetragonality of tungsten oxide is 1.05 
and is less than that of PbTiO;, 1.06, at room 
temperature, so it is not improbable to sup- 
pose that there may exist a transition from 
tetragonal to cubic below the melting point.* 
There was, however, no detectable anomaly 
on the cooling curve observed between 1400°C 
and 1230°C. Hence such transition point, if 
it existed, would be found very near the 
melting point and its identification by the x- 
ray analysis and other methods would pro- 
hibitively difficult owing to the fierce sub- 
limation at such high temperatures. 


§ 4. Discussions 
I. Ferroelectricity and Antiferroelectricity 
Since an abrupt change of domain structure 
and a remarkable contraction are observed at 
—50°C on cooling, it is hardly doubtful that 
a new phase is realized from this temperature. 
* The melting point of tungsten oxide is said 
to be 1437°C, but this value seems indefinite owing 
to its volatile property. 


1250 


Although any detailed determination of crystal 
structure at this low temperature phase has 
not yet been made, this phase seems to be 
similar to that of BaTiO; realized below —70°C 
judging from the feature of domain structure 
and Matthias’ preliminary investigation of 
crystal structure. The fact that the hyster- 
esis loop is observed and domain boundaries 
are displaced by the application of d.c. field 
leads us to consider that this phase would be 


ferroelectric. A characteristic of the —50°C 
transition is the temperature hysteresis. This 
is noticeable in the permittivity, domain 


structure and hysteresis loop. Although any 
anomaly of specific heat is not observed in 
the neighborhood of —20°C on heating from 
below —100°C, there is a possibility that an 
anomaly of specific heat might be observed 
beyond room temperatures. An _ accurate 
measurement of specific heat between —100°C 
and 200°C is desired in order to clarify this 
point. 

Although, according the precise determi- 
nation of crystal structure by Ueda and 
Kobayashi, ions are arranged in an anti- 
parallel manner, we cannot still deny the 
possibility of ferroelectricity in the monoclinic 
phase between —20°C and 330°C, since the 
hysteresis loop is observed, the permittivity 
decreases with the d.c. biasing field and the 
non-linearity of a.c. impedance is observed in 
this phase. The fact that the domain structure 
similar to that of BaTiO; is observed and it 
varies sensitively following the external 
mechanical stress is, of course, helpless in a 
criterion of ferro-, antiferro- and para-electrici- 
ty. The ferroelectric behavior observed above 
room temperature may be due to the residual 
effect of the —20°C transition above room 
temperature or a forced transition!» from 
antiferroelectric state by applied electric field. 
Also a possibility of ferrielectricity should be 
taken into account. A crystal analysis by the 
x-ray method under the application of external 
electric field, if possible, would give us a 
more conclusive criterion. 

Also the 330°C transition is rather gradual 
but the total amount of anomaly is not so 
small. Ionic positions in the orthorhombic 
phase between 330°C and 740°C are presumably 
supposed to be not so different from those in 
the monoclinic phase, although any determi- 
nation of them has not yet been made. Thus 
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the effect of d.c. field upon the domain structure 
observed between 500°C and 740°C seems to 
be due to the forced transition, but a small 
possibility that this orthorhombic phase might 
be again ferroelectric cannot be entirely denied. 

Although there exist only slight anomalies 
of lattice constants and no change of crystal 
symmetry at 910°C and 1230°C, anomalies of 
all other properties are observed there. Here 
we might consider that there exist some slight 
change of axial angles, accompanied by minute 
shifts of component ions in the crystal or 
some other kinds of similar changes which 
cannot be ascertained by the present accuracy 
of powder photograph analysis. Even if it 
were approved, the discrepancy between the 
results obtained by the x-ray analysis and the 
dilatometric measurement at 910°C is still 
conflicting. It is easily supposed that the 
changes at 910°C and 1230°C would be very 
delicate, judging from the fact that the crystal 
structure above 1230°C is still non-cubic and 
the changes of entropy at 740°C, 910°C and 
1230°C are 0.45, 0.23 and 0.08 cal/mol. deg. 
respectively. 

Although the discrepancies among anomalies 
of each property similar to those of WO, 
have been observed in NaNbO;!:!) they were 
recently removed by a precise determination 
of crystal structure by Francombe.’ The 
fact that the arrangement of ions in tungsten 
oxide is similar to that in NaNbO; makes 
us expect that conflicting features of WO; 
mentioned above would be clarified by the 
more accurate x-ray analysis of this substance 
in future. 


Il. Bond Structure 


If all of six bonds ejected from each W 
ion were equivalent single bonds, the crystal 


b 
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Fig. 5 (a). An ideal ionic lattice of WO;. 
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Structure would be a non-puckered cubic 
perovskite as shown in Fig. 5 (a). On the 
contrary, if three of them were double bonds 
and the other three were ‘virtual’ bonds, 
_ tungsten oxide would be a typical molecular 
crystal, as shown in Fig. (b) for example. In 


es oc 
sees 


Fig. 5 (b). A molecular-crystal-like lattice of WO;. 


the real lattice of tungsten oxide, W-O seem 
to be in intermediate states between these. 
Each of the six bonds ejected from a W ion 
would have, in general, the different number 
of electrons upon it and accordingly the dif- 
ferent bond length respectively. Thus the 
crystal would have a distorted structure as 
shown in Fig. 5 (c) and sometimes a puckered 


b 


ae 


Fig. 5 (c). Real lattice of WOs. 


structure, which fact has been ascertained in 
experimental works. According to Ueda and 
Kobayashi, the lengths of W-O+x, W-Oxy 
and W-Os, are 1.79, 1.88; 1.82, 1.95 and 1.71, 
2.11 A respectively. Since the bond length is 
generally considered to decrease with the in- 
crease of number of electrons existing upon 
it, this result shows that the greatest and the 
smallest densities of electrons are found in 
the c-direction and the intermediate ones in 
the a- and b-directions; which states of affairs 
might presumably be connected with the 
peculiar properties of WO;. The many trans- 
ition points of tungten oxide may be the 
temperatures where the feature of bonding 
changes successively.* That is, each anomaly 
seems to be of electronic origin, accompanied 
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by the change of lattice. At 910°C and 1230°C, 
the accompanied change of lattice may be too 
slight to be ascertained by the accuracy of 
present x-ray analysis. 

This view concerning the structure of tung- 
sten oxide may be said to be similar to that 
of Megaw!? in the point that the role of 
bonding is highly stressed in the discussion 
of ferroelectricity or antiferroelectricity and 
should await further experimental criticism 
before reaching a final conclusion, but here 
it should be pointed out that this model is 
able to interpret the volatility and electrical 
conductiveness of tungsten oxide. 

The molecular-crystal-like property of 
tungsten oxide mentioned above would neces- 
sarily induce the volatility of this substance. 
The result that the activation energies of 
sublimation below and above 1230°C are 2.17 
and 3.22 eV respectively, as mentioned in Sec. 
2.4 of the previous paper.” indicates that the 
molecular crystal character as shown in Fig. 
5 (b) is more probable below this temperature 
and the phase above this temperature has a 
structure more near to the one shown in Fig. 
5 (a). It is reasonable that the more sym- 
metrical structure is realized at high temper- 
atures. A free molecule of tungsten oxide is 
supposed to have a pyramidal structure with 
a~90° as shown in Fig. 6. It would be 


Sry. e W 


Fig. 6. An assumed form of a WO; molecule. 


interesting to check this by the x-ray analysis 
and other methods. 

The resonance between the bonds containing 
the different number of electrons which is 
supposed to be realized in tungsten oxide 
would induce the transfer of electrons under 
the application of external electric field, which 


* Corresponding to the successive changes of 
bonding, the number of oxygen ions occupying the 
several kinds of interstitial sites would be also 
changed successively, but it would be hardly pos- 
sible to discuss it in detail by the X-ray analysis, 
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is thought to be the origin of high mobility 
of holes in tungsten oxide. 

If the displacement of ions in tungsten oxide 
were of the electronic origin, ferroelectricity 
or antiferroelectricity in tungsten oxide would 
be of the more complex character than in 
ordinary insulating substances, since the net 
transfer of electrons is induced by the external 
field. 

Finally, we should like to say that tungsten 
oxide is really an interesting substance in its 
dielectric and conductive properties but these 
two are to be discussed simultaneously, not 
independently, in both experimental and 
theoretical investigations. 

The author wishes to express his sincere 
thanks to Prof. S. Kaya, Prof. T. Muto and 
Prof. K. Ochiai for their kind advices and 
criticisms and to Prof. R. Ueda, Prof. J. 
Yamashita and Dr. J. Kobayashi for their 
continual discussions. The author wishes also 
to thank Mrs. I. Tako and Mr. S. Fujii for 
their continual assistance in the experiments. 
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Internal Friction and Critical Stress of Copper Alloys* 
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The effects of strain amplitude on the internal friction and the Young’s 
modulus of polycrystalline specimens of copper alloys (Cu—Zn, Cu~Al, 
Cu—P) with various concentrations of solute atoms have been investigated. 

The results are: 

1. The critical stress, up to which the internal friction and the 
Young’s modulus are almost independent of strain amplitude, increases 
with concentration of solute atoms, showing a considerable harmony 
with the theoretical stress obtained by Mott. 

2. The strain-independent part of the internal friction decreases as 
a power function of concentration of solute atoms, although its numerical 
value depends largely on the pre-treatment. 

3. The strain-dependent part of the internal friction and the fractional 
change of Young’s modulus are represented by two parallel fomulae, as 
in the theory of Nowick. But the factors of strain-dependencies seem 
to increase with concentration of solute atoms. 

4. The internal friction and the Young’s modulus are both almost 
independent of frequency in the range between 900 and 10,000 cps at 


at room temperatures. 


§1. Introduction 

Since the work of Read,” the dependencies 
of internal friction and elastic modulus on 
strain ampliture have been discussed in terms 
of motion of dislocations. To explain the 
experimental results on copper and _ lead 
single crystals by Marx and Koehler,” Koeh- 
ler® assumed pinned-down and_ broken-away 
dislocations. His theory led him to the con- 
clusion that the internal friction and the 
elastic modulus are frequency-dependent. 
On the contrary, Nowick® showed that they 
are both frequency-independent, and further- 
more, that the change of internal friction 
(4Q-1) and the fractional change of elastic 
modulus (--4E/E,)) are expressed by a com- 
mon function of strain amplitude. This 
conclusion is based on his assumption of 
simple hysteresis. On the other hand, the 
present author» has shown that the internal 
friction and the elastic modulus of zinc single 
crystals are both independent of strain am- 
plitude up to a critical point, beyond which 
the former increases, while the latter de- 
creases. 

* The outline of this paper was read at the 
annual meeting of the Japan Institute of Metals, 
April, 1953. 


Keeping in mind such situation of the 
research of this field, the effects of strain 
amplitude on the internal friction and Young’s 
modulus of copper alloys of various concentra- 
tions of solute atoms will be dealt with in 
the following. In carrying out the investiga- 
tion of this kind, it would be most desirable 
that a series of single crystals of same 
orientation with various concentrations of 
solute atoms are prepared as_ specimens. 
However, if the internal friction of polycryst- 
alline specimens is measured in kiloycle range 
and at room temperatures, the part of inter- 
nal friction due to relaxational between stress 
and strain, which is caused by stress 
induced ordering,» viscous flow in grain 
boundaries,” or thermo-elastic effect,” is sup- 
posed to be lower than the order of 10-°. 
Furthermore, if quenched or even chill cast 
specimens are chosen, the part of internal 
friction due to relaxation will become certain- 
ly negligible, since in them a large number 
of dislocations are not anchored by impurity 
atoms. Thus, it is expected possible to dic- 
cuss the internal friction due to dislocations 
from experiments using polycrystalline speci- 
mens. The polycrystalline specimens used 
in the present work are of systems of Cu-Zn, 
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Cu-Al, and Cu-P with various concentration 
of solute atoms. 


Measurement 


§ 2. 

The specimens were prepared by melting 
high purity electrolytic copper (99.99 wt. per 
cent) with desired amount of high purity 
aluminum (99.99 wt. per cent), high purity zinc 
(99.99 wt. per cent) or 15% P-Cu master alloy 
in graphite crucibles placed in a high 
frequency electric furnance. The demension 
of ingots was 10x10x200mm or 20x20x 
150mm. The ingots of the former dimen- 
sion were used as the specimens “as cast.” 
Those of the latter were thereafter forged 
down to the cross-section of 12x12mm _ in 
the temperature ranging from 850° to 600°C, 
cut to the size of 10x10x200 mm, annealed 
at 800°C for 4 hrs, and finally quenched in 
water of 20°C. The chemical composition of 
the specimens added or analyzed are shown 
in Tables I and II. 

The experiment consisted in the  trans- 
versal vibration of the specimen bar in free- 
free modes at audio-frequencies (mainly about 
1000 cps in the case of 2 nodes and about 
2700 cps in the case of 3 nodes). The internal 
friction was measured either by resonance 
curve method or by the natural damping 
method. The frequency of a C-R-oscillator f, 
was adjusted by a variable condensor placed 
parallel to the main condensor so as to be 
resonant with characteristic frequency of the 
specimen fp. The fractional change of 
Young’s modulus was calculated from the 
value of capacity of the variable condensor 
at this resonance. The relative value of 
the strain amplitude was known from the 
gain of the receiving amplifier, which pro- 
duced a constant vertical amplitude on the 
screen of a cathode-ray oscillograph. Its 
absolute value was calibrated by microscopic 
measurement for large strain amplitudes. 
Ail the measurements were performed in a 
stress range of 10°-108 dynes/cm? at room 
temperatures. 


§ 3. Experimental Results 


The obtained results for Cu-Zu, Cu- Al, and 
Cu-P alloys are shown in Fig. 1, °2;-and 3; 
respectively. The curves in these figures are 
analogous to the curve for single crystal of 
zinc, obtained formerly by the present author.” 
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Fig. 2. Internal friction vs. relative strain am- 
plitude for specimens of Cu-Al alloys, which 
were quenched from 800° after annealing for 
270 mins. 


A typical curve for Cu-Al (1.38 per cent Al) 
alloy is shown in Fig. 4. 

The main features of these curves are 
summarized as follows: 

1) Up to a critical strain amplitude the 
internal friction and the Young’s modulus 
are almost independent of strain amplitude. 

2) When the strain amplitude exceeds this 
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critical point, the internal friction increases 
and Young’s modulus decreases. 

3) When the strain amplitude is further 
increased to another critical value, the inter- 
nal friction begins to cease increasing (see 
curves for tr. 0.0097 and- 0.039 Zn in Fig. 
1). This behavior at the second critical 
point, however, is not observed for the 
specimens containing higher concentrations of 
solute atoms in the investigated strain range. 

Within the strain range between the first 
and the second critical strains, the strain 
dependent part of the internal friction (4Q-!= 
Q-!—@)"!) and that of the fractional change 
of the Young’s modulus (—4E/£) are re- 
presented by two parallel straight lines with- 
in the experimental error (see Fig. 3 and Fig. 
4). We get empirical expressions for 4Q-} 
and 4E/E): 


4Q71=Q71—Q07 1 = BEm” (1) 
and 

4E/ Ey =(E—Ey)/Eo= B’ Em” (2) 
where Q)-! and & are the respective strain 
independent parts, &m is the strain, and 8, 
B’, a, and a’, are constants. a@ and a’ are 
the determing factors for the strain depen- 
dencies of the internal friction and the 
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Young’s modulus, respectively. 


Tables I and II show, first, that @ is ap- 
proximately equal to a’ for each alloy, and 
secondly, that they are almost constant, 
whether the frequency is 1000 cps or 2700 cps. 
It was confirmed that they remain almost 
unchanged in a wider frequency range of 900- 
10,000 cps. 

The strain-independent internal friction Qo-! 
for each alloy investigated decreases with in- 
creasing alloying content according to a 
power function, as shown in Fig. 5. It 
depends largly on the pretreatment of the 
specimen; it increases with the elevation of 
the quenching temperature, and decreases 
with prolongation of aging time at room 
temperature and at a temperature before re- 
crystalization. 

The critical strain amplitude (€me), up to 
which the internal friction and the Young’s 
modulus are almost independent of strain 
amplitude, increases with alloying content for 
each alloy system. The relation of the ex- 
perimental critical stress, which is calculated 
from the critical strain and Young’s modulus, 
to the concentration of the alloying element 
is shown in Fig. 6, whose abscissa is the 
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theoretical stress® (4&4/3c) proposed by Mott, 
where wz is the shear modulus, € is (1/a) 
da/dc, a being the lattice parameter, and c 
is the concentration of solute atoms. The 
relation of the strain dependency factors a 
and a’ to the theoretical stress is Fig. 7. It 
is interesting that they are not constant, but 
increase with concentration of solute atoms, 
and that a and a’ are very close to each 
other. 


§ 4. Discussion 
1) The cause of the observed internal friction 

The internal friction due to the relaxation 
caused by stress induced ordering, viscous 
flow in grain boundaries, or thermo-elsatic 
effect is expressed by the equation® 

Qe =4uFf fol (P74 So) » (3) 

where f is the measuring frequency, fo is the 
relaxation frequency which is equal to the 
inverse relaxation time, and 4, the relaxa- 
tion strength. If f is equal to fo, the internal 
friction has its maximum value Q™inax, and 
the relaxation strength 4s becomes DOe aa 

Many experiments on the relaxation pheno- 
mena, caused by stress-induced ordering or 
viscous flow in grain boundaries, have shown 
that the maximum internal friction of this 
kind does not exceed the order of 107’. On 
the other hand, according to the analysis of 


the relaxation phenomena by Wert and Marx,” 
there is a relation connecting the measuring 
frequency, the activation energy 4H, and the 
temperature T corresponding to the peak of 
the internal friction: 
4H=RT 1n(v/f)+TAS, (4) 

where R is the gas constant, » the atomic 
frequency, and 4S the entropy of activation. 
The activation energy for diffusion of alumi- 
num in copper is reported to be 37-40 Kcal/ 
mol, that of zinc about 40 Kcal/mol. Although 
the data of the activation energy for phos- 
phorus in copper are not available, it is 
supposed to be comparable to the above values 
for aluminum and zinc. By the use of the 
equations (3) and (4), it is concluded that 
when the internal friction is measured witha 
frequency of KC range at about room tem- 
perature, the internal friction due to the 
relaxation caused by stress induced ordering 
or viscous flow in grain boundaries does not 
exceed the order of 10-°. 

As for the part of internal friction due to 
the relaxation caused by the thermo-elastic 
effect, it seems lower than 3.10-° under 
the present experimental condition”, for the 
grain sizes of the specimens are about 0.3- 
0.01mm. Moreover, the present experiments 
at room temperatures show that the internal 
friction is almost independent of frequency in 
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the range of 900-10,000 cps. Therefore, we 
are sure that the main mechanism underlying 
the internal friction observed in the present 
experiments lies in the motion of dislocations. 
2) The mechanism of the internal friction 
due to the motion of dislocations 

According to Koehler, the internal friction 
is frequency dependent, and its relation to 
strain amplitude is not the same as the re- 
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Fig. 8. Internal friction of Cu 


friction of copper single crystals at room 
temperature obtained by Marx and the pre- 
sent author. Taking into accouut the dif- 
ference between the purities of copper single 
crystals used by the different authors, the 
internal friction due to the motion of disloca- 
tions is most likely independent of frequency 
in the wider range of 900 to 260,000 cps. 
Thus, the present results are concluded to 
contradict Koehler’s theory. They seem to 
be in favor of the Nowick’s hysteresis 
theory. However, a and a are not always 
constants but increase with concentration of 
solute atoms, as shown in Fig. 7: 


3) Comparison of the critical stress with the 
the theoretical stress 
When the maximum vibrational stress rea- 
ches a critical stress o, which corresponds to 
the critical strain, a remarkable increase of 
the internal friction and a remarkable decrease 
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lation of the fractional change of Young’s 
modulus to strain amplitude. The present 
experiments, however, have shown that 4Q@-1 
and —4E/E, are represented by two parallel 
straight lines (Fig. 3 and 4), and that not 
only the internal friction of polycrystalline 
specimens but also that of single crystals are 
frequency independent in the range between 
900 and 10,000 cps. Fig. 8 shows the internal 


x— Various 
x-—* Strain 
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25°C Morx 


hi 


100,000 500,000 
(G.PAS) 


single crystals v.s. fregency. 


of Young’s modulus begin simultaneously to 
take place. This is supposed to correspond to 
the commencement of a large scale disloca- 
tion motion. In this regard we compare the 
empirical critical stresses to the Mott’s theo- 
retical stresses in Fig. 6, which includes also 
the results of the internal friction measure- 
ments by Weertman and Salkovits™ for lead 
single crystals and those of static experiments 
by Linde, Lindell, and Stade® for copper 
single crystals. It seems that the points from 
the present experiments as well as those by 
other investigators stand approximately on a 
straight line, the value of the experimental 
critical stress being very close to that of 
Mott’s theoretical critical stress for each 
point. The slight discrepancy between these 
two values is most likely ascribed to an in- 
adequacy of the assumption regarding the 
coherent length of dislocation line. It is very 
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interesting that present experiments have 
thus revealed micro-critical stress of poly- 
crystalline specimens. 


4) Effect of concentration of solute atoms 

As to the stress-independent internal fric- 
tion, it decreases with increaing concetration 
of solute atoms (Fig. 1, 2,3 and 5), according 
to a power function, but the decrease is not 
so rapid as suggested by Weertman.™ It is 
also to be noted that the stress-independent 
internal friction depends largely on the pre- 
treatment of the specimen. 

Another interesting result is the strain- 
dependent part with factors a and a’, which 
increase with the concentration of alloying 
element (Fig. 7). For explaining this pheno- 
menon further investgation will be required. 
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The Bond Orbital Approximation for 7-electron 


System in Benzene 


By Eiko AIHARA and Kazuo NIRA 
Department of Physics, Tokyo Institute of Technology, Oh-okayama, Tokyo 
(Received August 14, 1956) 


The electronic energies of x-electron system in benzene molecule have 
been calculated by the bond orbital (BO) method for singlet states. 
Configuration interactions (CI) have not been taken into account. All 
the levels other than 1B2,, and 1H, calculated by the present method 
are higher than the levels calculated by the MO, method without CI. In 
the MO method, however, the order of levels is changed and coincides 
with the observed order, by including CI. In the BO method the order 
of levels would not be changed by including CI, since the BO method 
without CI already gives the correct order. 


§1. Introduction 

There are two methods in common use for 
the quantitative study of electronic states in 
molecules. They are the “Method of mo- 
lecular orbitals (MO)” and the “Method of 


valence-bond structures (VB).” The former, 
the MO method, which fails to give the simple 
relation between the chemical bonds and the 
molecular stabilities, is inconvenient to dis- 
cuss the bond properties such as bond energies, 
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bond dipoles and bond force constants. On 
the other hand, the VB method is closely re- 
lated to the concept of chemical bonds, but 
has the difficult problem of non-orthogonalities. 
The method to be described in this paper, the 
band orbital (BO) method, is based upon the 
concept of chemical bonds and has an advan- 
tage of making easier to deal with the non- 
orthogonality problem. 

To study the nature of the approximation 
of the BO method, we have calculated the 
electronic energies of the z-electron system in 
benzene molecule by this method, where nu- 
merical values of molecular integrals have 
been taken from the paper by Parr, Craig 
and Ross. 


§2. Bond Orbitals and Electronic Configu- 
rations 


The bond orbitals of the z-electrons in the 
benzene molecule are defined as follows: 


Te={2(1+S)2)}-/*(Yet X41) 5 
(R=1, 20> 40) C1) 
On={2(1—Sy2)}- "(Yu Xe) , (2) 


Tyj={214+ Sys) } (x5 + X53) » 
(g=1, 2,3) (3) 
opj={2(1—Sya)}- (45-2543) 5 (4) 


where Su=|ande, Su=\uxde and x is 


the 2pz AO on the k-th carbon atom. ct; and 
tpj (@~ and wp;) are bonding (antibonding) 
type BQ’s. 

Electronic configurations which are taken 
into account in our calculation are given in 
Table I. In this Table the second column 
represents the total electronic wave functions 
which are constructed by forming the anti- 
symmetrized products of one electron func- 
tions in the third column. 

The wave functions in the same class have 
equal mean energies. The configurations clas- 
sified in (A) and (B) correspond to Kekulé 


Ta AU 
structures | | ana Dewar structures | |. 

WA ye 
respectively. The configurations in (CFE) 
and (E) give rise to both singlet and triplet 
states, but we consider only the singlet states. 


Further, we neglect the configurations which 
include two or more antibonding type BO’s 
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Table I. Electronic Configurations. 


Symmetry 


Wave . 
Class Function Configuration Type 
UM T1)2 T3)2 T5)? 
(A) fi i ap ie Aig, Bou 
V ics 7)” ca T6)” 
V pi TDi)" Tz)” Ts)? 
(B) V pe Tp2)” Ts)” T6)” Aig, Erg 
V ps3 Tp3)” 71)” Ta)? 
Y py TDi) wD) T2)” Ts)” 
(C) V px? Tp2) D2) 73)” Te)” By, Fru 
D p38 Tp3) wp3) 71)” Ta)? 
Vict T1) 1) 73)? tT)? 
Vx T3) w3) T)? T5)? 
(D) Vxv T>) ws) 71)? t3)? Lg, Bin, 
DV ey? Tz) wy) Tas)” 76)? Ey, Arg 
D ient T4) w4) Ty)? 76)” 
Yb T>) 6) Tz)? T4)? 
Vp? T2) w2) tpi)? Ts)? 
Y pi? T5) 5) TDi)” T2)? 
(E) D px T3) 3) Tp2)? te)? Brg, Biu, 
Y p® Tt) we) Tp2)? 73)? «Bin, Arg 
W p3! 71) 1) Tp3)” T4)? 
VY p3* T4) 4) Tp3)” 71)?’ 
Table II. Mean Energy of the Electronic Configu- 
ration (Y). 
Class Mean Energy (eV) 
(A) WW xe) 3.36 
(B) W(¥ pi) 12.44 
(C) W(Y¥ v1) 18.48 
(D) WY x1) 25.95 
(£) WV v2) 48 .25 


a) The origin of the energy is chosen to. the 
energy value of the ground configuration by the 
MO method without CI. 


b) Ww) =|V Hvar [\wede, where J is the total 
Hamiltonian. 


(We OF @p;). 


§3. Calculated Result and Discussion 


Table II shows the mean energy of the 
electronic configuration in each class. The dif- 
ference between the mean energy W(¥ x) in the 
Table II and the energy of the ground state 


calculated by the MO method without CI is 


supposed to be the delocalization energy in 
z-electron system in benzene by Mulliken and 
Parr», 

The configurations classified in (E) will not 
be taken into account in the following calcu- 
lation, since their mean energies are much 
higher than others (see Table ID). 

The electronic wave function of correct 
symmetry is constructed by forming the linear 
combination of ¥’s in the same class. When 
there are several linear combinations of the 


same symmetry type, we take the one giving 
the lowest energy. 


Table III. Energy Levels Calculated by the BO 
Method. ; 


Class Level Energy Value (eV)®) 
(A) 1Aig 1.69) 

(D) LAyg DS ON 

(C) Bin 14.43 

(A) 1Boy, 5.86 

(C) LB iy, PAN ay) 

(B) LBs, 9.61 


a) The origin of the energy is the same as in 
the Table II. 

b) When CI between the configurations classified 
in (A) and (B) is taken into account, the value of 
1.69 eV is lowered to 1.04eV. 


Table III shows the result of our calculation 
where non-orthogonalities between the BO’s 
are completely taken into account. CI’s be- 
tween the different classes are not taken into 
account. 

In Fig. 1 our result is compared with the 
result of the MO method by Parr, Craig and 
Ross. 

It may be seen from the Fig. 1 that all the 
levels other than 1B,,, and 4£,, calculated by 
the BO method are higher than the levels 
calculated by the MO method without CI. In 
the MO method, however, the level !£2, is so 
much lowered by CI that the order of the 
levels is changed to coincide with the observed 
order. On the other hand, in the BO method 
the order of levels would not be changed by 
CI, since the BO method without CI already 
gives the same order as the MO method with 
CI does (see Fig. 2). 
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‘oemes 


BO MO MO 

withCl withoutCI 

Fig. 1. The result of our calculation is compared 
with the calculation of the MO method by Parr, 
Craig and Ross). Broken line (1Ayy of BO 
method) represents the result of the CI between 
the configurations classified in (A) and (B). The 
origin of the energy is the same as in Table II. 


BO Observed MO MO 
with OI withoutCl 


Fig. 2. Relative energy of lower excited levels 
of benzene for ground state !Ajy. 


In addition we may expect that the levels 
1Biv, Wy. and 1As, would be considerably 
lowered by including CI’s between the configu- 
rations classified in (C), (D) and (E) (see Table 
I and II). 

Therefore we can conclude that the BO 
method without CI is the rather better ap- 
proximation than the MO method without Cl 
for the lower excited states of benzene. How- 
ever, when we want to concern only with the 
quantitative study of the ground state, the 
MO method is more useful at least for the 


& 
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case of z-electron system. 

The BO method would be better approxi- 
mation for o-electron systems such as in meth- 
ane than for z-electron systems, since g-elect- 
rons are more localized in the region of a 
particular bond. 


This work is indebted to the Ministry of 


. AIHARA and K, NIIRA 


(Vol. 12, 


Education for its research grant. 
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Influence of Illumination from Outside on an 
A-Hg Discharge Tube 


By Toshizo NAKAYA 
Department of Physics, Faculty of Science, Osaka University 
(Received April 26, 1956) 


It has been discovered by the author that a faint illumination of ultra- 
violet ray or a visible light from alight source thrown on the discharge 
space of low pressure A-Hg discharge tubes increases the starting 
potential to a remarkable extent. This effect only takes place when 
there exist relatively high wall temperature of 40~90°C (i.e. high density 
of Hg atoms) and relatively high pressure of argon gas (a few mm Hg). 
When the intensity of illumination exceeds a certain value, the starting 
potential shows a somewhat saturated constant voltage. This effect is 
sensitive to radiations of any wave-length widely ranging from ultra- 
violent to visible light. An addition of a small quantity of H»2 gas sup- 
presses this effect. The part of the tube that is sensitive to radiation 
is found on the anode side. According to the hypothesis by the author, 
under such condition that both the pressure of A gas and the density of 
Hg atoms are adequate, there seems to exist a region where metastable 
molecules of mercury are indispensable for starting a glow discharge as 
a principal source of ions. In the strength of the assumptions based on 
the hypothesis by the author, most of the experimental results can be 


explained fairly well. 


Part I. Experimental Researches 


I. Introduction 


It has been proved, in various cases, that 
the characteristic quantities of the discharge 
in rare gases or metal vapours are affected 
when the discharge tube is illuminated from 
outside by the light from a second discharge 
tube filled with gas of the same kind. 

The fact that the life and the density of 
metastable atoms decrease if illuminated with 
a light of gas of the same kind was first 


proved by Meissner and Graffunder» using 
neon and argon. 


The attempt to research into the effect of 
illumination on the starting potential in rare 
gas mixtures was first made by Penning.» #9» 
In his experiments, it was proved that the 
sparking potential of the tube filled with a 
few mm Hg of neon gas mixed with a small 
quantity of argon gas increases when illumi- 
nated intensely with neon light. 

A further study in the influence of illumi- 
nation on the characteristics of the positive 
column of low current (a few mA) discharge 
in the mixture of mercury and a rare gas is 
being made by Kenty. He has discovered 
that strong illumination by the light of mercury 
(transmissible through glass) nearly doubles 


the tube voltage as well as the 22537 output, 
- and also nearly doubles the electron temper- 
ature, but the illumination by the light of the 
pure rare gas that is contained in the mixture 
(A, Kr, Xe) has no such effect. 

Similar experiments to prove that the illumi- 
nation of the positive column of a glow dis- 
charge in pure rare gases with the hight of 
gas of the same kind affects the V-I charac- 
teristic, lowering the value of current (0.1~ 
1.0mA), were carried out by Meissner and 
Pierson® using neon and helium, and by 
Meissner and Miller® using argon, krypton 
and xenon. 

The results of the experiments by these 
researchers would be to a certain extent 


explained by means of the understand- ISOO; ar eal es G/F 
ing that these phenomena arise from the VOlts| |_| = eS 
destruction of metastable atoms by il- aii : 

lumination. But, there exists another ob- Mik MAG, r ¢ 

servation on the discharge that is called |000;—_+ 


Joshi-effect. 

Joshi discovered that an electrodeless 
discharge current in a Siemens’ ozoniser 
filled with Cl, gas is lowered by _ illumi- 
nation from outside.”? After his discovery 
of this effect, similar experiments have 
been carried out as regards other gases, 
suchuasnls oe Bis- Neo Or, He air; HO. 
toluol etc., by Ramaiah, Subrahmanyam, 
Bhatawdekar, Saxena, Mohanty.!®-?% 
As the results of their studies, it has 
become known that this effect has con- 
nection with the electron-affinity of the 
gases, (i.e. the order of the degrees of 
the current decrease by illumination is 
Cl, >Br, >I, >O, etc.), that its behaviour 
is markedly increased by ageing, and that 
this effect is not selective in the wave- 
length of available radiation. On the 
strength of these experimental results, 
Joshi set-up a hypothesis that the effect 
is attributed to the photoelectric effect 
of the particles adsorbed on the surface 
of the wall of the tube, i.e. negative ions 
that are formed by excited neutral parti- 
cles capturing photoelectrons reduce the 
current mainly in the form of a space- 
charge. 

It has been discovered by the author 
of this report that a faint illumination of 
ultraviolet ray or a visible light from 
a light source thrown on the discharge 
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space of low pressure A-Hg discharge tubes 
increases the starting potential to a remark- 
able extent. This effect only takes place when 
there exist relatively high wall tempreature 
of 40~90°C (i.e. high density of Hg atoms) 
and relatively high pressure of A gas (a few 
mm Hg). 


II. Experimental Methods 

. The starting potential is decided by gradually 
increasing the D.C. voltage applied to the 
discharge tube through 200KQ resistance 


Wall temperature ne ee 
20 30 40 50 60 70 80 90 100 


OO 


300 


55710" 3 5 710° 
Density of Hg atoms 


Lee be oka 
3. su7rios 
atoms/cc 


Starting potentials (Vs) without illumination 
and (,Vsr) under illuminations as a function of the 
density of Hg atoms. 

@ Vs: not illuminated. 

Vv 1Vsr: illuminated by the light of 15 watt germi- 
cidal lamp placed at a distance of 25 cm. 
illuminated by the light of the same 
germicidal lamp, of which ultra-violet 
light is eliminated by means of insert- 
ing a glass filter, placed at a distance 
of 25cm. 
illuminated by the same germicidal 
lamp placed at a distance of 100cm. 
illuminated by the same germicidal 
lamp, with a glass filter, placed ata 
distance of 100 cm. 
illuminated by a 100 watt incandescent 
lamp placed at a distance of 100 cm. 
_.-— represents the value of (Vsm) after ageing, 
and —-—- represents the value of (Vsr)sat after 


ageing. 


Gi sVisr: 


Va VSice 


CJ 4 Vsr: 


+ 5Vsr: 
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until the discharge space suddenly begins to 
glow and becomes conducting and the tube 
voltage drops, and the voltage necessary to 
produce this phenomenon is defined to be the 
starting potential of glow discharge. 

As the vapour pressure of mercury in the 
discharge tube is decided by the wall temper- 
ature, the tube to be illuminated was set in 
a furnace so that any desired temperature 
from the room temperature up to about 100°C 
could be obtained. All the measurements 
were made in a dark room, because as will 
be described later even faint indirect sun-light 
through windows has considerable effect on 
the starting potentials. 

Measurements were carried out on the hot 
cathode tubes as well as cold cathode ones. 
Tubes with various electrode separations, of 
different tube diameters, and of different argon 
pressures, and those made of quartz, and of 
soda lime glass, and of glass transmitting 
ultra-violet ray were tried. 

In the case of the hot cathode 
type, owing to the existence of 
constant electron supply before 
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illumination. 

The results in Fig. 1 are derived from the 
measurement made immediately after exhaust 
of the discharge tube and, natually, before 
ageing. As will be described in §5, broken 
lines in Fig. 1 represent the results after 
ageing. Thus, the measurements shown in 
Fig. 1 do not give the correct values. But 
this example is serviceable to explain general 
behaviours of starting potentials under various 
conditions. 

It is seen that ,Vsr=,Vsr=5Vsr=(Vs7r)sat 
in all regions of wall temperature. In the 
region lower than 63°C, the effect of illumi- 
nation in raising the starting potential is seen, 
i.e. (Vs7)sat >(Vsn). 

So long as the illumination is weak, Log(Vs7) 
rises almost in proportion to ZLog(éntenszty), 
but when the intensity of illumination exceeds 
a certain value, which varies with the kind 
of light sources, (Vs7) shows a somewhat 
saturated constant voltage (Vs7)sat. Further- 
inte 


Wall temperature 


starting discharge, the startin 
2b 1500 


tO 20°°30°° 40 50° 60°°70"60 96 [0G 
ae et es eae 


potentials give constant readings 


and show less fluctuation than volts 


those of the cold cathode type. 
Hence, the results of the experi- 


3 
fe) 
fe) 


ment will be described, in the 
main, in connection with the ex- 


periments with the tubes of a hot 


cathode. 


Ill. Experimental Results 


Von or Vs r 


§ 1. 


General behaviours of the 
starting potentials with and 


without tllumination 


The example given in Fig. 1 in 


which D.C. source is used with a 
tube of a hot cathode (inner dia- 
meter 23 mm, electrode separation 
30cm, argon pressure 4mmHg pf 
and made of glass transmitting 
42537), illustrates general behavi- 
ours of starting potentials with 
and without illumination. 


Following abbreviations will be 
used. x 


1a en 
® 
O 


(Vsn): starting potential with- 
out illumination. 
(Vsr): starting potential under 


os a 


+ »Vsr;: 


3Vsr: 


| L 
3. 716. P21O il mang 7 2 Oe 3 


Density of Hg atoms 
ES 


Su7zitoe 
atoms/cc 


Starting potentials as a function of wall temperature. 
Vsn: 
iVsr: 


not illuminated. 

illuminated by a 100 watt high pressure Hg arc 
lamp enveloped in a glass globe, placed at a 
distance of 100 cm. 

illuminated by a 100 watt incandescent lamp 
placed at a distance of 100 cm. 

illuminated by a 100 watt incandescent lamp 
placed at a distance of 200 cm. 


Note that iVsr=.Vsr=;Vsr=(Vsr)sat, and also that in the 
region lower than 30°C, the effect of illumiation on raising 
the starting potential can not be noticed. 


1956) 


more, when illuminated with a strong 
light, no matter whether its source is 
incandescent lamp, iron arc, copper arc, 
aluminium spark, indirect sunlight, neon 
light or even argon light, (Vs7)sat gives 
the same value in the saturated voltage 
as in the case of mercury light. An 
appreciation of (Vsr) above this value 
has never been seen in a wide range 
of intensities of illumination. 

It is seen in all regions of wall temper- 
ature that i:Vsr<(3;Vsr<(Vsnsat. 
is believed to be due to an effect of 22537 
that lowers the starting potential super- 
posing up to (Vsy”)sat. Therefore in the 
region higher than 63°C, where (Vs) is 
equal to (Vsr)sat, (,Vsr) and (;Vsr) are 
even lower than (Vs). 


§2. Relation to the wall temperature 


The effect of illumination on raising 
the starting potential is observed only 
when the tube is kept at relatively high 
wall temperature of 40~90°C (i.e. high 
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Wall temperature in °C 
AO) EL@) 
dee 3k 40 50 60 70 60 90 100 


a, eet iat @ 3 


5 7 108 
Density of Hg atoms 
TS 


dLesAl 
3 4S 7 10'S 


density of Hg atoms). Fig. 3. Relation of (Vsz) and (Vsr) to the argon 

Fig. 2 illustrates an example of how pressure. Suffix m and + mean (Vsm) and (Vsr) re- 
BER é spectively. 

the starting potentials of a tube of a hot © or A: illuminated by a 100 watt high pressure 


cathode (inner diameter 22 mm, electrode 
separation 26cm, argon pressure 15mm 

Hg and made of soda lime glass) behave 
with changing wall temperature. It is 
seen that there are two distinguishable 
parts, one lower than 30°C and the other 
higher than 30°C, and only in the latter 
region can the effect of illumination on 
raising the starting potential be seen. 
(This is the region that was discovered 

by the author). The behaviour of (Vsz) 
suggests that the ionization processes in 
starting a glow discharge in these two 
parts are likely to be different. Experi- 
mental researches will be described herein- 
after only in relation to the region of wall 
temperature above 30°C. 


§3. Relation to the argon pressure 

The argon pressure of at least higher than 
a certain value is required for the effect to 
take place, and the higher the argon pressure 
is, the more sensitive the tube becomes to 
visible light of long wave-length. 

In order to study the relation of starting 
characteristics to the argon pressure, experi- 


Hg arc lamp enveloped in a glass globe 
placed at a distance of 100 cm. 
+: illuminated by a 100 watt incandescent 
lamp placed at a distance of 100 cm. 
x: illuminated by a 100 watt incandescent 
lamp placed at a distance of 200 cm. 
As illustrated in the figure, (Vs) in these cases give 
the values of (Vsz)sat. 
(1) argon pressure of 0.7mm Hg, (2) 2.6mm Hg, (3) 
7.5mm Hg, (4) 8.5 mm Hg, (5) 10.0 mm Hg, (6) 
15.0 mm Hg. 
Note that in the case of (1), the argon pressure is 
too low for the effect of illumination on raising the 
starting potential to take place, and, contrary to 
this, the effect of illumination with visible light on 
lowering the starting potential is noticed. 


ments were carried out on discharge tubes of 
the same size and description as Fig. 2 with 
various argon pressures. The results are given 
in Fig. 3. It should be pointed out that all 
the curves of (Vsr)sat show the following 
relation: 

Log ((Vsr)sat)« Log(density of Hg atoms). 

In this sense the (Vsmv) curve of (1) (argon 
pressure of 0.7mm Hg) may be considered to 
correspond to the (Vs7)sa¢ curves of other 
cases, (suggesting that they are the same 
ionization process in starting). 
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Relation to the illuminated part of the 
tube 

4.1 Partial illumination screening the anode 

side, (aVsp) 

The part of the tube that is sensitive to 
illumination from outside has been found to 
be on the anode side. Furthermore, when 
the intensity of illumination is strong enough 
to give (Vsy)sat, there exists a definite critical 
point of the screening distance. 

In order to investigate the distribution of 
sensitive parts in full, the relation of the 
starting potential, (a@Vsp), to the size of the 
part of the tube screened was examined. In 
this connection, (@Vsp) means the starting 
potential of the tube illuminated partially, 
screening the anode side in the manner shown 
in Fig. 4. Measurements in Fig. 4 are obtained 


§ 4, 
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increased very much. On the other hand, 
curves (3), (4), (5) and (6) denote the state 
that the intensities of illumination are strong 
enough to give (Vsy)sat. In these cases, if 
the screening distance @ is below a certain 
length, the starting potential continues to give 
the same value, (Vsy”)sat, regardless of the 
screening distance a. But, if the screening 
distance becomes larger than the critical 
distance, (aVsp) decreases rapidly to (Vsm). 
The fact that (Vsv)sat of curves (5) and (6) 
are lower than those of curves (3) and (4), is 
considered to be due to the lowering effect of 
42537 as mentioned in § 1. 

It is seen in Fig. 4 that the stronger the 
intensity of illumination is, the larger becomes 
the critical distance, (see curves (3) (4) (5) (6)). 
Therefore, comparison of the effects of dif- 
ferent light sources may be 
quantitatively deduced from 


(cathode) ; ; 
comparison of such distances. 


This comparison was made 
actually on the same tube in 
Fig. 1 keeping its wall tem- 


perature constant at 53°C, and 
it was proved that a D.C. 15 


watt germicidal lamp at a dis- 


tance of 4m from the illumi- 


nated tube, and a D.C. 20 watt 
white fluorescent lamp at a dis- 


tance of 2m and a 100 watt 


incandescent lamp at a distance 
of 1 m had all the same effect 
on this illuminated tube, (these 


give the same critical distance 
of 12cm). From this result, 


O 10 


Fig. 4. The part of the tube that is sensitive to illumination to 
A 15 watt germicidal lamp as the 
light source is placed at various distances; (1) 300 emp) 
200 cm, (3) 150 cm, (4) 120 cm, (5) 100 cm, (6) 50 cm. 


raise the starting pstential. 


on a tube (inner diameter 23 mm, electrode 
separation 44 cm, argon pressure 4 mm Hg, 
a hot cathode, and made of glass that trans- 
mits 42537). The light source is a 15 watt 
germicidal lamp placed at various distances 
from the tube to be illuminated in order to 
obtain various illuminating intensities. 

In the case of the curves (1) and (2), (aVsp) 
decreases with increase of the screening 
distance a, and is reduced to (Vsn), if a@ is 


a0) (Ae it is concluded that the ultra- 


violet ray has a greater effect 
than the visible light. 


4.2 Partial illumination 
screennig the cathode 
side, (cVsp) 

In the same way as in the 
measurements of (@Vsp) above described, the 
starting potential (cVsp) was measured, screen- 
ing the cathode side and illuminating the 
exposed anode side uniformly. The behaviour 
of curve (cVsp) is quite different from that 
of (aVsp). (cVsp) shows a constant value 
independent of the screening distance ¢ and 
is always the same as the starting potential 
that is shown when only a small portion 
close to the anode is illuminated. 
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In consideration of the behaviours of both 
(aVsp) and (cVsp), it may be assumed that if 
the intensity of light is strong enough to 
give (Vsr)sat and the locally illuminated part 
lies within the critical screening distance, the 


starting potential gives the same constant 


(Vsr)sat as in the case of illuminating the 
whole tube. In fact this assumption was 
verified by experiment throwing a beam of 


light 5 mm broad on a part of the tube. If 
the intensity of illumination is strong and the 
breadth of the part locally illuminated is not 


too small (about 5 mm), the value of the 
starting potential does not change with the 
breadth of the beam of light. 


4.3 Relation of the critical screening distance 


to the wall temperature 
The result shown in Fig. 4 was obtained 
by varying the illuminating intensity at a 
constant wall temperature of 56°C. Fig. 5 
shows how (aVsp) as a function of screening 


(anode) | 


(cathode) 
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100 cm. 

(Vsr) in these cases give the values of 
(Vsr)sat. It is noted that the critical screen- 
ing distance extends as the wall temperature 
is lowered, just as the illuminating intensity 
seemingly increases, and at the temperature 
of 33°C it extends as much as only 1 cm 
from the cathode. 


§5. On the illuminating light source 

5.1 Wave-length of effective radiation 

It is of interest that Hg light has a greater 
effect to raise the starting potential than the 
light of A (the basic gas in A-Hg). This is 
one of the points that are different from the 
Penning’s observation®®®® that the starting 
potential in Ne-A mixture would be raised 
when illuminated by intense light of Ne, the 
basic gas. Furthermore, strangely enough, 
while such light sources as Ne light and A 
light consist of line spectra which cannot be 
absorbed by Hg (6%P2,o), these light 
sources are proved to give (Vs7)sat of 
the same value as that in the case of 
Hg light. Generally speaking, how- 


Fig. 5. Relation of the critical screening distance to 


the wall temperature. 


distance @ under constant illuminating in- 
tensity behaves at varied wall temperatures. 
The illuminated tube that was used in the 
experiment was the same one used in Fig. 1 
(but after ageing), and the light source was 
a 100 watt high pressure Hg arc lamp en- 
veloped in a glass globe at the distance of 


ever, ultra-violet light is far more ef- 
fective than visible light, which is 
proved even in the experiments with 
mercury light, iron arc, copper arc, 
aluminium spark, neon light and argon 
light. 

The results in Fig. 6 were obtained 
in the experiment with the same tube 
as the one used in Fig. 1 (though after 
ageing), to test different light sources. 

A-Hg discharge tubes of this kind 
can be used as a sensitive detector for 
visible light, to say nothing of ultra- 
violet ray, or a relay to control the 
electric current by a light. The fol- 
lowing observations were made with a 
tube that is the same one used in 
Fig. 1 (before ageing) keeping its wall 
temperature constant at 53°C. 

Log(Vsr) is found to rise almost in 
proportion to Log(intensity) and in the 
sun-light of 50~ 60 Lux the starting potential 
rises nearly twice as much as (Vsm). (Vsn) 
of this tube is 495 volts, but sun-light of 1 
Lux which comes into the dark room through 
windows raises the starting potential as much 
as 57 volts or so. Under these circumstances 
keeping the voltage value across the tube be- 
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Fig. 6. Coincidence of the values of (Vsr)sat under 
various light sources. 


(Vsn) 
(Vsr)sat under illumination by the neon light. 
(Vsr)sat under illumination by the argon light. 


(Vsr)sat under illumination by the incan- 
descent lamp. 

(The effect of ageing is also seen by comparison of 
the value of (Vs) in this figure with the value of 
(Vsn) in Fig. 1, before ageing). 
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Fig. 7. Effect of 22537 on lowering the starting potential. 
(aVsp) and (cVsp) as a function of screening distance 
a and ¢ respectively are given on a tube that contains 
only one drop of mercury and no argon gas, (at 28°C), 


(Volaedls, 


tween 495 volts and 552 volts, if the 
sun light is shut off by closing the 
windows, the tube immediately starts 
a glow discharge. A similar experi- 
ment can be made with a match fire 
at a distance of 2m. 


5.2 Effect of 42537 on lowing the 

starting potential 

An example of the effect of 42537 
on lowering the starting potential was 
given in §1. However, when the pres- 
sure of argon gas is relatively high (a 
few mm Hg), this effect is put out of 
sight by another effect which raises 
the starting potential. But it becomes 
noticeable as the argon pressure is 
reduced and becomes very prominent 
when there is no argon gas. 

In Fig. 7, (aVsp) and (cVsp) as a 
function of screening distances a@ and 
c are given on a tube that contains 
only one drop of mercury and no argon 
gas, (inner diameter 23 mm, electrode 
separation 25cm, with a hot cathode, 
and made of glass that transmits 42537). 
The light source is a 15 watt germi- 
cidal lamp placed at a distance of 100 
cm from the tube. This tube is very 
ensitives to 42537 in lowering the start- 
ing potential, and the degree of (Vs) 
decline, namely {(Vswz-(Vsr)}, increase 
consistently with the rise of the wall 
temperature (i.e. with the increase of 
the density of Hg atoms). It is inter- 
esting to see that, in this case also, 
the anode side is sensitive to 42537. 


5.3 Effect of 22537 on raising the 
starting potential 

Contrary to the phenomenon de- 
scribed in §5.2, 42537 is one of the 
most effective radiations among Hg arc 
spectra to raise the starting potential. 

By using a filter that transmits only 
42537 and the light that has nearly the 
Same wave-length, it was possible to 
test the remarkable effect of 22537 on 
raising the starting potential with a 
very satisfactory result. A 100 watt 
high pressure Hg arc lamp enveloped 
ina glass globe that transmits 23650 
is an intense light source of 43650 
and visible triplet lines, but its effect 
is found to be very poor as compared 
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with a 15° watt germicidal lamp which is 
placed at a very long distance. As long as 
A2537 is contained, even en extremely faint 
Hg arc is sufficiently effective to raise the 
starting potential. 

5.4 Effect of visible light on lowering the 


starting potential 

It has been observed that, in special cases, 
illumination of the discharge space by visible 
light lowers the starting potential. One of its 
examples is seen from curves (1) in Fig. 3 
(argon pressure of 0.7 mm Hg) where the 
illumination has no effect on raising the starting 
potential. In this case the tube is illuminated 
by a 100 watt high pressure Hg arc lamp 
enveloped in a glass globe or a 100 watt in- 
candescent lamp. 

The distribution of parts of this tube 
sensitive to visible light lowering the 
starting potential was studied in the 
same manner as in §4. And it was 
found that, in this case also, the anode 
side is more sensitive than the cathode 
side. The curve of (cVsp) shows that the 
starting potential is lowered in the same 
degree as long as a small part adjacent 
to the anode is exposed to illumination. 
But the curve of (aVsp) shows that the 
declining effect of starting potential is 
decreased as the screening distance @ 
increases. 


$6. Effect of impurities in the gas 
6.1 Variation of (Vsn) and (Vsr) by 
ageing 
As described in §1, the results shown 
in Fig. 1 are obtained from the measure- 
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that the filament heating voltage and other 
experimental conditions changed more or less 
in the meantime. Another example of simi- 
lar case was experienced by accident while 
experimenting with a tube in which a trace 
of impurities must have remained after having 
taken the gas out. 


6.2 Effect of addition of Hy gas 

In order to investigate whether metastable 
atoms of mercury have anything to do with 
starting discharge, i.e. the effect of impurities 
in the gas which are supposed to destroy 
metastable Hg atoms, an experiment was 
carried out. And it was found that an ad- 
dition of a small quantity of H, gas sup- 
presses the effect of illumination. 

For this purpose, a small quantity of H, 


Wall temperature in °C 
20 30 40 50 60 70 80 90 100 
1 aT 


ment before ageing, and the broken lines 300! i = sek 
wale POL a le 

represent the values of (Vs) and (Vs7) 3 5 710 

after ageing (the same values as in Fig. Density of Hg atoms _ atoms/cc 

6), in which the effect of illumination on ay 

raising the starting potential can be ob- Fig. 8. Effect of addition of H, gas on changing (Vsn) 

: : ¢ and (Vsr). 

served in all regions of wall tempera iy ee a un ee as eeu a 

ture. Furthermore, it Is note-worthy in this case gives the value of (Vsv)sat. 

that (Vsr)sat after ageing is almost equal, (2) @ Vsn, © Vsr: after adding a small quantity 

within the tolerance of the experimental of H, gas. Measurements were taken while 


error, to the abnormally high value of 
(Vsn) before ageing in the region of wall 
temperature that is higher than 63°C. 
The measurement of the result shown in 
Fig. 6 was taken three monthes after the 
measurement of the result shown in Fig. 
1 had been taken, and it is supposed 


raising the wall temperature, at A-—A’ a small 
quantity of H, gas was added again, and at 
B--B' some more H, gas was added once 
again. 


(3) w Vsn, VY Vsr: after the measurement of 
(2) had been finished. 

(4) @ Vsn, © Vsr: after adding more Hy gas. 

(5) @ Vsn, © Vsr: after adding more H, gas 
once again, 


1272 


gas was added to a discharge tube, (the same 
type as in Fig. 2 and Fig. 3, and the argon 
pressure of 2.7 mm Hg), by a side tube 
through a palladium tube which was connected 
with this tube. The results are given in Fig. 
8. The light source is a 100 watt high pres- 
sure Hg arc lamp enveloped in a glass globe, 
at a distance of 100 cm from the tube. Curve 
(1) was measured before adding H, gas. Such 
behaviours of starting potentials suggest that 
at a given temperature there exist two separate 
values of starting potential that arise from 
two different ionization processes in starting 
a glow discharge, and the one with the lower 
value is (Vs) which, if illuminated from out- 
side, is raised to the level of the higher one. 

Curve (2) was obtained after adding a small 
quantity of H, gas by means of heating the 
palladium tube by gas flame. Measurements 
were taken while raising the wall temperature 
from 20°C, and at the temperature A--—A’ 
shown in the figure, a small quantity of H, 
gas was added again, so as to raise (Vs) to 
the level of (Vs7)sat, but in the course of 
raising the wall temperature making discharges 
repeatedly, lower value of (Vsm) began to 
appear again, and, therefore, at B--B’ more 
H, gas was added to raise (Vsm) to (Vsr)sat. 
Thus, in the region above B--B’ the effect 
to illumination to raise the starting potential 
disappeared completely. ‘It seems that the 
effect of illumination from outside is similar 
to that of H, gas which is expected to destroy 
metastable Hg atoms. 


Measurement of curve (3) was made on the 
tube by which the measurement of (2) had 
been finished and the wall temperature had 
been brought down to 20°C, while raising 
the wall temperature again from 20°C. It is 
seen that the measurement of curve (3) in 
the region higher than B--B’ shows an exactly 
same curvature as that of curve (2). But, in 
the region of 30~90°C, values of (Vsn) and 
(Vs7) are very much higher than those of 
(Vsr)sat in curve (2). Measurements after 
adding H, gas once again are given in curves 
(4) and (5). In the cases of (3), (4) and (5), 
while the effect of illumination on raising the 
starting potential cannot be seen, the effect 


of visible light on lowering the starting 
potential is seen, 
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$7. Lasting effect of illumination 

A strange phenomenon is that the effect of 
illumination persistently lasts for several 
minutes or even hours, and keeps the starting 
potential higher than the normal voltage (Vsv) 
even after the illumination has been dis- 
continued. This persistently lasting effect 
can be seen only in the case of D.C. measure- 
ment. Furthermore, it is very prominent in 
the case of a tube of cold cathode type having 
disproportionally large electrode separation to 
its diameter. However, this lasting effect is 
not so noticeable in the case of the tube with 
a hot cathode, and when the distance of the 
electrode separation of the tube is incongru- 
ously short compared with its diameter. 


7.1 Relation to the voltage across the tube 

during tllumination 

The lasting effect seems to depend on the 
intensity and the duration of illumination, 
and also on the D.C. voltage across the tube 
during illumination. 

In order to obtain qualitative data about 
this effect, an experiment has been carried 
out with a tube of a cold cathode (inner dia- 
meter 18 mm, electrode separation 41 cm, and 
made of fused quartz), using a light source 
of a 15 watt germicidal lamp at a distance of 
250 cm. Following abbreviations will be used, 


(Vs)aft: starting potential measured after 
the discontinuation of illumination. 

(Udur); voltage across the tube during 
illumination. 

(Uaft); voltage across the tube during 


the lapse of time after the dis- 
continuation of illumination (until 
the measurement of starting 
potential) 

Before taking the data, preliminary ex- 
periments were made on the relation of (Vs)aft 
to the condition of the illumination (i.e. illumi- 
nating intensity and the duration of illumi- 
nation). And in this case (Vs)aft was found 
to give a somewhat saturated constant value 
which is decided by the value of (Udur) when 
illuminated for 20 sec. or longer. Thus, the 
duration of illumination was fixed at 30 sec. 

The results obtained under conditions are 
given in Fig. 9, in which (Vs)af¢ is given as 
a function of (Udur) at different wall temper- 
atures. While these measurements of (Vs)aft 
were taken after the lapse of about 30 sec. 
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after the illumination had been discontinued, 
owing to the persistency of this lasting effect, 
these values of (Vs)aft did not change so 
much, ((Vs)aft kept on giving the same value 
for one minute). 

It is seen in Fig. 9 that if the value of 
(Udur) is low, the starting potential (Vs)aft 
does not differ much from (Vs7) which is the 
value when the tube has never been exposed 
to illumination, but if the value of (Udur) is 
high, it rises in proportion to (Udur). This 
shows that the electric field across the tube 
during illumination plays an important role for 
the tube to produce this lasting effect. 
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Fig. 9. Lasting effect of illumination. (Vs)aft is given 
as a function of (Udur) at different wall temperatures. 


7.2 Relation to the voltage across the tube 

after discontinuation of the illumination 

The measurements in Fig. 9 were made 
under the condition that (Uaft) was kept at 
the same value as (Udur). But the value of 
(Vs)aft also fluctuates according to the value 
of (Uaft). In case (Uaft) is kept at the same 
value as (Udur), the decline of (Vs)aft with 
the lapse of time is very slow, but it becomes 
very rapid if (Uaft) is reduced to a certain 
lower value after discontinuation of the illumi- 
nation. 

Thus it is concluded that (Uaft) plays an 
important part for the tube to keep up this 
lasting effect. Accordingly, in case the A.C. 
source is used, this lasting effect of illumi- 
nation becomes unnoticeably small. 


1600 
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$8. Experiments with A.C. source 


The effect ot illumination on raising the 
starting potential of an A-Hg discharge tube 
was first discovered by the author as a phe- 
nomenon that the intermittent discharge in a 
tube of a cold cathode provided with A.C. 
source, which was visible to the naked eye, 
was stopped by a faint illumination of ultra- 
violet ray, when the tube was kept at 50~60°C. 
The foliowing observations were made with 
a tube of a cold cathode (the same tube that 
was used in Fig. 9). 

When the voltage across the tube is gradual- 


ly increased, in a certain region, feeble _ 


and intermittent but successive discharges 
that are visible to the naked eye, can be 
seen. Under this condition, illumination 
from outside can stop such discharge 
instantaneously. Furthermore, as the tube 
is provided with A.C. source and the last- 
ing effect of illumination as described 
in §7 is not appreciable, as soon as the 
illumination is cut off, the discharge be- 
gins to starts again. Its response to put- 
ting-on and shutting-off of the illumi- 
nation is instantaneous and repetitive, 
but when the voltage across the tube is 
raised and a stable glow discharge once 
gets started, even an intense radiation 
cannot stop the discharge. 

It is considered that the surfaces of 
the two electrodes of the tube of a cold 
cathode type are not of equal condition. 
Thus, the current of a feeble intermittent 
discharge has, according to oscilloscopic 
observation, a somewhat rectified wave 
form. When the current of this intermittent 
discharge is relatively large, illumination from 
outside is effective only on one side of the 
tube and only on a limited part adjoining the 
electrode (which is assumed to be the anode 
in those half cycles). In case the current is 
very small, illumination is almost equally ef- 
fective on all parts of the tube. 

This tube is extremely sensitive to ultra- 
violet radiation. Even an extremely faint 
ultra-violet ray, such as reflection from the 
wall of a room, the intensity of which is too 
faint to be measured, is enough to stop the 
intermittent visible discharge, but the dis- 
charge starts again as soon as the illumination 
from outside is cut off. 

This phenomenal truth may probably be 
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applied as a sensitive detector of ultra-violet 
ray or a visible light which can convert, with 
high efficiency, a variation in the light to a 
variation in the current. 


$9. Relation to the shape of the tube 

The effect of illumination to raise the start- 
ing potential is not appreciable in the case 
of the tubes with plane paralleled electrodes 
or wire-cylinder electrodes, but it is prominent 
in the case of a tube that is long and narrow 
in shape. Furthermore, the farther apart the 
electrode separation is, the larger does the 
ascent of the starting potential by illumination 
become. 

One of the effects of filament heating is 
that it lowers the values of (Vs) and (Vsr)sat, 
but, at the same time, the light from the 
filament causes the value of (Vs) to rise. 
These experimental results are dependent on 
the shape of the discharge tube. 


Part II. Theoretical Considerations 


I. Introduction 


The breadth of absorption spectra of atoms 
is made broader by the Doppler-broadening, 
the pressure-broadening of two kinds of self- 
broadening and foreign gas broadening, and 
other kinds of broadening. Even taking these 
kinds of broadening into account, absorption 
spectra of metastable atoms of A or Hg have 
very narrow lines, and it can hardly be 
imagined that these metastable atoms can 
absorb the sufficient radiations from incandes- 
cent lamp, or sun-light to have any appreciable 
effect on the starting potentials. In fact, that 
Ne light gives (Vsr)sat of the same value as 
in the case of Hg light cannot be explained 
on the basis of understanding that it is 
metastable atoms of A or Hg that absorb the 
radiation. According to the author’s experi- 
ment, the understanding that the effect that 
is described in Part I is due to the photo- 
electric effect of the particles adsorbed on the 
wall does not explain the relation of this 
effect to the wall temperature and the argon 
pressure and the impurities in the gas. 

It is commonly believed that the ionization 
process in starting a glow discharge in an 
A-Hg discharge tube of such a low pressure 
can be explained by the Penning-effect which 
explains that normal Hg atoms are ionized by 
metastable A atoms.?23) For larger ad- 
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mixtures, of course, also the ionization of 
admixed gas atoms by electrons may take 
place, (in our case, i.e. A-Hg, ionization of 
Hg atoms by electrons may take place). 

According to the investigations made by 
the author of this report, under a certain 
condition there seems to exist a region where 
metastable Hg, molecules act an important 
role in starting a glow discharge as a principal 
source of ions. In the strength of the as- 
sumptions based on the hypothesis by the 
author, most of the experimental results 
described in Part I can be explained fairly 
well. 


II. Hypotheses of the Author 

In order to explain the experimental results 
in the Part I, the author has put forward 
the following hypotheses: 

1) When the density of Hg atoms and the 
pressure of A gas are relatively high, the 
region of low order current before starting a 
glow discharge seems to be favourable to the 
formation of metastable molecules of mercury 
(6'So+6°P2,9) through the following ternary 
collision: 

Hg*+Hg+A—>Hg*¥+A 

2) Under such condition that both the 
pressure of A gas and the density of Hg 
atoms are adequate, there exists a region 
where metastable Hg, molecules act an im- 
portant role in starting a glow discharge as 
the principal source of ions by way of step- 
wise ionization (from normals to Hg+ ions 
through metastables). 

These two hypotheses 1) and 2) will be 
discussed in III and IV respectively. 


III. Formation of Metastable Hg. Molecules 


in A-Hg Mixtures 


$1. Process of the formation of Hg, molecules 
l.l Ternary collision involving A atom 


Owing to its dissociation energy being as 
small as 0.07 e.v., Hg (6'Sp+6!So) molecule 
cannot exist stably in a discharge (thermal 
energy at 100°C, KT=0.03 e.v.). But excited 
Hg atoms (6°P2,1.0, 6'P1, 31, TS. etes), 
combined with other normal Hg atoms, can 
form stable excited molecules. Fig. 10 is the 
energy level diagram of Hg, molecule by 
Mrozowski.” (though, according to the study 
made by McCoubrey,” the curve of @2'5, has 
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to be revised). Metastable atoms (68P.) forms 
(iTin) and 77>.) molecules, the latter being 
metastable. The transition from Hg.(?3>,) 
(6'So+6°Po) to the ground state (QT) is not 
entirely forbidden, but according to the study 
in the band fluorescence of Hg, molecules 
made by Holstein, Alpert and McCoubrey,” 
the life of (35,) state is known to be 1.8 
millisec or thereabout. 
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Fig. 10. Energy level diagram of Hg» obtained 
by Mrozowski. 


The formation of molecules of mercury by 


a two-body collision is a very rare case, 


because an average time (10-® sec) that elapses 
before an excited molecule radiates is much 


larger as compared with the duration of col- 


lision (10-8 sec), during which the electron 


has to jump down to form a stable molecule. 
On the other hand, at relatively high pressure, 


the formation of molecule by ternary collision 
without radiation of light occurs much more 
frequently. The fraction of two-body collisions 
which are also ternary collisions is proportional 
to the pressure of the third body, while in 
the case of two-body collision, the fraction of 


collisions causing the formation of molecule 
is independent of the pressure. When col- 
lisions occur, in order to form a stable excited 
Hg, excess energy that is relatively large as 
shown in Fig. 10, must be taken off. Pre- 
sumably, A atoms take off this excess energy 


Influence of Illumination from Outside 1275 


as the kinetic energy. 


1.2 Frequency of conversion of Hg* into 
Hg*, 

In several cases, the formation of molecule 
through ternary collision have been posturated 
as one of the processes of destruction of 
metastable atoms and ions in an after-glow, 
when there is relatively high density of gas, 
(more than 10 mm Hg). 

One of the examples is seen in the study 
made by Colli? who hypothesized the following 
reaction: A*+2A—A,*+A. Another example 
was furnished by Burkop,®) He*+2He-— He,* 
+He. A similar reaction was hypothesized 
also by Biondi, Hg*+2Hg—Hg?+Hg. In 
his study, the conversion frequency in this re- 
action was estimated in the order of 10-**(7uz)?. 
He also hypothesized the following reaction 
in He-Hg mixture, Hg++Hg-+He-— Hg}+ He. 
According to his experiment, the conversion 
frequency in this reaction is of the order of 
10-**(tHe: Mute) « 

A case that is most similar to the reaction 
hypothesized by the author is the study made 
by McCoubrey who studied the band fluo- 
rescence of mercury vapour in a resonance 
tube containing Hg vapour only.» In his 
experiment which was carried out at the 
temperature of 200°C, the formation of Hg.* 
molecule was hypothesized as arising from the 
following reaction, Hg*(6%P))+2Hg(6'S»)— 
Hg.*(?3'5,)+Hg(6'S,.). And the conversion 
frequency of this reaction was estimated at 
100 * 10-27(9295)7 + 

In McCoubrey’s case: 
200°C. 

In the author’s case: Hg*+Hg+A". 

oug= 3.01 x 10-8cm, o4 =2.98 x 10-*cm, where 
dug, 6a are the collision diameters. Choosing 
tentatively a temperature of 100°C, and taking 
into account the variation of the mean velocity 
according to the temperature and the mass 
of the third body, the converting rate for the 
author’s case is 1.77 times. While in the 
case of McCoubrey, the second and_ third 
bodies are atoms of the same kind, in the 
author’s case they are atoms of different 
kinds. Therefore, the probability of the 
formation of molecule may be reduced to about 
one half of this value. At any rate, in the 
author’s case involving A atoms, at the tenta- 
tively chosen temperature of 100°C, the con- 
version frequency may not be so far off the 


Hge*+Hg+Hg?", at 
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value of the order of 10-*°(tHeg-7, ) . 

Theoretical treatment of the ternary collision 
has been discussed by Wigner!) as well as 
by several other authors, but the discussions 
in detail on this problem are beyond the scope 
of the present work. 

1.3 Function of argon gas 

The following processes are supposed to be 
pursued in the destruction of metastable Hg* 
atoms, (excepting the destruction by collisions 
with electrons). 

1) Diffusion to the wall resulting in de- 
excitation by collision against glass wall. 

2) Two-body collision with neutral atoms 
resulting in; a) excitation to a higher radiating 
state nearby, b) de-excitation to a lower state, 
c) collision-induced radiation. 

3) Collision between two metastable atoms 
resulting in; a) ionization of one of the atoms 
and de-excitation of the other, b) formation 
of ion of molecule. 

4) Ternary collision with two neutral atoms 
resulting in formation of stable excited miole- 
cule, Hg*+Hg+A (or Hg) —>Hg,.*+A (or Hg). 

Owing to difference in the energy between 
metastable states and nearby radiating states 
being large, as compared with the thermal 
energy, the reaction (2a) may be energetically 
impossible. According to the study made by 
Stuart! or that made by Zemansky,' the 
quenching cross sections (6%P;—>6*P)) of A and 
He are very small. Therefore, it is presumed 
that the probability of the reaction (2b) taking 
place is very small. Some of the evidences 
of this have been enumerated by Kenty.™ 
The reaction (2c) is presumed not likely to 
occur, because unstable excited molecule (HgA)* 
must radiate before its dissociation. The 
reaction (3a) is hypothesized also by Biondi! 
in his study on an afterglow, and this reaction 
is energetically possible when both of the two 
metastable atoms are 6*P,, but the reaction 
of this kind and the reaction (3b) become 
significantly large only when the density of 
metastable atoms is high, and, therefore, these 
reactions can be ignored in this case under 
review. 

The rate of change of the density of metast- 
able Hg atoms as a result of diffusion to the 
asi \rm. Here D is the diffu: 
sion coefficient for Hg* atoms at one mm Hg, 
and p is the pressure of gas in mm Hg, (in 


wall is 
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the present case, p stands for the pressure of 
argon gas, the basic gas). Therefore, the 
average time, w, that elapses before 6?P atoms 
are destroyed by diffusion to the wall is given 
as u exes : 

Omeepie 
of the container and for a cylinder vessel of 
radius R and length Z is given by 


70 Now of 2 aNeae aie 
GEG 
On the other hand, the average time, T, 


that elapses before 6’P atoms are converted 
into metastable Hg,(62P+6'S)) molecules, is 


Where J is the diffusion length 


given as a= pOnuz. Here 6 is the conversion 


frequency of Hg* into Hg.* through ternary 
collision under the argon pressure of one mm 
Hg, “uz is the density of normal Hg atoms, 
and p is the pressure of argon gas. 

Therefore, it is assumed that A atoms serve 
to reduce the wall loss of metastable Hg 
atoms, © and at the same time assist the 
formation of metastable Hg, molecules. (see 
Appendix). 


§2. Spectroscopic studies of Hg, molecule 


2.1 Relation of the density of Hg, molecule 
to the current 

The spectra of the light of super-high pressure 
Hg arc lamp have been studied precisely by 
Asada and Yoshinaga.‘2 Their experiments 
were carried out under the following conditions: 
high current of 0.7~1.5 A passes through the 
tube of 1.5 mm in inner diameter and, there- 
by, the temperature in the discharge tube is 
raised considerably, and the vapour pressure of 
mercury becomes as high as 66~140 atm. 
Under these circumstances, markedly diffused 
line spectra and band spectra, which are emit- 
ted by Hg. molecules, have been observed. 

Spectroscopic experiments have been carried 
out on the same tubes that were used in Fig. 
3. When the wall temperature of the tube 
is raised above 90°C, the green radiation of 
the positive column, under excitation by a low 
current of a few mA, which has been rather 
faint, greatly increases its intensity, and the 
higher the pressure of argon gas is, the stronger 
becomes the brightness of this green light. 
Contrary to the case of the super-high pres- 
sure Hg arc lamp, in the case of the low 
pressure A-Hg discharge tube, the ratio of 
the brightness of this green light that is 
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emitted by Hg, molecules, and visible triplet 
is greatly enlarged by a decrease in the 
current. 

Another similar phenomenon is seen in the 
fact, which is observed with naked eye, that 
at the axis of the tube, the intensity of line 
spectrum emitted by Hg atoms is greatest, 
and the farther away from the axis, the 
stronger becomes the relative intensity of green 
continuum. The gradual variation along the 
radial direction of the ratio of brightness of 
this green continuum and line spectrum is also 
seen in the spectroscopic data obtained by 
Takeyama.'*) This occurence is likely to be 
attributed to a decrease in the current density 
in radial direction. Therefore, it may be 
presumed that the smaller is the current 
density, the more favourable the condition 
becomes to form metastable Hg, molecules. 

This fact endorses the hypotheses of the 
author advantageously, because it is naturally 
assumed that when the current is reduced to 
the extremity, the region of low order current 
before starting a glow discharge (in other 
words, the region of Townsend discharge) is 
favourable for formation of metastable Hg, 
molecules. 


2.2 Spectrograms of Hg, molecule 

ihesresulissin=s. Figs. 11, 12 and 13 were 
obtained on the same tube that was used in 
Fig. 2 (argon pressure 15 mm Hg). 

The spectrograms of green continuum given 
in Fig. 12 was obtained under the same con- 
dition, at 100°C, that was employed in the 
measurement of visible triplet given in Fig. 
11. The tube had a negative characteristic 
and the differences in the voltage across the 
tube were as follows. 

(mA) il. D,, oF 5, 7%, WO, 4 

(oltsn720.0,. 7 120.73.2, (125, 70.0; 68.0,, 66:0 
The spectral distributions agree sufficiently 
which the distribution obtained by Volkringer!” 
and by Kenty. The photographic plates 
were exposed for 10 hours in all cases. It is 
seen that, in a region of relatively low density 
of the current, while the visible triplet emitted 
from the positive column of the tube increases 
in proportion to the second power of the 
current in the tube, (this means an increase 
of the density of metastable Hg atoms pro- 
portional to the current density),’® the increase 
in the intensity of green continuum is dis- 
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proportionally slow to the increase of the 
current. 


However, to estimate the density of Hg, 
molecules as a function of the current, by 
measuring the intensity of this green continu- 
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Fig. 11. Out-put of visible triplet as a function of 
current in the tube. 
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Fig. 12. Intensity of green continuum as a function 
of the current, (at 100°C). 


um, meets with difficulties that the spectral 
distribution of the green continuum varies 
with the changes in the argon pressure, the 
density of Hg atoms and the current, (see 
Fig. 13). Therefore, if these factors were 
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Fig. 13. Variation of spectral distribution with the 
current. (at 137°C). 


altered considerably, the measurement would 
no longer mean anything. 


A*(48Py,9) ate Hg(6!So) 
A*(45P» 9) +e 

Hg*(6°P2 0) rap eae 

Hes Clie. 32 26 

A*(4*Ps,o) + A*(4°P3,0) 
Hg*(6P,) + Hg*(6?P,) 
Hg*(6P..) + Hg*(6*P. , 6°Py?) 
A(3}Sp) +e 

Hg(61Sp) +e 


These processes of ionization may be clas- 
sified into the following four types: 


1) Ionization by Penning-effect, Eq. (1). 
2) Stepwise ionization through metastables, 
Eq. (2), Eq. (8) and Ea. (4). 
3) Collision between two metastable atoms 
resulting in 
a) ionization of one of the atoms and de- 


excitation of the other, Eq. (5) and 
Eq. (6). 
b) formation of ion of molecule, Eq. (7). 

4) Direct ionization of normal atoms, Eq. 

(8) and Eq. (9). 

The type of collisions of Eq. (5), Eq. (6) 
and Eq. (7) can also take place in an after- 
glow when provided with high pressure of 
gas.91°0 But in this case under review, 
this process may be. excluded as being less 
important, 
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The intensity of green continuum was 
measured also as a function of the density of 
Hg atoms, by changing the wall temperature, 
at constant current of 5 mA, (the differences 
in the voltage across the tube were not more 
than 5%). The intensity of green continuum 
was found to increase approximately to the 
second power of the density of Hg atoms. 

Fig. 13 illustrates how the spectral distri- 
bution changes with the variation of the 
current over a wide range of 1.5~100 mA, 
at constant wall temperature of 137°C, (the 
differences in the voltage across the tube are 
not more than 10 %). 


IV. 
§ 1. 


Processes of ionization which are supposed 
discharges in A-Hg mixtures are 


Ionization in A-Hg Mixtures 


Classification of processes of tonization 


to occur in 


as follows: 

—> Hg*+ + AGB'IS) +e --(1) 
—> At + 2e --+(2) 
es He* De ---(3) 
=—> Hg, Ze --(4) 
—> A* + A(31S) + e =-(5) = 
—> Hg* + Hg(6'So) + e -+(6) 
—> Hg.*-+ € oe C7) 
—> A* + Ze --+(8) 
—> Hg* + 2e --(9) 


1.1 Jlonization by Penning-effect 

The Penning-effect occurs in gas mixtures 
when the ionization potential of mixed gas 
atom is lower than the excitation potential 
of metastable state of the basic gas atom, 
for instance, in such cases as Ne-A,» A-Hg,”» 
A-I, ,2>. Ne-Hg,”?? Ne-A,® or A-NO.® The 
efficiency of ionization by Penning-effect is 
very high only when the proportion of the 
basic gas and the admixed gas is adequate, 
and it diminishes rapidly when the percentage 
of added gas either decreases or increases. 
One of the examples is seen in the study 
made by Penning,” in which the starting 
potentials in Ne-A mixtures show their lowest 
at 0.1~0.01 &%. 

It is well known that the cross section in 
the destruction of metastable A atoms by 
normal Hg atoms is very large. According 
to the study made by Phelps and Molnar in 


1956) 


an after-glow, the average cross section is 
3x15-! cm? (which is relatively large in the 
order of magnitude, compared with other 
cases of Penning’s reaction). 

Thus, it is commonly believed that the 
ionization process in starting a glow discharge 
ina low pressure A-Hg discharge tube like 
an ordinary germicidal lamp, can be explained 
by the reaction in Eq. (1). In Fig. 2, the 
region of wall temperature of lower than 30°C 
must doubtlessly be such a region that con- 
tributions from the ionization by Penning 
effect are predominant. 


1.2 Stepwise tonization 

Even in the case that the Penning-effect is 
predominant in starting a discharge, if the 
stepwise ionization once takes place, the ef- 
ficiency of ionization greatly increases result- 
ing in a decline of the electron temperature 
and, consequently, the number of the electrons 
that have sufficiently high energy to excite 
normal A atoms up to a metastable state 
decreases, and at the same time the temper- 
ature of the tube goes up causing an increase 
in the density of Hg atoms until finally this 
stepwise ionization of metastable Hg atoms 
becomes predominant. This is the phenome- 
non that can be seen in a positive column 
after a glow discharge has started. 

According to the study made by Kenty’” 
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or that made by Barnes,?” under the con- 
ditions that the current is relatively large 
(more than 10 mA) and the pressure of argon 
gas is relatively small (a few mm Hg) and 
the wall temperature is not so high (room 
temperature), the ionizations that occur in a 
positive column of A-Hg discharge are mainly 
the stepwise ionization of metastable Hg 
atoms, (Eq. (3)). 

On the other hand, it has also been found 
out by Kenty and Larson, that under the 
conditions that the current is small (0.5 mA) 
and the pressure of rare gas is high (more 
than 50 mm Hg) and the wall temperature is 
high (higher than 60°C), stepwise ionization 
of metastable Hg, molecules, (Eq. (4)), is 
predominant in a positive column of glow 
discharge. 


§2. Appearance of such a region as Hg,* is 
indispensable for starting 

2.1 Electron energy blance 

When the energy distribution of electrons 
is steady and the electron current z flows 
through the gas under the influence of a steady 
electric field, the energy 7dU which is gathered 
from the field while passing through the 
potential difference dU, is equal to the sum 
of the energy lost by electrons in collisions 
with gas atoms and the energy that is to be 


Table I. 
P pats | ; 
_ : ey Hg Hg, 
a | direct ionization of taVia (kya) QraV 2a Prd 
normal atoms (8) (9) 
a excitation of normal DS ern Vir (Kea) DF, Ear V 2% ahs 
' atoms - (10) (11) 
| stepwise ionization of Gbtinuee (Jen01)( Cat) 928 2s (e302) (C31) N38 Vas 
“sg metastable atoms or F (3) (4) 
molecules (2) 
stepwise excitation of GopHange (eve)(ext) © FV 21 (Ke3o2)(e3t) >, &30 Va 
L metastable atoms or a 7 (13) T (14) 
| molecules | (12) : ames ans: 
24 elastic collision | kyayV (kya )headx Ve 
kinetic energy of new- n.V 
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given to the newly formed electrons to keep 
the mean energy of electrons remaining the 
same. This leads to the energy balance 
equation. 

The possible electronic collisions with gas 
atoms in A-Hg mixtures are given in Table 
1, in which the suffix 1, 2 and 3 represent A, 
Hg and Hg, respectively. For example, 
inyiaViadU represents the energy lost in the 
direct ionization of normal A atom with the 
coefficient of 7,2 and the ionization potential 
of Via. The terms concerning normal Hg, 
molecules are left in blank because of the 
smallness of its density. The terms concern- 
ing metastable Hg, molecules are proportional 
to a’, just as the terms concerning Hg atoms 
are proportional to a, where @ is the ratio of 
the density of Hg atoms to the density of A 


Fig. 14. Ionization processes in A-Hg mixtures, 


atoms which remains constant. It may be 
assumed that, in a region of low order cur- 
rent, the densities of: mestastable atoms and 
molecules are, roughly speaking, proportional 
to the current. Therefore, in the table, the 
densities of metastables are shown as (c,), 
(Fz) (Cot) and (k3e?) (c,7) respectively, where 
ki and c are constants. The transitions 
corresponding to each term are illustrated in 
Fig. 14. A is the average fraction of the 
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energy lost by electron in an elastic collision 
with gas atom. A certain fraction of 2 Eix Vix 


that are excitations up to various states, is 
the excitation up to metastable states. 7 
represents the total ionization coefficient which 
involves the direct and stepwise ionizations 
and the ionization by Penning-effect. In con- 
nection with the energy balance equation, the 
total sum of all terms in this table should be 
equal 1. 

2.2 Variation of 4: with the density of Hg 

atoms 

If the value of E/p) is low, most of the 
energy acquired by the electrons from the 
electric field is consumed in the elastic col- 
lisions with gas atoms. If the field strength 
is increased, other terms such as excitation 
and ionization become larger in the energy 
loss, and at the same time the fraction 
consumed in the kinetic energy of 
newly formed electrons becomes notice- 
able. 

One example shown in Fig. 2 may 
serve to illustrate clearly that the re- 
gion where metastable Hg, molecules 
are indispensable for starting a glow 
dischrage, takes shape in the course of 
changing the value of a. In this case, 
a is the ratio of the density of Hg 
atoms, which varies with wall tem- 
perature, to that of A atoms which 
remains constant 15 mmHg. The value 
of @ at the regions shown in this figure 
are as follows: 


+) (a—b) 5x10-°—1x10-, 
(b—c) 1x10-*—3x 10-4, 
(d-e-f) 6x10-*—7x10-3, 


When the current density is not large, 
the density of radiating atoms is small. 
However, because of the life of Cah Be, 
State elongated by imprisonment of 
42537, even the density of 6°P, atoms 
becomes significantly large as the density of 
normal Hg atoms increases.?3)24)25) 

The contributions from each. term shown in 
Fig. 14 may be supposed as follows: 

1) When @ is extremely small, only (8), 
(10), (2) and (12) take place. The stepwise 
ionization (2) of metastable A atoms which 
are produced by a certain fraction of (10) is 
the principle ion source in starting. 

2) (a—b); Beside (8), (10), (2) and (12) only 
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(9) and (11) can barely take place. But ions 
are principally supplied by the Penning-effect, 
i.e. metastable A atoms which are produced 
by ac ertain fraction of (10) effectively ionize 
mormal Hg atmos. 


3) (b—c); Ionization by the Penning-effect 
is predominant. But the electron energy is 
wasted greatly in (11) which results in a rise 
of the starting potential. The density of 
metastable Hg atoms is not yet appreciable 
and the ionizations in (9) and (3) are negligibly 
small. 

4) (d-e-f); The energy loss in (11) is large. 
But owing to the high density of Hg atoms, 
metastable Hg atoms of appreciable density 
are brought about by a certain fraction of 
(11). The most of these metastable Hg atoms 
are converted into metastable Hg, molecules 
through ternary collisions. It is supposed that 
thus, (4) and (14) become appreciable and 
cause formation of the region, where meta- 
stable Hg, molecules are important as the 
principal ion source for starting a glow dis- 
charge. 

5) (p—q); This curve represents the value 
of (Vsr)sat. Ionizations may owe principally 
to (9), ice. the direct ionization of normal 
Hg atoms, (as will be described later in V. 


§ 5). 

V. Interpretation of the Experimental Re- 
sults in the Part I 

Effect of illumination on raising the 
starting potential 


gue 


According to the energy level diagram of 
Hg. molecule shown in Fig. 10, metastable 
Hg, molecules (//-,, *3'5,) can be photo-excited 
up to higher radiating states by absorbing 
the light of any wave-length ranging from 
ultra-violet to visible light. In this manner, 
the illumination on to the discharge space 
diminishes the number of metastable Hg: 
molecules which are the principal source of 


ions for starting a glow discharge. 


§2. Saturated starting potential, (Vsr)sat 


When the intensity of illumination is strong 
enough to destroy nearly all the metastable 
Hg, molecules, the ionization process in start- 
ing is forced to take a different course from 
that of (Vsmz). In a region of low order cur- 
rent before starting a glow discharge, the 
density of metastable Hg. molecules is small 
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and even when the intensity of illumination 
is not so strong, this phenomenon can be 
brought about. 

As to the ionization process in (Vsr)sat, the 
following two processes can be assumed; 

1) Direct ionization of normal Hg atoms 
by electrons. 

2) Ionization of normal Hg atoms by meta- 
stable A atoms, (Penning-effect). 

However, as described in §5.1 of Part I, it 
is proved that the value of (Vsy7)sa¢ as illumi- 
nated by A light is equal to that as illumi- 
nated by other light sources, such as Hg light 
and incandescentl amp, (see Fig. 6). This fact 
means that the ionization process of (Vs7)sat 
is not what is mentioned in 2), because 
metastable A atoms are destroyed by A light. 
Therefore, the ionization process of (Vs7)sat 
must be what is defined in 1), (as described 
in IV §2.2 of Part ID. 


§3. Relations to the argon pressure and the 
wall temperature 

The relations of (Vsm) to the argon pressure 
and the wall temperature were fully discussed 
in III and IV of Part II. 

When the argon pressure is lower than a 
certain limit that is necessary to form suf- 
ficiently numerous metastable Hg, molecules, 
the ionization process of (Vs) is forced to 
take a different course from that of stepwise 
ionization of metastable Hg, molecules. This 
means that the ionization process of (Vs) 
when argon pressure is lower than a certain 
limit resembles that of (Vsr)sat, (see (Vsm) 
curve of (1) in Fig. 3). 

The appreciation of (Vsm) and (Vs7)sat with 
the increase of argon pressure, (in Fig. 3), 
may be due to an increase of the loss of 
electron energy by the elastic collision with 
A atoms. 


$4. On the illuminating light sources 


The fact that ultra-violet light is far more 
effective than visible light may be attributed 
to metastable Hg, molecules having strong 
absorbing power in ultra-violet region. 


4.1 Effect of 22537 on lowering the start- 
ing potential 

The density of normal Hg atoms in the 

region of wall temperature of 40~90°C, is too 

low to bring about the selective reflection of 

22537.2 Consequently, 42537 (without self- 


1282 


reversing) can penetrate into the discharge 
space and produce Hg(6*P;). The formation 
of ions may perhaps come about as follows; 
some of these photo-excited 6°P, will accidental- 
ly turn into 6°P, by absorbing 24358, or by 
absorbing 24047 after having once been ac- 
cidentally knocked down to 6%Py) by collisions 
with A atoms or Hg atoms. Thereafter, these 
metastable atoms (6*P,, 6%Py) are ionized by 
electron collision. In this manner, the effect 
of 42537 on lowering the starting potential 
takes place. 


4.2 Effect of 42537 on raising the starting 

potential 

The light of 42537 from a germicidal lamp 
has two different kinds of radiations: one is 
broad and self-reversed line, such as the 
radiation that is emitted by a hot arc, and 
the other is narrow and unreversed line, such 
as the radiation that is emitted by a resonance 
tube. The light of 42537 must be narrow to 
be absorbed by normal Hg atoms, and, there- 
fore, the self-reversed light of 42537 is nothing 
but a simple ultra-violet light that effectively 
raises the starting potential. 

According to the energy level diagram of 
Hg, molecule (Fig. 10), the wave-length that 
corresponds to the transition from Hg, (6°P») 
+6'S)) to Hg, (7°S,+6'S,) is not far off from 
42537. This may give an explanation to the 
fact that the light of Hg arc involving 42537 
has a remarkable effect on raising the starting 
potential, (§5.3 of Part I). 


$5. Influence of impurities in the gas 

5.1 Effect of ageing 

According to the studies made by Kenty, 
during the discharge in mercury vapour, im- 
purities in the gas such as H,, Ns, Oy, EO; 
and CO, which powerfully destroy metastable 
atoms and molecules of mercury,!™2”) combined 
with Hg atoms, form the chemical compounds 
such as HgH, Hg;N, and HgO, and these 
chemical compounds are derived to the glass 
wall and adsorbed there.28) In this manner, 
these impurities in the gas are cleaned up 
during discharge. 

These experimental results lead to an as- 
sumption that the change in the character of 
the tube through ageing may be due to clean- 
ing up of the impurities in the gas. Thus it 
is clearly explained that the value of (Vs72) 
before ageing is almost equal to that of (Vsr)sat 
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after afeing, because the effect of illumination 
resembles the effect of impurities in the gas in 
the sense that both two effects destroy meta- 
stable Hg, molecules and thereby prevent the 
starting potential from taking a lower value. 


5.2 Addition of Ay gas 
Even a small quantity of H, gas can power- 
fully destroy all of 6*P,, 6?P; and 6*’Py) through 
the following process, (Cario-Franck Process),?*? 
Hg*+H, —> (HgH)*+H 
(HgH)* —> Hg+H 
Thus, Hg*@P)+H2C2'3) —> HgCSo)+2H(S) 
Therefore, the experimental result in § 6.2 is 
one of the direct proofs of the hypothesis 
that metastable Hg atoms act an important 
part in the ionization process in starting a 
glow discharge. 


§6. On the illuminated part and the lasting 
effect 

It is the part near the anode of the tube 
that is sensitive to illumination from outside, 
(§4 of Part I). This may be for the reason 
that the density of metastable atoms increases 
in proportion to the current density and, on 
the other hand, the nearer to the anode the 
part is, the higher is the electron-current 
density there, and naturally the density of 
metastable Hg atoms is high at the part near 
the anode and, as the consequence, the density 
of metastable Hg, molecules is likewise high 
there. 

However, the phenomenon that there exist 
a critical point of screening distance (§ 4.1), 
the lasting effect of illumination (§7) and the 
dependence of this effect of illumination on 
the shape of the tube (§ 9) are probably related 
to the mechanism in starting a glow discharge 
on such a low pressure discharge tube that 
is long and narrow in shape, i.e. whether it 
is the Townsend mechanism) or the streamer 
mechanism?))22)33) or both.343536) 

In spite of the numerous studies made by 
other researchers on this problem, it. still 
remains insolved; therefore, this work has 
kept this. matter aside and has taken the 
ionization process in A-Hg mixtures only as 
the object of its study. 
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Appendix 


In case that the wall temperature is 100°C 
and the argon pressure is 15 mm Hg, (under 


(Vol. 11, 


these conditions the spectrograms in §2 are 
taken), conversion frequency into metastable 
Hg, molecules is given as follows; as described 


in II § 1.2, 5 is of the order of 10-*°(y¢-74 ) « 


the density of A atoms is 5.3x10" atoms/cc, 
the density of Hg atoms is 7.110" atoms/cc, 
therefore, IT is assumed in the order of 10-2~ 
10-* sec. On the other hand, when the argon 
pressure is 15mm Hg and the diameter of the 
tube is 22 mm, is assumed in the order of 
10-? sec., deriving from the results that were 
obtained, in a fluorescent lamp, by Kenty.}® 
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Measurements were made on the boundary layer along a flat plate in 
a two-dimensional low turbulence wind tunnel. A fine rod was attached 
to the plate as a two-dimensional roughness element, and the resulting 
transition from laminar to turbulent flow was investigated by hot-wire 
equipment. 

The transition was found to differ in marked contrast according as the 
height of roughness element k is small or large as compared with the 
thickness of boundary layer 6, at the element. When k/dx is small, the 
boundary-layer flow separates at the element, but reattaches to the plate 
at some distance producing scarcely any disturbance. Transition occurs 
in the reattached boundary layer. A sinusoidal velocity fluctuation, 
characteristic of the laminar-boundary-layer oscillation, is observed at a 
distance downstream from the roughness element. When k/é; is large, 
transition occurs in the separated layer before it reattaches to the plate. 
Within the separated layer, a sinusoidal fluctuation is observed having 
the frequency pertinent to the separated layer from a sharp corner. 

For a given roughness element at a given position on the plate, the 
transition moves forward and the transition Reynolds number continues 
to decrease as the free-stream velocity is increased. At a certain value 
of k/dx the transition reaches the element, and the transition Reynolds 
number begins to increase as the free-stream velocity is further increased. 
The minimum of the transition Reynolds number was found to correspond 


approximately to the demarcation of the two types of transition mentioned 
above. 


$1. Introduction 


A number of experimental investigations 
have been made concerning the transition of 
boundary layer by roughness elements. The 
senior author, in collaboration with Hama and 


Mituisi».», has carried out systematic meas- 
urements on the effect of a single two-dimen- 
sional roughness element (a cylindrical wire) 
on the boundary layer with zero pressure 
gradient. The value of the critical roughness 
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height was found to be predictable by an 
empirical formula suggested from Taylor’s 
theory of transition due to free-stream turbu- 
lence. Measurements were also made on two- 
dimensional roughness elements of various 
shapes by Fage® and Cowled®, both of whom 
attempted to obtain the method of predicting 
transition induced by roughness. A better cor- 
relation of the data was obtained by Dryden”, 
who analyzed the existing data including those 
of references 1 and 2 and plotted the tran- 
sition Reynolds number against the ratio of 
the roughness height to the boundary-layer 
thickness at the roughness element. After 
that, the senior author® extended the experi- 
ments and found that Dryden’s method of 
representation could be used also for the 
boundary layer with a favorable pressure 
gradient, provided the transition Reynolds 
number was defined by the equivaient flat- 
plate distance from the leading edge. 

Measurements were also carried out by vari- 
ous authors on three-dimensional roughness 
elements, such as cylinders, cones and spheres, 
with a view to determining their effect on 
transition»: #:2,8).9, A great difference was 
pointed out by Klebanoff, Schubauer and 
Tidstrom” between the effects of two-dimen- 
sional and three-dimensional roughness ele- 
ments. 

Thus the step seems to have been reached 
in that the transition due to roughness can 
_ be predicted sufficiently accurately for most 
practical purpose. Much is left, however, to be 
explained concerning the fundamental mecha- 
nism of this type of transition. Undoubtedly, 
a detailed study of flow in the neighborhood 
of a roughness element and of stability in its 
wake should be made before a thorough under- 
standing of the phenomenon can be gained. 

Liepmann and Fila! investigated conditions 
at a two-dimensional roughness element in some 
detail, and gave a certain considerations on 
the stability of the laminar layer separated at 
the element. Their measurements were con- 
cerned, however, only with the mean velocity 
distribution. For a three-dimensional rough- 
ness element Schubauer and Klebanoff*? made 
interesting observations by using spark excl- 
tation. They revealed the existence of the 
turbulent “patch,” which was essentially simi- 
lar to the turbulent “spot” as found by Em- 
mons and Mitchner™ on the water table. 
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Recently the junior author™ made some 
experiments on the transition of a two-dimen- 
sional separated layer, and investigated the 
detailed structure of the transition region. 
The informations obtained in these experiments 
seem to give a clearer insight into the rough- 
ness problem, in which the boundary layer 
separates from the roughness element. 

In view of these circumstances, the investi- 
gation described in this paper was undertaken 
by observing the mean and fluctuating velo- 
cities in the neighborhood of a two-dimensional 
roughness element on a flat plate placed in a 
low-turbulent stream, the purpose being the 
detailed study of the transition due to rough- 
ness under as simple a condition as possible. 
The work was conducted at the Institute of 
Science and Technology, University of Tokyo, 
with the financial support of the Ministry of 
Education by the Scientific Research Fund. 
The authors are grateful to Mr. M. Iuchi and 
Mr. S. Kyoya for assisting them in carrying 
out the experiments. 


§2. Symbols 


k height of two-dimensional roughness ele- 
ment 

f frequency of sinusoidal velocity fluctuation 

U mean velocity in 2-direction at any point 
in the boundary layer 

U) mean velocity of free stream 
x-component of velocity fluctuation 

zx distance parallel to the plate, measured 
from leading edge in the direction of free 
stream 

az value of « at roughness element 

x, value of xz at transition position 

y distance measured normal to the plate 

z distance parallel to the plate, measured 
from centerline, and normal to the direc- 
tion of free stream 

6 boundary-layer thickness, =5.16(v2/Uo)¥/? 

6, boundary-layer thickness at roughness ele- 
ment 

6; boundary-layer thickness at transition po- 
sition 

y coefficient of kinematic viscosity 

6 momentum thickness of boundary layer 


§3. Equipment and Procedures 

All the measurements were made in the 60 
cm xX 20cm low turbulence wind tunnel at the 
Institute of Science and Technology. A lami- 
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nar boundary layer was established on an 
aluminum plate spanned vertically in the test 
section, in which the longitudinal turbulence 
level was about 0.05 per cent. By adjusting 
the wall opposite to the plate, it was possible 
to maintain the static pressure constant to 
within one per cent of the dynamic pressure 
except near the leading edge of the plate. 

The two-dimensional roughness element was 
a cylindrical rod cemented individually to 
the plate at a distance 50cm or 100cm from 
the leading edge. The diameters of the rods 
were 0.9mm and 2.0mm. The height of 
roughness was approximately equal to the 
diameter of the rod. 

A hot-wire anemometer with a compensating 
amplifier was used for measuring mean velo- 
city and longitudinal fluctuating velocity. The 
hot-wire was operated by the constant current 
method, and was traversed in the 2- and y- 
directions, where z and y are measured parallel 
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to the free stream and perpendicular to the 
plate, respectively. The precision of position- 
ing were 0.5mm and 0.02 mm in the «- and 
y-directions, respectively. The compensated 
frequency response of the amplifier was flat 
from 20 to 20,000 cycles per second. Wave 
pattern of velocity fluctuation was observed 
by photographing the screen of the cathode-ray 
oscillograph with a moving-film camera. 

An examination was first made on the trans- 
verse contamination originating from the inter- 
section of the boundary-layer plate and the 
top and bottom walls of the test section. 
Observation at various z-stations (z being the 
lateral distance from the centerline of the 
plate) revealed the contamination effect as 
shown in Fig. 1. Two kinds of lines of con- 
tamination are drawn for various free-stream 
velocities, the one corresponding to the begin- 
ning of velocity fluctuation, while the other 
to the condition where the intermittency factor 
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Fig. 1. Transverse contamination on the 


of fluctuation is 0.5. Thus the laminar flow 
in the boundary layer is maintained only in 
the V-shaped region, and the two-dimension- 
ality is more or less doubtful at a great dis- 
tance downstream from the leading edge. 


§4. Results and Discussion 


It appears from the results of measurements 
that the transition differs in marked contrast 
according as the height of roughness element 
k is small or large as compared with the 
thickness of boundary layer 6; at the position 
of the element (The thickness of boundary 
layer is defined as three times the displacement 


plate in the 60cmx20cm wind tunnel. 


thickness, that is, 0,=5.16(vax/Uo)/2, where v 
is the kinematic viscosity, Uy the free-stream 
velocity, and x, the distance of the roughness 
element from the leading edge of the plate). 
The difference will be illustrated below in 
terms of mean velocity profile, intensity of 
velocity fluctuation, oscillogram of velocity 
fluctuation, etc. 


a. Mean velocity profile 


Typical examples are shown in Fig. 2 for 
the distribution of mean velocity, U/U , across 
several sections downstream of the roughness 
element. When k/d, is small, as shown in 
(a), all the profiles are approximately of Blasius 
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type accompanying a thin region of separation in the reattached boundary layer, so that the 
close to the surface of the plate. The sepa- velocity profile changes pradually from the 
rated region extends over a considerable range, Blasius type to turbulent-boundary-layer type 
beyond which the flow reattaches to the sur- When 2/0; is large, as shown in (b) the 
face as a laminar boundary layer having the velocity profiles are those characteristic of the 
Blasius profile. Transition is observed to occur separated layer. Transition occurs in the sepa- 
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rated layer, thus causing the flow to reattach 
to the surface at a rather short distance. Fully 
developed turbulent profiles are established 
soon after the reattachment. 


b. Intensity of velocity fluctuation 

In the present experiment only the longi- 
tudinal component w of the velocity fluctuation 
was measured, and the term “ intensity” is 
used to denote the root-mean-square of # in 
terms of the free-stream velocity. Typical 
examples are shown in Fig. 3 for the distri- 
bution of intensity of velocity fluctuation, for 
the case (a) when R/é; is small, and (b) when 
k/dx is large. In the former case, the velocity 
fluctuation is almost non-existent except for 
a weak sinusoidal oscillation. In the latter 
case, the intensity of fluctuation is of consider- 
able amount, indicating the earlier transition 
to turbulence. It should be noted that the 
maximum value of intensity at the station 
w=52cm occurs at about y=2.5mm, which 
approximately corresponds to the point of 
maximum velocity gradient. This is in con- 
trast to the case of natural transition, in which 
the turbulence seems to be produced in the 
immediate neighborhood of the surface. The 
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Fig. 4. Oscillographic records of velocity fluctu- 


ation. Time interval between dots is 0.01 
seconds. Amplitude is not in scale. 
(al)(a2) Uy=10 m/s, k=0.9mm, x; =50cm. 


(b1)(b2)(b3) Up= 5m/s, k=2.0mm, x,=50cm. 
(al) x=60cm, y=0.5mm. 
(a2) x=75cm, y=0.5 mm. 
(bl) wx=55cm, y=4mm., 
(b2) w=60cm, y=2mm. 
(b3) w=100cm, y=2mm. 
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point of maximum intensity moves on toward 
the surface until a turbulent boundary layer 
in energy equilibrium is established. 


c. Oscillogram of velocity fluctuation 

The velocity fluctuations, as detected in the 
region downstream of the roughness element, 
are shown on the oscillograms in Fig. 4. The 
first two records, (al) and (a2), refer to the 
case Uy=10 m/s, kR=0.9mm, ze=50cm and 
k/d,=0.21; these were taken at two stations 
2=60cm and 75cm, respectively. The record 
(al) is approximately sinusoidal, the predomi- 
nant frequency being that of the laminar- 
boundary-layer oscillation, which has been 
predicted from stability theory and first dis- 
covered by the experiments of Schubauer and 
Skramstad™. The record (a2) shows the 
appearance of intermittent bursts of large 
amplitude at the downstream station. These 
bursts develop a further distance downstream 
into an irregular high-frequency fluctuations, 
characteristic of turbulence. This process 
of transition is quite the same as that of 
the natural transition preceded by a laminar- 
boundary-layer oscillation. The remaining 
three records, (bl), (b2) and (b3), refer to the 
case Up»=5 m/s, R=2.0mm, x.=50cm and R/d; 
=0.34. These records were taken at three 
stations, ~=55cm, 60cm and 100cm, respec- 
tively. With such a large value of k/dx, a 
sinusoidal fluctuation first make its appearance, 
but of the frequency somewhat higher than 
that corresponding to the above-mentioned 
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(a) Up=10m/s, k=0.9mm, v,=100cm, 
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laminar-boundary-layer oscillation. As the dis- 
tance downstream increases, the wave pattern 
gradually changes and finally develops into 
the pattern of fully developed turbulence. The 
sinusoidal fluctuation of higher frequency seems 
to correspond to the velocity profile of the 
separated layer. 
d. Nature of velocity fluctuation 

From a number of oscillographic records, 
the nature of velocity fluctuation is represented 
on a map as shown in Fig. 5. When k/d;, is 
small, only a laminar-boundary-layer oscilla- 
tion is present in the reattached boundary 
layer. A slow irregular fluctuation of small 
amplitude is observed in the separated region. 
When 2/6, is large, a laminar-boundary-layer 
oscillation appears just in front of the rough- 
ness element. But this fluctuation disappears 
a short distance downstream the element, and 
is superseded by another sinusoidal fluctuation 
of higher frequency, which develops into turbu- 
lence at a distance downstream. Region of 
intermittency exists at the outer edge of the 
turbulence region. A slow irregular fluctu- 
ation is observed in the separated region. 
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fluctuation. 


e. Frequency of sinusoidal fluctuation 

In Fig. 6, the frequency of the sinusoidal 
fluctuation f, made non-dimensional in terms 
of the free-stream velocity and kinematic 
viscosity, is plotted against the Reynolds num- 
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ber, based on the free-stream velocity and 
momentum thickness of boundary layer 0, the 
latter of which is obtained by integrating 
(U/U))A—U/U,) with respect to y throughout 
the layer at the position of the measurement. 
The momentum thickness is used in preference 
to the displacement thickness by reason of 
being applicable both for attached and sepa- 
rated layers. 

In the same figure are also drawn two 
curves, the one of which is given by the 


‘neutral stability relation calculated by Shen? 


for the boundary layer having the Blasius 
profile, and the other by the empirical relation 
2xf0/U,=0.1 as found by the junior author! 
for the separated flow from a sharp corner. 
With the values of & and 2; fixed, the observed 
frequency is first located somewhere near the 
first curve (boundary layer), and then ap- 
proaches the second curve (separated layer), as 
the value of k/d; is increased. It is thus 
evident that the sinusoidal fluctuation leading 
to turbulence is of different nature according 
as k/dx is small or large. 

As a matter of course, it is rather difficult 
to determine a definite value of k/dx, below 
which the sinusoidal fluctuation is of the 
boundary-layer type, and above which it is of 
the separated-layer type. It seems neverthe- 


‘less possible to draw at least a broad line of 


demarcation between the two types of fluctu- 
ation by examining a great number of oscillo- 
graphic records. This has really been done, 
and the critical value of k/d, was found to 
depend on the ratio z/k, x. being the distance 
of the roughness element measured from the 
leading edge. This result will be mentioned 
in the following paragraph. 


f. Transition Reynolds number 

In Fig. 7, the transition Reynolds number 
U,0:/v is plotted as a function of the ratio 
k/dx; Ox is the thickness of the boundary layer. 
at the transition point, which is defined as the 
point where the intermittency factor of velocity 
fluctuation attains the value 0.5. For com- 
parison the data previously obtained by the 
senior author® and by Schubauer’s group’? 
are included. The correlation of data is 
very good and represented by a hyperbola 
(U01/v)(k/ 0x) =840 except for very small values 
of k/dx. As suggested in reference 6, the 
transition for very small values of k/0; is af- 
fected by free-stream turbulence and other 
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external disturbances rather than by roughness 
itself. 

The Reynolds number based on the boundary- 
layer thickness at the roughness element, 
Udx/v, can be written in the form 26.6(2:/R)- 
(k/dx). Therefore, when plotted against k/d;, 
it is represented by a straight line having the 
slope 26.6(ax/k). Three of such straight lines 
corresponding to the value of a:/k pertinent 
to the present experiment are drawn in Fig. 
7. As pointed out by Dryden, these lines 
represent the limiting case a;=ax, that is, the 
case when transition occurs at the roughness 
element. As a matter of fact, the experi- 
mental points begin to depart from the hyper- 
bola as «: approaches xz, and then approach 
the straight line having the pertinent value 


x10% 
10 9 = = = >) 


HYPERBOLA 


* X2100cm KF 0.9ay 
850 K*0 Sy 
Xs SOc aKcOmg 


© REF. 6 


+ REE 7 


Bi ern 


te) 02 04 06 
Eu 
Fig. 7. Transition Reynolds number. Large cir- 


cles denote demarcation of two types of tran- 
sition. 


The critical values of &/d, mentioned in the 
preceding paragraph are also shown by large 
circles on the straight lines. It is interesting 
to note that the critical points on the straight 
lines are very close to the intersections of the 
hyperbola with the Straight lines. It should 
be added in this respect that, if the critical 
point is interpreted as the establishment of 
the separated-layer type transition, a simple 
calculation based on the assumptions concern- 
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ing the mechanism of separated layer predicts 
the critical points to lie on a hyperbola on a 
plot of Updx/v versus k/dx. 


§5. Conclusion 


It is concluded from the foregoing discus- 
sions that the transition induced by a rough- 
ness element differs in marked contrast ac- 
cording as the height of roughness element 
k is small or large as compared with the 
thickness of boundary layer 0; at the element. 
When /é; is small, the boundary-layer flow 
separates at the roughness element, but at- 
taches to the surface of the plate at some 
distance producing scarcely any disturbance. 
Transition occurs in the reattached boundary 
layer. Thus the mechanism of transition ap- 
pears to be essentially the same as that of 
the natural transition. As a matter of fact, 
a sinusoidal velocity fluctuation, characteristic 
of the laminar-boundary-layer oscillation, is 
observed at a distance downstream from the 
roughness element. The transition for this 
case may be called the transition of laminar- 
boundary-layer type. 

When k/0; is large, the separated layer 
becomes unstable before it reattaches to the 
surface. Within the separated layer, a sinu- 
soidal fluctuation is observed having the fre- 
quency pertinent to the velocity profile of the 
flow separated from a sharp corner. The 
regular fluctuation is then amplified and de- 
velops downstream into an irregular high- 
frequency fluctuation characteristic of turbu- 
lence. Fully developed turbulent velocity 
profile is established soon after the reattach- 
ment of the separated layer. The transition 
for this case may be called the transition of 
laminar-separated-layer type. 

As shown by Dryden, the experimental data 
are well represented by a single curve of the 
transition Reynolds number U)6;/y versus the 
ratio k/0;, provided that the transition occurs 
downstream from, but not too close to, the 
position of the roughness element. As the 
transition approaches the element, the experi- 
mental points begin to depart from this curve 
and then approach the other curves represent- 
ing the condition 6;=d,. 

If we consider the free-stream velocity is in- 
creased with a given roughness element placed 
on the plate at a given distance from the 
leading edge, the transition position moves 
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gradually forward, resulting a decrease in the 
transition Reynolds number U0:/v along the 
above-mentioned curve of Uyé:/y versus R/ ox. 
At a certain value of R/d, the transition posi- 
tion reaches the element, and the transition 
Reynolds number begins to increase as the 
free-stream velocity is further increased. It 
is one of the important findings of the present 
investigation that the minimum of the tran- 
sition Reynolds number approximately cor- 
responds to the demarcation of the two types 
of transition. In other words, the transition 
Reynolds number continues to decrease as the 
free-streem velocity is increased, so long as 
the transition is of the laminar-boundary-layer 
type. On the other hand, the transition Rey- 
nolds number increases with the free-stream 
velocity after the transition becomes that of 
the laminar-separated-layer type. Discrimina- 
tion of the two types of transition yields an 
explanation for the success of Dryden’s re- 
presentation for transition occurring down- 
stream from the element. The purpose of 
the present investigation seems to have been 
attained, since the apparently complex phe- 
nomenon of the transition due to roughness 
has been decomposed into those of simpler 
types, the transition of laminar-boundary-layer 
type and the transition of laminar-separated- 
layer type. 
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On the Space Charge affected by the Magnetic Field. Part II 


By Yoshio YASUOKA 
Japan Radio Co., Ltd., Research Section, 930 Kamirenjaku, Mitaka, Tokyo 
(Received October 26, 1955) 


In the previous paper, the author investigated the cathode back heating 
power and the anode dark current in a coaxial diode acted on by a 
magnetic field. The present paper gives a more advanced treatment, 
taking into account the effect of the magnetic field on the scattered 


electrons. 


As a result, values have been obtained which is much nearer 


to the experimental values and the agreement is considered satisfactory. 


Introduction 


§1. 


In the previous paper, in order to in- 
vestigate the behaviour of electrons forming 
the space charge of high density in a magnetic 
field, the author made special coaxial diodes 
and performed experiments with the magnetic 
field applied parallel to the diode axis. The 
cathode back heating and the anode dark 
current were observed and their close cor- 
relation was determined. 

On the assumption that the both are caused 
by the same source, that is, the excess energy 
electrons produced in the outermost sheath 
of the space charge, the calculation was 
carried out neglecting the effect of the 
magnetic field on the scattered electrons. The 
result was in fairly good agreement with the 
experiment. But in that case, the experi- 
mental values of the back heating power 
turned out to be about twice as large as the 
calculated value. 

In this report, the calculation is extended 
to take into account the effect of the magnetic 
field on the scattered electrons. As a result, 
the calculated values approach more closely 
to the experimental values, the ratio becom- 
ing 1.3 and being almost constant over a 
wide range of the anode voltage. Consider- 
ing that the calculation was two-dimensional, 
the agreement should be considered to be 
satisfactory. 


§2. Calculation of the Anode Dark Current 
when the Effect of the Magnetic Field 
is Taken into Account 

The author, as described in the previous 
report, supposes that the cathode back heating 
and the anode dark current are principally 
caused by the scattered electrons in the 


outermost sheath of electron cloud. If no 


scattering exists, the electrons forming electron 
cloud are restricted between the cathode and 
a surface of radius 7s, which is determined 
by the electric and the magnetic fields. 
However, the orbital energies of electrons at 
ys are transformed into those of random 


Fig. 1 


motions, as shown in Fig. 1, when uw and »v 
denote the radial (positive when directed to- 
ward the anode) and tangential velocity com- 
ponents of these random motions respectively. 
The velocity distribution function of random 
motions should necessarily be Maxwellian: 


m 


ne can zeee (1) 


Thus the total random current toward the 
anode from 7s-surface is expressed by 


E-mu? +0 a) /2kT ; 


in=2nrdNe\ \" uf (u, v) dudv 
0 — oo 
=2rr1Ne Ser (2) 
Tn 


where J is the axial length and N the space 
charge density at 7 -surface. If the effect 
of magnetic field on scattered electrons is 
neglected, 77 becomes the anode dark current 
itself, since all the scattered electrons toward 
the anode are caught by the anode, 
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When the effect of the magnetic field on 
the scattered electrons is taken into account, 
some of them can not reach the anode but 
must come back to 7s-surface. Putting this 
returing current as zz, the anode dark current 
Za 1S given by: 

(3) 

If an electron starting from 7; with the 
velocity components z and v arrives at the 
anode with w, and wa, the energy and the 
angular momentum relations are: 


ta=tr—tp. 


(Va Va) + +08) =F (aust +043), 


eB LEA Wins Ais, 
Ya= Fol wel it a Toe a 


where V, and Vs are the potentials at the 
anode and 7s-surface against the cathode re- 
spectively, and 7 is the anode radius. 

From (5) and (4), we obtain: 


eB A (An he ae 
Ua? —Uu7+ La sf on, ea Seen —y 


_ 2e( 2e( Va— —Vs) 
m 


Gey 


and 


(5) 


(6) 


In order that the electron may not be 
caught by the anode and return to 7s-surface, 
the conditions u,?<.0, and #>0 must be satis- 
fied. The former conditions is rewritten: 


A+ (w+v?)— 17? jo Kit yeo<o. CL) 
Putting 
2e(Va— SVs) A ; eB =e 
m 2m (8) 
rs” 
i > OF he 
27,2—A;? eA 
wore y/ Ki: 50 eee So Oe 
Ky ogre Ayo _y, (9) 
wort y/ re 
and 
V Ky: Wo" T2—A?=m , 
the above conditions become: 
UVo>U>N1, 
and (10) 
Then 
ig=2nriNe\’ \" u-f (u,v) dvdu, (11) 


vy. 
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With D=2rJdN and 
(11) is rewritten: 
° aule2 2 Cy 2ey? 
Zzp= De h UE Ce) dydu 
0 Vy 
Carrying out the integration, 


ee aa ; {| @(RL+S)+ o(RL—S)} 


Bre 
— 5 {O(SL-+R)—$(SL-R)} | (12) 
where 
ba)=— a 6-** de, 
Vu 0 
3 
al 1, es Sy 
S=haors, R=hmra Bi=hWAy, 
aiid: "dja 
From (2) 
Dey = 
pee 14) 
Sass Va ( 
Thus 
ini] i > {WRS+S)+aRL—S)} 
fr 
bene 7, \o(SE+R)— o(SL— R)t| (15) 
aati 6 


Calculation of the Back Heating Power 
when the Effect of the Magnetic Field 
is Taken into Account 

The calculation of the back heating power 
of electrons scattered at 7s-surface can be 
performed by a process similar to that of 
the anode dark current. 

As in II, if an electron with the velocity 
components z (positive when directed to the 
cathode) and v at 7s reaches the cathode 
with mw, and ve, the relations among the velo- 
city components are: 


SEs 


Ue? + r| ae 4 v*)-+Ay?=0, 
Ante 
(16) 
and 
Aj (17) 
3 m 
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and V; is the potential at the cathode. 
In order that the electron may reach the 


cathode, the conditions a#.?>>0 and «#>0 must 
be satisfied. 
Putting 
ese Bate oe te =. 
and 
Dk eae ee aE: =v, (18) 
the above conditions become: 
V3 << U<i for v, 
and 
w+ K,0re2— Ay? >0 for u. (19) 
Lt 
K.w7r-2— A,? > 0, (20) 
then 
U0 
or if 
Kyoere—A2 <0, (21) 
then 
u>V A2—K,0ere . (22) 


The equation Ky, ?72?=A,2 can be re- 
written: 


e(Vs— vo=F( 05 B) 72( este ir 
8 m 13" 


Thus (21) means the condition that all the 
electrons starting from ~7;-surface should 
arrive at the cathode, which is the same as 
that for the case neglecting the effect of the 
magnetic field on the scattered electrons. 
Therefore, it is sufficient to consider only the 
case which satisfies the condition (20). Hence 
the back heating power W, becomes: 


Wi=2nraNet\ "aul 7 m(ee+08) 
0 JU3 ee 


Seve vo} Fp dda 
= oo |, \eimet tet) 
2 0 JU3 
x EPC + dydu (23) 
By integration we obtain: 


3 eDm c-WA 
Se ga ym: [ins $(0,) 
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5 #(0s)- aan ae) 
he 242 
qi _- yma 
ol Ge =i? 
—7i€ : 720 | 
3) CDM 2 BAA ie Pet 
ere “& 2 V 2 +do: YP 
=Wrv (24) 
where 
haore=t 
SB ea hectare Se FA fs 
Natt GT gain ’ 0,=t (1—d,2)12’ 
EF: 
m1=S+ ie ’ a a ? (25) 
a,=ho(rs+ Ve), bi =ho(%s—Te), 
B.=h? A. and Pi=aib,—8.?. 
In (24), Wr means the back heating power 


when the effect of the magnetic field on the 
scattered electrons is. neglected (the electron 
density N being yet undertermined), so ¥ is 
the corresponding correction factor. 

Electrons from the cathode describe the 
orbit determined by the electric and the 
magnetic fields, and at 7; their orbital energies 
are transformed into those of random motions, 
hence 

Ne(Vs— Ve) =3/2 NAT. (26) 
The value 7; for the given electric and mag- 


netic fields can be obtained graphically from 
the following relations: 


4 aH 
Ts Ts 


From (27) we obtain the potential difference 
Vs—V. between the cathode and 7;-surface: 


yee on \e 
= Bara 1 ey, 
S at a 


In order to eliminate the undetermined 


(27) 


Vs—V.= (28) 


electron density N, we use (15), that is, 
TaN —— 1 
Vir= e oe 
Then 
W,.= 3 ta mM Ee WAP gy Vv 
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2 Wine (29) on the scattered electrons is taken into ac- 
count and W, cai when it is neglected. 
here When the ratios of Wrexp to Wrocat and 
Wo = a rerf i ele 6-3/2. B2.3 pe i Caz ote se a 2 : gt eee 
ae re a, spectively, the following table is otained: 


(30) 
which means the back heating power, when 
the effect of the magnetic field on the scat- 
tered electrons is neglected. 


$4. Comparison with Experiment 


Fig. 2 shows the anode dark current and 
the back heating power as ordinates and the 
anode voltage as abscissa, when the coaxial 
diode of the anode radius 3mm, cathode 
radius 1.15 mm and the anode length 5mm is 
used. 


ia Wb 
(mA) (watt) 
10 Lo} 


O 500 1000 
Va (volt) 


Fig. 2 


In the figure, the broken and the solid lines 
show the experimental value of anode dark 
current 7, and that of back heating power 
Wiexp respectively, and further the dotted 
and the chain lines the calculated value 
Wcai when the effect of the magnetic field 


Va (Volt) a, a 
500 ae 1.33 
560 1.95 1.33 
617 2.11 1.32 
680 2.33 1.34 


In fact the electrons at 7 are expected to 
be scattered in the axial direction as well 
(though in the present calculation, it has been 
neglected on the assumption of infinite axial 
length of the diode) and the outermost sheath 
to have some thickness instead of being a 
mere surface. When these are taken into 
consideration, the shown agreement of the 
calculation with the experiment are to be re- 
garded as satisfactory. 

The calculation neglecting the effect of the 
magnetic field on the scattered electrons is 
still useful to see the general behaviour of 
the back heating power. 


In conclusion, the author wishes to express 
his thanks to Prof. I. Takahashi, Prof. S. 
Kojima, Prof. S. Okamura, Prof. S. Mito and 
Dr. S. Nakajima for their valuable advices 
and constant encouragement, and also wishes 
to thank Mr. C. Shibata and Mr. N. Suehiro 
for their assistance. 
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This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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Cation Arrangement and Magnetic Pro- 
perties of Copper Ferrite- 
Chromite Series 


by Syohei MIYAHARA and Haruyuki OHNISHI 


Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo, Japan 


(Received October 5, 1956) 


Crystal structure and magnetic properties of cop- 
per ferrite-chromite series are studied. The speci- 
mens were prepared from powders of pure cupric 
oxide, ferric oxide and chromic oxide by heating 
at 1000°C for several hours, then pressed in a mold 
and sintered at 900°C, and then treated in two man- 
ners: quenched (q) and slowly cooled (s) by the 
rate of 1°C per minute. Chemical analysis shows 
that each specimen coincides with the pre-arranged 
stoichiometric composition within two percent. 
Preliminary X-ray test confirms the compounds 
to have perfect spinel structure except for a few 
specimens which show slightly tetragonal distortion 
as stated later. 

In general the spinels of copper ferrites-chromites 
are expressed as (Cu,zFe—») [Cuy-2Fei42-1Crz] Ou, 
where ( ) and [ ] mean respectively the tetrahed- 
ral and octahedral positions of cations in a spinel. 
To determine the cation arrangements of the series, 
intensities of the Debye-Scherrer patterns must be 
carefully measured. For this purpose filtered Ka 
radiations of Co, Mn and Cu were used. Patterns 
in each film were microphotometered and compared 
with the intensity scale provided preliminary to 
the same film. On the calculation of intensilies the 
Lorentz, polarization and geometrical factors were 
considered. In addition the depression of atomic 
scattering factors in the region of anormalous dis- 
persion and a absorption due to the geometry and 
the sort of specimens were also considered. Here 
the difference of the atomic scattering factors of 
Fe and Cr ions is very small so that the arrage- 
ment of Cu ions was only taken into account. The 
intensity ratios (400)/(220) and (400)/(422) are chosen 
to this aim because of the sensitiveness to the varia- 
tion of the atomic arrangement. In the case of 
specimens with tetragonal symmentry (400) /(202) 
ratio is used instead of (400)/(220) ratio. 

Thus the values of 
ions in 


x i.e, the amounts of Cu 
tetrahedral position were determined to 
various values of t i.e. the chromium contents. We 
see that & increases monotonously from 0.18 


to 0.9 for (q) and from 0.05 to 0.9 for (s) speci- 


mens. For the Cu ferrite (¢=0) these values agree 
with Bertaut’s results. Tetragonal distorsion de- 
tected in the (s) specimens of Cu ferrite diminishes 
with increase of Cr and disappears at t=0.4, fur- 
ther addition of Cr beyond t=1.4, however, causes 
again the tetragonal distortion both for (q) and for 
(s) specimens. From intensity relations it is found 
that the axial ratio c/a of Cu chromite is less than 
unity (0.91) contrary to the case of Cu ferrite. 
Hence Goodenough’s explanation to the latter is not 
apllicable to the former. 

The magnetization of the specimens were measur- 
ed by Gouy’s method under various temperatures. 
Maximum field strength used is 7000 Oe, which is 
thought to be enough strong to saturate the speci- 
mens. It is found that the Curie-temperature is 
lowered almost linealy to the Cr contents ¢. By 
extrapolation of the magnetization vs. temperature 
curves the saturation magnetic moments at 0°K of 
the series with various Cr contents are obtained. 
The value for copper chromite (€=2) agrees with 
the one obtained by MacGuire and his collaboraters. 
On the other hand we can get theoretically the 


t in 
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Magnetic momen 
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Fig. 1. 


saturation magnetic moments of these series from 
Néel’s theory of ferrimagnetism. The agreement 
of the experiment and the theory is good only for 
the case t=0. For the specimens including Cr, on 
the contrary, dicrepancy of the experimental value 
and theoretical one assuming magnetic moment of 
Cr ion 3“, becomes greater as shown in Fig. 1. 

Detailed report including further discussion will 
be soon published. 
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A Method of Growing CdS Single 
Crystals by Sublimation 


By S. IBUKI and K. Awazu 
Engineering Laboratory, Mitsubishi Elec. Mfg. 
Co., Ltd. Amagasaki, Hyogo 
(Received August 30, 1956) 


Several methods of growing CdS single crystals 
have been reported as follows; 

1. Growth by chemical reaction of Cd vapor 
with H,S gas in an inert gas atomosphere”. 

2. Growth by chemical reaction of Cd vapor 
with S vapor in an inert gas atomosphere”. 

3. Recrystallization of CdS powders in vacuum 
at high temperature*). 

4. Recrystallization of CdS powders in a vessel 
which contains only HS gas at high temperature”. 

We report here another method utilizing the 
condensation of the sublimated vapor from CdS 
polycrystalline powders heated in Nz gas flow onto 
the surface of an inserted cooling pipe. 


2000000 


— cooling 
= Nb 


mel: 


aS 


Fig. 1. Experimental arrangement. 


Our apparatus is shown schematically in Fig. 1. 

The crystal growth is performed in a quartz 
combustion tube. At first, N» gas is flowed through 
the tube, and the electric furnace is heated up. 
When the temperature of the center of the com- 
bustion tube is raised to about 1050°C to 1150°¢; 
we insert a quartz boat containing CdS powders 
into the center of the combustion tube and then 
insert a pipe in which Ny. gas is flowing, from 


the exist side. As CdS in the boat gradually sub- 
lime, and the CdS-vapor deposits on the cooling 
pipe and the crystal growth starts only on the sur- 
face region of the cooling pipe where the tempera- 
ture is between 900°C and 1000°C. After a few 
hours the size of the single crystal reaches to 10- 
20mm long and 2-10mm wide. Crystals grown are 
most commonly thinplates and ribbons which ex- 
hibit striations perpendicular to the length of crys- 
tals. When the temperature of the furnace is 
higher,there are some tendencies to develope twins 
with two or three wings. Some examples of crys- 
tals obtained are shown in Fig. 2, the max. size of 
which is about 20x12x0.3 or 25x3x0.1 mm. 


Fig. 2. Grown crystals. 


It is necessary to clean perfectly the quartz 
combustion tube, the quartz boat and cooling pipe. 
The characteristics of grown crystals greatly de- 
pends on the purity of CdS polycrystalline powders 
in the quartz boat. 

For controlling the crystal shape and size, it is 
essential to precisely adjust the flow velocity of 
carrier gas, the temperature of combusion tube and 
the size and temperature gradient of cooling pipe. 
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Double Hysteresis Loop of (Pb,Ca,_,)TiO; 
Ceramics 


By Etsuro SAWAGUCHI, Takeshi MITSUMA 
and Zensho ISHII 


Electrotechnical Laboratory, Tanashi, Tokyo 
(Received September 26, 1956) 


Dielectric and structural properties of (Pb,Ca,-,) 
TiO; system have been examined. We have found 
so-called double hysteresis loop on the curve of 
electric displacement vs applied field. This sort 
of double hysteresis loop seems to be different from 
what is observed in PbZrO; and BaTiO3». 

X-ray Debye-Scherrer photographs of the solid 
solution were taken at room temperature. It has 
been concluded that the crystal structure at room 
temperature is tetragonal between A4=1.0 and ca. 
0.6, while it is pseudo-cubic between 4=0.6 and 0. 
The result is shown in Fig. 1. 


O 20 40 60 80 Leye) 
CaTiOs XX (%) PoTiOa 
Fig. 1. Lattice spacing of PbTiO3-CaTiO; system 


at room temperature. 


At compositions between 4=1.0 and 0.7, the crys- 
tals are surely ferroelectric, but the hysteresis 
loops observed at room temperature are nearly 
straight lines. This is due to very strong coercive 
force. At compositions near 4=0.6, a typical fer- 
roelectric hysteresis loop is observed. 

In the sample 4=0.5, we have noticed many 
interesting behaviour on the hysteresis loop. Im- 
mediately after we quenched the sample in a sili- 
cone oil of room temperature from 200°C, which is 
sufficiently above the Curie point of ca. 80°C, the 
shape of the loop was like that of ferroelectrics. 
It changed gradually, however, and at some ten 
minutes after the quenching, it showed a shape of 
double hysteresis loop as shown in Fig. 2. During 
the course, no electric field was applied on the 
sample, except for a few second for taking photo- 
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Fig. 2. Hysteresis loops of (Pbo.sCao.5)TiO3 observ- 
ed at 30°C. a) at 10 seconds after the quen- 
ching; b) 5 minutes; c) 20 minutes; d) 4 
hours. 


graphs, during which an 50 cps a.c. field of 15 
kv/cm was applied to display the loop on a cathod 
ray oscilloscope. 

The loop was affected remarkably by an electric 
field applied on the sample. When an a.c. field of 
15kv/cm was held for a few ten minutes, the double 
hysteresis character changed gradually into a ferro- 
electric one. After removing the field, the loop 
recovered gradually the original double hysteresis 
form. On the other hand, d.c. field treatment made 
the loop asymmetric. At first, d.c. field of 4kv/cm 
was applied on the sample for 2 minutes at room 
temperature. Then even after the removal of the 
d.c. field, the shape of the loop was asymmetric. 
The effect was large when the d.c. field treatment 
was given just after the quenching of the sample. 

The concavity that was clearly found on the loop 
(Fig. 2) became obscure with falling temperature 
of the sample. At temperatures below —30°C the 
double hysteresis character was hardly noticed on 
the loop. 

It is well known that double hysteresis loop ob- 
served in PbZrC3) and BaTiO;2) can be explained 
as a result of forced phase transition. But, the 
case of (Pbo.5Cag.s)TiO; would not be explained 
with the same mechanism, for we could not detect 
any evidence of occurence of the forced phase tran- 
sition on the Debye-Scherrer photograph. It should 
be noteworthy to mention that a loop with very 
similar form to Fig. 2d have been observed Diya 
Kambe in BaTiO; ceramic») at 50°C, where a forced 
phase transition can hardly be expected to occur. 
Studies are going on to find the new kind of me- 
chanism. 


References 
1) G. Shirane, E. Sawaguchi and Y. Takagi: Phys. 
Rev. 84 (1951) 476. 
2) W.J. Merz: Phys. Rev. 91 (@953)\e5i3e 
3) K. Kambe: J. Phys. Soc. Japan. 8 @gSsiinsy 


J. PHys. Soc. JAPAN 12 (1956) 1299 


On the Pulse Breakdown of Plastic Films 
at Higher Temperatures 


by Yoshio INUISHI 
Faculty of Engineering, Osaka University 
(Received July 13, 1956) 


Pulse breakdown of ‘‘ Mylar’’* and polyethylene 
films were studied to examine high-temperature 
breakdown*)) theries of amorphous substances. 

Nearly square wave-shaped pulses were generated 
by the switching tube circuit. Extremely long 
pulses or d-c step voltages were shaped by manual 
operation of switch connected to a d-c source. 
Majority of pulse experiments were done in low re- 
petition rate (1 pulse/10 sec.) and 10 trials were 
done at each voltage to minimize space charge and 
heating effect due to repetition. Samples were 
coated with aquadag on both sides and inserted 
between well polished brass electrodes. Whole 
electrode systems were immersed in xylene medium 
to avoid surface corona. 

Figure 1 shows the pulse width dependency of 
the breakdown strength of Mylar films at several 
ambient temperatures. At lower temperatures the 
pulse width dependency is slight except for longer 
pulse (milliseconds). These phenomena cannot 
be explained by the classical thermal breakdown 
theory and should be electronic in their nature®”), 
At longer pulse (several seconds) breakdown 
stress decreases very remarkably by the presence 
of high humidity as is shown in the dotted line in 
Fig. 1. Scattering of data becomes larger in longer 
pulses in comparison with shorter pulses. Accord- 
ingly, the decrease of breakdown stress at longer 
pulse might be mainly due to secondary effects 
such as local heating” or ionic plus electronic space 
charge». At higher temperatures both short pulse 
breakdown value and long pulse or d-e value de- 
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crease with increasing temperature as seen in Fig. 
1. This decrease is much more remarkable in 
longer pulse than in shorter pulse. The decrease 
of breakdown strength with increasing temperature 
at short pulse (wS range) cannot be explained by 
the above-mentioned secondary effects, and should 
-be considered as an increase in conduction electron 
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density due to impurity electron® or valence band 

electron ionization*) at higher temperatures, since 

time lags can be extremely short in these cases. 
Fig. 2 shows the similar relation for poly- 
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ethylene. Dotted line shows values for high 


reception rate (60c/s) which are similar to single 
pulse values. This fact tells us that secondary 
factors such as local heating and space charge are 
negligible at short pulses. The same data are 
shown in Fig. 3 as the relations between tempera- 
ture and breakdown strength for various pulse 
width in case of polyethylene. As is seen there, 
it is not adequate to compare various idealized high 
temperature breakdown theories with d-c experi- 
mental value which seems to be affected deeply by 
secondary factors’)»5) such as local heating or space 
charge effect. 

The secondary factors at d-c breakdown of My- 
lar have been investigated extensively by the author 
and D. A. Powers at the Laboratory for Insulation 
Research of M. J. T. and will be published in the 
near future. 
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Note on Superexchange Interactions and 
Magnetic Lattices, of the Rhombohedral 
Sesquioxides 


By Shiichi JIDA 
Department of Physics, Faculty of Science, 
University of Tokyo 
(Received September 22, 1956) 
Quite recently Y. Y. Li) has pointed out that 


there are three configurations responsible to the 
superexchange interactions M-O-M in the rhombo- 
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hedral sesquioxides (aFe,O:, Cr,03), in which the i Seas ye = ae ioe 

dominant interaction in aFe,O; has negative sign @ Cation belonging to lower pseudo-molecule. 
while the same in Cr.O3 has positive sign. It has @ Pseudo-molecule in basic layer. 

been stated by him that the dominant interaction @ Cation belonging to upper pseudo-molecule. 
alone does not cover the three-dimentional magne- Fig. 1. The Cr,O3 lattice as seen from [111] axis. 


tic lattice and the interaction present in pseudo- 
molecular group should be considered as the next 
effective interaction. 

However, it should be pointed out here that Li 
has missed the presence of another configuration 
responsible to the superexchange interaction. All 
of the interactions with close contacts of oxygen 
and cations are listed in Table I using the same 
notation as Li’s. The distances of M,—M, and the 
angle /“/ M,OM, are again calculated for aFe,03 
after the data used by Li (@=5.427A®, «#=55°16/3), 
u=0.105), v=0.295*). The actual ion arrangement 
is also shown in Fig. 1, as seen from [111] axis. 
Interaction (a)’ was dropped in Li’s Table. (a)/ is 
important because it has the smallest M-O distances 
and a fairly large interaction angle. 

Considering the presence of (a)’, the interpreta- 
tion of the magnetic coupling in the rhombohedral 
sesquioxides might be different from that by Li’s 


The large circles are the oxygen ions and the 
small ones, the cations. (a) and (a)’ super- 
exchange interactions are shown in the figure. 


the effective superexchange interactions are also in 
(a) and (a)’, and (a) has positive sign while (a)’ has 
negative sign. There is some reason to expect that 
the sign of the superexchange interaction in this 
case depends on the equality of the two M-O dis- 
tances. In (a) the two M-O distances are different 
and consequently, the Anderson term (positive sign) 
is dominant. Whereas in (a)’, the two M-O dis- 
tances are equal and therefore, the Anderson- 
Hasegawa term) (negative sign) might be more 
effective that the Anderson term. 

We hope quantitative calculations are made to 
determine the total effect of the Anderson and 
Anderson-Hasegawa terms in (a) and (a)! for Cr.03. 


theory. It must be noticed that the coupling caused Retercncos 

by (a) and (a)’ covers the three-dimentional magnetic 1) Y. Y. Li: Phys. Rev. 102 (1956) 1015. 
lattice. In aFe.O3, the actual magnetic structure 2) B. N. Brockhouse: J. Chem. Phys. 21 (1953) 
can be established by assuming that the dominant 961. 


interactions are only in (a) and (a)’ and that both 
have negative sign. In Cr,O3, the situation is not 
so simple. An explanation might be possible that 


3) B. T. M. Willis and H. P. Rooksby: Proc. Phys. 
Soc. (London) B. 65 (1952) 950. 
4) R. W. G. Wyckoff: Crystal structures (Inter- 


Table. I. The configurations of M,;—O-—My, with close contacts between M and O. The 
distance of M,— My and the angle <M,OMy) are calculated for « Fe,O3. nis the number 


of oxygen ions forming the same triangular configuration with the same pair of cations. 
The notations A’, A’’,---are defined in Li’s paper. 
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1956) 


science Publications, Inc., New York, 1948), Vol. 
il. 

5) P. W. Anderson and H. Hasegawa: Unpublish- 
ed (but see: T. Nagamiya, K. Yosida and R. 
Kubo, Advances in Physics 4 (1955) p. 64). 


* Wyckoff’s table) gives v=0.292. We do moe 
know the original paper which gives v=0.295 (the 
value is used by Li). 
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— Un the Piezoelectric Effect of Silk Fibers 


Eiichi FUKADA 
Kobayasi Institute of Physical Research 
Kokubunji, Kitatama, Tokyo 


(Received August 31, 1956) 


The piezoelectric effects in the various high poli- 
meric materials as cellulose, collagen etc. have been 
already reported!2). The piezoelectric effect in the 
silk fibers could be observed in the same way. 

A number of native silk fibers were orientated 
in parallel to make the bundles. After drying for 
weeks in a decicater containing calcium chloride, 
they were immersed into the alcohlic solution of 
shellac, and dried in the air in order to evaporate 
the alcohol. These bundles were gathered and 
compressed at about 120°C so that the shellac melts 
and binds the silk fibers very closely. The solid 
block of orientated silk fibers was thus obtained. 

The piezoelectric effect was observed most dis- 
tinctly when the pressure was applied on the bundle 
of silk fibers in the direction making the angle of 
45 degrees with the orientation axis of fibers. The 
behavior is quite similar to the case of wood, 
ramie bundles or bone. When the shearing force 
acts on the fibers to make them slip each other, 
the electrical polarization appears in the direction 
perpendicular to the plane of force. 

The value of the piezoelectric constant of silk 
fibers was obtained by the measurement of the 
converse piezoelectric effect. It amounts to about 
1.5x10-®c.g.s.e.s.u., which is surprisingly high, 
compared with the piezoelectric constant of quartz 
crystal, dj,=6.5 x 10-®c.g.s.e.s.u. 

The origin of the effect might be due to the 
crystalline properties of silk ibroin, which is known 
to be highly crystallized. The symmetry of unit 
cell of fibroin micelle is monoclinic, which is capa- 
ble to yield the piezoelectric effect. The piezo- 
electric effect of silk fiber bundle will be the 
summary of contribution from a number of fibroin 
micelle which are distributed regularly in the fiber. 
If the layer composed of cerisin were removed 
from the silk fiber before the preparation of speci- 
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mens, the larger piezoelectric effect could be 
observed. 
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Frequency Shift in Ammonia Absorption 


By Kiyokata MATSUURA, Yoshikazu SUGIURA 
and G. M. HATOYAMA 


Electrotechnical Laboratory, Nagata-cho, Tokyo 
(Received October 16, 1956) 


It had been widely accepted that the frequency 
of the centre of microwave absorption lines of Am- 
monia do not change appreciably with the state of 
the ammonia gas, provided the pressure is sufficient- 
ly low. 

During the course of researches on atomic clock, 
we have found that the frequency of the centre of 
ammonia (3,3) absorption line does change apparent- 
ly with the state of the gas. 
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Fig. 1 shows an example of the variation of ab- 
sorption frequency with the time lapsed after the 
gas is filled in the absorption cell. The absorption 
cell was about 23m long, K-band wave-guide, filled 
with ammonia to an extent giving the half-value 
width of the line of about 200 Kc, and then left 
standing. The errors in the relative value of the 
frequencies does not exceed +100 cps, or, 1 part 
in 2x 108. 

The difference between the frequency of the 
ammonia line measured immediately after filling 
the gas and that measured 2 days later amounted 
to 400+100 cps, from some ten measurements. This 
means a shift of about 2x10-* per day. This rate 
will depend, naturally, on experimental conditions. 

This effect seems to be quite serious in design- 
ing an atomic clock based on the absorption of 
microwaves in ammonia. Experiments are going 
on to find out the nature of the phenomenon. 
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